


ABSTRACT

Computational Analysis of Curved Structures Exhibiting Instabilities

by

Yang Zhou

The United States Air Force and the National Aeronautics and Space Administra-

tion have made great efforts and spent untold resources to develop reusable hypersonic

vehicles since the early 1950s. In spite of great progress, many scientific and tech-

nical challenges still exist. This thesis focuses on developing a robust and efficient

computational framework for analyzing snap-through, which is a particular concern

for the commonly used slender curved structural components of reusable hypersonic

vehicles since it can significantly exacerbate fatigue failure. Snap-through is a type of

instability where a curved structure suddenly jumps to a remote configuration. This

behavior is highly nonlinear involving sudden and large deformations.

Snap-through is a dynamic instability triggered by the loss of stability of an equi-

librium state. Examining equilibria and their stability is useful and necessary be-

fore costlier transient simulations of snap-through. Curved structures undergoing

snap-through can have equilibrium states that cannot be captured by path following

algorithms. Two types of “hidden” equilibria are identified: secondary equilibrium

branches bifurcated from the primary path and coexisting equilibria unconnected

with the primary path. A numerical procedure that combines branch-switching and

arclength methods is proposed to retrieve bifurcated secondary branches, and an an-

alytical approach is introduced to obtain unconnected equilibria.



With knowledge of the entire equilibrium manifold, transient simulations of snap-

through are then investigated. Time integration of snap-through is very challenging

because it is a highly nonlinear behavior involving sudden jumps. Even state-of-

the-art schemes fail to provide accurate and efficient long-time predictions. This

dissertation extends the preliminary work on an efficient composite scheme with sig-

nificantly enhanced numerical accuracy and computational efficiency in simulating

snap-through.

In the design of slender curved components of reusable hypersonic vehicles, it is

beneficial to efficiently identify the stability boundaries that separate non-snap from

post-snap responses for different designs and loading conditions. Obtaining stability

boundaries directly from parametric studies is computationally costly even with the

most efficient algorithms. To alleviate the cost, an alternative approach to quickly

approximate dynamic stability boundaries is proposed. This approach significantly

decreases the number of transient simulations needed and therefore greatly accelerates

the exploration of dynamic stability boundaries.
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Chapter 1

Introduction

Ever since the first airplane flown by Wright Brothers in 1903, the pursuit of faster

aircraft has continued to be an important goal. The persistent need of sustainable

super fast air vehicles for the National Aeronautics and Space Administration (NASA)

to explore space and the United States Air Force (USAF) to conduct global military

operations has motivated the research of reusable hypersonic vehicles with speeds of

at least Mach 5 since the early 1950s [1].

1.1 Reusable hypersonic vehicles

Hypersonic speeds were first achieved in February 1949 when a multistage rocket was

launched at White Sands and finally reached a maximum speed of 5150 mph [2]. Af-

ter this success, the rocket technology greatly advanced and rockets began to serve as

launch vehicles to send satellites into space in the late 1950s. In spite of this success,

rockets were not reusable, remained expensive to operate, and had little mission flex-

ibility, which motivated the NASA and the USAF to pursue a reusable hypersonic air

vehicle. The first attempt was the North American X-15 program that started in the

early 1950s and aimed to build a manned hypersonic airplane powered by a rocket

engine. During the flight tests, the X-15 managed to go beyond Mach 5 and had a

record speed of Mach 6.7 [3]. However, many problems were observed such as skin

buckling, damage to the wing, and glass failure due to the harsh hypersonic environ-
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ment [4]. Following the work on X-15, USAF initiated the DynaSoar (X-20) project

that aimed to obtain a reusable hypersonic spaceplane that can be used for a variety

of missions: aerial reconnaissance, strategic bombing, and satellite delivering. The

program was terminated in 1963 before any flight test took place because of the tech-

nical challenges that caused continuous design changes, schedule delays and significant

cost overruns [3, 5]. Several years later, NASA started the Space Shuttle program

to continue the push for reusable hypersonic vehicles. The project lasted for several

decades and eventually ended in 2011 after five shuttles were built and 135 missions

were conducted in total. Space shuttles were only partially reusable since they had an

expendable external tank and partially reusable solid rocket boosters. Each shuttle

unfortunately required four months of service between two consequent launches [5].

