


	
	

ABSTRACT 

Nanomaterials Thermal Response and CNT Reinforced 
Polymer Composites: An ab initio Study 

by 

THIERRY TSAFACK 

Research	achievements,	both	on	nanomaterials	thermal	response	and	on	reinforced	

polymer	 composites,	 are	 compendiously	 submitted.	 Each	 of	 the	 4	 chapters	 begins	

with	(1)	a	terse	summary	of	the	context,	methodology	and	keys	results;	segues	into	

(2)	the	necessity	for	and	the	state-of-the-art	on	the	subject	with	which	it	concerns	

itself;	then	proceeds	with	(3)	the	unique	contribution	the	present	findings	make	and	

the	 directions	 the	 research	 takes.	 	 	 Each	 chapter	 is	 self-contained	 and	 can	 be	

perused	independently.		

Chapter	1	covers	 the	 relationship	between	 the	hole	density	 of	 boron	monolayers	

and	their	thermal	as	well	as	mechanical	properties.		The	triangular	boron	sheet	(δ6)	

is	 found	 to	 possess	 2.06	 and	 6.60	 times	 graphene’s	 lattice	 and	 electronic	 ballistic	

thermal	 conductances.	 	 Hexagonal	 sheets	 such	 as	 α	 and	 δ5	 are	 predicted	 to	 be	

roughly	twice	as	stiff	as	graphene.		

Chapter	 2	 covers	 the	 meaning	 of	 the	 Debye	 temperature	 for	 bulk	 and	 low	

dimensional	 materials.	 	 Two	 new	 approaches,	 one	 based	 on	 the	 polarization	 and	

mode	dependent	heat	capacities	and	the	other	based	on	the	mode	dependent	Debye	

temperatures,	 converge	 to	 a	more	 precise	 computation	 and	 understanding	 of	 the	

polarization	dependent	Debye	temperature.			

Chapter	 3	 covers	 the	 thermal	 properties	 of	 carbyne	 showing	 and	 discussing	 its	

room-temperature	 heat	 capacity	 at	 constant	 volume	 being	 1.6	 times	 that	 of	



	
	

graphene,	 a	 negative	 coefficient	 of	 thermal	 expansion	 being	 4	 times	 that	 of	

graphene,	and	a	much	higher	thermal	conductivity	than	graphene	nanoribbons.		

Chapter	4	 covers	 the	 interaction	 of	 carbon	nanotubes	 (CNTs)	with	DGEBA	 epoxy	

thermosets	for	the	purpose	of	identifying	strengthening	mechanisms.		Among	doped	

(Si,	 B,	 N),	 defective	 (Stone-Wales,	 three	 nitrogen	 atoms	 surrounding	 one	

monovacancy,	 four	 nitrogen	 atoms	 surrounding	 one	 divacancy,	 monovacancy),	

functionalized	 (amine,	 hydroxyl,	 carboxyl,	 oxygen)	 and	 different	 size	 CNTs,	 Si-

doped,	 a	 combination	of	oxygen	and	hydroxyl	 as	well	 as	 smaller	 tubes	exhibit	 the	

strongest	indication	for	mechanical	reinforcement.	
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Chapter 1 

Thermal and Mechanical Properties of 
Boron Monolayers 

1.1. Summary	

Using	 density	 functional	 theory	 calculations	 (both	 perturbed	 and	

unperturbed)	 as	 well	 as	 thermodynamic	 and	 ballistic	 transport	 equations,	 what	

follows	 investigates	 thermal	 and	 mechanical	 properties	 of	 2D	 boron	 monolayers	

(δ6-,	α-,	δ5-,	and	χ3-sheets	with	respective	hole	densities	η	=	0,	1/9,	1/7,	1/5)	as	they	

relate	to	the	hole	density.	The	triangular	(δ6)	sheet’s	room-temperature	lattice	and	

total	thermal	conductance	are	found	to	respectively	be	roughly	2.06	times	and	6.60	

times	 greater	 than	 those	 of	 graphene.	 	 The	 Young’s	 moduli	 calculated	 from	

longitudinal	 and	 transverse	 sound	 velocities	 are	 in	 good	 agreement	 with	 those	

obtained	from	elastic	constants.		Values	range	from	171	to	619	N/m,	2	of	which	(619	

N/m	for	α-sheet	and	546	N/m	δ5-sheet)	exceed	graphene’s	Young’s	modulus	(~340	
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N/m).	 	It	 is	determined	that	the	hole	density	have	a	diminishing	effect	on	both	the	

heat	capacity	at	constant	volume	and	the	ballistic	 lattice	 thermal	conductance,	but	

no	regular	correlation	on	the	electronic	ballistic	thermal	conductance.		

1.2. Background	

Like	 carbon,	boron	 is	one	of	 the	 few	elements	with	pure,	 freestanding,	 and	

single-layer	 structures.	 	 Starting	 from	 a	 bi-dimensional	 repetition	 of	 equilateral	

triangles,	a	plethora	of	such	2D	structures	have	been	predicted1-5	by	increasing	the	

ratio	of	hexagon	holes	to	the	number	of	atomic	sites	in	the	original	triangular	sheet	

within	 one	 unit	 cell,	 namely,	 the	 hexagonal	 hole	 density	 η.	 	 Plus,	 a	 relationship	

among	the	hole	density,	the	stability,	and	the	morphology	of	boron	sheets	has	been	

abduced1-6.	 	 Stable	 boron	 sheets	 with	 η	 between	 and	 including	 0	 and	 1/9	 are	

buckled.	 	Those	with	η	between	1/9	and	1/5	 (excluding	 the	 former	and	 including	

the	latter)	are	flat.		Those	with	η	greater	than,	and	excluding	1/5,	are	unstable.				

Among	 all	 the	 predicted	 boron	 sheets,	 the	 synthesis	 of	 δ6	 (η	 =	 0),	 β12	 (η	 =	

1/6)	and	χ3	(η	=	1/5)	have	recently	been	reported7-9,	albeit	weakly	bounded	to	the	

substrate.		The	synthesis	of	δ69	was	done	under	ultrahigh	vacuum	conditions	using	a	

solid	 boron	 atomic	 source	 as	 a	 precursor	 and	 atomic	 scale	 characterization	 to	

confirm	its	predicted	anisotropic	buckling.		The	synthesis	of	β128		and	χ38	were	done	

on	 Ag(111)	 surface	 in	 ultrahigh	 vacuum	 chamber	 employing	 molecular	 beam	

epitaxy	(MBE)	thereby	confirming	their	flat	morphology.	 	Earlier10	and	subsequent	
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computational	studies9	further	confirmed	the	anisotropic	nature	of	elastic	moduli	of	

δ6.		

Given	the	relevance	of	the	hole	density	to	the	stability	and	shape	of	2D	boron	

sheets,	 its	 impact	on	 thermal	properties	 is	not	only	 to	be	expected	but	also	worth	

exploring,	which	is	what	the	present	investigation	purports	to	do.		The	heat	capacity	

at	 constant	 volume	 along	 with	 the	 lattice	 and	 phonon	 thermal	 conductances	 are	

calculated	on	 the	basis	of	 the	previously	calculated	phonon	spectra	and	electronic	

band	structures	 for	4	boron	sheets:	δ6-,	α-,	δ5	 -,	and	χ3-	 (with	hole	densities	η	=	0,	

1/9,	 1/7,	 and	 1/5	 respectively).	 	 The	 lattice	 and	 electronic	 band	 structures	 are	

calculated	using	the	density	functional	perturbation	theory	(DFPT)	and	the	density	

functional	theory	(DFT)	 implemented	in	the	Quantum	Espresso	package11,	whereas	

thermal	 properties	 are	 computed	 using	 well-known	 thermal	 equations12-13.	 	 The	

lattice	 and	 electronic	 thermal	 conductances	 are	 computed	 implementing	 ballistic	

transport	 equations14-15	 for	 2D	 materials.	 	 Longitudinal	 and	 transverse	 sound	

velocities	 are	 extracted	 as	 slopes	 of	 acoustic	 branches	 are	 used	 to	 estimate	 the	

Young’s	 modulus	 and	 Poisson’s	 ratio	 of	 hexagonal	 and	 non-hexagonal	 2D	 boron	

lattices.					

The	 previous	 properties	 are	 also	 compared	 and	 contrasted	 with	 the	 same	

properties	calculated	for	graphene	in	view	of	its	high	lattice	thermal	conductance.		A	

more	minute	rendition	of	the	theoretical	and	computational	framework	is	laid	out	in	

the	next	section.		The	presentation	of,	the	comments	on,	the	discussions	about,	and	

the	conclusions	from	the	results	will	ensue	in	the	successive	section.	



	 18	

1.3. Methodology	

1.3.1. Phonon	and	Electronic	Spectra	

Both	 DFT	 and	 DFPT	 calculations	 were	 performed	 using	 their	 numerical	

implementations	 in	 Quantum	 Espresso11.	 	 Lattice	 parameters,	 angles,	 atomic	

positions	and	symmetries	for	δ6-,	δ5	-,	and	χ3	-sheets	are	taken	from	Wu	et	al.6	and	

relaxed.		The	geometry	optimization	was	done	setting	the	plane-wave	cutoff	energy	

to	500	eV,	the	total	energy	convergence	criterion	to	5.0	μeV/atom,	the	criterion	for	

the	force	on	all	atoms	to	less	than	2.0	meV/atom,	and	the	vacuum	distance	to	30	Å.		

The	 ultra-soft	 pseudo-potentials	 and	 the	 exchange-correlation	 functionals	 in	 the	

form	 of	 Perdew-Burke-Ernzerhof	 (PBE)	 within	 the	 generalized	 gradient	

approximation	(GGA)16	are	used	in	all	calculations.	

Wu	et	al.6	used	first-principles	particle	swarm	optimization	(PSO)	to	stabilize	

the	 originally	 unstable	 α-sheet	 resulting	 into	 a	 structure	 with	 every	 2	 adjacent	

atoms	(with	coordination	number	6)	moving	upward	and	downward	outside	of	the	

plane	 by	 the	 same	 amount,	 0.17	 Å.	 	 In	 the	 said	 study,	 the	 lattice	 constants	 are	

slightly	 different,	 5.046	 Å	 vs	 5.044	 Å.	 	 The	 approach	 used	 in	 this	 investigation	

entailed:	 1)	 relaxing	 randomly	 and	 slightly	 buckled	 α-sheets,	 and	 2)	 selecting	 the	

structure	with	 the	minimum	 energy.	 	 Unlike	 α’-sheet	 proposed	 by	Wu	 et	 al.6,	 the	

previous	 approach	 resulted	 in	 a	 structure	 similar	 to	 the	 original	 α-sheet	with	 the	

lattice	constants	being	equal	(5.10	Å),	and	adjacent	boron	atoms	(with	coordination	

number	6)	moving	outside	of	the	plane	upward	and	downward	by	the	same	amount	

(0.14	 Å).	 	 The	 resulting	 phonon	 spectrum	 is	 more	 symmetric	 that	 of	 α’-sheet	
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proposed	by	Wu	et	al.6			The	relaxed	δ6	boron	sheet	shows	a	buckling	of	~0.89	Å	in	

line	with	0.82	Å	obtained	within	the	 local	density	approximation	(LDA)10.	 	For	 the	

geometry	optimization	process	as	well	as	the	wave	function	calculation,	a	uniform	k-

point	 grid	 of	 50×70×1,	 30×30×1,	 20×20×1,	 30×50×1	 for	 δ6-,	 α-,	 δ5-,	 and	 χ3-boron	

sheets	respectively	were	used.		The	dynamical	matrix	for	the	calculation	of	phonon	

frequencies	 are	 computed	 on	 a	 uniform	 q-point	 mesh	 of	 7×10×1,	 8×8×1,	 5×5×1,	

5×5×1	for	δ6-,	α-,	δ5-,	and	χ3-boron	sheets	respectively.	

1.3.2. Heat	Capacity	and	Ballistic	Thermal	Conductance	

The	collection	of	phonon	energies	across	all	wave	vectors,	 !q ,	and	all	modes,	

s ,	 is	 the	 internal	energy,	U T( ) = nBE ω
!q( ),T( )+ 12

⎡

⎣⎢
⎤

⎦⎥
!ω
!q( )

!q,s
∑ ,	whose	derivative	with	

respect	 to	 the	 temperature	 is	 the	 heat	 capacity	 at	 a	 constant	 volume,	

CV T( ) = 1
A(!a,
!
b)

∂U T( )
∂T

⎛

⎝
⎜

⎞

⎠
⎟
V

,	 wherenBE ω
!q( ),T( ) = e

!ω
!q( )

kBT −1
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

−1

is	 the	 Bose-Einstein	

distribution	 and A(!a,
!
b) = N !q

!a×
!
b 	 the	 sample	 area,N !q 	 being	 the	 number	 of	wave	

vectors	in	the	Brillouin	zone.		This	number	is	chosen	as	the	number	of	points	in	the	

k-point	 sampling	 for	 the	 geometry	 optimization	 (see	 section	 1.3.1).	 	 It	 also	

represents	 the	 total	 number	 of	 unit	 cells.	 	 The	 area	 of	 a	 single	 unit	 cell	 is	 !a×
!
b 	

where	 !a 	 and	
!
b 	 are	 the	 vectors	whose	magnitudes	 are	 the	 lattice	 constants	 (see	

section	 1.3.1).	 	 Ballistic	 thermal	 transport	 equations14-15	 sum	 up	 the	 individual	
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contributions	of	the	2	heat	carriers	involved	in	thermal	processes,	namely,	phonons	

(see	Equation	1.1),	and	electrons	(see	Equation	1.2).	

	
Equation	1.1	–	Ballistic	Lattice	Thermal	Conductance.	

	

	
Equation	1.2	–	Ballistic	Electronic	Thermal	Conductance.	

	

where	 the	 phonon, v !α,s
!q( ) =

∂ω
!q( )

∂q !α
	 ,	 and	 electron,	 v !α,n

!
k( ) = 1!

