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Abstract
We present a subdivision scheme for the construction of 3D minimal-energy curves
of given length that satisfy endpoint constraints. When given desired positions
and tangents for the endpoints, and the length of the curve, the scheme iteratively
builds up a minimal-energy curve. During each iteration the algorithm solves a
low-dimensional optimization problem, whereby the energy of the curve is lowered
and at the same time the endpoint constraints are satisfied. The energy of the curve
is defined as the integral of the curvature squared and the torsion squared. With
this energy function, minimal-energy curves correspond to stable configurations
of flexible inextensible wires. A curve is represented by segments of piecewise
constant curvature and torsion. The representation is adaptive in the sense that the
number of parameters automatically varies with the complexity of the underlying
curve. This scheme has been implemented and simulation results show that it
typically quickly converges to very smooth curves. Our minimal-energy curve
framework can be extended to minimal-energy curves of fixed length that pass
through several control points and tangents. This work has applications in modeling
flexible inextensible wires such as surgical sutures.
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1

Introduction

We are interested in modeling flexible, inextensible wires. Given positions and
tangents at the endpoints of a wire, we would like to compute minimal-energy
curves that satisfy those constraints. Whereas in geometric design the energy is
often thought as a design tool, in our case we really want to model the internal
strain of a wire. The energy is then given by the integral of the curvature squared
and the torsion squared. For simplicity we will ignore external forces applied to
the wire. There is no analytic constraint that can be used to come up with a finite,
exact representation of 3D minimal-energy curves. Instead, we will present an
efficient numerical algorithm to approximate these curves with a compact representation. Since the wires we like to model are inextensible, the length of the curve
is fixed. This is a global constraint that is hard to satisfy with traditional curve
representations. The work presented in this paper will become part of a motion
planner for flexible objects. Applications of motion planning for flexible objects
include suturing simulations, virtual reality simulations, routing of pipes and cables,
graphics animation, and modeling the backbone of flexible macro-molecules. So far
there has been only limited success in developing planners for flexible objects. This
paper will concentrate on modeling curves of fixed length when given manipulation
constraints (see figure 1).
The main motivation for our research comes from surgical suturing (see figure 2).
A suture is a flexible wire with negligible stretch that typically needs to go from a
straight configuration to a knot. Limited visibility and limited tactile feedback can
make this a challenging task for a surgeon. A motion planner for sutures can provide
a surgeon with valuable feedback and may also be useful for training purposes. For
a motion planner to be practical it needs an efficient way to represent equilibrium
shapes of a suture. These shapes correspond to minimal-energy curves.
The outline of the rest of the paper is as follows. The next section describes
some related work. Section 3 briefly explains what minimal-energy curves are. In
section 4 we introduce a subdivision scheme for computing minimal-energy curves
subject to endpoint constraints. As part of the subdivision scheme we need to align
curves with the endpoint constraints. This alignment procedure is explained in
section 5. In section 6 we explain some refinements to the subdivision scheme that
improve the performance. Here, we also discuss the stability of the subdivision
scheme. Our minimal-energy curve construction can be extended to multiple control
points, which is described in section 7. Section 8 describes our implementation and
gives some performance results. Finally, section 9 summarizes the contributions of
this paper and outlines directions for future research.
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Figure 1: A minimal-energy curve of length 2. The curve is held at the endpoints,
constraining both the positions and the tangents. This is visualized using small
cylinders. The bottom two plots show the curvature and torsion along the curve.
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Figure 2: A simulated surgical suture. Image courtesy of D. Pai
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Related Work