Therefore, this program failed to provide a low-cost and quick turnaround reusable

hypersonic system. In the mid-1980s, a joint program named the National Aerospace

Plane (NASP) or the X-30 was launched by USAF, NASA, the Defense Advanced

Research Project Agency (DARPA), the Strategic Defense Initiative Office (SDIO)

and the US Navy to field a manned reusable single-stage-to-orbit (SSTO) hypersonic

spacecraft and passenger liner. The intent of this project was to develop a reusable

hypersonic vehicle that is propelled by an air-breathing scramjet engine and has a 24

hour turnaround time between two missions. This was a highly advanced new concept

that could not be fulfilled by the most advanced technologies at that time. The first

flight test was delayed for a decade due to technology hurdles and the total cost was

five times of the initial budget, which brought the early termination of the project

in 1993 before a prototype was finished. With the motivation to replace the Space

Shuttle system, the VentureStar project was created in the 1990s to develop a cheap

reusable SSTO hypersonic vehicle with launching cost around one tenth of that of
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space shuttles. A sub-scale experimental vehicle X-33 was built by Lockhead Martin

but failed during the test. Due to technical problems and cost concerns, the project

was canceled in 2001 without building a full-scale model. Starting from 1996, NASA

initiated the eight-year Hyper-X program aiming to test the conditions of scramjet-

powered hypersonic flight. Three small scale unmanned X-43 test vehicles were built

with an overall length of about 3.7 m. The first was destroyed after malfunctioning

in a flight test while the other two successfully flew at hypersonic speeds with the

scramjet-powered engine operating for about ten seconds. They became the first and

the second successful hypersonic flights of a scramjet-propelled aircraft. More re-

cently, the unmanned research aircraft X-51 was built through a joint effort between

Boeing, USAF, NASA, and DARPA. The vehicle stayed at hypersonic speeds for 210

seconds in May 2013, which so far has been the longest duration of hypersonic flight

under a scramjet engine. Other modern research projects funded by the USAF can

be found in [6–10].

It can be seen that tremendous efforts have been made and unaccountable re-

sources have been spent to pursue a reusable hypersonic vehicle in the past six decades.

Although significant progresses have been made, the ultimate goal to have a reusable

and reliable hypersonic air vehicle is still not achieved yet. Many scientific and tech-

nical challenges still exist for developing a reusable hypersonic vehicle in the fields

like structural design, high-strength materials, reusable thermal protection systems,

and propulsion systems.

1.2 Difficulties from a structural perspective

From a structural perspective, the current methods for structural response and life

predictions cannot quantify structural design margins with high confidence due to the
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wide use of simplified linear uncoupled analyses with the assumption of superposition.

State-of-the-art methods for structural response and life predictions usually lead to

unnecessarily heavy and costly vehicle structural components that further cause re-

ductions in overall system performance [6, 10]. To improve the structural response

and life prediction capabilities, the Air Force Research Lab (AFRL) Structural Sci-

ences Center (SSC) has been researching and developing a high fidelity integrated

structural-scale simulation framework Digital Twin that considers geometric and ma-

terial nonlinearities, local component-level structure details, multi-field couplings,

multi-scale modelings, and system uncertainties [8]. A key factor to achieve this am-

bitious goal is to develop reliable and fast numerical methods to perform accurate

and efficient nonlinear structural analyses including stability predictions.

