


ABSTRACT

Low Reynolds Number Gaseous Mixing with Applications to Carbon Nanotube

Production

by

Matthew J. Roode

Compared to traditional materials, carbon nanotubes (CNTs) have been shown

to exhibit superior properties in mechanical, electrical, and thermal domains, lead-

ing researchers to propose and study a number of di↵erent new composite materials

to harness this potential. One key problem preventing greater development of these

materials is the cost and availability of high-purity CNTs, which can be reliably pro-

duced using the High Pressure Carbon Monoxide (HiPCO) process. Low Reynolds

number gaseous mixing is a key step in this process, and it must be precisely executed

to minimize loss of catalyst and ensure uniformity of CNT diameter. Above 250�C,

Fe(CO)5 particles decompose into Fe and five CO molecules, but CNT production

does not begin until the mixture exceeds 500�C. Because free iron is highly reactive,

the mixture must be heated from 250�C through 500�C , referred to herein as the

transition temperature regime, rapidly to minimize loss of reagents. Several tech-

niques, culminating with Computational Fluid Dynamics (CFD), are used to study

the mixing of particle-laden gaseous flows in the low Reynolds number (Re < 300)

regime present in this reactor. The e↵ects of geometry, inlet temperature, flow rate,

and reactor orientation are quantified, and the results indicate the importance, from

a mixing standpoint, of smaller diameter chambers and higher temperatures. The re-



sults of this study can be used to guide design of more e�cient injectors for the next

generation of HiPCO reactors, including laboratory scale units and development of

larger scale reactors. Larger reactors are required to lower costs of CNTs and enable

widespread use of CNT-based nano-composites.
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Chapter 1

Introduction

Carbon nanotubes (CNTs), particularly high-purity, single-walled (SWCNTs) nan-

otubes, show great promise for the development of revolutionary advanced materi-

als [1]. Mechanically, CNTs have high tensile elastic moduli and a demonstrated

ability to improve material sti↵ness, strength, toughness, or vibrational damping [2–

8] resulting in a wide variety of applications from baseball bats to turbine blades

and more. Electrically, CNTs have been shown to improve conductivity and cur-

rent density [9, 10] - functionalities increasingly utilized as electronic components

and packaging continue to decrease in size. Thermally, through both simulation and

experiment, individual CNTs have been shown to possess very high thermal conduc-

tivities [11–13], leading to applications as thermal interface materials and micro-scale

heat exchange devices [14]. Within the biotechnology sector, CNTs are being studied

for a wide variety of applications from drug delivery to medical devices due to the

chemical compatibility of CNTs with biological molecules. Often the benefits are

chirality-dependent, and this remains an active area of research. In all cases, the

presence of defects or inclusions in the hexagonal lattice structure of the CNT signif-

icantly decreases the benefits a nano-composite may o↵er. Clearly, the drive toward

harnessing the potential of this nanotechnology intersects with the manufacturability

of suitable, plentiful CNTs.

One of the most common CNT production methods today is chemical vapor

deposition (CVD). This process is well-suited for large scale applications, thought
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multi-walled carbon nanotubes (MWCNTs) are the cheapest and more common form

created. Unfortunately, MWCNTs are more prone to impurities or defects resulting

in a significant disparity between actual and predicted performance of the CNT-

impregnated device regardless of application. The production of higher-purity SWC-

NTs is feasible with the CVD process, but both the monetary and temporal costs

increase significantly over a comparably sized batch of MWCNTs.

An alternative to CVD-based SWCNT production is the High Pressure Carbon

Monoxide (HiPCO) process, though significantly scaling up production with this pro-

cess remains a work in progress. This method relies on the exothermic Boudouard

reaction, given by equation (1.1).

CO + CO ��*
)�� CO2 + C(s) (1.1)

At the proper pressure and temperature and in the presence of iron catalyst, two

parts of Carbon Monoxide react to yield one part Carbon Dioxide and one part solid

Carbon. Provided the mixed reactant temperature is at least 500�C, the solid carbon

will form CNTs atop each iron cluster. Typically, reactor operating pressures are

between 5 and 100 atm, operating temperatures of the gas mixture is 800�C, and the

total operating flow rate is approximately 5 L/min, leading to gas velocities on the

order of centimeters per second [15, 16]. The slow gas velocity is necessary to achieve

the residence time for su�cient CNT growth to occur before the constituents reach

the reactor outlet.

To achieve these conditions and deliver catalyst, two separate streams of inlet gas

are introduced to the reactor as functionally illustrated in Figure 1.1. Gas enters

the chamber as two separate streams in the Entrance Region and are combined via a

free shear flow inside the chamber within the Mixing Region. The boundary between

Mixing Region and Growth Region is defined to be the point whereby the two separate
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Figure 1.1 : Illustration of the major components inside a HiPCO reactor chamber.

gas streams have combined into one, uniform flow at a temperature su�cient to

support the formation of CNTs. Stream 1 is pure CO at a temperature of 1200�C.

Stream 2 is a mixture dominated by CO but with trace concentrations of dispersed

iron pentacarbonyl (Fe(CO)5), all at a temperature between 25�C and 200�C. The

Fe(CO)5 will decompose into free iron and five CO molecules once its temperature

reaches or exceeds 250�C, generating the iron necessary to catalyze the Boudouard

reaction.

Since CNT growth does not initiate until a temperature of 500�C is attained, there

exists a temperature band - referred herein as the transition temperature range - where

Fe(CO)5 is decomposing without CNT growth. Free iron is unstable and prefers to

form compounds. Absent CNT growth, the free iron particles will bond together,

increasing the size of the iron clusters. At some point, the clusters become so large

that CNT growth cannot be supported or fall out of suspension; both outcomes lead to

less plentiful and more expensive CNTs per batch. Therefore, the key to maximizing

CNT production per batch lies with the mixing process. The inlet gas streams must

be mixed as rapidly and thoroughly as possible, leading to rapid, uniform heating of
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the iron pentacarbonyl through the transition temperature range.

In addition to chemical reactors, similar mixing problems arise often in combus-

tion. Often, turbulence induction is the solution employed to improve mixing [17–19],

typically through the use of fluid jets. Unfortunately, when applied to the HiPCO

process, the eddies lead to rapid heating and cooling of the Fe(CO)5 through the tran-

sition temperature zone, typically multiple times [20] as the particles swirl through

alternating regions of hot and cold gas. Other techniques involve the introduction

of particulate to the fluid, relying on the particles to generate small amounts of tur-

bulence to enhance mixing [21]. If applied to the HiPCO process, it is likely the

particulate introduced to enhance mixing would lead to defects or impurities in the

CNTs produced, negating any benefits from enhanced mixing. As green energy re-

search and development grows, low Reynolds number mixing is becoming increasingly

important in the design of biomass combustion plants. This means of energy gener-

ation relies on the production of fuel as biomass decomposes into carbon monoxide,

hydrogen, and methane gasses. In order to combust, an oxidizer - typically air - must

be introduced and mixed with the fuel. Nearest the biomass layer, the gas transport

is typically laminar and transitions towards turbulent as distance from the surface

increases. Shiehnejadhesar et al. have recently reported the development of an im-

proved combustion model better able to resolve the mixing of the fuel and oxidizer

gasses at low Reynolds numbers [22]. No study of the mixing process itself has been

undertaken, however; the focus has been combustion.

Similar modeling needs arise in the study of nanofluids, which are typically a

liquid base fluid with small concentrations of nanoscale solid particles added, such

as CuO or Al2O3. Nanofluids have historically been treated using a mixture model,

defining e↵ective properties for the fluid based on the volume fraction of nanoparti-
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cles in the fluid. However, significant di↵erences between test and experimental data

are common. Recently, a trend is emerging whereby multi-phase models are being

adopted for nanofluids, and significant di↵erences between models has been observed

particularly in convection heat transfer studies [23–26]. The multi-phase formulations

have been demonstrated superior to the single-phase models, especially as nanoparti-

cle concentrations around 1% by volume. At particle concentrations significantly less

than 1% by volume, the models, regardless of type, again diverge from experiment.

For comparison, the concentration of Fe(CO)5 introduced into a HiPCO reactor is

typically single-digit percent by volume.

The scope of this work is to study the mixing of gasses with embedded, atomized

Fe(CO)5 at low Reynolds numbers. The flow rates, temperatures, and pressures are

analogous to those found in a HiPCO reactor. Initially, the e↵ects of the Fe(CO)5

is neglected to characterize the magnitudes of the e↵ects of inlet gas temperature,

relative velocity, and natural convection. To include the Fe(CO)5 particles, the par-

ticles are considered to be a distinct, non-interacting phase, and a multiphase flow

model is developed to study the mixture heat transfer. In all cases, the goal is to

identify the most e↵ective mixing mechanisms that lead to rapid, uniform increases

in Fe(CO)5 temperature, and in the process, minimize the time the Fe(CO)5 particles

are at a temperature within the transition temperature range (250�C to 500�C). This

work can be used specifically to guide design changes of the HiPCO reactor injector

to improve productivity, leading to more a↵ordable and plentiful SWCNTs. It also

has implications for the field of combustion.
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Chapter 2

Mathematical Model

Current laboratory-scale HiPCO reactors are cylindrical tubes approximately 5.08 cm

in diameter, axially aligned with the horizontal, and of total length on the order of

meters [27]. Referring to Figure 1.1, the fluid flows from left to right axially through

the tubular reactor. At the far left end is an injector which introduces the two streams

of gas and the catalyst into the reactor. Stream 1 consists of pure carbon monoxide

at a high temperature - often 1200�C or more. Stream 2 is a mixture of carbon

monoxide at a lower temperature ranging between 25�C and 200�C and doped with

aerosolized iron pentacarbonyl. Iron pentacarbonyl will thermally decompose into

iron and carbon monoxide, the former being necessary to catalyze CNT formation.

Once the constituent gasses and the catalyst have entered the reactor, they are mixed

together in the mixing region. The mixing region is approximately 40 cm in length,

the end of which is signified by a nearly uniform gas temperature above 500�C and the

initiation of chemical reactions. These reactions, thermal decomposition of Fe(CO)5

and the Boudouard reaction, are responsible for CNT growth. The length of the

CNTs is primarily governed by the residence time of the constituents in the growth

region, whereas the diameter is a function of the catalyst particle diameter. Therefore,

in addition to a rapid, uniform heating of the catalyst, the mixing process, which is

driven by the injection, should also maintain a low overall flow rate to ensure su�cient

CNT length.

Clearly the activity in the mixing region is critically important to the problem



7

of nanotube production and scalability, and the mixing of the constituents in this

region will be the focus of this work. This can be modeled using a multiphase flow

approach, treating the gaseous carbon monoxide as one phase and the Fe(CO)5 as the

second phase. The physics of a multiphase flow problem are similar to single phase

flow conservation equations but include interaction terms. For example, in general

the continuity equation for mass conservation must include a term accounting for

phase change from one to the other which may result from thermodynamic changes

or chemical reactions. Chemical reactions can be neglected for this problem by re-

stricting the domain to the mixing region; while in the mixing region, temperatures

will be largely below the threshold required for CNT production to commence, save

for perhaps a small region near the end of the mixing region. Of particular inter-

est for this problem is the evolution of the temperatures of the gas and Fe(CO)5 as

functions of space until a temperature of 500�C is reached. Since CNT production is

an exothermic process, neglecting this heat generation will not a↵ect the results and

conclusions related to the initial mixing process.

The multiphase flow equations also contain an inherent assumption relative to the

control volume. Few multiphase flow fields are truly homogeneous, so the govern-

ing equations are restricted to control volumes su�ciently large so as to encompass

representative samples of each phase present in the control volume. The properties

and state variables of each phase used in calculations represents the volume average

of those values across the control volume. The assumptions on control volume will

become important when meshing the computational domain.

