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ABSTRACT 

Data Processing for Modern Microscopy: Faster, More Accurate, and More Reproducible 

by 

Bo Shuang 

Modern medicine is currently facing the challenge of improving wellness for the 

general public, especially the quality of later life that is threatened by aging-associated 

chronic conditions and diseases. These improvements are heavily dependent on scientific 

discovery of biological processes occurring on the nanoscale. Single-molecule super-

resolution microscopy has made vital advancements to further understand disease 

mechanisms, revolutionize genome sequencing, and improve drug purification 

efficiencies. However, single-molecule techniques usually generate large amounts of 

complex data. Interpretation of this complex data to gather useful information requires 

sophisticated data processing techniques.  

In this thesis, several new data processing techniques are presented to extract 

valuable information in single-molecule data efficiently and accurately. First, maximum 

likelihood estimators have been proposed to calculate the diffusion coefficient for short 

single particle tracking trajectories, which can improve the space and time sensitivities of 

single particle tracking studies. The trade-off between accuracy and precision of different 

estimation methods is discussed to guide the selection of the developed estimation 

methods. Secondly, a newly developed single particle tracking package allows users to 

automatically process large amounts of raw single particle data to produce single-

molecule tracking results. This is accomplished by a robust fitting approach that has been 

developed to localize single emitters to achieve roughly a 10 nm spatial resolution. 
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Moreover, a 3D super-resolution algorithm for general 3D point spread functions has 

been explored, serving as the first open source program for 3D super-resolution recovery. 

Finally, an analysis algorithm for single-molecule Förster resonance energy transfer has 

been created to identify fast step transitions and determine the optimum number of states 

from single-molecule data. This algorithm outperforms the established cutting-edge 

algorithm in accuracy and speed. Overall, this thesis offers a broad range of data analysis 

techniques that benefit the powerful research in single-molecule studies. 
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CHAPTER 1 

INTRODUCTION 

1.1. Motivation 

The world average life expectancy at birth (LEB) has dramatically increased from 

31 years in 1900 to 67 years in 2010.1-3 In developed regions of the world LEB is often 

longer than 80 years.2-3 Advancements in modern medicine have played an important role 

in the LEB increase seen in the last 100 years.1, 3-4 In the meantime, aging-associated 

diseases such as Alzheimer's disease and Parkinson's disease decrease the quality of later 

life and increase the use of patient-care resources.3, 5 Medical science in the 21st century 

will make contributions in improving the quality of life and increasing the disability-free 

LEB.5 However, inventing a new drug and bringing it to market is slow and costly. On 

average, it takes more than 10 years and $2.6 billion dollars to develop a new drug from 

early research and development to commercial distribution.6-7 New research is needed to 

understand the mechanisms of the disease related bioprocesses at cellular and bio-

molecular level for drug discovery.8-9 Furthermore separation processes in the 

pharmaceutical industry must be studied to provide quantitative predictive theory for 

better performance of the separation techniques.7, 10-12  

Imaging processes beyond the diffraction limit of traditional optical microscopy 

has been pinnacle in both uncovering disease initiation mechanisms and improving drug 

purification processes.7-12 For example a better understanding motor protein malfunction 

in active intracellular transport has uncovered mechanistic details about immunological 

and neurological diseases.13-14 Acquiring mechanistic details of motor proteins requires 

nanometer scale space precision (~10nm), which is much smaller than the detection 
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resolution (250 nm) using a typical optical microscopy. Super-resolution microscopy, 

which achieves more than 10 times better space resolution than typical optical 

microscopy by observing one molecule at a time, is key to understanding the biologically 

impactful intracellular transport process.13-14  

The human genome project provides support for gene therapy, drug development, 

and disease studies at bio-molecular level.15 Genome sequencing also provides risk 

assessment of certain diseases for each person, and offers customized treatment based on 

personal genome information.16-17 For the last 15 years, the cost of genome sequencing 

decreased much faster than the prediction made by Moore’s law.18 The major 

contribution was a transition from first generation to second generation genome 

sequencing technologies after 2008, as shown in Figure 1.1. Cheap and rapid genome 

sequencing technologies will benefit larger populations and support quicker response on 

epidemic diseases.19 Now, the second generation genome sequencing technologies have 

reached their limitations. To make genome sequencing affordable in a faster pace, we 

will need a new generation of revolutionary genome sequencing technologies. One of the 

promising techniques for the next generation genome sequencing is single-molecule 

mapping.18-21  
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Figure 1.1. Cost of genome sequencing since 2001. The white line reflects the 

hypothetical cost reduction following Moore’s Law for comparison. Figure adapted from 

ref18. 

 

Single-molecule techniques13, 22-25 are revolutionizing science and technology in 

the fields of fundamental biology26-27 and surface sciences28-32. Single-molecule 

techniques enable us to understand details about, for example, the movement of 

molecular motors inside cells.13, 33 In addition, mechanistic detail about biomolecular 

separation efficiency at chromatographic interfaces has been revealed at single-molecule 

level.7, 10, 34-42 Revolution in these areas will dramatically influence our daily lives in the 

near future.  

Scientists have been developing methods to break the optical diffraction limit for 

decades. In 1989, Moerner and Kador studied the optical absorption spectrum of single 

molecules in a solid.25 One year later, Orrit and Bernard were able to use fluorescence 
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excitation for single-molecule detection.43 Even though both measurements were 

conducted at liquid-helium temperatures, these pioneering works connected molecular 

level resolution and single-molecule detection for the first time. In 2003-2006, 2D super-

resolution techniques such as fluorescence imaging with one-nanometer accuracy 

(FIONA),13, 33 stochastic optical reconstruction microscopy (STORM)22 and photo-

activated localization microscopy (PALM)44 were developed to study cellular processes 

and structures at single-molecule level. Other methods based on the similar principle 

were also proposed to study bio-molecule dynamics,45-46 single-molecule reactions,47-48 

and near-surface interactions.49-50  

The development of single-molecule microscopy has always been advanced in 

parallel with the application of novel data analysis techniques. Let’s consider molecular 

motors as an example. The motor proteins are known to facilitate the precise movement 

of chromosomes, but the underlying mechanism of the motion of the molecular motors 

was not clear.33 As we mentioned earlier, single-molecule microscopy can be used to 

focus on one fluorescence-labeled motor protein at a time to resolve each moving step of 

the motor proteins. Based on information theory, 1-10 nm space resolution is only 

possible by collecting sufficient amounts of photons and using 2D Gaussian fitting 

algorithm, which are the core ideas of FIONA.13, 33 Using FIONA, the movement of 

individual motor proteins is recovered with 1.5 nm space resolution and 1.1 ms time 

resolution.33 With the improved detection capability of single-molecule microscopy, all 

motor proteins were found to be moving in a hand-over-hand fashion inside the cells.13, 33 

Single-molecule mapping is one of the promising techniques for future faster and 

cheaper genome sequencing. Single-molecule studies provide a solution to break the 
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resolution barrier limited by the diffraction limit.19 However, the reconstruction of the 

whole genome with 10 times better resolution offered by single-molecule mapping will 

generate a huge amount of data, which will be much more difficult to handle and analyze. 

As Neely and coauthors mentioned: “it is widely accepted that the next great barrier to 

progress in the field of genomics will not be the sequencing technology but our ability to 

handle the incredible amount of data that result from these studies.”19, 51-52 Therefore, 

cutting-edge statistical data analysis techniques and the-state-of-the-art computation 

capability must be considered before the single-molecule mapping becomes the next 

generation of genome mapping.  

Purification of therapeutic biomolecules is an expensive step in current 

pharmaceutical production and drug development.11-12, 37 Single-molecule microscopy 

provides a detailed molecular level viewpoint of the heterogeneous separation processes, 

such as ion-exchange chromatography.10, 35-36 Single-molecule studies in 2D have 

demonstrated that the clusters of charged ligands play an important role in ion-exchange 

chromatography, and also shown that the separation efficiency could be related to the 

steric hindrance of the porous surface.10, 35-36 However, column ion-exchange 

chromatography is a 3D process, especially when the effect of steric hindrance needs to 

be understood. Single-molecule studies of chromatographic professes in 3D will generate 

large amounts of complex image data, which will further challenge the computational 

speed and recovery resolution of 3D single-molecule algorithms.  

Current booming development in artificial intelligence, data science, and parallel 

computation will define the future of many fields, including scientific and technological 

single-molecule techniques. Artificial intelligence automates complex image data 
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analysis with improved reliability and reproducibility.53-54 Data science establishes 

connections between observed phenomena and experimental conditions, which has 

become indispensable in bio-information researches.55-56 Parallel computation will make 

real time data analysis possible and further shorten the new discovery cycles.57 To solve 

the urgent problems in molecular level, single-molecule research needs to be combined 

with the cutting-edge data processing techniques. This combination will further improve 

the space and time resolutions in single-molecule measurements, generate efficient data 

analysis approaches for 3D single-molecule detection, and make the best use of signals 

from each molecule. In real world applications, progress can be transferred into faster and 

cheaper genome sequencing, lower costs for drug discovery and manufacture, and safer 

and more sufficient industrial products for all the populations. 

1.2. Background 

The most widely used single-molecule imaging techniques including STORM and 

PALM were developed after 2D Gaussian fitting was widely accepted as a more accurate 

and precise algorithm to find the center position of a point spread function (PSF) 

compared to the center of mass.22-23 This was later confirmed theoretically based on the 

Cramér–Rao bound.58 Algorithms targeting overlapping PSFs such as compressive 

interpolation methods59, multiple Gaussian fitting60, and statistical methods61 are aimed to 

increase time resolution experimentally without significantly sacrificing space resolution. 

The computational time of data processing can be reduced by incorporating faster fitting 

algorithms62 and by implementing parallel graphics processing unit (GPU) computing 

architectures57.  
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Single particle tracking (SPT) methodology has always been highly attractive but 

challenging for developing algorithms that are precise, accurate and resource efficient. 

SPT analysis requires processing large amounts of data efficiently and accurately. 

Thorough research on SPT analysis has covered a large scope of factors in analyzing 

dynamic systems such as: improving the quality of data for raw images with low signal to 

noise ratio (SNR),63-66 using prior knowledge of molecular movement to build predictive 

models,32, 65 studying the diffusion type and reliably extracting the diffusion 

parameters.49, 67-68 In 2013, an open competition was hosted and promising algorithms 

were collected69. Although this field is well-developed, the constant development of 

faster and denser image acquisition methods requires new creative analysis solutions. 

Information theory and statistical techniques have also been used to extract 

valuable information at the molecular level from noisy data measured by single-molecule 

Förster resonance energy transfer (FRET).70-76 Methods based on a hidden Markov model 

consider that the dynamic process of the measured bio-molecule system follows 

Markovian statistics , but the true dynamic information is hidden from the measurements 

because of the noise.71, 75-76 Change point methods treat the true dynamic signals as 

piecewise constant signals and focus on identifying the transitions.70, 74 All the 

established methods need to use principles and concepts in information theory to search 

for the optimum number of states to describe the dynamic process of the molecule.70-76 

How to objectively interpret the data and make a predictive description of the single-

molecule dynamic system are both still under debate in the field of single-molecule 

FRET.  
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Progress in the single-molecule field has proved the importance of developing 

advanced data processing techniques for the advancement of single-molecule 

microscopic techniques and their applications. However, there is still a long way to go for 

us to make the best use of single-molecule techniques to influence people’s daily lives. 

New technologies such as 3D imaging and tracking are proposed and developed every 

year, which always demand new techniques in data processing. Therefore, the goal of this 

thesis is to make single-molecule microscopy faster, more accurate, and more 

reproducible by designing cutting-edge data processing algorithms. 

1.3. Overview: Pushing the limit of super-resolution single-molecule techniques 

using information theory and signal processing techniques 

This thesis focuses on improving the detection capability of single-molecule 

diffusion, interaction and conformation dynamics through the development of data 

processing algorithms. By accurately and efficiently extracting information from single-

molecule measurements and providing guidelines to optimize experimental conditions, 

my ultimate goal was to identify and quantify the heterogeneous impacts of the physical 

chemistry processes.  

Molecule size, shape and interactions with local environment can be understood 

by studying the diffusion properties of each molecule. Local crowdedness and 

microrheology features also can be explored by tracking the heterogeneous diffusion of 

probe particles. The diffusion coefficient is commonly used to quantify the diffusion 

trajectories, but the space and time sensitivities of the local diffusion coefficients rely on 

the capability of extracting diffusion coefficient from short trajectories with low bias and 

high precision. Chapter 2 presents the maximum likelihood estimators to calculate the 
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diffusion coefficients from short SPT trajectories and trajectories with photoblinkings. 

The trade-off between the bias and precision is discussed to provide the rationale behind 

the choice of different estimators for different conditions. This work was published in 

Langmuir in 201377. 

Before calculating the diffusion coefficient, SPT trajectories need to be extracted 

from single-molecule raw images. Single-molecule raw images suffer from low SNR and 

cross talk among different particles. Chapter 3 discusses general steps to create a 

customized SPT algorithm. A general SPT algorithm is broken down into three 

independent modules: to increase the SNR of the raw images, to recover central position 

of particles beyond the diffraction limit, and to connect the positions of the same particle 

in different frames into trajectories. For each module, creative ideas from many other 

established SPT algorithms are discussed for future researchers to consider in their 

customized algorithms. In the end, performance of my algorithm tested on competition 

data is also summarized. This perspective article was published in Phys. Chem. Chem. 

Phys. in 201478.  

Super-resolution recovery algorithms play an essential role in achieving ~10 nm 

space resolution, which is the core of the second module in SPT algorithm mentioned 

above. The development of faster, more accurate and more reliable recovery algorithm 

spurs the development of single-molecule techniques. Center of mass is the fastest 

recovery method, but has the poorest accuracy and reliability. Widely used 2D Gaussian 

fitting achieves the theoretical limitation in precision and accuracy, but is slow in 

computation. The radial symmetry method is 100 times faster in computation and equally 

precise and accurate compared to 2D Gaussian fitting. However, both radial symmetry 
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and 2D Gaussian fitting are not robust when another PSF is closely located, because both 

methods attempt to search for the global center of the selected PSF. My recovery 

algorithm, which is dubbed Euler gradient fitting, is more accurate when recovering 

positions from overlapping PSFs because it searches for a local center of the selected 

PSF. The working principle of Euler gradient fitting is explained and the recovery 

performance is compared with 2D Gaussian fitting and radial symmetry methods in 

Chapter 4. This algorithm provides another great choice for super-resolution recovery.  

Besides single PSF fitting, another approach to break the diffraction limit is the 

correlation method called super-resolution optical fluctuation imaging (SOFI). SOFI 

assumes that individual fluorophores conduct photoblinking independently, even if they 

are physically closely located. Compared to STORM and PALM, SOFI has no 

requirement on switchable fluorescent probes. However, SOFI can only be used with 

static labeled fluorophores. By extending the idea of SOFI, we developed the correlation 

method to map surface porous structures using diffusion fluorophores. Chapter 5 is 

focused on the theoretical derivation of the correlation method, fluorescence correlation 

spectroscopy super-resolution optical fluctuation imaging (fcsSOFI), as an alternative of 

SPT. We have proved that the resolution improvement of fcsSOFI depends on the 

average diffusion coefficient of the fluorescent probes. Probe density and diffusion 

coefficient should be carefully controlled for the best performance of fcsSOFI. This 

chapter highlights my contribution as a co-author to paper published in ACS Nano in 

201579.  

Single-molecule studies in 2D have limitations in detecting events in z dimension. 

Cellular processes and near surface interactions happen in 3D space. Thus, advancements 
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in single-molecule microscopy have evolved from 2D to 3D detection. One of the 

promising 3D detection techniques utilizes a phase mask generating a 3D-dependent PSF 

to encode the z position of single fluorophores. 3D position recovery is much more 

difficult than the 2D case, and there are not enough 3D super-resolution recovery 

algorithms for general 3D PSFs. To fill this gap, I have developed a 3D recovery 

algorithm using alternating direction method of multipliers (ADMM) based algorithm, 

which is explained in Chapter 6. Machine learning techniques have been applied to 

suppress overfitting. Parallel computation on a graphics processing unit (GPU) has been 

used to speed up the computation on a personal computer. The performance of this 

algorithm for different molecular densities has been demonstrated. This work has been 

submitted for publication and currently is under review.  

In addition to typical parameter estimation in single-molecule data analysis as we 

discussed in previous chapters, choosing the most accurate model that best connects the 

data and the system is another challenge, especially for single-molecule FRET. Single-

molecule FRET is designed to capture the process of biological protein conformational 

dynamics, but the signal from single fluorophore integrated in 1-10 ms time window 

usually suffers from low SNR. I have developed an algorithm called STaSI to identify 

fast step transitions and to determine the number of states present in a system from 

single-molecule FRET data, which is presented in Chapter 7. STaSI combines the 

Student’s t-test to identify transitions and the minimum description length principle to 

determine the optimum number of states. Through comparison between STaSI and other 

established algorithms, STaSI is demonstrated to be more accurate especially in 
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analyzing single-molecule FRET data with large noise and fast transitions. This work was 

published in J. Phys. Chem. Lett. in 2014.74  

Lastly, Chapter 8 summarizes the overall contribution of this thesis in the 

advancements of algorithms developed for single-molecule studies. This chapter also 

highlights the future directions and opportunities in integrating single-molecule 

techniques and information theory. Overall, this thesis could be of a help for algorithm 

users to understand the fundamentals behind these algorithms, and also for potential 

algorithm developers to connect signal process techniques with experimental systems of 

interest. 
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CHAPTER 2 

IMPROVED ANALYSIS FOR DETERMINING DIFFUSION COEFFICIENTS 

FROM SHORT SINGLE-MOLECULE TRAJECTORIES WITH 

PHOTOBLINKING* 

2.1. Abstract 

Two Maximum Likelihood Estimation (MLE) methods were developed for 

optimizing the analysis of single-molecule trajectories that include phenomena such as 

experimental noise, photoblinking, photobleaching, and translation or rotation out of the 

collection plane. In particular, short, single-molecule trajectories with photoblinking were 

studied, and our method was compared with existing analytical techniques applied to 

simulated data. The optimal method for various experimental cases was established, and 

the optimized MLE method was applied to a real experimental system: single-molecule 

diffusion of fluorescent molecular machines known as nanocars. 

2.2. Introduction 

Multiple molecule tracking has become a valuable and widely used technique in 

diverse fields, including in vitro cell biology,80-83 in vivo dynamics,84 microrheology,85-86 

as well as surface and interface dynamics.50, 87-92 Computer automated tracking has made 

simultaneous extraction of multiple molecule trajectories from video frames an efficient, 

                                                 

 

*Contents from this chapter have been published in the following journal article: Shuang, 

B.; Byers, C.P.; Kisley, L.; Wang, L. Y.; Zhao, J.; Morimura, H.; Link, S.; Landes, C. 

F. Improved analysis for determining diffusion coefficients from short, single-molecule 

trajectories with photoblinking. Langmuir, 2013,29(1), 228-234. 
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low-cost technique. However, the method of analyzing single-molecule trajectories is an 

area of contention.85, 93-99 

The simplest and most commonly used technique is mean square displacement 

(MSD) analysis. The MSD is computed for all possible time lags. The diffusion 

coefficient is proportional to the slope of the linear fitted MSD vs. time lag plot and can 

be calculated using Einstein’s equation: Dtr 42  . In practice, the stochastic nature of 

diffusion, the collection process, and various other factors compromise the value of this 

technique. Recent progress has brought the MSD analysis technique into maturity.85, 93-94 

By correctly considering noise sources and their statistical implications, Michalet’s 

optimized least-square fit technique (OLSF) and Berglund’s maximum likelihood 

estimator (MLE) were shown to effectively reach the theoretical limit of relative standard 

deviation (RSD) as predicted by Fisher information theory.100 However, the collection 

and analysis of experimental data can be more complicated due to several factors. For 

long trajectories, molecules can undergo anomalous diffusion101-104 or confined 

diffusion.104-105 In other cases, the optimal trajectory length can be ended by fluorescence 

blinking and bleaching87, 106 or out of focus motion.49, 104, 107 Additionally, both short and 

long trajectories can contain brief lapses in molecule’s location due to photoblinking. For 

data analysis, a photoblinking event results in disparities in the time lag of affected 

displacements. How these optimized methods100 apply to suboptimal experimental 

conditions mentioned above is still an open question. In this work, we will focus on 

finding the best method to analyze short trajectories containing 20 or less measured 

displacements with photoblinking.  
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 Statistically, the RSD of the diffusion coefficient increases as the trajectory length 

decreases. Analysis of experimental data with varying signal-to-noise ratios results in 

either over- or underestimation of the actual diffusion coefficient. As a consequence, the 

analyzed diffusion coefficient from experimental data is always biased relative to the true 

diffusion coefficient.  

