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A jellium model of a catalyst particle in carbon nanotube growth
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We show how a jellium model can represent a catalyst particle within the density-functional theory
based approaches to the growth mechanism of carbon nanotubes (CNTs). The advantage of jellium
is an abridged, less computationally taxing description of the multi-atom metal particle, while at the
same time in avoiding the uncertainty of selecting a particular atomic geometry of either a solid or
ever-changing liquid catalyst particle. A careful choice of jellium sphere size and its electron density
as a descriptive parameter allows one to calculate the CNT–metal interface energies close to explicit
full atomistic models. Further, we show that using jellium permits computing and comparing the
formation of topological defects (sole pentagons or heptagons, the culprits of growth termination) as
well as pentagon–heptagon pairs 5|7 (known as chirality-switching dislocation). Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4986949]

I. INTRODUCTION

Unique electronic and mechanical properties of carbon
nanotubes (CNTs) promise a broad spectrum of applications.
It would be fair to say that the research efforts have brought
this material to the stage of upward slope of sustainable devel-
opment in the “hype cycle.”1 For electronics, even presently
high price of the CNT (∼1k $/g) is not considered as an
obstacle.2 What still remains a challenge is the practical con-
trol of the single-walled CNT symmetry type, the chirality
(n, m).

In understanding the origin of CNT chirality and the
overall process of synthesis via catalytic chemical vapor depo-
sition (CVD), computational modeling has provided insight
into both thermodynamics3,4 and growth kinetics.5 By com-
bining both factors, we have recently developed a theory of
nanotube chirality6 that could not only explain the unusual
near-armchair (n, n � 1) preference in numerous CVD exper-
iments,7–10 but also suggests a possible rationale for the
very recent reports of practically single-chirality samples.11,12

Indeed, this theory underscores the role of the catalyst/CNT
interface, essentially a contact between the CNT edge and
∼(n + m) atoms on the catalyst particle surface, with specifics
determined by the state of the catalysts: solid/rigid vs liq-
uid/compliant, as the stage where the chirality of a nascent
CNT is established. Detailed description of the processes
at the interface has been routinely fully atomistic, for the
whole catalyst/CNT system, with interactions modeled at dif-
ferent levels of theory, from empirical force fields,13,14 to tight
binding,15,16 and to first-principles density-functional theory
(DFT).17 Since the system size is the major bottleneck in
these schemes, in most studies, and especially those using
DFT, the catalyst particle is typically a small metal cluster,
∼50 atoms or less. Even in this size range, mainly static,
total-energy DFT calculations are feasible, whereas bridging
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any time scales of relevance to the CNT growth is unafford-
able within ab initio molecular dynamics. The major com-
putational burden is associated with the catalyst, although
rather large portion of it is not involved into CNT growth
process. Moreover, at the atomistic level, the very choice of
exact positions for each constituent atom of the catalysts is
inevitably uncertain, especially for the ever-changing liquid
particle.

As a remedy, here we propose a jellium sphere18,19 (“Je”)
as a catalyst model that allows for considerable reduction of
configurational space by replacing the ionic cores with an
uniform positive charge density, and thereby reducing com-
putational burden, preserving at the same time sufficient accu-
racy in describing the catalyst/CNT interface within DFT.
By construction, such a Je model corresponds to an ide-
alized, rigid catalyst-sphere of radius R. We first explore
the basic energetics of C-Je interactions and then assess
the ability to capture the essential physics at the CNT/Je
interface.

II. RESULTS AND DISCUSSION

The “jellium” is essentially a single-parameter model,
where its properties are defined by the jellium density, usually
specified via the Wigner–Seitz radius rs, so that the constant
positive background density is ρ+ = (4πr3

s /3)
−1

. The radius of
a Je sphere containing N electrons is then R = rsN1/3, and
one has the freedom to choose either N or rs as the model
descriptor-parameter.

