


ABSTRACT

Frustrated Magnetism in Strongly Correlated Electron Systems

by

Zhentao Wang

A deep understanding of magnetism is essential for its application in magnetic

semiconductors, spintronic devices and unconventional superconductors. In this work,

we study magnetic structures and their corresponding excitations in several strongly

correlated electron systems, where exotic orderings can be induced as a result of mag-

netic frustration and quantum fluctuations. We show that emergent spin textures can

arise close to a magnetic field-induced quantum critical point, when the single magnon

excitations have several degenerate non-coplanar minima. In this case, quantum fluc-

tuations can lift such degeneracy and lead to the crystallization of the magnetic vortex

strings.

Magnetic frustration also plays an important role in Fe-based superconductors.

We analyze the spin excitations in the ordered as well as paramagnetic phase of these

materials, and find that higher order spin exchanges are essential for understanding

the inelastic neutron scattering experiments (INS). The presence of such higher order

spin interactions has far-reaching consequences, potentially resulting in more exotic

phases, such as the multipolar orders. In particular, we find propensity to ferro-

quadrupolar order, which we propose as a candidate for the ground state of the iron

selenide FeSe. We find that the calculated spin excitations in this quadrupolar state

closely resemble the results of recent INS measurements.



In addition to electron spins, orbital physics also plays a prominent role in Fe-

based superconductors. We study the interplay between spin and orbital degrees

of freedom and show that the so-called nematic order can be naturally understood

as the decoupling of the two transitions, when orbital ordering preempts long-range

magnetic spin order. Our results reveal that magnetic frustration plays an important

role in several strongly correlated electron systems, and elucidating its consequences

is crucial for the understanding and potential application of these materials.
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1.3 Néel antiferromagnetic order on square lattice. . . . . . . . . . . . . . 8

1.4 Colinear antiferromagnetic order on square lattice. . . . . . . . . . . . 8

2.1 Heisenberg interactions on bcc and fcc lattices. . . . . . . . . . . . . . 18

2.2 Single-magnon phase diagrams of bcc and fcc lattices . . . . . . . . . 20

2.3 Schematic k-space representations of the multi-Q condensates. . . . . 21

2.4 Ladder diagrams. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.5 Schematic plot of the vertex functions in the long wave length limit. . 23

2.6 Phase diagrams of the Heisenberg model near saturation field . . . . 26

2.7 Spin structures in the vortex crystal phases . . . . . . . . . . . . . . . 28

2.8 Vortex string for the 6-Q II state . . . . . . . . . . . . . . . . . . . . 30

3.1 Mean-field phase diagram in the MSW theory for S = 1 and J1/J2 = 1. 43

3.2 The temperature evolution of the mean-field parameters in the MSW

theory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3 Spin wave dispersion from MSW and INS data. . . . . . . . . . . . . 45

3.4 Constant energy cuts of the spin dynamical structure factorin the

momentum space in the MSW theory . . . . . . . . . . . . . . . . . . 47

3.5 MSW dispersion for different value of K and S. . . . . . . . . . . . . 50



viii

3.6 Diagramm of the second-order contribution to the effective action in

Eq. (3.26) due to coupling to fermions. . . . . . . . . . . . . . . . . . 53

3.7 Evolution of S(q, ω) in the paramagnetic phase of the J1 − J2 −K
model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.8 Mean-field magnetic phase diagram in the MSW theory . . . . . . . . 61

3.9 Mean-field magnetic phase diagram in the MSW theory with

interlayer exchange coupling. . . . . . . . . . . . . . . . . . . . . . . . 62

3.10 The temperature evolution of the mean-field parameters in the MSW

theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.11 Dispersion of the J1 − J2 −K model in the MSW theory for various

K values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.1 Variational mean-field phase diagram. . . . . . . . . . . . . . . . . . . 71

4.2 Biased mean-field phase diagram . . . . . . . . . . . . . . . . . . . . 72

4.3 Spin and quadrupolar structure factors obtained from DMRG . . . . 74

4.4 Dispersion and dynamical spin structure factor in FQ. . . . . . . . . . 78

4.5 Dynamical spin structure factor in the FQ phase with finite magnetic

field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.6 The density-density interactions between the Q1,2 modes . . . . . . . 81

5.1 RPA diagrams for spin susceptibility. . . . . . . . . . . . . . . . . . . 94

5.2 RPA diagrams for orbital nematic susceptibility. . . . . . . . . . . . . 95

5.3 RPA phase diagram when fixing J = 0 and µ = 0.3625eV. . . . . . . 96

5.4 RPA phase diagram when fixing J = 0.7eV and µ = 0.3625eV. . . . 96

5.5 The dependence of critical values of interactions on µ in the absence

of Hund’s coupling, J = 0. . . . . . . . . . . . . . . . . . . . . . . . . 97

5.6 The dependence of critical values of interactions on µ for finite

Hund’s coupling J = 0.7 eV. . . . . . . . . . . . . . . . . . . . . . . . 97



ix

5.7 RPA phase diagram when fixing U = 3.5eV, J = 0. . . . . . . . . . . 98

5.8 RPA phase diagram when fixing U = 3.5eV, J = 0.7eV. . . . . . . . . 99

5.9 Orbital nematic order parameter versus interaction strength from

VCA calculation at half-filling. . . . . . . . . . . . . . . . . . . . . . . 103

5.10 Orbital nematic order parameter versus the inter-orbital Hubbard

coupling U ′ = U − 2J from VCA calculation at half-filling. . . . . . . 103

5.11 Change of orbital nematic order (circle) and magnetic order(square)

with respect to doping from VCA calculation . . . . . . . . . . . . . . 104



x

Preface

This thesis is based on the research conducted in Prof. Andriy H. Nevidomskyy’s

group. Part of the work had been performed in collaboration with Prof. Qimiao Si’s

group at Rice University and Prof. Cristian D. Batista’s group at Los Alamos National

Laboratory. The main results of this thesis can be found in the following publications:

• R. Yu, Z. Wang, P. Goswami, A. H. Nevidomskyy, E. Abrahams and Q. Si, “Spin

dynamics of a J1-J2-K model for the paramagnetic phase of iron pnictides”,

Phys. Rev. B 86, 085148 (2012).

• Z. Wang, A. H. Nevidomskyy, “Orbital Nematic Order and Interplay with Mag-

netism in the Two-Orbital Hubbard Model”, J. Phys.: Condens. Matter 27,

225602 (2015).

• Z. Wang, Y. Kamiya, A. H. Nevidomskyy, C. D. Batista, “Three-Dimensional

Crystallization of Vortex Strings in Frustrated Quantum Magnets”, Phys. Rev.

Lett. 115, 107201 (2015).

• Z. Wang, W.-J. Hu, A. H. Nevidomskyy, “Spin Ferroquadrupolar Order in the

Nematic Phase of FeSe”, arXiv:1603.01596 (2016) (under review).



1

Chapter 1

Introduction

Life is not always without frustration, same as in magnets. In real life, there are

always conflicts of choices and politics, under which not every interest can be sat-

isfied. By analogy, in certain situations the competing interactions in magnets are

also frustrated: among the many magnetic interactions, sometimes it is impossible

satisfy any given one (by minimizing the fraction of the energy corresponding to this

interaction), without sacrificing the others.

While it is difficult to judge frustration in human life, the frustration of mag-

netic type is always interesting. As we shall see in this thesis, magnetic frustration

is able to create exotic states of matter, which host nontrivial static and dynamical

properties. In fact, the magnetic structures induced by frustration are not only con-

ceptually important for the understanding of physics, but also practically important

because of their (potential) applications in reducing human-life frustration. It is then

the motivation of this thesis to study various types of frustration-induced magnetic

phenomena in various solid state systems.

1.1 Magnetic Interactions

It is unavoidable to talk about magnetic interactions before talking about magnetic

frustration. The commonly seen magnetic interactions mainly fall into two types:

ferromagnetic and antiferromagnetic exchanges. In both cases we can write down the
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spin exchange between the two sites i and j as follows:

Hex = JSi · Sj (1.1)

where the sign of J determines the type of exchange of the spins Si and Sj:

• J < 0 (ferromagnetic), the two spins favor aligning in the same direction.

• J > 0 (anti-ferromagnetic), the two spins favor aligning in the opposite direc-

tion.

The origin of such spin exchange varies from material to material. In the following

we will look at several most common types:

• Direct exchange mechanism,

• Kinetic exchange mechanism,

• Super-exchange mechanism,

• Double exchange mechanism,

• other mechanisms.

1.1.1 Direct exchange

The electron behavior is strongly affected by the Coulomb repulsion. Consider two

electrons in two orbitals (each occupying one orbital), then we can write down the

electron wave functions as Slater Determinants. For antisymmetric orbital wave func-

tions, the corresponding spin wave functions of the two electrons then must be sym-

metric. Due to the Coulomb repulsion, it can be shown that symmetric spin wave

function is always favored when the two orbitals are orthogonal, inducing a ferromag-

netic direct exchange (also known as “exchange hole” effect) [1].
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This is actually nothing but the Hund’s first rule, which favors largest total spin

for the ground state of electrons in given single-electron orbitals [2].

Typically, antiferromagnetic exchanges are found more frequently in nature than

ferromagnetic exchanges. Indeed, for electrons occupying non-orthogonal orbitals, it

is possible to change the interaction from ferromagnetic to antiferromagnetic (when

the orthogonality of orbitals becomes poor) [1]. And if we loosen the infinite onsite

repulsion constraint, there is also possibility of kinetic exchanges and super-exchanges

described in the following sections, which are indeed commonly found to be antifer-

romagnetic.

1.1.2 Kinetic exchange

The simplest example of kinetic exchange can be realized in the Hubbard Model [3]:

H = −t
∑
〈i,j〉

∑
σ=↑,↓

(c†iσcjσ + h.c.) + U
∑
i

ni↑ni↓ (1.2)

where the first term describes the kinetic energy of electrons, while the second term

describes the repulsion of electrons which prevents them from occupying the same

site.

In the case of strong repulsion U/t � 1, the double occupancy of electrons on

the same site has a large energy penalty. However, if the two spins on neighboring

sites have opposite direction, the exchange of the two can lower the energy of order

−4t2/U , which can be verified by the Schrieffer-Wolff transformation [4]:

Heff = e−SHeS

= H− [S,H] +
1

2
[S, [S,H]]− 1

3!
[S, [S, [S,H]]] + . . . (1.3)

where the operator S is chose in a way such that the first order term does not connect

the two Hubbard subband, which reduces the effective Hamiltonian to the t − J
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model [1, 5]:

HtJ = −t
∑
〈i,j〉

∑
σ

[
c̃†iσ c̃jσ + h.c.

]
+

4t2

U

∑
〈i,j〉

(
Si · Sj −

ninj
4

)
+ . . . , (1.4)

where

Si =
1

2
c̃†iασαβ c̃iβ (1.5)

is the spin operator, and

c̃†iα = (1− niσ̄)c†iσ (1.6)

is the fermionic operator projected to the subspace where double-occupancy is not

allowed.

We see that an effective antiferromagnetic spin exchange is induced in this large-U

limit of the Hubbard Model.

1.1.3 Super-exchange

The kinetic exchange previously mentioned requires direct hopping of electrons be-

tween different sites. However, in typical transition metal compounds, the electrons

on d-orbital cations are far separated by anions. Kramers and Anderson showed

that [6, 7], with indirect exchanges through the anion orbital, an effective antiferro-

magnetic exchange should also arise.

The simplest example of the super-exchange contains one pσ anion orbital sand-

wiched by two d3z2−r2 cation orbitals, where the anion orbital is filled with two elec-

trons and the cation orbitals are half-filled (see Fig. 1.1). We can see that the energy

can be lowered through a fourth order process, which exchanges the two cation spins

and leads to an antiferromagnetic exchange [6, 7, 1].

The super-exchange interactions in real materials goes beyond the above simple

analysis, which severely depends on the filling and bonding angles of the cations and
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Figure 1.1 : Super-exchange of d3z2−r2 and pσ orbital.

anions. For example, the effective exchange can be even ferromagnetic if the bonding

angle is close to 90◦ [8].

1.1.4 Double exchange

Ferromagnetic exchanges can also arise when there is orbital degeneracy. One famous

example is the double exchange [9]: If there are more than one orbitals per site, then

the electron hopping events are strongly influenced by Hund’s coupling:

H = −t
∑
〈i,j〉

∑
σ

(c†iσcjσ + h.c.)− JH
∑
i

Si · si, (1.7)

where si is the spin of the itinerant electrons, while Si is the effective spin formed

by the rest relatively localized orbitals. This model is often called double exchange

model or Kondo Lattice model.

Comparing to the previous exchange mechanisms, the double exchange is more

complicated:

• The itinerant electron will mediate Ruderman-Kittel-Kasuya-Yosida (RKKY)

interactions among the local spins [10, 11, 12].

• Conversely, the electron band structure will be modified in the local spin back-

ground.
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• In the limit of strong Hund’s coupling, Kondo singlets can even form on each

site, reducing the itinerant carriers [13].

In the case of large Hund’s coupling (but not yet forming Kondo singlets), the

itinerant electron spins become parallel to the local spins. If the background local

spins order ferromagnetically (which is common for large Hund’s coupling), then it

also leads to an effective ferromagnetic interaction for the itinerant electrons.

1.1.5 Other mechanisms

There are other types of exchange mechanisms beyond the above mentioned sim-

ple cases. For example, In the presence spin-orbit coupling, Dzyaloshinskii-Moriya

exchanges can be induced [14, 15]:

H = Dij · (Si × Sj). (1.8)

Higher order interactions should in principle also arise, for example the biquadratic

term [1] (such terms only have nontrivial effect on spin S ≥ 1):

H = K(Si · Sj)2, (1.9)

and the ring-exchange term [1]:

H =
∑
ijkl

[(Si · Sj)(Sk · Sl) + (Sj · Sk)(Sl · Si)− (Si · Sk)(Sj · Sl)] . (1.10)

1.2 Magnetic Frustration

The ground states of magnets are reached by minimizing the various types of ex-

change interaction energies that exist in the material (or in the theoretical model).

Such minimization procedure can be frustrated when there are several equal-energy
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configurations. The most famous example is the Ising model on the triangular lattice,

with antiferromagnetic nearest neighbor interactions [16]. In Fig. 1.2, one of the bonds

on the triangle has minimized its energy by having two anti-parallel spins; however,

the other two bonds cannot be simultaneously satisfied, no matter how we arrange

the third spin. As a result, the ground state of the antiferromagnetic Ising triangular

lattice has a macroscopic degeneracy, with an extensive entropy ≈ 0.3kBN [16].

?
Figure 1.2 : Frustration on antiferromagnetic Ising triangle.

Such geometric frustration can also be realized by competing interactions on a

square lattice, with antiferromagnetic nearest neighbor exchange J1 and next near-

est neighbor J2 (see Fig. 1.3). The Néel order (all nearest neighbor spins being

anti-parallel) is the preferred ground when there is only J1 present. However, the

diagonal bonds are frustrated in this case, since the parallel spins on the diagonal

get an energy penalty from J2. In fact, for the Fe-based superconductors [17], J2 is

relatively large [18], in which case the collinear (columnar) antiferromagnetic order is

realized [19] (see Fig. 1.4).

We can characterize the strength of magnetic frustrations by introducing an empir-

ical parameter f = |ΘCW|/Tc [20, 21], where Tc is the magnetic ordering temperature

and ΘCW is the Curie-Weiss temperature, defined through the magnetic susceptibility
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Figure 1.3 : Competing Heisenberg interactions (first and second nearest neighbor)
on square lattice. The arrows show the Néel order when J2/J1 is relatively small.

Figure 1.4 : Colinear antiferromagnetic order on square lattice, which is realized when
J2/J1 is relatively large.
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at high temperature [22]:

χ ≈ C

T −ΘCW

. (1.11)

Typically, a positive (negative) ΘCW corresponds to ferromagnetic (antiferromag-

netic) ordering tendency. If f � 1, then there is a large window Tc < T < |ΘCW|,

where magnetic moments are not ordered (paramagnetic), while short-range order

has developed (ordering tendency). The magnets in such a window are defined as the

“spin liquid” (cooperative paramagnet), in analogy to the normal liquid [21].

In the extreme case, the magnetic moments do not order even at T = 0, leading

to the exotic phase “quantum spin liquid” [21, 23, 24]. There are known theoretical

examples of quantum spin liquids in the Kitaev model on honeycomb lattice [25],

and in the spin-1
2

Heisenberg Model on Kagome lattice [26]. Experimentally, neutron

scattering experiments on herbertsmithite ZnCu3(OD)6Cl2 found a continuum of spin

excitations, indicative of the fractionalized excitations characteristic of the quantum

spin liquids [27].

Note that the quantum spin liquid is not the only fate of degeneracy. Indeed,

there are only very few examples which are known to be spin liquids. And in fact, in

the seminal papers by Villain [28, 29], he showed that such degeneracy can actually

be lifted due to thermal and/or quantum fluctuations, leading to an ordered ground

state. More interestingly, the symmetry breaking of the degeneracy (most of the

time corresponding to a discrete symmetry) can be separated from the continuous

spin-rotational symmetry breaking, giving two phase transitions at different temper-

atures [28, 29]. Such a situation is known to be realized in the J1 − J2 Heisenberg

model on square lattice, where there are two degenerate ground states in the large

J2/J1 case, corresponding to the antiferromagnetic ordering tendency with the order-

ing wave-vectors (π, 0) and (0, π) respectively. Quantum fluctuations can lift such
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degeneracy, leading to either (π, 0) or (0, π) magnetic phase [19], as observed in most

Fe-based superconductors [30]. Furthermore, both theoretically and experimentally,

the separation of the discrete symmetry breaking (Ising nematic transition) and con-

tinuous symmetry breaking (magnetic transition) is indeed observed in the iron-based

family of superconductors [19, 30]. Detailed description of the nematic transition in

these compounds is the subject of Chapter 5 of this thesis.

1.3 Description of Magnetic States

1.3.1 Spin Structures

In an analogue of water, we can classify magnets also into three states:

• Gas (fully disordered paramagnets);

• Liquid (spin liquid, paramagnets with short-range correlations);

• Solid (magnetically ordered states with long-range correlations).

Now we should ask the question: How do we identity these different types of states?

Theoretically, the different magnetic states are described by their static spin struc-

ture factor:

S(q) = 〈Sq · S−q〉

=
1

N

∑
i,j

eiq·(ri−rj)〈Si · Sj〉, (1.12)

where N is total number of lattice sites.

For the fully disordered paramagnets (gases), since there is no correlation between

spins, S(q) is totally flat.
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In the simplest example of a ferromagnetically ordered state, since all the spins

are parallel, Eq. (1.12) yields

S(q)FM =
1

N

∑
i,j

eiq·(ri−rj)

= Nδq,0. (1.13)

More generally, all the magnetically ordered states (solids) are signatured by Bragg

peaks in S(q). And depending on the number of Bragg peaks in the first Brillouin

zone, we classify these states as single-Q (one Bragg peak) or multi-Q (more than

one Bragg peaks) states. In Chapter 2, we will see that multi-Q ordering can give

rise to exotic vortex structure, even with three-dimensional modulation when these

ordering wavevectors are non-coplanar.

The structure factor S(q) in the spin liquid states has no Bragg peaks, since there

is no long range correlation. However, since short range order has started developing,

S(q) is not featureless. As we see from Chapter 3, even slightly above the ordering

temperature, there are still dispersive feature in the spin structure factor. And the

broadening of the Bragg peaks typically corresponds to 1/λ, where λ is the spin

correlation length.

Note that the reverse is not always true: if S(q) has no Bragg peaks, we should

not jump to the conclusion that it is a spin liquid. In fact, there are non-magnetic

states, which has no magnetization 〈Si〉 = 0, but still breaks some type of continuous

symmetry. We shall see in Chapter 4 that, in the spin multipolar ordered states, spin

rotational symmetry can be spontaneously broken, while no Bragg peaks in the spin

(dipolar) structure factor S(q) are found.
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1.3.2 Spin Excitations

Besides the ground state property, the magnetic states are also characterized by their

dynamic properties.

Assuming the ground state of the system is |Ψ〉0, then the simplest excitation is

the single spin flip (single-magnon):

|Ψ〉ex =
∑
i

αiS
+
i |Ψ〉0, (1.14)

where αi is the linear combination coefficients for the magnon excitation.

Since such single-magnon excitation is essentially a bosonic degree of freedom,

Matsubara and Matsuda introduced the exact mapping from spin-1
2

operators to

hard-core bosons [31]:

S+
i = bi, S−i = b†i , Szi = 1/2− b†ibi. (1.15)

In such a description, the spin-1
2

Heisenberg Model can be described by dispersive

single-magnon excitations with density-density interactions.

Further generalization of spin-S Hamiltonian can be realized by the Holstein-

Primakoff bosons [32]:

S+
i =

(√
2S − b†ibi

)
bi, S−i = b†i

(√
2S − b†ibi

)
, Szi = S − b†ibi. (1.16)

To describe the excitations, we can expand the square root in the Holstein-

Primakoff representation:√
2S − b†ibi =

√
2S

(
1− b†ibi

4S
− b†ibib

†
ibi

32S2
. . .

)
, (1.17)

which describes the spin fluctuations around the z-direction. In such expansion the

corresponding Hamiltonian up to quadratic order (“spin wave” Hamiltonian) de-

scribes the spin excitations in the large-S limit. Then in such magnon language,
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the magnetic ordering can be described by the Bose-Einstein Condensation (BEC) of

single-magnons [33].

There are also other types of exact mappings of the spin operators, for example

the Schwinger bosons [5]:

S+
i = a†ibi, S−i = b†iai, Szi =

1

2
(a†iai − b†ibi), (1.18)

subject to the constraint

a†iai + b†ibi = 2S. (1.19)

Similarly, the Abrikosov fermions describe the fermionic excitations in the mag-

nets [23]:

Si =
1

2
f †iασαβfiβ, (1.20)

subject to the constraint ∑
α

f †iαfiα = 1. (1.21)

In real magnetic systems, there could be other low-lying excitations besides single-

magnons. In spins liquids, the single-magnon excitations are gapped out, and indeed

Schwinger bosons or Abrikosov fermions are more natural descriptions [23]. A more

generalized version of representation is the supersymmetry, where spin operators are

represented by both bosons and fermions [34].

Moreover, when the effective interactions among single-magnons are attractive,

then the low-lying excitations can instead be bound states of multi-magnons. Es-

pecially, when multi-magnon bound states go through BEC, the system will exhibit

exotic orderings, for example the spin multipolar order [35].

1.4 Outline of the Thesis

This thesis is organized in the following way:
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In Chapter 2, we describe the magnetic vortex crystal which can be realized as

a ground state in highly frustrated quantum magnets. In the language of hard-core

bosons, the magnetic ordering is described by the BEC of single-magnons. Further,

the ground state degeneracy in the multi-minimum single-magnon manifold is lifted

by quantum fluctuations, determining the unique ground state it belongs to.

In Chapter 3, we focus on the paramagnetic phase close to the collinear anti-

ferromagnetic ordering. The spin dynamics is studied using the Dyson-Maleev and

Schwinger boson mean-field calculations. By comparing the theoretical predictions

with the inelastic neutron scattering experiments, we found that higher order bi-

quadratic spin exchanges are essential for the understanding of Fe-based supercon-

ductors.

In Chapter 4, the “non-magnetic” phase in the Fe-based superconductor FeSe is

studied within the same model as in Chapter 3. The key difference is that, in a certain

parameter regime, we found that this model hosts an exotic phase which is magnet-

ically disordered but with long range quadrupolar order. Spin dynamics in such a

quadrupolar phase is studied by the flavor wave theory (which is a generalization

of the Schwinger boson method, see Chapter 4 for more details), and our theoret-

ical results are found to be consistent results with the inelastic neutron scattering

experiments.