Minimal-energy curves appear in geometric design in the broader context of fair
curve and surface design (Moreton and Séquin, 1992; Wesselink and Veltkamp,
1995; Jou and Han, 1992; Brunnett, 1992; Horn, 1983). Here, ‘fair’ means minimizing some functional. In our case this is energy, defined as the integral of curvature
squared plus torsion squared. We assume there is no stretching, i.e., the length of
the curve is fixed.
Fair curve design focuses almost exclusively on planar curves. Usually the
length of the curve is either unconstrained or there is a stretching energy term in
the energy functional. Horn (1983) derives an analytic expression for a planar
minimal-energy curve and uses arcs of a circle to approximate minimal-energy
curves. Kallay (1986) extends this result to planar minimal-energy curves of given
length. Brunnett (1992) derives several properties of so-called free elastic curves:
planar minimal-energy curves of variable length without tangent constraints. Jou
and Han (1992) consider planar minimal-energy curves of given length with tangent
constraints at the endpoints. They also present a simple algorithm for computing
such curves. Simply put, the algorithm divides a curve in segments of constant
curvature and solves the constrained energy minimization problem as function of
the curvatures of these segments. In this paper we extend this idea to 3D and make
the algorithm more scalable to a large number of segments.
In (Wesselink and Veltkamp, 1995) and (Veltkamp and Wesselink, 1995) several
curve energy operators are described. Besides bending, twisting, and stretching
energy, Veltkamp and Wesselink use different kinds of attractors to change the shape
of a curve. The emphasis here is on interactive curve design. To make this practical,
approximations for bending, twisting, and stretching energy are used. If a simple
polynomial is used to represent the underlying curve, the approximate energy can
be solved for analytically. Computing a minimal-energy curve passing through a
number of control points can therefore be done very efficiently. In contrast to the
other previous work, this work is not limited to planar curves. There is no way to
explicitly set the length of a curve, though. The only way to obtain a curve of a
given length is to change the weight of the stretch energy term in the energy function
until the curve has the desired length. In our work we have chosen to enforce the
curve length through the curve representation.
Kallay (1987) presents a discrete approximation algorithm for finding 3D
minimal-energy curves of given length with endpoint constraints. Here, the energy is just the integral of curvature squared, whereas we include the integral of
torsion squared. The algorithm constructs a polyline consisting of equal length
segments. It iteratively rotates all the points between any pair of vertices of the
polyline so as to minimize the discrete approximation of curvature.
4

Bajaj et al. (1999) describe energy-minimizing techniques for A-splines. Asplines are implicit algebraic curves in Bernstein-Bézier form. They define various
simplified models of bending and stretching energy to allow for efficient computation of these splines. Note that these curves are not necessarily minimal in a
variational sense; they are minimal with respect to the parametrization.
In previous work (Moll and Kavraki, 2004), we presented an approximate representation of minimal-energy curves using only 10 parameters. We described
different methods to solve for these parameters for given endpoint constraints. Although this parametrization produced good results overall, there were cases where
a good approximation of a minimal-energy curve could not be found. Moreover, it
is computationally very expensive to verify if an approximation is close to a curve
that has minimal energy in the variational sense. We therefore started investigating
adaptive parametrizations that vary the number of parameters based on the complexity of a minimal-energy curve. We informally use the term ‘complexity of a
curve’ to describe some measure of the change in shape (i.e., curvature and torsion)
along the curve.
Our work also relates to motion planning for flexible objects. Elsewhere (Moll
and Kavraki, 2005) we present a motion planning algorithm for minimal-energy
curves in the representation described in this paper. Given two minimal-energy
curves a motion planner tries to a find a smooth deformation from one curve to
the other such that all intermediate curves are also minimal-energy curves. This is
a very challenging problem. Lamiraux and Kavraki (2001) introduced one of the
first motion planners that deals with flexibility explicitly. In their work a flexible
object is modeled using a finite-element mesh. They find stable configurations
subject to manipulation constraints using a global energy minimization. Bayazit
et al. (2002) propose a path planner that first produces a path where a deformable
object is allowed to penetrate obstacles. It then proceeds to deform the object to
resolve any collisions. The emphasis here is more on realistic looking motions rather
than modeling the underlying physics. Ladd and Kavraki (2004) applied motion
planning techniques to mathematical knots. Here, physical realism is irrelevant, but
the configuration space tends to be more complex than in the aforementioned papers.
Using an artificial potential function, they were able to untangle very complex knots.
Sometimes hyper-redundant robots (or snake robots) are modeled as flexible curves
(Chirikjian and Burdick, 1994). In this context minimal-energy curves may provide
good reference shapes for the robot that minimize joint movement.
Almost complementary to motion planning for flexible objects is the simulation
of flexible objects. Usually flexibility is modeled as a local, volumetric change.
In our case, we are only interested in a 1-dimensional object, but with a global
constraint: the length of the curve is fixed. Below, we briefly summarize some of
the other work on simulating flexible curves. Phillips et al. (2002) use a spline of
5