Since simple carbon species (C monomer, C2 dimer) are
the initial product of decomposing a common feedstock pre-
cursor in CVD, we first quantify their binding to Je. DFT
calculations, using the Quantum ESPRESSO package,21 are
performed within the local density approximation for two Je
spheres with R = 4.5 Å and 4.1 Å. The setup employs a plane-
waves basis set of 30 Ry kinetic energy cutoff. The Je sphere
is represented as a pseudo-atom with Z = N valence electrons
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FIG. 1. (a) Binding energy Eb of carbon monomer C
and dimer C2 on Je spheres with different radii R as a
function of Wigner–Seitz radius rs and (b) as a function
of number of electrons N ; grid lines indicate the magic
numbers 18, 20, 34, 40, 58, 92. (c) Magnetic moment of Je
sphere,µ(N), in the range N = 20–58, with positions of the
kinks labeled. (d) Eb(N) for C and C2 on a Je sphere of R
= 4.5 Å. Horizontal grid lines mark the literature values20

for C2 on various metal surfaces; those for C monomer
in different locations, as labeled, are given as horizontal
levels.

whose ionic potential in atomic units is22
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and energy 3
5 N2/R (code for generating Je spherical potential

is provided in the supplementary material). The binding energy
of C and C2 to the Je sphere is calculated as Eb = E(Je) + E(C)
− E(C/Je), where E(·) is the total energy of the corresponding
(relaxed) system. The behavior of this quantity separately as
a function of rs and N is plotted in Figs. 1(a) and 1(b). A
comparison of Eb(rs) and Eb(N), the latter displaying the same
trend for C and C2 regardless of R, shows that N is a more
suitable variable and it will be used in the following. Minima
in Eb correlate reasonably well [Fig. 1(b)] with the well-known
electronic magic numbers associated with the closed electron
shells in the spectrum of spherical Je.22,23 As a signature of the
latter, the total magnetic moment µ(N) of the bare Je sphere,
calculated for each N in a narrower range [Fig. 1(c)], indeed,
vanishes at N = 20, 34, 40, 58.

A detailed calculation of Eb over the same range of N
is given in Fig. 1(d), where we also provide available values
from atomistic calculations20 for the same species in different
configurations and host metals/surfaces. The binding energy
of a C monomer on a R = 4.5 Å Je sphere, for instance, falls in
the range of that for C on various Ag surface sites, or in bulk
Au and Ag, but only over a narrow range of N & 40. Binding
of C2/Je, on the other hand, is well within that on a number
of metals, except Ni (Eb = 6.8 eV) and Ag (Eb = 5.8 eV),
which set the bounds of binding strength in fully atomistic
calculations.

The above basic tests suggest that a Je sphere may serve
as a rigid model of the catalyst-particle, whose properties as
a fixed-volume electron reservoir are tunable via N (or rs).
We further assess the model behavior in the case of Je in con-
tact with ideal achiral CNTs, which is another prerequisite
toward Je utility for exploring the growth of chiral CNTs. For
a comprehensive comparison with accurate DFT treatment,
Figs. 2(a) and 2(b) present the binding energies and interface
energies γ of zigzag and armchair tubes on metal clusters and

surfaces/steps, respectively, as compiled from Ref. 20. Gen-
erally, coinage metals have lower binding energies compared
to the late-transition metals. Among them, Ag has the lowest
binding energies, Fig. 2(a), which originates from its lowest
energy position for d bands,24 and thereby the highest CNT/Ag
interface energies γ, as shown in Fig. 2(b). Furthermore, we
calculate Eb and γ of CNT fragments on five Je variants of R
= 4.5 Å and N = 34, 42, 47, 48, 49. This choice is based on
the fact that these values µ(N) vary from zero to a maximum,
representing the cases of closed and open electronic shells,
corresponding to minimum and maximum “open valence” of
the clusters, Fig. 1(c). Calculations are performed for four
achiral nanotubes, (5, 5), (6, 6), (10, 0), and (11, 0), and the
results are summarized in Fig. 2(c). The binding energies for
zigzag tubes are notably higher than those for armchair tubes
(by ≈1 eV/atom). The general trend is consistent with direct