While the governing equations of multiphase flow problems are similar to single

phase flow, the solution of those equations is much more complicated. Numerous

solution methods exist, and the method chosen depends on the flow regime (e.g.
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bubbly, slug, or annular) and the mass fractions of the phases relative to one another.

Broadly, these methods are categorized as Euler-Euler or Euler-Lagrange approaches,

referring to the frames of reference used in the solution. Euler-Euler techniques typi-

cally employ a finite volume technique and solve the conservation equations for each

phase simultaneously, analogous to single phase solution methods. These methods

are limited to applications where continuity of each phase can be guaranteed. In

other words, the volume fraction of each phase should be of the same order so that

statistically valid samples of each phase are present in each control volume. Since the

volume fraction of the Fe(CO)5 phase within a HiPCO reactor tops out at around 1%

by volume, an Euler-Euler approach is unsuitable for this problem.

For flows with a disperse second phase, as in this problem, an Euler-Lagrange

technique is most common. In this method, the primary (often called the continuous)

phase is solved in an Eulerian frame of reference, including any necessary phase

interaction terms in the governing equations. Once the flow field is solved, the disperse

phase equations are solved in a Lagrangian reference frame, typically integrating along

the path of each parcel of the disperse phase, including any fluid forces resulting from

the recent flow field solution, until the disperse phase solution converges. The Euler-

Lagrange approach is commonly referred to as trajectory modeling for this reason.

Depending on the magnitude of the interaction between phases, particularly the e↵ect

of the disperse phase on the continuous phase, iteration may be required to ensure the

continuous and disperse phase solutions are compatible. For problems similar to this,

where the volume fraction is low and the disperse phase particles are smaller than

a micron or so, this iteration step is unnecessary. The need to iterate is determined

largely by particle size, and at 1% by volume, the dispersed phase particle size must

be several microns or more before the flow field solution is a↵ected [28]. Therefore,
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entrance of the mixing region along the reactor centerline. Angular coordinates are
increasing in the counter clockwise direction from 0� at top dead center.

this work will employ an Euler-Lagrange formulation assuming the continuous phase

is una↵ected by the discrete phase. Previous work by Povitsky et al [20] also used

this technique to analyze the current reactor injector design.

A cylindrical coordinate system is chosen for this problem as defined in Figure 2.1.

The flow direction is parallel to the z axis, and the origin is located at the upstream

end of the mixing region on the reactor centerline. Looking from the upstream end,

angular measurements increase in the counterclockwise direction with the ✓ = 0

reference located vertically above the origin.

The choice of a cylindrical coordinate system simplifies the problem formulation

and definition of boundary conditions, but the definition of the gradient operator and

divergence are less straightforward than a standard Cartesian formulation. The three

mutually perpendicular basis vectors in the Cartesian frame, î, ĵ, and k̂, are fixed

relative to the reference frame whereas the basis vectors in the cylindrical frame, r̂,

✓̂, and ẑ, rotate relative to a fixed observer. The motion of the basis vectors must



10

be included in the calculation of the gradient of a quantity, say ⇠. In the cylindrical

reference frame, the gradient of ⇠ is given by equation (2.1) and the divergence by

equation (2.2).

r⇠ ⌘ @⇠

@r

r̂ +
1

r

@⇠

@✓

✓̂ +
@⇠

@z

ẑ (2.1)

r · ~⇠ ⌘ @⇠r

@r

+
1

r

@⇠✓

@✓

+
@⇠z

@z

+
1

r

⇠r (2.2)

These definitions will be used to expand the conservation equations from the vector

to scalar form.

2.1 Fluid Conservation Equations

2.1.1 Conservation of Mass

The law of conservation of mass requires that mass cannot be created nor destroyed.

When applied to a small control volume, this means the mass accumulating inside

the control volume is equal to the di↵erence between mass flux leaving the control

volume and mass flux entering the control volume. This is described mathematically

in equation (2.3), known as the continuity equation.

@⇢

@t

+r ·
⇣
⇢

~

V

⌘
= 0 (2.3)

Other than the initial activation of the reactor, the flow field is steady, allowing

the time derivative to be neglected. Compressibility due to velocity is not a concern

for this problem, but the large variation in temperatures throughout the domain

necessitates consideration of the density variation. Thus, equation (2.3) is expanded

into equation (2.4) using equation (2.2).
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The first term in parenthesis represents the incompressible continuity equation

written in cylindrical coordinates. The second term is the contribution due to density

variation. Once the constitutive relationship for the equation of state is defined, the

chain rule can be used to expand the density derivatives.

2.1.2 Conservation of Momentum

Newton’s second law states that the time rate of change in momentum of an object is

proportional to the force applied to the object. When applied to a control volume of

fluid, the vector equation known as the momentum equation, given in equation (2.5),

results.

⇢

"
@

~

V

@t

+
⇣
~

V ·r
⌘
~

V

#
= ff � fp +r · S (2.5)

The left hand side represents the acceleration of the fluid mass through the control

volume on a per volume basis. Since the reactor start-up phase is outside the scope

of this study, the unsteady acceleration term can be neglected. The right hand side

sums the net forces acting on the fluid. In general there are three force components:

body forces on the fluid element, ff , forces owing to fluid-particle interactions, fp,

and contributions from the stress tensor, S. As mentioned, fluid-particle interaction

forces will be neglected for the fluid physics because the particles lack the mass and

number to a↵ect the flow field, though this will be justified numerically in chapter 4.

Body forces on the fluid are limited to gravitational forces, and the fluid stress tensor

results in force contributions from pressure and viscous forces.

To solve, it is easier to write the vector momentum equation in scalar form. In-

corporating the simplifications discussed, equation (2.5) becomes three equations,

one each for the r, ✓, and z directions, given in equation (2.6), equation (2.7), and
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equation (2.8), respectively.
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The equations are similar to the more well-known versions of the Navier-Stokes equa-

tions with constant properties, but the last line of each equation here includes terms

to account for the variable viscosity owing to the wide range of temperatures in this

problem.

2.1.3 Conservation of Energy

Application of the first law of thermodynamics to a control volume of fluid leads to

the general form of the energy equation, given in equation (2.9), written in terms of

the enthalpy, h. Assuming

⇢


@h

@t

+ ~

V ·rh

�
= r · (krT ) + q

000 +


@P

@t

+ ~

V ·rP

�
+ S ·r~V (2.9)
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Similar to the form of the first law, the left hand side describes the change in

energy of the fluid across the control volume. The first term on the right hand side

describes the heat transfer by conduction within the fluid. Heat transfer between the

discrete phase and the fluid is neglected from the fluid viewpoint. The discrete phase

begins as aerosolized molecules of Fe(CO)5 and, following thermal decomposition, is

intended to form small clusters of iron no larger than the diameter of a SWCNT

- on the order of nanometers or tens of nanometers. For conservatism, assuming a

micron-sized cluster with thermal properties of the parent material exchanging energy

with its surrounding gas via conduction only, one can easily calculate a thermal

equilibration time equivalent to a few molecular collisions and a negligibly small total

energy transfer. Given the dilute volume fraction of the Fe(CO)5 phase, these small

contributions are unlikely to become a significant term in the fluid control volume

energy balance.

The second term represents the energy generated per unit volume within the

control volume, perhaps by a chemical reaction. In accordance with the assumptions

stated in the previous section, this term will be neglected within the mixing region

domain. The last two terms on the right hand side represent the energy dissipated

by the fluid in lieu of doing work. Again neglecting the initial start-up of the reactor,

the unsteady terms can be neglected, and the final form of the energy equation is

given as equation (2.10).
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14

Here it has been assumed that CO can be treated as an ideal gas, meaning h = cpT

where cp is also a function of temperature. This assumption will be discussed in

greater detail in section 2.4.

2.1.4 Boundary Conditions

Six velocity boundary conditions, six temperature boundary conditions, and three

pressure boundary conditions are required for this problem to be well-posed. Ad-

ditional constraints are imposed numerically to take advantage of symmetry in the

numerical domain. The domain for this problem is restricted to the gas volume of the

mixing region, spanning from z = 0 cm to z = 40 cm; the length of the mixing region

was determined from a parametric study which concluded the gasses are thoroughly

mixed over that distance. At the inlet (z = 0), the flow through each inlet is assumed

uniform and parallel to the z direction. Mass flow rate and temperature for stream

1 and stream 2 are known, and because the conditions for each stream are di↵erent,

the inlet velocity varies radially with a step change at r = d2/2. The pressure at the

inlet is assumed fixed at the reactor operating pressure. Inlet boundary conditions

are given mathematically below.

Vr

???
z=0

= 0

V✓

???
z=0

= 0

Vz

???
r=0:d2/2,z=0

=
4ṁ2

⇢2⇡d
2
2

Vz

???
r=d2/2:d/2,z=0

=
4ṁ1

⇢1⇡ (d2 � d

2
2)

T

???
r=0:d2/2,z=0

= T2

T

???
r=d2/2:d/2,z=0

= T1

P

???
z=0

= PReactor
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At the reactor outer walls (r = d/2), the no slip condition is enforced, which

provides three velocity boundary conditions - one for each velocity component. The

wall boundary is assumed adiabatic, though some heat loss is anticipated in practical

applications. Wall boundary conditions are given mathematically below.

Vr

???
r=d/2

= 0

V✓

???
r=d/2

= 0

Vz

???
r=d/2

= 0

@T

@r

????
r=d/2

= 0

Radial symmetry exists about the reactor centerline (r = 0). This is enforced

by ensuring the velocity and temperature profiles at any z location are smooth and

continuous across the centerline. Centerline boundary conditions are given mathe-

matically below.

@Vr

@r

????
r=0

= 0

@T

@r

????
r=0

= 0

A vertical plane of symmetry is also defined by the z axis and the ✓ = 0� and

✓ = 180� directions. Much like the centerline symmetry conditions, the vertical

planar symmetry is enforced by ensuring the velocity, temperature, and pressure are

smooth and continuous across the plane of symmetry. Symmetry boundary conditions
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are given mathematically below.
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@✓

????
✓=⇡

= 0

@P

@✓

????
✓=0

= 0

@P

@✓

????
✓=⇡

= 0

At the outlet of the mixing region (z = 40 cm), the boundary conditions are

modeled as an outflow condition. This means that the di↵usion flux of temperature,

pressure, and velocity normal to the outlet are zero, and the values of each variable

at the outlet boundary are calculated from information just upstream of the outlet.

This formulation is appropriate to avoid an over-constrained problem and because

gradients in pressure, temperature, and velocity are expected to be negligibly small

at this location. By definition, steady flow conditions prevail at the end of the mixing

region. Careful sizing of the geometric domain is necessary to ensure these conditions

are met.

2.2 Particle Model Equations

The discrete Fe(CO)5 particle phase is subject to the same conservation principles

as the fluid, but because a Lagrangian frame of reference is used, the equations will
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di↵er. Because no reactions are modeled, each particle will remain intact and at the

same, fixed mass as it traverses the domain, meaning conservation of mass is enforced

through conservation of number of particles. Over the domain, the total number of

particles entering must equal the sum of total number of particles within the domain

and the total number of particles leaving the outflow boundary. At the wall and

symmetry boundaries, the particles are reflected back into the domain.