 Photoblinking also prohibits the use of a general method to calculate the diffusion 

coefficient. For example, in trajectories where photoblinking occurs, the second MSD 

point may be more accurate than the first. Because of this, application of OLSF becomes 

problematic when deciding which MSD points should be used for fitting.100 How can 

accurate information be extracted from short trajectories with photoblinking when further 

experimental optimization is not feasible? 

 In order to answer this question, we have derived two maximum likelihood 

estimators, MLE (1) and MLE (2), to analyze short trajectories with photoblinking based 

on Berglund’s work.93 Two different methods are required to properly analyze trajectories 

with different noise levels. We apply these methods to single-molecule trajectories and 

build a model to test and characterize the analysis methods and draw the conclusions. 

 This article is organized as follows. In the methods section, we present the 

theoretical groundwork for the two MLE methods used for trajectories with 

photoblinking. In the results and discussion section, we first study the influence of 

photoblinking on the RSD and root-mean-square deviation (RMSD) of diffusion 

coefficients calculated by MLE (1), MLE (2), and OLSF100 methods; then, we determine 

which method is appropriate for different noise and photoblinking levels. Finally, we test 

our analysis on real single-molecule trajectories that possess photoblinking.  
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2.3. Methods 

 Based on previous work,93, 100 we first derive two likelihood functions that are 

applied to noise-free and noisy trajectories. Both are written for the one-dimensional 

case; the corresponding likelihood functions for cases of more than one dimension are 

simply linear combinations of the log likelihood function for each dimension. Because 

most single-molecule tracking data are two-dimensional, later analysis will compare the 

performance of the MLEs in two dimensions. 

 In cases of noise-free data, all measured displacements are independent of one 

another. As a result, the likelihood function is simply the product of the distribution 

function of each displacement. The distribution function for Brownian motion is:108 

𝑃(Δ𝑖, 𝑛𝑖𝑑𝑡) =
1

√4𝜋𝐷𝑛𝑖𝑑𝑡
exp (−

𝛥𝑖
2

4𝐷𝑛𝑖𝑑𝑡
) 

(2.1) 

where i  is ith displacement, dt is the time lag between frames, ni is the frame number, 

and D is the diffusion coefficient. The value of ni is one for displacements without 

recorded photoblinking. When photoblinking causes the recording of a molecule’s 

location to lapse for k frames, ni takes the value k+1. For simulated trajectories, the 

duration of photoblinking could be arbitrarily long and this is in principle similar to 

experimental data; when analyzing experimental data however, the short trajectories and 

the positive re-identification of the molecule after a photoblinking event in the automated 

tracking algorithm typically limits the duration of photoblinking to one frame.87 

The second moment of the probability distribution generates Einstein’s equation:108
 

〈Δ𝑖
2〉 = 2𝐷𝑛𝑖𝑑𝑡 

 (2.2) 
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The corresponding log likelihood function is: 

𝐿(Δ) = log {∏
1

√4𝜋𝐷𝑛𝑖𝑑𝑡
exp (−

𝛥𝑖
2

4𝐷𝑛𝑖𝑑𝑡
)

𝑖

} = ∑ log {
1

√4𝜋𝐷𝑛𝑖𝑑𝑡
exp (−

𝛥𝑖
2

4𝐷𝑛𝑖𝑑𝑡
)}

𝑖

 

 (2.3) 

When ni is identical for each measured displacement, this equation is identical to the 

likelihood function in Reference95. For the two-dimensional case, 

)()()(2 yxd LLL  . Generally, the diffusion coefficient is given by: 

𝐷 =
∑

Δ𝑖
2

𝑛𝑖

𝑁
𝑖=1

2𝑁𝑑𝑡
 

 (2.4) 

where N is the number of measured displacements. We call this maximum likelihood 

estimator MLE (1) in this work.  

 Two kinds of uncertainty related to the molecule’s location should be considered: 

noise and motion blur.93-94 Noise is related to the pixel size, signal intensity, and noise 

source;94 motion blur is due to finite camera integration time.93 Both uncertainties have 

been discussed at length by several authors.23, 85, 93-95, 109-112 These two factors broaden a 

molecule’s location into a Gaussian probability distribution with variances 
2  and 

DRdt2  for noise and motion blur, respectively. σ2 is the static localization uncertainty93 

and R is the motion blur coefficient.94 We define reduced square localization error x as 

)/(2 Ddtx  .100 When trajectories possess uncertainties in molecule’s location, MLE (1) 

is a biased estimator because the estimated diffusion coefficient is equal to the true 

diffusion coefficient plus the contribution from the uncertainties. 
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 If noise and motion blur are considered, the measured displacements are no longer 

independent of one another. Using the same approach outlined in Berglund’s work,93 we 

have the following covariance matrix: 

〈Δ𝑘Δ𝑘〉 = 2𝐷𝑛𝑘𝑑𝑡 − 2(2𝐷𝑅𝑑𝑡 − 𝜎2) = 𝛼𝑘 

〈Δ𝑘±1Δ𝑘〉 = 2𝐷𝑅𝑑𝑡 − 𝜎2 = 𝛽 

〈Δ𝑘Δ𝑗〉 = 0 otherwise 

 (2.5) 

In principle, we can decouple the measured displacements using an orthogonal matrix A: 

〈𝐴Δ(𝐴Δ)𝑇〉 = 𝐴〈ΔΔ𝑇〉𝐴𝑇 = 𝛬 = [

𝜆1 0
0 𝜆2

0 0
0 0

0 0
0 0

… 0
0 𝜆𝑁−1

] 

 (2.6) 

where Λ is a diagonal matrix and λi is a linear combination of D and σ2. Because the new 

displacements A  are independent and have the same distribution function with different 

time lags, we can use the log likelihood function (equation (2.3) (2.3)) to obtain the log 

likelihood function that considers noise and motion blur: 

𝐿(Δ) = log {∏
1

√2𝜋𝜆𝑖

exp (−
(𝐴Δ)𝑖

2

2𝜆𝑖
)

𝑖

} = −
1

2
log|𝛬| −

1

2
(𝐴Δ)𝑇𝛬−1(𝐴Δ)

= −
1

2
log|𝛴| −

1

2
Δ𝑇𝛴−1Δ 

 (2.7) 

where: 

(𝛴)𝑖𝑗 = (𝐴−1𝛬𝐴)𝑖,𝑗 = 〈Δ𝑖Δ𝑗〉 = [2𝐷𝑛𝑖𝑑𝑡 − 2(2𝐷𝑅𝑑𝑡 − 𝜎2)]𝛿𝑖,𝑗 + [2𝐷𝑅𝑑𝑡 − 𝜎2]𝛿𝑖,𝑗±1

= 𝛼𝑖𝛿𝑖,𝑗 + 𝛽𝛿(𝑖,𝑗±1) 
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 (2.8) 

The expression for the likelihood function (equation (2.7)) is almost the same as 

Berglund’s likelihood function;93 however, time lags of measured displacements are not 

identical in the covariance matrix . We call this maximum likelihood estimator MLE (2). 

The displacements and corresponding time lags need to be extracted from the trajectories 

with photoblinking and then used in equation (2.7) to find the most likely diffusion 

coefficient. Notice that, when R = 0 and σ2 = 0, the log likelihood function (equation 

(2.7)) becomes the log likelihood function described by MLE (1). The diffusion 

coefficient estimated by MLE (2) equals the true diffusion coefficient, making MLE (2) 

an unbiased estimator. 

 The approximation method for the log likelihood function presented in 

Reference93 is not applicable here because the time lags are not necessarily identical. 

However, for short trajectories, the use of the exact log likelihood function (equation 

(2.7)) is no longer computationally prohibitive and may be directly used. Unless 

otherwise noted, all conclusions in this work are only for short trajectories. We will limit 

our discussion to situations when R = 0. Because )2( 2DRdt  can be replaced by
2' , 

conclusions in this work can be easily derived for other cases of R.  

2.4. Results and discussion 

For noise-free data, the smallest RSD of the diffusion coefficient depends only on 

the number of measured displacements of each trajectory and is not directly influenced 

by the photoblinking level. The photoblinking level of a trajectory is defined as the 

number of frames with photoblinking over the total number of frames. Previous work93, 95 
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has shown that the smallest RSD for trajectories with N displacements is equal to N1
 

when there is neither noise nor photoblinking. In these situations, the measured 

displacements are independent of one another, and the time lag for each displacement is 

identical. The simulated results in Figure 2.1a show that, even when considering 

photoblinking, the RSD calculated using MLE (1) is still equal to N1 . In other words, 

the RSD is not influenced if the time lag for each measured displacement is different as 

long as those measured displacements are independent of one another. Each simulated 

point uses 10,000 simulated trajectories with a photoblinking level of 0.3, where the 

photoblinking level is defined as the number of blinking frames over the number of total 

frames. Simulations using photoblinking levels of 0.1 and 0.5 produced the same results 

(data not shown). Figure 2.1b shows that the distribution of the calculated diffusion 

coefficient is still log-normal113-114 even with photoblinking. However, the influence of 

photoblinking becomes more complicated when considering noise. 
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Figure 2.1. The influence of photoblinking on noise-free data. (a) Simulated results (data 

points) show that the RSD equals N1  for different number of displacements N, 

perfectly matching the RSD predicted by Fisher information theory (line).93, 95 (b) The 

distribution of diffusion coefficients for trajectories of N = 20 (data points), fitted with 

log-normal distribution (line).114 There is only minor difference between the simulated 

distribution and the fit. The result signifies that photoblinking does not influence the log-

normal distribution of the diffusion coefficient. 

 

When considering data with noise present, OLSF100 quickly fails as the 

photoblinking level increases. Because photoblinking is stochastic in both number and 

position, OLSF cannot accurately determine how many MSD points to fit. The detriment 

of photoblinking to the accuracy of MLE (2) is considerably less severe. MLE (2) is still 

able to provide the most likely diffusion coefficient because it uses all of the measured 
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displacements. Figure 2.2a and b show the RSD calculated by OLSF and MLE (2). As 

photoblinking levels increase, the RSD calculated with OLSF increases very quickly, 

while the RSD of MLE is less affected. Notice these results are only for short trajectories 

where N ≤ 20, which are typical trajectory lengths when photobleaching is present. For 

longer trajectories, the approximation method in Reference87 is impossible due to 

photoblinking, and using this method becomes numerically inconvenient or even 

impossible. In those cases, OLSF may be a better choice. Even for short trajectories, 

MLE (2) is not always the best choice. 

 
Figure 2.2. The RSD (color scale) calculated with (a) OLSF and (b) MLE (2) as it varies 

with reduced square localization error x and photoblinking level. The length of the 

simulated trajectories is 20. The same color scale is used for both figures for comparison. 

(a) The results from OLSF. For data with photoblinking, the results of this method are 

generally less accurate than the results of MLE (2). In addition, the accuracy of OLSF 



  

23 

 

decreases rapidly as the photoblinking level increases. (b) The results from MLE (2). 

This method is less influenced by photoblinking. 

 

 Results in Figure 2.3 show that when 1.0)/(2  Ddtx  , MLE (2) is unbiased; 

however, when 1.0)/(2  Ddtx  , MLE (2) is heavily biased. In this situation, it is 

better to use the biased MLE (1). Figure 2.3a and b illustrate that the RSD of MLE (1) is 

slightly lower than the RSD of MLE (2) for small noise levels. When x < 0.1, the former 

is about 0.1 smaller than the latter; when x > 0.1, their difference diminishes. Both RSDs 

increase as x and the photoblinking level increase. Figure 2.3c and d show that, for x < 

0.1, the RMSD of MLE (1) is less biased than MLE (2). As seen in Figure 2.3c, the 

RMSD of MLE (1) increases as x increases because the bias of estimated diffusion 

coefficients is directly proportional to the uncertainties. Here, the influence of the 

photoblinking level is not obvious. Conversely, the RMSD of MLE (2) decreases as x 

increases (Figure 2.3d). When x < 0.1, the RMSD of MLE (2) is larger than 0.1while the 

RMSD of MLE (1) is negligible. This is because MLE (2) forces the diffusion coefficient 

and static localization uncertainty to be positive in value. As a result, the estimated 

diffusion coefficient is biased if the true diffusion coefficient is one order of magnitude 

smaller than the static localization uncertainty. This artifact causes MLE (2) to be biased 

when x < 0.1, as shown in Figure 2.3c and d. 
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Figure 2.3. The RSD (top) and the RMSD (bottom) of MLE (1) (left) and MLE (2) 

(right) as they vary with reduced square localization error x and photoblinking level. The 

length of the simulated trajectories is 20. (a) The RSD of MLE (1). (b) The RSD of MLE 

(2). The same color scale is used in (a) and (b) for direct comparison. For x < 1, the RSD 

of MLE (1) is slightly smaller than the RSD of MLE (2) by about 0.1. (c) The RMSD of 

MLE (1). (d) The RMSD of MLE (2). The same color scale is used in (c) and (d) for 

direct comparison. For x < 0.1, the RMSD of MLE (1) is larger than 0.1 while the RMSD 

of MLE (2) is negligible; after x > 0.1, the RMSD of MLE (2) is negligible while the 

RMSD of MLE (1) increases rapidly. 

 

When 10)/(2  Ddtx  , the diffusion coefficient calculated by MLE (2) is 

highly biased, and no reliable conclusions about the diffusion coefficient can be made. 

Figure 2.4a and 4b demonstrate that the RMSD and the RSD of MLE (2) rapidly increase 

when x > 10. When x < 10, the RMSD of MLE (2) is negligible, and the RSD of MLE (2) 

increases slowly. When x > 10 (especially when x > 30), MLE (2) fails to accurately 

calculate the diffusion coefficient. In this case, the RMSD could be as large as the 
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diffusion coefficient, and the RSD might be several times larger. This behavior occurs 

because D and σ2 are not orthogonal in MLE (2),93 so the RSD of one influences the 

accuracy of the other. Therefore, for short trajectories, MLE (2) is unbiased only when D 

and σ2 are different by less than one order of magnitude. 

 
Figure 2.4. The RMSD (a) and the RSD (b) of MLE (2) as they vary with reduced square 

localization error x and photoblinking level. The length of the simulated trajectories is 20. 

Both the RMSD and the RSD increase quickly with x for x > 10. 

 

These results suggest how one should design experiments, analyze data, and make 

conclusions. Ideally, experiments should be designed in a way to minimize reduced 

square localization error x and extend the length of the trajectories. On average, the 

lifetime of a fluorescent molecule before it photobleaches into dark state is fixed in 
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ambient conditions so that increasing the time lag between frames will increase the 

average displacement without changing the noise related to the uncertainty of the 

molecule’s location. However, identifying each molecule between frames becomes 

problematic when the time lag is significantly increased. If further experimental 

optimization is not an option, determination of the best analysis method becomes critical. 

Experimentally, noise can be estimated based on the pixel size, signal-to-background 

ratio of the point spread function (PSF), and the shot noise.94, 115-116 For samples 

undergoing fast diffusion with an estimated noise at least one order of magnitude smaller 

than the average displacement, MLE (1), though biased, should be adopted to give an 

accurate estimation of the diffusion coefficient. A simple experimental example of the 

applicability of MLE (1) is shown in the Supporting Information. Alternatively, if the 

estimated noise is comparable with the average displacement, the unbiased MLE (2) 

should be used to give a strong estimation of the diffusion coefficient. However, if the 

noise is much larger than the averaged displacement, the positions of the molecules are 

extremely blurred. The calculated diffusion coefficient may therefore be several times or 

even several orders of magnitude different from the true diffusion coefficient, so no 

definite conclusions can be made.  

Although we have defined the optimal estimators for different cases in terms of 

noise level, recovering information from short trajectories with photoblinking is often not 

straightforward. As an example, we have analyzed experimental trajectories of single-

molecule diffusion. We selected single fluorescent molecules, which were designed to 

roll over a surface and have been termed nanocars.87, 106, 117-118 The structure of the 

nanocar in this study is shown in Figure 2.5.117 Trajectories of single nanocars are 
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typically short and possess photoblinking. An additional complication arises from the fact 

that no sample is 100% pure, and thus the observed single-molecule fluorescence occurs 

from two sub-classes: those that are moving and presumed to be true ‘nanocars’, and 

those that are not moving and presumed to be either single fluorophores or nanocars with 

non-symmetrical wheel functionalization. Previous analysis117-118 required the manual 

classification of ‘moving’ and ‘non-moving’ molecules, and separate transport analysis.  

In the current analysis, nanocar trajectories including photoblinking events are 

compiled by searching for the absent molecules in frames following the photoblinking 

and connecting the pre- and post-photoblinking positions. The trajectory is terminated if 

no corresponding molecule can be clearly defined after the photoblinking event.87 The 

time lag between frames is 30 s. On average, a trajectory has 10 displacements and a 

photoblinking level of 0.1. More details of these experiments are discussed in 

References87, 106, 117 and118. The estimated x is larger than 1 in these experiments. 

Therefore, according to our algorithm for choosing the best analysis method, MLE (2) is 

more appropriate. MLE (1) results in an extremely biased distribution in D (not shown), 

but as mentioned earlier, MLE (1) is not appropriate for such noisy data. After directly 

applying MLE (2) to the trajectories, we obtain the distributions of log(D) and log(σ2) 

shown in Figure 2.5a and b, respectively. Notice that from the diagonal elements in Σ, 

2Dnkdt+2σ2, the contributions of D and σ2 are coupled. Because we are dealing with the 

statistics of short trajectories, under-sampling can result when the length of the trajectory 

is small, and the standard deviations of D and σ2 are relatively large. These under-

sampled values correspond to rare cases in which σ2 is more than one order larger than 

Ddt, and yield values of D that are orders of magnitude smaller than expected for even a 
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stationary analyte. These values do not imply anything about the corresponding analytes’ 

motion or lack thereof, but are instead due to insufficient temporal sampling. This has 

been verified by simulations shown in Figure 2.5c and d, which will be discussed in 

detail later. Hence, trajectories with estimated Ddt/σ2 > 104 and Ddt/σ2 < 104, which 

correspond to values for log(D) smaller than -5 (D < 10-5 nm2/s) in Figure 2.5a and values 

for log(σ2) smaller 0 (σ2 < 1 nm2) in Figure 2.5b can and should be automatically 

excluded from MLE analysis. The resulting distributions of log(D) and log(σ2) are shown 

in the insets of Figure 2.5a and b. Because the underestimated values for either log(D) or 

log(σ2) have corresponding values that fall within the main distribution, these values also 

have to be removed as the entire trajectory is deleted from the set of data. Hence, the 

distributions in the insets do not simply present magnified views of the original 

distributions. The validity of this procedure is justified in more detail below. 