In Chapter 5, we turn to the more realistic model for Fe-based superconductors,

which includes both magnetic and orbital degrees of freedom. By using both analyti-

cal (random phase approximation) and numerical (variational cluster approximation)

approaches, we found that the Ising nematic transition in Fe-based superconductors

can be naturally understood as the decoupling of the orbital and magnetic transitions.
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Chapter 2

Three Dimensional Crystallization of Vortex

Strings in Frustrated Quantum Magnets

2.1 Introduction

Topological spin structures of great potential interest in future applications of spin-

electronic techniques [36]. The skyrmion crystals discovered in the B20-structure

metallic alloys MnSi and Fe1−xCox [37, 38, 39] and in the Mott insulator Cu2OSeO3 [40,

41] are prominent examples. While the emergence of crystals of topological structures

is reminiscent of the Abrikosov vortex lattice of type-II superconductors [42, 43], their

origin is completely different in magnets. The basic difference is that magnetic sys-

tems are neutral Bose gases [33], while the charged Cooper pairs are coupled to the

electromagnetic gauge field. In other words, the orbital coupling to an external field

that stabilizes the Abrikosov vortex crystal in type-II superconductors is basically

absent in magnets.

Topological spin structures must then be stabilized by other means. A key as-

pect of magnetic systems is that competing interactions are ubiquitous. A common

outcome of this competition is a magnetic susceptibility that is maximized by sev-

eral low-symmetry wave vectors Q connected by point-group transformations of the

underlying material. Topological spin structures can emerge when the effective in-

teraction between the different Q modes favors a multi-Q ordering. This is the case

of the B20 materials, in which the Dzyaloshinskii-Moriya [14, 15] interaction D that
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arises from their noncentrosymmetric nature shifts the susceptibility maximum from

Q = 0 favored by the ferromagnetic exchange J to a finite vector |Q | ' D/J that can

have different orientations due to the cubic symmetry of the B20 structure. Thermal

fluctuations then play an important role for stabilizing the 6-Q structure that leads

to the hexagonal skyrmion crystals in bulk versions of the B20 materials [37]. In

contrast, the phase is already stable at the mean field level in 2D thin films [40]. In

addition to chiral magnets, skyrmion crystals [44], soliton crystals [45, 46], and Z2

vortex crystals [47] have been theoretically predicted in other classical spin systems.

All of these examples correspond to 2D crystals of topological structures, i.e., they

are not modulated along the third dimension.

More recently, it was proposed the realization of magnetic vortex crystals in

a quantum spin system of weakly coupled triangular layers near a magnetic field-

induced quantum critical point (QCP) [48]. The basic idea is to use geometric frus-

tration as the source of competing interactions and quantum fluctuations to stabilize

the multi-Q vortex crystal states. This study focuses on a case with six degenerate

coplanar Q vectors that are connected by the C6 symmetry transformations of the

underlying lattice. Consequently, as in the previous examples, the resulting vortex

crystal is not modulated along the third direction.

In this chapter, we demonstrate that a similar mechanism can also stabilize exotic

3D crystals of vortex lines. Unlike the case of the 2D vortex crystals, we are unaware

of alternative realizations of 3D vortex crystals. As we explained above, the observa-

tion of magnetic skyrmion lattices unveiled the relevance of multi-Q orderings that

produce 2D crystals of topological structures. However, much less effort has been

devoted to the 3D crystals that can also arise from multi-Q orderings. The recent

real-space observation of a skyrmion-antiskyrmion cubic lattice in MnGe [49] con-
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firms the physical relevance of these 3D structures. The key to realize 3D crystals of

topological objects is to find regions of stability of multiple noncoplanar-Q orderings.

Consequently, we study the body-centered cubi (bcc) and face-centered cubic (fcc)

lattices that commonly occur in nature (typical examples are the transition-metal

oxides and fluorides [8], solid 3He [50], 3D Wigner crystals [51], and the alkali-metal

fulleride Cs3C60 [52, 53]). By extending the exchange interactions up to third nearest

neighbors, we produce a single-magnon dispersion with multiple degenerate minima

at noncoplanar Q vectors connected by the cubic point group. We compute the op-

timal single-particle state for condensing the magnons and find that several multi-Q

states corresponding to different vortex crystals span sizable regions of the phase

diagrams with isotropic exchange. These phases are further stabilized by symmet-

ric exchange anisotropy that arises from, e.g., dipole-dipole interactions or spin-orbit

coupling. The resulting spin textures consist of exotic 3D patterns of vortex strings.

2.2 Model

We consider a spin-1
2

Heisenberg model on bcc and fcc lattices coupled to a magnetic

field:

H =
∑
〈ij〉

JijSi · Sj −
∑
i

H · Si, (2.1)

where Jij are the Heisenberg interactions up to 3rd nearest neighbor {J1, J2, J3}.

In this study, we focus on the external field H applied along the high symmetry

[111] direction. The spin-1
2

operators can be represented by hard-core bosons [31]:

S+
i = bi, S

−
i = b†i , S

z
i = 1/2 − b†ibi, where the z axis is along the magnetic field

direction. The Hamiltonian is thus transformed into a model for an interacting Bose
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gas:

H =
J1

2

∑
〈ij〉

(
b†ibj + b†jbi

)
+
J2

2

∑
〈〈ij〉〉

(
b†ibj + b†jbi

)
+
J3

2

∑
〈〈〈ij〉〉〉

(
b†ibj + b†jbi

)
+
U

2

∑
i

ni(ni − 1) + J1

∑
〈ij〉

ninj + J2

∑
〈〈ij〉〉

ninj + J3

∑
〈〈〈ij〉〉〉

ninj

−
(
z1J1 + z2J2 + z3J3

2
−H

)∑
i

ni (2.2)

where U is the on-site hard-core repulsion, which is sent to infinity in the calculation,

and z1, z2, z3 are the coordination numbers of the 1st, 2nd and 3rd nearest neighbors.

Figure 2.1 : The Heisenberg interactions J1, J2, J3 are defined on the 1st, 2nd and
3rd nearest neighbors. (a) bcc lattice. (b) fcc lattice.

By Fourier transformation b†i = 1√
N

∑
k e
−ik·rib†k, the Hamiltonian is written down

in k-space:

H =
∑
k

[ε(k)− ε(0) +H] b†kbk +
1

2N

∑
k,k′,q

(U + Vq)b
†
k+qb

†
k′−qbk′bk, (2.3)

where

ε(k)=
J1

2

∑
η1

eik·rη1 +
J2

2

∑
η2

eik·rη2 +
J3

2

∑
η3

eik·rη3 , (2.4)

here rη denote the positions of the neighboring sites. And

Vq = 2ε(q). (2.5)
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To be explicit, For bcc lattice:

ε(k) = 4J1 cos
kx
2

cos
ky
2

cos
kz
2

+ J2

(
cos kx + cos ky + cos kz

)
+ 2J3

(
cos kx cos ky + cos ky cos kz + cos kz cos kx

)
. (2.6)

For fcc lattice:

ε(k) = 2J1

(
cos

kx
2

cos
ky
2

+ cos
ky
2

cos
kz
2

+ cos
kz
2

cos
kx
2

)
+ J2

(
cos kx + cos ky + cos kz

)
+ 4J3

(
cos kx cos

ky
2

cos
kz
2

+ cos ky cos
kz
2

cos
kx
2

+ cos kz cos
kx
2

cos
ky
2

)
.

(2.7)

We define the minimum value of ε(k) to be εmin, in this way ωk ≡ ε(k)− εmin has

minimum value equals to zero. The Hamiltonian is rewritten as:

H=
∑
k

(ωk − µ)b†kbk +
1

2N

∑
k,k′,q

(U + Vq)b
†
k+qb

†
k′−qbk′bk, (2.8)

where ωk is the single-boson (magnon) dispersion, the chemical potential:

µ = [ε(0)− εmin]−H ≡ Hsat −H. (2.9)

Because of the frustration, the single magnon dispersion ωk can have multiple

degenerate minima at different Q-vectors. In Fig. 2.2, we compute the number of

minima in ωk, for both bcc and fcc lattices.

The relative strengths of J1, J2, and J3 determine the number of degenerate min-

ima in the single-magnon dispersion ωk. Phases with six and eight minima exist in

both the bcc and fcc lattices. A phase with twelve minima also exists in bcc lattice (see

Fig. 2.2). For concreteness, we will focus on the region with six degenerate minima,

whose positions are denoted by ±Qn = ±Q ên, where n = 1, 2, 3. The value of Q is

given by cos Q
2

= −J1/(J2+4J3) for the bcc lattice and cos Q
2

= −(J1+2J3)/(J2+4J3)
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Figure 2.2 : The single-magnon phase diagrams, with each region denoted either
by the number of minima (when there are multiple minima at incommensurate Q-
vectors), or denoted by the positions of the Q-vectors (when Q is commensurate).
(a)(b) bcc lattice. (c)(d) fcc lattice.

for the fcc lattice. Correspondingly, the saturation field values are:

Hbcc
sat =

2J2
1

J2 + 4J3

+ 4J1 + 2J2 + 8J3, (2.10a)

H fcc
sat =

2(J1 + 2J3)2

J2 + 4J3

+ 4J1 + 2J2 + 16J3. (2.10b)

2.3 Multi-Q Condensation and Effective Interactions

The single-magnon dispersion becomes gapless at H = Hsat which signals the phase

transition into a Bose-Einstein condensate [54, 55, 56, 57, 58, 59, 60, 61, 48]. In the

vicinity of this transition |H| . |Hsat|, the boson density is vanishingly small, and

we can use Beliaev’s dilute boson approach [62] to compute the effective boson-boson

interactions in the long-wavelength limit. Because this is a controlled expansion
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in the small lattice gas parameter (ratio between the scattering length and the av-

erage interparticle distance), the result is asymptotically exact in the dilute limit.

The next step is to condense the bosons in the most general single-particle state,

i.e., to replace the bosonic operators for each wave vector Q by six complex am-

plitudes: 〈b±Qn
〉/
√
N =

√
ρ±Qn

exp
(
iφ±Qn

)
. The total energy is the sum of the

low-energy terms allowed by translation symmetry, i.e., density-density interactions

between bosons in the same (Γ1) and different (Γ2,Γ3) minima, as well as a Γ4 vertex

that scatters bosons between two pairs of opposite minima,

E =
Γ1

2

∑
n,σ=±

ρ2
σQn

+ Γ2

∑
n

ρQn
ρ−Qn

+ Γ3

∑
n<m

σ1,σ2=±

ρσ1Qn
ρσ2Qm

+ 2Γ4

∑
n<m

√
ρQn

ρ−Qn
ρQm

ρ−Qm
cos (Φn−Φm)− µρ, (2.11)

where ρ =
∑

n

(
ρQn

+ ρ−Qn

)
is the total boson density and Φn = φQn

+ φ−Qn
. The

interaction vertices Γ1, . . . ,Γ4 are obtained by summing over the ladder diagrams at

zero total frequency.

(a) 1-Q (b) 2-Q I (c) 3-Q I

(d) 4-Q I (e) 6-Q I (f) 6-Q II

Φ1 Φ2 Φ3

Φ2
Φ1

Q2Q1

Q3

Figure 2.3 : (a)-(f) Schematic momentum-space representations of the multi-Q
condensates near the field-induced QCP for the case of six degenerate minima. The
arrows representing the phases Φn of the Qn component of the order parameter [see
Eq. (2.11)] are only shown for states in which their relative values are fixed by the
interactions or anisotropy. The gray (light) color indicates no correlation among the
different phases Φn.
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2.4 Phase Diagram Calculation

2.4.1 Solving Bethe-Salpeter Equation

The effective interactions in the dilute limit for hard-core bosons are calculated by the

Bethe-Salpeter equation, which is equivalent to summing over all the ladder diagrams

(Fig. 2.4).

Γq(k,k
′) = U + Vq −

∫
d3q′

VBZ

Γq′(k,k
′)(U + Vq−q′)

ωk+q′ + ωk′−q′
, (2.12)

where VBZ is the volume of the 1st BZ.

Γq(k,k
′)

k

k′ k′ − q

k + q

=q

k′

k k + q

k′ − q

q +

k

k′ k′ − q

k + q

q − q′

k + q′

k′ − q′

q′

Figure 2.4 : Ladder diagrams.

When the magnetic field H is close to the saturation value Hsat, the system is un-

stable towards BEC at the dispersion minima. In this case we can take the long wave

length limit k → ±Q i, and calculate the corresponding vertex functions (schemati-

cally shown in Fig. 2.5):

Γ1 = Γ0(Qn,Qn),

Γ2 = Γ0(Qn,−Qn) + Γ−2Qn
(Qn,−Qn),

Γ3 = Γ0(Qn,Qm) + ΓQm−Qn
(Qn,Qm),

Γ4 = ΓQm−Qn
(Qn,−Qn) + Γ−Qm−Qn

(Qn,−Qn).

(2.13)
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Γ1 Γ2 Γ3 Γ4

Q1
Q2

Q3

Figure 2.5 : Schematic plot of the vertex functions in the long wave length limit.

To solve the Bethe-Salpeter equation, we start from the following ansatz:

Γq = 〈Γ〉+
∑
η

AηV (rη)e
iq·rη , (2.14)

where rη denotes the positions of the 1st, 2nd, and 3rd neighboring sites. Tthe k,k′

index in Γq(k,k
′) are omitted for simplicity, and 〈Γ〉 =

∫
d3q′

VBZ
Γq′ . We also assume

that Vq is centro-symmetric, ie ∫
d3qV (q) = 0. (2.15)

By substituting the ansatz into the Bethe-Salpeter equation and taking the hard-

core limit, we get the following form of linear equations:

∑
η

V (rη)(τ
η
1 )∗Aη + τ0〈Γ〉 = 1, (2.16a)

∑
ν

(τ ην2 V (rν) + δην)Aν + τ η1 〈Γ〉 = 1. (2.16b)

where the integrals are defined as:

τ0 =

∫
d3q

VBZ

1

ωk+q + ωk′−q
, (2.17a)

τ η1 =

∫
d3q

VBZ

e−i q·rη

ωk+q + ωk′−q
, (2.17b)

τ ην2 =

∫
d3q

VBZ

e−i q·(rη−rν)

ωk+q + ωk′−q
. (2.17c)
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Denote:

Bην = τ ην2 V (rν) + δην , (2.18a)

Cη = V (rη)(τ
η
1 )∗. (2.18b)

The above equations are now organized into a matrix form:

B11 · · · B1z τ 1
1

...
. . .

...
...

Bz1 · · · Bzz τ z1

C1 · · · Cz τ0





A1

...

Az

〈Γ〉


=



1

...

1

1


. (2.19)

By solving the linear equations Eq. (2.19), we obtain all the unknown coefficients

in the ansatz Eq. (2.14). Then we can substitute the values of Γ1, . . . ,Γ4 into the

expression of effective energy, and determine which multi-Q state will be stabilized.

2.4.2 Effect of Anisotropy

In real materials, apart from the exchange interactions, there are also always exchange

anisotropy present, which becomes important in certain cases (see discussion later).

For simplicity, we consider short-range symmetric exchange anisotropy (cutoff at 2nd

nearest neighbor):

HA ∝
∑
〈ij〉
−3(Si · rij)(Sj · rij) (2.20)

such terms can arise directly from dipole-dipole interactions, or perburbatively from

spin-orbit coupling[15].

Similar to the treatment of the Heisenberg exchange interactions, we choose the

quantization axis along [111] direction, and represent the spin-1
2

operators with hard-
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core bosons. In the long-wavelength limit, for both bcc and fcc lattices:

HA ∝
[
(

√
3

2
+ i

1

2
)b†Q1

b†−Q1
+ (−

√
3

2
+ i

1

2
)b†Q2

b†−Q2
− i b†Q3

b†−Q3

]
+ h.c (2.21)

Then we condense the bosons by 〈b±Qn
〉/
√
N =

√
ρ±Qn

exp
(
iφ±Qn

)
, which gives

the energy correction of symmetric exchange anisotropy:

EA ∝ JA
∑
n

√
ρQn

ρ−Qn
cos(Φn + 2nπ/3− π/2). (2.22)

where Φn = φQn + φ−Qn .

2.4.3 Phase Diagram

The zero-temperature phase diagram is determined by minimizing the total energy E

given in Eq. (2.11)[63]. Depending on the relative strengths of exchange interactions,

one of the six possibilities in Fig. 2.3 is realized. Out of these, three condensates

in particular realize vortex crystals: 3-Q I, 4-Q I, and 6-Q II (Fig. 2.3). Another

reason for considering these states is that the latter two are further stabilized by

symmetric exchange anisotropy originated from spin-orbit coupling or dipole-dipole

interactions. Close to the saturation field Hsat, this exchange anisotropy yields the

interaction term Eq. (2.22): Although JA is typically small, EA ∼ |ρ| is linear in

the boson density. Consequently, in the dilute limit (ρ � |JA/J1| � 1), it always

dominates over the exchange interaction in Eq. (2.11). The calculations show that the

2-Q I, 4-Q I, and 6-Q II condensates are the three lowest energy states, degenerate

to linear order in the density ρ. The degeneracy is lifted by further considering the

second-order density-density interactions in Eq. (2.11), stabilizing the 6-Q II state

over a wide range of parameters on both bcc and fcc lattices (see Fig. 2.6). On the

other hand, sufficiently far away from the QCP (but still in the low density regime,

|JA/J1| � ρ� 1), EA is negligible and Eq. (2.11) alone determines the ground state
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configuration. The resulting phase diagrams for negligible (dominant) anisotropy are

shown in the left (right) column of Fig. 2.6, respectively.
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(d)

2-Q I
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fcc
J1 > 0 (e)

1-Q

(2π,0,0)

(π,π,π)

(f)
2-Q I

6-Q II

(2π,0,0)

(π,π,π)

Figure 2.6 : Phase diagrams of the Heisenberg model (2.1) under the nearly saturated
magnetic field, where ωk has six degenerate minima in the colored phases. (a) bcc
lattice, J1 > 0, no anisotropy. “NAF” denotes the case with Q = (2π, 2π, 2π). (b)
bcc lattice, J1 > 0, anisotropy dominating region. (c) bcc lattice, J1 < 0, without
anisotropy. “Ferro” denotes Q at (0, 0, 0), and “PS” denotes regions where we have
phase separation or bound states. (d) bcc lattice, J1 < 0, anisotropy dominating
region. (e) fcc lattice, J1 > 0, no anisotropy. (f) fcc lattice, anisotropy dominating
region.

2.5 Crystallization of Vortex Strings

We now focus on the 3-Q I, 4-Q I, and 6-Q II states that realize vortex crystals whose

spin structures on [111] layers are illustrated in Fig. 2.7. We find that the vortex
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and antivortex cores form regular lattices on every layer. Vortices and antivortices

correspond to different signs κ = ±1 of the vector spin chirality Si × Sj when we

circulate (i→ j) around the vortex core. Explicitly, in the vicinity of the (anti)vortex

core arctan(Syi /S
x
i ) = arg〈b†i〉 ∼ κϕ + γ + δ(ϕ), where γ is the helicity [64] and δ(ϕ)

is a 2π-periodic function of the polar angle ϕ around the (anti)vortex core in the

[111] plane such that
∫ 2π

0
dϕ δ(ϕ) = 0 and |δ(ϕ)| � 2π. For a given chirality, the

(anti)vortices can have different relative helicities, as we show in Fig. 2.7: the 3-Q I

state includes three types of vortices with helicities that differ by 2π/3 in each [111]

plane (the same is also true for the antivortices), see Fig. 2.7a; similarly, two types

of (anti)vortices appear in the 4-Q I state with helicities that differ by π [Fig. 2.7b];

the 6-Q II state contains three types of vortices with helicities that differ by 2π/3

and two types of antivortices with helicities that differ by π [Fig. 2.7c].

The vortex cores are strings that extend along the third dimension. These strings

form different patterns for each multi-Q condensate. The vortex and antivortex

strings form parallel straight lines along the [111] direction in the 3-Q I and 4-Q

I states. The same is true for the antivortices of the 6-Q II states. However, the

vortex strings form a more exotic pattern in the 6-Q II state. As is shown in Fig. 2.8,

the vortex strings cross each other and the helicities of the crossing vortices and

antivortices are shifted by π. This unusual behavior arises from the fact that the

six Q vectors are noncoplanar. In contrast, when the condensate Q vectors are on

the same plane in the reciprocal space, as is the case with the 3-Q I and 4-Q I

states, and those considered in Ref. [48], the vortex strings are straight lines along

the high-symmetry axis. The helicity of each (anti)vortex increases linearly in the

layer index for the 3-Q I state. In contrast, the helicity of each (anti)vortex is shifted

by π between consecutive layers of the 4-Q I state. This alternation arises from the
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Figure 2.7 : Spin structures in the vortex crystal phases on [111] layers (H ‖ [111]);
only the xy components are plotted. The color intensity denotes the boson density ρ
(the transverse spin components are ∼√ρ) and the bright spots denote fully polarized
spins. The circles with (without) crosses denote vortex (antivortex) cores. Different
colors of the circles denote different helicities γ (see text). (a) The 3-Q I state on the
bcc lattice for |Qn| � 1. (b) The 4-Q I state on the bcc lattice for |Qn| . 2π. (c)
The 6-Q II state on the bcc lattice for |Qn| � 1.
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fact that |Qn| . 2π and each [111] layer belongs to a sublattice of the bcc lattice.

In the 6-Q II state, the helicity of each (anti)vortex is constant except for crossing

points where it is shifted by π.

2.6 Conclusion and Discussion

While in this chapter we only focus on the regions where ωk has six degenerate minima,

there are other regions in the phase diagrams where vortex crystals should also arise.

For example, ωk with eight minima is realized in a region next to the 6-minimum

region on both the bcc and fcc lattices, and a 12-minimum case also occurs on the

bcc lattice. A similar calculation can be applied to these cases in order to obtain the

stable multi-Q orderings.

We note that when some of the effective interactions are attractive (typically

the case with ferromagnetic exchanges), the system may undergo a first order phase

transition at the saturation field [65, 61]. This implies that it is unstable towards phase

separation if one fixes the particle number (i.e., the z component of magnetization) in

the canonical ensemble. An alternative scenario is a continuous transition associated

with the condensation of multimagnon bound states [65]. We have verified that none

of these cases takes place for antiferromagnetic nearest neighbor interactions (J1 > 0)

in both the bcc and fcc lattices. For ferromagnetic nearest neighbor interactions

(J1 < 0), on the other hand, the phase separation occurs in a large region of the

phase diagram, as indicated in Figs. 2.6(c) and 2.6(d).

Although crossings of vortex lines have been observed in superconducting vortex

glasses and liquids [66, 67], we are unaware of the existence of 3D vortex crystals

like the one shown in Fig. 2.8. These vortex crystals can be detected with neutron

diffraction in single-domain samples. Materials with more than two degenerate min-
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Figure 2.8 : (a)-(d) The sequence of layers along the [111] direction for the 6-Q II
state on the bcc lattice in the case |Qn| � 1. Several intervening layers between (a)
and (b), etc., are omitted for simplicity. The arrows indicate how the vortex cores
(circles with crosses) move from one layer to the next layer above. The lines of the
antivortex cores (circles without crosses) are parallel to the [111] direction. The region
enclosed by a square follows one of the antivortex core. The π helicity shift occurs
below the layer (c). (e) Three-dimensional picture of the vortex string structure. The
strings corresponding to antivortices in (b)-(d) are not shown.
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ima in the magnon dispersion of the fully saturated state can be identified directly

by measuring the inelastic neutron scattering spectrum at |H| > |Hsat|, or indirectly,

by extracting the exchange constants from the zero-field inelastic neutron scattering

spectrum. Nuclear magnetic resonance (NMR) also allows us to distinguish among

different multi-Q orderings because the NMR line shape is in general qualitatively

different for single-, double-, and three-Q orderings.