linear springs. Adaptive subdivision is used to handle stretching and contraction
of the rope. Friction is not modeled. Brown et al. (2004) model a suture as a
polyline (which during rendering is replaced with a smooth spline). Forces act on
the vertices of the polyline. Using a few simple rules the positions and velocities
of all vertices can be updated in real-time. Friction is not explicitly modeled, but
the collision resolution scheme produces a friction-like effect. More so than the
previous two papers, Pai (2002) focuses on the internal dynamics of a suture. A
suture is modeled as a so-called Cosserat rod: a curve with coordinate frames along
the curve denoting the reference orientation. The differential equations describing
the dynamics in this representation can be solved very efficiently. However, path
planning requires inverting the dynamics equations, which is very difficult.

3

Minimal-Energy Curves

Minimal-energy curves can be thought of as representing wires with minimal strain.
We assume that a straight line segment without torsion represents the shape with zero
strain. The Darboux vector, defined in terms of the Frenet frame as D = τ T + κ B,
describes the rotational strain along the curve. Here T and B are the tangent and
binormal, respectively, and τ and κ denote the torsion and curvature. We assume
there is no translational strain: the wire does not stretch. We define the energy
of a curve to be the integral of ∥D∥2 along the curve. In other words, the energy
is the integral of the curvature squared plus the torsion squared over the entire
length of the curve. We will first consider only curves of constant length that satisfy
constraints on the positions and tangents at the two endpoints. This corresponds
to a wire being held by the endpoints. Finding such curves is nontrivial. Splines
tend to produce very smooth low-energy curves that can match arbitrary endpoint
constraints, but the length of the splines is variable. A finite-element method, where
we would represent the curve by a large number of line segments would preserve
the length, but makes planning difficult because we need many DOF s (Lamiraux
and Kavraki, 2001). Finding a smooth curve of fixed length that satisfies endpoint
constraints is difficult and finding minimal-energy curves using a finite element
method is even more challenging.
Very little is known about 3D minimal-energy curves of given length. For
planar minimal-energy curves with endpoint constraints the following variational
condition has to be satisfied along the curve:
κ ′′ (s) + 12 κ 3 (s) = c · κ(s)

(1)

for some constant c (Jou and Han, 1992). (Without endpoint constraints c = 0.)
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This can be rewritten as a system of differential equations:
x ′ = cos θ,

κ ′ = λ + c1 ,

y ′ = sin θ,

θ ′ = κ,

λ′ = c2 κ − 12 κ 3 ,

where x0 , y0 , and θ0 can be set to the desired values, and κ0 , λ0 , c1 , and c2 are
constants. For a given endpoint (x1 , y1 ), tangent angle θ1 , and curve length, one
has to solve for these constants. Unfortunately, the variational constraint for planar
minimal-energy curves has no equivalent for minimal-energy curves in 3D.
The following two observations will be important in the rest of this paper:
• The space of all minimal-energy curves exhibits many symmetries: a minimalenergy curve is still a minimal-energy curve if we apply a translation, a
rotation, a uniform scaling, or a reflection. We will take advantage of this
property by only solving for minimal-energy curves in some canonical form
from which all symmetric curves can easily be derived.
• For a minimal-energy curve, every segment of that curve is also a minimalenergy curve. This means that we can locally improve an approximation of a
minimal-energy curve. We therefore conjecture that the complexity of finding
parameters for minimal-energy curves increases linearly with the number of
parameters required to represent that curve instead of exponentially.