∂εn
!
k( )

∂k !α
,	 velocities	

determine	 the	 direction,	
!
α ,	 of	 the	 transport	 x 	 or	 y ;	 nFD ε

!
k( ),T( ) = e

ε
!
k( )−εF
kBT +1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

−1

is	

the	 Fermi-Dirac	 distribution	 and	 n 	 is	 the	 electronic	 band	 index.	 	 In	 the	 present	

calculations	 however,	 the	 average	 lattice,	 κ phn (T ) ,	 and	 electronic,	 κel (T ) ,	 thermal	

conductances	 are	 modeled	 after	 Equation	 1.1	 and	 Equation	 1.2	 with	 the	

replacement	 of	 the	 directional	 velocities, vx,s
!q( ) 	 and	 vy,s

!q( ) for	 phonons	 and	

vx,n
!
k( ) ,	 vy,n

!
k( ) 	 for	 electrons	 with	 their	 norms,	 vs !q( ) = vx,s

!q( )
2
+ vy,s

!q( )
2( )
1
2 for	

phonons	and	 vn
!
k( ) = vx,n

!
k( )

2
+ vy,n

!
k( )

2⎛
⎝
⎜

⎞
⎠
⎟

1
2
for	electrons.		This	was	done	to	ensure	a	

more	 appropriate	 comparison	 between	 isotropic	 (δ6,	 χ3)	 and	 anisotropic	 (α,	 δ5)	

sheets.		The	integration	is	carried	out	over	the	entire	Brillouin	zone,	over	all	phonon	
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and	electronic	bands.		The	heat	capacity,	lattice,	electronic	and	total	ballistic	thermal	

conductance	were	calculated	for	graphene	as	well.		

1.3.3. Young’s	Modulus	and	Poisson’s	Ratio	

Two-dimensional	(2D)	elastic	moduli	calculated	through	Equation	1.3	are	

obtained	combining	the	relations	of	longitudinal	( cL )	and	transverse	( cT )	speeds	of	

sound	to	2D	bulk	(K )	and	shear	(G )	moduli17	with	the	relations	of		2D	bulk		and	

shear	moduli	to	the	Young’s	modulus	(E )	and	the	Poisson’s	ratio	(ν )18.	

	
Equation	1.3	–	2D	Poisson’s	ratio	and	Young’s	Modulus.	

	

In	 Equation	 1.3,	 the	 expression	 for	 να /δ5 is	 chosen	 because	 of	 α-,	 and	 δ5-	 sheets’	

hexagonal	 symmetry.	 	 The	 expression	 for	 νδ6 /χ3 is	 chosen	 because	 of	 δ6-	 and	 χ3	

sheets’	 rectangular	 symmetry	 and	 better	 ability	 to	 reproduce	 similar	 calculations	

through	 elastic	 constants9.	 cL 	 and	 cT 	 are	 obtained	 by	 finding	 the	 best	 fitting	

coefficients,	 cn ,	for	the	longitudinal	and	transverse,	ωLA/TA
!q( ) = c0 + cL/T

!q + cn
!q

n=2

6

∑
n

,	

acoustic	 dispersion	 relations	 around	 Γ.	 	 The	 surface	 density,	 σ = Natm!a×
!
b
	
,	 is	
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expressed	in	terms	of	 the	unit	cell	area,	 !a×
!
b ,	 the	number	of	atoms	per	unit	cell,	

Nat ,	and	the	mass	of	boron	atom,	m .		

1.4. Findings	

1.4.1. Phonon	and	Electronic	Spectra	

The	crystal	structure	of,	 the	phonon	and	electronic	spectra	 for	δ6-	(Figure	1.1(a)),	

α-	(Figure	1.1(b)),	δ5-	(Figure	1.1(c)),	and	χ3-	(Figure	1.1(d))	are	evincive	of	their	stability	

(no	imaginary	frequencies)	and	metallicity	(no	gap	around	the	Fermi	energy	level).	 	While	

δ6-	and	α-	sheets	are	buckled	in	a	manner	described	in	section	1.3.1	and	drawn	in	Figure	

1.1(a)	and	Figure	1.1(b)	 in	red	(up)	and	blue	(down)	circles,	δ5-	and	χ3-	sheets	are	flat	 in	

their	most	stable	configurations.	 	The	anisotropy	of	δ6-	and	χ3-	sheets	is	observed	through	

the	difference	 in	 the	dispersion	relation	around	 	between	[Γ→X0]	and	[Γ→X2]	for	δ6-

sheet	and	between	[Γ→Y0]	and	[Γ→Y2]	for	χ3-sheet.			

1.4.2. Heat	Capacity	and	Ballistic	Thermal	Conductance	

The	detrimental	effect	of	 the	hole	density	on	boron	sheets	 is	observed	 in	 the	heat	

capacity	at	 constant	volume	(Figure	1.2(a))	and	 in	 the	 lattice	contribution	 to	 the	ballistic	

thermal	 conductance	 (Figure	 1.2(b)).	 	 The	 calculated	 heat	 capacity	 and	 ballistic	 thermal	

conductance	 (lattice	 and	 electronic)	 for	 graphene	 were	 found	 to	 be	 in	 agreement	 with	

similar	 calculations	 in	 the	 literature19-20.	 	 In	 both	 cases,	 while	 graphene	 is	 outperformed	

only	by	δ6,	an	 increase	 in	the	hole	density	coincides	with	a	decrease	 in	the	 lattice	thermal	

Γ
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properties.	 	 	 Such	 a	 behavior	 is	 related	 to	 the	 average	 interatomic	 distance	 partly	

responsible	for	the	vibrational	frequencies	that	decrease	as	the	sheet	becomes	less	dense.			

	

Figure	1.1	Boron	sheets	phonon	spectra	and	electronic	band	structures.	 	 Top	

view	and	Brillouin	zone,	phonon	spectrum,	electronic	band	structure	for:	(a)	δ6	boron	sheet	(η	=	0),	

(b)	α	boron	sheet	(η	=	1/9),	(c)	δ5	boron	sheet	(η	=	1/7)		(d)	χ3	boron	sheet	(η	=	1/5).		Black	frames	
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indicate	 the	 extent	 of	 the	 primitive	 cell,	 red	 circles	 atoms	 sticking	 out	 of	 the	 plane	 upward,	 blue	

circles	atoms	sticking	out	of	the	plane	downward.		The	dotted	red	line	is	the	Fermi	energy	level.		

	

Figure	 1.2	Boron	 sheets	 thermal	 and	mechanical	 properties.	 	 Effect	 of	 the	 hole	

density,	η,	on	the:	(a)	Heat	capacity	at	constant	volume,	(b)	Ballistic	lattice	thermal	conductance,	(c)	

Ballistic	electronic	thermal	conductance,	(d)	Total	ballistic	thermal	conductance,	(e)	Binding	energy,	

(f)	2D	Young’s	modulus,	(g)	Poisson’s	ratio,	(h)	Longitudinal	speed	of	sound,	(i)	Transverse	speed	of	

sound.		The	common	abscissae	(x-axis)	in	(e)	through	(i)	is	in	logarithmic	scale.		

Being	 directly	 proportional	 to	 the	 vibrational	 frequencies,	 the	 internal	

energy	 will	 decrease	 with	 the	 hole	 density	 thereby	 transferring	 the	 same	

dependence	on	related	quantities	such	as	the	heat	capacity	and	the	lattice	thermal	

contribution.		The	latter	being	additionally	contributed	to	by	the	phonon	velocities.		

An	 analogical	 detrimental	 impact	 of	 the	 defect	 concentration	 on	 the	 thermal	

conductivity	of	silicene	revealed	by	a	molecular	dynamic	study21.	

a	 b	

c	 d	

e	

f	

g	

h	

i	
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The	availability	and	speed	of	conductive	electrons	is	instead	independent	of	

the	hole	density	which	is	the	reason	why	no	correlation	with	the	electronic	ballistic	

thermal	 conductance	 is	 found	 (Figure	 1.2(c)).	 	 It	 is	 nonetheless	 striking	 that	 δ6-

boron	sheet	have	a	much	higher	temperature-dependent	ballistic	electronic	thermal	

conductance	than	all	other	sheets	including	graphene	(expectedly	not	as	metallic	as	

boron	 sheets).	 	 	 The	 same	 observation	 can	 be	made	 about	 the	 total	 temperature-

dependent	 ballistic	 thermal	 conductance	 in	 Figure	 1.2(d)	 where	 δ6-boron	 sheet	

outperforms	all	others	including	graphene.			It	is	also	to	be	remarked	that	both	heat	

carriers	 considered,	 the	 boron	 sheet	 with	 heat	 capacity	 and	 ballistic	 thermal	

conductance	comparable	to	graphene	is	α-sheet.		

1.4.3. Young’s	Modulus	and	Poisson’s	Ratio		

A	 correlation	 has	 been	 found	 between	 the	 hole	 density	 dependence	 of	 the	

binding	 energy	 in	Figure	1.2(e)	 (taken	 from	Tang	et	 al.5)	 and	 the	 calculated	hole	

density	dependence	of	the	Young’s	modulus	and	Poisson’s	ratio	in	Figure	1.2(f)-(g).		

The	 said	 correlation	 is	 to	 be	 expected	 because	 the	 binding	 energy	 informs	 the	

stability	 and	 consequently	 the	mechanical	 response	 of	 the	 sheets.	 	 A	 comparable	

study	 was	 done	 by	 Jing	 et	 al.22	 on	 graphene	 wherein	 an	 increase	 on	 the	 defect	

concentration	 produces	 a	 decrease	 in	 the	 Young’s	modulus,	 the	 trend	 of	which	 is	

indicated	by	the	binding	energy.			

The	 Young’s	 moduli	 in	 Figure	 1.2(f)	 for	 δ6-	 (171.03	 N/m)	 and	 χ3-sheets	

(256.0	N/m)	 in	 the	 soft	 directions	 ([Γ→X0]	 and	 [Γ→Y0]	 for	 δ6	 and	 χ3	 respectively)	

appear	 to	 be	 lower	 than	 those	 (194.20	N/m	 for	 δ6	 and	738.26	N/m	 for	 χ3)	 in	 the	
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hard	directions	([Γ→X2]	and	[Γ→Y2]	respectively).		The	aforementioned	observation,	

although	quantitatively	partially	in	line	with	calculations	from	elastic	constants7	in	

the	case	of	δ6	 (170	N/m	and	398	N/m),	 confirm	 the	 strong	anisotropy	of	 the	 said	

sheets.			

Longitudinal	 and	 transverse	 sound	 velocities	 (Figure	 1.2(h)-(i))	 calculated	

as	 described	 in	 section	 1.3.3	 and	 fed	 into	 Equation	 1.3	 to	 obtain	 the	 Young’s	

modulus	 and	 the	 Poisson’s	 ratio,	 also	 follow	 the	 trend	 indicated	 by	 the	 binding	

energies	 of	 the	 sheets.	 	 In	 δ6’s	 and	 χ3’s	 hard	 directions,	 the	 longitudinal	 and	

transverse	speeds	of	sound	were	different	from	those	indicated	in	Figure	1.2(h)-(i).		

The	values	are	11.21	km/s	and	25.58	km/s	for	δ6	and	χ3	longitudinal	speed	of	sound,	

and	5.44	km/s	and	15.42	km/s	for	their	respective	transverse	speeds	of	sound.	

The	 very	 low	 negative	 Poisson’s	 ratio	 for	 δ6-sheet	 in	 Figure	 1.2(g)	 also	

appears	 to	 be	 in	 qualitative	 agreement	 with	 calculations	 from	 elastic	 constants9.			

The	mechanical	information	about	boron	sheets	obtained	from	vibrational	spectra,	

although	 expectedly	 less	 quantitatively	 accurate	 than	 a	 more	 rigorous	 ab	 initio	

approach	based	on	derivatives	of	 the	 total	energy	of	 the	 layers	with	respect	 to	 its	

lattice	 constants,	 shows	 nonetheless	 an	 sound	 qualitative	 insight	 into	 the	

mechanical	 behavior	 of	 the	 sheets	 in	 relation	 to	 their	 intrinsic	 boron	 vacancy	

concentrations.					
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Chapter 2 

Understanding the Debye Temperature 

2.1. Summary	

This	 work	 posits	 two	 approaches	 to	 deeply	 understanding	 and	 accurately	

predicting	the	physics	behind	the	out-of-plane,	transverse,	longitudinal	and	in-plane	

Debye	temperatures,	as	well	as	the	speed	of	sound	for	non-linear	acoustic	branches	

for	1D,	2D,	and	3D	crystals.		The	first	approach	equates	the	polarization-dependent	

heat	capacities	obtained	from	the	mode-dependent	heat	capacities	to	 ideal	3D	and	

2D	Debye	heat	capacities.	The	second	approach	harmonically	combines	 the	mode-

dependent	 Debye	 temperatures	 obtained	 from	 the	 mode-dependent	 densities	 of	

states.	 	When	 tested	on	3D	 crystals	 such	 as	 graphite	 and	bulk	 silicon;	 2D	 crystals	

such	as	graphene,	silicene;	and	1D	crystals	such	as	carbyne,	the	forgoing	approaches	

exhibit	 convergent	 quantitative	 and	 qualitative	 behaviors	 in	 agreement	 with	

available	measurements.		
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2.2. Background	

Unlike	 the	 kinetic	 crystal23	whose	 low	 temperature	 heat	 capacity	 breaches	

the	3rd	law	of	thermodynamics	and	doesn’t	cohere	with	experiments,	or	the	single-

frequency	 Einstein	 crystal24	 whose	 heat	 capacity	 vanishes	 too	 soon	 at	 very	 low	

temperatures,	 the	 Debye	 crystal25	 has	 conclusively	 been	 accepted	 as	 a	 good	

compromise	between	a	precise	reproduction	of	the	experimental	heat	capacity	and	

a	 simple	description	of	 the	dispersion	 relation.	 	 The	 accuracy	of	 the	Debye	model	

directly	 relies	 on	 the	 equivalence	 between	 the	 finite	Debye	 crystal	 (whose	 size	 is	

defined	by	the	Debye	temperature)	and	the	 infinite	real	crystal.	 	However,	despite	

its	 success	 in	 reproducing	 the	 experimental	 heat	 capacity,	 the	Debye	 temperature	

was	 subjected	 to	 temperature-induced	 fluctuations	 and	 failed	 to	 reproduce	 the	

experimental	 density	 of	 states.	 	 Additionally,	 the	 Debye	 model	 was	 mode	 and	

polarization	 insensitive,	which	made	any	deep	 thermal	 transport	 analysis	 opaque.		

Given	 the	 importance	 of	 the	 Debye	 temperature	 in	 the	 Lindeman’s	 theory	 of	

melting26,	 the	 thermal	 response	of	 solids27,	 the	BCS	 theory	of	 superconductivity28,	

and	 the	 Debye-Waller	 factor	 theory29,	 several	 amendments	 to	 or	 replacements	 of	

the	Debye	model	have	been	adduced	depending	on	the	application30-31.			