Our results indicate that these materials are strong candidates to exhibit magnetic

vortex crystals just below their saturation field. While here we have considered the

particular cases of bcc and fcc lattices as examples, the general principle can be

directly extended to other highly frustrated structures, such as hexagonal close-packed

and pyrochlore lattices, which are also common in nature. Based on our calculations,

it is expected that exchange anisotropy (due to e.g., dipolar interactions) will select a

double-Q magnetic ordering or a magnetic vortex crystal. The selection mechanism

between these two competing phases is provided by the effective interaction between

magnons, which ultimately depends on the details of the exchange couplings. There

are several candidate materials that comprise highly frustrated 3D lattices of rare-

earth magnetic ions. Because the exchange anisotropy is expected to be stronger in

these ions due to a large spin-orbit interaction, the vortex crystal phase could extend

over a wider window of magnetic field values.
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Chapter 3

Spin dynamics of a J1-J2-K model for the

paramagnetic phase of iron pnictides

3.1 Introduction

The emergence of superconductivity in iron pnictides [17, 68] near an antiferro-

magnetically ordered state [69] in the phase diagram suggests strong interplay be-

tween the superconductivity and magnetism in these materials. Elucidating the

magnetic excitations is therefore important for understanding not only the overall

microscopic physics of these systems but also the mechanism of superconductivity.

In the parent compounds, the observed (π, 0) antiferromagnetic order arises either

within a weak-coupling approach invoking a Fermi surface nesting,[70, 71, 72] or

from a strong-coupling approach whose starting point is a local moment J1− J2−K

model.[18, 73, 74, 75, 76, 77, 78, 79]

The strong-coupling approach is based on the proximity of the metallic ground

state of the parent pnictides to a Mott localization transition, which gives rise to quasi-

local magnetic moments.[18, 77, 80, 81] This incipient Mott picture corresponds to a

ratio of U (a measure of the Coulomb repulsions and Hund’s couplings among the Fe

3d electrons) to t (the characteristic bandwidth of the Fe 3d electrons) which is not too

far below the Mott threshold Uc/t, which is usually of order unity. This is supported

by many experimental observations. For instance, the room-temperature electrical

resistivity of parent iron pnictides is so large (even when the residual resistivity is rel-
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atively small signaling the smallness of elastic scattering) that the extracted mean-free

path of quasiparticles would be comparable to the Fermi wavelength; this is typical of

bad metals near a Mott trasition. Similarly, the Drude weight in optical conductivity

[82, 83] is strongly suppressed from its non-interacting counterpart, providing a direct

measure of the proximity to the Mott transition. This is further corroborated by the

the temperature-induced spectral weight transfer,[83, 84, 85] which is also character-

istic of metals near a Mott transition. In the spin sector, large frequency spin waves

near the Brillouin zone boundary have been observed by inelastic neutron scattering

(INS) measurements in the magnetically ordered state of several 122 iron pnictide

compounds.[86] Both the large spectral weight and the relatively-small spin damping

suggest quasi-localized moments, which are expected near the Mott transition where

the spin excitations arise out of incoherent electronic excitations. Additional evidence

for the incipient Mott transition picture has come from the observation of a Mott in-

sulating phase in the iron oxychalcogenides.[87] This material contains an expanded

Fe square lattice compared to the iron pnictides, which reduces t, thereby enhancing

U/t beyond Uc/t (Ref. [87]). Likewise, the Mott insulating behavior of the alkaline

iron selenides [88] can also be interpreted as the result of a reduced effective t and,

correspondingly, an enhanced U/t beyond Uc/t.[89, 90]

In the vicinity of Uc/t, where correlations are strong, it is natural that the spin

Hamiltonian contains not only two-spin interactions, such as J1 and J2 Heisenberg ex-

change between nearest- and next-nearest- neighbor spins on a square lattice, but also

interactions involving higher number of spins. These naturally include, for instance,

the ring-exchange coupling involving four spins on a plaquette, and the biquadratic

coupling of the form −K(Si · Sj)2 in systems with spin size S > 1.[1] The subject of

the present study is to show how such non-Heisenberg interactions, particularly the
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biquadratic interaction, influence the spin dynamics in the paramagnetic phase.

Spin dynamics in the parent iron pnictides have been most extensively studied

in the low-temperature state (T < TN) with both antiferromagnetic order and or-

thorhombic structural distortion. Here, the INS experiments up to high energies

(on the order of 200 meV) show that the spin wave excitations in these compounds

are highly anisotropic, with a dispersion which can be understood in terms of an

anisotropic J1x−J1y−J2 model with J1x 6= J1y.[86, 91, 92]. The presence of anisotropy

in the nearest-neighbor coupling is consistent with the orthorhombic structure and

orbital ordering [93, 94, 95, 96]. Detailed theoretical studies of the magnetic excita-

tions in the ordered phase have been carried out in such a J1x − J1y − J2 model,[97]

and in a J1 − J2 −K model.[98, 99] It should also be noted that terms such as the

biquadratic coupling could be inferred from the sublattice angle dependence of the

ground-state energy in LSDA calculations [100], and were shown to appear naturally

as a result of the orbital ordering between Fe dxz and dyz orbitals [96].

The focus of the present study is instead on the spin dynamics in the paramagnetic

phase of the parent iron pnictides, which has only recently been studied experimen-

tally. The initial work by Diallo et al.[101] measured the spin dynamics of CaFe2As2

at relatively low energies, below 70 meV. Theoretically, from the study of spin dy-

namics in the paramagnetic phase of the J1−J2 model (with or without an additional

fermion damping) [102], it was shown that the experimentally observed elliptical fea-

tures of the spin spectral weight in momentum space are well-described by this model

and we determined the change to the elliptical features at high energies.

More recently, Harriger et al.[103] reported measurements of the spin dynamics

in the paramagnetic phase up to high energies (above 200 meV) in BaFe2As2. The

INS measurements confirmed the quasi-two-dimensional spin dynamics found at low
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energies,[101] and characterized the evolution of the low-energy elliptic features as

they expand towards the zone boundary as the energy is raised, and determined the

high-energy dispersion which appears to require a J1x 6= J1y description even though

the paramagnetic phase has a tetragonal structure. Similar data have also been re-

ported by Ewings et al. in SrFe2As2.[104] Theoretically, Park et al.[105] analyzed

the spin dynamics in the paramagnetic state within a dynamical mean-field theory

(DMFT) for interactions U/t / Uc/t, demonstrating that the DMFT approach cap-

tures key features of the neutron scattering results, including the ellipticity of the

map of the structure-factor peak in the Brillouin zone.

In this chapter, we study the spin dynamics of the J1 − J2 − K model in the

tetragonal paramagnetic phase using both modified spin wave (MSW) and Schwinger

boson mean-field (SBMF) theories. The results from the two methods are in very good

quantitative agreement with each other. We show that, for a moderate biquadratic

coupling K, the dynamical structure factor S(q, ω) has not only elliptic features near

(π, 0), which expand with increasing energy and split into peaks surrounding (π, π),

but also an anisotropic distribution of the spectral weight that is larger along the

major axis of each ellipse than along its minor axis. These properties agree well with

the INS experiments [103, 104]

The remainder of the chapter is organized as follows. In Sec. 3.2 we introduce the

J1 − J2 −K model and describe the MSW and SBMF theories used in this chapter.

In Sec. 3.3 we show how the biquadratic coupling K influences the mean-field phase

diagram and magnetic excitation spectrum. In Sec. 3.4 we calculate the dynamical

structure factor S(q, ω). We also show that the spectral weight exhibits anisotropic

features, discuss the evolution of the anisotropic features with increasing excitation

energy, and explain how these properties arise from our theory. In Sec. 3.5 we first
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discuss some possible generalizations of the J1−J2−K model we are studying in this

chapter. In the same section, we then consider the effect of itinerant electrons, and

compare our study with other theoretical approaches to the spin dynamics. Sec. 3.6

is devoted to a comparison with the INS experiments on the paramagnetic phases of

the parent 122 iron pnictides, and Sec 3.7 contains a few concluding remarks.

3.2 Model and Methods

The J1 − J2 −K model for spin S ≥ 1 is defined on a two-dimensional (2D) square

lattice with the following Hamiltonian:

H = J1

∑
i,δ

Si · Si+δ + J2

∑
i,δ′

Si · Si+δ′ −K
∑
i,δ

(Si · Si+δ)2 , (3.1)

where J1 and J2 respectively denote the antiferromagnetic exchange couplings between

spins located in the nearest neighbor (δ = x̂,ŷ) and next-nearest neighbor (δ′ = x̂±ŷ)

sites. K is the coupling for the biquadratic interaction between the nearest neighbor

spin pairs.

To fully explain the experimentally observed (π, 0, π) antiferromagnetic order, an

exchange coupling along the third dimension, Jz should also be included. However, we

find the model defined in Eq. (3.1) already allows us to understand the experimentally

observed quasi-2D spin dynamics. Hence, we concentrate on this 2D model in the

main text.

The Hamiltonian of Eq. (3.1) is studied using both MSW[106, 107] and SBMF[5]

methods. Here, we focus on the parameter regime where the ground state has a

collinear (π, 0) antiferromagnetic order, and decompose the biquadratic interaction

term of the Hamiltonian using two Hubbard-Stratonovich fields Γi,x̂(ŷ). The effective
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Hamiltonian reads as

H = J1

∑
i,δ

Si · Si+δ + J2

∑
i,δ′

Si · Si+δ′ − 2K
∑
i,δ

Γi,δSi · Si+δ +K
∑
i,δ

Γ2
i,δ.(3.2)

At the mean-field level, the Hubbard-Stratonovich fields are treated as static quan-

tities, and can be expressed using equal-time spin correlators as: Γi,δ = 〈Si · Si+δ〉.

The Hubbard-Stratonovich transformation itself is exact. The static approximation

is made in accordance with the level of approximation inherent to the MSW and

SBMF methods, which incorporate static self-energies for the respective boson fields.

As shown below, our approach has two important features: i) it is capable of study-

ing the Ising correlations at nonzero temperatures; and ii) the MSW and SBMF

approaches yield consistent results.

3.2.1 The modified spin wave theory

The MSW theory [106, 107] has been applied to the J1 − J2 model in Ref. [102]. In

this approach, a local spin quantization axis is defined at each site along the classical

ordering direction Ωcl
i . The Hamiltonian in Eq. (3.2) is then expressed in terms of

Dyson-Maleev (DM) bosons via a local DM transformation: Si · Ωcl
i = S − a†iai,

S+
i =
√

2S(1 − a†iai/2S)ai, and S−i =
√

2Sa†i . Minimizing the free energy under the

constraint of zero sublattice magnetization 〈S − a†iai〉 = 0 by introducing a Lagrange

multiplier µ, and with respect to Γδ (= Γi,δ, by assuming translational symmetry),

we obtain

Γx = cos2 φ

2
f 2
x − sin2 φ

2
g2
x,

Γy = sin2 φ

2
f 2
y − cos2 φ

2
g2
y , (3.3)

where φ = arccos(Ωcl
i ·Ωcl

i+x̂). fδ = 〈a†iai+δ〉 and gδ = 〈aiai+δ〉 are the ferromagnetic

and antiferromagnetic bond operators, respectively. Minimizing the free energy with
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respect to φ gives either sinφ = 0 for nonzero fδ and gδ, or φ can be arbitrary if

fδ = gδ = 0. This defines two phases separated by a mean-field temperature scale [102]

Tσ0: at T > Tσ0, φ is arbitrary, and the system has C4v lattice rotational symmetry;

while for T < Tσ0, the C4v symmetry is broken and the system is Ising ordered,

corresponding to either φ = 0 or φ = π. In MSW theory, the Ising order parameter

can be defined as σ = 2(cos2 φ
2
(f 2
x +g2

y)− sin2 φ
2
(f 2
y +g2

x)). From Eq. (3.3), if we define

Γ± = (Γx ± Γy)/2 as the symmetric and antisymmetric Hubbard-Stratonovich fields,

we find that Γ− = σ/4.

Minimizing the free energy with respect to other variational parameters, we obtain

a set of self-consistent equations:

fδ = m0 +
1

N
∑
k

′Bk

εk

(
nk +

1

2

)
cos(k · δ), (3.4)

gδ = m0 +
1

N
∑
k

′Ak

εk

(
nk +

1

2

)
cos(k · δ′), (3.5)

S +
1

2
= m0 +

1

N
∑
k

′Bk

εk

(
nk +

1

2

)
, (3.6)

where N is the total number of lattice sites, δ = x̂, ŷ, and δ′ = x̂, ŷ, x̂ ± ŷ. In

Eqs. (3.4)-(3.6),

Ak = 2 sin2 φ

2
J̃1xgx cos kx + 2 cos2 φ

2
J̃1ygy cos ky

+4J2gx+y cos kx cos ky, (3.7)

Bk = 4J2gx+y − µ+ 2 sin2 φ

2
(J̃1xgx − J̃1yfy(1− cos ky))

+2 cos2 φ

2
(J̃1ygy − J̃1xfx(1− cos kx)), (3.8)

and the Bogoliubov angle θk is defined via tanh 2θk = Ak/Bk. The boson dispersion

εk =
√
B2

k − A2
k and the boson number nk = [exp(εk/kBT ) − 1]−1. At T = 0, the

spectrum of the DM bosons becomes gapless at wave vector Q and 0. This corre-

sponds to a long-range antiferromagnetic order at Q 6= 0 with a nonzero spontaneous
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magnetization m0. In this case, the summation
∑

k
′ runs over all k values that make

εk > 0, and the contribution from the εk = 0 terms is taken into account separately

by m0. For T > 0, m0 = 0, and the system is paramagnetic. Here the summation is

performed in the full momentum space. In the presence of a small third-dimension

coupling Jz, there will be a nonzero mean-field Néel temperature, TN0.

Note that these self-consistent equations are exactly the same as those for the

isotropic J1 − J2 model.[102] But the definitions of Ak and Bk are different. In

Eqs. (3.7) and (3.8) above, we defined the effective exchange couplings J1x (J1y)

along the x(y) direction as follows:

J̃1x(y) = J1 − 2KΓx(y), (3.9)

expressed in terms of the Hubbard-Stratonovich fields Γx(y) of spin-spin correlators

in Eq. (3.3). Although in the J1 − J2 −K model the bare nearest neighbor exchange

coupling J1 is still isotropic, a nonzero biquadratic coupling K leads to an anisotropic

effective coupling J̃1x 6= J̃1y in the Ising ordered phase where Γx 6= Γy, i.e. the nearest-

neighbor spin correlators along x and y are unequal, similarly to the situation found

originally[19] for the J1 − J2 model.

3.2.2 The Schwinger boson theory

In the Schwinger boson representation [108], the SU(2) spin operators are rewritten in

terms of two Schwinger bosons via the transformation: Szi = 1
2
(a†iai−b†ibi), S+

i = a†ibi,

and S−i = b†iai. To limit the boson Hilbert space to the physical sector, a constraint

a†iai + b†ibi = 2S is imposed on each site. This can be generalized to the case of

either SU(N) [109] or SP(N) [110, 111] spins, in either case there will be N boson

degrees of freedom at each site. For the experimentally observed Q = (π, 0) or (0, π)
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antiferromagnetic collinear phase in the 122 parent compounds, the (ab)-plane spin-

spin correlations are expressed as:

Si · Sj = −(1−Θ(i, j))[2ĝ†ijĝij − S2]

+Θ(i, j)[2f̂ †ij f̂ij − S(S + 1)], (3.10)

where f̂δ≡fi,i+δ= 1
2
(a†iai+δ+b†ibi+δ) and ĝδ≡gi,i+δ= 1

2
(aibi+δ−biai+δ) are respectively

the ferromagnetic and antiferromagnetic bond operators. The function Θ(i, j) = 1 if

i and j are on the same stripe sublattice, and Θ(i, j) = 0 if i and j are on different

stripe sublattices. The Hubbard-Stratonovich field is then Γδ = |f̂δ|2 − |ĝδ|2, and in

the case of (π, 0) ordering we find

Γx = −g2
x,

Γy = f 2
y . (3.11)

Comparing this to Eq. (3.3), we see that the spin correlators coincide with those in

the MSW theory if one sets φ = π. Similarly, the case of (0, π) ordering corresponds

to φ = 0 in Eq. (3.3). In both cases, Γx and Γy have opposite sign, leading to the

anisotropy in the effective spin-spin exchange couplings J̃1x 6= J̃1y, from Eq. (3.9).

By introducing Fourier transformation [112]

ai =
1√
N
∑
k

ake
i(k−Q

2
)·ri , (3.12)

bi =
1√
N
∑
k

bke
i(k+Q

2
)·ri , (3.13)

and making a Bogoliubov transformation to a new quasiparticle creation/annihilation

operators αk = cosh θkak + i sinh θkb
†
−k, one arrives at the mean-field free energy
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density, which can be generalized to the Sp(N) form [111]

FMF =
NT

N
∑
k

ln
[
2 sinh

(ωk

2T

)]
+Nλ

(
S +

1

2

)
− Nz

8

∑
δ

Jδ(|fδ|2 − |gδ|2), (3.14)

where z is the coordination number, and λ is the Lagrange multiplier associated with

the imposed constraint that on average, the number of bosons per site
∑N

σ=1 niσ =

NS. Here ωk =
√

(Bk − λ)2 − A2
k is the dispersion of the Bogoliubov quasiparticles,

expressed [112] in terms of the variables

Ak = i
∑
δ

Jδ gδ e
−ik·δ; Bk =

∑
δ

Jδ fδ e
−ik·δ; (3.15)

the Bogoliubov angle tanh 2θk =Ak/(λ − Bk). The dispersion relation ωk explicitly

depends on the ordering wave-vector Q and has minima around k = ±Q/2. In the

regime when J2 > J1/2, the minimization of the free energy results in Q = (π, 0) or

(0, π). For example, for Q = (π, 0), the expressions for Ak and Bk become:

Ak = 2J̃1xgx sin kx + 4J2gx+y sin kx cos ky, (3.16)

Bk = 2J̃1yfy cos ky. (3.17)

In the large-N limit of the Sp(N) spin, the mean-field free energy Eq. (3.14) becomes

exact.[108, 111] The observable magnetic excitation spectrum is obtained from ωk by a

Q/2 shift: εk = ωk−Q/2. At T = 0, the magnetic order results in the gapless Goldstone

modes at k = 0 and Q, as expected. The SBMF theory is known to reproduce well

the spectrum of spin waves in both ferro- and antiferro-magnets.[108, 112]

Below, we focus on the paramagnetic phase at T > 0, with short-range Q = (π, 0)

antiferromagnetic correlations (the case Q = (0, π) is obtained by C4 lattice rotation).

We obtain the following self-consistent equations from the saddle-point minimization
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of the free energy Eq. (3.14):

fδ =
1

N
∑
k

Bk − λ
ωk

(
nk +

1

2

)
cos (k · δ) , (3.18)

gδ′ =
1

N
∑
k

Ak

ωk

(
nk +

1

2

)
sin (k · δ′) , (3.19)

S +
1

2
=

1

N
∑
k

Bk − λ
ωk

(nk +
1

2
), (3.20)

where δ = ŷ, and δ′ = x̂, x̂ ± ŷ. Under the transformation Bk − λ → Bk and

k → k − Q/2, Eqs. (3.16)-(3.20) in the SBMF theory and Eqs. (3.4)-(3.8) in the

MSW mean-field theory have exactly the same form in the short-range (π, 0) cor-

related paramagnetic phase. Therefore, the two methods yield exactly the same

mean-field phase diagram and boson dispersion, as corroborated by explicit numer-

ical comparison. We further verified that these two theories give similar results for

the spin dynamics of the J1 − J2 −K model.

3.3 Mean-field phase diagram and excitation spectrum

Since INS measurements suggest J1 ∼ J2 for several 122 compounds,[86, 101, 103] our

discussion on the J1−J2−K model is focused on this parameter regime. Fig. 3.1 shows

the mean-field phase diagram of the 2D J1−J2−K model using the MSW method for

S = 1 and J1/J2 = 1. We identify three different phases. Phase I corresponds to the

(π, 0)/(0, π) antiferromagneticaly long-range ordered phase; it exists only at T = 0

in the 2D model. Phase II and phase III are both paramagnetic. They are separated

by a mean-field Ising transition temperature Tσ0. We find that for J1/J2 = 1, this

transition is first-order, as shown in Fig. 3.2. But it can be either first-order or

second-order for J1/J2 . 0.9, as discussed in more detail in Appendix 3.8. In the

low-temperature phase II, either fx 6= fy or gx 6= gy (see Fig. 3.2), corresponding
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Figure 3.1 : Mean-field phase diagram in the MSW theory for S = 1 and J1/J2 = 1.
Phases I, II, and III respectively denote the (π, 0)/(0, π) long-range antiferromagneti-
cally ordered state (at T = 0), the Ising ordered paramagnetic state, and the isotropic
paramagnetic state. The solid red curve refers to the mean-field temperature scale
Tσ0 = T0. In the shaded region the effective exchange coupling J̃1y < 0.

to an Ising ordered phase with either (π, 0) or (0, π) short-range antiferromagnetic

correlations. This Ising ordered phase already exists in the isotropic J1−J2 model.[19,

111, 102] But here, we find that a nonzero K enhances Tσ0, and K drives the effective

nearest-neighbor exchange couplings to be anisotropic. As shown in Fig. 3.2, in the

(π, 0) Ising ordered phase (corresponds to φ = π), the effective coupling J̃1y can even

be ferromagnetic. This is important for understanding the experimentally observed

anisotropic magnetic excitations at high energies in Ca-122[86] and Ba-122.[103] Phase

III at T > Tσ0 is the Ising disordered paramagnetic phase. In this phase the effective

nearest-neighbor exchange couplings are isotropic because the nearest-neighbor bond

correlators are zero. But the next-nearest-neighbor bond correlations may still be

finite in this phase. One may define another temperature scale T0, above which the

next-nearest-neighbor bond correlations vanish and the system are decoupled into

isolated local moments. Note that T0 does not refer to a phase transition, and the
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Figure 3.2 : The temperature evolution of the mean-field parameters in the MSW
theory for S = 1, J1/J2 = 1, and K/J2 = 0.8.

discontinuity of the bond correlations at T0 is an artifact of the mean-field theory.[106]

In general, T0 and Tσ0 are two different temperature scales satisfying T0 > Tσ0.[102,

111] But for J1/J2 & 0.9, T0 = Tσ0 for any K/J2 ratio, as shown in Fig. 3.2. The

phase diagram obtained in the SBMF theory is identical to the one shown in Fig. 3.1.

The finite coupling K not only changes the phase boundary of the mean-field

phase diagram, but can also dramatically influence the boson excitation spectrum.

In Fig. 3.3(a), we show the dispersions of the DM and Schwinger bosons along two

high-symmetry directions in momentum space for various K values in phase II with

φ = π using the same parameters as in Fig. 3.1. We see that the dispersion in

Schwinger boson theory matches the one in the MSW theory exactly.
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Figure 3.3 : (a): MSW dispersion along high symmetry directions in the paramag-
netic Brillouin zone for the 2D J1− J2−K model at S = 1, J1/J2 = 1.0, T/J2 = 1.0,
and various K values. For comparison, the red dashed curve shows the dispersion in
the SBMF theory for the same parameters and K/J2 = 0.8. The gaps at (0, 0) and
(π, 0) are too small to be seen in the figure. (b): The symbols show the dispersion
from the INS data at T = 150 K in BaFe2As2, taken from Ref. [103]. The data can
be fit by any of the theoretical dispersion curves [as in (a)] that lie within the shaded
region.