The presence of two groups of nanocars becomes obvious after removing the 

biased log(D) values. Stationary nanocars with D of about 1×10 nm2/s and nanocars in 

motion with D of about 2×102 nm2/s can clearly be identified in the inset of Figure 2.5a 

(as also indicated by the red lines). The log(σ2) values now display a normal distribution 

with a mean value of μ = 3.3 and standard deviation of sσ = 0.5. The mean value of σ2 is 

~3×103 nm2. The bimodal distribution of D agrees with the previous work, which 

distinguished the stationary nanocars from moving nanocars based on the displacement of 

the nanocars compared to the localization error of the PSF.117-118 The diffusion coefficient 

(D = 2 × 102 nm2/s) estimated from MLE (2) and the analysis procedure demonstrated 

above also agree with the previously published result (D = 2.4 × 102 nm2/s), which used a 

squared-displacement analysis.117-118 The small deviation between these calculated 
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diffusion constants is likely due to the empirical criterion used before, which subjectively 

excludes some slow moving nanocars. Our analysis procedure presented here based on 

MLE (2) only rejects the trajectories that contain large statistical noise without requiring 

an a priori threshold regarding the minimum displacements of the nanocars. The 

advantage of the proposed method over the previous analysis is that our proposed method 

is statistically robust and objective in terms of a pre-selection for acceptable trajectories, 

in contrast to the manual selection procedure used in previous analysis.117-118 

To verify our analysis procedure, we simulated 200 trajectories with parameters 

mirroring the nanocar experiments. 30% of the trajectories undergo diffusion with D = 

2×102 nm2/s, while the remaining molecules diffuse with D = 1×10 nm2/s as indicated by 

the read lines in Figure 2.5c. The time lag dt is 30 s, and log(σ2) is a normal distribution 

with a mean of μ = 3.3 and a standard deviation of sσ = 0.5. The length of each trajectory 

is randomly generated to fall within 5 to 15 steps, and each position has a 0.1 probability 

to be blank in order to mimic photoblinking. As seen in Figure 2.5c and d, the simulated 

distributions of log(D) and log(σ2) are very similar to those obtained from the 

experimental trajectories (Figure 2.5a and b), including values that are underestimated 

because of the added noise. If the noise is removed from the initially simulated 

trajectories, most of these values would be absent, which further justifies our procedure 

of removing them from the final distribution as they purely stem from statistical 

fluctuations. The resulting distributions after removal of these data points are shown in 

the insets of Figure 2.5c and d. The simulated distributions match those obtained from the 

experimental trajectories very well. The validity of our objective analysis approach is 

therefore justified, along with its advantages in terms of objectivity and convenience. 
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Figure 2.5. Analysis of single nanocar diffusion. The chemical structure of the nanocar is 

shown on the right.41 (a), (b) The distribution of log(D) and log(σ2) obtained from 

experimental nanocar trajectories. The insets show the resulting distributions after 

removing trajectories that yield underestimated values in log(D) or log(σ2) due to 

statistical fluctuations. (c), (d) The distribution of log(D) and log(σ2) of 200 simulated 

trajectories. 30% of the simulated molecules undergo diffusion with D = 2×102 nm2/s, 

while the remaining molecules diffuse with D of 1×10 nm2/s. The insets show the 

resulting distributions after removing trajectories that yield underestimated values in 

log(D) or log(σ2). The red lines in (a) and (c) and their insets correspond to D = 1×10 

nm2/s and D = 2×102 nm2/s. The red lines in the inserts of (b) and (d) represent a normal 

distribution with μ = 3.3 and sσ = 0.5. 
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2.5. Conclusion 

We have theoretically derived two maximum likelihood estimators, MLE (1) and 

MLE (2), to analyze short trajectories with photoblinking. We have shown that MLE (1) 

achieves nearly ideal accuracy in estimating D under small noise level (x < 0.1), and that 

MLE (2) is the best estimator we know for short trajectories with photoblinking in 

medium and large noise levels (x > 0.1). Their accuracies were compared to the 

theoretical limit without noise and OLSF with noise. By investigating experimental 

parameters such as length of trajectories, photoblinking level, signal-to-noise ratio, the 

most applicable analysis method can be determined based on the discussion in this work. 

Finally, we have applied these methods to experimentally acquired single-molecule 

trajectories with photoblinking and verified their validity via additional simulations.  

In future work, more complicated systems with time variable localization 

uncertainty and time-dependent diffusion coefficients will be studied by including more 

information in the likelihood function and integrating local MSD analysis.119 Recently, 

sub-diffusion in biological systems has been frequently observed and studied,49, 67-68 but 

the associated physical mechanisms are still not well characterized. However, sub-

diffusion can be described by continuous time random walk at short time-scale and 

modeled by fractional Brownian motion at long time-scale.67 Since Brownian motion is a 

special case of fractional Brownian motion, we are investigating extending this likelihood 

function to study sub-diffusion.  
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CHAPTER 3 

TROIKA OF SINGLE PARTICLE TRACKING PROGRAMING: SNR 

ENHANCEMENT, PARTICLE IDENTIFICATION, AND MAPPING† 

3.1. Abstract 

Single particle tracking (SPT) techniques provide a microscopic approach to 

probe in vivo and in vitro structure and reactions. Automatic analysis of SPT data with 

high efficiency and accuracy spurs the development of SPT algorithms. In this 

perspective, we review a range of available techniques used in SPT analysis programs. In 

addition, we present an example SPT program step-by-step to provide a guide so that 

researchers can use, modify, and/or write a SPT program for their own purposes. 

3.2. Introduction 

Since single particle techniques were first applied decades ago,115, 120-128 scientists 

not only have cared about the ensemble average, but also have explored the dynamics of 

individual particles. Single particle tracking (SPT) in particular offers the potential to 

understand transport with unprecedented detail. For instance, ensemble chromatography 

has been explored at the single particle level,38, 129-130 distinct mechanisms of intracellular 

single protein and DNA transport have been identified,131-134 diffusive displacements at 

the single particle level have permitted the study of fundamental properties such as non-

                                                 

 

†Contents from this chapter have been published in the following journal article: Shuang, 

B.; Chen, J.; Kisley, L.; Landes, C. F. Troika of Single Particle Tracking Programing: 

SNR Enhancement, Particle Identification, and Mapping Phys. Chem. Chem. 

Phys., 2014, 16, 624-634 
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Gaussian distributions,103, 135 and microrheology has combined single particle and macro-

rheology techniques to characterize environmental factors in biological systems.136-139 

Thus, for a broad range of applications, SPT can provide transport dynamics free from 

ensemble averaging. However, the increased spatial and temporal resolutions intrinsic to 

SPT require the processing of large amounts of data that are often unique for each 

analyte. Therefore, customized and automated SPT programs that are efficient in terms of 

both accuracy and processing time are not only useful and elegant, but necessary. 

Many commercial and free programs are available to analyse SPT data.63, 65, 140-152 

Existing programs are often designed and optimized for a specific condition. For 

instance, some programs focus on data with low signal-to-noise ratio (SNR),63-66 some 

are designed for 3D particle tracking,148-151 and some are good for data with high particle 

density.65, 142 It is very convenient to use an established program if the analysis data 

format and the experimental system are similar, but this is unfortunately not often 

practical. Also, to customize an established program for an alternate purpose offers its 

own challenges. These realities make it safer or even easier in many cases to write your 

own program instead of using existing programs. 

Finally, a customized program is needed if cutting-edge methods are applied in 

SPT. For example, several published works use a phase mask to change the depth 

dependence of the point spread function (PSF),153-156 for example the double helix 

PSF.153-155 If any custom PSFs are applied in SPT to improve axial resolution, a 

customized algorithm is required to identify recorded particles.157-158 Also, long time and 

large spatially-resolved tracking can be achieved using four tetrahedrally located 

detectors to track particles.159 In this case, a SPT program needs to consider the active 
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movement of the focal volume. Under these and many other circumstances, researchers 

can apply some logic and ideas from established tracking programs but are more likely to 

require a customized option. 

Therefore, we introduce the general logic and available methods of SPT programs 

by presenting a sample program and reviewing other SPT techniques that are used to 

study a wide variety of systems. We separate a SPT program into three important 

modules: SNR enhancement, particle identification, and particle mapping. The necessity, 

difficulty, and solutions for each module will be discussed in detail. To increase the 

efficiency and accuracy of identifying real particles, we increase the SNR of each frame 

first, which also increases the ability to analyse data taken at a wide range of 

experimental conditions. In addition, combined multiple criteria, which consider the local 

background, intensity, and shape of the PSF of the particle, maximize the accuracy of 

particle identification. Finally, we map particle trajectories by both applying the nearest 

neighbour algorithm to approach the global optimum (shortest total mapping distance) 

and assigning local crowded groups of particles by considering their total mapping 

distance to reach the local global optimal. The trajectories generated by our program can 

be directly used to calculate the diffusion coefficient using a maximum likelihood 

estimator (MLE). Our program applies and extends one or more general methods in each 

step in SPT analysis; and the review in each section provides an account for other 

available methods and more complicated analyses. By comparing the rate of incorrect 

mapping and calculated diffusion coefficient using simulated data under different 

scenarios, we concluded that these steps are valuable to be applied together in a SPT 

program. To aid with this goal, sample code and executables for each module are 
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provided. The source code of the program written in MATLAB R2012a (with a user-

friendly graphical interface as an option) is available at 

http://www.lrg.rice.edu/Content.aspx?id=96 

3.3. Methods 

3.3.1. Instrument and software 

As needed and described below, both experimental and simulated data were 

employed for our algorithm development. Experimental data was collected on a home-

built total internal reflectance fluorescence (TIRF) wide-field microscope. Samples were 

excited by a 532 nm solid state laser (Coherent, Compass 315M-100SL). The laser beam 

was passed through an acousto-optic modulator (IntraAction, 402AF1) controlled by 

frequency generators (Fluke, 271-U 115V) in a master-slave setup to synchronize the 

excitation at the same frequency as the collection rate.160 The beam was expanded prior 

to focusing at the edge of a 1.45 NA, 100×, oil-immersion objective (Carl-Zeiss, alpha 

Plan-Fluar) for through-the-objective TIRF microscopy. At ~2 mW/cm2, the TIRF 

excitation was attenuated to 1/e of its original power at a depth of ~85 nm. Emission was 

collected via epi-fluorescence and was separated from excitation with a dichroic mirror 

(Chroma, z532/633rpc) and notch filter (Kaiser, HNPF-532.0-1.0) and further filtered 

with a bandpass filter (Chroma, ET585/65m). The signal was detected on an electron-

multiplied charge coupled device (EMCCD) (Andor, iXon 897) at an integration time of 

10 ms and collection frequency of about 24 s-1. The EMCCD has 512 × 512 pixels with 

pixel size corresponding to 64 nm in the acquired image. The full width at half maximum 

(FWHM) of a PSF was about 4-5 pixels. In each frame, usually less than 100 particles 

were recorded. Diffusion of particles was slowed down to less than 20 pixels between 
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frames by controlling the viscosity of the solution (corresponding to: diffusion coefficient 

< 4 × 107 nm2/s) to avoid cross talk among particles. The experimental data collected by 

the EMCCD was converted to a MATLAB compatible format and analysed by our 

program. Our SPT program is written using MATLAB R2012a. 

Simulated data was generated by Erik Meijering for the Particle Tracking 

Challenge Contest Workshop in 2012.140, 161 We used simulated 2D Brownian diffusion 

data of vesicles (spherical shape). The simulated data had SNR of 7 and adjustable 

average numbers of particles of 100, 500 or 1000 in an image of 512 × 512 pixels. 

All the calculations and tests were run on a personal computer (Lenovo Thinkpad 

T420) with an Intel i5, 2.5-GHz processor. 

3.3.2. Sample preparation 

All solutions were prepared with HyPure Molecular Biology grade water (Thermo 

Scientific). No. 1 glass coverslips (VWR, 22 × 22 mm) were cleaned in a TL1 solution 

(4% (v/v) H2O2 (Fisher Scientific) and 13% (v/v) NH4OH (EMD Chemicals)) at 80 °C 

for 1.5 min and then plasma cleaned in O2 for 2 min (Harrick Plasma, PDC-32G). Orange 

fluorescent FluoSpheres® beads (100 nm, max abs/em: 540/560 nm, Molecular Probes) 

were diluted to 1:1000 in solutions of 20% (w/w) methyloxypolyethylene glycol 5000 

propionic acid N-succinimidyl ester (Fluka Analytical). Solutions were pipetted into the 

well of a custom silicon template (Grace Bio-Labs, 43018M) placed on a clean coverslip. 

The DNA binding experiment was carried out with the binding of a dye labelled 

probe DNA (pDNA) to immobilized target DNA (tDNA) that has complementary 

sequence with the pDNA. The DNAs are from Eurofins MWG Operon. The tDNA is: 

biotin-5’-TTTCTTATGACAGAATGATTCAACTAACATACTTGA-
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CCACTCCCCACCCAC-AGCTTATGACAGAATGAT TCAACTAACATACTTTT. 

The pDNA is: Alexa532-5’-GTGGGTGGGGAGTGG. The substrate was co-grafted 

with an aqueous mixture of 25 % (m/m) methoxy-terminated N-succinimidyl 

polyethylene glycol 5000 (PEG-NS-5000, Sigma-Aldrich), 0.25 % (m/m) 5 kDa biotin-

terminated PEG-NS (NOF Corporation, Japan), and 0.8 % (m/m) NaHCO3 (Sigma-

Aldrich) overnight then washed with water. A silicon flow cell (Grace Bio-labs) was 

attached to the biotinylated glass. The glass was incubated with a mixture of 0.25 mg/mL 

streptavidin (Invitrogen), 25 mM HEPES (pH ~ 7), and 40 mM NaCl for 2 min, and 

flushed with buffer solution (25 mM HEPES, 40 mM NaCl) three times. The biotin-

tDNA (0.1 nM) in buffer solution was injected into the flow cell, incubated for 1 min, 

and was flushed with buffer solution three times again. Then the pDNA (1 nM) in buffer 

solution was injected into the flow cell for the fluorescent imaging of the binding of 

pDNA to the tDNA. 

3.3.3. Definitions 

We will define our terminology used in later discussion for convenience. The raw 

data is a sequence of 2D images recorded at an identical time lag. We call the sequence of 

2D images a movie, and each image is referred to as a frame. The time lag between two 

consecutive frames is called the sampling time (dt). Later when we discuss mapping the 

same particles in consecutive frames, we will refer to the frame at earlier time as frame 1, 

and the latter one as frame 2. Each frame is a matrix of pixels. A pixel is the smallest 

information unit in our data, and records the signal intensity. Based on our algorithm, a 

group of pixels may be identified as a particle. A fitting region is a square region smaller 

than the total image that contains the particle’s PSF. The program isolates this region and 
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applies the PSF position fitting algorithm to calculate the position of the particle to a 

subpixel level. We combine several criteria to identify the real particle; before all the 

criteria are finished, we will call regions selected to be considered possible particles, 

particle candidates. If an identified particle is a real particle, we will call it true particle, 

otherwise it is false particle. However, if a particle is true or false is mainly determined 

by the situation. For example, simulated data provide the only completely reliable means 

of testing for absolute accuracy in particle identification. When analysing real 

experimental data, visual inspection as a function of analyte concentration and 

experimental conditions is necessary. In this paper, the SNR of a particle is defined by 

equation (3.1)162:  

𝑆𝑁𝑅 =  
𝐼𝑝−𝐼𝑏

𝜎
  

(3.1) 

where Ip is the peak intensity, Ib is the average background value, and σ is the standard 

deviation of noise. 

3.3.4. General steps 

Our particle tracking program is composed of three separate steps (1, 2, 3) and 

one overall program (4); these steps can be used independently:  

1 Increase SNR for each frame. 

2 Identify particles in each frame, and calculate the particles’ positions, 

Gaussian radii, and intensities. 

3 Map the same particles in consecutive frames. 
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4 Load the raw data, call steps 1-3 one by one, and use the calculated 

parameters in step 2 and the maps in step 3 to generate trajectories. Pass the generated 

trajectories to algorithms designed to calculate the diffusion coefficients. 

3.4. Experimental Details 

3.4.1. Increase SNR 

Increasing the SNR of each frame is necessary if the SNR of the raw data is low, 

but also helps in general to improve the accuracy in particle identification. Many 

techniques have been presented to improve the SNR in single particle applications.63-66, 

163-165 Among them, Bayesian blinking and bleaching163 and super-resolution optical 

fluctuation imaging164 are two techniques of combining the information of multiple 

frames to increase the overall image resolution. However, they are not applicable in SPT 

due to the diffusion properties of particles. Applying an intensity threshold to the frame is 

a classic method to rule out background and noise and enhance PSFs,165 but usually the 

intensity of particles and noise is not well separated, so finding a global threshold is 

impossible in case of a complicated background. Wavelet denoising is another approach 

to increase SNR of single-molecule spectroscopy and particle imaging applications.166-167 

Olivo-Marin has developed an algorithm that uses the à trous wavelet transform to detect 

isolated bright spots.65-66 The effect of this wavelet method is shown in Figure 3.1. Other 

methods include Laplacian-Gaussian masks,64 which are good at edge detection and have 

been shown to be useful in intra-cellular tracking even when the images are extreme 

noisy.63 
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Figure 3.1. Image of Rhodamine-labeled endosomes in a baby hamster kidney cell before 

(a) and after (b) applying spot detection using à trous wavelet transform to increase the 

SNR.41 Reprinted from Ref66. Copyright 2002 with permission from Elsevier. 

 

In our sample program, the goal of increasing the SNR in each frame is to 

improve the efficiency and accuracy in the second step, particle identification. Particles in 

one frame can be classified into three general categories based on their SNR and their 

shortest distance from other particles: 1) locally isolated particles with high SNR (Figure 

3.2a); 2) particles with high SNR but close to another particle (Figure 3.2b); 3) particles 

with low SNR (Figure 3.2c). Another case, which describes particles that are close 

together and with low SNR, is rare for images with lower or medium particle density and 

thus will not be discussed. Sergé’s exhaustive particle detection method142 and Jaqaman’s 

time average methods65 are designed to deal with this case in analysing images with high 

particle density. Figure 3.2 shows experimental examples of each category from the same 

frame obtained from measuring fluorescent polystyrene beads diffusing in water on 

plasma cleaned glass. Because the microscope is set to TIRF mode, even though these 

beads are identical, their positions within the exponentially decaying evanescent field 

vary, resulting in brightness variation, which in turn yields a different SNR for each 

particle in a frame.  

To correctly identify all the true particles, especially particles in category 3, we 

need to increase the SNR of each frame. Simply setting a smaller threshold does not work 
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even in this simple case because it would cause noise or the edges of bright particles to be 

identified as false particles. Therefore, we apply an algorithm that can both smooth the 

noise and improve the PSF of dim particles. This method can increase the SNR of dim 

particles (e.g. Figure 3.2c) without significantly affecting the ability to distinguish 

particles that are close together (e.g. Figure 3.2b). 

 
Figure 3.2. Three categories of particles from the same frame. (a) Isolated particle with 

high SNR (142); (b) two particles close to each other (SNR ~ 50); (c) isolated particles 

with low SNR (5.6). 

 

We increase the SNR of each frame by employing a local average method (Figure 

3.3).32, 142-143, 147 To achieve the minimal influence in distinguishing particles in category 

2, the local average is confined to each pixel’s 8 nearest neighbours. An efficient way to 

calculate the local average for each pixel is to conduct a convolution in the Fourier 

domain. The raw data (Figure 3.3a) is convoluted with a 3 × 3 matrix of ones. In this 

process, the raw data is first transformed to the Fourier domain by the 2D Fourier 

transform function in MATLAB. Then, a 3 × 3 matrix of ones is expanded to the same 

size as the frame: the centre is a 3 × 3 matrix of ones, and other elements are zeros. After 

that, this additional expanded matrix is transformed to Fourier domain. The 

corresponding elements of the two Fourier domain matrices are multiplied to generate the 

resulting image in Fourier domain, and the inverse Fourier transform produces the image 

with increased SNR as indicated in Figure 3.3b. 
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Comparing the original image (Figure 3.3a) to the image after increasing the SNR 

(Figure 3.3b), it is clearly observed that random noise is smoothed, and dim particles are 

qualitatively better resolved. Quantitatively, the algorithm can increase the SNR of a 

particle by 2 to 3 times, with only negligible broadening of the FWHM, (less than 1 pixel, 

shown in Table 1), as long as the FWHM of the particle is larger than 2 pixels, which is 

usually true in SPT experiments. Using larger than a 3 × 3 matrix of ones for the 

convolution potentially influences the FWHM of PSFs, and can make particles in Figure 

3.2b indistinguishable. The effects on the SNR and FWHM of this algorithm are listed in 

Table 1, along with a comparison to one alternate method, spot detection.66 Our simple 

method increases the SNR by more than 2 and is similar to spot detection in its effect on 

particle FWHM. Also compared in Table 1 is relative computational processing time. 

Although spot detection removes noise completely, which makes the final SNR infinity, 

the computational time cost of spot detection is more than ten times longer than our 

method. (Our comparison is using MATLAB. The spot detection plugin of Icy written in 

Java is much faster.168) Therefore, although for short-time applications, spot detection is 

optimal, for long-time tracking analysis a method such as our proposed local averaging 

technique is preferred. 

 
Figure 3.3. Image before and after SNR enhancement. (a) The raw data of two dim 

particles (Figure 3.2c.), convolution with a 3 × 3 matrix of ones to generate figure b; (b) 

particles with higher SNR and better profile. The SNR increases from 5.6 to 13.1. The 

scale bar and colour map for the two figures are the same. The irregular shape is 

attributable to motion blur. 
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Table 3.1. Comparison of the effect on the average SNR and FWHM of particles and 

time cost per frame between our SNR enhancement and spot detection. Simulated vesicle 

diffusion data generated by Erik Meijering has been used.161 Average SNR and FWHM 

are calculated using tens of particles in the same frame (512 × 512 pixels). 

 Average SNR Average FWHM (pixels) Time cost (s/frame) 

Original PSF 8.3 3.4 0 

Spot detection41 Infinity 4.1 1.02 

Our method 18.7 4.2 0.08 

 

3.4.2. Particle identification 

From the denoised images, single particle locations are identified from the 

background. Threshold and local maximum are the key words in particle identification. 