4

A Subdivision Scheme for Minimal-Energy Curves

Subdivision is an area of geometric modeling concerned with compact representations of curves and surfaces (Warren and Weimer, 2001). The representations
consist of a coarse mesh or polyline and a set of refinement rules. The refinement
rules define how elements of the mesh can be subdivided into smaller elements. The
surface represented by the mesh and refinement rules is the limit surface obtained
by iteratively applying the refinement rules to the mesh. Typically, the rules can be
thought of as a weighted interpolation scheme.
We have developed a subdivision scheme for representing minimal-energy
curves. There are two factors that make this scheme more complicated than most
subdivision schemes. First, to minimize the energy and at the same time maintain the
constraints on the endpoints, we need to solve a constrained minimization problem
rather than simply apply an interpolation rule. Second, we want to maintain the
length of the curve. To accomplish this, we represent a curve as a sequence of n
segments with constant curvature and torsion, i.e., parts of helices. When a segment
is subdivided, the sum of the lengths of the new segments is equal to the length of
7

the old segment. Each segment of a curve can be described by curvature, torsion,
and length. So for a curve consisting of n segments we need 3n parameters.
Given manipulator constraints like the endpoints and tangents where a wire is
held, we can quickly find a minimal-energy curve that satisfies those constraints.
The idea is to start with a simple curve that just satisfies the endpoint constraints
and keep refining it as long as we can lower the energy of a curve. The basic
refinement step can informally be stated as follows: as long as the difference in
curvature and torsion between a segment and one of its immediate neighbors is
larger than some threshold, subdivide both and optimize the curve parameters of the
subdivided segments so as to simultaneously minimize the energy and the error in
the endpoint constraints. Here we make use of the observation that we can locally
change the shape to get closer to a minimal-energy curve. We also take advantage of
the symmetries by solving only for minimal-curves in ‘canonical form’ and aligning
these curves through an affine transform and scaling with the desired endpoints and
tangents. Typically the error in the endpoint constraints is very close to zero after
the first subdivision step. Subsequent steps minimize the energy while maintaining
the constraints.
The parametrization supports the following operations in a straightforward
manner: downsampling to a coarser resolution, upsampling to a finer resolution,
computing the distance (or shape difference) between two curves, and finding points
along a curve. All these operations take time linear in the number of segments. The
distance between two curves q0 and q1 of length 1 is defined as
!" #
$
1
2
2
(2)
d(q0 , q1 ) =
0 (κ0 (s) − κ1 (s)) + (τ0 (s) − τ1 (s)) ds.

Because the curves have piecewise-constant curvature and torsion, the integral
simplifies to a summation. Using upsampling and downsampling we can represent
a curve at different levels of detail. Curves in this representation can also be
compressed really well using, e.g., wavelets (Strang, 1989).
Let a piecewise-helical curve consisting of n segments be described by a n × 3
matrix q, where row i contains the parameters for segment i: (κi , τi , si ). A helix
with curvature κ and torsion τ can be described by a parametric curve h:
√
⎞
κ cos(s√ κ 2 + τ 2 )
1
⎝ κ sin(s κ 2 + τ 2 ) ⎠ ,
h(s) = 2
√
κ + τ2
sτ κ 2 + τ 2
⎛

(3)

Let R(s) denote the Frenet frame (O’Neill, 1997) along the curve. The relative
change in orientation between the frame at s = 0 and at s = ℓ is then given by
R(0)T R(ℓ). Similarly, the relative change in position is given by R(0)T (h(ℓ) −
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h(0)). After writing out these expressions, we can obtain an expression for the
homogeneous transform from the start of segment qi = (κi , τi , si ) to the end:
)
*
&R(qi ) &x(qi )
T (qi ) =
(4)
0
1
where
⎞
κ 2 cos r + τ 2 −κρ sin r κτ (1 − cos r )
−τρ sin r ⎠,
ρ 2 cos r
&R(qi ) = ρ12⎝ κρ sin r
2
κτ (1 − cos r ) τρ sin r
κ + τ 2 cos r
⎛ 2
⎞
κ sin r + τ 2r
&x(qi ) = ρ13⎝κρ(1 − cos r )⎠,
κτ (r − sin r )
+
r = ρs,
and
ρ = κ 2 + τ 2.
⎛

(5)

(6)
(7)