The dispersion shows a gap at (π, 0) (and also at (0, 0)), with the size

∆1 =

√
−µ(8J2gx+y + 4J̃1xgx − µ). (3.21)

At low temperatures the gap is small since µ → 0 as T � Tσ0. In this limit, the

excitation near (π, 0) can be approximated by εk =
√
v2

1x(π − kx)2 + v2
1yk

2
y + ∆2

1,

where the velocities are respectively:

v1x = 4J2gx+y + 2J̃1xgx, (3.22)

v1y =

√
(4J2gx+y + 2J̃1xgx)(4J2gx+y − 2J̃1yfy) + 2J̃1yfyµ.

(3.23)

The excitation develops to the gapless Goldstone mode at T = 0. At (π, π) (and also

at (0, π)) the dispersion has a different gap

∆2 =

√
(8J2gx+y − 4J̃1yfy − µ)(4J̃1xgx − 4J̃1yfy − µ). (3.24)
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The features that v1x 6= v1y and ∆1 6= ∆2 already exists in the isotropic J1−J2 model.

In the J1 − J2 − K model, ∆1 at (π, 0) is only weakly affected by K because it is

dominated by µ. But ∆2 at (π, π) is strongly influenced. It increases with K. For

sufficiently large K, approximately where J̃1y changes sign to be ferromagnetic (the

shaded region in Fig. 3.1), the dispersion at (π, π) turns from a local minimum to a

maximum, as shown in Fig. 3.3(a). Similar behavior in the spin-wave dispersion of

the J1−J2−K model has also been discussed in Ref. [98] in the antiferromagnetically

ordered phase, but our results apply to the paramagnetic phase.

3.4 Dynamical spin structure factor

In order to investigate the magnetic excitations, which are directly accessible by

INS measurements, we have calculated the magnetic structure factor S(q, ω). Our

main interest is to understand the experimentally observed anisotropic feature of the

magnetic excitations in the paramagnetic phase above the Néel temperature. As

already discussed in Sec. 3.3, in this temperature regime, the most relevant factor

for the in-plane anisotropy is the Ising order. Therefore, we will concentrate our

discussion on the magnetic structure factor in phase II of the 2D J1− J2−K model.

In this phase S(q, ω) has the same form in both MSW and Schwinger boson theories,

S(q, ω) = 2π
C

N
∑
k

′ ∑
s,s′=±1

[cosh(2θk+q − 2θk)− ss′]

×δ(ω − sεk+q − s′εk)nsk+qn
s′
k , (3.25)

where
∑′ refers to the summation over the magnetic Brillouin zone corresponding

to the (π, 0) order, which is enclosed by −π/2 6 kx 6 π/2, and −π 6 ky 6 π.

n+
k = nk + 1 and n−k = nk. C = 1 in the MSW theory, and C = 3/2 in the Schwinger
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Figure 3.4 : Constant energy cuts of the rotational symmetrized spin dynamical
structure factor in the momentum space in the MSW theory for S = 1, J1/J2 = 1.0,
K/J2 = 0.8, and T/J2 = 1.0. The corresponding energies are respectively ω = 4J2

in (a), ω = 10J2 in (b), ω = 11.5J2 in (c), ω = 12J2 in (d). In all the panels, a
broadening factor 0.5J2 has been used for the convenience of calculation.
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boson theory with SU(2) symmetry.∗ We see from Eq. (3.25) that the contribution

to S(q, ω) comes from two-boson processes. Hence, in general cases the peak of

S(q, ω) does not follow the boson dispersion. But at low temperatures, the largest

contribution to S(q, ω) in the summation over k comes from the term at k = (0, 0)

since the small gap ∆1 at this point results in a large boson number nk. To satisfy the

energy conservation in the δ function, S(q, ω) must be peaked at ω ≈ εq. Actually

this leads to a two-peak structure corresponding to s′ = ±1 near ω = εq for a fixed

q. But the separation of these two peaks is proportional to ε(0,0) and is very small

at low temperatures. In the numerical calculations performed, the gap between the

two peaks is healed by substituting the delta function by a Lorentzian with a small

broadening width. As a result of this small broadening, S(q, ω) only shows a single

peak structure. Therefore, in this limit the peak positions of S(q, ω) follow the boson

dispersion.

To better discuss the anisotropic distribution of the spectral weight in momentum

space, we plot the constant energy cuts of the calculated S(q, ω) at a fixed tem-

perature T < Tσ0 in Fig. 3.4. At low energies, the peaks of S(q, ω) form a elliptic

ring centered at (π, 0) (and also its symmetry related point (0, π) after rotation sym-

metrization), as displayed in Figs. 3.4(a),(b). The elliptic feature is a consequence

of the anisotropic correlation lengths in the Ising ordered phase, and the ellipticity

near (π, 0) is proportional to ξx/ξy = v1x/v1y, which is not sensitive to temperature

since the mean-field parameters are only weakly temperature dependent for T < Tσ0

(Fig. 3.2). The ellipticity also only weakly depends on K: for J1/J2 = 1, we find

∗The factor C = (N + 1)/N in a SU(N) or Sp(N) SBMF theory. Hence S(q, ω) satisfies the sum

rule only when N → ∞. In the SU(2) SBMF theory, C = 3/2 violating the sum rule is a known

issue. See Ref. [108] for more detail.



49

ξx/ξy ' 1.7 at K = 0, and ξx/ξy ' 1.4 at K/J2 = 0.8.

With increasing energy, the ellipse centered around (π, 0) expands towards the

Brillouin zone boundary, as seen in Figs. 3.4(a)-(d). For sufficiently large energy, the

spectral weight reduces greatly along the qx direction, and the S(q, ω) is peaked near

qy = ±π/2 along the qy direction (Fig. 3.4(c)). The elliptical peak feature appears

to have been split into two parts in the direction of its major axis. As the energy

gets close to ε(π,π), the two peaks move towards (π,±π), forming patterns that are

centered around (π,±π); cf. Figs. 3.4(c)-(d). In our theory, there are two factors that

contribute to this anisotropic distribution of the spectral weight along the ellipses.

Firstly, for ω > ε(π/2,0), along the qx axis the energy conservation in the δ function of

Eq. (3.25) can only be satisfied when k 6= (0, 0). A nonzero k corresponds to a smaller

nk, which greatly reduces S(qx, ω). Along the qy axis, however, S(qy, ω) is not reduced

because the k = (0, 0) mode can still satisfy the energy conservation. Secondly, for a

given k, the coherence factor cosh(2θk − 2θk+q) along the ellipse is also anisotropic.

To see this, recall that the largest contribution to S(q, ω) is from the k = (0, 0) term

in Eq. (3.25). For simplicity, we take a single mode approximation, namely, S(q, ω)

can be approximated by this k = (0, 0) term. Then the ellipse showing spectral

weight peaks is determined by εq = ω, and the coherence factor cosh(2θk − 2θk+q) ∝

(Bq − Aq)/εq. For
√
q2
xξ

2
x + q2

yξ
2
y � T/∆1, Bq − Aq ≈ ∆ − εq/∆ − 2J̃1yfyq

2
y, where

∆ = 8J2gx+y + 4J̃1xgx. Since J̃1y < 0 for the choice of model parameters, it is easy

to see that along the ellipse εq = ω, the maximum of the coherence factor is located

along the qy axis but not the qx axis. Since within the single mode approximation,

S(q, ω) is proportional to the coherence factor, S(q, ω) is also anisotropic along the

ellipse. Note that at low energies (
√
q2
xξ

2
x + q2

yξ
2
y � T/∆1), J̃1yfyq

2
y � ∆, so the

anisotropy is very small. This coherence-factor-induced anisotropy becomes sizable
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when the ellipse is large (for
√
q2
xξ

2
x + q2

yξ
2
y & T/∆1).

3.5 Discussions

3.5.1 The effects of spin size
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Figure 3.5 : (a): MSW dispersion along high symmetry directions in the paramag-
netic Brillouin zone for the 2D J1− J2−K model at S = 2, J1/J2 = 1.0, T/J2 = 1.0,
and various K values. (b): The ratio of J̃1y/J̃1x, showing the anisotropy in effective
exchange couplings, see Eq. (3.9), as a function of the biquadratic coupling for S = 1
and S = 2.

Besides the S = 1 results shown in Sec. 3.3 and Sec. 3.4, we have also studied the

J1 − J2 −K model with larger spin sizes, and found the mean-field phase diagram is

similar to the one in Fig. 3.1. Approximately, Tσ0 and T0 are increased by a factor

of S(S + 1)/2. The boson dispersion shown in Fig. 3.5(a) also exhibits the similar

features as in the S = 1 case. In Fig. 3.5(b) we compare the ratio of the effective

nearest neighbor couplings J̃1y/J̃1x, defined in Eq. (3.9), for S = 1 and S = 2 (at
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zero temperature). We find that with increasing S, the minimal K/J2 value where

J̃1y becomes ferromagnetic is dropped from K/J2 ≈ 0.53 to K/J2 ≈ 0.13. Hence,

we conclude that the anisotropy of the effective exchange couplings induced by non-

Heisenberg coupling K is more significant for larger spin size S.

We can further compare our MSW result at T = 0 with the one in a recent MSW

study, which used a mean-field treatment that is different from ours.[99] The two

theories yield exactly the same results when the spin size S → ∞. For finite spin

sizes, by comparing the behavior of J̃1y/J̃1x ratio in Fig. 3.5(b) and the corresponding

results in Ref. [99], we observe that the two theories give qualitatively similar results

for the anisotropy in the exchange couplings: The biquadratic coupling K reduces the

ratio of the effective ratio J̃1y/J̃1x. Quantitatively, there are some differences between

the two approaches. In particular, while for S > 1, the ratio J̃1y/J̃1x changes sign

at a finite K value in both theories, this sign change does not appear for S = 1 in

Ref. [99].

3.5.2 Generalizations of the J1 − J2 −K model

Several remarks on the J1−J2−K model studied in this chapter. From the incipient

Mott picture, when the system is in the vicinity of Uc/t, the spin Hamiltonian contains

interactions involving more than just two spins. To see this, we start from a multi-

orbital Hubbard model on a square lattice, and assume that Hund’s rule coupling locks

the spins in different orbitals to a high spin state. Then we may obtain a spin-only

Hamiltonian by integrating out the fermion degrees of freedom based on perturbation

in t/U . To the t2/U order, we obtain the usual J1−J2 Heisenberg interaction between

nearest- and next-nearest- neighbor spins. The next-order terms appear in the order

t4/U3, and include the biquadratic K term as well as the ring exchange interactions.
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Here, we have focused on the effects of the biquadratic interaction. The influence of

the ring exchange interactions in the regime we are considering is briefly discussed in

Appendix 3.9.

To fully understand the antiferromagnetic (π, 0, π) order revealed in the experi-

ments, the 2D J1 − J2 −K model needs to be extended to the 3D case by including

an interlayer coupling Jz. A nonzero Jz will support the antiferromagnetic order up

to the Néel temperature TN . In the mean-field treatment, the antiferromagnetic or-

der emerges at a mean-field Néel temperature TN0. The details of the effects of the

interlayer coupling Jz to the magnetic phase diagram of the J1 − J2 −K model and

the magnetic excitation spectrum is further discussed in Appendix 3.10.

When fluctuations beyond the mean-field level are taken into account, the actual

Néel and Ising transition temperatures, TN and Tσ can be well below their mean-field

values. The mean-field temperatures TN0 and Tσ0 then correspond to some crossover

temperature scales, below which the fluctuating order have significant effects. The

fluctuating anisotropic effects we have presented will be dominant in the temperature

regime TN < T < Tσ0.[102]

3.5.3 Effect of itinerant electrons

Within the bad-metal description of the iron pnictides, the quasi-localized moments

are coupled to itinerant electrons with a spectral weight that depends on the proximity

to the Mott transition. A convenient way to describe the effect of itinerant electrons on

the spin dynamics is to reformulate the results of the local-moment-based calculations

in terms of a non-linear sigma model, and introduce into the latter a damping caused

by the itinerant electrons; for details, we refer to Ref. [102]. Well below Tσ0 and in

the vicinity of (π, 0), the effects of the itinerant electrons are described in terms of
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the effective action for the staggered magnetization M:

S[M ] = T

∫
dq
∑
l

[
r + ∆r + v2

1xq
2
x + v2

1yq
2
y + ω2

l

+γ|ωl|] M2 + uM4 +O(M6). (3.26)

Here, M = m + m
′

is the sum of m and m′, the O(3) vectors respectively for the

magnetizations of the two decoupled sublattices on the square lattice, and ωl the

Matsubara frequency. This action arises in a “w-expansion”, which is based on a

proximity to the Mott transition and is described in Refs. [77, 78]; it has the form of

the usual σ-model [113]. In the first term, ∆r > 0 is a mass shift and γ describes the

strength of spin damping from coupling to fermions. (See Fig. 3.6) At relatively low

energies, this introduces a procedure that can be used to describe the broadening of

the spin spectral peaks in momentum space due to coupling to itinerant electrons.[102]

Figure 3.6 : Diagramm of the second-order contribution to the effective action in
Eq. (3.26) due to coupling to fermions.

We should emphasize that this procedure is a qualitative treatment of the spin

damping. Incorporating the full details of the electronic bandstructure will introduce

momentum-dependence of the damping rate, making it possible to generate the type

of anisotropic damping that was proposed phenomenologically by Harriger et al. [103].

Comparing our results for the J1 − J2 −K model in Fig. 3.4(a)-(d) with those of

the J1− J2 model (Fig. 4 of Ref. [102]) shows that, the biquadratic term itself brings

out an anisotropy in the spectral weight of the elliptic peaks. The spectral weight is

larger along the major axis of the ellipse than along its minor axis. This anisotropy
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goes in the same direction as that of the experimental data on BaFe2As2, illustrated

in Fig. 3.4(f). We therefore conclude that both the ellipticity and intensity anisotropy

of the spectral peaks in momentum space are controlled by the exchange interactions.

We note that the Ising order parameter is also coupled to the itinerant electrons.

Since the Ising order parameter breaks the C4v symmetry, it couples to those spin

singlet fermion bilinears that correspond to the B1g representation. Consequently a

nonzero Ising order parameter will induce a nonzero dx2−y2 nematic charge density

(cos kx − cos ky)c
†
k,αck,α for all the d-orbital electrons, where α is the orbital index.

In addition the Ising order parameter will induce a nonzero charge density imbalance

c†kxzckxz − c†kyzckyz between the dxz and the dyz orbitals, which is also referred as the

ferro-orbital order. As a result the spin fluctuations from the incoherent degrees of

freedom can give rise to an orbitally ordered, charge nematic metal, with anisotropic

transport properties. In a model with 3D coupling (see Appendix 3.10), the coupling

to the itinerant electrons will reduce the Néel transition temperature from its mean-

field value TN0 to TN < TN0, through the positive ∆r noted above. It will likewise

decrease the Ising transition temperature from its mean-field value Tσ0 to Tσ < Tσ0.

However, the correlation lengths are still sizeable and should be anisotropic up to

Tσ0.[102] This implies that, in the 3D model with three-dimensional coupling, we ex-

pect anisotropic magnetic excitations to exist from TN all the way up to the crossover

temperature scale Tσ0, in the absence of a static Ising order.

3.5.4 Comparison with other approaches

Our studies in the J1 − J2 −K model, with or without the coupling to the itinerant

electrons, are very different from purely itinerant studies with U/t much smaller than

Uc/t. Because the Fermi surface comprises small electron and hole pockets, such



55

calculations are expected to yield very small spin spectral weight. Experimentally,

the total spectral weight is known to be large, with an effective moment that is larger

than 1 µB/Fe in CaFe2As2 (Ref. [86]). Such a large spectral weight arises naturally

in our approach using as the starting point the J1 − J2 model (with or without the

K term).

Our approach can be compared more closely with that of the DMFT studies of

Ref. [105], in which the ratio of the effective interaction (combined Coulomb and

Hund’s interactions) to the characteristic bandwidth is close to the Mott-transition

value, U/t / Uc/t. The proximity to the Mott transition ensures that a large part of

the electronic spectral weight lies in the incoherent regime, which will naturally give

rise to a large spin spectral weight. The consistency of the momentum-dependence

determined by the DMFT calculations and that of our J1 − J2 − K calculations

further suggests the compatibility of the two approaches. There are some important

differences, however. In the DMFT calculation, the anisotropy of the structure factor

has been attributed to the geometry of the Fermi surface(s). The J1− J2−K results

however tie the anisotropy of the spin spectral weight in momentum space with the

Ising correlations.

Experimentally, the Ising correlations can be very naturally connected with the

x−y anisotropy observed in ARPES[114] and transport[115] measurements in the de-

twinned 122 iron pnictides at temperatures above TN . A recent theoretical calculation[116]

shows how resistivity anisotropy in the tetragonal phase above TN follows from the

existence of the Ising correlations discussed here.



56

Figure 3.7 : Evolution of S(q, ω) in the paramagnetic phase of the J1 − J2 − K
model, showing that the elliptical features near (π, 0) at low energies (top panels) are
split into features that are centered around (π, π), as the energy is increased towards
the zone-boundary spin-excitation energy (bottom panels). This trend is consistent
with the inelastic neutron scattering experiments, shown in the box on the right
for two energies measured in the paramagnetic phase of BaFe2As2 (data taken from
Ref. [103]). (a)-(d): Same as Fig. 3.4(a)-(d), but with damping γ = 3J2. (e)-(f): The
INS data at T = 150 K in BaFe2As2, taken from Ref. [103]. The energy transfer is
ω = 50 ± 10 meV in (e), and ω = 150 ± 10 meV in (f). Here we find that the best
agreement between theory and experimental data achieves when taking J2 ≈ 13 meV
in the model.
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3.6 Comparison with experiments on the paramagnetic phases

of parent 122 iron pnictides

Spin dynamics in the paramagnetic phase of the parent 122 iron pnictides has been

recently studied via INS measurements.[101, 103, 104] For CaFe2As2, spin dynamics

at low energies (below 70 meV) has been studied by Diallo et al.[101] It is found

that the peaks of the dynamical structure factor form anisotropic elliptic features at

low energies, similar to the results in the antiferromagnetic phase.[86] More recently,

Harriger et al.[103] measured the spin dynamics of BaFe2As2 up to 200 meV. At low

energies, they found the distribution of spectral weights in the momentum space forms

similar elliptic feature as in the CaFe2As2 case. With increasing energy, the elliptic

feature expands towards the Brillouin zone boundary. Moreover, they determined the

magnetic dispersion to be peaked (or flat-topped) near (π, π). Similar results have

also been reported for SrFe2As2.[104]

Our study on the J1 − J2 −K model have already provided valuable information

for understanding these experimental observations. In real materials, the various

fluctuation mechanisms and the coupling to fermions/phonons will reduce the Néel

and Ising transition temperatures. However, below the mean-field Ising temperature

Tσ0, the effective couplings between the nearest neighbors are always anisotropic.

Hence we expect the magnetic fluctuations to be anisotropic for TN(≤ Tσ) < T < Tσ0,

which corresponds to the upper portion of region II in Fig. 3.1. This anisotropy is

reflected in the spin dynamics in the paramagnetic phase.

To be specific, the anisotropic elliptic feature at low energies observed in CaFe2As2

and other parent 122 compounds can already been understood within the J1 − J2

model.[102] We have shown in Fig. 3.4 that the J1 − J2 −K model gives the similar
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low-energy elliptic feature. It will be important to measure the spin dynamics at high

energies in this material.

Our calculated evolution of this elliptic feature as the energy is raised in the

J1−J2−K model can be systematically compared with the experimental observations

in BaFe2As2 and SrFe2As2. To see this, we fit the peak positions of calculated S(q, ω)

to the experimental magnetic excitation dispersion data in BaFe2As2, from which we

can extract the best fitted values of the exchange couplings. Assuming S = 1, we

find the fitted exchange couplings are J2 = 17 ± 4 meV, J1/J2 = 1.0 ± 0.5, and

K/J2 = 0.8 ± 0.3. We find that a very broad range of the J1/J2 ratio can all fit

the experimental data quite well. As illustrated in Fig. 3.3(b), any dispersion curve

within the shaded region fits the experimental data within error bars. But to fit the

dispersion data near the local maximum at (π, π), a moderate K/J2 ratio is necessary.

For S = 1, we find K/J2 ≈ 0.8 fits the data the best. On the other hand, for S = 2,

the best fitted K/J2 ratio is substantially reduced to about 0.2.

For BaFe2As2, detailed measurements in the momentum space have been reported

by Harriger et al. [103]. This allows us to see that the agreement between our

theory and the experiment is not only for the dispersion, but also for the anisotropic

distribution of the spectral weight of S(q, ω) in momentum space.

In order to make a comparison with experimental data, we use Eq. (3.25) in the

calculation of S(q, ω) and approximate the delta function by the following Lorentzian

broadening

δ(ω −∆ε) −→ 1

π

γ

(ω −∆ε)2 + γ2
. (3.27)

Here we have assumed that the broadening mainly comes from the damping effect due

to coupling to itinerant electrons. It is then reasonable to take the phenomenological

broadening factor to be the damping γ introduced in Eq. (3.26) since in either the
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MSW or Schwinger boson theory, the damping is still due to the same bubble in

Fig. 3.6. Calculating the magnitude of γ requires a detailed microscopic theory and

is beyond the scope of this work, however we can use Ref. [102] for reference, where

it has been determined that γ/J2 ≈ 3 for CaFe2As2. Here we assume that this

ratio still holds for BaFe2As2 and the damping is isotropic. In Figs. 3.7(a)-(d) we

replot the theoretical dynamical spin structure factor in Fig. 3.4 with this damping

factor, and compare them with the experimental data in Ref. [103]. At low energies,

our theory correctly captures the elliptical feature centered at (π, 0) as displayed in

Figs. 3.7(a),(b). Experimentally, this is seen as a filled elliptical spot due to damping

effect, which is also shown in our theoretical plot in Fig. 3.7(a). The evolution of

the elliptical feature with increasing energy is also consistent with the experimental

observation: as the ellipse expands towards zone boundary, it gradually splits into

two parts, and forms a pattern around (π, π) (see Figs. 3.7(c), (d), and (f)). We

reiterate that such anisotropic features are the properties of our J1 − J2 −K model

either with an isotropic or without additional damping due to itinerant electrons.

While anisotropic damping proposed in Ref. [103] could reinforce the effect, it is not

necessary to understand the INS experiments. In CaFe2As2 the elliptical feature

around (π, 0) persists up to high energies, while in BaFe2As2, this elliptical feature

splits into two parts at intermediate energy. [103] These two different behaviors can

both be understood within our J1 − J2 − K model with similar, nearly isotropic

damping but different K values.

3.7 Conclusions

In this chapter we have investigated the finite temperature spin dynamics of a J1 −

J2 − K antiferromagnetic Heisenberg model using both MSW and SBMF theories.
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The spin dynamics obtained from these two methods are similar to each other.

We have found that by including a moderate biquadratic coupling K, the magnetic

excitation spectrum of the J1− J2−K model is anisotropic below a mean-field Ising

transition temperature Tσ0. As in the case of the J1 − J2 model [102], the peak of

the low-temperature dynamical structure factor S(q, ω) contains elliptical features

near (π, 0) in the paramagnetic Brillouin zone at low excitation energies. However,

unlike the pure J1 − J2 model, the spectral intensity also displays anisotropy along

the ellipse, with the intensity being higher along the major axis than that along the

minor axis. This spectral anisotropy accounts for the observed particular way in

which the low-energy elliptical features, centered around (π, 0), expand towards the

zone boundary as the energy is increased towards the zone-boundary spin-excitation

energy. It also gives rise to a particular form of high-energy spectral features that are

centered around (π, π).