The peak of a particle’s PSF is usually a local maximum. The local maximum can be 

defined as a pixel with higher signal than its nearest neighbour pixels142 or if there is no 

brighter pixel within a certain distance.147 However, the local maximum can also pick a 

false positive point due to random bright noise or aggregation of particles.147 A simple 

way to solve this problem is to use a threshold.106, 141-142, 147 For images with good SNR, 

this is usually enough, but for an uneven background, or if the intensities of particles 

have a broad distribution, a simple threshold is not sufficient. A more sophisticated 

discrimination method is discussed in Refs143, 147 that combine zero (m0) and second (m2) 

intensity moments to define the true particles and screen the false positives. In such a 

method, each particle candidate in a frame has its average intensity (m0) and width of its 

PSF (m2) calculated and mapped to m2-m0 coordinates as illustrated in Figure 3.4. The 

mathematic definitions of m0 and m2 are: 

𝑚0  =  ∑ 𝐼(𝑥 + 𝑖, 𝑦 + 𝑗)

𝑖2+𝑗2≤𝑤2
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(3.2) 

𝑚2  =  
1

𝑚0
∑ (𝑖2 + 𝑗2) × 𝐼(𝑥 + 𝑖, 𝑦 + 𝑗)

𝑖2+𝑗2≤𝑤2

 

(3.3) 

where 𝐼 means intensity at each pixel; the value of 𝑤 is related to the width of the PSF; 

(x, y) are the centre of each particle usually approximated by the local maximum; i, j are 

integers that indicate the pixels near the centre (x, y). As illustrated in Figure 3.4, real 

particles fall into a cluster (circled by dashed line) on the m2-m0 plot, and false particles 

such as noise or aggregated particles are outside the cluster. However, it is difficult to 

define the real particle cluster region. An optimized method has been suggested that uses 

a calibration sample to identify the real particle cluster.143 This method is potentially 

useful in complicated systems like SPT in cells. 

 

 
Figure 3.4. An example of mapping particle candidates to the (m0, m2) plane reproduced 

from Crocker’s work.143 The condensed region in red dash-line circle represents the real 

particles. Reprinted from Ref143. Copyright 1996 with permission from Elsevier. 

 

In our sample program, we combined three criteria to identify all the real 

particles. First, most methods assume background and noise level are uniform in a 
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frame,106, 141-142, 169 but that is not always the case due to scattering or spatially 

heterogeneous samples.  Instead, we provide the option to calculate localized background 

and noise level, as discussed below (2.1.). Next, in identifying particle candidates, it is 

common to consider the local maximum as a pixel with intensity larger than its 8 nearest 

neighbours.142 Our method considers all the neighbours within a set distance to reduce the 

chance of identifying false particles, also discussed below (2.2.). And finally, in refining 

particle position, the centre of the PSF of each particle candidate will be calculated using 

a rapid but accurate algorithm, and the width of the PSF will be compared with Gaussian 

noise to further rule out the false particles (2.3.). 

2.1. Generate localized threshold 

For images having uneven background, as show in Figure 3.5, it is necessary to 

calculate the threshold locally. As mentioned earlier, an uneven background may be 

caused by instrumental imperfections or sample heterogeneity. In Figure 3.5, the 

background and average signal intensity on the lower right side of the image are larger 

than those on the left side. If a global threshold were applied to the entire image, true 

particles in the left side may be excluded. Therefore, we will calculate and apply a 

localized threshold to distinguish particles from background. 

Our program calculates the local threshold for each 50 × 50 pixel region using a 

cumulative distribution. All pixels are considered; there is no separation of background 

from particles. The background can be considered as the average intensity of the selected 

region, but the average intensity can be highly biased by several bright particles. 

Alternatively, because the distribution of noise can be approximated as a Gaussian 

distribution,170 the background can also be considered as the Gaussian peak of the 
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distribution of intensity. It is important to note that the use of a probability distribution 

(histogram) of intensity relies on a subjectively selected bin size – an improper bin size 

can mess up the distribution. A cumulative distribution (integrated probability 

distribution), instead, is an objective way to represent the distribution without introducing 

bin-size bias.171 Figure 3.5b shows the cumulative distribution for the region in the black 

box in Figure 3.5a. The cumulative distribution is defined as equation (3.4):171 

𝑃(𝐼′ > 𝐼) =
1

𝑁
∑ 𝑛(𝐼′)

𝐼𝑚𝑎𝑥

𝐼′=𝐼

 

(3.4) 

where N is the total number of pixels, and n(I’) is the number of pixels having intensity 

equal to I’. I is the intensity variable and Imax is the maximum intensity in the region. 

Ideally, we should fit the cumulative distribution to an error function to extract the 

background and the standard deviation of the noise, which is straightforward if we would 

like to calculate a global background for one entire image. Because we would like to 

calculate the background locally, the cumulative distribution/fitting process must be 

performed multiple times iteratively, resulting in more than 100 such calculations for 

each frame, requiring large computational times. Instead, we simply use the median of 

the cumulative distribution as local background (bg), and the intensity difference between 

0.84 and 0.5 as the standard deviation (sd), (width between 0.84 and 0.5 of the 

cumulative distribution of a normal distribution equals the standard deviation of that 

normal distribution), as indicated in Figure 3.5b using dashed lines. The local background 

threshold is bg + 3 × sd, which excludes 99% of the noise. 

We shift the box by 25 pixels horizontally or vertically each time so that each 

pixel is included in four regions, as illustrated in Figure 3.5c. In this way, each pixel will 
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have a threshold that is averaged by its surrounding pixels. At the edges and corners, the 

50 × 50 pixel region for calculating the local background and threshold is truncated, 

resulting in a minimum of a 25 × 25 pixels being used for those particular regions. In 

Figure 3.5c, the red 25 × 25 box is included in black box, dashed white box, dashed 

orange box, and dashed yellow box. We take the average of those four regions as the 

background and threshold for the red box region. Figure 3.5c shows the local background 

and Figure 3.5d shows the local background threshold. Clearly, brighter regions in Figure 

3.5a have larger background and threshold in Figure 3.5c and d. 

 

 
Figure 3.5. Determining the local background threshold using cumulative distributions of 

nearby pixel counts. (a) Image of dye-labelled probe DNA binding with unlabelled target 

DNA (static) on a plasma cleaned glass surface. (b) The cumulative distribution of pixel 

counts in a 50 × 50 pixel region (the black box in the image, ~100 × diffraction limit area 

of a single particle) is shown; the local background (bg) and standard deviation (sd) of 

the distribution is also calculated from the cumulative distribution. (c) The local 

background calculation is scanned over the whole image with a step interval of 25 pixels 

(~5 × diffraction limit) in both x and y directions. The background image with a bin size 

of 25 × 25 pixels is then generated with these local backgrounds. As illustrated by the 

boxes, the binned pixel red box is an average of the four 50 × 50 local background values 

indicated by the black box and the dotted boxes. This operation is applied to smooth the 

local background between adjacent binned pixels. The sd of the binned pixel is also 

calculated from the four local backgrounds around the pixel. (d) The threshold of the 
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binned pixels is calculated to be bg + 3 × sd. The binned pixels are then un-binned back 

to the original resolution with a patch size of 25 × 25 pixels. 

 

2.2. Identify particle candidates 

A pixel is a local maximum if its intensity is larger than all the nearby pixels, as 

explained in Sergé’s method.142 However, the definition of “nearby pixels” depends on 

the distance threshold. In our program, the local maximum is a pixel with an intensity 

larger than all the pixels within the distance threshold, and the intensities of all the pixels 

within the distance threshold should be larger than the local background threshold 

defined in 2.1. The selection of the distance threshold is related to the SNR and particles’ 

FWHM. Figure 3.6 explains the effect of using the appropriate distance threshold. The 

bright particle in Figure 3.6a has a FWHM ~ 5 pixels; if using a distance threshold equal 

to 1.5 pixels, which includes 8 nearby pixels, many false positive local maxima will be 

considered as particles, as shown in Figure 3.6b. As we increase the distance threshold to 

be 2 pixels, the number of false particles decreases significantly (Figure 3.6c). And when 

we set distance threshold to be 3 pixels, only the real particle is identified (Figure 3.6d). 

Setting the distance threshold as a tuneable parameter makes the local maximum 

algorithm an efficient method to identify particles in different experimental situations. 

 

 
Figure 3.6. The effect of increasing distance threshold of local maximum on 

identification of true particles. (a) The area around the particles in the black box in Figure 

3.5a. (b) Identified local maxima within distance threshold equal to 1.5 pixels (8 nearest 

neighbours, indicated in lower right corner). Each dot in the figure is a particle candidate. 

(c) Identified local maxima with distance threshold equal to 2 pixels (12 nearest 

neighbours). (d) Identified local maxima within distance threshold equal to 3 pixels (28 
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neighbours). The length scale for all four figures is the same as indicated in (a). The 

colour map (indicating intensity) for Figure (a) is 0 to 3000 counts and for Figure (b), (c), 

(d) is 0 to 500 counts. 

 

2.3. Refine particle position 

To achieve subpixel resolution of particle position, the centre of each PSF must be 

calculated. A Gaussian function fit to the PSF is the most widely used algorithm to refine 

particle position.20, 58, 62, 142, 172 However, the fitting iteration and superfluous parameters 

make Gaussian fitting very inefficient, causing this step to become the computational 

bottleneck of a SPT program’s speed. In contrast, directly calculating the centroid of a 

PSF is very fast,106, 147 but its accuracy and reliability are unacceptable.62, 99 A couple of 

works have developed methods in between, which use a centroid to calculate the initial 

guess, and then apply another algorithm to update the position only once to reach a 

decent accuracy.62, 145 Radial symmetry is one of the best methods because its speed is 

100 times faster than Gaussian fitting, and its accuracy is comparable to Gaussian 

fitting.62 

In our program, for each local maximum we found in 2.2, we pass a fitting region 

(the size of the fitting region depends on the PSF’s FWHM, but usually 2 – 4 times the 

FWHM is a good choice) with the maximum in the centre, to the radial symmetry 

function. The detail of the radial symmetry method is discussed in Parthasarathy’s 

work.62 Basically, a PSF of a single particle is best represented by an Airy disk. Because 

of its radial symmetric property, the gradient of intensity at each position points to the 

centre of the PSF. Therefore, finding the centre of the PSF equals to finding the position 

where all the gradients at nearby positions point to. If we use a straight line to represent 

the gradient at each position, the centre of the PSF is where all the lines converge. 
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However, because of the finite size of the pixel and the presence of noise, these lines 

cannot converge. But we can still locate the centre of the PSF by finding the position that 

has the smallest sum distance to all these lines.62 This is the principle of the radial 

symmetry method. Using the calculated centre position of the particle, we will calculate 

the second momentum (m2, using formula (3)) of the same fitting region. This m2 will be 

compared with the m2 of the same fitting region with Gaussian noise. Only if the m2 of 

the particle is smaller than the 90 % of the m2 of Gaussian noise, we will consider this 

particle as a real particle and record its positions. 

 

3.4.3. Mapping particles 

After particles are identified in each frame, their locations from subsequent 

frames must be linked together to form trajectories. Many algorithms have been proposed 

to determine the correspondence among particles in subsequent frames.32, 65, 106, 143-144, 146-

147, 149, 173-176 These algorithms range from nearest-neighbour approaches,143, 146 and 

timely global methods, 32, 173, 177 to more complex methods that account for the challenges 

present in single-molecule106, 144, 175 and biological samples.65, 142, 147, 149 

With samples that have low coverage, high SNR, and slow diffusion, a basic 

nearest neighbour approach is adequate to construct particle trajectories. A fundamental 

example has been presented in the highly-cited work of Crocker and Grier for tracking 

the diffusion of colloidal particles,143 but is also commonly applied to tracking in 

biological environments.146 Nearest neighbour algorithms use distance as the only 

criterion to connect particle trajectories. Most of the time, when the number of particles 

varies from frame-to-frame, trajectories are either terminated or treated as new. The 
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nearest neighbour method is simple and works well if the displacements are sufficiently 

smaller than the interparticle spacing with homogeneous diffusion (Figure 3.7a).143-144 

At the other end of the mapping spectrum are global methods that consider all 

possible connections for all particles throughout the data sequence using multiple-

hypothesis tracking.173 The number of non-conflicting trajectories is recursively 

maximized to find the optimal trajectories. A similar global method has been presented 

by Woell et al. that calculates a cost factor based on the displacement and time interval 

for all possible connections.32 The trajectories are then selected based on the maximum 

likelihood. While these methods have very high accuracy, the computational cost can be 

too high to consider all possible connections, and hence is not efficient for tracking large 

numbers of particles across large numbers of frames. However, for more challenging 

trajectories containing photoblinking,32, 177 or merging and splitting behaviors,65, 177 

global methods bear considerable advantages, and with optimized algorithms, the 

computational costs can be kept relatively low.32, 65, 177  

Overall, most methods take an approach between the simple, sample-limited 

nearest neighbour and the computationally-prohibitive, statistically-based global 

mapping. Several methods use a local search radius to find nearest neighbours and then 

implement further filtering and/or statistical cost factors to be able to analyse samples 

with high concentrations of particles, overlapping trajectories, diffusion heterogeneity, 

and particle disappearance that commonly occur in more complex samples.65, 106, 142, 144, 

147, 149, 175  For example, Gao and Kilfoil describe a multipass tracking approach to form 

trajectories where heterogeneous diffusion in dense environments is present (Figure 

3.7b).144 A dynamic search radius is used where the local tracking method starts with a 
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small search radius to form trajectories with slower diffusion (Figure 3.7c). Particles with 

identified connections at the smaller search radius are then removed from the analysis 

and a second pass with an increased search radius completes more trajectories (Figure 

3.7d). This process is repeated so more and more trajectories are completed. Simulations 

showed that two diffusion populations could be resolved with the dynamic search radius 

as compared to only one population when a single search radius was used (Figure 3.7e). 

However, ignoring connected particles can generate incorrect mapping, which is why we 

consider all the particles in a local group together when there is conflict in mapping, as 

we describe in the next section. 

 

 
Figure 3.7. Comparison of nearest neighbour and dynamic search radius methods for 

forming trajectories. From Gao and Kilfoil,144 example systems where (a) nearest 

neighbour is successful due to homogeneous diffusion and (b) fails due to heterogeneity 

and the dynamic radius method is applied. Green spheres are the particle positions in the 

first frame and the red circles are the particle positions in the next frame. The black 

circles represent the search radius for finding particles in subsequent frames. (c, d) 

Demonstration of the dynamic search radius method. (c) Blue circles represent particles 

assigned to a trajectory with the first pass of a small search radius and (d) increased 

search radius on second pass to assign trajectories with larger displacements. (e) 

Comparison of the probability distribution of average step size when using nearest 

neighbour (blue) and dynamic search radius (red) methods to track the simulated 

heterogeneous diffusion system represented in (b).144 Reprinted and adapted with 

permission from Ref144. Copyright 2009 Optical Society of America. 
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Our sample mapping algorithm uses the local optimum to approach the global 

optimum using distance as the only criterion, as explained in Figure 3.8. Figure 3.8 shows 

the mapping method using two example consecutive frames. In Figure 3.8a, particles in 

two frames are overlapped to indicate their positions, and represent the different possible 

situations in particle mapping. For each particle in frame 1, our program searches for its 

neighbours in frame 2 within a searching distance that should be approximately three 

times of the average displacement between consecutive frames (Figure 3.8b). The 

searching distance can be estimated and tested by examining the mapping results between 

the first two frames using our program. For particle 1, the only neighbour is particle a, so 

particle 1 is connected to particle a as illustrated by a solid line in Figure 3.8c. For 

particle 2, two neighbours are found in frame 2, but particle b is its nearest neighbour, so 

particle 2 is connected to particle b with higher confidence, illustrated by a solid line, but 

also connected to particle c with lower confidence, illustrated by a dashed line in Figure 

3.8c. If no neighbour is found, then no connection can be built. Particle 6 is an example. 

This means the particle may conduct photoblinking or motion/rotation out of focus, 

which will be addressed in section 4. In this way, all connections are built as depicted in 

Figure 3.8c. 

The connections in Figure 3.8c form several isolated graphs; and the mapping in 

each isolated graph should reach the global optimum – the shortest total distance. In case 

of the first (1 and a) and third (4, 5 and d, e) isolated graphs, the mapping (solid lines) is 

already the global optimum. However, for the second isolated graph (2, 3 and b, c), both 

particles 2 and 3 are connected to particle b, which conflicts to the criterion that each 

particle should only be connected to one particle in consecutive frames. In this case, the 
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global optimum is searched by comparing all the mapping options, and the one with the 

shortest total distance gives the global optimum, as shown in Figure 3.8d. 

 

 
Figure 3.8. Our sample mapping algorithm. The blue circles marked as 1-6 and red 

circles marked as a-e represent particles in frame 1 and frame 2, respectively. (a) 

Overlapping frame 1 with frame 2 to show particles’ relative positions. (b) Locating 

neighbours in frame 2 for each particle in frame 1 within searching distance. (c) 

Connections between particles in frame 1 and frame 2 based on Figure b. The nearest 

neighbour is connected by solid lines and the other neighbours are connected by dashed 

lines. Because both particle 2 and 3 claim particle b is their nearest neighbour, the global 

optimum of the isolated graph (2, 3, b, c) needs to be further inspected. (d) Searching for 

the global optimum of the isolated graph. The shortest total distance is the most likely 

global optimum of the isolated graph. The correct optimum connections should be 2-c, 

and 3-b, as shown in Figure d. 

 

3.4.4. Trajectory storage and analysis 

Using the previously described parameters (centre, particle connections, etc.) in 

each frame and particle connections for consecutive frames, the trajectory of each particle 

is recorded in a 3 dimensional matrix. Its 3 dimensions represent time, parameters 

(including centre and width of particles), and particle number. After particle mapping 

between the consecutive frames, there may be terminated particles (particles not 

connected to any particle in the next frame) and new particles (particles not connected to 

any particle in the previous frame) in each frame. Terminated particles in frame t will be 

compared with new particles in frame t+2 and will be connected if their distance is within 
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1.4 times the searching distance (because average displacement increases as the square 

root of time lag) to include cases of short-time photobinking, moving out of focus, or 

simply moving too close to another particle. 

From the obtained matrix of trajectories, different analysis methods can be 

applied. Commonly, the average diffusion coefficient (D) of the particles is calculated. A 

variety of methods for determining the diffusion coefficient in SPT have been 

presented.93-98 Mean square displacement (MSD) analysis is the most commonly used and 

simplest method, where the diffusion coefficient is proportional to a linear fit of the MSD 

vs. time lag for systems exhibiting Brownian diffusion, according to Einstein’s equation, 

〈𝑟2〉 = 4𝐷𝑡.95-98 While MSD analysis is rather straightforward, problems arise when 

noise is present or trajectories are short due to photoblinking, photobleaching, and 

translation or rotation out of the collection plane. Therefore, the reliability and 

improvement of the MSD method have been further investigated to optimize analysis of 

experimental data.  

In regards to optimally long trajectories in the presence and absence of noise, 

Michalet and Berglund have presented the optimized least-squares fit (OLSF)94 and 

maximum likelihood estimator93 methods, respectively. OLSF iteratively estimates the 

number of MSDs that should be used for the best fitting of the D, and MLE searches for 

the D that maximize the multivariable Gaussian function based on the trajectory.100 

Overall, both methods were shown to reach the Fisher information theoretical limit of 

relative standard deviation (RSD) for simulated trajectories. 

Further challenges in MSD analysis arise when trajectories are short or there are 

lapses in the location of the particle, which occurs commonly in ‘real’ systems that 
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include photoblinking, photobleaching, or translation/rotation out of the observation 

volume. To accurately and precisely calculate D from short trajectories containing 

intermittencies, Shuang, et al. developed two MLE-based methods that were optimized 

for trajectories exhibiting different noise levels (as quantified by x = σ2/(Ddt)).77, 85 The 

precision of the presented MLE methods were less sensitive to the photoblinking rate 

(defined as the relative number of frames with a lapse in location divided by the total 

number of frames) compared to the OLSF method (Figure 3.9) and better than Berglund’s 

MLE method whose likelihood function cannot be computed in the presence of lapses. 

Overall, the two methods, MLE(1) and MLE(2), were shown to precisely estimate D 

from short trajectories (<100 time steps) exhibiting intermittency.77 

 
Figure 3.9. Comparison of the precision between (a) OLSF and (b) MLE(2) in the 

presence of photoblinking. The colour represents the RSD of the calculated D. MLE(2) is 

much less influenced by photoblinking.77 Reprinted with permission from Ref77. 

Copyright 2013 American Chemical Society. 