(a) Pre-snap configuration (b) Post-snap configuration

Figure 1.1 : Snap-through buckling of a curved panel

Reusable hypersonic vehicles need to sustainably operate and survive in extreme

environments including a variety of loads with high intensities, large spatial gradi-

ents or strong couplings. Under these harsh conditions, the structural components

of the hypersonic vehicles usually display strong nonlinear responses with large de-
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formations. One type of nonlinear behavior that frequently occurs in the commonly

used structural components of hypersonic vehicles, i.e., curved beams and panels,

is snap-through buckling where the structural component suddenly jumps from one

equilibrium configuration to a remote equilibrium configuration, a phenomenon ac-

companied by large deformations and rapid curvature reversals (Fig. 1.1). In this

process, curved structures experience frequent and large stress reversals that can sig-

nificantly exacerbate fatigue failure [11–13]. Therefore, it is crucial to analyze the

snap-through buckling for a more reliable life prediction of these structures.
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(a) Limit-point snap-through
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(b) Bifurcation snap-through

Figure 1.2 : The equilibrium states of two types of snap-through buckling

Snap-through is an inherent dynamic process in which the system inertia plays an

important role. It is also a global instability that is triggered by the loss of stability

of a local equilibrium state. Therefore, examining static equilibrium states and their

stability can provide insightful information for the dynamic behaviors, i.e., identifying

whether dynamic snap-through exists and defining a proper threshold for dynamic

snap-through. Fig. 1.2 shows the equilibrium states of two primary types of snap-
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through, where the solid and dashed lines represent stable and unstable responses

respectively. The equilibrium path has a zero or horizontal tangent at a limit point

(circle markers in Fig. 1.2a), while at a bifurcation point multiple branches intersect

(square markers in Fig. 1.2b). Under a quasi-static load control, i.e., slowly increasing

or decreasing the external load, the structure loses stability when a limit or bifurcation

point is reached and then abruptly jumps to a remote stable equilibrium configuration.

Unstable equilibrium states cannot be retrieved via a load controlled analysis, but can

be fully or partially obtained using displacement and arc-length controls. For both

cases, multiple equilibrium states coexist for certain ranges of loading amplitudes

and stable equilibria are separated by unstable ones. Structures with such underlying

static behaviors may exhibit dynamic snap-through characterized by large amplitude

oscillations across remote equilibrium configurations when they are subjected to a

transient excitation or perturbation.

1.3 Numerical challenges and strategies

In structural analysis, there are four different sources of nonlinearities: geometric,

material, boundary and loading nonlinearities. In this thesis, only the geometric

nonlinearity is investigated since snap-through usually occurs well before strength

limits are reached. The study of geometric nonlinearity can also be easily extended

for boundary and loading nonlinearities. Unlike linear systems, the superposition and

uniqueness principles are not valid anymore for nonlinear systems. This makes the

nonlinear problems especially the ones with strong nonlinearities like snap-through

very difficult to solve. It is in fact very challenging or impossible to obtain closed-

form analytical solutions and determine how many coexisting solutions are present for

complex nonlinear static problems. To date, closed formed solutions do not exist for
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dynamic systems with strong nonlinearities. Therefore, numerical methods especially

nonlinear finite element methods have been widely used to analyze snap-through

buckling of curved beams and cylindrical panels.

To obtain static equilibrium states and identify their stability properties, path

following schemes are commonly used in nonlinear finite element analysis. Among

them, the Newton-Raphson method and its modified versions were initially attrac-

tive for solving large nonlinear systems but they usually lose convergence around

critical points and cannot trace the unstable post-buckling equilibrium states. Some

of these disadvantages were resolved by replacing the load control with displacement

control [14, 15], but this approach still fails to track the postbuckling path beyond a

displacement limit point. Riks [16] proposed a more powerful arclength method that

can trace the entire stable and unstable primary equilibrium path. Modified versions

of the arclength method were later proposed by Crisfield [17] and Tsai et al. [18] to

handle more complex post-buckling behaviors.