We have also compared our calculated dynamical spin structure factor of the

J1 − J2 −K model with the recent inelastic neutron-scattering measurements in the

paramagnetic phases of the 122 iron pnictides [103, 101, 104]. The theoretical results

provide a very natural understanding of the salient features of the experiments.

3.8 Ising transition at small J1/J2 ratios

We find that the nature of the mean-field Ising transition at Tσ0 depends on both

J1/J2 and K/J2 ratios. At K = 0 and J1/J2 . 0.9, we find Tσ0 < T0, and the

Ising transition at Tσ0 is always second-order (Fig. 3.8). When J1/J2 & 0.9, Tσ0

meets T0 and the Ising transition becomes first-order. This is an artifact of the mean-

field approximation since the transition at T0 is always first-order.[106, 107] Still for

J1/J2 . 0.9, increasing K from zero, the transition at Tσ0 changes from second-order
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to first-order when K is bigger than a bicritical point Kc. As shown in Fig. 3.8 for

J1/J2 = 0.6, Kc/J2 ≈ 0.04. At K & Kc, Tσ0 < T0. This suggests that the Ising

transition near Kc is not influenced by T0 , but the order of this transition is tuned

by K. Hence the first-order transition at Tσ0 is not an artifact of the mean-field

treatment.
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Figure 3.8 : Mean-field magnetic phase diagram in the MSW theory for S = 1,
J1/J2 = 0.6. The dashed blue and dashed dotted brown curves refer to the mean-
field temperature scales TN0 and T0, respectively. The thicker solid red curve refers
to a second-order Ising transition at Tσ0, while the thinner solid red curve refers to a
first-order transition. In the shaded region, the effective exchange coupling J̃1y < 0.

3.9 Effects of ring exchange couplings

Besides the quadratic and biquadratic interactions, other interactions involving more

than two spins can also appear in the spin Hamiltonian in the vicinity of Mott tran-

sition. For instance, the four-spin ring exchange interaction can appear as a conse-

quence of the fourth-order perturbation associated with the electron hopping process.

We can consider the effects of a four-spin ring exchange process on the spin dynamics

by adding a term K�
∑

i,j,k,l[(Si · Sj)(Sk · Sl)− (Si · Sk)(Sj · Sl) + (Si · Sl)(Sj · Sk)] to
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the Hamiltonian, where K� > 0, and the sites (i, j, k, l) are the vertices of a square

plaquette, labeled clockwise. The four spin ring exchange competes against J1 and

J2 and tends to weaken the antiferromagnetic order coming from J1 or J2. In the lin-

ear spin wave description of the (π, 0) ordered state, we obtain the effective exchange

constants J̃1x = J1 +2(K−K�)S2, J̃1y = J1−2(K−K�)S2, and J̃2 = J2 +K�S
2, and

a reduced spin gap at (π, π). This trend also persists in the paramagnetic state, and

reduces the size of the Ising order parameter. For consistency with the experimental

results we require K > K�.

3.10 Effects of interlayer exchange coupling

0.0 0.2 0.4 0.6 0.8 1.0

2
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K/J2  
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J 2

II

III

I

Figure 3.9 : Mean-field magnetic phase diagram in the MSW theory for S = 1,
J1/J2 = 1, and an interlayer exchange coupling Jz/J2 = 0.1. The dashed blue and
solid red curves refer to the mean-field temperature scales TN0 and Tσ0, respectively.
In the shaded region, the effective exchange coupling J̃1y < 0.

The real materials have a 3D tetragonal structure. In the J1−J2−K model, the 3D

effects can be studied by extending the model to include a finite interlayer exchange

interaction Jz
∑

i Si · Si+ẑ. In 3D the long-range antiferromagnetic phase survives at
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Figure 3.10 : The temperature evolution of the mean-field parameters in the MSW
theory for S = 1, J1/J2 = 1, K/J2 = 0.8, and with an interlayer exchange coupling
Jz/J2 = 0.1.

finite temperature up to the Néel temperature TN . In MSW and SBMF theories, the

mean-field Néel temperature TN0 is determined by the onset of spontaneous sublattice

magnetization m0. In general, TN0 6 Tσ 6 T0. The modification to our discussion

in Sec. 3.2 comes through an additional interlayer antiferromanetic bond correlation

parameter gz. In the presence of Jz, the self-consistent equations of Eqs. (3.4)-(3.6)

and Eqs. (3.18)-(3.20) are unchanged, but the expressions for Ak and Bk are modified

according to

A3D
k = Ak + 2Jzgz cos kz (3.28)

B3D
k = Bk + 2Jzgz, (3.29)
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Figure 3.11 : Dispersion of the J1−J2−K model in the MSW theory for various K
values at S = 1, J1/J2 = 1.0, T/J2 = 0.1, and with an interlayer exchange coupling
Jz/J2 = 0.1.

in the MSW mean-field theory, and

A3D
k = Ak + 2Jzgz sin kz (3.30)

B3D
k = Bk. (3.31)

in the SBMF theory.

In Fig. 3.9 we show the phase diagram at the experimentally suggested ratio

Jz/J2 = 0.1. Similar to the 2D case, the mean-field phase diagram consists of an Ising

and Néel ordered antiferromagnetic phase (I), an Ising ordered but Néel disordered

paramagnetic phase (II), and an Ising and Néel disordered paramagnetic phase (III),

separated by mean-field temperatures TN0 and Tσ0 (see also Fig. 3.10). For the

parameters in Fig. 3.9, the transitions are both first-order, and both TN0 and Tσ0

increase with K. For K/J2 & 0.2, TN0 meets Tσ0, and there is only a single transition

between phases I and III. The absence of phase II in this regime is an artifact of the

mean-field theory, since Tσ0 is always bounded above by the mean-field scale T0.

In connection to the real materials, we note that the structural and magnetic
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transitions in the 1111 pnictides are well separated. But in 122 compounds, they

are either very close to each other, or become a single first-order transition. This

can be understood in terms of the present theory, provided Jz is stronger in the 122

materials. By comparing Fig. 3.9 and Fig. 3.2 we see that the magnetic transition is

closer to the Ising transition for a larger Jz. Recent experiments also show that the

electron doping may cause the separation of the structural and magnetic transition

temperatures in Ba(Fe,Co)2As2 system.[117] The similarity between this behavior

and the K dependence of Tσ0 and TN0 in the phase diagram of Fig. 3.9 suggests

the possibility that electron doping is positively correlated with a reduction of the

biquadratic interaction. It would then be interesting to reveal the link between them

in future experimental and theoretical studies.

In Fig. 3.11 we show the low-temperature boson dispersions of the 3D model for

various K values along two high-symmetry directions in the kz = π plane. Aside

from a larger gap at (0, 0, π), the dispersion is very similar to the one in 2D: the

dispersion is highly anisotropic, and with increasing K, the local minimum at (π, π, π)

turns to a maximum. This is not too surprising because the in-plane anisotropy is a

consequence of the 2D Ising-type fluctuations, and is not sensitive to the interlayer

exchange coupling.
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Chapter 4

Spin Ferroquadrupolar Order in the Nematic

Phase of FeSe

4.1 Introduction

Superconductivity in the iron-based superconductors [17, 118] is widely recognized

to have spin fluctuations at its origin [119, 120], as it develops after the suppres-

sion of columnar antiferromagnetism (CAFM) by doping or applied pressure on the

parent compounds [69, 121, 122, 123]. The CAFM phase is characterized by the

magnetic Bragg peaks at wave-vectors Q1,2 = (π, 0)/(0, π) in the one-iron Bril-

louin zone, seen ubiquitously in different families of the iron pnictides and chalco-

genides [69, 124, 125]. The discovery of superconductivity in stoichiometric FeSe thus

came as a surprise, because the long-range magnetic order is conspicuously absent in

this material [126, 127, 128, 129, 130, 131]. Another important feature, universally

observed across different families of iron-based superconductors, is the appearance

of an electronic nematic phase [115, 132, 114, 133] which spontaneously breaks the

lattice C4 rotational symmetry. Usually, nematicity appears in close proximity to

magnetism above the Néel temperature, which we considered in Chapter 3. However

in FeSe, the nematic phase appears without any accompanying magnetism and coex-

ists with superconductivity [127, 128, 129, 130]. It is thus important to understand

the origin of this non-magnetic nematic phase, in particular to gain insight into its

effect on superconductivity.
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It turns out that magnetic order can be induced by applying hydrostatic pressure

to FeSe [127, 128, 129]. It has also been suggested based on ab initio calculations

that the non-magnetic phase in FeSe lies in close proximity to the CAFM phase [134,

135, 136]. Further evidence of proximity to long-range magnetic order comes from

inelastic neutron scattering (INS) experiments, which found large spectral weight at

wavevectors Q1,2 [137, 138, 139, 140]. Two natural questions arise: In the theoretical

phase diagram, is there a non-magnetic phase that neighbors on the CAFM? And

furthermore, how does such a non-magnetic phase give rise to nematicity?

In an attempt to answer these questions, several theoretical scenarios have been

proposed for non-magnetic ground states that may appear as a result of frustration:

a nematic quantum paramagnet [141], a spin quadrupolar state with wave-vectors

Q1,2 [142], or a staggered dimer state [143]. In all three cases, the ground state

wavefunction was designed to explicitly break the C4 symmetry, thus resulting in

nematicity. Alternatively, instead of being the ground state property, nematicity can

also be induced as a result of anisotropic thermal [144, 116] or possibly quantum

fluctuations.

In this chapter, we investigate the frustrated bilinear-biquadratic Heisenberg model

used by many authors to model iron pnictides and chalcogenides [75, 98, 145, 141, 142],

and show that the most likely non-magnetic state that agrees qualitatively with the

INS data on FeSe is the spin ferroquadrupolar (FQ) phase. By using variational mean-

field, flavor-wave expansion, and the density matrix renormalization group (DMRG)

calculations, we firmly establish that the FQ phase is situated in close proximity to

the CAFM state in the phase diagram and is readily accessible in the realistic param-

eter regime of the model. The experimentally observed onset of magnetism in FeSe

under applied pressure [127, 128, 129] is thus interpreted as the transition between
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the proposed FQ phase and CAFM. The calculated dynamical spin structure factors

agree qualitatively with the INS data [137, 138, 139, 140], exhibiting pronounced

maxima of the scattering intensity at the gapped Q1,2 points. We note that this

is in contrast with the antiferroquadrupolar (AFQ) scenario, which has negligible

spectral weight at these wavevectors [142]. Furthermore, we demonstrate that FQ

order is robust with respect to C4 symmetry breaking environment, and can thus

support nematicity, regardless of its microscopic origin. Additionally, we find that

the density-density interactions between Q1,2 modes are highly repulsive within the

FQ phase and diverge upon approaching the FQ/CAFM phase boundary, providing

a scenario in which quantum fluctuations in FQ are the origin of nematicity.

4.2 Model

We use a bilinear-biquadratic Heisenberg model [75, 98, 145, 141, 142] to investigate

the ground state properties and spin dynamics:

H =
1

2

∑
i,j

JijSi · Sj +
1

2

∑
i,j

Kij(Si · Sj)2, (4.1)

where Si is the quantum spin-1 operator on site i. In the present study, the interac-

tions are limited to the 1st and 2nd nearest neighbors: Jij = {J1, J2}, Kij = {K1, K2}.

The quadrupolar operators are traceless symmetric tensors Qαβ≡SαSβ +SβSα−
4
3
δαβ (α, β=x, y, z). Only five of these tensors are linearly independent, which are
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convenient to cast in a 5-vector form:

Q =



Qx2−y2

Q3z2−r2

Qxy

Qyz

Qzx


=



Qxx−Qyy
2

2Qzz−Qxx−Qyy
2
√

3

Qxy

Qyz

Qzx


=



(Sx)2 − (Sy)2

3(Sz)2−2√
3

SxSy + SySx

SySz + SzSy

SzSx + SxSz


(4.2)

For spin-1, we use the identity:

(Si · Sj)2 =
1

2
Qi ·Qj −

1

2
Si · Sj +

4

3
, (4.3)

we can rewrite model Eq. (4.1) as

H =
1

2

∑
i,j

(
Jij −

Kij

2

)
Si · Sj +

1

4

∑
i,j

Kij

(
Q i ·Q j +

8

3

)
. (4.4)

A time reversal invariant basis for spin-1 is used in this work, |α〉 = { |x〉, |y〉, |z〉 },

defined as a unitary transformation from the regular |Sz〉 basis:

|x〉 = i
|1〉 − |1̄〉√

2
, |y〉 =

|1〉+ |1̄〉√
2

, |z〉 = −i|0〉. (4.5)

Arbitrary single site state can be represented by a unit-length director ~di in this basis

|~di〉 =
∑

α d
α
i |α〉.

4.3 Variational Mean-field Calculation

Given a spin state parametrized by director ~di, the energy of the model Eq. (4.4)

can be readily calculated at the mean-field level by decoupling 〈Si ·Sj〉 ≈ 〈Si〉 · 〈Sj〉

and similarly for 〈Q i · Q j〉. Such mean-field decoupling is justified in a minimally
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entangled long-range order state, for which the wavefunction can be written in a

separable form |Ψ〉 =
∏

i |~di〉 [146]. The mean-field ground state energy density is

given by:

E0 =
1

2N

∑
i,j

[
Jij|〈~di|~dj〉|2 − (Jij −Kij)|〈~di|~d∗j〉|2 +Kij

]
, (4.6)

where N stands for the total number of lattice sites.

We then perform a variational search by minimizing Eq. (4.6) with respect to

~di, where the directors ~di are restricted on 2 × 2 and 4 × 4 unit cells with periodic

boundary condition. The purely quadrupolar states are identified with vanishing

magnetic moment: 〈Si〉 ≡ 2 Re[~di] × Im[~di] = 0,∀i. Among the quadrupolar states,

one distinguishes a FQ phase, with all directors parallel, and more general AFQ

phases with non-collinear directors. The familiar magnetic phases corresponds to

dipolar moment |〈Si〉| = 1,∀i with a spin structure factor characterized by the Bragg

peaks. In general, one also encounters states that contain a mixture of magnetic and

quadrupolar moments with 0 < |〈Si〉| < 1 on all sites, or states which have purely

magnetic/quadrupolar moments only on partial sites, or even so-called semi-ordered

states with undetermined |〈Si〉| [146].

The variational mean-field phase diagram is given in Fig. 4.1, obtained for anti-

ferromagnetic J1 > 0 and J2/J1 = 0.8, which were deduced by fitting the INS spectra

for BaFe2As2 [103] to the J1−J2−K1 spin model [98, 145]. Due to the fact that FeSe

lies in proximity to CAFM, we do not expect its parameters to deviate dramatically

from those deduced in Refs. [98, 145], and we have also verified that the magnetic and

quadrupolar phases in Fig. 4.1 are robust to small variations of J2/J1. Remarkably,

Fig. 4.1 shows that the only non-magnetic phase in close proximity to CAFM is the

FQ phase, with both phases realized at negative biquadratic interaction K1. We note

that K1 < 0 is generically expected from the fitting of the INS spectra in the iron
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pnictides/chalcogenides [98, 145], with the ratio |K1|/J1 of order 1. This is indeed

consistent with the location of CAFM region in Fig. 4.1. No other purely quadrupolar

phases were found; in particular the AFQ(π, 0)/(0, π) phase, expected to be realized

for positive K2 [142] turns out to be unstable to the admixture of the magnetic mo-

ment, resulting in a mixed magnetic/quadrupolar state with 0 < |〈Si〉| < 1 (grey

region in Fig. 4.1) [147].
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Figure 4.1 : Variational mean-field phase diagram of the Hamiltonian Eq. (4.1) with
J1 = 1, J2 = 0.8 and periodic boundary condition (2 × 2 and 4 × 4 unit cells yield
exactly the same results). The dashed lines denote shifted phase boundaries when
breaking C4 symmetry in Eq. (4.1) by hand, using Jx,y1 = (1± 0.2)J1.

For completeness, we also write down the energies of several typical phases of
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interest:

FM : E0 = 2J1 + 2J2 + 2J3 + 2K1 + 2K2 + 2K3;

AFM(π, 0)/(0, π) : E0 = −2J2 + 2J3 + 3K1 + 4K2 + 2K3;

AFM(π, π) : E0 = −2J1 + 2J2 + 2J3 + 4K1 + 2K2 + 2K3;

FQ : E0 = 4K1 + 4K2 + 4K3; (4.7)

AFQ(π, 0)/(0, π) : E0 = 3K1 + 2K2 + 4K3;

AFQ(π, π) : E0 = 2K1 + 4K2 + 4K3.

By restricting ourselves to consider only these phases listed in Eq. (4.7), we can

obtain a biased mean-field phase diagram Fig. 4.2. We note that the AFQ (π, 0)/(0, π)

phase in Fig. 4.2 is energetically unfavorable in the full variational treatment, and

will be replaced by the region 0 < |Si| < 1 in Fig. 4.1.
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Figure 4.2 : Biased mean-field phase diagram obtained from comparing energies
listed in Eq. (4.7), with J1 = 1, J2 = 0.8, and J3 = K3 = 0.
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4.4 Density Matrix Renormalization Group (DMRG)

Since the variational mean-field calculation only takes into account minimally entan-

gled mean-field states, the results in Fig. 4.1 may be energetically unfavorable upon

quantum fluctuations. To verify the stability of the FQ phase, we have performed

the SU(2) DMRG calculations [148, 149, 150, 151] on L×2L rectangular cylinders

with L = (4, 6, 8) ∗ near the mean-field FQ/CAFM phase boundary. We keep up to

4000 SU(2) states, leading to truncation errors less than 2×10−5 in all data points

presented in this work. In Fig. 4.3, we show both the static spin and quadrupolar

structure factors, defined as

m2
S(q) =

1

L4

∑
ij

〈Si · Sj〉eiq·(ri−rj), (4.8a)

m2
Q(q) =

1

L4

∑
ij

〈Q i ·Q j〉eiq·(ri−rj), (4.8b)

where i, j are only partially summed on L× L sites in the middle of the cylinder, in

order to reduce boundary effects [152, 26, 150, 153]. Fig. 4.3(a)(b) show the results

for m2
S(q) in the FQ and CAFM phases, respectively; Fig. 4.3(c)(d) depict m2

Q(q)

in these two phases. Since m2
S(q) and m2

Q(q) are maximized near (0, π) and (0, 0)

respectively, we fix q at these two momenta, and perform finite size scaling analysis

of m2
S(q) and m2

Q(q) in Fig. 4.3(e)(f). For large negative K1, it is clearly shown

that the m2
S(0, π) is suppressed from L = 4 to 8, and vanishes in the thermodynamic

limit by extrapolation; while m2
Q(0, 0) remains finite, confirming FQ as the underlying

phase. For small negative K1, m2
S(0, π) remains finite in the thermodynamic limit,

confirming the corresponding phase to be CAFM. We note that the DMRG yields a

larger FQ region with the FQ/CAFM boundary found at K1 > −1.4, compared to

∗L represents the size of y-direction which has periodic boundary condition
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the mean-field prediction of Kc
1 = −1.6 in Fig. 4.1.
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Figure 4.3 : Static spin and quadrupolar structure factors obtained from DMRG on
RCL−2L cylinders with J1 = 1, J2 = 0.8, K2 = −1. (a)(b) m2

S(q) for L = 8. (c)(d)
m2
Q(q) for L = 8. (e)(f) Finite-size scaling of m2

S(q = (0, π)) and m2
Q(q = (0, 0)) as

a function of the inverse cylinder width, where the lines are guide to the eye.

4.5 Spin Excitations and Comparisons to Inelastic Neutron

Scattering Experiments

Having established FQ as a stable non-magnetic phase in close proximity to CAFM,

we turn to the analysis of its magnetic exictations.

To be general, we formulate the calculation with an applied magnetic field−h∑i S
z
i ,

then the directors in the FQ phase become:

~di = (cos(µ/2), i sin(µ/2), 0) , (4.9)
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where µ is determined by minimizing Eq. 4.6, which in an FQ state gives:

sinµ =
h

4(J1 + J2 −K1 −K2)
. (4.10)

Then we use the flavor-wave technique, which represents the local spin and quadrupo-

lar operators Oi in terms of three flavors of Schwinger bosons in the fundamental

representation of SU(3) [146, 154, 155, 156]:

Oi =
∑
αβ

b†i,αO
αβ
i bi,β, (4.11)

subject to the constraint
∑

α b
†
i,αbi,α = 1.

Further, we perform a unitary transformation according to the directors in the

magnetic field:

b̃i = V†i bi, (4.12a)

S̃νi = V†i Sνi Vi, (4.12b)

Q̃ν
i = V†iQν

i Vi, (4.12c)

where the transformation matrix Vi is identical on all sites i in an FQ state:

Vi =


i sin(µ/2) 0 cos(µ/2)

cos(µ/2) 0 i sin(µ/2)

0 1 0


. (4.13)

The third component of bi is condensed, by expanding

b̃†i,3 = b̃i,3 =
√

1− b̃†i,1b̃i,1 − b̃†i,2b̃i,2. (4.14)

The Hamiltonian expanded up to quadratic level can be diagonalized by the Bo-

goliubov transformation

αq,a = cosh θq,abq,a − sinh θq,ab
†
−q,a, (4.15)
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up to a constant it gives:

Hfw =
∑
a=1,2

∑
q

ωq,a(α
†
q,aαq,a + 1/2), (4.16)

where the dispersion ωq,a:

ωq,a =
√

(2taa(q) + λaa)2 − 4∆aa(q)2, (4.17)

and the Bogoliubov coefficents:

tanh 2θq,a = − 2∆aa(q)

2taa(k) + λaa
, (4.18)

where tab(q), ∆ab(q) and λab are 2× 2 diagonal matrices in FQ:

t11(q) = (J1 cos2 µ+K1 sin2 µ)(cos qx + cos qy)

+ 2(J2 cos2 µ+K2 sin2 µ) cos qx cos qy, (4.19a)

t22(q) = J1(cos qx + cos qy) + 2J2 cos qx cos qy, (4.19b)

∆11(q) = (K1 − J1) cos2 µ (cos qx + cos qy)

+ 2(K2 − J2) cos2 µ cos qx cos qy, (4.19c)

∆22(q) = (K1 − J1) cosµ (cos qx + cos qy)

+ 2(K2 − J2) cosµ cos qx cos qy, (4.19d)

λ11 = −8(J1 + J2 −K1 −K2) sin2 µ

− 4(K1 +K2) + 2h sinµ, (4.19e)

λ22 = −4(J1 + J2 −K1 −K2) sin2 µ

− 4(K1 +K2) + h sinµ. (4.19f)

The dynamical spin structure factor at T = 0 is defined as:

Sαβ(q, ω)=
∑
f

〈g.s.|Sα(q)|f〉〈f |Sβ(−q)|g.s.〉δ(ω − Ef + Eg). (4.20)
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The spin operators in Eq. (4.20) are represented by the SU(3) bosons, keeping

only the linear order terms (neglecting the two-magnon continum and the constant

background):

Sx(q) = − sin
µ

2

(
b̃†−q,2 + b̃q,2

)
, (4.21a)

Sy(q) = −i cos
µ

2

(
b̃†−q,2 − b̃q,2

)
, (4.21b)

Sz(q) = i cosµ
(
b̃†−q,1 − b̃q,1

)
. (4.21c)

Then Eq. (4.20) can be written down explictily:

Sxx(q, ω)=sin2 µ

2

2t22(q)+λ22−2∆22(q)

ωq,2
δ(ω−ωq,2), (4.22a)

Syy(q, ω)=cos2 µ

2

2t22(q)+λ22+2∆22(q)

ωq,2
δ(ω−ωq,2), (4.22b)

Szz(q, ω)=cos2 µ

2

2t11(q)+λ11+2∆11(q)

ωq,1
δ(ω−ωq,1). (4.22c)

With zero magnetic filed, the dispersion ωq,a are degenerate in flavor index a =

{1, 2}, shown in Fig. 4.4(a). Since FQ phase spontaneously breaks the spin-rotational

symmetry, there are two gapless Goldstone modes at q = 0. However there is no

Bragg peak as the dynamical spin structure factor S(q, ω) shown in Fig. 4.4(b) has

a vanishing spectral weight (∝ |q|) at q=0, ω=0 because of the conservation of time

reversal symmetry in quadrupolar states [155, 154, 157, 158]. In Fig. 4.4(b), we see

large spectral weight at Q1,2 at low energy due to the proximity to the CAFM phase.