 

3.5. Performance 

To test the performance of our entire SPT program and the importance of the 

individual steps, we used simulated data generated by Erik Meijering for the Particle 

Tracking Challenge Contest Workshop in 2012.140, 161 For each particle density, we used 

10 simulated frames to calculate the average rate of incorrect mapping and the error bar 

(the standard deviation of the rate of incorrect mapping). The results are checked using 
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the ground truth provided by the Particle Tracking Challenge Contest Workshop. As 

indicated in Figure 3.10a, as particle density increases, the rate of incorrect mapping 

increases (open circles, distance threshold = 2 pixel). We have also shown that if one 

omits individual steps addressed above, such as determining the local global optimum 

(open squares), or if one chooses an improper distance threshold (distance threshold = 1 

pixel) to select particle candidates (open triangle), or both (cross marker), the result is an 

increase in incorrect particle mapping. Figure 3.10a also shows that an improper distance 

threshold has a major influence when particle density is low, and the local global 

optimum is more important when the particle density is high.  

Image examples at three particle densities are included in Figure 3.10b, which 

also illustrate our program’s ability to identify most of the particles and to correctly 

calculate their positions for different particle densities. Under higher particle density, 

there is a larger chance for particles to have incorrect assignments, so neglecting the 

global optimum causes more incorrect mapping. And under low particle density, the 

algorithm is more likely to identify a fake particle in the particle-free space and cause 

incorrect mapping. 
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Figure 3.10. The performance of our entire example SPT program as particle density 

increases. (a) The rate of incorrect mapping as a function of particle density and 

influenced by optimized algorithms. The x-axis indicates particle density in an image, 

which is number of particles divided by total number of pixels (512 × 512). Open circles 

represent using all the techniques in our SPT program under optimized parameters; open 

squares indicate the performance without checking the local global optimum in the 

mapping step; open triangles show the effect of using improper distance threshold to 

search for particle candidates; the cross marker represents the performance combining the 

improper distance threshold and not using global optimum. The rate of incorrect mapping 

is defined as number of incorrect mapping divided by number of all the correct mapping. 

The colour of each point matches the box colour in figure b. The lines provide a visual 

guide. The SNR is 7. (b) Sample images at different particle density for a 100 × 100 pixel 

area. The red circles indicate calculated positions by our particle identification program 

under optimum conditions, corresponding to the open circles in a. 

 

 The influence of incorrect mapping on the diffusion coefficient is summarized in 

Table 2. Trajectories under the different conditions described in Figure 3.10a are used to 

calculate the average value of diffusion coefficients (D) and the standard deviation (σ), 

with arbitrary units. Each D and σ can be compared with the D and σ calculated from the 

ground truth trajectories. Clearly, the calculated D and σ are more accurate and precise 

when all steps are used than when omitting the global optimum or using improper 

distance threshold. The decrease of both accuracy and precision is positively related to 
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the rate of incorrect mapping. Overall, these comparisons have shown the value of 

employing one or more optimization steps together in a SPT program. This SPT program 

and the diffusion coefficient estimator discussed in Chapter 2 helped us understanding the 

controllable properties of weak polyelectrolyte multilayers in separation and transport 

processes.178   

 

Table 3.2. Comparison of the effect on the average SNR and FWHM of particles and 

time cost per frame between our SNR enhancement and spot detection. Simulated vesicle 

diffusion data generated by Erik Meijering has been used.161 Average SNR and FWHM 

are calculated using tens of particles in the same frame (512 × 512 pixels). 

Particle density NGO IDT 
NGO& 

IDT 
All steps Truth 

Low 
D(a.u.) 1.91 2.11 2.05 1.92 1.90 

σ(a.u.) 0.74 1.01 0.92 0.77 0.74 

Mid 
D(a.u.) 2.12 2.13 2.17 2.02 1.96 

σ(a.u.) 0.90 0.89 0.96 0.74 0.67 

High 
D(a.u.) 2.40 2.33 2.45 2.25 2.00 

σ(a.u.) 1.21 1.11 1.34 1.02 0.72 

 

3.6. Conclusions 

Today’s advances in SPT are spurred by the strong demand for trustable transport 

data analysis. As SPT techniques become increasingly powerful and popular, reliable, 

approachable SPT programs become important and necessary. Without an automatic SPT 

program, it is difficult, if not impossible, to make any quantitative analysis on SPT data. 

An efficient and accurate SPT program provides fast feedback and reliable analysis of 

even complicated experiments in biological systems. Many of the techniques are 

developed from other fields such as image processing, astronomy, computer science, etc.. 
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Due to the complexity and diversity in SPT experiments, in the authors’ opinion, 

it is not likely to have a general SPT program that works for all cases. Higher analysing 

speed and more reliability are still future directions in program development, and could 

be obtained by using a faster fitting algorithm,62 or by using the GPU to speed up the 

calculation.57 Applying cutting-edge techniques in your own program also requires the 

basic knowledge about SPT fundamentals. We predict that with the fast development of 

personal computer and SPT algorithm development, synchronous data analysis with SPT 

measurement will probably become a standard technique in the near future, which will 

increase the overall productivity of SPT research. 
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CHAPTER 4  

EULER GRADIENT FITTING FOR IMPROVED RELIABILITY IN SUPER 

RESOLUTION IMAGING 

4.1. Abstract 

We present here is by far the most reliable and accurate position-refinement 

algorithm for single particle in the presence of other nearby particles. The accuracy is 

comparable with Gaussian fitting, but is about five times faster and more accurate (better 

than 0.1 × PSF) in the presence of an overlapping particle. The algorithm has been 

explained in detail and its advantages have been demonstrated in several perspectives. 

4.2. Introduction 

During the last decade, single particle techniques have been used to explore 

biological systems and mechanisms, for instances, to demonstrate kinesin moves on actin 

in a “hand-over-hand fashion”13and to explore the detailed structures in the cell at 

nanometer level resolution179. The foundation of these achievements is the concept of 

super-resolution: a single fluorescent molecule can be located beyond the diffraction limit 

as long as its point spread function (PSF) is isolated. Based on this idea, several super-

resolution techniques have been developed, such as photoactivated localization 

microscopy (PALM)23, stochastic optical reconstruction microscopy (STORM)22, and 

points accumulation in imaging nanoscale topography20, 180. 

However, to satisfy the experimental conditions of super-resolution, the 

distribution of active fluorescent molecules in a single frame need to be sparse, which 

limit the speed of super-resolution techniques like STORM60, 179, 181. This concentration, 
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and hence temporal, limitation restricts using these super-resolution techniques to 

observe relatively fast dynamics and thus super-resolution techniques have been mainly 

focused on static systems.179 To solve this problem experimentally brighter probes with a 

faster switching rate and faster and more sensitive detectors can record data more 

efficiently179, 182; alternatively, in data analysis, a more reliable and accurate position-

refinement algorithm that will allow a higher density of active fluorescent probes in one 

frame without sacrificing the resolution would allow for less frames to construct a super-

resolution image. 

To improve the reliability in data analysis, we present here our Euler gradient 

fitting algorithm that is the most reliable single-particle position-refinement method to 

our knowledge. The accuracy of Euler gradient fitting is comparable to these most 

accurate algorithms (Gaussian fitting58 and radial symmetry62) under a large range of 

signal to noise ratio (SNR); and its speed is 5 times faster than Gaussian fitting. The 

revolution of Euler gradient fitting is its reliability for overlapped PSFs: it can still 

achieve better than 0.1 × PSF super-resolution even when two PSFs are overlapped, as 

long as they are resolvable (their separation is no smaller than the Airy diffraction limit). 

Therefore, the Euler gradient fitting will potentially loosen the density limitation for 

super-resolution imaging and increase the efficiency of single particle imaging both 

experimentally and computationally. 

Methods like Bayesian blinking and bleaching analysis (3B)163, super-resolution 

optical fluctuation imaging (SOFI)164, DAOSTORM60 and compressed sensing59 can 

efficiently calculate particles’ positions for images with high fluorescent density. But the 

sweet spot of these techniques are images with highly overlapped PSFs.59 For super-high 
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resolution (<10nm), much sparser density of active fluorescents should be used, and these 

multi-particle refinement methods will not be efficient compare to single particle fitting 

methods in data analysis. Due to its reliability for overlapped PSFs, Euler gradient fitting 

is one of the best methods for data analysis of super-high resolution images. 

4.3. Methods 

Our Euler gradient fitting method first calculates the gradient at each spot62: 

∇𝐼(𝑥,𝑦) = (𝐼(𝑥+0.5,𝑦+0.5) − 𝐼(𝑥−0.5,𝑦−0.5))�̂� + (𝐼(𝑥−0.5,𝑦+0.5) − 𝐼(𝑥+0.5,𝑦−0.5))𝑣 

(x, y) should be the adjection point of four pixels, so that (x±0.5, y±0.5) are integers that 

represent the positions of four adjected pixels. The gradient in x and y directions are:  

�̂�: ∆𝐼𝑥 = (𝐼(𝑥+0.5,𝑦+0.5) − 𝐼(𝑥−0.5,𝑦−0.5)) − (𝐼(𝑥−0.5,𝑦+0.5) − 𝐼(𝑥+0.5,𝑦−0.5)) 

�̂�: ∆𝐼𝑦 = (𝐼(𝑥+0.5,𝑦+0.5) − 𝐼(𝑥−0.5,𝑦−0.5)) + (𝐼(𝑥−0.5,𝑦+0.5) − 𝐼(𝑥+0.5,𝑦−0.5)) 

Reprent x axil as real number and y axil as imaginary number, the gradient can be written 

using Euler’s formula as:  

∆𝐼𝑥 + 𝑖∆𝐼𝑦 = 𝐴 × exp (𝑖𝜑)  

(4.1) 

In which i represents imaginary number, A is the magnitude and 𝜑 indicates the 

direction of the gradient. For a noise-free PSF, 𝜑 should also point to the center of the 

PSF, which can also be expressed as the angle of the complex number: (𝑥𝑐 − 𝑥) +

𝑖(𝑦𝑐 − 𝑦) = 𝐴𝑐 ∙ exp (𝑖𝜑𝑐). In the expression, (𝑥𝑐, 𝑦𝑐) is the guessed center of the PSF, 

and (𝑥, 𝑦) is the position of the spot. With noise, the best estimation of the center of the 

PSF should satisfy the best match between matrixes 𝜑𝑐 and 𝜑. Considering the 

periodicity of 𝜑𝑐 and 𝜑, we designed the total fitting potential as:  
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𝑉 = − ∑
𝐴

𝜋+0.5−𝑎𝑏𝑠(𝑎𝑏𝑠(𝜑𝑐−𝜑)−𝜋)
  

(4.2) 

Where abs is the function to calculate the abslute value of the variable. In this fitting 

potential, we use the gradient magnitude A at each point as a weight for the difference of 

angles. We use matlab function fminsearch to search for the (xc, yc) that makes the fitting 

potential minimal.  

4.4. Performance 

The advantage of our fitting potential is shown in Figure 4.1 using simulated 

particles. Two close single particles (Figure 4.1a) are recorded by the detector in the 

presence of shot noise (Figure 4.1b). The two particles are separated by 1.5 full width at 

half maximum (FWHM, 1 FWHM = 3.3 pixels) in the y direction. Our fitting potential is 

illustrated in Figure 4.1c. The two local minimum locations match the centroid positions 

of the two particles. For radial symmetry, the local minimum of the potential is 

somewhere between two particles (Figure 4.1d), showing the unreliability of radial 

symmetry in the presence of more than one particles. 

 
Figure 4.1. Illustration of the Euler gradient fitting algorithm and its benefit. (a) 

Simulated PSF of two identical particles. The scale bar is the length of diffraction limit 

for relevant comparison. (b) Simulated CCD image of particles in Figure (a) with shot 

noise. The centers of two particles are separate less than the diffraction limit and the SNR 

is 20. The black × marks the true positions, the blue ○, red + and green □ marks the 

calculated positions using Euler fitting, Gaussian fitting and radial symmetry 
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correspondingly. (c) The potential calculated by Euler fitting using figure (b). (d) The 

potential calculated based on the radial symmetry algorithm. 

 

Normally, to correctly calculate each particle’s center in a case like Figure 4.1b, a 

fitting region needs to be carefully selected to include one particle and exclude other 

particles (usually 2 to 3 times of FWHM is a reasonable size of a fitting region). For 

existing methods like Gaussian fitting, centroid, and radial symmetry, the accuracy is 

very sensitive to the relative position and the size of the fitting region in the presence of 

other particles nearby, as we will show in Figure 4.2. On the contrary, Euler gradient 

fitting keeps high accuracy (< 0.1 × FWHM) as long as the PSFs can be resolved and the 

center of the PSF is inside the fitting region. 

Figure 4.2a shows how the accuracy of the Gaussian fitting, radial symmetry, and 

Euler gradient fitting is influenced by the particle’s relative position in the fitting region. 

Each method is indicated by a different color. For one color, each open circle in the upper 

figure represents a simulated image containing one PSF that is randomly placed from -4 

to +4 pixels (1.2 FWHM) in y direction and in the center of x direction. All three 

methods have similarly high accuracy at -1 to 1 pixel (0.3 FWHM); but beyond ±1 pixel, 

bias is visible with the radial symmetry method. Overall, Euler gradient fitting is proved 

to be the least affected by the particle’s position in the fitting region. Even for the 

unrealistic case that the center of the PSF is outside the fitting region (|true y0| > 1.06 

FWHM or 3.5 pixels), it is amazing to see our method can still work at a decent accuracy. 

Figure 4.2b illustrates the influence of particle separation and the size of fitting 

region with the three different methods. Radial symmetry is only accurate when the 

nearby particle is outside the fitting box. This is also true for Gaussian fitting. So, for 
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Gaussian fitting and Radial symmetry, super-high resolution cannot be achieved even if 

PSFs are only partially overlapped. Euler gradient fitting is almost not sensitive to the 

size of fitting region; it is always accurate as long as the PSFs can be resolved. This 

feature makes Euler gradient fitting a better algorithm to analyze super-high resolution 

images. 

 
Figure 4.2. The reliability of Euler gradient fitting algorithm (Euler Grad.) compare to 

Gaussian fitting using nonlinear least-squares minimization (Gaussian NLLS) and radial 

symmetry (Radial Sym.). (a) Influence of particle’s position in the fitting region on the 

fitting accuracy. Fitting bias as a function of the true center of the particle in y direction is 

depicted in two ways. The upper figure explicitly shows all of the 10,000 results. The 

lower figure indicates the local (0.1 pixel bin size) average standard deviation of the bias 

of each method. The fitting region is 7 × 7 pixels with FWHM of the PSF equals 3.3 

pixels. The SNR is about 20. (b) Fitting accuracy in presence of another particle at SNR ~ 

20. Different colors represent different size of fitting region (in FWHM); each method is 

represented by a different line styles. The red dot-dash line indicates the just resolved 

separation that equals to the Airy diffraction limit. 

 

The high reliability of Euler gradient fitting is due to the localized perspective and 

the special design of the fitting potential. In the fitting potential (equation (4.2)), we use 

the magnitude of gradient at each spot as the weight, which makes the waist of the PSF 

(instead of the top of the PSF) contribute more to determining the center of the PSF. This 

means Euler gradient fitting considers the fast-changing part of a PSF that is more 

reliable than the maximum. In addition, near the center of a PSF, the contribution of each 
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spot to the fitting potential adds up; but far away from the center of a PSF, the 

contribution of each spot in that PSF cancels out, which makes a PSF is much less 

influence by the nearby PSFs in fitting. 

4.5. Conclusions 

In summary, Euler gradient fitting demonstrates a brand new perspective of 

particle fitting. This perspective may potentially lead to other improvements in pattern 

recognition. The high reliability of Euler gradient fitting together with its high accuracy 

and reasonable speed make it one of the best choices in super-resolution imaging and 

tracking. 
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CHAPTER 5 

FLUORESCENCE CORRELATION SPECTROSCOPY SUPER-RESOLUTION 

OPTICAL FLUCTUATION IMAGING (FCSSOFI): THEORY DERIVATION‡ 

5.1. Abstract 

Porous materials such as cellular cytosol, hydrogels, and block copolymers have 

nanoscale features that determine macroscale properties. Characterizing the structure of 

nanopores is difficult with current techniques due to imaging, sample preparation, and 

computational challenges. We introduce a super-resolution optical imaging technique that 

simultaneously characterizes the nanometer dimensions of and diffusion dynamics within 

porous structures by correlating stochastic fluctuations from diffusing photoluminescent 

probes in the pores of the sample, dubbed here as “fcsSOFI”. Theoretical derivation has 

demonstrated that structural features can be accurately obtained at sub-diffraction-limited 

resolution, and moreover, the resolution improvement is a function of diffusion 

coefficient of the probes. Potentially, fcsSOFI could be applied to soft porous 

environments such hydrogels, polymers, and membranes, in addition to hard materials 

such as zeolites and mesoporous silica.  

                                                 

 

‡Contents from this chapter are focused on the theory derivation part of the work 

published in the following journal article: Kisley, L.; Brunetti, R.; Tauzin, L. J.; Shuang, 

B.; Yi, X.; Kirkeminde, A. W.; Higgins, D. A.; Weiss, S; Landes, C.F. Characterization 

of Porous Materials by Fluorescence Correlation Spectroscopy Super-Resolution Optical 

Fluctuation Imaging (fcsSOFI). ACS Nano, 2015, 9, 9158–9166.  
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5.2. Introduction of SOFI theory 

Super-resolution microscopy discussed in previous chapters can achieve ~10 nm 

space resolution, but requires careful selection of switchable fluorescent probes and 

dramatically sacrifices the data acquisition speed. SOFI was initially proposed to provide 

a different option. SOFI was originally inspired by the FCS principle. Different events 

overlapping in space and time can be distinguished through the intensity self-correlation, 

because intensity fluctuations of different emitters caused by the photoblinking are 

independent from one another. Using this independence, theoretically we can 

demonstrate to achieve an improved resolution through correlation.  

Consider the detected photos at position r and time t are contributed by a nearby 

labeled emitter k, so we can have (the derivation is adapted from the original SOFI 

paper164):  

𝐹(𝑟, 𝑡) = ∑ 𝑈(𝑟 − 𝑟𝑘)휀𝑘𝐵𝑘(𝑡)

𝑁(𝑟)

𝑘=1

 

(5.1) 

Where the  𝐹(𝑟, 𝑡) is the fluorescent intensity at given position r and time t, 𝑈(𝑟 − 𝑟𝑘) is 

the PSF centered at 𝑟𝑘, 휀𝑘 is the constant brightness of the emitter, and 𝐵𝑘(𝑡) = 1 when 

emitter k is on, and 𝐵𝑘(𝑡) = 0 when emitter k is off. The intensity fluctuation is also 

contributed by the intensity fluctuation of each emitter:  

𝛿𝐹(𝑟, 𝑡) = ∑ 𝑈(𝑟 − 𝑟𝑘)휀𝑘𝛿𝐵𝑘(𝑡)

𝑁(𝑟)

𝑘=1

 

(5.2) 

So, the 2nd order correlation gives:  

𝐺2(𝑟, 𝜏) = 〈𝛿𝐹(𝑟, 𝑡 + 𝜏) ∙ 𝛿𝐹(𝑟, 𝑡)〉𝑡 
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= ∑ 𝑈(𝑟 − 𝑟𝑗)𝑈(𝑟 − 𝑟𝑘)휀𝑗휀𝑘 < 𝛿𝐵𝑗(𝑡 + 𝜏)𝛿𝐵𝑘(𝑡) >

𝑁(𝑟)

𝑗,𝑘=1

 

= ∑ 𝑈2(𝑟 − 𝑟𝑘)휀𝑘
2 < 𝛿𝐵𝑘(𝑡 + 𝜏)𝛿𝐵𝑘(𝑡) >

𝑁(𝑟)

𝑘=1

 

(5.3)  

All the cross-correlation terms are vanished due to independence among different emitters. The 

diffraction limit is directly related to the profile of the PSF: 𝑈(𝑟 − 𝑟𝑘). Notice after we 

calculate the 2nd order correlation, the corresponding PSF changes to: 𝑈2(𝑟 − 𝑟𝑘). For 2D 

Gaussian PSF, this change means resolution improvement by a factor of √2. It can also 

be proved that higher order (nth order) correlation will provide even larger resolution 

improvement (by a factor of √𝑛).  

 Many super-resolution imaging method can be easily adapted for single-molecule 

tracking. However, SOFI method has been only limited for super-resolution imaging for 

half a decade. Recently we developed correlation method for SPT using a similar spirit.  

5.3. fcsSOFI theory derivation 

The theory of obtaining sub-diffraction-limited resolution by correlation analysis 

relies on imaging multiple fluorescent emitters diffusing within a porous material, thus 

creating fluctuations in the signal based on their stochastic and independent diffusion. 