In spite of the great progress made in the path following approaches, they still

have difficulties in obtaining all possible equilibrium solutions of the structures that

display snap-through buckling [19, 20]. There are two types of “hidden” equilibrium

states that cannot be retrieved even by the most advanced path following algorithm.

One is the bifurcated secondary equilibrium states in symmetric systems and the

other is remote unconnected equilibria in asymmetric systems. In this work, a robust

numerical procedure that combines the branch-switching method and the arc-length

method is proposed to obtain the bifurcated secondary equilibrium paths, and an an-

alytical approach is introduced to identify remote unconnected equilibria and guide

the arclength method to retrieve these remote coexisting solutions using specific per-

turbations to the original systems.
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As pointed out previously, snap-through is inherently a dynamic process with large

amplitude nonlinear oscillations. Classical time-stepping methods that are uncondi-

tionally stable for linear problems usually lose unconditional stability for nonlinear

problems [21]. The later available energy conserving algorithms [22–26] achieved

unconditional stability for nonlinear problems, but they still have difficulties for nu-

merically stiff nonlinear problems [27–29] and especially for dynamic snap-through

buckling problems [30, 31]. These schemes failed to converge after a short time at

a reasonable time step size due to the lack of numerical dissipation for spurious

high-frequency oscillations. To overcome this disadvantage, energy decaying schemes

were proposed to provide reliable numerical dissipation for numerically stiff nonlin-

ear problems [32–34]. However, these schemes cannot be generalized across different

finite element formulations and result in non-symmetric tangent stiffness matrix lead-

ing to increased computational costs. Another approach to construct time integration

schemes with reliable numerical dissipation for numerically stiff nonlinear problems is

the idea of buiding one-step but multistage composite algorithms, which was presented

by Bathe and coworkers [35–38]. This idea was extended by my colleague Chandra

[39] with an intuitive construction of a new composite time integration scheme with

improved numerical characteristics for simulating dynamic snap-through and other

large deformation nonlinear dynamic problem. In this thesis, I continued the effort on

this composite scheme and introduced a systematic analysis of the numerical proper-

ties of this class of methods, including the identification of optimal parameters, the

comparison of numerical stability and dissipation properties, and the demonstration

of improved numerical properties on representative examples.

In the design of slender curved components of reusable hypersonic vehicles, it is

beneficial to quickly identify the dynamic snap-through boundaries that separate the
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small-amplitude non-snap and large-amplitude post-snap responses in the space of the

dynamic loading parameters (forcing amplitudes and frequencies) for different initial

configurations and boundary conditions. To obtain one such snap-through boundary,

an intensive parameter sweep in the space of the forcing amplitudes and frequencies

need to be performed, which may require hundreds or thousands of different transient

simulations. Moreover, when the design geometry or boundary condition is slightly

modified, another extensive parametric study with similar number of transient sim-

ulations is required. This process can lead to very high computational cost that is

hard to afford even with the most efficient time integration scheme for snap-through.

To alleviate the high computational cost, an alternative approach is proposed in this

thesis to quickly determine the dynamic snap-through boundaries of curved structures

for different initial geometries and boundary conditions. The proposed approach dra-

matically reduces the number of transient simulations that are needed and therefore

significantly accelerates the parametric studies of snap-through boundaries.

In summary, the rest of this dissertation is organized as follows. Chapter 2 presents

a robust numerical procedure that combines branch-switching and arclength methods

to retrieve secondary equilibrium paths. In Chapter 3, an analytical approach is

introduced in to obtain unconnected equilibria. Chapter 4 presents the continued

work on an effective composite time integration scheme for snap-through. In Chapter

5, a scaling approach for fast approximations of dynamic snap-through boundaries

is introduced. Chapter 6 concludes the thesis and provides some ideas for future

extensions of this work.
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Chapter 2