Conservation of momentum for each constant-mass particle in the Lagrangian

frame is equivalent to the more familiar formulation of Newton’s second law (F = ma),

written in vector form as equation (2.11).

mp
d

~

Vp

dt

= ~

FD + ~

Fg + ~

FT + ~

FB (2.11)

Here, the left hand side of the equation is the acceleration of the particle while the

right hand side is the summation of all forces acting on the particle. Relevant forces

include drag (~FD), gravity (~Fg), thermophoretic ( ~FT ), and Brownian (~FB) forces.

Note that because of the low volume fraction, the particles are dispersed enough that

molecular attraction forces between particles is negligible [28].

When the relative velocity between the fluid and particle is nonzero, the uneven

distribution of surface shear stresses and pressure forces on the surface of the particle

leads to a net force on the particle in the direction of the relative velocity. This

aerodynamic drag force is calculated using equation (2.12).

~

FD =
1

2
⇢CDAp

���~V � ~

Vp

���
⇣
~

V � ~

Vp

⌘
(2.12)

Here Ap is the cross-sectional area of the particle normal to the relative velocity

vector, and CD is the drag coe�cient. EachFe(CO)5 particle is modeled as a small

sphere of diameter similar to that of a SWCNT. Therefore, the flow field around each

particle is in the Stokes regime, and the drag coe�cient, given in equation (2.13), is
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derived from Stokes’ solution based on the Reynolds number of the particle, Rep.

CD =
24

Rep
=

24µ

⇢

���~V � ~

Vp

��� dp
(2.13)

Substituting this into equation (2.12), the resulting drag force on the particle is:

~

FD = 3⇡µdp
⇣
~

V � ~

Vp

⌘
(2.14)

The thermophoretic force, described in equation (2.15) on a per unit mass basis,

is a small scale e↵ect only noticeable with small particles immersed in a fluid with a

high temperature gradient. Particles can be observed to move in a direction opposite

the temperature gradient direction.

~

FT = �DT,P
1

T

rT (2.15)

Here DT,P is the thermophoretic coe�cient which depends on the molecular shape

and properties of the phases involved. The subscript of T and P serves as a reminder of

the temperature and pressure dependency of this coe�cient. Modelling the Fe(CO)5

particles to be spherical and invoking the ideal gas assumption for carbon monoxide

(see section 2.4), the thermophoretic coe�cient can be calculated from Talbot et al

[29] as:

DT,P =
6⇡dpµ2

Cs (k/kp + Ct Kn)

⇢ (1 + 3Cm Kn) (1 + 2k/kp + 2Ct Kn)
(2.16)

Talbot et al performed numerous experiments and derived an expression for the

thermophoretic coe�cient based on curve fits to their results and published analytical

models. In this definition, Cs, Cm, and Ct are constants with values of 1.17, 1.14,

and 2.18, respectively, and Kn is the Knudsen number of the flow field based on the

particle diameter, dp.

Brownian motion describes the pseudo-random motion of small particles sus-

pended in a fluid. This motion results from molecular collisions between the particles
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and the fluid, and it is observed only for particles su�ciently small to respond to such

a small magnitude force. The Brownian force term is further restricted to laminar

flow regimes; in turbulent flow, eddies resulting from turbulence are more dominant.

Uhlenbeck [30] was the first to document a model for the Brownian force, though Li

[31] has incorporated some updates since that time. Essentially, this force term is

modeled as a random, Guassian white noise process, and the magnitude of the force

term is given in equation (2.17).

FB = Gi

s
216µkBT

⇡d

5
p⇢

2
pCC�t

(2.17)

In this equation, Gi is a normally-distributed random number, kB is Boltzmann’s

constant, T is the absolute temperature, and CC is the Stokes-Cunningham slip cor-

rection factor, given in equation (2.18).

CC = 1 +
2�

dp

�
1.257 + 0.4e1.1dp/2�

�
(2.18)

Here � is the mean free path of the gas. The magnitude of the Brownian force

is clearly time dependent, averaging to zero over infinite time. During the solution

process, Gaussian random numbers will be drawn at each time step for each dimension

to define this force term.

Together with the definitions given in equation (2.12), (2.15), and (2.17), the

vector equation given in equation (2.11) can be split into components. The con-

servation of momentum for each particle in the r, ✓, and z directions are given in

equation (2.19), (2.20), and (2.21), respectively.

mp
dVp,r

dt

= 3⇡µdp (Vr � Vp,r)�mpg cos ✓ �DT,P
1

T

@T

@r

+Gi,r

s
216µkBT

⇡d

5
p⇢

2
pCC�t

(2.19)

mp
dVp,✓

dt

= 3⇡µdp (V✓ � Vp,✓) +mpg sin ✓ �DT,P
1

rT

@T

@✓

+Gi,✓

s
216µkBT

⇡d

5
p⇢

2
pCC�t

(2.20)
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mp
dVp,z

dt

= 3⇡µdp (Vz � Vp,z)�DT,P
1

T

@T

@z

+Gi,z

s
216µkBT

⇡d

5
p⇢

2
pCC�t

(2.21)

In the strictest sense, conservation of energy for each particle results in an equation

relating the rate of change of particle temperature to the net heating rate, with the

mass and specific heat as a proportionality constant. However, because the particles

are small - of the scale of the CNT diameter - the particle mass is extremely small,

and the time constant associated with a change in particle temperature is on the

order of picoseconds or smaller, depending on particle size. This level of fidelity is

unnecessary for this study and would lead to significant computational concerns if

included. Given the low thermal energy capacity of each particle and the low volume

fraction, the energy exchange between particle and fluid will be neglected in line with

previous studies of this nature [20, 32] without a noticeable e↵ect on the calculated

fluid temperatures. Therefore, the particle temperature is assumed equal to the local

fluid temperature.

2.3 Turbulence Model

The equations of motion are identical for laminar and turbulent flows, but the solution

of those equations for turbulent flow fields is much more complicated. If done nu-

merically, the memory and CPU time required for direct numerical simulation (DNS)

and meshing for most practical domains are unmanageable based on computer tech-

nology today. Turbulence is most commonly modeled by employing time-averaging

techniques to transform the continuity and momentum equations into a formulation

known as Reynolds-averaged Navier-Stokes (RANS) equations. Here, it is assumed

any instantaneous variable, say ⇠, can be expressed as the sum of two terms as illus-

trated in equation (2.22). Examples of instantaneous variables include Vr, V✓, and P ,
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among others.

⇠ = ⇠ + ⇠

0 (2.22)

The first term in the sum, ⇠, is the time-averaged portion, while the second term, ⇠0, is

a small fluctuating term. The time period for averaging should be much shorter than

characteristic time scales of the flow field but long enough such that the fluctuating

term, averages to zero over the period. When equation (2.22) is substituted into the

continuity and momentum equations, the RANS equations result. The RANS equa-

tions are very similar to the instantaneous formulations of the conservation equations

but contain extra terms consisting of products of density, velocity, and their fluctua-

tions. The additional terms are referred to as Reynolds stresses and solution of these

terms is the focus of turbulence modeling [33].

A variety of RANS models exist, but the most common are known as two-equation

models because two equations are used to calculate the length and time scales of the

turbulence. The renormalization group (RNG) k � ✏ model [34–36] will be used

for this study because it combines the robustness of the standard k � ✏ model with

additional terms to address low Reynolds number turbulence e↵ects. To maintain an

unambiguous nomenclature, kt will be used in this document because k has already

been reserved for thermal conductivity. In the RNG k � ✏ model, kt describes the

kinetic energy of the turbulence, and ✏ describes the dissipation of that energy. These

variables are calculated using transport equations which describe the mechanisms

by which these variables change and interact with the flow across the domain. The

turbulent kinetic energy transport is described by equation (2.23) while the dissipation

transport is governed by equation (2.24).

~

V ·r (⇢kt) = r ·
✓

µt

Prt,k
rkt

◆
+Gt � ⇢✏ (2.23)
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~

V ·r (⇢✏) = r ·
✓

µt

Prt,✏
r✏
◆
+ C✏1

✏

kt
Gt � C✏2⇢

✏

2

kt
(2.24)

In equation (2.23), the first term on the right hand side captures the Reynolds stress

e↵ects, after incorporating the gradient-di↵usion hypothesis, requiring an assumption

of isotropic turbulence. There µt is the turbulent viscosity which results from the

gradient-di↵usion hypothesis, and Prt,k is the e↵ective turbulence Prandtl number.

The second term, Gt, describes the generation of turbulent kinetic energy due to

features within the domain. The final term captures the dissipation of that kinetic

energy. Equation (2.24) is similar in form but less conceptually straightforward. It

also incorporates a pair of constants, C✏1 and C✏2, which are empirical constants from

the model described more completely by Orszag et al [34].

This pair of equations are valid across the domain, but the accuracy of the model

decreases as Reynolds number decreases, particularly near a no-slip boundary like a

solid wall. One option to mitigate this error is to progressively refine the mesh near

no-slip boundaries, though this has CPU and stability impacts. A more common

approach is to adopt standard wall functions to resolve the flow field near the no-slip

boundary. Launder et al [37] have defined standard wall functions that relate a non-

dimensional velocity and temperature to a non-dimensional spatial variable known

as y

⇤, representing the distance from the no-slip boundary. The definition of y⇤ is

provided in equation (2.25).

y

⇤ =
0.0090.25⇢y k

1/2
t (y)

µ

(2.25)

From here, the transport equations for kt and ✏ are solved assuming zero gradient

of kt at the solid boundary and that all turbulent kinetic energy is dissipated at the

wall. These conditions allow for values of kt and ✏ to be calculated across the domain
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and coupled to the non-dimensional velocity and temperature equations. Additional

detail on the transport equations and wall functions can be found in Launder [37] or

the review of turbulence models by Patel et al [38].

2.4 Fluid Properties

In order to form a complete and deterministic set of equations, several additional

constitutive equations are required to define the fluid properties. The density may be

best defined by the ideal gas law, given in equation (2.26), over the operating range

of the reactor under consideration.

⇢ =
P

RT

(2.26)

Here R is the specific gas constant, which for carbon monoxide is 297 J/kg-K, and T

is the absolute temperature. This is a much simpler functional form than any real gas

formulation for Carbon Monoxide (e.g., Goodwin [39]), which simplifies the solution if

valid. An ideal gas assumption is generally valid for a gas when the pressure is much

less than the critical pressure or when the pressure is below the critical pressure and

the temperature is at least twice the critical temperature. For carbon monoxide, the

critical pressure is 34.5 atm, and the critical temperature is 134.45 K [40]. Since

the maximum expected pressure is 5 to 10 atm, and the coldest temperature is 300

K, the criteria for using an ideal gas assumption are met, and this applicability is

supported by the literature. Goodwin [39] reports the density and compressibility

of carbon monoxide as a function of temperature and pressure, consistently showing

the compressibility factor, Z, to range between 0.999 and 1.001, where a vale of 1

indicates a truly ideal gas. Comparing the density calculated from equation (2.26) to

the data presented in Uribe et al [41] or from the National Institutes of Standards and
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Technology (NIST) [40], a correlation coe�cient of nearly 1.000 results. Each of these

sources confirms the applicability of the ideal gas assumption for this assessment.

Because the gas flow rate is low through, the gas pressure is nearly constant across

the reactor, and the remaining thermophysical properties of carbon monoxide can be

described as a function of temperature only. These functions were defined by fitting

polynomial curves to property data from Uribe et al [41], Goodiwin [39], Boushehri

et al [42, 43], and the National Institute of Standards and Technology [40]. The order

of the polynomial was adjusted until a good fit, defined as an R

2 value above 0.99,

resulted. The domain of all curve fits was restricted to gas temperatures between

20�C and 1500�C , and accuracy outside this range has not been confirmed.