The spectral weight further shifts towards (π, π) when increasing ω (see Fig. 4.4(c-f)),

closely tracking the INS results on FeSe [137, 138, 139, 140]. We note that in the AFQ

(π, 0)/(0, π) phase proposed in Ref. [142], one would expect Goldstone modes with

zero spectral weight at Q1,2, which would contradict the large-intensity dispersing

feature near Q1,2 found in the INS data on FeSe.
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Figure 4.4 : Dispersion and dynamical spin structure factor in the FQ phase obtained
from flavor-wave calculation with J1 = 1, J2 = 0.8, K1 = −1.65, K2 = −0.8. (a)
Dispersion plotted in the 1st BZ. (b) Energy-momentum dependence of S(q, ω). (c)-
(f) Constant-energy cuts of S(q, ω) in q-space. (c) ω/J1 = 2. (d) ω/J1 = 4. (e)
ω/J1 = 6. (f) ω/J1 = 8. A Lorentzian broadening factor λ = 0.8J1 is used for
approximating the delta-functions.
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With finite magnetic field, since we break the time-reversal symmetry by hand,

then the degeneracy of the two Goldstone modes is lifted (see Fig. 4.5). This effect

can be verified with future experiments to distinguish if the non-magnetic state is

indeed FQ.

Figure 4.5 : Dynamical spin structure factor in the FQ phase with finite magnetic
field, plotted using J1 = 1, J2 = 0.8, K1 = −1.65, K2 = −0.8, h = 2(J1+J2−K1−K2),
and a Lorentzian broadening factor λ = 0.8J1.

4.6 Interplay of FQ and Nematicity

Having demonstrated that FQ phase is indeed consistent with the INS results on

FeSe [137, 138, 139, 140], we now ask further whether FQ phase can coexist with

nematicity observed in FeSe. We apply C4 breaking exchange anisotropy in Eq. (4.1),

using Jx,y1 = (1± 0.2)J1 in the variational mean-field calculation. This results in the

shift of the phase boundaries (shown with dashed lines in Fig. 4.1) and although the

FQ phase shrinks slightly, it clearly remains stable in a large portion of the mean-field

phase diagram.
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We now turn to the microscopic origin of nematicity in FeSe – can FQ order be

the reason for the discrete C4 symmetry breaking? Unlike other proposals starting

with nematic spin wavefunctions in the ground state [141, 142, 143], in the flavor wave

theory up to bilinear terms in Eq. (4.16), the spin correlations in FQ phase are C4

symmetric. This does not mean that the FQ ground state cannot spontaneously break

this symmetry and in fact, it turns out that higher order interactions (mode-mode

coupling) become increasingly important when approaching the FQ/CAFM phase

boundary. Collecting up to the 4th order terms in the flavor wave theory [147], we

obtain H4th = Hfw +Hint with

Hint =
1

N

∑
abcd

∑
k1,k2,q

V cd
ab (k1,k2,q)α†k1+q,aα

†
k2−q,bαk2,cαk1,d, (4.23)

where only five combinations of {abcd} are nonzero: {1111}, {2222}, {1122}, {2211}

and {1221}. Above, only particle number conserving terms have been kept for sim-

plicity.

In terms of Schwinger bosons, we can define a nematic order parameter as 〈∆〉 =∑
a〈nQ1,a − nQ2,a〉, where 〈. . .〉 denotes the expectation value in the full interacting

Hamiltonian H4th, and nq,a = α†q,aαq,a is the boson density operator of flavor a at

momentum q. If we stop at the quadratic level of flavor wave theory, then 〈∆〉fw ≡ 0

due to the Bose-Einstein condensation at q = (0, 0). Once interactions are taken

into account in H4th, the condensate will become depleted, resulting in a finite boson

density at the local minima Q1,2 of the spectrum in Fig. 4.4(a) and thus making it

possible, in principle, that 〈∆〉 6= 0. To see how this may occur, we consider the

density-density interactions between the Q1,2 modes, which can be extracted from

Eq. (4.23) as:

Hint = Ṽ (nQ1,1nQ2,1 + nQ1,2nQ2,2) + Ṽ ′nQ1,1nQ2,2 + . . . , (4.24)
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Figure 4.6 : The density-density interactions between the Q1,2 modes when ap-
proaching the FQ/CAFM phase boundary Kc

1 = −1.6. The parameters used in this
plot are J1 = 1, J2 = 0.8, K2 = −0.8.

where the intra-flavor and inter-flavor interactions Ṽ and Ṽ ′ are expressed [147]

through V cd
ab (k1,k2,q) in Eq. (4.23).

The values of Ṽ and Ṽ ′ are plotted in Fig. 4.6. Intriguingly, they are repul-

sive in the region K1 > −3, and diverge when approaching the FQ/CAFM phase

boundary at Kc
1 = −1.6, resulting in a C4 symmetry-breaking imbalance in boson oc-

cupation nQ1
6= nQ2

. Since sufficiently strong (not necessarily diverging) interactions

can commonly trigger diverging susceptibilities, we expect the renormalized nematic

susceptibility to diverge before reaching the FQ/CAFM phase boundary, resulting

in a finite nematic window KN
1 < K1 < Kc

1 inside the FQ phase. The existence of

such a window should be carefully verified by further analytical and numerical ef-

forts, which will be a subject of future work. We note that while the present study is

limited to second-neighbor interactions, our mean-field analysis shows that inclusion

of third neighbor K3(Si · Sj)2 term with K3 < 0 will further favor FQ over magnetic

phases [147], possibly leading to a wider nematic region.
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4.7 Conclusion and Discussion

Direct experimental measurements of quadrupolar orders are typically difficult, due

to the negligible spectral weight of the spin structure factor near the ordering wave-

vector. A possible way to visualize such “ghost” modes is by applying a magnetic

field: the degeneracy of the two flavors will be lifted, and one of the Goldstone

modes acquires a gap and a visible spectral weight [157, 158], as we demonstrate in

[147]. More direct evidence can be gained from the quadrupolar structure factor,

which should exhibit Bragg peaks at the ordering wave-vector, and in principle can

be measured by resonant inelastic X-ray scattering experiments [159].

In summary, we showed that FQ phase lies in close proximity to CAFM in the

phase diagram of a bilinear biquadratic spin-1 model and that it is stable in a real-

istic range of the model parameters, as verified by both the mean-field and DMRG

methods. The dynamical spin structure factor S(q, ω) inside the FQ phase is shown

to be qualitatively consistent with the recent INS results on FeSe. While at the

quadratic level the FQ ground state does not explicitly break the C4 lattice symme-

try, we demonstrate that the quantum fluctuations result in repulsive density-density

interactions between Q1,2 magnon modes, whose strength diverges on approaching

the FQ/CAFM phase boundary. This suggests the existence of a finite window inside

the non-magnetic FQ phase where the C4 symmetry is spontaneously broken. Fur-

ther studies are necessary to establish such nematic window unequivocally, however,

even if the nematicity is driven by other sources (for example, local strains due to

lattice imperfections; or orbital ordering, as proposed in the light of recent nuclear

magnetic resonance [160, 161] and ARPES [162] experiments), the incipient nematic

order will couple to the symmetry-breaking quantum fluctuations that we found in

the FQ phase. Our calculations show that the FQ order is robust with respect to
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such C4 breaking environments and can coexist with nematicity.
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Chapter 5

Orbital nematic order and interplay with

magnetism in the two-orbital Hubbard model

5.1 Introduction

Nematicity, defined as spontaneous breaking of the four-fold rotational C4 symme-

try down to C2, has been recently observed in the electronic properties of Fe-based

superconductors[17, 68]. Experimental efforts, including transport measurements[115,

132, 163, 164, 165, 133, 166, 167], optical conductivity[132, 168, 169, 170], scan-

ning tunneling microscopy[171, 172, 173], neutron scattering[103, 174, 175], quantum

oscillations[176], magnetic torque measurements[177], and angle-resolved photoemis-

sion spectroscopy (ARPES) measurements[178, 114, 179], have reported the electronic

in-plane anisotropy, mostly in the compounds of the BaFe2As2 (122) family, even at

temperatures higher than the lattice structural transition[115, 133, 177, 175, 114, 179].

Upon electron doping, the resistivity anisotropy is first enhanced in the underdoped

region, but then suppressed upon further doping into the superconducting region[115];

while hole doping appears to suppress the resistivity anisotropy even while below the

structural phase transition[165].

Origins of the observed anisotropy have been discussed in the context of lattice,

magnetic and orbital fluctuations[75, 76, 78, 180, 181, 182, 94, 183, 95, 184, 185],

and there are also debates whether the nematicity is intrinsic or if it comes from

the anisotropic impurity scattering[167, 173, 186]. Recent resistivity ρ measurements
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under fixed strain[133] δ = (a − b)/(a + b) (a and b are the lattice constants) have

detected divergent nematic susceptibility dρ/dδ, proving that the nematicity is of

electronic origin rather than due to an elastic lattice instability.

One possible mechanism behind this electronic nematicity is the so-called Ising-

nematic (also referred to as “spin nematic”) scenario, based on the discrete Ising

symmetry breaking between two columnar antiferromagnetic (CAF) ordering wave-

vectors, Q1 = (π, 0) and Q2 = (0, π). In the ordered CAF phase, the magnetization

M(r) = M1e
iQ1·r + M2e

iQ2·r breaks the C4 symmetry whenever M1 6= M2, and

neutron scattering finds either M1 = 0 or M2 = 0 in the iron pnictides[30, 103]. The

nematic order parameter is defined as the difference in spin correlations along the x̂

and ŷ axes:

ψ =
∑
i

|M(i) ·M(i+ x̂)−M(i) ·M(i+ ŷ)| ∝ |M1|2 − |M2|2. (5.1)

However, the C4 symmetry can be spontaneously broken even above the Néel temper-

ature (TN) due to anisotropic spin fluctuations, as was first pointed out by Chandra,

Coleman and Larkin[19], and later applied to the iron pnictides[75, 76, 78, 116, 187].

Recently, these anisotropic spin fluctuations have been imaged directly[175] using the

inelastic neutron scattering in uniaxial-pressure detwinned samples of BaFe2−xNixAs2.

On the other hand, it has been proposed that the electronic nematicity may stem

from unequal population of the dxz and dyz orbitals, resulting in the ferro-orbital

ordering [94, 180, 181, 182, 183, 95]. The order parameter is the orbital polariza-

tion p = 〈nxz − nyz〉, which explicitly breaks the C4 symmetry. Experimentally,

polarization-dependent ARPES found orbitally-polarized Fermi surfaces inside the

CAF phase of the parent compound BaFe2As2[178]. The unambiguous splitting of Fe

dxz and dyz orbitals has also been observed by ARPES above the structural transition

temperature Ts in the detwinned samples of lightly Co-doped[114] and P-doped[179]
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BaFe2As2.

The driving force for the electronic nematic transition is very difficult to determine

because of the strong coupling between internal spin and orbital degrees of freedom.

Indeed, on the symmetry grounds, Landau free energy will contain a linear coupling

between the Ising-nematic order parameter ψ and the orbital ordering p:

∆F = η p · ψ ∝ η p ·
〈
M2

1 −M2
2

〉
. (5.2)

Independent of the sign of the coupling constant η, such a term in the free energy

will result in a non-vanishing value of the orbital polarization whenever ψ takes on a

non-zero value, and the other way round. It has been proposed that this “chicken and

egg” problem may in principle be resolved by comparing the rates of divergence in

the orbital and Ising-spin susceptibilities on approaching the transition,[188] however

this approach would only work provided the coupling constant |η| is not too large.

In order to disentangle the effects of the magnetic and orbital ordering, it is useful

to consider the compounds where the two phases are clearly separated. One such

example is stoichiometric FeSe, which we considered in Chapter 4. FeSe undergoes a

structural transition at around Ts ≈ 90 K without any sign of the antiferromagnetic

ordering[189, 127]. Recent ARPES measurements[162] on FeSe show a clear splitting

of ∼ 50 meV between the energies of the Fe dxz and dyz orbital bands, which sets

in at about Ts. Importantly, this measured energy splitting is more than five times

larger than expected from density-functional theory (DFT) calculations considering

the orthorhombic lattice distortion alone[162]. The likely orbital nature of the struc-

tural transition in FeSe is also corroborated by recent nuclear magnetic resonance

(NMR) [161, 160] and shear modulus measurements[160]. In Chapter 4, we have

discussed about the spin aspect in the nematic phase of FeSe, which is possibly a

spin ferroquadrupolar phase. But we haven’t fully addressed the origin of nematicity,
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which could be rooted in the multi-orbital physics in FeSe.

Another example is NaFeAs of the 111 family with Ts = 53 K significantly higher

than the Néel temperature TN = 40 K. Recent ARPES measurements in NaFeAs

indicate[190, 191] that the orbital order develops exactly at or slightly above Ts and

appears to trigger the antiferromagnetic order at the lower temperature TN , due to

the nesting of the two-fold anisotropic Fermi surface [190]. One is tempted there-

fore to interpret this result based on the orbital-driven scenario[190]. Intriguingly,

scanning tunneling spectroscopy finds evidence of local electronic nematicity up to

temperatures twice Ts, in the nominally tetragonal phase[192].

The above experimental observations raise a possibility that it may indeed be

possible to stabilize ferro-orbital order in the absence of long-range magnetic order-

ing. It is the purpose of this chapter to address this question theoretically within the

minimal two-orbital model.[193, 194] While the two-orbital model is known to have

a number of limitations in describing the iron-based superconductors (for instance,

resulting in a wrong number of Fermi pockets and missing the dxy orbital contents

on the Fermi surface), the primary reason for using this model here is its conceptual

simplicity. We do not presume that such a simple model can describe the realistic

electronic properties of, e.g. FeSe or LiFeAs. Rather, the question we aim to address

can be phrased as follows – what is the minimal theoretical model (whether or not

applicable to the iron pnictides) that can support orbital nematic ordering in the

absence of magnetism? In this chapter, we show that the two-orbital model is suffi-

cient to describe this physics under realistic values of intra-orbital and inter-orbital

Coulomb repulsion. Generalization of these results to a realistic five-orbital model of

the iron pnictides or iron chalcogenided will be the subject of future work.

We used the combination of RPA and non-perturbative quantum cluster calcu-
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lations (VCA) to study the effect of electron interactions and doping on both the

antiferromagnetism and ferro-orbital ordering at zero temperature. Within the two-

orbital model, we find that the orbital nematic order strongly depends on inter-orbital

Hubbard repulsion and Hund’s coupling term, and its dependence on electron and

hole doping is not symmetric. In the undoped and hole-doped system, we find that

orbital order coexists with magnetic order, as observed ubiquitously in the 122 fam-

ily of iron pnictides. Our key finding is that sufficient electron doping stabilizes

the orbital nematic phase while suppressing the antiferromagnetic ordering, sugges-

tive of the experimental observations of orbital order in Co-doped LiFeAs[195] and

FeSe[162, 161, 160].

This chapter is organized as follows: In Section 5.2 we introduce the two-orbital

Hubbard model as a starting point for our calculations; in Section 5.3 and 5.4 we

study the orbital nematic order and its interplay with the magnetic order by using

RPA and VCA methods, respectively; in Section 5.5, we discuss our results in the

context of the related theoretical and experimental work, and we finally draw the

conclusions in Section 5.6.

5.2 Model

To study the orbital nematic order in Fe-based superconductors, we start from the

minimal two-orbital Hubbard model capturing the itinerant electrons with onsite

electron-electron interactions:

H = H0 + U
∑
i,α

niα↑niα↓ +

(
U ′ − J

2

) ∑
i,α<β

niαniβ

− 2J
∑
i,α<β

Siα · Siβ + J ′
∑
i,α<β

(c†iα↑c
†
iα↓ciβ↓ciβ↑ + h.c.)

(5.3)
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Here i is the site label, α, β ∈ {xz, yz} stand for the orbital indices. U and U ′ are

respectively the intra- and inter-orbital Hubbard interaction, J stands for the Hund’s

coupling and J ′ = J stands for the pair hopping term. H0 is the non-interacting

two-orbital Hamiltonian from Ref. [193]:

H0 =
∑
kσ

ψ†kσ[ε+(k)1 + ε−(k)τ3 + εxy(k)τ1]ψkσ (5.4)

with ψ†kσ = [c†xz,σ(k), c†yz,σ(k)], where σ is the spin label, and

ε±(k) =
εx(k)± εy(k)

2

εx(k) = −2t1 cos kx − 2t2 cos ky − 4t3 cos kx cos ky

εy(k) = −2t2 cos kx − 2t1 cos ky − 4t3 cos kx cos ky

εxy(k) = −4t4 sin kx sin ky

(5.5)

The values of the hopping parameters have been kept fixed throughout the context:

t1 = −0.25eV, t2 = 0.325eV, t3 = t4 = −0.2125eV .

The reason behind studying the two-orbital (as opposed to the full five-orbital)

model is the universally accepted fact that the major contribution to the Fermi surface

comes from the iron t2g orbitals (dxz, dyz, dxy), whereas the eg orbital weight is very

small[70, 196]. Additionally, the dxz and dyz orbitals carry most of the spectral

weight[70] and the dxy orbital can thus be neglected in the first approximation. While

it is true that in order to obtain all the Fermi pockets observed in ARPES, one needs

to consider all 5 Fe orbitals[197], here we chose to focus on the two-orbital model in the

hope that it captures the salient features of nematicity in the iron pnictides, especially

because the ferro-orbital nematic order only affects the two dxz and dyz orbitals in

question. We expect that our central results will remain unaltered upon inclusion of

the other orbitals, however demonstrating this explicitly will be the subject of future

work. We note that the present approach is similar in spirit to the weak-coupling
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approaches [144, 187, 198, 120] which start from the band picture of a hole pocket

around the Γ-point and electron pockets in the corners of the Brillouin zone, in a

sense that these approaches also deal with a reduced Hilbert space of typically two

bands (irrespective of their orbital contents). Nevertheless, even such a simplified

two-band approach is known to produce reliable results which are largely unaffected

by inclusion of other bands [120].

We point out that another, more pragmatic reason for limiting the present consid-

eration to two orbitals is because the five-orbital model is well beyond the computa-

tional demands of the state-of-the-art variational cluster approximation used in this

work (see section 5.4 for more detail). Studying antiferromagnetism necessitates the

use of a 4-site cluster, which when combined with 5 orbitals per Fe site, would result

in an effective 20-“site” Hubbard model that lies well beyond the present limits of

either the exact diagonalization or continuous-time quantum Monte Carlo solver [199]

used in VCA or in cluster-DMFT.

The inter- and intra-orbital interaction strengths in Eq. (5.3) are not independent

of each other. In the atomic limit, a well known relation U ′ = U − 2J holds, which

ensures orbital rotational invariance[200]. In a solid, the electron-electron interactions

are screened, meaning that the above relation between U ′ and U may not be obeyed

exactly. Below, we shall investigate the phase diagram of the model Eq. (5.3) treating

U ′ and U as independent parameters. However later on, when studying the effect of

interactions on nematicity and antiferromagnetism, we shall use the relation U ′ =

U − 2J which we expect to hold approximately in the iron pnictides. The values

of interactions for the 122 Fe-pnictides in the two-orbital model are approximately

U = 2 eV, U ′ = 0.6 eV, J = 0.7 eV. Note that we chose the interaction U to

be somewhat lower than U = 2.7 eV calculated within the ab initio constrained-
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RPA scheme [201], which is consistent with the smaller effective bandwidth when

considering only dxz and dyz orbitals in Eq. (5.3), compared to the width of all 5

Fe bands. When we attempted to use larger values of U & 2.5 eV, the variational

cluster calculations (see Sec. 5.4 below) indicate the parent compound to be a Mott

insulator. Therefore, to keep the system metallic in agreement with experiments, we

were forced to choose a lower value of U = 2 eV.

5.3 Random Phase Approximation

For the case when interaction is not too strong, we can treat the Hubbard terms and

Hund’s term as perturbation, and perform an RPA calculation for both the spin-spin

correlation function and orbital nematic density-density correlation function:

χspin(k, iωn) ≡ 2

∫ β

0

dτ
∑
α1α2

∑
r

eiωnτ−ik·r〈T Ŝzα1
(r, τ)Ŝzα2

(0, 0)〉 (5.6)

χnematic(k, iωn) ≡ 1

2

∫ β

0

dτ
∑
r

eiωnτ−ik·r〈T (n̂xz(r, τ)−n̂yz(r, τ)) ·(n̂xz(0, 0)−n̂yz(0, 0))〉

(5.7)

Where α1, α2 are orbital indices. Summation over spin indices has been made implicit

by writing n̂α = n̂α↑ + n̂α↓.

The bare spin susceptibility is of the form:

χ
(0)
spin(k, iωn) ≡

∑
α1α2

(
χ(0)

spin

)
α1α2

=
−1

2βN
∑
ωm,q

∑
α1α2s1s2

[σzs1s2G̃
α1α2
0 (k + q, iωn + iωm) · σzs1s2G̃

α2α1
0 (q, iωm)]

= − (Dxx
0 (k, iωn) +Dyy

0 (k, iωn) + 2Dxy
0 (k, iωn)) (5.8)

where G̃αβ
0 is the non-interacting Green’s function and the susceptibility matrix χ(0)

spin

depends on two orbital indices, which has been summed over to obtain the final



92

(scalar) quantity. The explicit form of this matrix is as follows (α1, α2 = {x, y} is a

shorthand notation for xz, yz orbitals):

χ(0)

spin
=

 χ
(0)
xx χ

(0)
xy

χ
(0)
yx χ

(0)
yy


spin

= −

 Dxx
0 Dxy

0

Dyx
0 Dyy

0

 (5.9)

Above, Dαβ
0 (k, iωn) is the 2× 2 matrix in the orbital basis denoting the bare suscep-

tibility (bubble diagram):

k, ωnk, ωn

k + q, ωn + ωm

q, ωm

αβ
Dαβ

0 (k, iωn) =

=
1

N
∑
q

∑
ν1ν2

〈α|ν1,k + q〉〈ν1,k + q|β〉〈β|ν2, q〉〈ν2, q|α〉

· nF (Eq,ν2)− nF (Ek+q,ν1)

iωn + Eq,ν2 − Ek+q,ν1

(5.10)

where Eν,q is the dispersion of the two non-interacting bands in Ref. [193] (ν1, ν2 =

{+,−} are band indices):

E±(k) = ε+(k)±
√
ε2−(k) + ε2xy(k). (5.11)

We note in passing that the most general bare susceptibility is a 4-point correlation

function that can be written as a 4-rank tensor in both orbital indices α1, . . . α4 and

spin indices s1, . . . , s4 (see also Ref. [70]):

(χ0)α1α2α3α4

s1s2s3s4
(k, iωn)

=
−1

βN
∑
ωm,q

Γs1s2α1α2
G̃α1α3

0 (k + q, iωn + iωm)Γs3s4α3α4
G̃α4α2

0 (q, iωm) (5.12)

where the choice of the matrix Γss
′

αβ depends on the type of susceptibility one calculates.