FIG. 2. (a) Binding energies of CNT to metal cluster (left) and various sur-
faces (right); (b) interface energies of zigzag and armchair CNTs on metal
clusters and surfaces/steps (data from Refs. 20 and 25). The binding energies
(c) and interface energies (d) calculated for (5, 5), (6, 6), (10, 0), and (11, 0)
tubes on Je of R = 4.5 Å for selected N.
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DFT calculations for single-walled CNTs on metal clusters.25

Moreover, by comparing the binding and interface energies on
Je models [Figs. 2(c) and 2(d)] with those from fully atomistic
DFT [Figs. 2(a) and 2(b)], the Je sphere would be reminiscent
of Ag particles, as already indicated by the energetics of carbon
monomer and dimer adsorption, Fig. 1(d), or more generally,
as a group-Ia metal and, to some extent, group-Ib metals such
as Cu and Ag.22

As noted earlier, the fixed-size Je sphere can be con-
sidered as an idealized, rigid/solid particle. In this case, we
have recently demonstrated6 that the relative abundance in the
growth product of single-walled CNTs of specific chiral angle
χ and diameter d, A(χ, d), can exhibit a non-trivial, sharply
peaked behavior at near-zero argument, A ∼ x e−x, explaining
the long-standing, puzzling preference for near-armchair (n,
n � 1) tubes in numerous experiments,8–10,26 in which case
x ≡ 30◦ − χ. This behavior is understood as convolution of
interface energetics3 (∼e−x) and kinetics,5 viz., growth rate
(∼x). If a catalyst, however, favors energetically a zigzag nan-
otube interface, then selectivity is expected for near-zigzag
tubes, (n, 1), with x ≡ χ/

√
3. Following Ref. 6, we compute

separately the two major factors determining the CNT abun-
dance A(χ, d)≡N(χ, d)R(χ, d): the nucleation probability N
and growth rateR for a tube of certain χ and d. The former fac-
tor requires the evaluation of the interface energy γ(χ) which
is performed for seven selected chiral CNT types (n, m) on Je
spheres of three different sizes but the same rs, as shown in
Fig. 3(a). Different Je spheres have the same rs and their radii
are chosen so as to result in a zero magnetic moment: 2R = 9
Å, 10.8 Å, and 11.4 Å corresponding to N = 34, 58, and 68.
The interface energy is calculated as πd γ(χ) = Eb − Eedge,
where Eedge is the energy of the open-edge (unpassivated)
CNT of the same chirality χ, and fitted to the analytical
form,3

γ = γ0 cos(χ + C) + δ · 4 sin χ sin(30◦ − χ)/ cos(30◦ + χ),

(2)

where δ is an armchair-zigzag-mix correction and C is a chem-
ical phase shift.3 This expression corresponds to a solid-like
catalyst case.

The interface energy γ(χ) displays a familiar qualitative
behavior with the two limits (zigzag and armchair) being local
minima, Fig. 3(a). The Je spheres, however, favor the zigzag
edge, by∼0.1 eV/Å—a trend we have found earlier in atomistic
calculations of CNTs with d ' 8 Å in contact with icosahedral
Fe55 and rhombic dodecahedral bcc-Fe65 clusters.27 In con-
trast, for similar-diameter CNTs on a flat Ni(111) surface,6

the opposite case is realized, γA < γZ.
The calculation of the R(χ, d) factor is again based on the

protocol from Ref. 6: (n, n) armchair tubes grow by addition of
C2 to the open edge, and one computes the n sequential steps,
extending the CNT by a new “layer” of hexagons. For (n, 0)
zigzag tubes, however, the Klein edge28 is not stable on Je,
forming a pentagon upon relaxation. We therefore consider
a first step in which 3 C atoms form the first hexagon, and
adding dimers afterwards. The energy profiles of the “growth”
process for three achiral tubes are shown in Fig. 3(b). The
barrier for extending the corresponding CNT by a row of
hexagons is then determined by the maximum-energy step