The data for specific heat are plotted in Figure 2.2. The solid diamond symbols

are the data points reported by Uribe et al [41], and the dotted line was generated

from the fourth order curve fit defined by equation (2.27).

cp = 2.098
�
10�10

�
T

4 � 9.313
�
10�7

�
T

3 + 0.001369T 2 � 0.5758T + 1113 (2.27)

In this equation, the units of temperature are Kelvin, and the specific heat is in units

of J/kg-K.

The data for viscosity are plotted in Figure 2.3. The solid diamond symbols are

the data points reported by Boushehri et al [42, 43], and the dotted line was generated

from the third order curve fit defined by equation (2.28).

µ = 4.807
�
10�15

�
T

3 � 2.086
�
10�11

�
T

2 + 5.437
�
10�8

�
T + 3.456

�
10�6

�
(2.28)

In this equation, the units of temperature are Kelvin, and the viscosity is in units of

kg/m-s.

The data for thermal conductivity are plotted in Figure 2.4. The solid diamond

symbols are the data points reported by Uribe et al [41], and the dotted line was
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Figure 2.2 : Specific heat of carbon monoxide gas as a function of temperature. Solid
diamonds are data points as reported by Uribe et al [41]. Dotted line is a fourth order
polynomial curve fit.
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Figure 2.3 : Viscosity of carbon monoxide gas as a function of temperature. Solid
diamonds are data points as reported by Boushehri et al [42, 43]. Dotted line is a
third order polynomial curve fit.
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Figure 2.4 : Thermal conductivity of carbon monoxide gas as a function of tempera-
ture. Solid diamonds are data points as reported by Uribe et al [41]. Dotted line is
a second order polynomial curve fit.

generated from the second order curve fit defined by equation (2.29).

k = �7.417
�
10�9

�
T

2 + 7.549
�
10�5

�
T + 0.003024 (2.29)

In this equation, the units of temperature are Kelvin, and the thermal conductivity

is in units of W/m-K.

2.5 Summary

In summary, the final form of the governing conservation equations for the fluid

phase are given by equation (2.4), equation (2.6), equation (2.7), equation (2.8),

and equation (2.10). The conservation equations for the particle phase are given

by equation (2.19), equation (2.20), and equation (2.21). Constitutive equations are

found in section 2.3 and 2.4.

The solution process is to first solve the flow field equations assuming steady
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flow of a single phase gas in an Eulerian frame of reference. Once the flow field is

solved, the discrete Fe(CO)5 phase, represented as small, spherical particles, will be

injected into the flow field and the trajectories calculated based on the Langrangian

formulation of the conservation equations, The particle trajectories will be functions

of time, though the flow field solution will not. Once a converged solution is achieved,

the temperature of each particle as a function of time will be analyzed to determine

how long each particle is within the transition temperature zone. This zone is between

250�C (where the Fe(CO)5 phase will begin to thermally decompose) and 500�C (the

minimum temperature required for CNT formation to proceed). Minimizing the time

the catalyst and catalyst-carrying gas is within the transition temperature zone will

minimize catalyst waste and improve CNT production e�ciency.



28

Chapter 3

Single-phase Gaseous Mixing

Prior to solving the complex equations outlined in chapter 2, it is instructive to first

study several simple problems to study trends resulting from di↵erent parameters and

configurations. To do this, the particles themselves are neglected, and it is assumed

that the volume fraction of gas at a particular temperature can be simply related

to the time a particle spends at the same temperature while traversing the domain.

Provided each particle moves such that Vz > 0 is always true, this assumption is

valid, and the flow regime is restricted to laminar mixing. With this assumption, the

special case of equal gas inlet velocities is considered to evaluate the e↵ect of cold gas

inlet temperature. The e↵ect of nonzero relative velocity between inlet gas streams

is evaluated next by restricting the domain to the gaseous shear layer. Finally, these

contributions are studied using a more detailed computational fluid dynamics (CFD)

model, the results of which align with the findings of the special cases and confirm

the CFD model is constructed and implemented correctly. Additionally, several user-

controllable parameters are identified which significantly a↵ect the mixing process.

3.1 Equal Gas Inlet Velocities

The limiting case from a heat transfer standpoint occurs when the relative velocity

between the hot and cold gas streams is zero, i.e. when V1 = V2. This will result

in the longest time for the gas mixture to reach equilibrium because heat transfer is
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conduction-dominated. Since the gas velocities in the reactor are slow, this assessment

can be further simplified by assuming uniform flows at constant temperatures. Given

this and typical operating parameters for a HiPCO reactor, the Peclet number, defined

in equation (3.1), of the gas stream in the mixing region is on the order of 20.

Pe =
LV

↵

= Re Pr (3.1)

This indicates the problem is advective in nature and stream-wise di↵usive transport

can be neglected. One consequence is that the gas temperature profile in the r direc-

tion at a given z station within the reactor can be found by solving a transient thermal

conduction problem with adiabatic boundary conditions. The adiabatic boundaries

are due to the centerline symmetry of the reactor and the assumed adiabatic bound-

ary at the outer reactor wall. Lacking convective influences, the z coordinate can be

simply related to the time variable in the transient calculation.

The governing equations for this calculation are the one dimensional and transient

heat transfer equations which, referring to Figure 3.1, combine to form equation (3.2).

⇢Vcp
@T

@t

= �kA

@T

@r

���
r�

+ kA

@T

@r

���
r+

(3.2)

Here V is the local volume of gas at some r location ri. The right hand side of equa-

tion (3.2) is simply the net heat transfer into the node, broken into two contributions

since this is a one-dimensional model. The first term represents the heat flux term

into ri from the gas at ri�1, while the second term represents heat flux into ri from

the gas at y locations greater than ri+1. Each heat flux contribution is positive if the

heat flux is into ri.

Equation (3.2) can be formulated numerically using a finite di↵erence technique.

Discretizing into infinitesimal segments, V can be expressed as V = A dr, allowing
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Figure 3.1 : Illustration of conduction model domain and discretization. Each z

location is fixed via the average velocity, V = 4 cm/s, and the time required for a
particle to travel from the inlet of the mixing region to location z. Nodalization in
the r direction is done via division of the chamber diameter into 2N nodes, invoking
centerline symmetry to reduce the problem domain.

the area terms to cancel. Further simplification is achieved by assuming local vari-

ations in thermal conductivity about an r location to be negligible. The temporal

derivative and the spatial derivative evaluated from lower r locations are discretized

using forward di↵erences, while the spatial derivative through higher r values is dis-

cretized using a backwards di↵erences. Combining these discretizations and assump-

tions, equation (3.2) becomes equation (3.3), which is valid for all points not on the

boundary (i = 2 to i = N � 1 where N is the total number of discrete spatial points).
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m
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Adiabatic boundary conditions are computed using a three point spatial temper-

ature di↵erence set equal to zero. The finite di↵erence equation for the centerline

symmetry boundary, located at i = 1, is given in equation (3.4). The translation

from time m+1 to time m was accomplished using equation (3.3) so the temperature
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distribution at each time step may be solved implicitly without needing to rely on

computed information at other time steps.

T
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3
T

m
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where:

a =
k�t

⇢cp (�r)2

The outer reactor wall boundary, located at i = N was similarly formulated and is

given by equation (3.5).
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The resulting system of equations defined by equations (3.3), (3.4), and (3.5) can be

solved implicitly for the temperature distribution at each time step,

The problem is initialized at time t = 0 with nodes from r = 0 to r = d2/2

initialized to the cold gas temperature and nodes from r = d2/2 to r = d/2 initialized

to the hot gas temperature. This accurately captures the thermal conditions when

the incoming gas streams at the beginning of the mixing region. The final time is

calculated using equation (3.6) based on the mixed fluid velocity of ⇠ 4 cm/s and the

z location where the temperature profiled is desired.

tm = V mz (3.6)

The temporal solutions are performed explicitly with a time step of 0.001 seconds,

which was shown through sensitivity studies to be the largest time step leading to

both accurate and stable solutions.
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Figure 3.2 : Conduction model results showing temperature profiles across chamber
for 25�C cold gas inlet temperature case. Several z locations are plotted within the
chamber, and a significant number of data points within the transition temperature
zone is observed.

Results for the 25�C cold gas inlet are shown in Figure 3.2. As indicated, the

region of gas between 250�C and 500�C extends approximately 6 cm downstream

and to nearly half the duct radius. Results for the 200�C cold gas inlet are shown

in Figure 3.3. As indicated, the region of gas between 250�C and 500�C extends

approximately 4 cm downstream and to only ⇠1/4 of the duct radius.

A direct comparison of the total region of fluid contained within 250�C and 500�C

is provided in Figure 3.4. Here, the temperature distributions for each of the inlet

temperature cases was integrated to calculate a total depth, in the r direction, of

fluid in the transition temperature range. The 200�C inlet case results in a thinner

layer of undesirable temperatures, and the centroid of the region is shifted closer to

the gas inlet to the reactor. A qualitative examination suggests a smaller volume of

gas between 250�C and 500�C for the 200�C inlet, and this is verified by calculating
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Figure 3.3 : Conduction model results showing temperature profiles across chamber
for 200�C cold gas inlet temperature case. Several z locations are plotted within the
chamber, and fewer data points (compared to the 25�C case) are observed within the
transition temperature zone.
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500�C for the 25�C and 200�C inlet cases.
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the volume of the reactor chamber occupied by gas at a temperature within the

transition temperature range for both inlet temperature cases. For the 200�C cold

gas inlet temperature, the volume fraction of gas above the Fe(CO)5 decomposition

temperature but below the CNT production reaction threshold is half that for the

25�C cold gas inlet case.

3.2 Relative Velocity E↵ects

The conduction model demonstrates that increasing the temperature of the cold gas

stream positively a↵ects the mass of gas within the chamber above the decomposition

temperature of Fe(CO)5 but below the temperature at which CNTs will begin to

form. The next logical question is whether this trend continues as the relative velocity

between the hot and cold gas streams increases, thereby increasing the laminar forced

convective component of the mixing. We focus on the interfacial region between

the two gas streams and model them as two initially uniform streams at di↵erent

temperatures. This formulation admits a Falkner-Skan-Mangler transformation [44]

which was adopted to more easily parameterize the governing equations and study

the e↵ects of relative velocity. The transformation is defined by equations (3.7), (3.8),

and (3.9). While this is an approximation, the slow velocities (⇡ 4 cm/sec) involved

in this problem result in minimal viscous interactions with the chamber walls. As

such, this approximation is su�cient to illustrate the forced convective e↵ects upon

the gas temperature distribution resulting from a non-zero relative velocity between

the gas streams.

⌘ =

✓
V1

⌫z

◆ 1
2
✓
R

L

◆
y (3.7)

f (x, ⌘) =  (x, y) (V1⌫z)
� 1

2 (3.8)
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g (x, ⌘) =
T � T2

T1 � T2
(3.9)

The value of R
L in equation (3.7) is a correction to account for the axisymetric

geometry. The trio of equations transform the simplified momentum equation into

equation (3.10) and the energy equation to equation (3.11). Because the Falkner-

Skan-Mangler transformation formulates the conservation equations in terms of a

stream function instead of velocities, conservation of mass is satisfied by definition.
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Here f is the stream function in the dimensionless coordinate system, g is a dimen-

sionless temperature, m is a pressure gradient parameter, and n is a wall heat flux

parameter. All primes denote derivatives with respect to ⌘.