For instance, in the case of spin susceptibility, Γss
′

αβ = 1αβσss
′

z , which is how we obtained

Eq. (5.8) above.
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One can similarly calculate the (bare) orbital nematic susceptibility, in which case

the vertex matrix Γss
′

αβ = τ zαβ1ss
′

is identity in spin indices:

χ
(0)
nematic(k, iωn) ≡

∑
α1α3

(
χ(0)

nematic

)
α1α3

=
−1

2βN
∑
ωm,q

∑
α1α2α3α4s1s2

[τ zα1α2
G̃α1α3

0 (k + q, iωn + iωm) · τ zα3α4
G̃α4α2

0 (q, iωm)]

= − (Dxx
0 (k, iωn) +Dyy

0 (k, iωn)− 2Dxy
0 (k, iωn)) (5.13)

where

χ(0)

nematic
=

 χ
(0)
xx χ

(0)
xy

χ
(0)
yx χ

(0)
yy


nematic

= −

 Dxx
0 −Dxy

0

−Dyx
0 Dyy

0

 (5.14)

The 2x2 matrix χ(0)

nematic
is defined above such that the final results turn out to be in

a simplified 2x2 matrix form (Eqs. 5.16,5.17) although the intermediate steps in the

RPA calculation actually involve more complicated tensor operations.

In order to now calculate the susceptibilities in the presence of the (weak) in-

teractions, we sum over the RPA series of diagrams for the two susceptibilities, see

Figs. 5.1 and 5.2. In the general form, the RPA renormalized susceptibility (before

tracing out the external Pauli matrices) is calculated in the following way:

(χRPA)α1α2α3α4

s1s2s3s4
= (χ0)α1α2α3α4

s1s2s3s4
− (χ0)α1α2β1β2

s1s2t1t2
V β1β2β3β4
t1t2t3t4 (χRPA)β3β4α3α4

t3t4s3s4
(5.15)

where V is a tensor with 4-oribtal indices (β1, . . . , β4) and 4-spin indices (t1, . . . , t4)

of the interactions in the Hubbard model[70].

Following the orbital rotational invariant senario, we use J ′ = J , and all the

results below are done by calculating explicitly the tensor form in Eq. (5.15), except

for some digression for the case J ′ = 0 made in Eqs. (5.16)-(5.19). These simplified

equations with J ′ = 0 are beneficial for an intuitive understanding of the dominant
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interactions {U, U ′, J}, and we have checked that the following results (calculated

with J ′ = J) do not change qualitatively even if we set J ′ = 0.

For the case J ′ = 0, after tracing out the corresponding external Pauli matrices

(see Figs. 5.1,5.2), the final results can be simplified in the 2x2 matrix form using the

definitions in Eqs. 5.9 and 5.14:

χ
spin

= χ(0)

spin

1−

 U J

J U

χ(0)

spin


−1

(5.16)

χ
nematic

= χ(0)

nematic

1 +

 U −2U ′ + J

−2U ′ + J U

χ(0)

nematic


−1

(5.17)

σz
s1s2

α α

β β
σz
s2s1

α α

β β

σz
s1s2

σz
s2s1

σz
s1s2

σz
s2s1

α α

β β

+ + + . . .

Figure 5.1 : RPA diagrams for spin susceptibility.

When we sum over all components of the matrices, this yields the total RPA-

renormalized (scalar) susceptibilities:

χspin

= χxx + χxy + χyx + χyy

=
χ

(0)
spin − 2(U − J) detD0

1− Uχ(0)
spin − 2(U − J)Dxy

0 + (U2 − J2) detD0

(5.18)
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τ zα1α2
α1 α2

α3 α4

τ zα3α4

α1 α2

α3 α4

τ zα1α2

τ zα3α4

τ zα1α2

τ zα3α4

α1 α2

α3 α4

+ + + . . .

Figure 5.2 : RPA diagrams for orbital nematic susceptibility.

χnematic

=
[
χ

(0)
nematic + 2(U + 2U ′ − J) detD0

]/{
1 + Uχ

(0)
nematic

+ 2(U − 2U ′ + J)Dxy
0 + [U2 − (2U ′ − J)2] detD0

}
(5.19)

where χ
(0)
spin and χ

(0)
nematic are defined in Eq. (5.8) and Eq. (5.13), and detD0 =

Dxx
0 Dyy

0 −Dxy
0 D

yx
0 . The explicit (k, iωn) dependence of susceptibilities has been sup-

pressed in Eqs. (5.18)-(5.19) for brevity.

From the expression of Dαβ
0 (see Eq. (5.10)), ReDαβ

0 < 0 in general. We also

notice that at q = 0, detD0(0, ω) > 0, thus the ferro orbital nematic instability

comes from the −(2U ′ − J)2 detD0 term, ie. the orbital nematic susceptibility at

q = 0 only diverges when we have large enough inter-orbital Hubbard repulsion, and

Hund’s coupling cannot be too large.

At small interaction strength, the spin and orbital susceptibilities are finite. Upon

increasing interaction, spin susceptibility at Q = (π, 0) or (0, π) and orbital nematic

susceptibility at q = (0, 0) start to diverge in a certain parameter region, implying

the tendency towards columnar antiferromagnetic order and ferro orbital nematic



96

0 1 2 3 4 5

U(eV )

0

1

2

3

4

5

U
′ (
eV

)

PM
CAF

Orb CAF+Orb

J = 0eV

Figure 5.3 : RPA phase diagram when fixing J = 0 and µ = 0.3625eV. Phases PM,
CAF and Orb respectively denote the isotropic paramagnetic phase, the columnar
antiferromagnetic phase, and the orbital nematic phase.
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Figure 5.4 : RPA phase diagram when fixing J = 0.7eV and µ = 0.3625eV. Phases
PM, CAF and Orb using same abbreviation as in Fig. 5.3
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Figure 5.5 : The dependence of critical values of interactions on µ in the absence of
Hund’s coupling, J = 0.
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Figure 5.6 : The dependence of critical values of interactions on µ for finite Hund’s
coupling J = 0.7 eV.

order, respectively. The phase boundaries are thus given when the RPA renormalized

susceptibilities diverge.

In Fig. 5.3 and Fig. 5.4, we set Hund’s coupling J = 0 and J = 0.7eV , respectively.

In both phase diagrams, we observe four separate regions: the isotropic paramagnetic
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Figure 5.7 : RPA phase diagram when fixing U = 3.5eV, J = 0. Notice that
for sufficiently high electron doping, the orbital nematic phase without magnetic
instability (yellow region) appears even when intra-orbital interaction dominates U >
U ′. Dashed vertical line marks the half-filled case (parent compound).

phase (PM), the columnar antiferromagnetic phase (CAF), the orbital nematic phase

(Orb), and a region where both susceptibilities have diverged (CAF+Orb). In the

CAF region, since magnetic order has already developed (〈M1〉 6= 〈M2〉), the orbital

nematic order should also be nonzero since there is a linear coupling between or-

bital order and magnetism, see Eq. (5.2). We therefore used dashed line in the phase

diagrams to indicate that the CAF and CAF+Orb phases are actually not distinguish-

able. This is not true for the boundary between Orb and CAF+Orb phases however,

since finite orbital order (〈p〉 6= 0) does not necessarily lead to long-range magnetic or-

der: magnetic fluctuations can break the C4 symmetry, 〈ψ〉 6= 0 in Eq. (5.1), without

a true magnetic order[19].

We have also studied the effect of doping on the phase diagram. Let’s denote

the critical value of U when the system enters the magnetic CAF phase as Uc (while

keeping U ′ = 0), and denote the critical value of U ′ when the system becomes orbitally
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Figure 5.8 : RPA phase diagram when fixing U = 3.5eV, J = 0.7eV. As in Fig. 5.7,
a non-magnetic orbital nematic phase (yellow region) is stabilized by electron doping.
Dashed vertical line marks the half-filled case (parent compound).

ordered as U ′c (while keeping U = 0). The dependence of Uc and U ′c on doping is

plotted in Fig. 5.5 for zero Hund’s coupling and in Fig. 5.6 for a realistic value of

J = 0.7 eV.

From Figs. 5.5 and 5.6 we see that both electron and hole doping enhance the

critical value of interactions necessary to stabilize antiferromagnetic or orbital order,

making it more difficult to enter the ordered phases. However, the doping effect is

not particle-hole symmetric: electron doping greatly enlarges Uc, which means that

magnetic order is suppressed much faster than orbital nematic order upon electron

doping. To make this more transparent, we plotted the phase diagrams describing

both the effects of interactions and doping in Fig. 5.7 and Fig. 5.8. Besides the effect

that larger U ′ makes the orbital nematic phase more stable, which is consistent with

Fig. 5.3 and Fig. 5.4, we also notice that the phases are very sensitive to doping. In

particular, when the system is sufficiently doped with electrons, we found that the



100

magnetic susceptibility is always finite, so that as a function of increasing U ′ − U ,

the only phase transition is from paramagnetic phase to the orbital nematic phase,

without any magnetism. Interestingly, the orbital ordered phase can be stabilized

even when the intra-orbital repulsion U dominates (U > U ′), see Fig. 5.7. Normally,

the regime U > U ′ is expected to be dominated by antiferromagnetism (c.f. the half-

filled case, marked by a dashed vertical line), however in the case of large electron

doping the propensity to magnetic ordering is strongly suppressed, resulting in a

non-magnetic orbital nematic phase (yellow region in Figs. 5.7 and Fig. 5.8).

5.4 Variational Cluster Approximation

The RPA is a weak-coupling approach that only detects the tendency to certain order-

ings based on the divergence of the respective susceptibilities. To study the ordered

phases themselves, we use the variational cluster approximation (VCA)[202], which is

a non-perturbative quantum cluster method similar in spirit to the cluster dynamical

mean-field theory (CDMFT)[203]. Unlike in the CDMFT however, the bath degrees

of freedom are not included explicitly in the VCA calculation (this can be done in

VCA, see Ref. [204], however is not necessary for the present work). Rather, the effect

of the bath is captured indirectly by varying the inter-cluster one-body parameters

{h} in such a way as to minimize the free energy (Potthoff functional) Ω[Σij(ω)] cal-

culated in the conserving approximation [202]. The Potthoff functional depends on

the cluster self-energy Σij(ω, {h}), which in turn depends on the variational parame-

ters of the cluster {h}. These parameters are fixed from the variational principle on

the Potthoff functional: δΩ[Σ]/δΣ = 0 at the solution. In practical calculations, the

variational principle is enforced by requiring that ∂Ω[Σ({h})]/∂{h} = 0.

Formulated in this fashion, the VCA is a variational extension of the cluster pertur-
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bation theory[205, 206] and provides a powerful way of treating the strongly correlated

lattice models with local (on-site) interactions. The VCA method has been shown to

capture both the weak- and strong-coupling limit of the (one-band) Hubbard model

and compares very favourably to the quantum Monter Carlo simulations. [] It has

been used successfully to study the metal-insulator transition [207, 204], frustrated

magnetism [208, 209] and d-wave superconductivity in quasi-2D organic supercon-

ductors [210] and in the high-Tc cuprates [211, 212, 208]. It was shown in particular

to capture the d-wave superconductivity of purely electronic origin and to yield the

correct doping dependence[212], as well as the pseudogap feature in the quasiparticle

spectral weight[211, 213]. We use the exact diagonalization (ED) method based on

Lanczos method to solve the quantum cluster impurity model, which offers two prin-

cipal advantages over the Monte-Carlo based solvers routinely used in CDMFT: (i)

there is no need for analytical continuation as the self-energy is expressed in real, not

imaginary, frequency and (ii) the zero-temperature properties can be readily accessed,

avoiding the infamous fermionic sign problem inherent to the quantum Monte Carlo

impurity solvers.

The VCA method is particularly well suited to our task because it allows ex-

plicit treatment of a spontaneous symmetry-breaking long-range order, and has been

successfully used to study magnetism [214, 208, 209] and unconventional supercon-

ductivity [211, 212, 208] in the Hubbard model. To study the orbital nematic order,

we allow the Hamiltonian on a cluster to have a variational degree of freedom as-

sociated with a cluster Weiss field, ∆Ĥcl = pcl · (n̂xz − n̂yz). Note that the actual

lattice Hamiltonian is unaltered, so that the C4 symmetry is not explicitly broken by

construction. Rather, the spontaneously broken symmetry inside the orbital nematic

phase is signified by a non-zero value of the cluster Weiss field pcl at the variational
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solution of the Potthoff functional [202]:

δΩ[Σ(pcl)]

δpcl

∣∣∣∣
sol

= 0. (5.20)

This is in difference to earlier VCA calculations of nematicity by Daghofer and collab-

orators [215, 216], in which the C4 tetragonal symmetry was broken by construction

at the level of the original lattice Hamiltonian, by introducing anisotropy either in

the onsite energy of the xz/yz orbitals, in the hopping amplitudes between the x and

y directions, or in the Heisenberg exchange terms in the x and y directions. These

studies do not probe the spontaneous symmetry breaking but rather investigate the

response of the system to the C2 distortion, similar in spirit to the experimental stud-

ies under uniaxial stress [115] or strain [133]. The present approach, on the other

hand, is faithful to the original variational idea by Potthoff [202], allowing the C4

symmetry to be broken spontaneously, by introducing the in-cluster nematic Weiss

field pcl.

From the solution of Eq. (5.20), we then obtain the cluster propagator and self-

energy using the ED solver. The full lattice propagator G(K, ω) is then calculated

from the cluster solution by treating the one-body hopping terms between neighboring

clusters as a perturbation. When the Potthoff functional is minimized at a nonzero

value of pcl, the full lattice Hamiltonian will develop a long range order of the orbital

nematicity, ie. a nonzero value of 〈p〉 ≡ 〈n̂xy − n̂yz〉.

In Fig. 5.9, the expectation value of the orbital nematic order parameter is cal-

culated on the lattice, as a function of U ′ = U . After developing a non-zero value

of 〈p〉, upon further increasing U ′ = U , the orbital nematic order parameter attains

a peak and then becomes suppressed at higher values of the interaction strength. In

the calculation for a realistic value of Hund’s coupling J = 0.7 eV (Fig. 5.10), the

magnitude of order parameter p starts from a non-zero value when U ′ is small. This
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Figure 5.9 : Orbital nematic order parameter versus interaction strength from VCA
calculation at half-filling. The inter-orbital Hubbard repulsion U ′ is varied at the
same time as the intra-orbital U : U ′ = U − 2J , with the Hund’s coupling J fixed at
zero. The dotted line is a guide to the eye.
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Figure 5.10 : Orbital nematic order parameter versus the inter-orbital Hubbard cou-
pling U ′ = U − 2J from VCA calculation at half-filling. Hund’s coupling is fixed at
J = 0.7eV . The dotted line is a guide to the eye.
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Figure 5.11 : Change of orbital nematic order (circle) and magnetic order(square)
with respect to doping from VCA calculation, when U = 2 eV, U ′ = 0.6 eV, J =
0.7 eV. The half-full symbol corresponds to not a smooth minima but a cusp in
the Potthoff functional. Note that near half filling, solutions with zero staggered
magnetization appear – these are unphysical and should be disregarded due to the
VCA minimization algorithm becoming unstable when the chemical potential falls
onto sharp maxima/minima in the density of states.This does not however affect any
of our conclusions.
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is somewhat unexpected from our RPA results, where Hund’s coupling J slightly sup-

presses orbital nematic order (see Fig. 5.3, 5.4, 5.5 and 5.6). Upon further increasing

U ′, the same suppression of p is observed as in the case of J = 0 above (see Fig. 5.9).

The above VCA calculations have probed the orbital nematic order in the ab-

sence of antiferromagnetism. Of course we know from our RPA calculations that

magnetism also arises in the phase diagram of the two-orbital model. The effects of

interaction on magnetic order alone (without orbital order) have been studied with

VCA in Ref. [194]. The authors found that the magnetic order starts developing at

intermediate interactions U in the parent compounds. (Although it should be noted

that in their study, the Hund’s coupling J was assumed to scale with U as J = U/4,

which becomes unphysical for too small or too large values of U).

We will now investigate the phase diagram of the model as a function of electron

doping when both the orbital order and columnar antiferromagnetism are present. We

set the interaction strengths close to realistic values determined from the ab initio

constrained-RPA calculations[201]: U = 2 eV, J = 0.7 eV, U ′ = U − 2J = 0.6 eV.

Besides the orbital nematic Weiss field pcl coupled to nxy−nyz on the cluster, we have

also introduced the columnar antiferromagnetic Weiss fieldMcl coupled to Szr cos(Q·r)

on the cluster, with wave vector Q = (π, 0) or (0, π). A VCA variational search

was then performed for both pcl and Mcl, to study the interplay of the two orders.

The resulting doping dependence is plotted in Fig. 5.11, where the lattice chemical

potential was varied to control the electron occupancy. We found coexisting orbital

and antiferromagnetic orders in the parent compound at half-filling. While both types

of ordering are suppressed by hole doping, the effect of electron doping is to slightly

enhance the orbital nematic order while suppressing antiferromagnetism. This effect

likely stems from the competition between the two orders, although the enhancement
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of orbital order with electron doping could be an artifact of the simplified two-orbital

model studied here.

Crucially, we find that upon electron doping, antiferromagnetism is suppressed

much faster than orbital nematic phase, resulting in a region at sufficiently high

electron doping (x & 13%) where orbital nematic order exists without any magnetism.

This is consistent with our previous RPA finding (yellow region in Figs. 5.7 and 5.8).

5.5 Discussion

We have studied the emergence of orbital nematic order in the iron pnictide super-

conductors, within the framework of the two-orbital Hubbard model that captures

the physics of Fe dxz and dyz orbitals. In particular, we have analyzed the dependence

of the nematic order on doping and interaction strength, as well as its interplay with

magnetism.

First, we studied the instabilities towards the orbital nematic order and magnetic

order in the weak-coupling approach by calculating the corresponding susceptibilities

using the RPA method. We recovered the results of previous studies that the order-

ing wave-vector is at Q = (π, 0) or (0, π) for columnar antiferromagnetism[193] and

(0, 0) for ferro-orbital nematic order[180], respectively. We found that orbital nematic

order strongly depends on inter-orbital Hubbard repulsion U ′, while magnetic order

depends on the intra-orbital Hubbard repulsion U . Both the magnetic and orbital

nematic order parameters are affected by Hund’s coupling J : larger J values tend to

suppress the propensity to orbital nematic ordering and, on the other hand, enhance

the magnetic susceptibility.

It has been long believed that the nematicity and antiferromagnetism coexist at

low temperatures, with a wealth of experimental data supporting this in the 1111
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and 122 families of iron pnictides. Within the RPA, we indeed find regions in the

phase space where both the magnetic and nematic susceptibilities diverge, implying

coexistence of the two order parameters. It is true that the long-range CAF phase

with M1 6= M2 necessarily breaks the C4 symmetry and will generically induce a non-

zero value of orbital polarization p because of the linear coupling in the Landau free

energy. The converse is however not true: the ferro-orbital phase with non-vanishing

p, while nematic in nature, need not have long-range magnetic order. Indeed, our RPA

calculations show that upon electron doping, magnetic susceptibility is suppressed

much faster than orbital ordering, until for sufficiently large electron doping, only

orbital order survives (See Fig. 5.5 and Fig. 5.6). Hole doping, on the other hand,

does not reveal this tendency.

We note that our results do not eliminate the possibility of spin fluctuations

taking part in the nematicity even if the static magnetic order is absent. Indeed,

as remarked in the Introduction, ferro-orbital nematic order parameter will couple

linearly to the spin-fluctuation Ising parameter, see Eq. (5.2). Indeed, as we discussed

in Chapter 4, when the system is in close proximity to the antiferromagnetic phase,

another possible driving force of nematicity could be quantum fluctuatioins in the spin

ferroquadrupolar phase. Thus it is possible that both spin and orbital mechanisms

are present for nematicity.

Since RPA is a weak coupling approach which works only when the long-range

order is approached from the disordered phase, we have used the non-perturbative

variational cluster approximation (VCA) which allowed us to study the ordered phases

in the variational approach. We studied the orbital nematic and magnetic order

parameters, as well as their interplay as a function of electron density (doping) and

interaction strength. Our VCA calculation showed that orbital nematic order strongly



108

depends on inter-orbital Hubbard interaction U ′ and Hund’s coupling J , similar to

the RPA results. However, while Hund’s coupling suppresses orbital order within

the RPA approach, this is not the case in the non-perturbative VCA calculation. In

Fig. 5.10, we find a non-vanishing orbital nematic order even in the absence of inter-

orbital interaction U ′ = 0 and finite Hund’s coupling J = 0.7 eV, implying that the

effect of interactions and Hund’s term is not always captured properly by the RPA

method.

The doping dependence study from VCA shows that electron and hole doping

are not symmetric. Crucially, we find that upon moderate electron doping (& 13%,

see Fig. 5.11), long-range magnetic order is completely suppressed, while the orbital

nematic order persists, similar to our RPA results.

It is instructive to compare our VCA results with previous attempts to address

nematicity with the cluster dynamical mean-field theory (CDMFT)[203] and similar

cluster approaches. One possible way to detect tendency to nematicity is to explicitly

introduce orthorhombic distortion into the hopping terms in Eqs. (5.4, 5.5), and

then study the electronic response. For the one-band Hubbard model, this has been

done using CDMFT[217] and dynamical cluster approximation[218]. Both groups

found that for a sufficiently large interaction U , a small orthorhombic distortion can

lead to a large nematic response in the low-energy electron scattering rate. Another

way to study the spontaneous development of nematicity in the one-band Hubbard

model is by introducing an anisotropic hopping inside the cluster alone ∆Ĥcl =

δt
∑
r(ĉ
†
rĉr+x − ĉ†rĉr+y) + h.c., and then optimize the strength of δt variationally in

VCA[219]. Using this approach, the authors found that anisotropy can develop in the

overdoped region.[219] However, the multi-orbital nature of the iron pnictides was

not taken into account in these studies.
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The nematicity in multi-band Hubbard model has been studied with VCA in

Refs. [215, 216], however these authors have also explicitly broken the C4 tetragonal

symmetry at the level of the original lattice Hamiltonian, by introducing anisotropy

either in the onsite energy of the xz/yz orbitals, in the hopping amplitudes between

the x and y directions, or in the Heisenberg exchange terms in the x and y directions.

Because the C4 symmetry is broken by construction, these studies do not probe the

spontaneous symmetry breaking but rather investigate the response of the system

to the C2 distortion, similar in spirit to the experimental studies under uniaxial

stress [115] or strain [133]. Not surprisingly, the magnitude of the induced orbital

order is then proportional to the imposed strain and does not have an intrinsic value.

In the present work, by contrast, the lattice expectation value of orbital order p =

〈n̂xz− n̂yz〉 is finite even at zero induced strain and is consistent with the value found

by ARPES in BaFe2As2 [[114]].