(The subscript i has been dropped for convenience.) The homogeneous transform
from the start of the curve
,n to the end is simply the product of the transforms for
T (qi ).
each segment: T (q) = i=1
If a curve segment qi is subdivided into smaller segments, described by the
matrix qnew , the curvature and torsion parameters of the smaller segments are
optimized to minimize
where

energy(qnew ) + K · (exp(err(qnew )) − 1)
energy(q) =

-n

2
i=1 (κi

+ τi2 ) · si ,

(8)
(9)

K is a penalty constant, and the error is measured after alignment, as described in
the next section. A sufficiently large value for K , combined with the exponential
scaling of the error, almost guarantees that the error is very close to zero after one
or two subdivision steps. Note that we are locally optimizing the shape and at the
same time trying to satisfy global endpoint constraints. Each subdivision can be
performed fairly quickly, since we are minimizing over only a small number of
parameters.
In our implementation we have chosen to subdivide each segment into two
smaller segments. Subdividing one segment would give us four parameters to
optimize over: two curvature parameters and two torsion parameters. But satisfying
the constraints requires at least five degrees of freedom: three for the endpoint
position and two for the endpoint tangent. We therefore need to subdivide two
segments at once, giving us eight degrees of freedom, three of which can be used
for energy minimization. Initially, we start off subdividing two helical segments
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of equal length with arbitrary curvature and torsion. To decide which segments to
subdivide in subsequent steps we consider the difference in curvature and torsion
between consecutive segments. Let the difference between segment i and i + 1 be
defined as
$
#
(10)
(κi+1 − κi )2 + (τi+1 − τi )2 · max(si , si+1 ).

Generally speaking, the minimization in a subdivision step will minimize the energy
by smoothing out the difference in curvature and torsion. We maintain a priority
queue of the differences between all consecutive segments. The largest difference is
assigned the highest priority. Intuitively, subdividing the segments with the largest
difference between them should likely result in the largest decrease in the energy
and the error. We keep subdividing as long as the error in the endpoint constraints is
larger than some threshold and as long as the difference between some consecutive
segments is larger than some other threshold. If the difference in curvature and
torsion between any pair of consecutive segments is small then subdividing is not
going to reduce the energy much.
One detail ignored in the explanation above is that the pair of segments being
subdivided may not be of equal length. If they are of equal length, then both
segments are subdivided. If one is longer than the other, only the longer segment
is subdivided into segments with length equal to that of the shorter segment. This
approach gives all segments equal weight during minimization. Observe that the
number of curve parameters being optimized is at least 6; large enough to maintain
endpoint constraints and lower the energy.

5

Alignment of a Curve to Match Constraints

In our subdivision scheme we maintain a curve in canonical form and use an
alignment procedure to match up the curve with the endpoint constraints as best as
possible. As we mentioned before, the curve representation would not change if we
apply a translation, rotation, scaling, or reflection to the endpoint constraints. The
alignment procedure returns the transform that brings the endpoint constraints in
canonical form such that the error (as defined below) is minimized.
Suppose we are interested in finding a curve of length L, having endpoints
x 0 and x 1 and unit tangents t 0 and t 1 . Our subdivision scheme produces curves
in canonical form: they are all of length 1 and with x ∗0 = 0 and t ∗0 = (1, 0, 0)T .
Let x ∗1 and t ∗1 be the position and tangent at endpoint 1 of a curve q in canonical
form. They are simply the fourth and first column of T (q). If qnew describes the
curve parameters of the segments being subdivided, then T (q) can be written as
T (q) = T0 · T (qnew ) · T1 , where T0 and T1 are the combined transforms for the
segments that precede and follow qnew , respectively. So as qnew changes during the
10

energy minimization, it is very easy to update T (q) and therefore also x ∗1 and t ∗1 .
The alignment procedure described below simply constructs another transform that
aligns T (q) with a transform derived from the endpoint constraints.
The subdivision scheme uses a penalty method to satisfy the endpoint constraints. The error in the endpoint constraints is measured after alignment. The
alignment is done in two steps. First we apply a transform that minimizes the translational error. In the second step we apply a rotation that minimizes the error in the
tangents, but does not move the endpoints. Let x = (x 1 − x 0 )/L and x ∗ = x ∗1 − x ∗0 .
The translational error is ∥x − x ∗ ∥. This error is minimized if we apply a rotation R
to x ∗ such that the angle between x and x̂ = Rx ∗ is 0. The next step is to minimize
the error in the tangents. Let u = x/∥x∥. We want to find a rotation Rφ about this
axis such that the following error measure is minimized:
err = 2 − t 0T Rφ t ∗0 − t 1T Rφ t ∗1 + c · ∥x − x̂∥2 ,