The signal, F, detected at a given position, r, and frame time, t, from emitters nearby is:  

𝐹(𝑟, 𝑡) = ∫ 𝑑𝑟1𝑈(𝑟 − 𝑟1)휀1𝐵1(𝑡) 

(5.4) 

where 𝑈(𝑟 − 𝑟1) is the PSF centered at 𝑟1, 휀1 is the constant brightness of the emitter, and 

𝐵1(𝑡) is the probability of an emitter being located at 𝑟1 at 𝑡. In this work, emitters are 
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fluorescent beads whose brightness is approximately constant during measurements. The 

fluctuation of the signal over time, 𝛿𝐹(𝑟, 𝑡), is caused by 𝐵(𝑡): 

𝛿𝐹(𝑟, 𝑡) = ∫ 𝑑𝑟1𝑈(𝑟 − 𝑟1)휀1[𝐵1(𝑡)−< 𝐵1(𝑡) >𝑡] = ∫ 𝑑𝑟1𝑈(𝑟 − 𝑟1)휀1𝛿𝐵1(𝑡) 

(5.5) 

where <∙>𝑡 represents the average over time. The autocorrelation at a given position r is 

calculated by:  

𝐺2(𝑟, 𝜏) = 〈𝛿𝐹(𝑟, 𝑡 + 𝜏) ∙ 𝛿𝐹(𝑟, 𝑡)〉𝑡 

= ∫ 𝑑𝑟1𝑈(𝑟 − 𝑟1) ∫ 𝑑𝑟2𝑈(𝑟 − 𝑟2)휀1휀2〈𝛿𝐵2(𝑡 + 𝜏)𝛿𝐵1(𝑡)〉 

= ∫ 𝑑𝑟1𝑈(𝑟 − 𝑟1) ∫ 𝑑(𝑟2 − 𝑟1)𝑈((𝑟 − 𝑟1) − (𝑟2 − 𝑟1))
〈𝐶〉

(4𝜋𝐷𝜏)1.5
exp (−

(𝑟1 − 𝑟2)2

4𝐷𝜏
) 휀1휀2 

thus 

𝐺2(𝑟, 𝜏)~ ∫ 𝑑𝑟1𝑈(𝑟 − 𝑟1) × [𝑈(𝑟 − 𝑟1) ⊗ exp (−
(𝑟 − 𝑟1)2

4𝐷𝜏
)] 휀1휀2 

(5.6) 

where 〈𝐶〉 is the average concentration of diffusing emitters, ⊗ stands for convolution, 

and τ is the time lag. We use a Gaussian function to approximate the PSF:  

𝑈(𝑟) = exp (−
𝑥2 + 𝑦2

2𝜎𝑥𝑦
2 −

𝑧2

2𝜎𝑧
2) 

(5.7) 

The analysis below considers resolution enhancement in 2D only (x and y components), 

as our experimental data can be considered a projection of the ~85 nm z-dimension focal 

volume onto 2D. After the 2nd order autocorrelation the equivalent 2D width of the PSF 

will be:  

1

𝜎𝑛𝑒𝑤
2 =

1

𝜎𝑥𝑦
2 +

1

𝜎𝑥𝑦
2 + 2𝐷𝜏
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(5.8) 

so that 
𝜎𝑥𝑦

√2
< 𝜎𝑛𝑒𝑤 < 𝜎𝑥𝑦. This proves that the resolution is indeed improved using 2nd 

order autocorrelation fcsSOFI. Further improvement in spatial resolution at the 

boundaries of adjacent pores is described in the next section. Specifically, for materials 

with 1D structure, diffusion is limited to the longitudinal direction only, such that the 

transverse resolution improvement will achieve the same resolution improvement as 

SOFI. At the limits of diffusion when 𝐷 = ∞, there is no resolution improvement; and 

when 𝐷 = 0, the resolution improvement is maximized to be the same as 2nd order 

autocorrelation SOFI obtained for static emitters. However, both cases are experimentally 

impractical as a large 𝐷 results in low signal and 𝐷 = 0 causes zero intensity fluctuations 

at each pixel for the constant, non-blinking emitters, making fcsSOFI measurement and 

analysis impossible. Therefore, fcsSOFI resolution capabilities lie between the diffraction 

limit and SOFI. Like FCS measurements, the concentration of emitters and the average 

diffusion coefficient need to be carefully selected to optimize the performance.  

5.4. fcsSOFI resolution improvement at pore boundaries 

The importance of fcsSOFI is to map porous structures. fcsSOFI provides further 

improvement in resolution to resolve the adjacent boundaries of multiple pores. 

Assuming emitters cannot diffuse among different pores (or lose all memory of previous 

diffusion once entering another pore), cross-correlation between different pores are zero, 

giving:  

 𝐺2(𝑟, 𝜏) = ∑ ∫ 𝑑𝑟1𝑑𝑟2𝑈(𝑟 − 𝑟1)𝑈(𝑟 − 𝑟2)
〈𝐶〉

(4𝜋𝐷𝜏)1.5 exp (−
(𝑟1−𝑟2)2

4𝐷𝜏
) 휀1휀2𝑟1,𝑟2 𝑖𝑛 𝑝𝑜𝑟𝑒𝑖 𝑝𝑜𝑟𝑒𝑖

  

(5.9) 
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This change makes the contribution of cross-correlation terms smaller compared to the 

auto-correlation terms. In the limiting case, where every single position is an isolated 

pore, we simply have 𝑟1 = 𝑟2 and 𝐺2(𝑟, 𝜏)~ ∫ 𝑑𝑟1𝑈(𝑟 − 𝑟1)2휀1휀2 reduces to the standard 

2nd order SOFI situation for fluctuating emitters.  

5.5. Range of emitter concentration and diffusion coefficients for fcsSOFI 

performance and comparison to SPT 

fcsSOFI analysis relies on intensity fluctuation in each pixel to reconstruct the 

higher resolution image and extract diffusion coefficients at different regions. Therefore, 

fcsSOFI has very similar requirements on emitter concentration and measurable diffusion 

coefficient ranges to traditional FCS. For a concentration range of 10-9 ~ 10-6 M the 

average number of molecules in a femtoliter FCS focal volume is 0.1 ~ 1000.183 For our 

detector, the corresponding number of emitters per pixel should be 0.001~10. The 

resolvable diffusion coefficients depend on the frame duration and number of frames in 

the sequence: 

2𝜎𝑥𝑦
2

4𝑇
< 𝐷 <

2𝜎𝑥𝑦
2

4𝑑𝑡
 

(5.10) 

where dt is the time lag between frames, and T is the total time of the sequence used for 

correlation analysis. In this work, dt is 0.04s and T is 40s and a reasonable range for 

observable diffusion coefficients was calculated to be 102~106 nm2/s based on Equation 

(5.10). 

In comparison to SPT, the corresponding density of emitters should be much 

lower, ~ <0.01 emitters per pixel, based on a PSF size that expands over ~ 3 x 3 pixels (or 
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~ 10 pixels2), compared to the range for fcsSOFI (0.001~10 emitters/pixel).  The range of 

diffusion coefficients 102~106 nm2/s corresponds to 3 nm - 350 nm (< 6 pixels) 

displacement between individual frames, which corresponds to a reasonable range for 

SPT methods to be successful with emitters with high signal and low density of emitters. 

SPT should obtain diffusion information from shorter data series, requiring 10-100’s of 

frames, under those carefully designed experimental conditions compared to fcsSOFI 

which calculates averaged information over ~100-1000’s of frames. 
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CHAPTER 6  

GENERALIZED RECOVERY ALGORITHM FOR 3D SUPER-RESOLUTION 

MICROSCOPY 

6.1. Abstract 

Super-resolution microscopy with phase masks is a promising technique for 3D 

imaging and tracking. Due to the complexity of the resultant point spread functions, 

generalized recovery algorithms are still missing. We introduce a 3D super-resolution 

recovery algorithm that works for a variety of phase masks generating 3D point spread 

functions. A fast deconvolution process generates initial guesses, which are further 

refined by least squares fitting. Overfitting is suppressed using a machine learning 

determined threshold. Preliminary results on experimental data show that our algorithm 

helps accurately map out the near-surface porous structures, and is useful for evaluating 

potential phase masks. Finally, we demonstrate that parallel computation on graphics 

processing units can reduce the processing time required for 3D recovery. Simulations 

reveal that, through desktop parallelization, the ultimate limit of real-time processing is 

possible. Our program is the first open source recovery program for generalized 3D 

recovery using phase masks. 

6.2. Introduction 

Single-molecule and super-resolution imaging13, 22-25 have changed our 

understanding of biological processes,26-27 dynamics at interfaces,28-32 and  functions of 

catalysts at the single-molecule level.47-48, 184 Molecular motors are now known to move 

hand-over-hand.13, 185 Stochastic ligand clusters complicate chromatographic protein 



  

 

76 

 

separations.10, 34 Cheaper and higher resolution gene mapping is made accessible.19-20 The 

inner functions of live bacteria are unveiled.186-187  

Underpinning each new piece of super-resolved knowledge are similarly 

revolutionary advancements in image analysis algorithms. For example, using 2D 

Gaussian fitting instead of the center of mass is critical to achieve nanometer scale 

resolution.162 In order to speed up the analysis process, fast fitting algorithms that address 

both mathematical analysis62, 78 and computational resources57 have been proposed. 

Algorithms focused on high-density imaging such as DAOSTORM,60 compressed 

sensing interpolation59 and FALCON,188 have inspired the development of super-

resolution imaging with better time resolution. Today, we have a variety of sophisticated 

algorithms for recovery under different measurement conditions in 2D super-resolution 

imaging.  

More recently, 3D super-resolution imaging is finding increased applications. 

Cells and organelles all have 3D structures,189-190 and many biological processes191 and 

separation processes are 3D processes.10 It is urgent to develop 3D super-resolution 

techniques with time and space resolution comparable to 2D techniques. One approach is 

to scan over different z positions and record multiple 2D images, with Ober’s group 

demonstrating simultaneous multiple detection planes to image 3D motion in living 

cells.192 One advantage of such methods is that the generated image can be analyzed by 

2D processing algorithms. Another popular method is to encode the phase information 

(which is related to the z position of the emitter) in the intensity distribution by using a 

cylindrical lens189 or phase mask153, 193-194 in the detection path. Different phase masks 

generate different 3D point spread functions (PSFs).193, 195-198 The advantages of such 
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methods are that they are cheaper and have lower hardware requirements, making them 

accessible to a broader group of researchers. However, data processing becomes a 

challenge because, for most phase-based measurements, the PSF cannot be simply 

approximated and fit by simple equations like the 2D Gaussian function.199-200 Due to 3D 

phase mask complexity and diversity, we do not have widely available algorithms to 

analyze these types of image data, or even to provide a comparable simulation 

performance test for different phase masks.  

Another challenge is recovering accurate 3D localizations from a range of analyte 

densities.193, 201-202 When using a phase mask for 3D imaging, 3D information is projected 

onto 2D images with overlapped PSFs that are individually more complicated than a 

simple Gaussian. The resulting overlapping PSFs can prevent accurate localization unless 

the distribution of the excited emitters is sparse in the space domain.59, 188 Extracting 

accurate 3D localizations with higher emitter densities is preferred, but this experimental 

requirement increases the challenges on subsequent image recovery. Therefore, the 

processing efficiency of 3D super-resolution recovery algorithms is important in practice.  

In order to address the importance of accuracy, precision, and processing speed, 

we introduce a novel 3D super-resolution recovery algorithm for emitters imaged with 

arbitrary 3D phase masks. We use an alternative direction method of multipliers 

(ADMM)198, 203-205 based algorithm to deconvolute the sample positions from the 3D 

measurement, and we further improve the resolution by using Taylor expansion to 

calculate the 1st order corrections in between these grids188 using least square fitting. 

ADMM based algorithms are well-known for their fast convergence compared to other 

sparse sampling algorithms.203, 206 Moreover, we apply a threshold generated by machine 
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learning to reject false positive identifications. Thresholding based on machine learning 

makes use of features from the data that are difficult to capture based on human 

experiences.53-55, 207-209 In addition, we show how the recovery algorithm can be 

implemented both on a central processing unit (CPU) and a graphics processing unit 

(GPU). By using an affordable GPU, it is possible to increase processing speed by an 

order of magnitude. Further estimation shows that by using a GPU array it would be 

possible to reach real-time data analysis of even dense phase mask data. To our 

knowledge, our algorithm will serve as the first open source algorithm for 3D recovery 

using phase mask imaging. Finally, we demonstrate that the 3D surface porous structure 

of a polystyrene film can be accurately characterized using 3D super-resolution imaging 

and our algorithm, which paves the road for studying biomolecule separation processes 

influenced by the local porous structure. 

6.3. Results and Discussions 

One common 3D super-resolution approach is to incorporate a 4f system into the 

detection path of a traditional wide field microscope (Figure 6.1). This 4f system is 

composed of two identical lenses (L1 and L2) separated by twice the focal distance and a 

phase mask mounted in the focal plane193, 210-211 between the two lenses. This focal plane 

is called the Fourier plane, which is the perfect place to manipulate the phase pattern in 

the detection path. The 4f system does not change the magnification. In x and y 

dimensions, the magnification is: 

Δ𝑥2

Δ𝑥1
= −

𝑁𝐴

𝑟/𝑓
 

(6.1) 
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In z dimension, the magnification is: 

Δ𝑧2

Δ𝑧1
=

2𝑛 − 2√𝑛2 − 𝑁𝐴2

(𝑟/𝑓)2
 

(6.2) 

Where Δ𝑥1 (Δ𝑥2) and Δ𝑧1 (Δ𝑧2) are the displacements in the x-y plane and in the 

z direction on the sample side (detector side) respectively, 𝑁𝐴 is the numerical aperture 

of the objective, 𝑛 is the refraction index of the working medium for the objective, 𝑟 is 

the effective beam radius, which should equal to the radius of the phase mask, and 𝑓 is 

the focal distance of Lens 1 and Lens 2, as shown in Figure 6.1. 

 
Figure 6.1. Schematic of our 3D super-resolution microscope using a phase mask. FL is 

the focal lens. For a typical wide field microscope, the detector is placed at the focal point 

after FL. Lens 1 and Lens 2 are two identical lenses forming a 4f system. The phase mask 

is mounted in the Fourier plane, which is the center plane between Lens 1 and Lens 2. 

The detector is placed after the 4f system. The phase mask is made of transparent 

materials with different thicknesses generating different phase delays. The phase mask 

pattern approximates double helix phase mask.153 

 

For a typical phase mask, the orientation (or shape) of the PSF as a response to 

different z positions is 
Δ𝜙

Δ𝑧2
~ (

𝑟

𝑓
)

2

, where Δ𝜙 represents the orientation (or shape) change. 

Combining with equation (6.2), we have: 
Δ𝜙

Δ𝑧1
~2𝑛 − 2√𝑛2 − 𝑁𝐴2. This means the 
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orientation (or shape) response of a phase mask is only related to the objective. However, 

based on equation (6.1), the magnification of the PSF in x and y are inversely 

proportional to the ratio of beam radius and focal distance 
𝑟

𝑓
. 

 
Figure 6.2. Illustration of the 3D imaging process with a double-helix phase mask (a, b, 

c) and the super-resolution recovery procedures (d, e, f). (a) A double-helix 3D PSF is 

generated by a phase mask. Using this 3D PSF, the depth information of an emitter is 

indicated by the relative orientation of the two lobes in the x-y plane. (b) Two simulated 

emitters (dark green crosses) separated in 3D space. The dashed line is used to guide the 

eye. (c) The full 3D image space that results from a convolution of the double-helix PSF 

with the 3D positions of the two emitters. (d) A simulated CCD image that would occur 

from placing a photodetector at the focal plane (z = 0 μm) of the image space described 

by the convolution of the double-helix PSF and the two emitters. (e) The recovered 

positions of the emitters in front view (x-y plane) on the grids using ADMM algorithm. 

(f) The final recovered positions using least square fitting and machine learning to avoid 

overfitting (magenta circles) compared with the ground truth (dark green crosses). 

 

The imaging process of this 3D microscope can be modeled as the convolution of 

a 3D PSF (such as the double helix PSF as shown in Figure 6.2a) with emitters positioned 

in 3D (Figure 6.2b), which generates overlapping 3D PSFs (Figure 6.2c). Photons from 

the same emitter are coherent and those from different emitters are incoherent; the phase 
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pattern will shape the 3D intensity profile of photons from the same emitter by 

constructive interference, whereas photons from different emitters will simply add up. 

The detector only records the 2D image at z = 0 plane, as shown in Figure 6.2d. This 

incomplete sampling of the imaging space causes difficulty in later deconvolution for 

super-resolution recovery.  

Recovering a super-resolution 3D image reduces to a convex optimization 

problem. We assume the emitter distribution (like Figure 6.2b) is approximated by a 3D 

matrix 𝑥, and the 3D PSF (like Figure 6.2a) is represented by the 3D matrix 𝐴. We use a 

2D matrix 𝑦 to store our measured image (like Figure 6.2d). To find 𝑥, we need to solve 

the optimization problem: 

𝑚𝑖𝑛. ‖𝑥‖1 

𝑠. 𝑡.  
1

2
‖𝑦 − (𝐴 ⊗ 𝑥)𝑇‖2

2 < 휀 

(6.3) 

In which ⊗ means convolution, 𝑇 is a 1D vector, and 휀 is the tolerance of the 

noise. The only non-zero element in 𝑇 corresponds to the z = 0 image from the 

convoluted 3D matrix. In single-molecule experiments, the excited emitters in every 

recorded image are sparse.59 Recent developments in compressive sensing and sparse 

sampling have demonstrated that using the L1 norm can reduce overfitting significantly.59, 

212-213 The constraint in the second line ensures the agreement between the measured 

image and the recovered image. However, directly solving this optimization problem 

requires a large amount of memory and computation resources, making this 3D 

optimization problem infeasible for most personal computers.  
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Recently published ADMM based deconvolution algorithms204-205 break down the 

optimization problem into multiple sub-problems to accelerate the computation and 

reduce the memory requirement by using circular convolution. Based on variable splitting 

and Lagrange multipliers, our optimization problem (eq. 3) is equivalent to:  

𝑚𝑖𝑛.  
1

2
‖𝑦 − 𝑢0𝑇‖2

2 + 𝜆‖𝑢1‖1 +
𝜇

2
‖𝑢0 − 𝐴 ⊗ 𝑥 − 𝜂0‖2

2 +
𝜈

2
‖𝑢1 − 𝑥 − 𝜂1‖2

2 

(6.4) 

Here we use 𝑢0 (𝑢1) to replace 𝐴 ⊗ 𝑥 (𝑥) in the first (second) term and force 

them to be the same in the third (fourth) penalty term; and 𝜂0, 𝜂1, 𝜇 and 𝜈 are related to 

Lagrange multipliers (for a complete understanding of Lagrange multipliers and ADMM, 

please review reference203). Now, the new optimization problem can be solved iteratively 

by updating one unknown at a time. In iteration 𝑘 + 1, these unknowns can be updated in 

this way:  

𝑢0
(𝑘+1)

= 𝑎𝑟𝑔𝑚𝑖𝑛𝑢0
{
1

2
‖𝑦 − 𝑢0𝑇‖2

2 +
𝜇

2
‖𝑢0 − 𝐴 ⊗ 𝑥(𝑘) − 𝜂0

(𝑘)
‖

2

2
} 

(6.5) 

𝑢1
(𝑘+1)

= 𝑎𝑟𝑔𝑚𝑖𝑛𝑢1
{𝜆‖𝑢1‖1 +

𝜈

2
‖𝑢1 − 𝑥(𝑘) − 𝜂1

(𝑘)
‖

2

2
} 

(6.6) 

𝑥(𝑘+1) = 𝑎𝑟𝑔𝑚𝑖𝑛𝑥 {
𝜇

2
‖𝑢0

(𝑘+1)
− 𝐴 ⊗ 𝑥 − 𝜂0

(𝑘)
‖

2

2
+

𝜈

2
‖𝑢1

(𝑘+1)
− 𝑥 − 𝜂1

(𝑘)
‖

2

2
} 

(6.7) 

𝜂0
(𝑘+1)

= 𝜂0
(𝑘)

− 𝑢0
(𝑘+1)

+ 𝐴 ⊗ 𝑥(𝑘+1) 

(6.8) 

𝜂1
(𝑘+1)

= 𝜂1
(𝑘)

− 𝑢1
(𝑘+1)

+ 𝑥(𝑘+1) 

(6.9) 
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where 𝑎𝑟𝑔𝑚𝑖𝑛 means argument of the minimum, which means finding the value of the 

variable that minimize the expression. Equation (5.5), (5.6) and (5.7) can be solved 

explicitly without any iteration, which is the major reason for the state-of-the-art speed of 

this algorithm. Moreover, 𝐴 ⊗ 𝑥 now can be calculated more efficiently using a fast 

Fourier transform (FFT), and variables like 𝑥, 𝑢1, 𝜂0 and 𝜂1 can be updated in the Fourier 

domain without an inverse Fourier transform, which further reduces the number of 

required operations. The sparsity of the solution is guaranteed by soft thresholding (eq. 