Today’s	 most	 adopted	 approaches	 involve:	 1)	 Assimilating	 the	 Debye	 heat	

capacity	to	the	experimental	or	theoretical	one	as	suggested	by	Krumhansl	et	al.30,	32,		

2)	 Normalizing	 the	 square	 of	 the	 phonon	 frequencies	 by	 the	 mode-dependent	

density	of	states	as	put	forward	by	Glen	Slack33,	3)	Likening	the	extent	of	the	Debye	

zone	to	that	of	the	real	crystal	using	the	average	speeds	of	sound	derived	from	the	
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slopes	 of	 the	 acoustic	 branches	 or	 from	 elastic	 constants34,	 or	 4)	 Using	 the	

equivalence:	 !ωm,max q( ) = kBθm ,	where	ωm,max q( ) 	 is	 the	highest	 frequency	of	a	given	

mode	 m 	 (θm 	 is	 the	 mode-dependent	 Debye	 temperature35).	 	 When	Method	 1	 is	

used	 with	 fitting	 the	 total	 heat	 capacity	 to	 the	 3D	 Debye	 one,	 the	 polarization-

dependent	 Debye	 temperatures	 are	 impossible	 to	 obtain.	 	 When	 the	 total	 heat	

capacity	 is	 used	 to	 derive	 the	 in-plane	 and	 out-of-plane	 Debye	 temperatures,	 not	

only	 is	 the	 approach	 inconsistent	 but	 it	 also	 makes	 no	 distinction	 among	 the	

transverse,	 longitudinal	 and	 in-plane	 polarizations29.	 	Method	 2	 is	 often	 used	 in	

transport	analyses14,	 36	 to	understand	the	contribution	of	each	vibrational	mode	in	

the	 thermal	 response	 of	 the	 material	 with	 the	 assumption	 of	 non-correlation	

between	 the	 modes	 of	 oscillation.	 	 However,	Method	 2	 doesn’t	 account	 for	 any	

polarization	 dependence	 of	 the	 Debye	 temperature.	 	 Method	 3	 is	 the	 most	

frequently	adopted	approach	and	simultaneously	imprecise.			Issues	arise	within	the	

choice	of	the	Debye	shape,	the	choice	of	the	averaging	method	of	the	acoustic	sound	

velocities,	 not	 to	 mention	 the	 inability	 to	 accurately	 define	 the	 polarization	 and	

mode-dependent	 Debye	 temperatures.	 	 Additionally,	 Method	 2	 neglects	 optical	

modes,	is	unable	to	define	the	speed	of	sound	of	flexural	modes	in	2D	crystals	(non-

linear	dispersion	 relations),	 and	 cannot	 characterize	 the	variation	of	 the	 slopes	of	

the	linear	acoustic	dispersion	relation	on	the	ab-initio	potentials.		Method	4	has	the	

disadvantage	of	ignoring	optical	modes.		

The	 following	 proposed	methodologies	 build	 on	Method	1	 and	Method	2,	

and	purport	to	be	less	subject	to	incongruities	because	of	the	more	universal	nature	
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of	the	heat	capacity	and	density	of	states.		Both	the	first	proposed	method	based	on	

the	division	of	the	heat	capacity	into	mode	and	polarization	contributions	as	well	as	

on	 the	 assumption	 of	 their	 equivalence	 to	 theN dimensional	 Debye	 counterparts,	

and	the	second	proposed	method	based	on	aggregation	of	mode-dependent	Debye	

temperatures	 into	 polarization-dependent	 ones	 fix	 the	 existing	 flaws,	 expand	 the	

Debye	 temperatures’	 definition,	 and	 bridge	 the	 gap	 between	 their	 theoretical	

elegance	and	their	experimental	utility.	 	Moreover,	 the	afore-stated	methodologies	

(whose	more	 rigorous	 renditions	 are	 given	 in	 the	 ensuing	 sections)	 are	 tested	on	

3D,	 2D	 and	 1D	 crystals.	 	 The	 convergence,	 the	 accuracy,	 and	 the	 important	

corollaries	they	exhibit	are	elaborated	on	in	the	Illustration	section.		

2.3. Methodology	

2.3.1. From	Mode-	and	Polarization-Dependent	Heat	Capacities	

The	 dispersion	 relation	 of	 a	 crystal,	 whose	 unit	 cell	 numbersN atoms,	

displays	 3N independent	 modes	 of	 oscillations	 broken	 into	 3	 polarizations:	 1	

longitudinal	polarization,	2	transverse	polarizations.	 	Each	polarization	is	made	up	

of	N 	modes:	1	acoustic	mode	and	N −1 	optical	modes.		

Therefore,	 the	 total	 heat	 capacity	 [CV (T ) ]	 (expressed	 as	 a	 combination	 of	

mode-dependent	heat	capacities	[Cm (T ) ])	can	be	re-arranged	 into	either	an	out-of	

plane	[CZ (T ) ],	a	transverse	[CY (T ) ],	and	a	longitudinal	[CX (T ) ]	contributions,	or	an	
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out-of	 plane	 [CZ (T ) ]	 and	 an	 in-plane	 [CXY (T ) ]	 contributions	 (Equation	 2.1	 and	

Equation	2.2).	

CV T( ) = Cm T( )
m=1

3N

∑ =CZ T( )+CX T( )+CY T( ) =CZ T( )+CXY T( ) 	

Cm T( ) = !ωm qs( )
dfBE ωm qs( ),T( )

dT

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

s=1

nq

∑ 	

Equation	2.1	–	Total	heat	capacity	broken	down	into	mode-dependent		(m)	
and	polarization-dependent		(X,	Y,	Z,	XY)	heat	capacitie.		X,	Y,	Z,	XY	refer	to	
flexural,	transverse,	longitudinal	and	in-plane	polarizations	respectively.		

	

CX T( ) =C3 T( )+ Cm T( )
m=2N+2

3N

∑ ,	CY T( ) =C2 T( )+ Cm T( )
m=N+3

2N+1

∑ 	

CXY T( ) =CX T( )+CY T( ) ,	CZ T( ) =C1 T( )+ Cm T( )
m=4

N+2

∑ 	

Equation	2.2	–	Polarization-dependent	heat	capacities	in	terms	of	mode-
dependent	heat	capacities.	

	

The	 polarization-dependent	 Debye	 temperature	 [θP ]	 is	 then	 evaluated	 by	

likening	 the	 polarization-dependent	 Debye	 heat	 capacity	 [CD
P (T,θP ) ]	 to	 the	

polarization-dependent	heat	capacity	[CP (T ) ]	(Equation	2.3).		
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CP
D T,θP( ) = uNkB fDn

θP
T

⎛

⎝
⎜

⎞

⎠
⎟=CP T( )⇒θP =θP T( ) 	

Equation	2.3	–	Comparison	between	polarization-dependent	Debye	heat	
capacities	and	polarization-dependent	quantum	mechanical	heat	capacities.	

‘P’	stands	for	polarization	(X,	Y,	Z	or	XY),	‘D’	stands	for	Debye.	
	

The	Debye	function	is	given	in	Equation	2.4.	

fDn x( ) = n
xn

tn+1et

et −1( )
2 dt

0

x

∫ 	

Equation	2.4	–	Debye	Function.	
	

In	Equation	2.3,	n	=	3	for	3D	crystals,	and	n	=	2	for	2D	and	1D	crystals.		For	P	

=	Z,	X,	 or	Y,	u	 =	1	 for	3D,	2D,	1D	crystal,	whereas	 for	P	=	XY,	u	=	2	 for	3D	and	2D	

crystal.		In	Equation	2.1,	Equation	2.2	and	Equation	2.3,	an	exception	is	made	for	

1D	crystals	that	do	not	have	a	planar	structure	because	their	linear	chains	make	it	

impossible	 to	 define	 the	 in-plane	 heat	 capacity	 [CXY (T ) ].	 	 The	 polarization-

dependent	 Debye	 temperatures	 are	 therefore	 redefined	 as	 in-line	 Debye	

temperature	[CX (T ) ]	and	out-of-line	Debye	temperatures	[CZ (T ) ]	and	[CY (T ) ].	

2.3.1. From	Mode-Dependent	Densities	of	States		

The	mode-dependent	 Debye	 temperatures	 are	 calculated	 through	 the	 Glen	

Slack	 formulation14,	 36	 as	 θ 2m =
5!2

3kB
2

ω 2gm ω( )dω∫
gm ω( )dω∫

	 where	 gm ω( ) ,	 the	 frequency-
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dependent	density	of	 states	of	 the	mode	 m ,	 is	 calculated	using	 the	equivalence	of	

the	 number	 of	 phonon	 states	 both	 in	 the	 frequency	 space	 and	 in	 the	 reciprocal	

space37	(Equation	2.5).	

	

Equation	2.5	–	Number	of	phonon	states	both	in	wave-vector	and	in	frequency	
domains.		

	

	

Equation	2.6	–	Relationship	between	mode-dependent	phonon	density	of	
states	in	the	frequency	domain	and	mode-dependent	phonon	density	of	states	

in	the	wave-vector	domain.	
	

gm q( ) = 1
Sreal

Sq
Sstate

!

"
#

$

%
&  

 
  	

Equation	2.7	–	Mode-dependent	phonon	density	of	states	per	unit	length,	
surface,	or	volume	in	the	wave-vector	domain.	

	

	

Equation	2.8	–	Magnitude	of	phonon	velocities	as	a	function	of	its	components	
in	each	dinension	d	(absiscae,	ordinate,	or	applicate)	.	
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In	Equation	2.7,	the	size	of	the	primitive	cell,	 Sreal ,	is	the	length	
!ax ,	or	the	

area	 !ax ×
!ay ,	or	 the	volume	

!ax •
!ay ×
!az( ) 	depending	on	the	dimensionality	of	 the	

system.	 	Analogically,	 the	size	of	a	 single	 state	 in	 the	 reciprocal	 space,	 Sstate ,	 is	 the	

reciprocal	 length	
!
bx ,	 or	 the	 reciprocal	 area	

!
bx ×
!
by ,	 or	 the	 reciprocal	 volume	

!
bx •
!
by ×
!
bz( ) 	 depending	on	 the	dimensionality	 of	 the	 system.	 	 Parenthetically,	 the	

size	 of	 the	 region	 containing	 !q ,	 Sq ,	 is	 the	 length	
!q ,	 or	 the	 area	 2π !q 2 ,	 or	 the	

volume	 4
3
π
!q 3 	depending	of	the	dimensionality	of	the	system.	

It	is	worth	noting	that	the	momentum-dependent	density	of	states,	 gm q( ) ,	is	

universal,	independent	of	the	dispersion	relation,	exclusively	dependent	on	the	type	

of	lattice,	and	proportional	to	 !q dim−1 .	

In	Equation	2.8,	the	velocities,	 vd q( ) ,	with	 d 	being	the	spatial	directions	 x 	

for	1D	systems,	 x and y for	2D	systems,	 x ,	 y ,	and	 z for	3D	systems,	are	calculated	

using	finite	element	methods	on	a	densely	sampled	Brillouin	zone.	

The	 polarization-dependent	 Debye	 temperatures	 are	 derived	 as	 harmonic	

means	of	the	mode-dependent	Debye	temperatures	(Equation	2.9).	
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Nθ 3Z =θ
3
1 + θ 3m

m=4

N+2

∑ ,	Nθ 3Y =θ
3
2 + θ 3m

m=N+3

2N+1

∑ 	

Nθ 3X =θ
3
3 + θ 3m

m=2N+2

3N

∑ ,	2θ 3XY =θ
3
X +θ

3
Y 	

Equation	2.9	–	Polarization-dependent	Debye	temperatures	as	a	function	of	
mode-dependent	Debye	temperatures	obtained	from	mode-dependent	

densities	of	states.	
	

The	 phonon	 spectra	 of	 all	 materials	 were	 carried	 out	 using	 the	 density	

functional	perturbation	theory	as	numerically	implemented	in	Quantum	Espresso11.		

Table	1	displays	the	computational	parameters	used	in	calculations.	 	While	

graphene,	 graphite,	 silicene,	 and	 boron	 nitride	 have	 hexagonal	 symmetry,	 bulk	

silicon	has	and	FCC	symmetry	and	carbyne	doesn’t	have	any	symmetry.			

	 	 	 	 	 	

	 1D	Crystal	
Carbyne	

2D	Crystal	
Graphene	

2D	Crystal	
Silicene	

3D	Crystal	
Silicon		

3D	Crystal	
Graphite	

Ecutoff	(eV)	 500	 500	 400	 500	 400	

PP&EXC	 PBE16	 PBE16	 PBE16	 PBE16	 PBE16	

Symmetry	 NA	 Hexagonal	 Hexagonal	 FCC	 Hexagonal	

a,	Å	 2.46	 2.46	 3.87	 5.47	 2.46	

b,	Å	 NA	 2.46	 3.87	 5.47	 2.46	
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c,	Å	 NA	 NA	 NA	 5.47	 6.70	

k-mesh	 40×1×1	 90×90×1	 40×40×1	 30×30×30	 30×30×30	

q-mesh	 7×1×1	 8×8×1	 5×5×1	 5×5×5	 4×4×4	

Table	2.1	–	Computational	parameters.	
	

For	 better	 accuracy,	 the	 extended	 zone	 (4	 atoms	 in	 the	 unit	 cell)	 has	 been	

considered	in	all	calculations	for	graphite,	which	led	to	12	modes:	4	flexural	modes	

for	the	flexural	polarization,	4	transverse	modes	for	the	transverse	polarization,	and	

4	longitudinal	modes	for	the	longitudinal	polarization.		Each	polarization	consists	of	

1	acoustic	and	3	optical	modes.		

2.4. Findings	

To	 further	 illuminate	 the	 qualitative	 and	 quantitative	 accuracy	 difference	

between	 the	 suggested	 methodologies	 and	Method	 1,	Method	 2,	Method	 3	 and	

Method	 4,	 graphene	 is	 the	 discussed	 case	 in	 point	 in	 view	 of	 its	 extensive	

investigation	in	the	literature.		Comparable	analyses	can	be	carried	out	on	graphite,	

silicon,	silicene	and	carbyne	(see	sections		2.4.2,	2.4.3,	2.4.4).	