Nonlinear stability of curved panels

Snap-through is a type of instability that may occur to the structures that have

coexisting stable and unstable equilibrium states. Therefore, it is useful to investigate

static equilibria and their stability prior to a more costly dynamic analysis of snap-

through. The structures that undergo snap-through can have complex equilibrium

states that are not well understood in the literature and are difficult to retrieve even

with the most advanced numerical methods. In this chapter, the static buckling and

postbuckling responses of a popular benchmark cylindrical panel is revisited. The

benchmark panel is symmetric and subjected to a point load in the center. Many

researchers [40–49] failed to realize that this symmetric system can have bifurcated

equilibrium states with asymmetric deformations and only identified the symmetric

limit-point buckling by using path following methods or modeling a quarter of the

panel. These studies actually overestimated the buckling load and identified a false

buckling mode. The more recent investigations from Wardle and co-workers [50, 51]

retrieved one “hidden” asymmetric secondary path but still failed to detect two other

bifurcated branches. A more robust and efficient numerical procedure that combines

the arclength method and the branch-switching method is presented in this chapter

and used to identify all existing equilibrium states.
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2.1 Introduction

Early static buckling analyses of cylindrical panels used the classical buckling theory

to approximately obtain the bucking loads and mode shapes by assuming membrane

prebuckling stress states [52–55]. This theory ignored bending effects before buckling

and usually overestimated buckling loads. Later, more rigorous buckling analyses

were performed with the consideration of linear prebuckling deformations [56–59]

and nonlinear prebuckling deformations [60, 61], but still failed to characterize post-

buckling responses. Koiter [62] proposed a perturbation approach for postbuckling

analyses. This perturbation approach was adopted by many researchers [63–66], but

was only valid in the vicinity of critical points. Potier-Ferry and coworkers extended

Koiter’s idea and developed an asymptotic-numerical method to retrieve postbuckling

responses [67–70].

Other numerical approaches widely used for nonlinear stability analyses are path

following schemes. Among them, the Newton-Raphson method and its modified ver-

sions were initially attractive for solving large nonlinear systems but they usually lose

convergence around critical points and cannot trace postbuckling responses. Some of

these disadvantages were solved by replacing load control with displacement control

[14, 15], but this treatment still fails to track the whole postbuckling path beyond a

displacement limit point. Riks [16] proposed a more robust arclength method that can

trace the entire stable and unstable equilibrium states on the primary path. Modified

versions of the arclength method were later proposed by Crisfield [17] and Tsai et al.

[18] to handle more complex postbuckling behavior.

Although great progresses have been made in path following methods, they still

fail to identify some coexisting equilibrium solutions of the structures that undergo

snap-through buckling. A symmetric cylindrical panel under a transverse center point
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load, initially studied by Sabir [71], was afterwards used by many researchers [40–

49] as a benchmark example to test the capabilities of shell or shell-like elements

in simulating nonlinear buckling and postbuckling responses. All these studies only

identified a symmetric limit-point buckling and corresponding postbuckling responses

by utilizing path following algorithms. In fact, these studies did not reveal the physical

buckling behavior of this panel. Wardle et al. [50, 51] recently used an asymmetric

meshing technique (AMT) and found that a bifurcation buckling with asymmetric

deformation mode exists before the first limit point on the equilibrium path. However,

even these recent studies from Wardle and co-workers failed to retrieve all equilibrium

states of the benchmark panel.

To render a more robust nonlinear stability analysis, a numerical procedure that

consists of the arclength method and the branch-switching method [72, 73] is intro-

duced. Using this numerical procedure, we find that the benchmark cylindrical panel

has two additional (previously undetected) pairs of bifurcation points and secondary

equilibrium paths. A small portion of one secondary path is stable, while the other

equilibria on this path and all equilibria on the other secondary path are unstable.