6), which is equivalent to the L1 norm.204-205 An ADMM algorithm handles much larger 

images at a time compared to convex optimization.59, 214 However, solutions resulting 

from ADMM deconvolution are still on discrete grids and are vulnerable to overfitting. 

As shown in Figure 6.2e, more than two emitters (corresponding to the bright pixels) are 

identified, meaning there are overfittings after ADMM deconvolution.  

We further improve the resolution via least square fitting and suppress overfitting 

using a machine learning determined threshold (Figure 6.2f). In the deconvolution 

algorithm, the 3D PSF is approximated as a discrete 3D matrix. By adding the 1st order 

Taylor expansion in the x, y and z directions, we can approximate the 3D PSF in 

continuous space,188 and refine the positions of the emitters by solving this least square 

problem:  

𝑚𝑖𝑛.  ‖𝑦 − ∑ (𝐻𝑖𝐼𝑖 −
𝜕𝐻𝑖

𝜕𝑥𝑖
𝐼𝑖𝑑𝑥𝑖 −

𝜕𝐻𝑖

𝜕𝑦𝑖
𝐼𝑖𝑑𝑦𝑖 −

𝜕𝐻𝑖

𝜕𝑧𝑖
𝐼𝑖𝑑𝑧𝑖)

𝑖; 𝑢1(𝑟𝑖)>0

‖ 

(6.10) 
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where 𝐻𝑖, 
𝜕𝐻𝑖

𝜕𝑥𝑖
 , 

𝜕𝐻𝑖

𝜕𝑦𝑖
 and 

𝜕𝐻𝑖

𝜕𝑧𝑖
 are the corresponding 2D PSFs and the 1st order Taylor 

expansions in x, y and z in the imaging plane for emitter i; 𝐼𝑖 is the intensity of emitter i; 

𝑑𝑥𝑖, 𝑑𝑦𝑖, 𝑑𝑧𝑖 are 1st order corrections in x, y and z directions.  

Least square fitting alone cannot distinguish true positive emitters and false 

positive emitters. Frequently in super-resolution recovery, researchers focus on the recall 

rate (the number of identified true positive emitters over the number of all true emitters), 

but focus less on the false positive rate (the number of identified false positive emitters 

over the number of all the emitters identified by the algorithm). However, the false 

positive rate is equally, if not more, important. A lower recall rate is a matter of 

measuring time, but a higher false positive rate potentially distorts the true structure. For 

example, considering the circular plasmid DNA used to demonstrate STORM,22 a higher 

false positive rate may add some artifact structures inside the circular DNA structure. 

Usually researchers use pre-selected thresholds (such as 5% of the highest intensity) to 

remove some false positives. We instead use labeled data and machine learning (ML) to 

find out a more objective threshold via multiple parameters. As shown in Figure 6.3a, 

using this training data determined threshold, the recall rate decreases by a small amount, 

but the false positive rate decreases significantly. 
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Figure 6.3. Performance of the algorithm. (a) Recall rate (recall %, left axis, in red color) 

and false positive rate (false %, right axis, in blue color) with or without the ML step. (b) 

Standard deviation of the fitting error distribution in x (blue square), y (green circle) and z 

coordinates (red diamond). (c) Example recovery result of an image with 15 emitters 

(emitter density = 0.4 μm-2) in a 3D plot. The recovered vs. simulated true positions are 

indicated in magenta circles and cyan crosses, respectively. The simulated measured 

image is shown in the bottom of the 3D space. All the emitters are located with no 

overfitting. (d) Example recovery result of an image with 40 emitters (emitter density = 

1.06 μm-2) in a 3D plot. There are many incorrect identifications, which can lead to 

misrepresentations about the sample. 

 

Based on our simulations, the optimal emitter density in 3D imaging can be 

determined. As shown in Figure 6.3a and b, as the emitter density increases, the recall 

rate decreases and the false positive rate increases, and the fitting error in every 

dimension increases. The fitting error as a function of emitter density increases in a linear 

trend, but the recall rate shows a gradual decrease when the emitter density is greater than 
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0.7 μm-2. The false positive rate for emitter density larger than 0.8 μm-2 is larger than 

10%, meaning a larger possibility of identifying misleading structures. As illustrated in 

Figure 6.3c, at lower emitter densities, we can recover almost all of the emitters with no 

overfitting. At higher densities (Figure 6.3d), false positive emitters are more likely to be 

identified. Based on this simulation, we suggest keeping emitter density smaller than 0.7 

μm-2 in 3D imaging measurements. Our choice of emitter density ranges is commonly 

considered for super-resolution microscopy using a visible light laser181 and widely 

discussed in other works.59, 214 These general guidelines are consistent for a range of 

different phase masks other than the double-helix. This simulation test on a different 

phase mask also proves the performance of the machine learning determined threshold 

and further demonstrates that our algorithm can be used to evaluate the performance of 

new phase mask designs.  

However, despite our efficient and generalizable algorithm, more than one hour is 

required to analyze a 512×512 image on a typical personal computer with a standard CPU 

(Intel i7-4770, 3.40 GHz). To optimize the processing time, we need to parallelize the 

computation. Such parallelization is easily possible using a GPU. If an algorithm can 

break down the problem into multiple independent floating point operations, parallel 

computation on a GPU has been shown to accelerate the processing by 10-100 times 

compared to computation on a modern CPU.57 A GPU conducts thousands to millions of 

independent floating point operations simultaneously. Image processing is an ideal 

application for GPUs. Each pixel of the image can be assigned to a thread and different 

threads can perform similar operations at the same time.  
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ADMM based image deconvolution is accelerated by an order of magnitude  

through computation on a GPU (Table 1). Operations in ADMM algorithms are mostly 

related to 3D FFT and matrix-matrix element wise operations, in which the 3D FFT is the 

most time consuming part. The parallel computing platform created by NVIDIA, which is 

called compute unified device architecture (CUDA), provides a library for FFT on GPUs 

(http://www.nvidia.com/). We make use of this FFT library for fast convolution and 

deconvolution computations, and distribute all other element wise operations to millions 

of threads.  Parallel computation speeds up our algorithm by 10 times using a GeForce 

GTX 645 GPU (576 CUDA cores, 1GB global memory), as shown in Table 6.1. The 

limits of achievable acceleration are the number of CUDA cores, which decides the 

number of threads being processed at a time, and the amount of global memory, which 

limits the amount of data being processed at a time. Usually, the number of CUDA cores 

is the only limiting factor. If we use a cutting-edge GPU, such as the NVIDIA Tesla K80 

with 4992 CUDA cores, the speed of our computation can increase by an additional 

factor of ten (Table 1) assuming adequate increases in memory and bandwidth. One can 

envision that in the not-so-distance future, real-time analysis will be possible with the 

extension to parallel GPU processing. 

Table 6.1. Computational speed comparison between CPU and GPU 

Image size 

(pixels) 

CPU (Intel i7-4770) 

GPU (GeForce GTX 

645, 576 CUDA cores) 

GPU (Tesla K80, 4992 

CUDA cores) 

Matlab R2013a CUDA C CUDA C 

8×8 12.6 s 0.85 s < 0.1 s 
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56×56 105 s 8.5 s ~ 1 s 

120×120 439 s 33.1 s ~ 4 s 

192×192 1054 s 98.3 s ~ 11 s 

 

 
Figure 6.4. 3D super-resolution image of 40 nm orange fluorescent beads drop cast onto 

a porous polystyrene film. Details about sample preparation can be found in the SI. The 

cross markers indicate the positions of identified emitters. The color of each marker 

represents the relative z position of the emitter, as shown in the corresponding color bar. 

The arrows highlight two emitters in small pore (yellow) and in large pore (white). 

 

Among the range of 3D recovery applications, we show that our recovery 

algorithm can play an important role in understanding local 3D heterogeneous structure 

in 3D polymers (Figure 6.4). Surface engineered polymer films can be used in 

separations, and understanding analyte/film interactions has been of recent interest.34 

Understanding the connection between the surface condition of the polymer films and the 

separation efficiency will pave the road of producing films with improved separation 

performance.10, 28, 31, 178, 215 Previous studies have revealed an increased interaction 

affinity when using clustered-charge ligands, but also have suggested the important role 

played by sterics in protein separation.10, 181, 213-214 Super-resolution microscopy with 

phase masks can be used to explore the 3D steric effects, and our recovery algorithm is 

guaranteed to achieve 3D resolution beyond the diffraction limit.  
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We tested our algorithm by localizing binding events in 3D. We prepared a 

porous polystyrene film and drop casted orange fluorescent beads onto the film. Through 

3D super-resolution imaging, we can find out the local depth of each binding event, as 

shown in Figure 6.4. As expected, beads within a pore (e.g. highlighted by the white 

arrow) are at lower positions compared to beads on the film surface. Other beads at lower 

positions (such as the one highlighted by the yellow arrow) may indicate smaller pores 

that cannot be resolved directly. Our current algorithm still requires a good match 

between the experimental PSF and the simulated PSF. Motion blur in 3D single-molecule 

tracking and complicated background in imaging will affect the performance of our 

algorithm. For our future work, we will further improve our algorithm for more 

complicated experimental conditions. 

6.4. Simulation and experimental details 

6.4.1. Simulation details 

Simulation data is generated following the 3D convolution process discussed in 

Figure 6.2a-c. First, a certain number of emitters is randomly placed in a 3D image space 

(like Figure 6.2b). The x and y dimensions of the sample space are about 6 μm 

(corresponding to 32 image pixels in x and y) and the z dimension is about 1.6 μm 

(corresponding to 21 layers in simulated PSF matrix). The number of photons emitted by 

each emitter follows a Poisson distribution with mean value equal to 2000. The noise for 

each pixel follows a Poisson distribution with mean value equal to 20. For each emitter 

density, about 1000 emitters in total are simulated and recovered using our algorithm. 

Mapping the recovered emitters and the simulated true positions is an assignment 
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problem. The best match should have the minimum total distance between the recovered 

emitters and true emitters78. We use a threshold of 1 pixel, meaning that if a recovered 

emitter cannot find a true emitter within 1 pixel distance, then this recovered emitter is a 

false positive, and if a true emitter cannot be matched to a recovered emitter within 1 

pixel distance, then the true emitter is a false negative. We only use these matched 

emitters to calculate the fitting errors, as shown in Figure 6.3b. For machine learning 

(explained in the next section), the simulated training data are 100 simulated images with 

a particle density of 0.5 μm-2. The effective testing data are the same data used in Figure 

6.3 as explained in detail above. 

6.4.2. Machine learning thresholding 

Overfitting is a severe problem in super-resolution image analysis, especially 

when the PSFs overlap (Figure 6.3c and d). Therefore, in many algorithms, the designer 

will get rid of these dim particles because these particles are more likely to be false 

positive identifications. However, the threshold can be tricky and very difficult to be 

universally defined. Some algorithms use 5% of the largest intensity188, but it depends on 

the situation; a 5% threshold may not be large enough to get rid of all the false positive 

results.  

In this work, instead of only using a pre-set, universal intensity threshold, we 

applied machine learning to learn the threshold using simulated images. Moreover, this 

thresholding is a vector operator that is not only applied on intensity, but also considers 

the position update during the iterations. Machine learning is powerful in complicated 

classification problems. In our case, we want to separate the false positive identifications 

from the true identifications and remove all the false positives. We first analyzed 100 
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simulated images (the density is about 0.5 μm-2), and labeled the true identifications and 

the false positives. We applied the least square fitting five times to update the position for 

each identified emitter. The intensity at each step is divided by the averaged intensity, 

and the change in position in each update is used. Labeling these identified emitters is 

very similar to our particle tracking procedure78, so we used the same algorithm78 and set 

the search radius as 1 pixel. Using this labeled training data, we trained our simple 

logistic regression model:  

𝑦 =
1

1 + exp(−𝛩𝑋)
 

where 𝛩 is the vector operator, 𝑋 contains the relative intensity and position updates of 

all the identified emitters, and 𝑦 indicates if a emitter is true (𝑦 > 0.5) or false (𝑦 ≤ 0.5), 

which is the commonly accepted assignment in logistic regression54. After the training, 𝛩 

can be used to indicate if an identified emitter is true or not.  

6.4.3. Experimental sample preparation 

The porous polystyrene film was prepared via the breath figure method. A piece 

of pre-cleaned coverslip was placed in an environment of saturated air, and 100 L 1 

wt% polystyrene (Sigma-Aldrich, Mw = 35k) in toluene solution was drop cast on it. 

While the toluene evaporated, water droplets condensed on the surface of polystyrene, 

forming micron sized pores. The final porous film was obtained once the toluene was 

completely evaporated. The entire film formation process took around 5 minutes to 

finish. 

The carboxylate-modified microspheres (0.04 m) were purchased from 

Invitrogen (stock number F-8792), which have fluorescent emission peaking ~560 nm. 

The stock solution was diluted by 106 times in HEPES buffer (pH = 7.3, GIBCO). 100 L 
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of the diluted bead solution was drop cast onto the porous polystyrene film and dried in 

air to generate the final sample for the fluorescence microscope measurements. 

6.5. Conclusion 

We have demonstrated via simulation that our new algorithm can recover a 3D 

super-resolution image measured by a 3D microscope using phase masks in the Fourier 

plane. In the development of our algorithm, we leveraged state-of-the-art techniques in 

signal processing and optimization including ADMM and machine learning, as well as 

advanced computation resources to achieve the best possible algorithm performance and 

with computations completed in a few seconds via GPU processing. Our algorithm could 

play an important role in future data processing tasks including performance testing for 

new phase mask development. 
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CHAPTER 7 

FAST STEP TRANSITION AND STATE IDENTIFICATION (STASI) FOR 

DISCRETE SINGLE-MOLECULE DATA ANALYSIS§ 

7.1. Abstract 

We introduce a step transition and state identification (STaSI) method for 

piecewise constant single-molecule data with a newly derived minimum description 

length equation as the objective function. We detect the step transitions using the 

Student’s t-test and group the segments into states by hierarchical clustering. The 

optimum number of states is determined based on the minimum description length 

equation. This method provides comprehensive, objective analysis of multiple traces 

requiring few user inputs about the underlying physical models, and is faster and more 

precise in determining the number of states than established and cutting-edge methods for 

single-molecule data analysis. Perhaps most importantly, the method does not require 

either time-tagged photon counting or photon counting in general, and thus can be 

applied with a broad range of experimental setups and to a broad range of analytes. 

7.2. Introduction 

Single-molecule analysis often involves a compromise when our desire to 

quantify space/time heterogeneity is challenged by innately low signal-to-noise 

                                                 

 

§Contents from this chapter have been published in the following journal article: Shuang, 

B.; Cooper, D.; Taylor, J. N.; Kisley, L.; Chen, J.; Wang, W.; Li, C. B.; Komatsuzaki, 

T.; Landes, C. F. Fast Step Transition and State Identification (STaSI) for Discrete 

Single-Molecule Data Analysis J. Phys Chem Lett., 2014, 5 (18), 3157-3161 
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conditions. Only when these counterbalancing principles are optimized can we acquire 

access to equilibrium and non-equilibrium details that are unobtainable by ensemble 

methods. Single-molecule Förster resonance energy transfer (smFRET) measurements 

explore conformations and dynamics of biomolecules unresolvable in the ensemble state 

distribution.8, 216-219 In smFRET experiments, single molecules visit different structural or 

conformation states and generate piecewise constant signals.216-217 Identifying states and 

step transitions between states is important to understand the stationary state distribution 

of the system, the dynamics among different states, and to make testable mechanistic 

predictions. However, it is often challenging to identify states and transitions due to noise 

sources during the measurements. 

Established state determination methods for smFRET data are designed to extract 

the heterogeneity of the system buried within the mitigating fluctuations due to noise and 

include the Watkins and Yang change-point method,70 hidden Markov model–based 

FRET time trajectory analysis program (HaMMy)71, 75-76 combined with wavelet 

denoising,220-221 and variational Bayesian inference for smFRET time series (vbFRET).72 

The Watkins and Yang change-point method uses few user inputs, but is designed for 

continuous photon-by-photon traces70 and thus is not practical for binned data. Although 

collecting time-tagged photon-by-photon data is similar, and in most cases preferable to 

collecting binned photon data, time-tagged collection systems require more complicated 

and  expensive pulsed excitation sources and hardware to resolve photon arrival times on 

single-photon counting detectors. In addition, for many other detectors used in single-

molecule experiments the collection frequencies required for single-photon collection are 

often faster than their temporal resolution. Thus, continuous wave excitation sources and 



  

 

95 

 

binned photon data collection are widely used experimental simplifications of the more 

accurate, but expensive, time-tagged methods. Several of the most widely used single-

molecule data processing algorithms (e.g. HaMMy71 and vbFRET72) were specifically 

designed to analyze binned data because of its ubiquity and relative ease of acquisition. 

Both HaMMy and vbFRET assume that the data can be represented as a hidden Markov 

chain. HaMMy requires the user to decide the optimum number of states,71 which is a 

challenge if a priori knowledge of the underlying states is unavailable. vbFRET 

automatically determines the optimum number of states based on maximum evidence 

inference,72 but for noisy data (i.e. noise levels larger than the separation of states) or data 

with fast dynamics (i.e. with mean lifetimes within an order of magnitude larger than the 

sampling time) the method identifies redundant states due to noise- or binning-induced 

artifacts (Figure 7.4). Thus, the optimum solution for state determination remains an open 

question, especially for binned data. 

All of these methods assume smFRET data is generated by dynamics among 

several FRET states. This state distribution is usually sparse (meaning that the FRET 

states can be represented by several delta functions), even though experimental smFRET 

efficiency traces usually have a broad distribution due to noise. In this work, we 

introduce a step transition and state identification (STaSI) method to analyze smFRET 

data and recover the underlying sparse state distribution. STaSI is particularly designed 

for smFRET data, but in principle, STaSI is useful for any piecewise constant signals. 

STaSI applies an equation we have derived for piecewise constant signals based on the 

minimum description length (MDL) principle222-224 as the objective function:  

minimize 𝑀𝐷𝐿 
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(7.1) 

where MDL=F+G, and F measures the goodness of fit using the L1 norm and G measures 

the complexity of the fitting model. Compared to other information criterions, the MDL 

principle accounts for the detailed parameter complexity of the model:222-223 

𝐹 =
∑ |𝑦(𝑡𝑖) − 𝑦𝑓𝑖𝑡(𝑡𝑖)|𝑁

𝑖=1

2𝜎
 

(7.2) 
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(7.3) 

where  is the overall noise level; y(ti) and yfit(ti) are the real data and fit value at time ti, 

respectively; N is the total number of data points of the trace; k is the number of states; 

Ntp is the number of transition positions; V is the domain size (= ymax - ymin) for all y; ni is 

the number of data points assigned to state i, and Tj is the difference of the fitting values 

before and after the transition position j. Here, we derived G for smFRET data to 

consider the sparseness of the states and the transitions among these states; the full 

derivation is provided in the Supporting Information. MDL reaches a minimum when the 

increase in the complexity of the model (G) using an additional state equals the decrease 

in the fitting error (F) as measured by the L1 norm. Overall, the MDL equation accounts 

for the balance between simplicity and accuracy, and guarantees the minimized solution 

to be the sparsest approximation.224-225 
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Figure 7.1. A demonstration of STaSI using a simulated three-state FRET efficiency 

trace with added Gaussian noise. (a) The recursive process to detect step transitions using 

the Student’s t-test. The step transition identified in each recursion is highlighted by the 

black arrows. The number of segments are indicated in the upper-left corners. (b) The 

iterative method to group the identified segments into states begins from the final result 

of step detection process, and continues until only a single state remains. The merged 

segments from five to four states and from four to three states are highlighted by the 

black arrows. The number of assumed states is indicated in the upper-left corners. (c) The 

calculated MDL value for each state set. Clearly, the three-state set is the optimum 

number of states, with the global minimum MDL value. (d) The determined three-state fit 

(red) compared with true states (blue). 