The slow gas velocity coupled with the problem symmetry as defined in Figure 1.1,

leads to the simplified formulations of the transformed momentum and energy equa-

tions as given in equation (3.12) and (3.13). The simplifications neglect gravita-

tional and pressure gradient forces in order to isolate the viscous mixing between gas

streams. Each of these terms is small, resulting in negligible error, though they will

be included in subsequent, more complex studies.

f

000 +
1

2
ff

00 = 0 (3.12)

1

Pr

g

00 +
1

2
fg

0 = 0 (3.13)

The resulting equations comprise a system of nonlinear ordinary di↵erential equations.

While not trivial, this formulation is significantly easier to solve than the governing

nonlinear, coupled partial di↵erential equations.
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Figure 3.5 : Control volume for HiPCO reactor mixing region. Left boundary is
aligned with room temperature CO gas inlet. Right boundary is aligned with z station
at which Boudouard reaction commences. Top boundary is coincident with inner
diameter of reaction chamber wall. Bottom boundary is coincident with centerline
axis of chamber geometric symmetry.

The control volume to which these equations will be applied is illustrated in Fig-

ure 3.5. Centerline symmetry and the reactor wall serve as the lower and upper

boundaries (each tending towards ±1 in the numerical space), and the extents of

the mixing region serve as the other two boundaries. In the transformed space, the

upper and lower boundaries at the left side of the domain are taken to be trending

towards +1 and �1, respectively, while the ⌘ = 0 point is the initial interface

between the gas streams.

Flow boundary conditions for this domain are based on the initial velocities of the

gas streams as given in equation (3.14) and (3.15)

f

0 (⌘ ! �1) = � (3.14)

f

0 (⌘ ! +1) = 1 (3.15)

The constant � is defined as the ratio of the hot gas stream centerline velocity to

the cold gas stream centerline velocity. Because the transformed equations are third

order, an additional boundary condition is required. The condition that the original

interface between fluid layers at ⌘ = 0 be a streamline was imposed as given by
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equation (3.16).

f (⌘ = 0) = 0 (3.16)

The thermal boundary conditions are taken as the initial gas stream temperatures.

While this disagrees with the reactor thermal boundary conditions, this deviation is

acceptable since this particular assessment focuses solely on the mixing behavior

within the interfacial region. Both the adiabatic and symmetry conditions will have

no e↵ect on the gas temperatures at the upper and lower boundaries until su�cient

time has passed to establish a temperature gradient within the gas that extends to the

problem boundaries. By establishing boundaries far from the region of interest, we can

minimize the influence of the boundary conditions chosen while isolating the e↵ects

of forced convection upon this problem. Therefore, in terms of the non-dimensional

equations, these boundary conditions are given by equation (3.17) and (3.18).

g (⌘ ! �1) = 0 (3.17)

g (⌘ ! +1) = 1 (3.18)

A Runge-Kutta method incorporating Lobatto IIIa quadrature was used to solve

the governing system of equations. As with any Runge-Kutta method, the governing

equations must be expressed as a system of first order di↵erential equations. Starting

from equation (3.12) and (3.13), a system of five first-order, nonlinear ordinary di↵er-

ential equations can be derived using the variable definitions given in equation (3.19)

through (3.23). The resulting system of equations is presented in equation (3.24)
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through (3.28).

w1 = f (3.19)

w2 = f

0 (3.20)

w3 = f

00 (3.21)

w4 = g (3.22)

w5 = g

0 (3.23)
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To solve, the computational domain was split into two regions, one spanning [�b, 0)

and another covering (0,+b], with continuity imposed across the shared boundary at

0. In the continuous domain, b ! 1, but obviously this is numerically impossible.

The computational domain was bounded with b = 125 which is much larger than the

values of the similarity variable encountered within the dimensions of interest. The

Runge-Kutta algorithm was incorporated in Matlab and integrated until convergence

was achieved. Two sample cases were run and compared to existing solutions to

validate the algorithm as coded.

Results were computed for values of � from 0 to 1 in increments of 0.25. The

results, after translation back to real space from similarity space, are plotted in Fig-

ure 3.6. First, the conduction model results are confirmed within this approach after

examining the � = 1 case. Recall � = 1 indicates the velocities of the two gas streams
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Figure 3.6 : Plot showing the e↵ect of relative velocity between the two gas streams
upon the volume of gas within transition temperature region. Two di↵erent cold gas
inlet temperatures were considered, and the results were over-plotted for comparison.
As the relative velocity increases, the volume of gas at temperatures within the tran-
sition temperature range decreases. Additional benefit is gained via warmer gas inlet
temperatures.

are equal, and therefore, conduction will be the only means of heat transfer between

the gas streams. Secondly, as � ! 0 the amount of gas in the undesirable range de-

creases dramatically as one would expect. As forced convection becomes increasingly

dominant, the thermal equilibration process between the two gas streams occurs more

quickly. Finally, this trend continues as the cold gas inlet temperature is increased.

For all cases considered, the amount of gas within the undesirable temperature range

decreases by a factor of more than 2 when the inlet temperature is increased to 200�C

from 25�C .



40

Figure 3.7 : Geometry generated for CFD calculations. This geometry is bounded in
the axial direction by the entrance and exit of the mixing region of the reactor. The
reactor has a circular cross section of diameter 5.08 cm. The diameter of the cold gas
inlet, d2 in Figure 1.1, is parameterized within this analysis as a way of altering the
fluid relative velocity. Vertical planar symmetry is invoked.

3.3 Buoyancy-Driven Mixing

The large temperature di↵erence between two gas streams, and the resulting density

di↵erence, results in buoyancy-driven mixing that was not accounted for in previous

models. To study this, and confirm the aforementioned findings within the reactor

geometry, computational fluid dynamics techniques are employed using release 13 of

the ANSYS Workbench and accompanying FLUENT software package. The problem

geometry, illustrated in Figure 3.7, takes advantage of domain symmetry to reduce

CPU overhead. As oriented, gravitational acceleration acts along the y axis, and this

complicates the problem from axisymmetric to symmetric only about the vertical

plane. Thus, half the reactor is modeled from z = 0 cm where the two gas streams

are introduced (locations 1 and 2 from Figure 1.1) to z = 25 cm (location 3 from
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Figure 1.1) by which point much of the thermal equilibration has occurred, at least

through the range of greatest concern. The reactor cross section is circular of diam-

eter 5.08 cm. As described in the introduction and Figure 1.1, the cold gas stream

is assumed injected along the reactor centerline, also with a circular cross section,

creating an annular passage for the hot gas stream. The diameter of the cold gas

inlet is parameterized for this analysis to control the relative velocity between the

two gas streams.

The inlet boundaries are configured as constant mass flow rate inlets at fixed tem-

peratures. With known inlet and outlet temperatures, the mass flow rates can be

found with the simultaneous solution of a mass and energy balance across the en-

tire mixing region. Boundary temperatures are understood from available literature,

though the cold gas inlet temperature is parameterized as part of this study. The

outlet boundary is modeled as an outflow boundary because of the very low speed

flow and unspecified pressure loss across the mixing region. This type of boundary

condition relies on upstream data to smoothly define the fluid conditions at the out-

let boundary, calculating the pressure and temperature instead of fixing one or the

other. The outer wall of the circular duct is modeled as adiabatic, and the no-slip

fluid condition is enforced.

A second-order upwind, node-based scheme was employed to solve the governing

equations. No turbulence model was necessary. As stated earlier, the Reynolds num-

ber for this problem is on the order of 300 which is well below the transition Reynolds

number of 2300 for pipe flow. The Rayleigh number is on the order of 108 which is

also below the transition threshold of 109 for turbulent natural convection. Carbon

Monoxide properties were altered from the FLUENT default library to accommodate

the large temperature range encountered in this problem. Custom fluid properties
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were defined within FLUENT per section 2.4.

The convergence criterion for the continuity and momentum equations was a resid-

ual at or below 10�3, whereas the energy equation convergence criterion was met for

a residual at or below 10�6. Relaxation factors of 0.7 and 0.98 were applied to the

momentum and energy equations, respectively. No relaxation was applied to the con-

tinuity equation. Grid independence was verified by decreasing the mesh element size

until six criteria remained unchanged. Those six criteria consisted of the pressure

loss across the geometry and the mass-averaged temperature across the circular cross

section at five z stations along the flow direction (z = 5, 10, 15, 20, and 25 cm).

Global conservation of mass, energy, and momentum were also verified for each case.

The coarsest mesh to meet all these criteria was generated using a maximum element

size of 0.001 m, resulting in ⇠500,000 elements. Then, a case was run with the gas ve-

locities of both inlet streams set equal to serve as an anchor point for this model. The

results of the CFD solution were compared to the simple conduction model described

previously, and favorable agreement was observed.

A total of 18 cases were run to study the e↵ects of total mass flow rate, rela-

tive velocity, and buoyancy e↵ects. These cases are summarized, along with defined

boundary conditions, in Table 3.1. Six cases each are used to characterize the e↵ect

of total mass flow and buoyancy, with an additional six cases computed to produce a

baseline. Within each set of six cases, the relative velocity (via the reactor geometry)

and inlet temperature is varied.

Again using the volume fraction of gas within the transition temperature zone as

the relevant metric, the results of these cases are presented in Figure 3.8. The first

observation is that the overall gas flow rate has a significant direct correlation as noted

by comparing A cases to B or C cases. This is most likely a data anomaly because of
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Case d2 ṁCold TCold ṁHot THot

ID [cm] [kg/sec] [�C] [kg/sec] [

�
C]

~g ? Description

1A1 2.54 4.840e-05 25 8.410e-05 1200 Y

1A2 1.524 4.840e-05 25 8.410e-05 1200 Y
Double ṁ

1A3 3.556 4.840e-05 25 8.410e-05 1200 Y
25�C Inlet

2A1 2.54 5.528e-05 200 7.726e-05 1200 Y

2A2 1.524 5.528e-05 200 7.726e-05 1200 Y
Double ṁ

2A3 3.556 5.528e-05 200 7.726e-05 1200 Y
200�C Inlet

1B1 2.54 2.420e-05 25 4.205e-05 1200 Y

1B2 1.524 2.420e-05 25 4.205e-05 1200 Y
Baseline Configuration

1B3 3.556 2.420e-05 25 4.205e-05 1200 Y
25�C Inlet

2B1 2.54 2.764e-05 200 3.863e-05 1200 Y

2B2 1.524 2.764e-05 200 3.863e-05 1200 Y
Baseline Configuration

2B3 3.556 2.764e-05 200 3.863e-05 1200 Y
200�C Inlet

1C1 2.54 2.420e-05 25 4.205e-05 1200 N

1C2 1.524 2.420e-05 25 4.205e-05 1200 N
Baseline ṁ

1C3 3.556 2.420e-05 25 4.205e-05 1200 N
25�C Inlet

2C1 2.54 2.764e-05 200 3.863e-05 1200 N

2C2 1.524 2.764e-05 200 3.863e-05 1200 N
Baseline ṁ

2C3 3.556 2.764e-05 200 3.863e-05 1200 N
200�C Inlet

Table 3.1 : Case matrix for the 18 CFD runs. These 18 cases establish a baseline
and compare, one variable at a time, the e↵ects of gas stream relative velocity, overall
flow rate, and natural convection.
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Figure 3.8 : Plot summarizing findings from CFD runs. Similar trends of volume frac-
tion at undesirable temperatures with relative velocity are noted as with the similarity
results. Overall slower gas flow reduced the volume fraction at undesirable temper-
ature considerably, though the addition of natural convection produced a nonlinear
correlation with relative velocity.

the way the data are reduced. A fluid moving twice as fast will flow through twice the

space in a given time, but the time required for energy transfer to a certain state will

stay the same. Second, the cold gas inlet temperature is inversely, yet also strongly,

correlated. This aligns with results from the preceding two approaches as well. Third,

a strong, inverse correlation is noted with relative velocity of the inlet gas streams.