The stable equilibria identified on secondary paths, while not reachable through a

continuous stable path, are still important: perturbations in the system may lead

to dynamic jumps to these configurations. The identification of additional unstable

equilibria also reveals that the degree of instability of the system is higher than what

researchers previously found. The numerical procedure introduced in this work has

several advantages over the AMT proposed by Wardle et al. [50, 51]: (1) no prior

knowledge of the bifurcation modes is needed, and (2) the same mesh is used for trac-

ing all secondary paths of the structure. The accuracy and reliability of this method

is tested on the benchmark example.
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2.2 Nonlinear stability analysis

In this section, we briefly define and characterize critical points of elastic systems. As

mentioned previously, snap-through usually occurs before inelastic deformations and

consequently only elastic stability is discussed here. The branch-switching method

and the numerical procedure, combining the branch-switching method and the ar-

clength method, are then presented.

2.2.1 Critical points of an elastic system

An elastic system loses stability when the tangent stiffness K becomes singular. Points

on the equilibrium path with singular tangent stiffness are usually referred to as

critical points, further differentiated as limit and bifurcation points (Fig. 2.1). A null

right eigenvector z of the tangent stiffness K at a critical point satisfies:

Kz = 0. (2.1)

limit point

(a) A limit point

bifurcation point

direction I

direction II

(b) A bifurcation point

Figure 2.1 : Critical points on equilibrium paths.
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When an elastic structure is under a conservative load, the tangent stiffness K

is symmetric and Eq. (2.1) also implies zTK = 0. For an incremental-iterative

method, the incremental displacement ∆u and loading ∆λ satisfy K∆u = ∆λq.

Premultiplying both sides of with zT and using zTK = 0, we get

zTq∆λ = 0 (2.2)

Three configurations satisfy Eq. (2.2): (1) ∆λ = 0, denoting a limit point (Fig. 2.1a);

(2) zTq = 0, indicating a bifurcation point (Fig. 2.1b); or (3) ∆λ = 0 and zTq = 0

simultaneously, implying the coincidence of a bifurcation and limit point. In prac-

tice, limit points are identified as points of zero variations in the load factor, but

bifurcation points are not detected based on the above. Instead in this work, several

lowest eigenvalues of the tangent stiffness K are monitored when tracing the primary

equilibrium path. Zero eigenvalues of the tangent stiffness indicate the location of

critical points, out of which, those not already identified by ∆λ = 0 are the bifur-

cation points. For the case of a multiple bifurcation point or of the coincidence of a

limit and bifurcation point, multiple eigenvalues are zero at the same time.

2.2.2 The switch to bifurcated secondary paths

After the detection of bifurcation points, the branch-switching method proposed in

[72, 73] is adopted to switch from the primary equilibrium path to a secondary path.

At a simple bifurcation point, the eigenvector φj of the zero eigenvalue λj indicates

the direction of one secondary path j, and can be used as a perturbation of the

solution on the primary path. To switch to the secondary path j, the eigenvector φj

is scaled and added to the solution in the following way:

uj = u± ‖u‖
τj

φj
‖φj‖

(2.3)
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where, τj is a scaling factor, u is the converged displacement vector on the primary

path, and uj represents the a predictor for the secondary path j. The arclength

method can then be used to correct the predictor uj and follow additional solutions

on the secondary path j.

Two important aspects of this branch-switching method are noted here. First, two

directions are typically associated with one secondary path, as shown in Fig. 2.1b and

they correspond to the plus and minus sign in Eq. (2.3). Second, the value of the

scaling factor τj is usually less than 100 based on our simulation experiences (a too

large value can lead to a solution that remains on the primary path, while a too small

one may lead to divergence). An adaptive approach with a restart option that can

rerun a new simulation directly from the bifurcation point is therefore recommended

to alleviate the computational cost of possible adjustment of τj.