2.4.1. Illustration:	Graphene	

Tewary	V.	K.	et	al.35	calculated	 θZ 	and	θXY 	 for	graphene	through	Method	4	

using	 the	 highest	 the	 flexural	 (5603.87	 cm-1)	 and	 longitudinal	 (10040.28	 cm-1)	

acoustic	 frequencies	 of	 a	 phonon	 spectrum	 calculated	 with	 Green’s	 function	
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formalism.	 	 They	 obtained	 1287	 K	 and	 2300	 K	 respectively.	 	 The	 issue	 with	 the	

previous	values	 is	4-fold:	 	1)	The	calculated	 θZ 	 	 (1287	K)	 is	 inconsistent	with	 the	

experimental38	θZ 	(1495	±	50	K).		2)	The	highest	flexural	and	longitudinal	acoustic	

frequencies	in	Figure	1a	obtained	through	density	functional	perturbation	theory11	

are	 consistent	with	 those	 obtained	 through	 Born-von	Karman	methodology39	 and	

valence-force	 field40,	 namely	 ~550	 cm-1	 and	 1350	 cm-1	 respectively.	 	 Born-von	

Karman’s	and	valence-force	field’s	values	are	much	smaller	than	those	of	the	Green’s	

function	ones	and	would	lead	to	791.32	K	and	1942.4	K	for	the	out-of	plane	[θZ ]	and	

in-plane	 [θXY ]	 Debye	 temperatures,	 which	 significantly	 diverge	 from	 the	 values	

obtained	 in	 their	 calculations.	 	 3)	Method	 4	 applied	 to	 the	 highest	 longitudinal	

acoustic	 mode	 (LA)	 is	 reflective	 of	 the	 longitudinal	 polarization	 not	 the	 in-plane	

polarization.	 	A	 thorough	 investigation	of	 the	 in-plane	polarization	 should	 include	

both	 the	 longitudinal	 and	 transverse	 polarization.	 	 4)	 The	 non-linearity	 of	 the	

flexural	 mode	 (ZA)	 near	 Γ,	 supposedly	 ω =αq2 	 with	 α = 0.61µm2 / s ,	 makes	 it	

impossible	to	define	the	flexural	speed	of	sound.	

The	 proposed	 2	 methods	 fix	 the	 aforementioned	 4	 incongruities	 and	

converge	into	θZ 	and	θXY 	of	1457.11	K	and	2100.7	K	respectively	(see	Figure	2.1d	

resulting	from	Equation	2.3	and	Equation	2.9).		The	calculated	out-of	plane	Debye	

temperature	 [θZ ]	 (1457.11	 K)	 is	 in	 sharp	 agreement	 with	 the	 experimental	 one	

(1495	±	50	K).	 	 Indeed,	 besides	 the	break	down	of	 the	density	 of	 states	 in	mode-

dependent	 ones	 (Figure	 2.1c	 resulting	 from	 Equation	 2.6),	 the	 polarization-

dependent	 heat	 capacities	 in	 Figure	 2.1b	 (resulting	 from	 Equation	 2.1	 and	
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Equation	 2.2)	 displays	 an	 out-of-plane	 contribution	 [CZ (T ) ]	 greater	 than	 the	

transverse	 [CY (T ) ]	 or	 longitudinal	 [CX (T ) ]	 ones,	 which	 is	 an	 indication	 of	 the	

flexural	 (out-of-plane)	 contribution	 to	 the	 thermal	 conductivity	 being	 higher	 than	

that	 of	 the	 other	 polarizations.	 	 Such	 a	 prediction	 is	 not	 just	 confirmed	 by	 both	

calculations	and	measurements,	but	also	reinforced	by	θZ <θXY ,	suggesting	that	out-

of-plane	modes	be	fully	excited	before	in-plane	modes.			

The	longitudinal	[θX ],	transverse	[θY ],	out-of-plane	[θZ ]	and	in-plane	Debye	

temperatures	[θXY ],	calculated	from	polarization-dependent	heat	capacities	and	the	

mode-dependent	densities	of	states	differ	by	less	than	1.5	%.		Not	only	does	such	a	

convergence	make	the	Debye	temperatures	more	universal	and	less	prone	to	wide	

fluctuations	 due	 to	 the	 inaccurate	 approximations	 of	 the	 previous	methodologies,	

but	 also	 shows	 an	 intrinsic	 relation	 between	 the	 heat	 capacity	 and	 the	 density	 of	

states.	
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Figure	2.1	Graphene’s	polarization-dependent	Debye	temperatures.		(a)	

Graphene	 phonon	 spectrum	 including	 flexural	 acoustic	 and	 optical	 (ZA,	 ZO)	 modes,	 transverse	

acoustic	 and	 optical	 (TA,	 TO)	modes,	 longitudinal	 acoustic	 and	 optical	 (LA,	 LO)	modes.	 	 (b)	 Total,	

mode-dependent	(ZA,	TA,	LA,	ZO,	TO,	LO),	and	polarization-dependent	(longitudinal	X,	transverse	Y,	

in-plane	XY,	out-of-plane	Z)	heat	capacities.		(c)	Mode-dependent	(ZA,	TA,	LA,	ZO,	TO,	LO)	densities	of	

states.		(d)	Convergence	of	polarization-dependent	(longitudinal	X,	transverse	Y,	in-plane	XY,	out-of-

plane	 Z)	 Debye	 temperatures	 from	 polarization-dependent	 heat	 capacities	 and	 mode-dependent	

densities	of	states.		

Ab-initio,	for	3D	and	2D	materials,	the	knowledge	of	the	θZ 	and	θXY 	can	lead	

to	a	precise	definition	of	 the	out-of-plane	[ vZ ]	and	 in-plane	[ vXY ]	speeds	of	sound	

using	 the	 3-dimensional	 Debye	 zone	 approximation	 [ NVBZ =VD3 ]	 where	 the	

supposedly	 infinite	 volume	 of	 the	 entire	 reciprocal	 space	 of	 the	 real	 crystal	 [

NVBZ = N
(2π )3

V
]	is	compared	to	the	finite	volume	of	the	Debye	crystal	[VD3 =

4
3
πkD

3 ],	

a	 b	

c	 d	
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with	the	Debye	radius	[ kD =
kB
!

⎛

⎝
⎜

⎞

⎠
⎟
θΖ/ΧΥ
vΖ/ΧΥ

⎛

⎝
⎜

⎞

⎠
⎟ ]	containing	the	dependence	on	the	out-of-

plane	[ vΖ ]	or	in-plane	[ vΧΥ ]	phonon	velocities.		The	same	analysis	can	be	carried	out	

for	1D	materials,	 thus	defining	 the	 in-line	 speed	of	 sound	 [ vX ]	 and	 the	out-of-line	

phonon	 velocity	 [ vY /Ζ ].	 	 In	 the	 case	 of	 graphene,	 10.33km / swhich	 is	 very	 close	 to	

9.2km / s derived	from	experimental	force	constants41.		

The	 discrepancies	 in	 the	 meaning,	 computation	 and	 measurement	 of	 the	

Debye	 temperature	 stem	 from	 the	 sharp	 departure	 belated	 applications	 such	 as	

inelastic	 phonon-phonon	 scattering	 (diffusive	 thermal	 conductivity),	 electron-

phonon	coupling	(superconductivity),	melting,	and	X-ray	scattering	attenuation	just	

to	 name	 a	 few	 took	 from	 its	 original	 intent	 to	 explain	 the	 low-temperature	 heat	

capacity	of	solids.	 	 Its	original	assumption	of	independent	linear	acoustic	branches	

up	 to	 a	 cut-off	 frequency,	 discarding	 optical	 branches,	 and	 originally	 successfully	

applied	to	bulk	materials	like	diamond,	aluminum	and	copper	needs	to	be	redefined	

to	 encompass	 the	 variety	 of	 today’s	 low	 dimensional	 materials	 and	 their	

applications.			

The	 suggested	 re-definition	 includes	 optical	 modes	 in	 the	 computation	 of	

polarization-dependent	 heat	 capacities.	 	 Both	 polarization-dependent	 heat	

capacities	 and	mode-dependent	 densities	 of	 states	 convergently	 lead	 to	 a	 precise	

assessment	 of	 the	 polarization-dependent	 Debye	 temperature,	 each	 of	 them	

bespeaking	 the	 temperature	 required	 for	 the	 complete	 excitement	 of	 all	 acoustic	

and	optical	oscillators	belonging	to	the	same	polarization.			
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The	 3	 polarizations	 still	 represent	 the	 excitations	 in	 3	 different	 spatial	

directions,	 namely,	 longitudinal	 for	 abscissae,	 transverse	 for	 ordinate	 and	 out-of-

plane	 for	 applicate.	 	 The	 acoustic	 and	 optical	 oscillations	 still	 represents	 in-phase	

and	out-of	phase	excitations	around	equilibrium	positions.	 	The	 in-plane	modes	of	

oscillation	are	the	combination	of	longitudinal	and	transverse	ones.			

2.4.2. Three-,	two-,	and	one-dimensional	Materials:	Graphite,	Bulk	Silicon,	

Silicene	and	Carbyne	

	

Figure	2.2	Graphite’s	polarization-dependent	Debye	 temperatures.	 	 (a)	

Graphite	phonon	spectrum	where	flexural	acoustic	and	optical	(ZA,	ZO1,	ZO2,	ZO3)	modes,	transverse	

acoustic	and	optical	(TA,	TO1,	TO2,	TO3)	modes,	and	 longitudinal	acoustic	and	optical	(LA,	LO1,	LO2,	

LO3)	modes	are	not	 indicated	to	avoid	confusion.	 	(b)	Total,	mode-dependent	(ZA,	TA,	LA,	ZO1,	ZO2,	

ZO3,	TO1,	TO2,	TO3,	LO1,	LO2,	LO3),	and	polarization-dependent	(longitudinal	X,	transverse	Y,	in-plane	
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XY,	out-of-plane	Z)	heat	capacities.		(c)	Mode-dependent	(ZA,	TA,	LA,	ZO1,	ZO2,	ZO3,	TO1,	TO2,	TO3,	LO1,	

LO2,	LO3)	densities	of	states.		(d)	Convergence	of	polarization-dependent	(longitudinal	X,	transverse	

Y,	in-plane	XY,	out-of-plane	Z)	Debye	temperatures	from	polarization-dependent	heat	capacities	and	

mode-dependent	densities	of	states.	

The	calculated	 θZ 	 and	 θXY 	 for	graphite	by	Krumhansl	&	Brooks9	are	950	K	

and	2500	K	respectively.		Such	values	are	obtained	by	fitting	the	total	experimental	

heat	capacity	to	the	two-dimensional	Debye	heat	capacities.			

	

Figure	 2.3	 Silicon’s	 polarization-dependent	 Debye	 temperatures.	 	 (a)	

Silicon	phonon	spectrum	including	flexural	acoustic	and	optical	(ZA,	ZO)	modes,	transverse	acoustic	

and	 optical	 (TA,	 TO)	 modes,	 longitudinal	 acoustic	 and	 optical	 (LA,	 LO)	 modes.	 	 (b)	 Total,	 mode-

dependent	 (ZA,	 TA,	 LA,	 ZO,	 TO,	 LO),	 and	 polarization-dependent	 (longitudinal	 X,	 transverse	 Y,	 in-

plane	XY,	out-of-plane	Z)	heat	capacities.	 	(c)	Mode-dependent	(ZA,	TA,	LA,	ZO,	TO,	LO)	densities	of	

states.		(d)	Convergence	of	polarization-dependent	(longitudinal	X,	transverse	Y,	in-plane	XY,	out-of-

a	 b	

c	 d	
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plane	 Z)	 Debye	 temperatures	 from	 polarization-dependent	 heat	 capacities	 and	 mode-dependent	

densities	of	states.		

Besides	the	incongruity	between	the	dimensionality	of	graphite	and	that	of	a	

two-dimensional	Debye	crystal,	 it	 is	 impossible	to	derive	the	contributions	of	each	

mode	and	each	polarization	from	the	experimental	heat	capacity.	 	 	Tohei	T.	et	al.32	

fitted	 the	 total	 theoretical	 heat	 capacity	 to	 the	 three-dimensional	 Debye	 heat	

capacity	 and	 obtained	 a	 Debye	 temperature	 of	 around	 1800	 K,	 which	 has	 the	

inconvenience	 of	 not	 defining	 the	mode	 or	 the	 polarization,	 but	 the	 advantage	 of	

being	closer	to	the	1870	K	calculated	through	Method	4	using	the	highest	acoustic	

frequency.		Tsang	D.	K.	L.	et	al.42	divided	the	heat	capacity	into	an	in-plane	and	out-

of-plane	acoustic	 contributions,	 the	 resulting	 coefficient	of	 thermal	expansion	was	

fitted	to	the	experimental	one	obtaining	800	K	and	2300	K	for	θZ and	θXY .	

The	discrepancies	among	the	previous	three	sets	of	results	are	fixed	by	the	methods	

proposed	in	this	paper.		Indeed,	the	polarization-dependent	heat	capacities	(Figure	

2.2b)	and	mode-dependent	densities	of	states	(Figure	2.2c)	fed	into	Equation	2.3	

and	Equation	2.9,	led	to	the	out-of	plane	Debye	temperature	[θZ ]	of	1240.56	K	and	

in-plane	Debye	temperature	[θXY ]	of	2300.13	K	in	Figure	2.1d.	

The	 arguments	 adduced	 for	 the	 methods	 proposed	 in	 this	 paper	 as	 a	

correction	 to	Method	1,	Method	2,	Method	3,	 and	Method	4,	 hold	 true	 for	 bulk	

silicon	 (Figure	 2.3),	 silicene	 (Figure	 2.4),	 and	 carbyne	 (Figure	 2.5)	 where	 the	

convergence	 of	 polarization-dependent	 Debye	 temperatures	 from	 the	 two	

aforementioned	proposed	methodologies	is	to	be	pointed	out.			
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Figure	 2.4	 Silicene’s	 polarization-dependent	 Debye	 temperatures.	 	 (a)	

Silicene	phonon	spectrum	including	flexural	acoustic	and	optical	(ZA,	ZO)	modes,	transverse	acoustic	

and	 optical	 (TA,	 TO)	 modes,	 longitudinal	 acoustic	 and	 optical	 (LA,	 LO)	 modes.	 	 (b)	 Total,	 mode-

dependent	 (ZA,	 TA,	 LA,	 ZO,	 TO,	 LO),	 and	 polarization-dependent	 (longitudinal	 X,	 transverse	 Y,	 in-

plane	XY,	out-of-plane	Z)	heat	capacities.	 	(c)	Mode-dependent	(ZA,	TA,	LA,	ZO,	TO,	LO)	densities	of	

states.		(d)	Convergence	of	polarization-dependent	(longitudinal	X,	transverse	Y,	in-plane	XY,	out-of-

plane	 Z)	 Debye	 temperatures	 from	 polarization-dependent	 heat	 capacities	 and	 mode-dependent	

densities	of	states.		