(11)

where c is some positive weighting constant. Note that the error is equal to 0
if and only if there is no translational error and there exists a rotation Rφ that
simultaneously align t 0 with t ∗0 and t 1 with t ∗1 . Using Rodrigues’ formula (Murray
et al., 1994) we can write Rφ as I + sin φ · û + (1 − cos φ) · û2 , where û is the
matrix such that u × v = ûv for any vector v. Hence, the derivative of the error
function with respect to φ can be written as
b

a

.
/0
1
.
/0
1
T
∗
T
∗
T 2 ∗
T 2 ∗
∂
err = − cos φ( t 0 ût 0 + t 1 ût 1 ) − sin φ( t 0 û t 0 + t 1 û t 1 )
∂φ

(12)

So the extrema of the error function are at φ = arctan(−a/b) mod π . By inspection we can determine which value for φ minimizes the error. The scaling,
translation, and the two rotations R and Rφ can be combined in one transform that
aligns a curve in canonical form to general constraints.

6

Curve Refinement and Stability

In this section we describe different ways to refine the basic subdivision algorithm.
The refinements come in two forms: local and global refinements. Local refinements
change the basic subdivision step. Global refinements use the basic subdivision
algorithm as a subroutine to find better approximations of minimal-energy curves.
Related to refinement is the issue of stability: ideally, the refinement procedures do
not drastically change the shape. Small changes in the initial guess for torsion and
curvature should produce curves that have similar curvature and torsion and thus
similar energy and a similar embedding in R3 . Although we cannot prove that our
11

subdivision scheme has this property, we will show below that at least in practice
that seems to be the case.
Local Refinement There are several ways the subdivision scheme can be improved. The main flaw of the basic scheme is that it does not address singularities.
By ‘singularities’ we mean that the effective number of degrees of freedom is
smaller than the number of parameters we can change. If the “true” minimal-energy
curve is planar, then making the torsion non-zero will increase the energy. The
effective number of degrees of freedom is therefore only 4, if we are optimizing
the curve parameters of 4 segments rather than 8 degrees of freedom in the general
case. Since we need 5 degrees of freedom just to satisfy the endpoint constraints,
we will not be able to minimize the energy. If we could recognize this situation,
then we could increase the number of segments to be subdivided so that we have
a sufficient number of degrees of freedom. If the error in the endpoint constraints
is small (which is usually the case after the first subdivision), then we can use the
transform for the segments under consideration to check if the curve segment is
close to being planar. A necessary condition for a curve segment to be planar is
that the vector connecting the endpoints and the tangents are coplanar. Using the
notation from the previous section, this condition can be expressed as
u · (t ∗0 × t ∗1 ) = 0.

(13)

The left-hand side measures the volume of the paralleliped defined by u, t ∗0 , and t ∗1 .
If this expression is 0 (or close to 0), we subdivide one more neighboring segment,
namely the one that has the largest difference with the segments already selected.
Sometimes this refinement is still not enough. For instance, if after minimizing the
energy has hardly decreased, then we may want to add a neighboring segment and
redo the subdivision and energy minimization.
Global Refinement In our implementation the scheme starts off with two segments with the following parameters: (κ1 , τ1 , s1 ) = (1, 2, 12 ) and (κ2 , τ2 , s2 ) =
(2, 1, 12 ). This choice is arbitrary; many other choices would work equally well on
average. However, for specific endpoint constraints there may be specific initial conditions that result in a minimal-energy curve with lower energy. Note that for given
endpoint constraints there may exist many different minimal-energy curves. To see
this consider the following simple example. Suppose we want a minimal energy
curve were both endpoints are at the origin and both tangents are along the x-axis.
Then a circle of the appropriate radius is the global energy minimum. But a curve
of constant curvature that makes a 2πk turn (k = 2, 3, . . .) is also a minimal-energy
12