The branch-switching method can also deal with a multiple bifurcation point,

where multiple eigenvalues become zero simultaneously. The eigenvectors of the zero

eigenvalues at the multiple bifurcation point span a space that contains the directions

of possible secondary paths. In general, two kinds of bifurcation buckling are possible:

single-mode and multiple-mode buckling. For the single-mode buckling case, Eq. (2.3)

can be used to determine the corresponding secondary path, while for the multiple-

mode buckling case, a linear combination of all related eigenvectors can be used to

predict the secondary path:

uj = u±
n∑
i=1

‖u‖
τi

φi
‖φi‖

, (2.4)

where, uj is a predictor on the multiple-mode bifurcated path. The arclength method

can then be used to correct the predictor and trace the remaining solutions on this

secondary path.
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2.2.3 The combined numerical procedure

The combined numerical procedure used to perform a thorough nonlinear buckling

and postbuckling analysis is summarized as follows (Fig. 2.2): (1) the primary equilib-

rium path is traced by the arc-length method while monitoring the lowest eigenvalues

λj of the tangent stiffness K; (2) all critical points on the primary path are found

by identifying all zero eigenvalues λj; (3) the critical points are classified into limit

and bifurcation points by checking whether ∆λ = 0; (4) the bifurcation points are

differentiated into simple and multiple bifurcation points by the multiplicity of zero

eigenvalues; (5) the branch-switching method (Eq. (2.3) or (2.4)) is used to switch

from the primary path to a secondary path at a bifurcation point; (6) the remain-

ing solutions on the secondary path are traced using the arclength method; and (7)

If another secondary path is present, a restart option is used to go directly to the

bifurcation point and repeat steps (4) and (5).

Identify 
critical 
points 

Differentiate  
limit and 

bifurcation points 

Another 
secondary 

path ? 

End 

No 

Yes 

Switch to a 
secondary path 

Use arc-length to 
obtain remaining 

solutions 

Use arc-length to 
trace the primary 

path 

Figure 2.2 : The combined numerical procedure
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2.3 Benchmark example and solutions

The benchmark example is a symmetric circular cylindrical panel (radius R = 2540 mm

and thickness t = 6.35 mm) with simply supported straight edges of length a = 508 mm

and free circumferential edges of projected length b = 507.15 mm (Fig. 2.3). The

material is isotropic with Young’s modulus E = 3102.75 MPa, and Poisson’s ratio

ν = 0.3. PC represents the symmetry plane perpendicular to the circumferential edge

and PL is the symmetry plane perpendicular to the longitudinal edge. A point load is

applied in positive z direction at the center of the panel. The numerical simulations

are performed with the Finite Element Analysis Program (FEAP) [74].

E=3102.75 MPa
ν=0.3
a=508 mm
b=507.15 mm
t=6.35 mm
R=2540 mm
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Figure 2.3 : Benchmark cylindrical panel.

2.3.1 Primary equilibrium path

Since the panel has symmetric geometries, loading and boundary conditions, many

researchers [40–49, 71] intuitively assumed that this problem only has symmetric

solutions and performed their simulations on one quarter of the panel to save com-
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putational time. Such approach completely eliminates the possibility of identifying

possible bifurcation points and secondary paths.

The full panel is modeled here with 27-node solid elements, which are free of

locking for the deformation modes presented in this system. Alternative ways to

avoid locking are also available using an 8-node solid element or a shell element,

with enhanced strain formulation or reduced integration. Fig. 2.4 shows a mesh

convergence study for the 27-node solid element, where the number of elements in

the circumferential and longitudinal directions are increased, while one element is

always used in the thickness direction. The limit load obtained using the most refined

mesh (2304 elements) is used as a reference value for calculating the relative errors

in Fig. 2.4b. All the following simulations are performed using 144 27-node solid

elements that lead to less than 1.8% relative error. The simply supported boundary

condition is enforced using the nodes in the middle layer of each longitudinal edge.
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Figure 2.4 : A mesh convergence study

The arclength method is used to trace the primary path (Fig. 2.5a) and the ob-
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tained solution (solid line) is compared to the result from [49] (squares). The central

deflection is the positive z-direction displacement of the center point of the panel