FIG. 3. (a) Interface energies for selected CNTs. The three Je spheres have
the same rs but different N. The solid lines are fitted with analytical expression
corresponding to solid-like catalyst case, Eq. (2), and the dotted lines corre-
sponding to liquid-like catalyst case,3 γ(x) = 2γA sin χ + 2γZ sin(30◦ − χ).
(b) Free-energy profile during the nucleation and growth of a new ring of
hexagons on achiral tube edges as a function of the number of carbon atoms
added NC, for Je of R = 4.5 Å. (c) Computed CNT type distribution, resulting
from (a) and (b).

along the carbon addition cycle. Qualitatively, ∆E matches to
some extent the same quantity obtained from fully atomistic
calculations6 (an initial steeper rise, and another slight increase
before completing the new row of hexagons); however, these
features are much less pronounced, especially for the armchair
tubes.

Based on the above results, we estimate the CNT type
distribution A(χ, d) on a spherical Je catalyst, as shown in
Fig. 3(c), using the same provisions regarding the choice of
temperature, T = 2700 K, as in Ref. 6. Clearly, the Je sphere
represents a case of a catalyst model that favors energetically
a contact with a zigzag-edge CNT, leading to a sharp selec-
tivity for the near-zigzag (9, 1) CNT. Such preferences, for
instance, have been observed very recently for larger diameter
tubes, achieved in temperature-modulated CVD growth using
Fe catalyst.29
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Departures from the ideal edge-growth scenario, where
the perfect (curved) honeycomb lattice of the CNT wall is
preserved, are also fundamentally important. The topological
defects, a pentagon or a heptagon, can be limiting factors in
the CNT growth process. For example, a pentagon shrinks the
tube and, if not “healed,” will result eventually in tube clo-
sure. The formation of a heptagon increases the CNT diameter
and can cause edge detachment from the metal particle. As
a further test for the model Je catalysts, we assess the differ-
ence in energy for creating separately each of these defects,
ε ≡ E7 − E5, at the chiral-CNT interface with a smaller and a
larger Je spheres, Fig. 4. For all (n, m) considered, a heptagon
formation is energetically more costly, ε > 0, regardless of Je
radius, Fig. 4(a). More clear trends can be revealed when the
energy difference is projected onto the tube/catalyst-diameter
ratio ξ ≡ d/2R, Fig. 4(b). Linear fits to the two calculated
ε(ξ) sets indicate that there exists optimal ξ0 ∼ 0.1 for given
R, at which the energetics is balanced, ε(ξ0) = 0. The region
(“Goldilocks zone”) around ξ0 may be interpreted as a growth-
sustaining feedback mechanism regarding defects formation at
the CNT/Je growth front. For example, if a pentagon is energet-
ically favored over a heptagon, ε > 0, then the tube diameter
d decreases, reducing also ε, so that next a heptagon forma-
tion becomes more likely. A heptagon, as noted earlier, would
increase d, avoiding the tube closure and thereby sustaining
growth.