curve. If we make the curve parameters of the initial segments “small”, then we are
biasing the subdivision scheme towards the global energy minimum.
There are three ways to improve the chances of finding a curve at a global
energy minimum. The first approach is to just repeatedly run the subdivision scheme
starting from different initial curve parameters. Obviously, this is computationally
rather expensive. The second approach is to run the subdivision scheme once
with arbitrary initial curve parameters, and use the final curve to come up with
an improved guess for the initial curve parameters. This improved guess can be
derived by downsampling a minimal-energy curve to a coarse resolution and start
the subdivision at that resolution. The second approach is more efficient than
the first one, but is limited to finding minimal-curves in a neighborhood of the
initial curve. Finally, to further refine a curve we can perform a global energy
minimization, where the energy and error (see expression 8) are minimized as a
function of all curve parameters. Of course, all these techniques can be combined
for even better results.
Refinement and Stability We can now consider the stability of the subdivision
algorithm. In our implementation we added the local refinements mentioned above
and tested the three global refinement techniques. Figure 3 shows the curvature
and torsion profiles for nine different sets of endpoint constraints. The endpoint
positions were picked uniformly random within a unit ball, and the tangents were
picked uniformly random as points on a unit sphere. The curve length was set to
be 2. The subdivision and energy minimization tolerances were set to very small
values, so that we can study what limit curves the subdivision algorithm converges
to. For each set of endpoint constraints we computed 30 different curves as follows.
The thick solid curve shows the profile for the curve constructed using the default
initial parameters. The dashed curve shows the profile after downsampling that
curve to 8 segments and rerunning the subdivision scheme. The remaining 28
curves were created with initial curve parameters drawn uniformly random from the
[−2, 2] interval. The curve with lowest energy is drawn with a dot-dash line. In the
legend the energies for these curves is shown. The color of the curves corresponds
to the energy: a dark color means low energy, a light color means higher energy.
This figure shows that for certain endpoint constraints the subdivision scheme
is relatively insensitive to the initial conditions, whereas for others the scheme
can converge to several distinct minimal-energy curves. Generally speaking, the
different initial curve parameters produce a small number of clusters of minimalenergy curves. Within a cluster curves tend to have similar energy. This suggests
that the subdivision scheme is not that sensitive to the initial conditions. The default
initial curve parameters tend to produce curves in a low-energy cluster. Notice in
13
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Figure 3: Curve refinement. The curvature and torsion graphs show the curvature
and torsion profile for different minimal-energy curves with the same endpoint
constraints that are plotted in the 3D graphs immediately above them.
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the last set of curves in figure 3 there can be a large difference between the curves,
even though the curvature and torsion profiles do not seem to be that different. In
this case, this is caused by the turn at the end of the curves in the low-energy cluster
that is not present in the high-energy cluster.
We also tried the global optimization of curve parameters as described above.
This produced curves that were very close to the starting curve for the optimization.
This suggests that the subdivision scheme produces curves that are close to being
minimal in the variational sense.