We note that in a different context, nematicity in a two-orbital Hubbard model

has also been studied in application to Sr3Ru2O7 in Refs. [220, 221]. In these works,

the authors studied the nematic instability using RPA and renormalization group

methods. It was found that Aslamazov–Larkin-type vertex corrections result in the

strong coupling between spin and orbital fluctuations, leading the authors to conclude

that the spin fluctuations lie at the origin of the nematic instability. In the present

work, on the other hand, we find a regime of parameters where the ferro-orbital RPA

susceptibility diverges even without the vertex corrections, while the spin susceptibil-

ity remains finite (see section 5.3). This implies that the spin fluctuations may not

be the primary origin of ferro-orbital nematicity in the two-orbital Hubbard Model.

Furthermore, from our VCA calculations we find that the orbital nematic order per-

sists even when magnetic ordering is fully suppressed in the electron doped region
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(see Fig. 5.11), which again suggests that magnetic fluctuations in the strongly doped

regions are not the origin of orbital nematicity in our case. It should be noted that

the Fermi surface topology and nesting properties in Sr3Ru2O7 are different from the

iron pnictices, so the conclusions drawn in Refs. [220], [221] do not trivially generalize

to our case.

Finally, we note that other types of orbital ordering, involving dxy orbitals, have

been proposed in the literature,[165, 185, 222] however those are beyond the scope

of the two-orbital model used in this study. While it would be desirable to extend

this study to include all five iron orbitals, unfortunately the VCA calculations be-

come computationally prohibitive because of the limitations of the exact diagonaliza-

tion solver when dealing with multiple orbitals. Nevertheless, as remarked earlier in

Sec. 5.2, we hope that the present two-orbital model captures the salient features of

nematicity in the iron pnictides, based on the dominant contribution of dxz and dyz

orbitals to the Fermi surfaces of these materials.[70]

5.6 Conclusions

To summarize, we have studied the doping dependence of both the orbital nematic

and antiferromagnetic orders using the RPA and non-perturbative variational cluster

approximation at zero temperature, and found a region at moderately large elec-

tron doping where the orbital nematic order survives without long-range magnetism.

While these results are limited to the two-orbital model, which is not sufficient to

describe the realistic band structure of the iron-based superconductors, our findings

are suggestive of the connection to the experimental observations of an orbital ne-

matic phase in FeSe[162, 161, 160] without any sign of antiferromagnetism.[189, 127]

This raises the question whether two-fold symmetric antiferromagnetic fluctuations
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are essential for stabilizing the nematic phase, as has been argued previously within

the spin-nematic scenario.[78, 116, 187, 198, 188] It would appear from the present

study that this may not always be the case, and while the importance of spin fluctu-

ations is undeniable in the vicinity of the magnetic order in the 122 and 1111 families

of iron pnictides, it is possible that orbital fluctuations being the key to nematicity,

especially for the region away from half-filling. This situation may be more com-

mon than previously appreciated: recent ARPES measurements[195] detect dxz/dyz

orbital splitting inside the superconducting phase in the parent LiFeAs as well as

electron-doped LiFe1−xCoxAs, with no magnetic phase nearby. Very recently, orbital

ordering has also been observed[223] inside the superconducting phase of the optimally

doped and overdoped BaFe2(As1−xPx)2, far away from the magnetically ordered phase

and in the same regime where the torque magnetometry detected C2-symmetric spin

response[177]. These observations also raise the question of the interplay between or-

bital nematicity and superconductivity in the iron pnictides, which will be the subject

of future study.
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Chapter 6

Summary and Outlook

We have explored a few examples where magnetic frustration is essential for the un-

derstanding of the spin ground state properties and the corresponding excitations.

In particular, we examined the effects of frustration on several types of exchange

mechanisms (namely, isotropic Heisenberg and biquadratic interactions, along with

anisotropic dipole-dipole interactions). As we mentioned in Chapter 1, such inter-

actions arise naturally through kinetic, super-exchange and double-exchange mech-

anisms (as well as a few others), which are commonly found in the broad family of

strongly correlated electron systems.

Due to the bosonic nature of magnon excitations, we have utilized the mapping

from spin to boson language (for instance, the Matsubara-Matsuda transformation

in Chapter 2). Through such formal manipulations, not only have we obtained a

mathematically convenient description of the magnetic states, but also gained more

physical insights by unifying the concepts of magnetic ordering and Bose Einstein

Condensation (BEC).

In Chapter 2, we looked into the BEC transition near the saturation field. Such

BEC transition is highly frustrated once there are several degenerate minima in the

magnon dispersion, leading to degenerate ground state manifolds. The degeneracy

can be lifted by quantum fluctuations: in the dilute limit (close to the saturation

field), the sum of all the ladder-type Feynman diagrams gives the leading order en-

ergy correction to the different ground states, depending on the magnon occupations
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and relative phases of different minima. The resulting phase diagram obtained by

minimizing the ground state energy contains many different phases, some of which

even exhibit the exotic macroscopic crystallization of magnetic vortices. Along the

magnetic field direction, these vortices form either parallel strings, if the k-space po-

sitions of the condensed minima are coplanar; or otherwise the vortex strings can

even have modulation along the magnetic field direction.

In Chapter 3, we move one step further by studying the spin excitations in the

Fe-based superconductors, whose magnetic properties are typically described by the

frustrated Heisenberg Model. In particular, we are interested in the tetragonal phase

of such materials, in which case the lattice structure is symmetric under C4 (90 degree)

lattice rotation. However, a straightforward fitting of the C4-symmetric Heisenberg

model to the inelastic neutron scattering (INS) experiments simply fails, and attempts

have been made to fix this discrepancy by breaking the C4 symmetry in the Hamilto-

nian by hand. Although the C4 breaking version of the Heisenberg model is able to

explain qualitatively the INS features, it is inconsistent with the fact that physically,

there is no C4 symmetry breaking source in the tegragonal phase of Fe-based super-

conductors. In Chapter 3, we study the effect of the nearest neighbor biquadratic term

−K(Si · Sj)2, which becomes non-negligible for systems close to the Mott transition

(which is indeed the case for Fe-based superconductors). By utilizing the modified

spin wave and the Schwinger boson mean-field techniques, we found that this higher

order term induces an emergent anisotropy in the nearest neighbor Heisenberg inter-

action at the mean-field level. Furthermore, the calculated dynamical spin structure

factor S(q, ω) from the two methods yields consistent results comparing to the INS

data, showing the importance of such higher order corrections for the understanding

of the spin dynamics in Fe-based superconductors.
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While the spin dynamics of most Fe-based superconductors seems to be domi-

nated by the ordered magnetic ground states with wave-vectors (π, 0)/(0, π), there

is one special case: the stoichiometric iron selenide FeSe shows the same structural

transition as other Fe-based superconductors upon decreasing temperature without

however hosting a magnetic phase. We show that such non-magnetic state can also be

understood within the bilinear-biquadratic model, which contains a ferroquadrupolar

(FQ) phase in its theoretical phase diagram. The FQ state has no net magnetization,

but its spin fluctuations break the spin rotational symmetry and thus result in the

dispersive Goldstone modes in the spectrum of excitations. We have verified the sta-

bility of the FQ phase by the state-of-the-art density matrix renormalization group

calculations, and further checked that it is stable in the presence of the C4-symmetry

breaking environments from the mean-field calculation. Further evidence of the puta-

tive FQ phase in FeSe is provided from the dynamical spin structure factors calculated

using the flavor wave technique. The calculated S(q, ω) shows strong fluctuations at

wave-vectors (π, 0)/(0, π) at low energies, and the spectral weight further moves to

(π, π) at high energies. These features are qualitatively consistent with the INS data,

providing evidence that FQ phase is a competitive candidate for the ground state of

FeSe.

Recently, there has been increasing interest in the Fe-based superconductors re-

garding the appearance of the nematic phase and its origin. In the magnetically

ordered phases with wave-vector (π, 0)/(0, π) and their corresponding paramagnetic

phases, the nematicity can be naturally induced by coupling to the anisotropic spin

exictations. For the FQ phase, although the spin correlations at the mean-field level

are C4-symmetric, we showed that the quartic interactions from the flavor wave the-

ory have strong tendency towards breaking the C4 symmetry, thus explaining the
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observed nematicity in the non-magnetic phase of FeSe.

We should not be simply satisfied with the success of explaning the nematicity

from spin fluctuations. In the context of Fe-based superconductors, a more careful

description should include the multi-orbital nature of these materials. And as a

result, the observed nematicity could also originate from the orbital physics. The

simplest example is the energy splitting between dxz and dyz orbitals, which has been

observed in the angle-resolved photoemission spectroscopy (ARPES). To address this

mechanism of nematicity, we study in Chapter 5 the competition of magnetic order

and orbital splitting in the two-orbital Hubbard model, by means of the random phase

approximation (RPA) and the variational cluster approximation (VCA) methods. We

find that magnetic order is not necessary for finite orbital splitting, for example in

the heavily electron doped phase of the model.

Overall, magnetic frustration is commonly found in many families of strongly cor-

related electron systems, and it has far-reaching consequences for both the ground

state and dynamical properties. The frustration induced magnetic states have ap-

plications in the field of spintronics, and the magnetism also has effect on the other

degrees of freedom. It is known that the electron transport behavior is strongly

affected near a magnetic critical point; as a specific example, we know that the un-

conventional superconductivity often arises near such a critical point and has roots

in its interplay with frustrated magnetism. Therefore, the magnetic frustration is

not only of fundamental interest to the physics community, but also finds its uses in

related applications (or potential applications) in everyday life. And perhaps it is not

unrealistic to say that research in the field of magnetic frustration could perhaps help

reduce the human-life frustration, by providing us not only with new knowledge but

also with new technologies and convenience.
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[37] S. Mühlbauer, B. Binz, F. Jonietz, C. Pfleiderer, A. Rosch, A. Neubauer,
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[95] W. Lv, F. Krüger, and P. Phillips, “Orbital ordering and unfrustrated (π, 0)

magnetism from degenerate double exchange in the iron pnictides,” Phys. Rev.

B, vol. 82, p. 045125, Jul 2010.

[96] A. H. Nevidomskyy, “Interplay of orbital and spin ordering in the iron pnic-

tides,” arXiv:1104.1747.

[97] R. Applegate, J. Oitmaa, and R. R. P. Singh, “Spin waves in J1a-J1b-J2 or-

thorhombic square-lattice heisenberg models: Application to iron pnictide ma-

terials,” Phys. Rev. B, vol. 81, p. 024505, Jan 2010.

[98] A. L. Wysocki, K. D. Belashchenko, and V. P. Antropov, “Consistent model of

magnetism in ferropnictides,” Nat. Phys., vol. 7, p. 485, 2011.

[99] D. Stanek, O. P. Sushkov, and G. S. Uhrig, “Self-consistent spin-wave theory

for a frustrated heisenberg model with biquadratic exchange in the columnar

phase and its application to iron pnictides,” Phys. Rev. B, vol. 84, p. 064505,

Aug 2011.

[100] A. N. Yaresko, G.-Q. Liu, V. N. Antonov, and O. K. Andersen, “Interplay

between magnetic properties and fermi surface nesting in iron pnictides,” Phys.



128

Rev. B, vol. 79, p. 144421, Apr 2009.

[101] S. O. Diallo, D. K. Pratt, R. M. Fernandes, W. Tian, J. L. Zarestky, M. Lums-

den, T. G. Perring, C. L. Broholm, N. Ni, S. L. Bud’ko, P. C. Canfield, H.-F. Li,

D. Vaknin, A. Kreyssig, A. I. Goldman, and R. J. McQueeney, “Paramagnetic

spin correlations in cafe2as2 single crystals,” Phys. Rev. B, vol. 81, p. 214407,

Jun 2010.

[102] P. Goswami, R. Yu, Q. Si, and E. Abrahams, “Spin dynamics of a J1 − J2

antiferromagnet and its implications for iron pnictides,” Phys. Rev. B, vol. 84,

p. 155108, Oct 2011.

[103] L. W. Harriger, H. Q. Luo, M. S. Liu, C. Frost, J. P. Hu, M. R. Norman, and

P. Dai, “Nematic spin fluid in the tetragonal phase of bafe2as2,” Phys. Rev. B,

vol. 84, p. 054544, Aug 2011.

[104] R. A. Ewings, T. G. Perring, J. Gillett, S. D. Das, S. E. Sebastian, A. E. Taylor,

T. Guidi, and A. T. Boothroyd, “Itinerant spin excitations in srfe2as2 measured

by inelastic neutron scattering,” Phys. Rev. B, vol. 83, p. 214519, Jun 2011.

[105] H. Park, K. Haule, and G. Kotliar, “Magnetic excitation spectra in bafe2as2: A

two-particle approach within a combination of the density functional theory and

the dynamical mean-field theory method,” Phys. Rev. Lett., vol. 107, p. 137007,

Sep 2011.

[106] M. Takahashi, “Modified spin-wave theory of a square-lattice antiferromagnet,”

Phys. Rev. B, vol. 40, pp. 2494–2501, Aug 1989.

[107] M. Takahashi, “Dynamics of antiferromagnetic heisenberg model at low tem-

peratures,” Progress of Theoretical Physics Supplement, vol. 101, pp. 487–501,



129

1990.

[108] A. Auerbach and D. P. Arovas, “Spin dynamics in the square-lattice antiferro-

magnet,” Phys. Rev. Lett., vol. 61, pp. 617–620, Aug 1988.

[109] D. P. Arovas and A. Auerbach, “Functional integral theories of low-dimensional

quantum heisenberg models,” Phys. Rev. B, vol. 38, pp. 316–332, Jul 1988.

[110] N. Read and S. Sachdev, “Large- N expansion for frustrated quantum antifer-

romagnets,” Phys. Rev. Lett., vol. 66, pp. 1773–1776, Apr 1991.

[111] R. Flint and P. Coleman, “Symplectic n and time reversal in frustrated mag-

netism,” Phys. Rev. B, vol. 79, p. 014424, Jan 2009.

[112] H. A. Ceccatto, C. J. Gazza, and A. E. Trumper, “Nonclassical disordered

phase in the strong quantum limit of frustrated antiferromagnets,” Phys. Rev.

B, vol. 47, pp. 12329–12332, May 1993.

[113] N. Nagaosa, Quantum Field Theory in Strongly Interacting Elec- tronic

Systems. Berlin: Springer-Verlag, 1999.

[114] M. Yi, D. Lu, J.-H. Chu, J. G. Analytis, A. P. Sorini, A. F. Kemper, B. Moritz,

S.-K. Mo, R. G. Moore, M. Hashimoto, W.-S. Lee, Z. Hussain, T. P. Dev-

ereaux, I. R. Fisher, and Z.-X. Shen, “Symmetry-breaking orbital anisotropy

observed for detwinned ba(fe1-xcox)2as2 above the spin density wave tran-

sition,” Proceedings of the National Academy of Sciences, vol. 108, no. 17,

pp. 6878–6883, 2011.

[115] J.-H. Chu, J. G. Analytis, K. De Greve, P. L. McMahon, Z. Islam, Y. Ya-

mamoto, and I. R. Fisher, “In-plane resistivity anisotropy in an underdoped



130

iron arsenide superconductor,” Science, vol. 329, no. 5993, pp. 824–826, 2010.

[116] R. M. Fernandes, E. Abrahams, and J. Schmalian, “Anisotropic in-plane resis-

tivity in the nematic phase of the iron pnictides,” Phys. Rev. Lett., vol. 107,

p. 217002, Nov 2011.

[117] C. R. Rotundu and R. J. Birgeneau, “First- and second-order magnetic and

structural transitions in bafe2(1−x)co2xas2,” Phys. Rev. B, vol. 84, p. 092501,

Sep 2011.

[118] G. R. Stewart, “Superconductivity in iron compounds,” Rev. Mod. Phys.,

vol. 83, pp. 1589–1652, Dec 2011.

[119] D. J. Scalapino, “A common thread: The pairing interaction for unconventional

superconductors,” Rev. Mod. Phys., vol. 84, pp. 1383–1417, Oct 2012.

[120] A. V. Chubukov, “Pairing mechanism in fe-based superconductors,” Annual

Review of Condensed Matter Physics, vol. 3, no. 1, pp. 57–92, 2012.

[121] M. Rotter, M. Tegel, and D. Johrendt, “Superconductivity at 38 k in the iron

arsenide (ba1−xkx)fe2as2,” Phys. Rev. Lett., vol. 101, p. 107006, Sep 2008.

[122] M. S. Torikachvili, S. L. Bud’ko, N. Ni, and P. C. Canfield, “Pressure induced

superconductivity in cafe2as2,” Phys. Rev. Lett., vol. 101, p. 057006, Jul 2008.

[123] J. Paglione and R. L. Greene, “High-temperature superconductivity in iron-

based materials,” Nature Physics, vol. 6, pp. 645–658, 2010.

[124] M. D. Lumsden and A. D. Christianson, “Magnetism in fe-based superconduc-

tors,” Journal of Physics: Condensed Matter, vol. 22, no. 20, p. 203203, 2010.



131

[125] P. Dai, “Antiferromagnetic order and spin dynamics in iron-based supercon-

ductors,” Rev. Mod. Phys., vol. 87, pp. 855–896, Aug 2015.

[126] T. M. McQueen, Q. Huang, V. Ksenofontov, C. Felser, Q. Xu, H. Zandbergen,

Y. S. Hor, J. Allred, A. J. Williams, D. Qu, J. Checkelsky, N. P. Ong, and R. J.

Cava, “Extreme sensitivity of superconductivity to stoichiometry in fe1+δSe,”

Phys. Rev. B, vol. 79, p. 014522, Jan 2009.

[127] M. Bendele, A. Amato, K. Conder, M. Elender, H. Keller, H.-H. Klauss,

H. Luetkens, E. Pomjakushina, A. Raselli, and R. Khasanov, “Pressure induced

static magnetic order in superconducting fese1−x,” Phys. Rev. Lett., vol. 104,

p. 087003, Feb 2010.

[128] M. Bendele, A. Ichsanow, Y. Pashkevich, L. Keller, T. Strässle, A. Gusev,
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S. Uji, “Pressure-induced antiferromagnetic transition and phase diagram in

fese,” Journal of the Physical Society of Japan, vol. 84, no. 6, p. 063701, 2015.

[130] M. D. Watson, T. K. Kim, A. A. Haghighirad, N. R. Davies, A. McCollam,

A. Narayanan, S. F. Blake, Y. L. Chen, S. Ghannadzadeh, A. J. Schofield,

M. Hoesch, C. Meingast, T. Wolf, and A. I. Coldea, “Emergence of the nematic

electronic state in fese,” Phys. Rev. B, vol. 91, p. 155106, Apr 2015.

[131] M. D. Watson, T. K. Kim, A. A. Haghighirad, S. F. Blake, N. R. Davies,



132

M. Hoesch, T. Wolf, and A. I. Coldea, “Suppression of orbital ordering by

chemical pressure in fese1−xsx,” Phys. Rev. B, vol. 92, p. 121108, Sep 2015.

[132] M. A. Tanatar, E. C. Blomberg, A. Kreyssig, M. G. Kim, N. Ni, A. Thaler, S. L.

Bud’ko, P. C. Canfield, A. I. Goldman, I. I. Mazin, and R. Prozorov, “Uniaxial-

strain mechanical detwinning of cafe2as2 and bafe2as2 crystals: Optical and

transport study,” Phys. Rev. B, vol. 81, p. 184508, May 2010.

[133] J.-H. Chu, H.-H. Kuo, J. G. Analytis, and I. R. Fisher, “Divergent nematic

susceptibility in an iron arsenide superconductor,” Science, vol. 337, no. 6095,

pp. 710–712, 2012.

[134] A. Subedi, L. Zhang, D. J. Singh, and M. H. Du, “Density functional study of

fes, fese, and fete: Electronic structure, magnetism, phonons, and superconduc-

tivity,” Phys. Rev. B, vol. 78, p. 134514, Oct 2008.

[135] F. Essenberger, P. Buczek, A. Ernst, L. Sandratskii, and E. K. U. Gross, “Para-

magnons in fese close to a magnetic quantum phase transition: Ab initio study,”

Phys. Rev. B, vol. 86, p. 060412, Aug 2012.

[136] C. Heil, H. Sormann, L. Boeri, M. Aichhorn, and W. von der Linden, “Accurate

bare susceptibilities from full-potential ab initio calculations,” Phys. Rev. B,

vol. 90, p. 115143, Sep 2014.

[137] M. C. Rahn, R. A. Ewings, S. J. Sedlmaier, S. J. Clarke, and A. T. Boothroyd,

“Strong (π, 0) spin fluctuations in β−FeSe observed by neutron spectroscopy,”

Phys. Rev. B, vol. 91, p. 180501, May 2015.

[138] Q. Wang, Y. Shen, B. Pan, Y. Hao, M. Ma, F. Zhou, P. Steffens, K. Schmalzl,

T. R. Forrest, M. Abdel-Hafiez, X. Chen, D. A. Chareev, A. N. Vasiliev,



133

P. Bourges, Y. Sidis, H. Cao, and J. Zhao, “Strong interplay between stripe

spin fluctuations, nematicity and superconductivity in fese,” Nat Mater, vol. 15,

pp. 159–163, Feb 2016.

[139] Q. Wang, Y. Shen, B. Pan, X. Zhang, K. Ikeuchi, K. Iida, A. D. Christianson,

H. C. Walker, D. T. Adroja, M. Abdel-Hafiez, X. Chen, D. A. Chareev, A. N.

Vasiliev, and J. Zhao, “Magnetic ground state of fese,” arXiv:1511.02485, 2015.

[140] S. Shamoto, K. Matsuoka, R. Kajimoto, M. Ishikado, Y. Yamakawa,

T. Watashige, S. Kasahara, M. Nakamura, H. Kontani, T. Shibauchi, and

Y. Matsuda, “Spin nematic susceptibility studied by inelastic neutron scat-

tering in fese,” arXiv:1511.04267, 2015.

[141] F. Wang, S. A. Kivelson, and D.-H. Lee, “Nematicity and quantum paramag-

netism in fese,” Nat. Phys., vol. 11, p. 959, 2015.

[142] R. Yu and Q. Si, “Antiferroquadrupolar and ising-nematic orders of a frustrated

bilinear-biquadratic heisenberg model and implications for the magnetism of

fese,” Phys. Rev. Lett., vol. 115, p. 116401, Sep 2015.

[143] J. K. Glasbrenner, I. I. Mazin, H. O. Jeschke, P. J. Hirschfeld, R. M. Fernandes,

and R. Valenti, “Effect of magnetic frustration on nematicity and superconduc-

tivity in iron chalcogenides,” Nat Phys, vol. 11, pp. 953–958, 11 2015.

[144] R. M. Fernandes, L. H. VanBebber, S. Bhattacharya, P. Chandra, V. Keppens,

D. Mandrus, M. A. McGuire, B. C. Sales, A. S. Sefat, and J. Schmalian, “Effects

of nematic fluctuations on the elastic properties of iron arsenide superconduc-

tors,” Phys. Rev. Lett., vol. 105, p. 157003, Oct 2010.



134

[145] R. Yu, Z. Wang, P. Goswami, A. H. Nevidomskyy, Q. Si, and E. Abrahams,

“Spin dynamics of a J1-J2-k model for the paramagnetic phase of iron pnic-

tides,” Phys. Rev. B, vol. 86, p. 085148, Aug 2012.

[146] N. Papanicolaou, “Unusual phases in quantum spin-1 systems,” Nuclear Physics

B, vol. 305, no. 3, pp. 367 – 395, 1988.

[147] See supplemental material for a comparision of mean-field energies in different

phases, and the details of flavor wave calculations. See Supplemental Material

for the hard-core boson description of the Heisenberg model, its Bethe-Salpeter

equation solution, and the discussion of the anisotropy effect.

[148] S. R. White, “Density matrix formulation for quantum renormalization groups,”

Phys. Rev. Lett., vol. 69, pp. 2863–2866, Nov 1992.
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