As a last example, we consider the formation of a
pentagon–heptagon pair (5|7; at the interface with Je), which
does not carry a disclination charge, but can change the CNT
helicity type (n, m).30,31 This is illustrated in the inset in
Fig. 5 for the example of a 5|7 defect (essentially an edge dislo-
cation) in a (5, 4) tube where the six possible orientations of its
Burgers vector are indicated by arrows:32 b = ±(1, 0), ±(0, 1),
and±(1,−1). The energy change∆E upon the formation of 5|7
relative to the reference perfect (n, m) edge is computed for
three minimally chiral tubes and is shown as a function of rela-
tive diameter change d/d0 in Fig. 5(a) and chiral angle change
∆χ in Fig. 5(b). Both “projections” of ∆E reveal that only
(n, m)→ (n, m − 1) changes have small ∆E < 0.5 eV and cor-
respond to reduction of diameter and shift towards zigzag type,
∆χ < 0. Formation of 5|7 in (9, 1) [along with those b in the

FIG. 4. (a) Heptagon–pentagon energy difference for three (n, 1), (n, n � 1),
and one (2m, m)-type CNTs on Je of R = 4.5 Å and 9 Å. (b) The same difference
as a function of the tube/Je diameter ratio. Lines are fits to data sets on the
same-diameter Je spheres. The insets illustrate a sample configuration of a
heptagon on the larger-R Je (left) and a pentagon on the smaller-R Je (right)
for the (6, 5) tube.

FIG. 5. (a) Energy cost ∆E versus relative diameter change d/d0 due to an
interface 5|7 defect for selected minimally chiral CNTs on Je of R = 4.5 Å.
Note that a (n � 1, m + 1)-change starting from a near-armchair tube results
in an enantiomer and therefore corresponding points for (5, 4) and (6, 5)
coincide with the reference states; inset: an example of possible type changes
of the (5, 4) tube. Arrows indicate n± 1 (red), m± 1 (blue), and (n± 1, m∓ 1)
(black) changes. (b)∆E as a function of the corresponding chiral angle change
∆χ ≡ χ − χ0.

near-armchair tubes, leading to chiral enantiomers, Fig. 5(a)]
does not incur energy cost. Note also that the (9, 1) → (9, 0)
transformation is associated with the largest reduction in the
interface energy γ, Fig. 3(a), and appearance of a large kinetic
barrier, Fig. 3(b).

In summary, the proposed spherical Je model appears
to be an expedient surrogate metal catalyst that allows for
a DFT-level treatment of the CNT/catalyst system at a con-
siderably reduced computational effort (Je has been also
used as annealing environment for carbon clusters in a semi-
empirical scheme33). Replacing an icosahedral Ni55 cluster,
for instance, with N = 550, by Je with the larger N consid-
ered here reduces the number of electrons by an order of
magnitude, as well as the number of degrees of freedom in
which geometry optimization is to be performed. The softer
Je potential, Eq. (1), should allow also for a lower plain-wave
cutoff.

It is worth noting that the goal in such replacement here
is to some extent opposite to the conventional Je as a model
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of alkali metal clusters,22 for example. While in the latter case
the attempts have been to partially recover the eliminated ionic
degrees of freedom, we have aimed at a structureless catalyst
with less as possible specificity that can serve as a featureless
electron reservoir. Figure 1 however clearly shows electronic-
shell fingerprints on the energetics of carbon species on the
Je sphere. Since the electronic degrees of freedom are explic-
itly included, a finite electronic temperature T will, however,
smear the electronic shell effects for larger sizes, viz., N. For
an order of magnitude estimate, one can use the single-particle
energy levels spacing in a spherical potential,23,34,35 ∼εF N−1/3,
where εF ∼ r−2

s is the Fermi energy of the free electron gas.
Thus, shell effect reduction may be expected for εF N−1/3 . T ,
or Je sphere sizes R &N1/6T−1/2 which, e.g., for N ∼ 100
and T ∼ 0.1 eV (typical growth temperatures), gives roughly
R & 15 Å.

Simple variations of the proposed model are also possible
(polyhedral Je, or a slab and stepped-slab; see Fig. S1 in the
supplementary material) and make it a potentially useful tool
for modeling catalytic growth of a broader set of systems and
geometries.

SUPPLEMENTARY MATERIAL

See supplementary material for listing of Je spherical
potential generator and some aspects of Je-slab implementa-
tions.
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