This aligns with the results of the similarity methods, and the magnitudes of the

relevant metric are similar for lower velocity ratios as much of the CFD cases were

configured. Finally, natural convection has a relatively small, nonlinear relationship

with relative velocity and volume fraction of gas at undesirable temperatures. As the

cold gas velocity slows, or at least becomes significantly slower than the hot gas, a

greater portion of the heat transfer occurs from the inlet gas descending through the
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bottom layer of hot inlet gas. However, the same observation is not made when the

relative velocity between gas streams trends such that the cold gas moves faster than

the hot gas.

3.4 Discussion

Maximizing the e�ciency of the Fe(CO)5 catalyst introduced to the reactor helps to

make SWCNT production more a↵ordable. If the Fe(CO)5 completely decomposes

into vaporized iron and CO gas and the local temperature is above 500�C, SWCNT

production will commence. However, if the local temperature is insu�cient to initi-

ate SWCNT formation, the vaporized iron particles can and will begin to adhere to

each other and the chamber walls resulting in wasted catalyst. To minimize the loss

of catalyst due to clumping prior to reaching an adequate temperature to produce

SWCNTs, the time an infinitesimal mass of Fe(CO)5-doped gas spends above the

Fe(CO)5 decomposition temperature (250�C) and below 500�C should also be min-

imized. In general, once the reactor is started and operating at a steady condition,

the time spent at a certain temperature can be related to the volume of gas at that

temperature given the gas velocity and trajectory. In the absence of turbulence, as is

the case thus far, the precise trajectories of individual fluid particles becomes less im-

portant, and minimizing the total volume of gas a specified temperature is equivalent

to minimizing the time an infinitesimal amount of gas is at that temperature state.

Thus, to avoid the unnecessary complexities of a Lagrangian formulation for a mixing

problem of this nature, an Eulerian approach has been adopted which neglects the

particles themselves, and the relevant metric from which conclusions can be derived

is the fluid volume fraction within the transition temperature regime.

Each method used thus far clearly demonstrates that increasing the inlet gas
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temperature has a significant impact. The volume fraction within the transition

temperature regime decreased by roughly a factor of two when the Fe(CO)5-doped gas

temperature was increased from 25�C to 200�C, all other parameters equal. This could

be rather straightforward to implement as well. Rather than having to balance overall

e�ciency gains due to increased inlet temperatures with energy spent increasing the

inlet temperature, the residual heat of the carbon dioxide byproduct gas could be

used to warm the incoming Fe(CO)5-doped gas via a gas-gas passive heat exchanger.

Using the first law of thermodynamics, one can calculate that approximately 12 W of

energy transfer to the Fe(CO)5-doped gas is required for the baseline configuration.

At the outlet of the CNT growth region, the CO2 is still quite hot (at least 800�C),

and the removal of 12 W from this gas stream still results in a significant temperature

di↵erence between the Fe(CO)5-doped gas and the exhausted CO2. Including fouling

e↵ects, gas-gas heat exchangers typically have heat transfer coe�cients no lower than

6 W/m2K. With this value for U, the required e↵ective heat transfer area can be

calculated using equation (3.29).

UA =
abs (Q)

�TLM
(3.29)

The log mean temperature di↵erence, �TLM , can be calculated using equation (3.30).

The subscripts I, O, h, and c designate the inlet, outlet, hot fluid, and cold fluid

locations, respectively.

�TLM =
(TI,h � TO,c)� (TO,h � TI,c)

log

TI,h�TO,c

TO,h�TI,c

(3.30)

For the baseline reactor configuration and assuming 800�C CO2 is exhausted from the

CNT growth region and fed into a heat exchanger, no more than 24 cm2 of e↵ective

area are required to transfer 12 W of energy. This is a rather small area compared
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to the scale of the reactor, and given the small area required, it is likely a custom-

designed heat exchanger could be integrated into the reactor design to minimize

pressure loss or complexity of the reactor design.

The geometry and orientation of the reactor could also be optimized. The simi-

larity and CFD solutions both predict reductions in transition temperature volume

fraction as the relative velocity between the two inlet gas streams increases. The cross-

sectional area of each inlet and the reactor chamber can be modified to establish a

relative velocity. Gas velocities are approximately equal when the Fe(CO)5-doped

gas inlet diameter is 30% of the chamber inner diameter, and the relative velocity

increases as the Fe(CO)5-doped gas inlet diameter becomes larger within a fixed-

diameter chamber. When the Fe(CO)5-doped gas inlet diameter becomes 70% of the

5.08 cm reactor diameter, the ratio of Fe(CO)5-doped gas velocity to hot CO gas

velocity is approximately 0.15. As observed in Figure 3.6 and Figure 3.8, smaller

values of � (higher relative velocity between gas streams) can significantly decrease

the undesirable volume fraction. Higher relative velocities may result in additional

waste at the start-up and shut-down of the reactor due to fast moving gas passing

through the chamber while the equilibrium mixture is taking shape, but if the reactor

is run for a su�ciently long time, this added waste is likely negligible.

Natural convection can either contribute positively or negatively and can easily

be overcome by forced convection at high relative velocities. Furthermore, Figure 3.8

shows that for the geometric configuration assumed and at large relative velocities,

the reduction in undesirable volume fraction due to natural convection is very small.

However, at low relative velocities, the addition of natural convection can actually

result in an increase in undesirable volume fraction. The reason is likely specific

to the geometry assumed. With the Fe(CO)5-doped gas being injected along the
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centerline of the reactor, buoyancy will cause this cold gas to fall towards the bottom

of the reactor. However, in the configuration described by Figure 1.1, the cold gas

need only fall through half the mass of hot gas which limits the natural convection.

Once the cold gas settles at the bottom of the reactor, the heat transfer area for

forced convection between the two gas streams is limited to the area of the vertical

centerline plane inside the reactor instead of a cylindrical surface of diameter d2. The

magnitude of natural convection can be controlled by the orientation of the gas flow

with the local gravity vector and even eliminated if desired. However, to be maximally

e↵ective, the cold gas should be injected above the entire hot gas layer so that the

cold gas must fall through the entire mass of hot gas prior to settling at the bottom

of the chamber. This results in the greatest natural convective mixing possible. In

the next chapters, these findings are incorporated into more detailed study including

the particles and di↵erent mechanisms of enhancing mixing.
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Chapter 4

Mixing in Multiphase Gas Flows

In Chapter 3, the temperature distribution in laminar flow fields of a single-phase

gas were studied, and conclusions were drawn using volume fractions of gas at a tem-

perature as indicators for expected particle temperatures. In this chapter, discrete

phase particles will be introduced to the flow to study the temperatures of the par-

ticles themselves as a function of time. The particle trajectories will be analyzed

to determine the residence time within and the temperature fluctuations about the

transition temperature range while varying relative velocity and chamber geometry.

These metrics are the most relevant to the goal of rapid, monotonically-increasing

changes in particle temperature. Particle trajectories will also be examined to study

the dispersion of particles within the chamber volume.

4.1 Study Case Description

Ten cases were established to study the geometric and relative velocity e↵ects on

catalyst particle trajectories. These cases are summarized in Table 4.1. All cases

assume an initial catalyst-carrying gas temperature of 200�C because this was clearly

shown in Chapter 3 to lead to superior results. Cases A1 through A5 assume common

laboratory-scale reactor dimensions identical to those used in Chapter 3. The ratio

between d and d2 is again varied, holding mass flow constant, as a means of varying

relative velocity. Cases B1 through B5 maintain the same mass flux and velocities as
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d ṁ1 T1 ṁ2 T2

Case ID d/d2 �

[cm] [kg/sec] [�C] [kg/sec] [�C]

A1 5.000 0.181 5.08 7.726e-05 1200 5.528e-05 200

A2 3.000 0.544 5.08 7.726e-05 1200 5.528e-05 200

A3 2.313 1.000 5.08 7.726e-05 1200 5.528e-05 200

A4 2.000 1.450 5.08 7.726e-05 1200 5.528e-05 200

A5 1.750 2.110 5.08 7.726e-05 1200 5.528e-05 200

B1 5.000 0.181 2.54 1.932e-05 1200 1.382e-05 200

B2 3.000 0.544 2.54 1.932e-05 1200 1.382e-05 200

B3 2.313 1.000 2.54 1.932e-05 1200 1.382e-05 200

B4 2.000 1.450 2.54 1.932e-05 1200 1.382e-05 200

B5 1.750 2.110 2.54 1.932e-05 1200 1.382e-05 200

Table 4.1 : Ten cases were configured to explore the laminar mixing of discrete par-
ticles in a low Reynolds number gas. The A series considers the standard dimensions
of laboratory scale reactors, while the B series explores the e↵ects of cutting that
diameter in half while maintaining the same mass flux. Relative velocity between
the two inlet streams is varied by changes in the diameter ratio of the inlets for each
stream as in the previous chapter.

the A series of cases, but the outer diameter, d, has been halved. Thus, the A and B

series can be directly compared to evaluate the e↵ect of scale.

Solutions were again computed with Fluent using the same domain, boundary

conditions, and solution parameters as described in section 3.3. The flow field was

solved first, neglecting the presence of particles. During grid convergence studies,

the momentum exchange between particles and fluid was demonstrated to have a

negligible e↵ect on the flow field solution for volume fractions of particles less than
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or equal to 1%. A custom fluid property library was created for carbon monoxide to

accommodate the wide range of temperatures experienced, incorporating the curve

fits described in section 2.4.

Once the flow field solution converged, calculation of the trajectories for each

discrete particle was completed. Variability in catalyst particle concentration would

manifest as a particle flux through the cold gas inlet boundary surface, but all po-

sitions on this surface would be similarly likely given enough time. Therefore, one

particle was released from each node on this boundary without consideration of tem-

poral spacing because as-modeled, the particles do not interact. The total number of

particles injected varied for each case because d2 varied for each case, but the number

of particles injected ranged from a low of 80 to a high of 180. A custom property

file for Fe(CO)5 was created to define the density and specific heat of the particles.

The particle density was calculated assuming the catalyst particles were atomized,

consisting of only one iron atom and five carbon and oxygen atoms, and packaged into

a sphere whose size is determined by the equilibrium bond lengths of the Fe(CO)5

molecule. Data on Fe(CO)5 specific heat were not available, so properties for pure

carbon monoxide were assumed. A sensitivity analysis was performed, varying den-

sity and specific heat, and results indicate the particle temperature is insensitive to

these parameters as a result of the small particle size. The equations of motion were

integrated for each particle independently using a maximum time step determined

from the smaller of 0.001 seconds or the time required to completely cross a domain

element. Integration was halted when the particle exited the domain at the upstream

or downstream boundaries or the maximum number of time steps was reached. The

maximum number of time steps was derived to ensure each particle would travel well

beyond any regions of gas below 800�C. Position, velocity, and temperature of each
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particle as functions of time were saved for further analysis.

Upon completion of the simulation, the trajectory of each particle was analyzed to

extract the total time the particle spent below 250�C, total time above 500�C, total

time between 250�C and 500�C, and the number of times the particle crossed between

those thresholds. A custom FORTRAN code was written to analyze the trajectory

files, and the results for each particle were written to an output file containing the

summary information for each particle. Using the Statistics Toolbox within Mat-

lab, this output file was analyzed to calculate the probability that a given particle

would spend a certain amount of time within the transition temperature range, as

well as undergo a number of temperature transitions about this range, allowing for

comparison of the mixing e↵ectiveness of each case.