	

a	 b	

c	 d	
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Figure	 2.5	Carbyne’s	 polarization-dependent	 Debye	 temperatures.	 	 (a)	

Carbyne	 phonon	 spectrum	 including	 flexural	 acoustic	 and	 optical	 (ZA,	 ZO)	 modes,	 transverse	

acoustic	 and	 optical	 (TA,	 TO)	modes,	 longitudinal	 acoustic	 and	 optical	 (LA,	 LO)	modes.	 	 (b)	 Total,	

mode-dependent	(ZA,	TA,	LA,	ZO,	TO,	LO),	and	polarization-dependent	(longitudinal	X,	transverse	Y,	

out-of-plane	Z)	heat	capacities.		(c)	Mode-dependent	(ZA,	TA,	LA,	ZO,	TO,	LO)	densities	of	states.		(d)	

Convergence	 of	 polarization-dependent	 (longitudinal	 X,	 transverse	 Y,	 in-plane	 XY,	 out-of-plane	 Z)	

Debye	temperatures	 from	polarization-dependent	heat	capacities	and	mode-dependent	densities	of	

states.		

a	 b	

c	 d	
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Chapter 3 

A Thermal Perspective on Carbyne 

3.1. Summary	

A	 comprehensive	 thermal	 investigation	 based	 on	 density-functional	

perturbation	 theory	 (DFPT),	 thermodynamics	 equations,	 and	 the	 Boltzmann	

transport	equation	 (BTE),	 sheds	 light	on	 the	 lattice	 thermal	 responses	of	 carbyne.		

The	resulting	significant	thermal	responses	are:	1)	a	room-temperature	molar	heat	

capacity	at	constant	volume	~1.6	times	that	of	graphene	and	graphite,	2)	roughly	4	

times	as	much	negative	coefficient	of	thermal	expansion	as	that	of	graphene	leading	

to	carbyne’s	contraction	of	lattice	constant	(3.33	%)	11	times	that	of	graphene	(0.3	

%)	 in	 the	 temperature	 range	 of	 0-2500	 K,	 3)	 a	 5	 μm	 carbyne	 nanorod	 having	 as	

much	maximum	heat	conductivity	as	a	10	μm	×	2	μm	graphene	nanoribbon	(~600	

W/mK)	or	a	1	μm	carbyne	nanorod	having	as	much	maximum	heat	conductivity	as	a	

10	 μm	 ×	 45	 nm	 graphene	 nanoribbon	 (~90	 W/mK),	 4)	 a	 very	 low	 room-
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temperature	 in-chain	 mean	 free	 path	 (~20	 nm)	 making	 the	 thermal	 conduction	

almost	entirely	diffusive.		The	flexural	and	transverse	acoustic	and	optical	negative	

Grüneisen	 parameters	 are	 indicative	 of	 the	 carbyne’s	 larger	 contraction	 than	

graphene.	

3.2. Background	

Chemically	 synthesized	 from	 polyyne43	 and	 experimentally	 realized	 from	

graphene44,	carbyne,	a	stable	string	alternating	triple	(σ-π-π)	and	single	(σ)	bonded	

carbon	atoms,	whose	computational	studies45	revealed	the	highest	known	Young’s	

modulus	(32.71	TPa)	and	a	very	long	room-temperature	persistent	length	(14	nm),	

has	 not	 so	 far	 been	 fully	 explored	 from	 a	 thermal	 vantage	 point.	 	 From	 a	 three-

dimensional	(3D)	structure	such	as	graphite	and	a	two-dimensional	(2D)	structure	

such	 graphene	 to	 a	 one-dimensional	 (1D)	 structure	 such	 as	 carbyne,	 carbon	

allotropes	 have	 displayed	 a	 strong	 correlation	 between	 dimensionality	 and	

mechanical	 properties.	 	 Indeed,	 as	 the	 dimensionality	 decreases	 the	 Young’s	

modulus	increases	(27.6	GPa	for	graphite,	1.02	TPa	for	graphene	and	32.71	TPa	for	

carbyne).	 	 A	 similar	 correlation	 between	 thermal	 properties	 of	 carbon	 allotropes	

and	their	dimensionality	is	therefore	expected	given	the	intense	search	and	demand	

for	 highly	 conductive	 and	 tunable	 thermal	 nanomaterials.	 	 Xiangjun	 Liu	et	 al.	 46	

found,	 among	 other	 things,	 499	 K	 to	 be	 the	 phase	 transition	 temperature	 from	

cumulene	 to	 polyyne.	 	 Using	 molecular	 dynamics	 with	 ReaxFF,	 the	 thermal	

conductivity	 of	 the	 former	 (83	W/mk)	was	 found	 to	 be	 roughly	 twice	 that	 of	 the	

latter	 (43	W/mK).	 	Using	a	second	generation	 force	 field	PCFF,	Mingchao	Wang	et	
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al.47	 calculated	 the	 room-temperature	 thermal	 conductivity	 of	 carbyne	 and	

cumulene	to	be	beyond	54	and	148	kW/mK	respectively.		They	also	found	the	mean	

free	 path	 to	 be	 ranging	 from	 0.5	 to	 2.5	 μm.	 	 What	 follows	 is	 a	 computational	

investigation	with	two	objectives:	 	First,	understand	and	predict	carbyne’s	thermal	

responses	 such	 as	 heat	 capacity,	 Debye	 temperature,	 Grüneisen	 parameters,	

coefficient	of	 thermal	expansion,	 length	contraction	or	expansion,	 scattering	rates,	

mean	 free	paths	and	 thermal	conductivity.	 	Second,	connect	 the	said	properties	 to	

those	 of	 graphene	 and	 graphite,	 thereby	 explaining	 the	 impact	 of	 dimensional	

scaling	on	the	thermal	response	of	carbon	allotropes.			

The	basic	ingredient	for	the	investigation	is	the	phonon	spectrum	calculated	

using	 density-function	 perturbation	 theory	 (DFPT)	 with	 the	 lattice	 parameter	

relaxed	using	 the	density-function	 theory	 (DFT).	 	The	heat	 capacity	 is	obtained	as	

the	temperature	derivative	of	the	sum-total	of	phonon	energies	and	normalized	per	

unit	 substance.	 	 The	 wave	 vector	 and	 mode-dependent	 Grüneisen	 spectrum,	 the	

total	 Grüneisen	 parameters,	 the	 coefficient	 of	 thermal	 expansion	 and	 length	

contraction	 are	 computed	 using	 the	 Grüneisen	 formalism19.	 	 Scattering	 rates	

including	Umklapp	and	contact	scattering	mechanisms,	the	mean	free	paths	and	the	

thermal	 conductivity	 are	 derived	 from	 the	 Calloway	 implementation	 of	 the	

Boltzmann	transport	equation14	(BTE).			

The	paper	is	divided	into	two	main	sections.		In	Methodology,	the	theoretical	

and	computational	details	behind	DFT	and	DFPT	calculations,	the	Grüneisen	and	the	

Calloway	 implementation	 of	 the	 Boltzmann	 formalisms	 for	 the	 calculation	 of	 the	
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coefficient	of	 thermal	expansion	and	 the	 thermal	 conductivity	 including	quantities	

related	 thereof.	 	 The	 description	 of	 the	 findings	 as	 well	 as	 their	 significance	 will	

follow	in	Findings.				

3.3. Methodology	

Both	 DFT	 and	 DFPT	 calculations	 were	 performed	 using	 their	 numerical	

implementations	 in	Quantum	 Espresso11.	 	 Setting	 the	 plane-wave	 cutoff	 energy	 to	

500	eV,	the	total	energy	convergence	criterion	to	5.0	μeV/atom,	the	criterion	for	the	

force	on	all	atoms	to	less	than	2.0	meV/atom,	the	vacuum	distance	to	30	Å	in	both	

transverse	directions,	the	k-point	sampling	of	60×1×1,	the	q-point	sampling	for	the	

dynamical	matrix	 calculation	 to	 8×1×1,	 and	 using	 the	 ultra-soft	 pseudo-potentials	

and	 the	 exchange-correlation	 functionals	 in	 the	 form	 of	 Perdew-Burke-Ernzerhof	

(PBE)	 within	 the	 generalized	 gradient	 approximation	 (GGA)12,	 the	 geometry	

optimization	resulted	into	a	lattice	constant	of	2.54	Å.	

The	 resulting	phonon	 energies	 can	be	 collected	 across	 all	wave	 vectors,	 !q ,	

and	 all	 modes,	 m 	 (ZA,	 TA,	 LA,	 ZO,	 TO,	 LO),	 into	 the	 internal	 energy,	

U T( ) = nBE ω
!q( ),T( )+ 12

⎡

⎣⎢
⎤

⎦⎥
"ω
!q( )

!q,m
∑ ,	 whose	 rate	 of	 change	 with	 respect	 to	

temperature	 is	 the	 heat	 capacity	 at	 a	 constant	 volume,	 CV T( ) =
∂U T( )
∂T

⎛

⎝
⎜

⎞

⎠
⎟
V

,	 where	

nBE ω
!q( ),T( ) = e

!ω
!q( )

kBT −1
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

−1

is	the	Bose-Einstein	distribution.		
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γm (
!q) = − a

ωm (
!q)
∂ωm (

!q)
∂a

⇒

γ =
γmCVm

m
∑

CVm
m
∑

α(Τ)= 1
a0
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∂T

=
1

3ΒV0
CVm

m
∑ (!q,T )γm (

!q)

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

	

Equation	3.1	–	Mode-	and	wave-vector-dependent	Grüneisen	parameters	and	
coefficient	of	thermal	expansion.		

	

The phonon energies at 0% and 1.5% strain are fed into Equation 3.1 to obtain 

the mode- and wave vector-dependent Grüneisen parameters, γm (
!q) , the mode-dependent 

Grüneisen parameters, γm , and the coefficient of thermal expansion, α(Τ) .	 	CVm (
!q,T ) is	

the	 mode-dependent	 heat	 capacity,	 B 	 and	 V0 are	 carbyne’s	 bulk	 modulus	 and	

equilibrium	 volume.	 	 To	 be	 noted	 is	 the	 factor	 BV0 calculated	 as	

BV0 = v
2
LAρV0 = v

2
LA
N !qMcell

V0
V0 = v

2
LAN !qMcell ,	with	 N !q being	 the	 number	 of	 unit	 cells	 in	

the	 chain	 and	 Mcell the	mass	 of	 the	 unit	 cell	 (twice	 the	mass	 of	 carbon	 atom	 M ),	

eliminates	the	necessity	to	define	the	lateral	and	transverse	thicknesses	for	V0 .			The	

sound	velocity,	 vLA ,	 is	calculated	by	 finding	 the	best	 fitting	coefficients,	 vn ,	 for	 the	

longitudinal	branch,	ωLA
!q( ) = v0 + vLA

!q + vn
!q

n=2

6

∑
n

,	thus	obtaining	23	km/s.	

κ T,L( ) = 1
V
!ω
"q( )vm2

!q( )τ tot (
!q,T,L)

∂nBE ω,T( )
∂Tm,q

∑ 	

Equation	3.2	–	Thermal	Conductivity	from	BTE.	
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τU
−1 !q,T( ) = !γm

2

Mθm vx,m
!q( )

2 ω
2
m
!q( )Τ f1 exp −θm

f2T
⎛

⎝
⎜

⎞

⎠
⎟

τC
!q,L( ) = L

f3 vx ,m

!q( )

⎫

⎬

⎪
⎪

⎭

⎪
⎪

⇒ τ tot
−1 !q,T,L( ) = τU−1

!q,T( )+τC−1
!q,L( ) 	

Equation	3.3	–	Umklapp,	contact	and	total	scattering	rates.	
	

The	 BTE	 thermal	 conductivity	 in	Equation	 3.2	 is	 calculated	 by	 setting	 the	

volume	of	the	sample	to	V = N !qah
2 ,	h being	graphite’s	interlayer	distance	3.35	Å.		

On	the	assumption	of	suspended	pristine	carbyne	(no	impurities,	no	defects,	

no	edge	effects),	 the	total	scattering	rate,	 τ tot
!q,T,L( ) ,	 is	a	combination	of	Umklapp	

processes,	 τU
!q,T( ) ,	 and	 scattering	processes	with	 contacts	 in	 the	direction	 of	 the	

chain,	 τC
!q,L( ) .	 	 The	 fitting	 parameters	 f1 ,	 f2 ,	 and	 f3 	 are	 set	 to	 1,	 3	 and	 2	

respectively	similarly	to	comparable	calculations	in	graphene.		The	mode-dependent	

Debye	 temperatures	 in	 Equation	 3.3	 are	 calculated	 through	 the	 Glen	 Slack	

formulation	as,θ 2m =
5!2

3kB
2

ω 2gm ω( )dω∫
gm ω( )dω∫

,where	 gm ω( ) = g
!q( ) vx,m

!q( )( )
−1
=
!q
π

vx,m
!q( )( )

−1
	

is	 the	 mode	 and	 frequency-dependent	 density	 of	 states	 per	 unit	 length.	 	 Phonon	

velocities	along	the	longitudinal	direction	are	calculated	as	 vx,m
!q( ) =

∂ωm
!q( )

∂
!q

.		

λm ω( )= vm ω( )τm ω( )⇒ λm/tot =
cm/tot ω( )vm/tot ω( )λm/tot ω( )dω∫

cm/tot ω( )vm/tot ω( )dω∫
	

Equation	3.4	–	Mode-dependent	and	total	mean-free	paths	Umklapp.	
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From	the	frequency	dependence	of	the	mode-	or	total	mean-free	path,	

λm/tot ω( ) ,	the	average	mean-free	path,	 λm/tot ,	is	calculated	as	shown	in	Equation	

3.4	where	 cm/tot ω( ) 	represents	the	frequency	dependence	of	the	mode-dependent	or	

total	heat	capacity.				

3.4. Findings	

The	 0%	 strain	 phonon	 spectrum	 in	 Figure	 3.1a	 shows	 that	 flexural	 and	

transverse,	 either	 acoustic	 or	 optical	 modes,	 are	 identical,	 thereby	 signaling	 that	

both	 out-of-chain	 flexural	 and	 transverse	 vibrational	modes	 are	 indistinguishable.			