 

The solution domain for the MDL objective function is first reduced by searching 

for the optimum solution for each number of states. The Student’s t-test with unequal 

sample size and global noise level is applied to detect all of the step transitions226 and 

breaks down the trace into multiple segments. The recursive process in Figure 7.1a 

applies the Student’s t-test on each segment until no further transition points are found. 

Similar to the change-point method,70 we then group these segments recursively up to one 

state in order to find the best grouping strategy for every possible number of states. In 

each grouping iteration, the most similar two states are grouped into one state (Figure 
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7.1b). More details and the related equations on step transition and state grouping are 

explained in the Supporting Information. The MDL value of the best solution under each 

number of states is calculated (Figure 7.1c), and the number of states corresponding to 

the global minimum MDL value is considered the optimum fitting model (Figure 7.1d). 

In short, this strategy first calculates the best fitting for different number of states, and the 

minimum MDL determine the optimum number of states. While we don’t have 

undeniable proof that the final analysis reaching the global minimum MDL value, our 

performance tests (Figure 7.3 and Figure 7.4) provide strong evidence of such. Moreover, 

this pre-selection scenario dramatically reduces the complexity of the algorithm from a 

computationally impossible non-deterministic polynomial-time hard (NP-hard)227 

classification to one in which the computational time scales with N2.  

7.3. Equation derivation and simulation details 

7.3.1. Derivation of function G in the MDL expression for piecewise constant signals 

The function G in equation (7.3), defined1 below, is derived for piecewise 

constant signals as follows: 

𝐺 =
𝑘

2
ln

𝑁

2𝜋
+ ln ∫ 𝑑𝑘+𝑁tp𝜃√det�⃡�(𝜃)

𝑉𝑜𝑙

 

(7.4) 

where k is the number of states and Ntp is the number of transitions (both the value of 

each state and the position of each transition are unknown parameters to be determined, 

represented by  altogether); N is the total number of data points; Vol accounts for the 

entire parameter space; I() is the (k + Ntp) × (k + Ntp) Fisher information matrix of all the 

parameters of the k states and Ntp transitions averaged over the entire data set; and det 
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I() is the determinant of the matrix I(). The first term in the right hand side accounts for 

the penalty of using more states, which is similar to Bayesian information criterion. The 

second term measures the internal complexity of the fitting model. The matrix element 

Iij() is defined as223 

�⃡�𝑖𝑗(𝜃) ≝ ∫ 𝑝(𝑦|𝜃)−1 𝜕𝑖𝑝(𝑦|𝜃)𝜕𝑗𝑝(𝑦|𝜃)𝑑𝑦 

(7.5) 

where p(y|) is the probability density function for y conditional on the value of 

parameters , and i is the partial deviation with respect to ith parameter i. In general one 

assumes the functional form of p(y|) by referring the physical rule behind experiments 

of interest. In this paper, the Fisher information matrix is derived under the assumption of 

a Gaussian distributed noise model (considering the central limit theorem) and the 

detailed derivation can be found in Hanson and Fu’s work.223 In this work, each matrix 

element is:  

�⃡�𝑖𝑗(𝜃) = {

1

𝑁𝜎2 𝑛𝑖𝛿𝑖𝑗 , 𝑖, 𝑗 ∈ [1, 𝑘]

1

𝑁𝜎2 𝑇𝑗
2𝛿𝑖𝑗 , 𝑖, 𝑗 ∈ [𝑘 + 1, 𝑘 + 𝑁tp]

0, otherwise                     

  

(7.6) 

Here  is the noise level estimated as overall noise level independent of each state value, 

ij is Kronecker delta, and Tj is the difference of the fitting values before and after the 

transition position j. The parameter space for each parameter i is: 

𝑉𝑜𝑙 = {
𝑦max − 𝑦min, for 𝑖 ∈ [1, 𝑘]

𝑁, for 𝑖 ∈ [𝑘 + 1, 𝑘 + 𝑁tp]
 

(7.7) 
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where ymax(min) means the maximum (minimum) value among the entire values of y. We 

use V to represent (ymax – ymin) to be consistent with equation (7.3). So, the second term of 

G in the right hand side of equation (7.4) is: 

ln ∫ 𝑑𝑘+𝑁tp𝜃√det�⃡�(𝜃)
𝑉𝑜𝑙
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(7.8) 

Therefore: 
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(7.9) 

7.3.2. The Student’s t test to detect step transitions 

The Student’s t test with unequal sample size and global noise level is applied to 

each single trace iteratively to detect all of the step transitions. The Student’s t test 

calculates the absolute difference of the averaged intensity before and after point ti over 

their combined uncertainty, as shown in equation (7.10), the one-tailed t test statistic:  

𝑅(𝑡𝑖) =
|𝐼2(𝑡𝑖+1, 𝑡𝑁) − 𝐼1(𝑡1, 𝑡𝑖)|

𝜎√1
𝑖 +

1
𝑁 − 𝑖

 

(7.10) 
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where  is defined as the noise level of the entire trace, calculated as 1/20.5 of the absolute 

value of the first order Haar wavelet of the signal at 68.2% of the cumulative distribution 

(see section 4 in online methods for more details); I1(ti ,ti) is the averaged intensity from 

t1 to ti, and the uncertainty of I1 is i0.5; similarly, I2(ti+1 ,tN) is the averaged intensity 

from ti+1 to tN and the uncertainty of I2 is (Ni)0.5 (N is the total number of the data 

points), and their combined uncertainty is i. During each iteration, the 

point having the highest t test value larger than a universal threshold (3.174, 

corresponding to t-distribution value with 99.8% confidence for 100 variables) is 

considered a transition point. This threshold value keeps the false positive rate smaller 

than 90% and also decreases the false negative rate for detection of short-lived transitions 

(important for noisy data with fast dynamics). From the identified transitions, the trace is 

broken down into multiple segments (Figure 7.1a). A segment is defined as a successive 

section of data points between two step transitions. For example, the second segment in 

the two segments plot in Figure 7.1a is broken down into two segments as highlighted by 

the black arrow. This process is repeated on every new segment and terminated when no 

further transitions are identified (the example in Figure 7.1a terminated at five segments). 

To capture fast but rare transitions, we introduce another parameter counter to force the 

iteration process to continue several more steps (specified by counter, default is 3) even 

though the termination condition is met.  

7.3.3. State grouping algorithm 

After all of the transition points have been identified, the final segments are 

assigned to different states based on their average values and a greedy algorithm is 

applied in each iteration to find the two most similar states and group them into a single 



  

 

102 

 

state.70 To do this, the log likelihood merit (M in equation (7.11)) of each two-segment 

pairing in the remaining n states is calculated: 

𝑀(𝑖, 𝑗) = 𝐿𝑛−1(𝑦𝑡 , 𝐼1, … , 𝐼𝑖,𝑗, … , 𝐼𝑛−1) − 𝐿𝑛(𝑦𝑡, 𝐼1, … , 𝐼𝑖, … , 𝐼𝑗, … , 𝐼𝑛)  

= ln ∏ exp (−
(𝑦𝑡−𝐼𝑖,𝑗)

2

𝜎2 )𝑡∈𝑖,𝑗 − ln ∏ exp (−
(𝑦𝑡−𝐼𝑖)2

𝜎2 )𝑡∈𝑖 − ln ∏ exp (−
(𝑦𝑡−𝐼𝑗)

2

𝜎2 )𝑡∈𝑗   

∝ (𝑚𝑖 + 𝑚𝑗) ∗ 𝐼𝑖,𝑗
2 − (𝑚𝑖 ∗ 𝐼𝑖

2 + 𝑚𝑗 ∗ 𝐼𝑗
2) 

(7.11) 

This equation shows the log likelihood merit of clustering two states i and j. In the 

equation, Ln-1 and Ln are the log likelihood estimation for n-1 and n states respectively; yt 

represents the measured value at time t; mi and mj are the number of data points for states 

i and j, and similarly, Ii is the averaged value for state i, and Ii,j is the averaged value if 

states i and j are clustered together. The two states corresponding to the maximum M(i,j) 

are then clustered into a single state. This greedy strategy is applied iteratively until only 

one state remains. This process is illustrated in Figure 7.1b. In the five states plot, all of 

the five states have different average FRET efficiencies. In each iteration, two states are 

clustered into a single state, as highlighted by the black arrows in Figure 7.1b. At the 

conclusion of this process, the best grouping strategy for every possible number of states 

has been calculated and all that is left is to decide which number of states best describes 

the data using the MDL equation for compressed sensing. 

7.3.4. Single-molecule FRET 

Single-molecule FRET requires two fluorescent molecules (donor and acceptor) to be 

labeled within nanometers distance. The donor has a relatively larger absorption and 
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emission energy than the acceptor, and the emission spectrum of the donor should 

overlap with absorption spectrum of the acceptor. When the donor absorbs energy and 

reaches excited state, through non-radioactive dipole-dipole interaction, this energy can 

be transferred to the acceptor, and then the acceptor emits a photon in another frequency. 

By counting photons in both donor and acceptor channels over time, we can calculate the 

change of the energy transfer efficiency (FRET efficiency) over time. FRET efficiency is 

a function of distance 𝑅 between donor and acceptor: 𝐸 = (1 + (
𝑅

𝑅0
)

6

)
−1

, where 𝑅0 is 

the distance when FRET efficiency is 50%. Therefore, using FRET efficiency trajectory, 

we can study the conformational dynamics of the target system. More detailed 

introduction of FRET can be found in Ref216. 

7.3.5. FRET trajectory simulation 

The FRET trajectories are simulated with a Monte Carlo method using several 

parameters. The key parameters include the number of states, FRET efficiency of the 

states, transition rate between each two states, noise levels, total simulation time, 

simulation step time, bin time. The simulation is carried out in two steps as following. 

Major parameters for the simulation are listed in Figure 7.2, including the number 

of states n, the transition rate constant kij, and the FRET values. The molecule is 

randomly assigned to have an initial state. At each sampling time 𝑑𝑡 (1 ms), the transition 

probability is: 𝑃𝑖 = 1 − 𝑒∑ 𝑘𝑖𝑗𝑑𝑡𝑗≠𝑖 . If the molecule is confirmed to change states at a 

certain step, the transition probability to each state is set to be proportional to the 

corresponding rate constant. After the simulation, each state is assigned to the 

corresponding pre-set FRET efficiency. 
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Photon counts in the donor and acceptor channels are calculated based on the 

FRET efficiency at that time, with total photon counts set to be 20 in 1 ms. For each 

simulated step, noise is added to both the donor acceptor channels. The noise follows 

Gaussian distribution and the standard deviation of the Gaussian distribution is 

proportional to the photon counts for both channels. The slope of this proportional 

relation can be controlled to generate traces with different noise levels. For binned data, 

the two channels are averaged at every 10-ms time window separately, and the final 

FRET value at each binned time step is calculated from the binned photon counts of the 

two channels: 𝐹𝑅𝐸𝑇 =  
𝐼𝑎𝑐𝑐𝑒𝑝𝑡𝑜𝑟

𝐼𝑎𝑐𝑐𝑒𝑝𝑡𝑜𝑟+𝐼𝑑𝑜𝑛𝑜𝑟
. 

 

 
Figure 7.2. Input parameters for the Monte Carlo simulation. Assuming transitions 

happen between any two of the n states with transition rate constants kij > 0 (s-1). FRET 

values Si are assigned to the ith state after simulation. 

7.4. Performance 

Using the L1 norm to measure F, the goodness of fit, is important to find the 

sparsest approximation of the real solution224-225 and is robust to high noise levels, non-

Gaussian noise, and binning artifacts,228 as shown in Figure 7.3. While F is usually 

measured by the L2 norm (squared error),223 our simulations show under the typical noisy 
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conditions of single-molecule measurements the L2 norm generates many redundant 

states (Figure 7.3). Using the L1 norm, STaSI identifies the correct number of states 

successfully (success rate > 70%) for noise level smaller than 0.12 and mean lifetime of 

the states longer than 0.05 s (Figure 7.3a). Using the L2 norm, STaSI only finds the 

correct number of states when the noise level is smaller than 0.06 and the mean-lifetime 

is longer than 0.25 s (Figure 7.3b). For the L1 norm, binning improves the success rate of 

finding the correct number of states for noisy data with mean-lifetimes longer than 0.25 s 

(Figure 7.3c). For the L2 norm, STaSI fails to find the correct number of states using 

binned data (Figure 7.3d). Overall, by using the L1 norm, STaSI can successfully recover 

the state distribution under broad noise and mean-lifetime conditions. Similar results of 

using the L2 and L1 norm have been reported in other applications.228 Therefore, for our 

desired application to single-molecule data, we use the L1 norm to quantify F. 

 
Figure 7.3. Comparison between the L1 norm and the L2 norm for data with different 

noise levels and mean lifetime of the states. The horizontal axis labels the four different 

noise levels, and the vertical axis labels the five different mean lifetimes of the states. 

The simulation uses five FRET states: 0.2, 0.25, 0.35, 0.5, and 0.7; a sampling time of 1 

ms; and a binning time of 10 ms. Under each condition, 100 simulations are repeated. 

The different colors represent the success rates of correctly identifying the number of 

states. (a) Using the L1 norm analyzing raw data. (b) Using the L2 norm to analyze raw 

data. (c) Using the L1 norm analyzing binned data. (d) Using the L2 norm to analyze 

binned data. 
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Figure 7.4. Performance of STaSI using simulated five FRET states traces with fast 

dynamics. Only the first 200 (out of about 15,000) bin time (corresponding to 2000 

sampling time for raw data in a) data points are shown for illustration. (a) Simulated raw 

data analyzed by STaSI and vbFRET. (b) The corresponding histograms of the STaSI fit, 

vbFRET fit and the true states for raw data. (c) Simulated ten-point binned data analyzed 

by STaSI and vbFRET. (d) The corresponding histograms of the STaSI fit, vbFRET fit 

and the true states for binned data. 

 

The STaSI method can correctly analyze noisy smFRET data containing fast 

dynamics (i.e. when the inter-state transition time is within ~10× the collection bin time). 

The signal to noise ratio can usually be improved through binning, but in the presence of 

fast dynamics, binning introduces artifact states in between these real states and limits the 

temporal resolution of single-molecule FRET. In Figure 7.4, STaSI identifies all of the 

states for both the noisy raw data (with 12% states assignment error, 8% states 

distribution error and 0.008 absolute efficiency deviation) and the binned data (with 20% 

states assignment error, 9% states distribution error and 0.013 absolute efficiency 

deviation). In comparison, vbFRET identifies four false states and fails to identify one 
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state due to the influence of the noise for the raw data (Figure 7.4a,b). For binned data, 

vbFRET identifies six artifact states in between the real states (Figure 7.4c,d). This test 

demonstrates that STaSI provides the solution to interpret noisy data with fast dynamics, 

improving the experimental temporal resolution. The relatively large error for binned data 

is due to the presence of fast dynamics where multiple states are averaged in a single bin 

time. The binned data is preferred for data with relatively slower dynamics and a large 

noise level (Figure 7.3c). This improved performance of STaSI is mainly due to the MDL 

equation we derived for the piecewise constant signals. 

Because STaSI is parameter-free in terms of both the analysis and the collection 

method, the analysis is not limited to smFRET data. STaSI can be directly applied with 

other piecewise constant signals such as occur in imaging,10 optical tweezers,229 or 

scanning probe analyses. Methods based on the hidden Markov chain like HaMMy and 

vbFRET can be extended to apply the MDL principle to search for the optimum number 

of states. Tuning the noise level parameter in the Student’s t-test can make the method 

more sensitive to smaller transitions or allow it to only capture relatively large transitions. 

Overall, STaSI is a good example of applying different information theory techniques for 

robust single-molecule data analysis. By analyzing smFRET traces using STaSI, we have 

found the ligand binding domain of the N-methyl-D-aspartate receptor transits among 

folding/unfolding conformations under equilibrium conditions.9 STaSI also helped to 

prove a nonequilibrium mechanism of protein-nanoparticle interactions in which a single 

bovine serum albumin binds to a single cationic-ligand functionalized gold nanorod, and 

unfolds to trigger the nanorod aggregation.230  



  

 

108 

 

7.5. Conclusions 

In summary, we have designed STaSI to analyze the states and inter-state step 

transitions of piecewise constant signals. STaSI combines the Student’s t-test and a new 

derivation of the MDL equation to optimize the analysis for piecewise constant signals. 

This method fills the gap of change-point detection with discontinuous binned data, 

especially in the single-molecule field; and improves the state determination for noisy 

data or data with fast dynamics. STaSI saves effort and time to identify the transition 

positions manually and decreases user biases when analyzing complicated data. In the 

future, we plan to apply this algorithm to other situations such as single-molecule 

instantaneous displacements in heterogeneous environments,231 engineered surface 

association and dissociation,10 and aggregation of conjugated polymers.232 The 

performance of STaSI under different assumptions will be explored in detail using 

simulated FRET traces under different models from molecular dynamic levels.233 
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CHAPTER 8 

CONCLUSIONS 

8.1. Summary 

This thesis presents several projects that focus on the development of data 

processing algorithms for the advancement of single-molecule techniques. The scope of 

my studies ranges from well-established areas such as SPT, single-molecule imaging and 

single-molecule FRET, to fast-developing areas such as 3D single-molecule techniques. 

Single-molecule techniques keep pushing the limit of space and time resolutions, while 

the issue with the noise still exists. Data processing algorithms developed in this thesis 

play an important role to make the best use of single-molecule measurements and offer 

optimized experimental strategies. In particular, we can extract the most accurate and 

precise diffusion information for different data conditions based on the MLEs discussed 

in Chapter 2. The optimized molecular density is suggested based on the performance 

analysis of our 3D super-resolution recovery algorithm. The use of single-molecule 

FRET data to identify faster dynamics using STaSI is introduced in Chapter 7.  

The work presented in this thesis also provides insights to solve potential 

problems that could encounter in the interdisciplinary field of single-molecule studies. By 

comparing problems in single-molecule studies to similar problems in other fields, we 

can implement established techniques in other fields to improve data analysis in single-

molecule research. For instances, 2D Gaussian fitting has been used in astronomy for a 

long history; ADMM based 3D deconvolution algorithm was initially proposed in image 

processing; MDL was developed for language processing and data compression. The fast 
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development of artificial intelligence and data analysis is re-shaping our world. Recently, 

AlphaGo has beaten one of the best professional Go players.234 Many difficult scientific 

problems may be solved in similar ways. For single-molecule areas, this could be the best 

of times, but also could be the worst of times. I hope this thesis can provide some insights 

to follow the pace of the times. 

8.2. Future Directions 

Single-molecule techniques will continue to be a challenging area. Many future 

directions regarding data processing can provide potential improvements and revolutions 

for future single-molecule techniques.  

This thesis only focused on normal diffusion. Other diffusion models such as sub-

diffusion and super-diffusion have been studied to describe confined diffusion, diffusion 

in crowded environments and diffusion combined with directed movement.67-68, 102-104, 135 

To further classify different diffusion types or distinguish transitions among transport and 

multiple diffusion types, correlation and higher order correlation methods should be the 

next areas to be explored in this domain. Furthermore, advancements in statistical 

methods are also potential solutions for classification of different diffusion types.  

To extract the diffusion parameters, it is well-known that using more flexible 

models will provide better fitting results. Therefore, proposed diffusion models and 

fitting results should also be compared and validated based on information theory like 

MDL and Bayesian statistics to provide an objective interpretation.  

New techniques for 3D detection will also present barriers for SPT development 

and image analysis techniques. Measurements in 3D will generate either large amounts of 
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data or highly compressed data, which can increase the data processing time by hours or 

even days on a personal computer. Considering the next generation computer will have 

multiple CPUs and powerful GPUs for computing, parallel computation will be the 

solution to dramatically reduce the data processing time. Using GPU arrays, real-time 

data analysis will be achieved in an efficient and affordable fashion. Researches should 

be able to adapt and customize parallel computation packages developed in other fields to 

solve data analysis problems in single-molecule studies.  

For future research on algorithm development, we should also pay close attention 

to machine learning and pattern recognition related fields. We have observed non-

Gaussian PSFs for PSFs in 3D detection,193, 195 asymmetric PSFs of rotationally fixed 

fluorescent molecules,199 and PSFs of fluorescent molecules coupling with nano-

structures.235 To automate the analysis for these complicated situations, the best possible 

solution might be machine learning related techniques.  

STaSI explained in Chapter 7 has great performance when analyzing 1D data. 

Extending the similar approach to 2D and higher dimension will be difficult. Studies 

related to single-molecule interaction with surface nano-structures will need transition 

identification and state determination in 2D.230 How to make the computation feasible in 

2D will be at the forefront of pushing the limits of super-resolution optical microscopy.  
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