4.2 Mesh Independence

Prior to collecting data, a series of simulations were run to ensure grid independent

solutions. Case A4 was chosen as a representative case. This geometry was meshed

with a maximum element size of 0.001 m as a baseline, and two successive iterations

were required having maximum element sizes of 0.00075 m and 0.0005 m, respectively.

The meshes are described as coarse (0.001 m), medium (0.00075 m), and fine (0.0005

m) in this chapter. Each case was checked for mass, momentum, and energy conser-

vation, and the overall pressure drop across the domain, centerline temperature, and

centerline velocity were each compared for convergence.

All three cases predicted a total pressure loss of approximately 0.02 Pa across the

domain, varying by ±0.001 Pa. The centerline temperature predictions, plotted in

Figure 4.1, also agreed well. Centerline velocity predictions, plotted in Figure 4.2,

showed some minor discrepancies in the region immediately downstream of the inlet,
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Figure 4.1 : Gas temperature along domain centerline as a function of axial distance
in flow direction for each of the three meshes considered. The temperature solution
demonstrates good mesh independence.

but the solutions calculated on the medium and fine meshes agreed within a few per-

cent. The region near the inlet was the most challenging area to achieve convergence

because of the significant mixing occurring there as a result of the cold gas sinking

through the warmer gas below. However, the ultimate parameter of interest is the

amount of time particles spend at a temperature within the transition temperature

range. For each mesh, once the flow field solution had converged, the discrete phase

was introduced and the equations of motion integrated as described in section 4.1. A

statistical analysis was performed on the discrete phase results for each mesh. The

residence time of each particle within the transition temperature range was calcu-

lated, and the cumulative probability distribution function (CDF) for each solution

was generated, plotted in Figure 4.3. The CDF describes the probability that a

given discrete phase particle will be at a temperature within the transition tempera-

ture range for a time less than or equal to the time prescribed on the dependent axis.
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Figure 4.2 : Gas velocity along domain centerline as a function of axial distance in
flow direction for each of the three meshes considered. Generally good agreement,
though medium and fine mesh solutions agree best (within a few percent).
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Figure 4.3 : Cumulative probability distribution function describing the probability
of discrete phase particles having a residence time within the transition temperature
range. One curve is provided for each mesh evaluated.
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Figure 4.4 : Histogram comparing particle residence time in transition temperature
range for each of the A cases studied. A clear dependence between residence time
and relative velocity can be observed, with higher relative velocities leading to shorter
residence times.

Referring to Figure 4.3, excellent agreement is observed between the medium and fine

meshes, particularly given the statistical model used for the Brownian motion term.

The coarse mesh clearly over-predicts the probability of residence times below about

0.75 seconds and under-predicts the probability of residence times above this thresh-

old. As a result, the medium grid size was chosen for data collection simulations.

4.3 Results

A histogram summarizing the particle residence time within the transition tempera-

ture for all A series cases is provided in Figure 4.4. Because the number of particles

injected for each case varied as discussed in section 4.1, the data for each case were

normalized by the number of particles. Hence, the vertical axis is the percent of total

particles for that case. The horizontal axis separates residence times into bins each
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Figure 4.5 : Histogram comparing particle residence time in transition temperature
range for each of the B cases studied. The smaller tube diameter significantly de-
creases residence times, and the dependence of residence time on relative velocity is
less clear.

0.25 seconds wide, with the center of the bins labeled. Each of the five cases are

plotted, and an inverse relationship between relative velocity and residence time is

clearly observed, indicating volume fraction at a temperature and residence time are

indeed correlated as assumed in Chapter 3.

The particle residence time within the transition temperature for all B series

cases is plotted in Figure 4.5. The benefits of relative velocity are less clear, but the

reduction in scale by a factor of two has reduced particle residence times significantly.

Nearly all B series particles spent less than 0.125 seconds at a temperature within the

transition temperature range. The A series data have been re-plotted in Figure 4.6

to match the scale of the B series data. Approximately 70% of particles in A series

cases spend more time in the transition temperature range than B series particles.

Statistics on the number of transitions in particle temperature about 250�C are
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Figure 4.6 : Histogram comparing particle residence time in transition temperature
range for each of the A cases studied. These data are identical to those contained in
Figure 4.4 but re-scaled for better comparison to B case data in Figure 4.5.

presented in Figure 4.7 for all ten cases. Most particles smoothly cross this tempera-

ture threshold and continue warming, though the smaller geometry of the B series is

again clearly superior by factors ranging from 1.4 to 2.

Of greater interest is the number of transitions across the 500�C threshold; recall

this is the temperature threshold where the production of CNTs will commence.

Transition data are plotted in Figure 4.8 again comparing all ten cases. The B series

cases indicate much fewer oscillations about the 500�C threshold compared to the A

cases. Single transitions counted for the A series cases are again outnumbered by B

series single transitions by a factor of 1.4 to 2. B series cases also have much tighter

grouping towards the single transition ideal than A series cases. Considering both

particle residence time and temperature transitions, the smaller scale of the B series is

superior to the A series, suggesting that more, smaller layers may be a viable mixing
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Figure 4.7 : Histogram quantifying the number of times a particle injected into flow
undergoes a temperature change across 250�C in each of the 10 CFD cases stud-
ied. Frequency results were normalized to the total number of particles released for
comparison purposes.

Figure 4.8 : Histogram quantifying the number of times a particle injected into flow
undergoes a temperature change across 500�C in each of the 10 CFD cases stud-
ied. Frequency results were normalized to the total number of particles released for
comparison purposes.
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Figure 4.9 : The maximum and minimum position values of particles as they dis-
perse through the domain. The smooth, laminar flow tends to prevent particles from
dispersing to the extents of the domain. The asymmetrical e↵ects of buoyancy are
apparent as demonstrated by the tendency of particles to sink farther below the cen-
terline than they rise above.

strategy for low speed flows.

Despite the progress in minimizing residence time in and the number of tempera-

ture oscillations about the transition temperature range, the injected particles do not

thoroughly spread through the domain in the r direction. The dispersion of particles

is plotted in Figure 4.9 for all cases, and data are normalized by d. Results are in-

dependent of reactor scale and gas stream relative velocity, but particles only spread

into approximately half the total diameter available. Some asymmetry is observed

due to the natural convective currents which force the colder, catalyst-carrying gas to

sink towards the bottom. When applied directly to HiPCO reactors, without particles

spreading further radially into the reactor domain, the catalyst waste as a result of

temperature fluctuation and residence time apparent in Povitsky and Salas [20] have

been traded for wasted reactant.
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4.4 Summary

It has been shown that the volume fraction of gas at a temperature within the transi-

tion temperature range, used in Chapter 3, is a good indicator of e↵ective mixing and

particle residence time, at least for laminar cases. However, injecting particles and

integrating their trajectories through the flow field exposes the e↵ect of scale. Main-

taining mass flux, operating pressure, and temperatures but reducing the domain size

from 5.08 cm to 2.54 cm leads to decreases in particle residence time and number of

temperature fluctuations. Both of these reductions indicate more e↵ective mixing.

Unfortunately, the spread of the discrete particle phase across the domain is limited

to roughly half the diameter and is una↵ected by scale. Considering only temperature

metrics, a layered, laminar injection process has promise for improved mixing, but it

is clear that additional enhancements - such as flow swirl - are necessary to induce

further dispersion of particles through the domain.
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Chapter 5

Conclusions and Future Work

The studies in this document illuminate the key contributions required to optimize

low Reynolds number mixing, specifically as applied to HiPCO reactor performance.

Starting from very simple models and continuing as complexity increased, the results

of this study clearly indicate that the catalyst-carrying gas should be introduced to

the reactor as near to 250�C as possible to minimize the particle residence time within

the transition temperature regime. In practice, the maximum temperature will de-

pend on the control band applied to the heat exchanger, if actively controlled, and

heat transfer across the injector nozzle and reactor walls. Geometric considerations

were also discovered, both with the ratio of diameters for the hot and cold gas streams

and the overall diameter of the chamber. In this study, the diameter ratio was the

mechanism by which relative velocity between gas streams was controlled since mass

flow rates were held constant to maintain stoichiometric balance. Therefore, as the

diameter ratio was changed, forced convection became increasingly dominant in the

heat transfer and temperature equilibration of the bulk gas. Decreasing the overall

chamber diameter significantly decreased particle residence time within the transition

temperature regime and led to stability in catalyst particle temperatures, as indicated

by fewer transitions into and out of the transition temperature regime. Indeed, de-

creasing the overall diameter (and the mass flow rate, accordingly) will also lead to

lower, though more e�cient, production of CNTs in theory. It is anticipated that

the optimized geometry can then be scaled or replicated to the desired reactor size,
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potentially increasing overall production and production e�ciency. Trends in the an-

alytical results suggest the chamber diameter should be as small as possible, while in

practice, this will need to be balanced with manufacturability and increased pressure

losses as dimensions decrease.

Though this work has led to increases in understanding the physics critical to

mixing in CNT production via HiPCO, additional study is required before new designs

can be proposed. Despite the benefits, the smooth flow patterns do not encourage

particle dispersion across the cross section of the domain, limiting the reach of the

catalyst. A secondary e↵ect of these patterns is that natural convective currents

play a significant role, meaning there is no forced mechanism to prevent temperature

stratification in the gas, leading to a pocket of cold gas settling at the bottom of the

reactor near the inlet. Turbulence generators, often referred to as turbulators, are

used in many industries for flow field control or heat transfer enhancement [45–47]

and could be useful in this application as well. However, these devices are commonly

used in higher Reynolds number applications and may not function as well in the

low Reynolds number environment of a HiPCO reactor. Despite this gap, the lessons

learned and high level concepts may provide insight into enhancement techniques

for the slow flow mixing problem. In particular, vortex generators and non-circular

nozzles appear to be the most promising and are discussed here.

5.1 Swirl Devices

Swirl-inducing vortex generators are commonly one of two types. The first consists of

plates mounted perpendicular to a surface and often at an angle to oncoming flow, and

they result in localized turbulent vortices in the plane of the dominant flow velocity.

When installed on an aircraft wing, often these devices are used to add momentum
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to the fluid to avoid flow separation during critical phases of flight. These devices

can also be used to enhance convection heat transfer [48], though dimpled surfaces -

similar to a golf ball - are also used [47].

The second category of swirl device is used to induce swirl in the flow about the

dominant flow direction. This style usually consists of a helical ba✏e attached to

or helical channel milled out along a flow tube. Introducing flow swirl is also used

as a heat transfer enhancement technique [49, 50], which implies enhanced mixing.

More importantly, swirl devices are frequently used in combustion applications to

thoroughly mix fuel and oxidizer while maintaining laminar or low turbulent flow

conditions that can support sustained ignition. As a result, these devices tend to

remain e↵ective at lower Reynolds numbers compared to the first type and are likely

to yield the most insight for this mixing problem.

Nine additional cases, summarized in Table 5.1, are proposed to study the mixing

enhancements with swirl devices installed, varying the swirl device location and angle,

�, relative to the primary flow direction. Swirl devices studied are of the helical ba✏e

type, with ba✏es added to the entrance region immediately upstream of the mixing

region. All devices traverse 1 cm in length along the flow direction and spiral 180�

around the flow tube, and each case uses a matched pair to influence the entire range

of the ✓ coordinate. Ba✏es are each 1/8 of the chamber diameter in height.