The	calculated	Glen-Slack	mode-dependent	Debye	temperatures,	θm ,	are	308	K	for	

ZA	 and	 TA,	 2646.5	 K	 for	 LA,	 1022.27	 K	 for	 ZO	 and	 TO,	 and	 4022.7	 K	 for	 LO.		

Considering	 acoustic	 modes,	 2	 observations	 are	 to	 be	 made:	 1)	 The	 longitudinal	

Debye	temperature,	calculated	as	θLA =
!
kB
ωLA
max !q( ) 	with	ωLA

max !q( ) 	being	the	maximum	

frequency	of	the	LA	mode	(~1700	cm-1	see	Figure	3.1a	),	is	2446	K,	very	close	the	

Glen-Slack	 value	 of	 2646.5	 K.	 	 2)	 ZA/TA	 Debye	 temperature	 being	much	 smaller	

than	LA	Debye	temperature	suggests	that	ZA	and	TA	modes	are	excited	earlier	than	

LA	 mode.	 	 Moreover,	 graphene’s	 θLA 	 (2100	 –	 2300	 K)	 is	 a	 slightly	 lower	 than	

carbyne’s	 θLA 	 (2646.5	 K)	 and	 graphene’s	 θZA 	 (1500	 K)	 is	 much	 higher	 than	

carbyne’s	 θZA 	 (306	 K)	 thereby	 suggesting	 that	 carbyne’s	 out-of-chain	modes	 (ZA,	

TA)	 are	 excited	 much	 earlier	 than	 graphene’s	 out-of-plane	 mode	 and	 carbyne’s	

longitudinal	 (in-chain)	mode	 is	 excited	 slightly	 later	 than	 graphene’s	 longitudinal	
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mode.	 	 	 The	 earlier	 carbyne	 flexural	 and	 transverse	 excitations	 than	 graphene	

counterparts	is	ascribed	to	diverse	confinement	of	both	low-dimensional	structures.		

	

Figure	 3.1	 Carbyne:	 (a)	 Phonon	 spectrum	 at	 0%	 strain.	 (b)	 Mode-dependent	

Grüneisen	parameters,	c)	Heat	capacity	at	constant	volume	for	graphene,	graphite,	and	carbyne.	(d)	

coefficient	 of	 thermal	 expansion	and	 lattice	 constant	 temperature	dependence	 (inset)	 for	 graphite,	

graphene	and	carbyne.	 	The	numbers	 in	 the	 inset	 indicate	 the	percent	contraction	(-)	or	expansion	

(+)	of	the	lattice	constant.	

In	 fact,	 carbyne	 is	 not	 confined	 in	 the	 transverse	 or	 flexural	 direction	 but	

graphene	is	confined	in	the	plane	which	makes	carbyne’s	lateral	vibrations	easier	to	

be	 excited	 than	 graphene	 ones.	 	 The	 difference	 in	 bonding	 information	 is	

responsible	 for	 the	 longitudinal	 excitation	 in	 carbyne	 occurring	 later	 than	 that	 of	

graphene.	 	 Indeed,	 the	 alternating	 triple	 (σ-π-π)-single	 (σ)	 bonds	 of	 carbyne	 are	

a	 b	

c	 d	
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stronger	 than	 the	 network	 of	 σ	 and	 π	 bonds	 in	 graphene	 making	 carbyne’s	 full	

excitation	of	longitudinal	modes	happen	at	a	higher	temperature	that	graphene’s	full	

excitation	of	 longitudinal	modes.	 	A	 further	confirmation	of	 the	above	comes	 from	

the	 longitudinal	 and	 transverse	 speed	of	 sound	where	 carbyne’s	 vLA 	 (23	km/s)	 is	

slightly	greater	than	graphene’s	 vLA 	(21.3	km/s).		In	a	manner	similar	to	the	Debye	

temperature,	carbyne’s	 vTA 	(8.83	km/s)	is	smaller	than	graphene’s	 vTA 	(13.6	km/s).		

The	aforementioned	observations	have	inevitable	consequences	in	the	mode	

and	wave	vector	dependent-Grüneisen	parameters	(Figure	3.1b),	the	heat	capacity	

at	constant	volume	(Figure	3.1c)	and	both	the	coefficient	of	thermal	expansion	and	

the	 temperature	 depence	 of	 lattice	 constant	 (Figure	 3.1d).	 	 The	 Grüneisen	

parameters	for	example	are	a	reflection	of	the	previous	analyses	where	because	of	

lateral	 vibrations	 occuring	 at	 an	 earlier	 temperature	 than	 longitudinal	 ones,	 the	

total	mode	 dependent	 Grüneisen	 parameters	 are	 negative	 for	 transverse	 acoustic	

and	 optical	 modes	 (-8.95	 for	 ZA/TA	 and	 -3.21	 for	 ZO/TO)	 and	 positive	 for	

longitudinal	 acoustic	 and	 optical	 modes	 (2.13	 for	 LA,	 1.77	 for	 LO).	 	 This	 result	

predicts	a	pronounced	low-temperature	contraction	obeserved	in	the	coefficient	of	

thermal	expansion	(Figure	3.1d)	that	levels	off	at	high	temperature	as	longitudinal	

acoustic	and	optical	modes	are	being	excited	(positive	total	Grüneisen	parameters).		

It	is	worth	observing	that	as	the	dimensionality	scales	down	from	3D	(graphite)	and	

2D	(graphene)	 to	1D	(carbyne)	 the	coefficient	of	 thermal	expansion	exhibits	more	

and	 more	 low-temperature	 contraction.	 	 This	 is	 especially	 manifest	 in	 the	

temperature	 dependence	 of	 the	 lattice	 constant	 (see	 inset	 in	Figure	 3.1d)	where	
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from	an	expansion	of	+0.3	%	for	graphite	and	a	contraction	of	-0.3	%	in	graphene,	

the	 lattice	 constant	 drops	 down	 to	 a	 -3.33	 %	 contraction	 for	 carbyne,	 the	

explkanation	 of	 which	 is	 given	 by	 the	 reduction	 in	 spatial	 confinement	 as	 the	

structure	scales	down.	 	Another	consequence	of	the	above	remarks	are	seen	in	the	

heat	capacity	at	constant	volume	(Figure	3.1c)	where	up	 to	around	ZO/TO	Debye	

temperature	 where	 carbyne’s	 ZA/TA	 and	 ZO/TO	 modes	 are	 fully	 excited	 but	

graphene	 ZA/TA	 and	 ZO/TO	 are	 not	 yet	 fully	 excited	 a	 greater	 carbyne’s	 low-

temperature	heat	capacity	than	graphene	is	noted	(roughly	1.6	times	greater).	 	 	As	

the	temperature	goes	up	to	~1500	K	(graphene’s	out-of-plane	Debye	temperature),	

all	graphene’s	acoustic	modes	get	excited.		As	the	temperature	continues	to	go	up	to	

the	longitudinal	Debye	temperatures	of	both	carbyne	and	graphene,	their	respective	

high-temperature	 heat	 capacities	 converge	 to	 the	 classical	 Dulong-Petit	 limit	

signaling	 the	 complete	 excitation	 of	 all	 oscillators.	 	 	 The	 linkage	 of	 the	

dimensionality	of	carbon	allotropes	and	their	thermodynamics	properties	with	the	

Debye	temperature	is	therefore	to	be	taken	into	account.	
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Figure	 3.2	 Thermal	 quantities.	 (a)	 Comparison	 between	 the	 calculated	

temperature-dependent	 thermal	 conductivities	 of	 carbyne	 and	 the	 closest	 available	 experimental	

results	for	long	(L	=	10	μm	)	graphene	nanoribbons	(narrow	W	=	45	μm	wide	W	=	2	μm).		Data	are	

taken	 from	Myung-Ho	Bae	 et	 al.	 (b)	Mode-dependent	 scattering	 total	 (solid	 lines),	 Umklapp	 (dash	

lines),	and	contact	(square	dot	lines)	scattering	rates	for	L	=	2.5	μm	at	room	temperature.	(c)	Length	

dependence	 of	 total	 and	 mode-dependent	 mean-free	 paths	 at	 room	 temperature.	 	 The	 inset	

represents	acoustic	and	optical	longitudinal	and	transverse	modes	(ZA,	TA,	ZO,	TO).			

The	comparison	between	the	thermal	conductivity	of	carbyne	nanorods	and	

the	 experimental	 thermal	 conductivity	 of	 graphene	 nanoribbons	 (from	Myung-Ho	

Bae	et	al.)	is	displayed	in	Figure	3.2a.		Besides	the	maximum	thermal	conductivity	

of	 carbyne	 that	 increases	 from	 100	 and	 300	 to	 600	 W/km	 as	 the	 length	 of	 the	

nanorod	 goes	 from	 1	 and	 2.5	 to	 5	 μm,	 two	 additional	 observations	 need	 to	 be	

pointed	out.	 	 First,	 it	 takes	only	 a	1	μm	nanorod	of	 carbyne	 to	match	 the	 thermal	

a	

b	 c	
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conductivity	of	a	10	μm	×	45	nm	graphene	nanoribbon.		Second,	it	takes	only	a	5	μm	

nanorod	of	carbyne	to	match	the	thermal	conductivity	of	a	10	μm	×	2	μm	graphene	

nanoribbon.	 	 	 These	 aforestated	 interesting	observations	point	 out	 a	much	higher	

thermal	conductivity	of	carbyne	nanorod	than	the	thermal	conductivity	of	graphene	

nanoribbons.	 	 The	 physical	 reason	 for	 it	 a	 both	 a	 lack	 of	 edge	 effects	 in	 carbyne	

nanorod	that	plays	a	big	role	in	the	thermal	conductivity	of	graphene	nanoribbons	

and	 carbyne’s	 stronger	 interatomic	 bonds	 than	 graphene	 ones	 responsible	 for	

carbyne’s	higher	phonon	energies	and	velocities.			

The	scattering	rates	 in	Figure	3.2b	quantify	 the	occurence	per	 time	unit	of	

Umklapp	 or	 contact	 collision	 phenomena	 broken	 down	 into	 different	 modes.		

Overall,	 Umklapp	 processes	 have	 a	 greater	 occurrence	 than	 contact	 scattering	

processes.	 	 Acoustic	 and	 optical	 transverse	 (ZA/TA,	 ZO/TO)	 modes	 appear	 to	 be	

more	 diffusive	 than	 acoustic	 and	 optical	 longitudinal	 (LA/LO)	 modes.	 	 They	 also	

appear	 to	 be	 limited	 to	 a	 narrower	 range	 of	 smaller	 phonon	 energy	 (0-600	 cm-1)	

than	LA	mode	(0-1700	cm-1).		It	not	only	confirms	the	much	greater	contribution	of	

longitudinal	modes	to	the	total	thermal	conductivity	but	also	the	longer	mean-free	

paths	 of	 longitudinal	 modes	 (~23	 nm)	 than	 that	 of	 transverse	 modes	 (2	 pm)	

depicted	 in	Figure	 3.2c.	 	 The	 total	 room-temperature	mean-free	 path	 is	 found	 to	

converge	 with	 the	 length	 of	 the	 nanorod	 to	 ~4	 nm	 which	 much	 smaller	 than	

suspended	graphene’s	mean-free	path	~700	nm.	
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Chapter 4 

Exploring the Interface between 
Single-Walled Carbon Nanotubes  and 

Epoxy Resin 

4.1. Summary	

A	 significant	 mechanical	 reinforcement	 of	 epoxy	 matrices	 with	 carbon	

nanotubes	(CNTs)	requires	a	very	strong,	covalent,	interfacial	bonding	between	the	

tube	and	the	resin,	diglycidylether	of	bisphenol	A	(DGEBA).	Here	various	methods	of	

improving	covalent	binding	to	CNTs	are	computationally	 	 investigated.	Four	major	

categories	are	investigated:	CNT	diameter,	dopants,	defects,	and	functional	groups.		

For	diameter,	(n,	0)	CNTs	with	n	=	5,	7,	9,11,	13,	15	are	considered.		For	dopants,	B,	

N,	and	Si	doped	CNTs	are	considered.		For	defects,	CNTs	with	monovacancies,	Stone-

Wales,	and	more	complex	nitrogen	terminated	monovacancies	and	divacancies	are	

considered.		For	functional	groups,	CNTs	with	atomic	oxygen,	hydroxyl,	amine,	and	
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carboxyl	functionalization	are	considered.		Additionally,	CNTs	with	a	combination	of	

oxygen	and	hydroxyl	functionalization	are	examined	due	to	experimental	evidence	

suggesting	this	crosslinking	mechanism.		All	these	configurations	are	studied	using	

classical	molecular	dynamics	(MD)	and	density	functional	theory	(DFT).		To	quantify	

the	 performance	 of	 each	 configuration	 binding	 energies	 (BE),	 affinity	 indices	 (AI)	

and	 shear	 fracture	 forces	 are	 measured.	 	 Among	 all	 the	 configurations,	 smaller	

tubes,	 Si	 doped	 CNTs,	 CNTs	 functionalized	 with	 a	 combination	 of	 oxygen	 and	

hydroxyl,	 and	 CNTs	 with	 monovacancies	 show	 the	 strongest	 evidence	 for	

mechanical	reinforcement.	

4.2. Background	

Structural	materials	with	 extremely	high	 specific	 strength	 and	 stiffness	 are	

an	enabling	technology	for	next	generation	aerospace	vehicles48.	In	aeronautics,	the	

drive	towards	environmentally	responsible	aviation	will	require	large	decreases	in	

fuel	 burn	 per	 passenger	 mile	 flown.	 While	 aerodynamic	 and	 engine	 efficiency	

improvements	 are	 critical	 factors,	 reduction	 of	 structural	mass,	 achieved	with	 the	

use	of	new	advanced	composites,	will	also	contribute	to	enhanced	aircraft	efficiency.	