7

Multiple Control Points

So far we have assumed that the only control points and tangents that a minimalenergy curve needs to pass through are at the endpoints. In practice a curve may
collide with obstacles in the environment or with itself. We would like to model the
constraints imposed by the obstacles as well. Solving for the contact points such
that the curve is at an energy minimum is extremely difficult in general. To make
the problem more tractable we will assume that contact points are given as well
as the tangents at those points. We can think of this as a curve passing through a
number of cylinders.
To find a minimal energy configuration we solve for each curve segment between consecutive control points separately while maintaining the global length
constraint. Initially, we allocate to each segment a length of the curve proportional
to the work space distance between the endpoints of the segment. The workspace
distance between control point i and i + 1 is defined as
dw (i, i + 1) = ∥ pi − pi+1 ∥ + arccos(t i · t i+1 ),
where pi and t i specify the position and tangent of control point i. If we think of
tangents as points on a sphere, then the distance between tangents corresponds to
the length of the shortest geodesic on the sphere connecting two tangents. So the
work space distance is simply the sum of the distance between the positions and the
distance between the tangents. This distance is only used as a heuristic to start the
energy minimization.
After we have found initial guesses for the lengths needed to connect consecutive control points, we solve each minimal-energy curve segment separately. The
energy of the whole curve is simply the sum of the energies of the curve segments.
Suppose we have n curve segments and the lengths of the segments are given by
curve by varying the
l1 , . . . , ln . Then we can further minimize the energy of
-the
n−1
li .) We have used a
initial guesses for l1 , . . . , ln−1 . (Note that ln = L − i=1
general constrained optimization technique for this. The constraints arise due to
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Figure 4: A minimal-energy curve of length 9 passing through 13 control points
and tangents to spell the word “cello.”
upper and lower bounds on the li ’s. A lower bound for li is the Cartesian distance
between the corresponding control points, since a curve segment needs to be long
enough to connect the control points. An upper bound for li is obtained by subtracting the lower bound for all l j ’s ( j ̸ = i) from L. In other words, we cannot use a
curve length for the i th segment that would make it impossible to satisfy the lower
bounds on the other segments. The energy minimization will not necessarily find a
global minimum, but in our simulations it produced good results. Figure 4 shows
a minimal-energy curve of fixed length connecting 13 control points. The control
points are drawn as small cylinders to emphasize that the curve also needs to match
the tangents at those points. Our approach works in 3D; the curve in figure 4 is
planar only because it is easier to visualize.

8

Notes on the Implementation

The subdivision scheme described in this paper has been in implemented in C++.
We also implemented Matlab bindings, so that almost all functionality in the C++
classes can be accessed from Matlab. For energy minimization we made use of a
nonlinear optimization library called OPT++ (Meza, 1994). In particular, in the
subdivision step we used the quasi-Newton method with numerically computed
derivatives, and in the optimization of curve segment lengths we used a derivativefree parallel direct search.
We evaluated the performance of the subdivision scheme by randomly selecting
constraints for the endpoints and timing how low it takes to compute the corresponding minimal-energy curve. As in section 6, the positions were picked uniformly
random within a unit ball, and the tangents were picked uniformly random as points
16

on a unit sphere. The curve length was set to be 2, the branching factor was 2, the
subdivision tolerance was 0.001, and the minimum segment length was set to 0.002.
We generated 50,000 random curves and computed the following statistics:

time (s)
error
energy
#segments

mean
0.209
5.01 × 10−3
15.90
59.3

median
0.167
5.64 × 10−5
14.64
48.0

std. dev.
0.154
0.0484
8.86
41.8

The error denotes the error in the endpoint constraints after alignment as described
in section 5. These results were obtained on a Linux workstation with an AMD
Athlon XP 2600 processor. From the table above we see that the computation of
minimal-energy curves is reasonably fast. Note also that the number of segments
needed to represent a minimal-energy curve varies significantly, which shows the
benefit of a variable-resolution representation. It helps speed up path planning by
using only as many parameters as necessary.

9

Discussion

This paper described a new approach to modeling 3D minimal-energy curves of
given length subject to endpoint constraints. We introduced a subdivision scheme
to construct representations of such curves. The size of the representation adapts
automatically to the geometric complexity of the underlying curve. With this
representation it is easy to find paths between minimal-energy curves such that all
curves along the path are also minimal-energy curves. This work has applications
in simulated and automated suturing, and hyper-redundant / snake robots.
In future work we plan to explore the following problems. We would like to
develop a more complete model for flexible objects in contact with obstacles. The
results in section 7 where we modeled contact points as being fixed in space are a
starting point, but even finding the contact points such that a curve is at an energy
minimum is very difficult. The location depends on the geometry of the obstacle
and on the contact kinematics between the curve and the object.
In the future we also plan to model the backbones of proteins by minimal-energy
curves. This would allow for a compact representation of conformational changes in
flexible macro-molecules. For this to work we need to modify the energy function
to approximate the molecular energy.
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