The first three cases, designated TA, begin with the geometry from case B4 and

incorporate swirl devices in the hot stream of gas as illustrated in Figure 5.1. Inducing

swirl in the hot gas is intended to eliminate the cool region of gas that settles near the

bottom of the domain, leading to shorter residence times in the transition temperature

range. Angular velocities will also generate a shear layer between the hot and cold

streams, increasing heat transfer and gradually forcing particles to disperse further
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� d ṁ1 T1 ṁ2 T2

Case ID d/d2 �

[deg] [cm] [kg/sec] [�C] [kg/sec] [�C]

B4 2.000 1.450 0 2.54 1.932e-05 1200 1.382e-05 200

TA1 2.000 1.450 30 2.54 1.932e-05 1200 1.382e-05 200

TA2 2.000 1.450 45 2.54 1.932e-05 1200 1.382e-05 200

TA3 2.000 1.450 60 2.54 1.932e-05 1200 1.382e-05 200

TB1 2.000 1.450 30 2.54 1.932e-05 1200 1.382e-05 200

TB2 2.000 1.450 45 2.54 1.932e-05 1200 1.382e-05 200

TB3 2.000 1.450 60 2.54 1.932e-05 1200 1.382e-05 200

TC1 2.000 1.450 30 2.54 1.932e-05 1200 1.382e-05 200

TC2 2.000 1.450 45 2.54 1.932e-05 1200 1.382e-05 200

TC3 2.000 1.450 60 2.54 1.932e-05 1200 1.382e-05 200

Table 5.1 : Three new cases were developed to study the mixing enhancement e↵ects
of swirl devices added to the B4 geometry. Inlet conditions for each case were identical
so as to isolate the e↵ect of turbulence generators on particle mixing.

Figure 5.1 : Geometry used for case TA1, TA2, and TA3. TA cases build on laminar
case B4 by adding swirl devices to the hot gas stream to eliminate the cool gas pocket
that settles at the bottom of the chamber and increase particle dispersion due to shear
and centrifugal forces.
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Figure 5.2 : Geometry used for case TB1, TB2, and TB3. TB cases build on laminar
case B4 by adding swirl devices to the cold gas stream as a means encourage particle
dispersion.

due to centrifugal forces.

The second trio of cases, designated TB, also begins with the geometry from case

B4 but adds swirl devices to the cold stream inlet as illustrated in Figure 5.2. The

swirl in the cold gas stream is primarily intended to enhance dispersion of particles

throughout the domain. An initial, non-axial velocity will allow the particles to

radially expand further into the domain before the the particle trajectory is dominated

by the essentially axial flow of the hot gas stream.

The third case, TC, combines the features of cases TA and TB into a single

geometry as illustrated in Figure 5.3. Note that the swirl devices induce angular

velocities of opposite sign, maximizing the relative velocity between the two streams

and the shear forces experienced by a particle in that interfacial region. Results

from previous chapters suggest this configuration will minimize particle residence

times, and a cursory review of the physics suggests this will also lead to the highest
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Figure 5.3 : Geometry used for case TC1, TC2, and TC3. TC cases combine the
features of TA and TB cases to maximize enhancement.

dispersion of particles.

While still a work in progress, these configurations have begun to be studied

numerically. To solve, a similar process as described in section 4.1 was used with

few exceptions. The addition of swirl devices implies a non-zero and non-constant V✓

term, the consequence of which is that symmetry about the vertical plane crossing

the domain centerline is no longer valid. As a result, a full 3D calculation must

be performed over the entire domain with no-slip boundary conditions at all solid

surfaces. Hot and cold inlet boundaries remain at the most upstream edge of the

geometry as in previous cases, but in order to include the swirl devices, a 5 cm

portion of the entrance region is also included in the computational domain. Flow

complexities owing to the swirl devices also necessitate the inclusion of a turbulence

model, and the renormalizable k � ✏ model, described in section 2.3, was chosen as

the best fit for this problem. Accurate results when using this model are sensitive

to grid spacing in the boundary layer. Using GAMBIT, the mesh was refined near

solid boundaries as well as in the region immediately downstream of the entrance
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region/mixing region transition to ensure y

+ values in the appropriate range for the

turbulence model. Executing the solution process and post-processing the data were

completed in the same manner and with the same tools as described in section 4.1.

A quick review of available results shows the swirl devices have a large impact on

the number of temperature transitions, showing significant improvement compared

to the chapter 4 results. Particle residence time predictions are similar to previous

results, as are particle dispersion results. Swirl devices applied to the hot gas side,

case TA, leads to slight increases in particle dispersion while virtually no change is

observed for TB cases. It should be emphasized that these results are preliminary,

and additional e↵ort remains, particularly for the TC cases. However, these results

are encouraging.

5.2 Non-circular Nozzles

Non-circular nozzles are another class of flow enhancing features which have been

studied for quite some time and are characterized by flow cross sections other than

circles, often ellipses or squares [51–58]. These devices often lead to increases in

turbulence intensity and mass entrainment anywhere from two to ten times that of

the same flow emanating from a circular nozzle, leading to applications in mixing,

combustion, and flow control [59] despite complications in manufacturing. So-called

axis switching is the phenomenon behind performance improvements. The variable

radius of curvature leads to variation in the velocity profile leaving the nozzle. Cou-

pled with the vortices that develop in turbulent flow, fluid forces tend to distort the

velocity profile as fluid moves downstream, leading to time-domain oscillations in the

flow field. For an elliptic jet, the phenomenon leads to a periodic re-orientation or

switching of the semi-major and semi-minor axes of the elliptic velocity profile [51],
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hence the term axis switching. A similar, but more complicated pattern arises in

nozzles with a square cross section, and many other non-circular cross sections have

been studied [54].

Most studies involve high Reynolds number flows, often near 1e4 or 1e5 - sig-

nificantly higher than the regime studied here - though there are some studies at

Reynolds numbers as low as 800 [55]. All other things equal, as Reynolds number

decreased, improvements in mass entrainment also decreased, likely due to decreases

in vortex shedding at lower Reynolds number. Vortex shedding can be encouraged by

using sharp-edged nozzles, as opposed to smooth transitions, and doing so leads to

higher entrainment [58]. Despite the low Reynolds number flow in a HiPCO reactor,

utilizing sharp edges on the injector nozzle or nozzles may allow for the realization of

some benefits of non-circular nozzles.

The results of Baskici [60] are particularly interesting, as the author also studies

the addition of a twist angle into non-circular nozzles, again showing an improvement

in mass entrainment. It is unclear whether the mass entrainment improvements hold

at low Reynolds number, but the combination of swirl device and non-circular noz-

zle has the greatest promise for the HiPCO application. Together with sharp edge

features, twist, and a non-circular cross section, it is conceivable that significant im-

provements in mixing can occur without rerouting to highly turbulent flow, which

caused alternating hot and cold regions through which catalyst would traverse.

5.3 Forward Work

Before a design can be finalized, the previously described concepts must be evaluated

for this low Reynolds number flow regime. The available results for swirl devices is

encouraging, but the remaining cases must be completed and validated. That infor-
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mation will be used to quantify the e↵ects of twist angle and whether adding swirl

to the hot, cold, or both gas streams is most appropriate. Then, an evaluation of

non-circular nozzles must follow, with the goal being to compare published results

to results of mixing enhancement in the low Reynolds number regime in particular.

Once complete, the results of these two studies can be applied to draw a conclusion

as to which concept is most likely to improve the HiPCO mixing process, and a few

design concepts can be developed. Those specific concepts and their scalability can be

assessed, still neglecting chemical reactions. After down-selecting concepts, the reac-

tion kinetics can be incorporated into the model, and the reaction e�ciency, defined

here as mass of CNTs produced per unit of reagents, can be compared to existing

designs. In the end, a head-to-head laboratory test will be necessary to demonstrate

the validity of the eventual design, but improved CNT production appears promising

based on the results to date.
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Appendix A: List of Symbols

Ap Particle cross sectional area exposed to flow [m2]

a Finite di↵erence coe�cient [Dimensionless]

b Range of similarity domain [Dimensionless]

CC Stokes-Cunningham slip correction factor [Dimensionless]

CD Drag coe�eicnt [Dimensionless]

Cm Model constant [Dimensionless]

Cs Model constant [Dimensionless]

Ct Model constant [Dimensionless]

C✏1 Empirical k � ✏ model constant [Dimensionless]

C✏2 Empirical k � ✏ model constant [Dimensionless]

CDF Cumulative Probability Distribution Function

CFD Computational Fluid Dynamics

CNT Carbon Nanotube

CVD Chemical Vapor Deposition

cp Specific heat at constant pressure [J/kg-K]
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DT,P Thermophoretic coe�cient [J]

d Reactor Inner Diameter [m]

dp Particle diameter [m]

d2 Cold Gas Inlet Diameter [m]

~

FD Drag force on particle [N]

~

FB E↵ective force due to Brownian motion [N]

~

Fg Gravitational force on particle [N]

~

FT Thermophoretic force [N]

f Non-dimensional stream function [Dimensionless]

ff Body force due to fluid forces [N/m3]

fp Body force due to fluid-particle interactions [N/m3]

Gi Gaussian coe�cient [Dimensionless]

Gt Turbulent energy generation [kg/m� s

3]

g Acceleration due to gravity [m/s2]

g Non-dimensional temperature [Dimensionless]

HiPCO High Pressure Carbon Monoxide

h Enthalpy [J/kg]

i Spatial index [Dimensionless]
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Kn Knudsen number [Dimensionless]

k Thermal conductivity [W/m-K]

kB Boltzman constant [lg-m2/s2-K]

kt Turbulent kinetic energy [m2
/s

2]

L Length [m]

MWCNT Multi-walled Carbon Nanotubes

ṁ Mass flow rate [kg/s]

m Pressure gradient parameter [Dimensionless]

m Temporal index [Dimensionless]

mp Mass of particle [kg]

n Wall heat flux parameter [Dimensionless]

P Static pressure [N/m2]

Pe Peclet Number [Dimensionless]

Pr Prandtl Number [Dimensionless]

Prt, k Turbulent Prandtl number [Dimensionless]

Q Heat transferred [W]

q000 Heat generation within control volume [W/m3]

R Radius of reactor chamber [m]
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R Specific gas constant [J/kg-K]

Re Reynolds Number [Dimensionless]

r̂ Unit vector in r direction [m]

r Radial Coordinate [m]

S Fluid stress tensor [N/m2]

SWCNT Single-walled Carbon Nanotube

T Temperature [�C ]

�TLM Log-mean temperature di↵erence [�C ]

t Time [s]

U Overall heat transfer coe�cient [W/K]

~

V Velocity vector [m/s]

V m Average velocity [m/s]

~

Vp Particle velocity [m/s]

Vr Radial component of fluid velocity [m/s]

Vz Axial (z) component of fluid velocity [m/s]

V✓ Angular (✓) component of fluid velocity [m/s]

V Volume [m3]

w Temporary variable for numerical integration [Dimensionless]
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y Distance from solid boundary [m]

y⇤ Non-dimensional distance from solid boundary [Dimensionless]

z Axial Coordinate [m]

ẑ Unit vector in z direction [m]

↵ Thermal di↵usivity [m2
/s]

✏ Turbulent dissipation [m2
/s

3]

⌘ Non-dimensional similarity variable [Dimensionless]

✓ Angular Coordinate [rad]

✓̂ Unit vector in ✓ direction [rad]

� Mean free path [m]

� Ratio of hot gas velocity to cold gas velocity [Dimensionless]

µ Viscosity [kg/m-s]

µt Turbulent viscosity [kg/m-s]

⌫ Kinematic viscosity [m2/s]

⇠ Dummy variable for Illustration

⇠r Radial component of ~⇠

⇠z Axial (z) component of ~⇠

⇠✓ Angular (✓) component of ~⇠
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⇢ Fluid density [kg/m3]

1 Hot Gas Inlet Region [dimensionless]

2 Cold Gas Inlet Region [dimensionless]

3 Mixing Region Outlet [dimensionless]