Similarly,	 mass	 reduction	 at	 constant	 or	 improved	 performance	 levels	 is	 an	

important	objective	in	space	exploration	missions.	Mass	is	already	a	serious	limiting	

factor	for	launches	to	low	Earth	orbit.	For	future	missions,	which	may	include	flight	

to	cislunar	space	and	Mars,	mass	is	a	far	more	critical	barrier.	In	fact,	a	number	of	

conceptual	 missions	 are	 either	 unaffordable	 or	 impossible	 with	 state	 of	 the	 art	
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structural	materials.	Recent	advances	in	the	commercial	availability	of	high	strength	

carbon	nanotube	yarns49	and	fibers50	have	made	this	material	an	interesting	option	

for	use	as	reinforcement	in	advanced	composites.	The	fabrication	and	optimization	

of	CNT	fiber	reinforced	composites	is	still	an	early	stage	technology	and	a	number	of	

issues	remain	to	be	understood	and	resolved.	This	paper	addresses	one	of	these,	the	

CNT-matrix	interface,	which	is	the	primary	pathway	for	load	transfer.	

Polymer	 thermosets	 and	 carbon	nanotubes	 are	 located	 at	 opposite	 ends	 of	

the	 spectrum	 of	 materials’	 mechanical	 properties.	 	 The	 Young’s	 modulus	 of	 the	

former	is	low51	(~2	GPa),	the	Young’s	modulus	of	the	latter	is	among	the	highest52	

(~103	GPa).	 	Additionally,	because	of	their	great	flexibility,	 low	thermal	expansion,	

great	elongation	(up	to	20%	elongation	to	failure),	high	tensile	strength	(up	to	~60	

GPa),	high	aspect	ratio	(length	up	to	103	times	the	diameter)	and	high	absorbance,	

carbon	 nanotubes	 are	 ideal	 candidates	 for	 mechanical	 reinforcement	 in	 polymer	

thermosets.	 	 Experimentally,	 the	 addition	 of	 CNTs	 into	 polymer	 matrices	

(polyamides53,	 epoxy54,	 polyethelene55,	 etc…)	 has	 not	 met	 the	 reinforcement	

expectations	because	of	the	ineffectiveness	of	the	processing	methodologies	and	the	

lackluster	 performance	 of	 the	 matrix-CNT	 load	 transfer.	 	 Indeed,	 a	 successful	

reinforcement	is	conditional	on	a	good	solubility	which	CNTs	do	not	satisfy	due	to	

their	 hydrophobic	 nature,	 a	 compounding	 factor	 to	 both	 the	matrix-CNT	 covalent	

bonding	 and	 load	 transfer.	 	 Computational	 attempts56-57	 to	 understand	 and	

circumvent	 the	 insolubility	 of	 CNTs	 in	 liquid	 polymers	 have	 converged	 to	 the	

existence	 and	 the	 magnitude	 (3~5	 Å)	 of	 a	 matrix-CNT	 non-covalent	 interfacial	
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region.	 This	 large,	 non-covalent	 interfacial	 region	 is	 bad	 for	 mechanical	

reinforcement	of	composites	as	there	is	poor	load	transfer	between	the	polymer	and	

the	CNT.		

In	order	to	promote	the	covalent	crosslinking,	the	interaction	between	CNTs	

and	one	of	the	most	common	epoxy	resin	base,	DGEBA	(C21H26O4	Di-Glycidyl	Ether	

of	 Bisphenol	 A),	 is	 analyzed	 in	 terms	 of	 binding	 energy,	 affinity	 index,	 and	 shear	

fracture	 forces.	 The	 covalent	 binding	 is	 quantified	 for	 different	 local	 chemical	

situations	 on	 CNTs	which	 have	 experimental	 evidence.	 Four	major	 categories	 are	

investigated:	 CNT	 diameter,	 dopants,	 defects,	 and	 functional	 groups.	 The	 dopants	

considered	 are:	 silicon58,	 boron59,	 and	 nitrogen58.	 The	 types	 of	 defects	 are:	

monovacancies60,	 nitrogen	 terminated	 monovacancy61,	 nitrogen	 terminated	

divacancy62-63	 and	 Stone-Wales60,	 64.	 The	 functional	 groups	 are:	 oxygen65,		

carboxyl66-67,	 hydroxyl60,	 66-67,	 and	 amine60,	 66.	 	 A	 combination	 of	 oxygen	 and	

hydroxyl	was	also	considered	due	to	experimental	evidence	where	record	strength	

of	 CNT	 composite	 strength	was	 achieved65,	 67.	 	 The	 analyses	 are	 carried	out	 using	

classical	 molecular	 dynamics	 using	 ReaxFF	 potential	 (MD/ReaxFF)	 and	 density	

functional	theory	(DFT).		The	next	sections	elaborate	on	the	computational	tools	of	

the	analysis,	present	the	results,	and	discuss	the	significance	thereof.	

4.3. Methodology	

The	configurations	explored	 in	 the	CNT-DGEBA	 interfacial	bonding	analysis	

are	 doped,	 defective,	 and	 functionalized	 tubes	 (Figure	 4.1).	 	 All	 configurations	
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shown	 in	Figure	 1	 are	 different	 local	 chemical	 situations	 on	 the	 CNT.	 	 The	 same	

activated	end	of	the	DGEBA	molecule	was	used	to	bind	the	polymer	to	the	CNT	in	all	

configurations68.	 	 All	 these	 covalent	 binding	 situations	 are	 examined	 on	 a	 (9,0)	

zigzag	CNT.		

	

Figure	 4.1	 Doped,	 defective	 and	 functionalized	 CNT-DGEBA	

configurations.	 Si,	 B,	 and	 N	 in	 direct	 and	 adjacent	 doping	 positions;	 Monovacancy	 (1V),	 3	

nitrogen	terminated	monovacancy	(3NV),	Stone-Wales	(SW),	4	nitrogen	terminated	divacancy	(4ND),	

amine	(NH2),	carboxyl	(COOH),	atomic	oxygen	(O),	hydroxyl	(OH),	and	atomic	oxygen	combined	with	

hydroxyl	(O-OH).		

Silicon	(Si),	boron	(B),	and	nitrogen	(N)	dopant	atoms	which	replace	a	single	

carbon	 atom	 on	 the	 CNT	 are	 considered.	 	 All	 dopants	 are	 examined	 where	 they	
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directly	 bond	 to	 DGEBA,	 or	 they	 are	 adjacent	 to	 the	 CNT-DGEBA	 bond.	 	 Dopant	

configurations	are	abbreviated	Si-D,	Si-A,	N-A,	N-D,	B-A,	and	B-D,	where	the	‘-D’	and	

‘-A’	suffixes	refer	 to	 the	dopant	being	direct	or	adjacent	as	pictured	 in	Figure	4.1.		

For	 all	 defect	 configurations	 the	 CNT	 is	 bonded	 to	 the	 DGEBA	 with	 the	 most	

chemically	active	atom.	The	monovacancy	(1V)	 is	bonded	to	DGEBA	with	 the	 two-

coordinated	 carbon	 atom.	 	 The	 three	 nitrogen	 atoms	 terminated	 monovacancy	

(3NV)	is	bonded	to	DGEBA	with	one	of	the	nitrogen	atoms.		Similarly,	four	nitrogen	

atom	 terminated	 divacancy	 (4ND)	 is	 bonded	 to	 DGEBA	 with	 one	 of	 the	 nitrogen	

atoms.	 	 	 The	 Stone-Wales	 defect	 (SW)	 is	 bonded	 to	 DGEBA	 with	 a	 carbon	 atom	

belonging	 to	 both	 seven-membered	 rings.	 	 For	 each	 functional	 group,	 the	 CNT	 is	

linked	to	DGEBA	in	a	manner	similar	to	comparable	crosslinks	in	the	literature.		For	

hydroxyl60,	66-67	(OH)	and	amine60,	66	(NH2)	functional	groups	the	CNT	is	bonded	the	

DGEBA	by	 the	 atom	adjacent	 to	 the	 atom	bonded	 to	 the	 functional	 group.	 For	 the	

carboxyl66-67	 (COOH)	 functional	group	 the	CNT	 is	 linked	by	bonding	 the	DGEBA	to	

oxygen	 atom	 of	 COOH.	 	 For	 the	 oxygen	 atom	 functionalization65	 (O),	 the	 CNT	 is	

linked	 by	 bonding	 the	 oxygen	 atom	 to	 DGEBA.	 The	 O	 combined	 with	 OH	

functionalization65,	 67	 (O-OH)	 is	 the	same	except	 there	 is	an	OH	functionalizing	 the	

tube	adjacent	 to	 the	O	atom.	 	Additionally,	 the	diameter	dependence	analysis	was	

performed	with	 (7,	 0),	 (9,	 0),	 (11,	 0),	 (13,	 0),	 and	 (15,	 0)	 tubes.	 	 Zigzag	 tubes	 are	

preferred	to	armchair	tubes	because	of	their	proven	higher	reactivity60.		
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Figure	 4.2	Molecular	 Dynamics	 setups.	 Computational	 setup	 for:	 (a)	 Binding	

energy	 with	 already-made	 connections	 between	 the	 CNT	 and	 DGEBA.	 (b)	 Cylindrical	 distribution	

function	with	DGEBA	wrapping	 around	 the	CNT.	 	 Cylinder	 shell	 thickness	dR	=	0.5	Å.	(c)	 Fracture	

force	test	where	two	identical	equilibrating	tubes	are	held	by	handles	and	connected	by	one	DGEBA.		

The	right	tube	is	pulled	down	at	a	speed	of	0.05	Å/ps	until	it	looses	its	connection	with	DGEBA.	

The	CNT-DGEBA	interfacial	bonding	is	then	evaluated	with	binding	energies,	

affinity	 indices	 and	 fracture	 forces.	 	 Binding	 energies	 are	 calculated	with	 already-

made	CNT-DGEBA	connections	(see	Figure	4.2a)	through	molecular	dynamics	(MD)	

at	 room-temperature	 and	 density	 functional	 theory	 (DFT)	 at	 zero	 temperature	 as	

the	difference	between	the	energy	of	the	optimized	CNT-DGEBA	connection	and	the	

energy	of	the	CNT	and	DGEBA,	optimized	separately.			

a	

b	

c	
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All	molecular	dynamics	(MD)	calculations	are	performed	with	the	large-scale	

atomic/molecular	 massively	 parallel	 simulator69	 (LAMMPS)	 using	 the	

parameterizations	 of	 the	 Reax	 Force	 Field	 (ReaxFF)	 for	 fullerene70	 and	 silicon	

carbide71	with	a	timestep	of	0.25	femtoseconds.	

In	 the	 MD	 binding	 energy	 formula	 (Equation	 4.1),	 energies	 of	 CNT	 and	

DGEBA,	 taken	 separately	 (ECNT ,EDGEBA 	 )	 or	 covalently	 bonded	 (ECNT−DGEBA ),	 are	

obtained	performing	with	two	consecutive	equilibration	processes	on	the	respective	

structures.		The	first	is	an	NVT	ensemble	at	300	K	with	Nosé-Hoover	thermostat	for	

100	picoseconds.	 	 In	 the	 second	process,	 the	Nosé-Hoover	 thermostat	 is	 removed	

and	 the	 system	 runs	 for	 25	 picoseconds	 with	 occasional	 velocity	 rescaling	 to	

minimize	the	temperature	fluctuations.		

BEi = ECNT−DGEBA − ECNT +EDGEBA( )
µBE = n

−1 BEi
i=100 ps:25 fs:125ps

∑

σ BE = n−1 BEi −µBE( )
i=100 ps:25 fs:125ps

∑
2⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

1
2

	

Equation	4.1	–	Mean	and	standard	deviation	binding	energy.	
	

During	the	second	equilibration	process,	the	binding	energy,	BEi in	Equation	

1,	 is	 calculated	 every	 25	 femtosecond.	 	 The	 ensuing	 average	 (µBE )	 and	 standard	

deviation	(σ BE )	are	extracted	(see	Equation	4.1	with	n	=	1000	being	the	number	of	

frames).	 	 	The	average	binding	energy	 is	 therefore	an	 indicator	of	 the	CNT-DGEBA	
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strength.		

The	CP2K	software	package	was	used	to	perform	all	DFT	calculations72.		This	

package	uses	the	quickstep	method	which	employs	mixed	Gaussian	and	plane	wave	

basis	 sets73.	 	 This	 allows	 for	 a	 very	 efficient	 representation	 of	 the	 wave	 function	

which	is	capable	of	studying	large	systems	such	as	the	ones	we	are	considering.		The	

well-established	PBE	exchange-correlation	 functional	was	used74.	 	The	Goedecker-

Teter-Hutter	 (GTH)	 pseudopotentials	 with	 the	 complimentary	 GTH	 double	 zeta	

polarization	 Gaussian	 basis	 set	 for	 all	 atomic	 species75-76.	 	 For	 the	 plane	waves	 a	

cutoff	of	280	Rydberg	was	found	to	be	sufficient.	The	efficient	orbital	transformation	

method	was	used	to	optimize	the	wavefunction77.		Using	these	settings	for	electronic	

calculations,	the	geometry	was	optimized	for	each	configuration.	

The	affinity	 index	serves	 to	quantify	 the	average	distance	between	the	CNT	

and	the	DGEBA	when	free	to	interact	during	the	equilibration	process.	 	It	has	been	

defined	 by	 Jihua	 Gou57	 as	 the	 average	 distance	 between	 atoms	 of	 the	 resin	 and	

atoms	of	 pristine	CNT	 as	 a	way	 to	 characterize	 van-der-Waals	 (vdW)	 interactions	

with	CNTs.	 	However,	 applying	 Jihua	Gou’s	 definition	 on	 the	 doped,	 defective	 and	

functionalized	CNTs	(see	Figure	4.1),	led	to	results	inconsistent	with	both	MD	and	

DFT	binding	energies	because	several	atoms	stuck	out	of	the	CNT.		Inasmuch	as	the	

cylindrical	distribution	function	has	been	an	effective	method	of	characterizing	the	

interface	 of	 a	 CNT78,	 in	 this	work,	we	 use	 a	 simpler	 evaluation	 of	 it	 to	 define	 the	

affinity	index	as	the	distance	between	the	first	time	it	drops	down	to	0	and	the	first	

time	it	goes	above	0	around	the	edge	of	the	CNT.		It	therefore	indicates	the	minimum	
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CNT-DGEBA	 interface	 gap	 distance.	 	 To	 determine	 the	 cylindrical	 distribution	

function,	 an	 equilibration	 process	 brings	 the	 DGEBA	 at	 a	 vdW	 distance	 from	 the	

CNT.	 	As	second	equilibration	process	takes	place	to	minimize	energy	fluctuations,	

the	DGEBA	stays	at	a	vdW	distance	from	the	CNT	but	wraps	around	it.		The	center	of	

the	 CNT	 is	 first	 located.	 	 The	 system	 is	 then	 divided	 into	 cylindrical	 shells	 of	

thickness	0.5	Å.		The	shells	are	concentric	about	the	center	of	the	CNT	(Figure	4.2b).		

For	each	frame,	the	number	of	atoms	within	the	shells	is	plotted	as	a	function	of	the	

radius	(radius	of	the	outermost	cylinder).		The	affinity	index	in	a	single	frame	is	then	

calculated	 as	 stated	 earlier	 and	 averaged	 over	 all	 frames.	 	 To	 be	 noted	 is	 the	

observation	that	the	choice	of	the	inter-cylinder	radius	dR,	however	small	 it	might	

be,	has	no	effect	on	 the	extent	of	 the	depletion	region	 (affinity	 index)	because	 the	

transition	 between	 the	 edge	 of	 the	 tube	 and	 the	 depletion	 region,	 as	 well	 as	 the	

transition	 between	 the	 depletion	 region	 and	 the	 DGEBA	 molecule	 always	 occurs	

from	an	 integer	number	of	atoms	 to	0	and	 from	0	 to	an	 integer	number	of	atoms,	

respectively.		The	value,	0.5	Å	was	chosen	it	gave	rough	rendition	of	the	number	of	

atoms	in	the	shell	containing	the	CNT.			The	amount	of	dopants,	functional	groups	or	

defects	on	the	tube	for	the	cylindrical	distribution	function	calculations	is	chosen	to	

be	4%,	in	line	with	similar	experimental	setups65.		Initially	located	~15	Å	away	from	

each	 other,	 a	 first	 equilibration	 process	 (NVT)	 at	 300	 K	 with	 Nosé-Hoover	

thermostat	 for	 100	 picoseconds	 draws	 the	 DGEBA	 molecule	 to	 the	 CNT	 until	 it	

wraps	 around	 the	 tube	 (Figure	4.2b).	 	A	 second	 equilibration	process	 (NVE)	 that	

explicitly	rescales	velocities	to	maintain	a	temperature	of	300	K	for	25	picoseconds	
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is	subsequently	carried	on	to	minimize	the	energy	fluctuations.	During	this	process,	

the	cylindrical	distribution,	i.e.,	number	of	atoms	within	shell	is	plotted	as	a	function	

of	the	radius.		The	affinity	index	in	each	frame,	i.e.,	distance	between	the	number	of	

atom	per	shell	dropping	below	down	to	0	for	the	first	time	and	number	of	atoms	per	

shell	subsequently	going	above	0,	 is	averaged	over	all	1000	frames.	 	The	standard	

deviation	is	obtained	in	as	in	Equation	4.1.	

In	 the	shear	 fracture	 force	computer	simulation	(Figure	4.2c),	2	 identically	

doped,	 defective	 or	 functionalized	 parallel	 tubes	 (with	 2	 fixed	 handles	 each)	 are	

connected	through	one	DGEBA	molecule.		After	an	initial	equilibration,	while	the	left	

handle	 remains	un-equilibrated	 and	unmoved,	 the	 right	 handle	 is	 pulled	down	by	

0.05	Å	letting	the	rest	of	the	structure	free	to	re-equilibrate	itself	accordingly.	 	The	

force	on	the	tube	at	the	moment	of	rupture	is	the	shear	fracture	force	that	indicates	

the	 strength	 of	 the	 CNT-DGEBA	 connection.	 	 Additional	 details	 about	 the	 binding	

energy,	 affinity	 index	 and	 fracture	 force	 calculations	 are	 explained	 in	 the	

Methodology	 section.	 	 An	 illustration	 of	 the	 test	 is	 given	 in	 Figure	 4.3a	 for	 a	

pristine	 (9,	 0)	 CNT,	 nitrogen	 in	 adjacent	 doping	 position,	 and	 oxygen	

functionalization	where	the	force	on	the	right	tube	for	the	pristine	(9,	0)	CNT	at	the	

moment	 of	 rupture	 is	 1.1	 nN	 smaller	 	 than	 that	 of	 nitrogen	 in	 adjacent	 doping	

position	and	1.6	nN	greater	than	that	of	oxygen	functionalization.		It	is	connotative	

of	the	strength	of	the	structure	described	in	Figure	4.2c	and	can	indicate	the	CNT-

DGEBA	interfacial	strength.	 	The	 initial	equilibration	(NVT)	of	both	tubes	(without	

the	handles)	and	the	DGEBA	molecule	is	performed	at	300	K,	for	12.5	picoseconds	
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and	 with	 Nosé-Hoover	 thermostat.	 	 A	 second	 equilibration	 process	 (NVT)	 takes	

place	at	300	K	with	Nosé-Hoover	thermostat	by	consecutive	cycles	of	1	picosecond	

each.		At	the	beginning	of	each	cycle,	as	the	left	handle	stays	inert,	the	right	handle	

steadily	 moves	 down	 by	 0.05	 Å.	 	 The	 force	 on	 the	 tube	 is	 calculated	 before	 the	

beginning	of	the	next	cycle.		Successive	cycles	take	place	in	like	manner.		As	the	right	

tube	 pulls	 down,	 the	 DGEBA	 molecule	 stretches	 until	 it	 breaks,	 the	 force	 at	 the	

breaking	point	is	characterizes	the	strength	of	the	of	the	CNT-DGEBA	connection.					

4.4. Findings	

While	 MD	 calculations	 (both	 binding	 energies	 and	 fracture	 forces)	 don’t	

show	 any	 significant	 dependence	 on	 the	 diameter	 of	 the	 tube,	 DFT	 calculations	

reveal	an	increasing	binding	energy	with	the	diameter	of	the	tube	(Figure	4.3b).		In	

fact,	DFT	binding	energy	magnitude	steadily	increases	by	1.5	eV	from	(5,	0)	to	(13,	

0)	 CNT.	 	 Smaller	 CNTs	 tend	 to	 be	more	 reactive	 because	 the	 network	 of	 π	 bonds	

‘stick	out’	further	from	the	tube.		Large,	smashed	CNTs	can	achieve	similar	reactivity	

to	 small	 tubes.	 	 Smashed	CNTs	have	high	 curvature	 along	 the	 edge,	 similar	 to	 the	

small	 tubes	 studied	 here.	 	 As	 a	 result,	 the	 greater	 reactivity	 of	 smaller	 tubes	 and	

smashed	CNT	make	good	candidates	for	mechanical	reinforcement	of	polymers.		In	

Figure	 4.3b,	 (5,0)	 tube	 is	missing	 in	MD	 calculations	 because	 of	 its	 instability	 at	

room	 temperature.	 	 The	 discrepancy	 between	MD	 and	 DFT	 calculations	might	 be	

attributed	both	to	the	temperature	difference	(0	K	for	DFT	and	300	K	for	MD)	and	

the	flaws	in	ReaxFF.		
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DFT	 and	 MD	 binding	 energies	 for	 all	 doped,	 functionalized	 or	 defective	 tubes	

(Figure	4.1),	are	compared	and	contrasted	 in	Figure	4.3c	and	Figure	4.3d.	 	With	

both	methodologies,	N-D	is	expectedly	higher	in	energy	than	the	pristine	tube	while	

the	 N-A	 configuration	 is	 lower	 in	 energy	 than	 the	 pristine	 tube.	 Boron	 dopants	

behave	similarly,	but	both	the	B-D	and	B-A	configuration	are	 lower	in	energy	than	

the	pristine	CNT.	Si-D	and	Si-A	configurations	are	in	disagreement	between	DFT	and	

MD	because	of	temperature	difference	as	well	as	the	inability	of	the	ReaxFF	to	fully	

capture	 quantum	 mechanical	 effects	 related	 to	 orbitals	 delocalization.	 	 DFT	

calculations	show	that	silicon	dopants	behave	differently	from	boron	and	nitrogen.	

For	 silicon	 the	 Si-D	 configuration	 is	 more	 energetically	 favorable	 than	 the	 Si-A	

configuration.	

	

a	 b	

c	 d	
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Figure	4.3	DFT	and	MD	Binding	Energies.	(a)	Illustration	of	fracture	force	test	on	

pristine	(9,0)	CNT,	nitrogen	in	adjacent	doping	position	(NA),	and	oxygen	functionalization.		Binding	

energy	for:	(b)	Pristine	(5,	0),	(7,	0),	(9,	0),	(11,	0),	(13,	0),	(15,	0)	CNTs	through	DFT	and	MD.		The	

fracture	force	(brown	curve)	confirm	the	diameter-dependence	MD	binding	energies.		(c)	All	doping,	

functionalized	and	defective	configurations	(Figure	1)	using	DFT.		(d)	All	doping,	functionalized	and	

defective	 configurations	 (Figure	1)	 using	DFT.	 	 In	 (c)	 and	 (d)	 “-D”	 refers	 to	 the	direct	 connection	

between	the	substitutional	dopant	(Si,	B	or	N)	on	the	tube	and	DGEBA,	“-A”	refers	to	the	connection	

between	the	carbon	atom	adjacent	to	the	substitutional	dopant	(Si,	B	or	N)	on	the	tube	and	DGEBA.	

Because	of	its	heavier	mass	and	smaller	electro-negativity	(1.80	as	opposed	to	2.04	

and	 3.04	 for	 boron	 and	 nitrogen),	 silicon	 sticks	 out	 of	 the	 CNT	 further	 and	 binds	 more	

readily.		Silicon	in	direct	position	is	lower	in	energy	than	all	other	doping	configurations.		

Unlike	in	the	case	of	dopants,	DFT	and	MD	calculations	on	functional	groups	

are	 qualitatively	 in	 agreement.	 	 In	 fact,	 given	 MD	 error-bars	 both	 methodologies	

agree	that	the	order	of	functional	groups	from	most	to	least	energetically	favorable	

is:	O-OH,	O,	NH2,	OH,	and	COOH.	 	The	OH,	and	NH2	functional	group	serve	to	make	

the	 CNT	more	 reactive	 by	 disrupting	 the	 network	 of	 π	 bonds,	 as	 these	 functional	

groups	 do	 not	 directly	 participate	 in	 the	 crosslinking	 of	 the	 CNT	 to	 DGEBA.	 The	

difference	 in	energy	between	O	and	O-OH,	more	apparent	 in	DFT	calculations,	can	

again	be	ascribed	to	the	disruption	of	π	network	by	OH	in	the	region	of	the	carbon	

atom	 attached	 to	 O.	 	 The	 liberated	 π	 electron,	 instead	 of	 contributing	 to	 the	

reactivity	of	C-O,	 is	 then	 transferred	 to	O-DGEBA	 thereby	 strengthening	 the	bond.		

An	 experimental	 evidence	 of	 it	 comes	 from	 Zhiyong	 Liang	 et	 al.65	 where	 a	
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comparable	 functionalization	 resulted	 into	 a	 significant	 improvement	 of	 the	

mechanical	properties	of	nanotube	sheets.			

DFT	and	MD	calculations	on	defective	tubes	also	converge	towards	3NV,	4ND	

and	 SW	 configurations	 being	 almost	 energetically	 equivalent,	 but	 all	 still	 an	

improvement	 over	 a	 pristine	 CNT.	 The	 3NV	 and	 4ND	 configurations	 increase	

reactivity	by	introducing	the	under	coordinated	N.	The	SW	configurations	increase	

the	reactivity	of	the	CNT	by	straining	local	bonds.		The	1V	configuration	is	the	most	

energetically	 favorable	 not	 just	 among	 defective	 tubes	 but	 also	 among	 all	

configurations.	 	 The	 reason	 being	 the	 two-coordinated	 carbon	 atom	 on	 the	

monovacancy	is	highly	reactive	and	easily	crosslink	with	DGEBA.		

	

Figure	4.4	Cylindrical	Distribution	Function,	Affinity	Index.	 	(a)	Cylindrical	

distribution	function	for	Pristine	(9,	0)	carbon	nanotube,	monovacancy	(1V	CNT)	and	silicon	(Si).		In	

the	 inset,	 AI	 is	 the	 affinity	 index.	 (b)	 Affinity	 index	 for	 all	 doping,	 functionalized	 and	 defective	

configurations	(Figure	1)	using	MD.		“-D/A”	refers	to	both	direct	and	adjacent	doping	position	which	

are	equivalent	in	this	case.	

The	 conclusions	 drawn	 from	MD	 and	DFT	 binding	 energies	 in	Figure	 4.3c	

and	Figure	4.3d,	are	partially	confirmed	by	 the	affinity	 index	defined	 through	 the	

a	 b	
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cylindrical	distribution	function.	Pristine	(9,	0)	CNT’s,	1V	CNT’s	and	Si-doped	CNT’s	

distribution	 functions	 (Figure	 4.4a)	 illustrate	 how	 as	 the	 cylindrical	 radius	

approaches	 the	 tube’s	 radius	 (~3.7	 Å),	 the	 average	 number	 of	 atoms	 reaches	 its	

peak,	then	decreases	down	to	0	and	increases	above	0	when	the	cylindrical	radius	

approaches	 the	DGEBA	molecule	 (see	 inset	 in	Figure	4.4a).	 	The	depletion	 region	

between	the	tube	and	the	DGEBA	molecule	is	the	affinity	index	and	is	calculated	for	

all	 configurations	 in	 a	 manner	 described	 above.	 	 This	 metric	 shows	 that	 among	

dopants,	the	DGEBA	molecule	is	more	likely	to	spontaneously	bind	to	Si-doped	CNT.	

For	functional	groups	the	affinity	index	shows	no	appreciable	difference,	but	that	it	

is	 consistently	 lower	 than	 other	 configurations.	 Given	 that	 the	 affinity	 indices	 for	

functional	groups	are	 lower	 than	those	 for	dopants	and	defects	because	 they	stick	

out	of	 the	tube	further.	The	consistently	 low	affinity	 index	for	 functionalized	CNTs	

indicates	 that	 in	 a	 polymer	matrix	 functionalized	 CNTs	will	 have	 a	much	 smaller	

interfacial	 region.	 While	 this	 does	 not	 guarantee	 covalent	 crosslinking,	 a	 smaller	

interfacial	region	could	correspond	to	an	increased	load	transfer	between	the	tube	

and	 the	 polymer	matrix.	 	 For	 defects	 the	 1V	 configuration	 has	 the	 lowest	 affinity	

index	 and	 the	 DGEBA	 molecule	 is	 more	 likely	 to	 spontaneously	 bind	 to	

monovacancy	than	any	other	defective	CNT.		
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