(Fig. 2.3). On the equilibrium path, one pair of load-limit points (points with horizon-

tal tangents) can be identified, indicating that the panel exhibits limit-point buckling

at Plim = 595.20 N. Fig. 2.5b shows the associated buckling mode that is symmetric

to both center planes PC and PL (Fig. 2.3).
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Figure 2.5 : Symmetric solutions of the benchmark example

2.3.2 Secondary equilibrium paths

To identify bifurcation points, several lowest eigenvalues of the tangent stiffness of the

system are monitored when tracing the primary equilibrium path. A branch-switching

method [72, 73] is then employed to switch to secondary paths at bifurcation points.

Fig. 2.6a shows the two lowest eigenvalues of the tangent stiffness on the primary

equilibrium path: they are initially positive at zero load, and decrease as the ap-

plied load increases. This plot identifies a bifurcation point at the location where
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Figure 2.6 : Previously known solution paths of the benchmark example.

the lowest eigenvalue becomes zero (at a load smaller than the limit load). At this

bifurcation point, the branch-switching method is adopted to switch to the secondary

path. Fig. 2.6b shows this secondary equilibrium path (dashed line) together with the

primary equilibrium path (solid line). The secondary equilibrium path obtained in

[50] using the AMT is also shown in this figure for comparison (cross markers). The

AMT requires modeling the structure with an asymmetric mesh that has the same

pattern as the corresponding bifurcation mode, typically not available but ”assumed”

when generating the mesh, which can lead to incorrect results.

Here, the bifurcation buckling load is 537.10 N, which identifies the critical load

at 90 % of the limit load (595.20 N), the overestimated critical value predicted by

[40–49, 71]. Fig. 2.7a shows the bifurcation buckling mode, which is asymmetric to

the center plane PC , and symmetric to the center plane PL. The stability of this

secondary equilibrium path can be determined by monitoring the eigenvalues of the

tangent stiffness on the secondary equilibrium path (Fig. 2.7b). It can be observed
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Figure 2.7 : Characteristics of the secondary equilibrium path 1

from this figure that the lowest eigenvalue λ1 is always negative. Thus, the entire

secondary equilibrium path 1 is unstable.

2.3.3 Additional secondary equilibrium paths

Although Wardle et al. [50, 51] successfully obtained one secondary equilibrium path

for the benchmark example, they did not realize that multiple pairs of bifurcation

points and secondary equilibrium paths exist. In this subsection, two other pairs

of bifurcation points and secondary equilibrium paths are identified. Note that this

analysis is still performed on the original mesh, unlike the AMT that would require

two more meshes for this task.

In order to identify all critical (limit and bifurcation) points, more eigenvalues of

the tangent stiffness on the primary equilibrium path are monitored . Fig. 2.8a shows

the five lowest eigenvalues of the tangent stiffness on the primary path. It can be

seen from this figure that the eigenvalue of the fifth mode (dotted line) is the lowest

that is always positive: the third and fourth eigenvalues become negative indicating
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Figure 2.8 : Solutions of the benchmark example.

additional bifurcations. Two more pairs of bifurcation points are thus identified and

the corresponding secondary equilibrium paths are obtained. The primary equilibrium

path and all three secondary equilibrium paths are shown in Fig. 2.8b. The bifurcation

buckling mode of the secondary equilibrium path 2 (Fig. 2.9a), is asymmetric with

respect to the center plane PL but symmetric with respect to the center plane PC .

The secondary equilibrium path 3 is associated with the bifurcation buckling mode

that is asymmetric with respect to both center planes PC and PL, but symmetric

with respect to the center point of the panel (Fig. 2.9b).

To reveal the stability of secondary equilibrium paths 2 and 3, eigenvalues of the

tangent stiffness on these secondary equilibrium paths are examined. Fig. 2.10a shows

the three lowest eigenvalues of the tangent stiffness on the secondary equilibrium path

2. It can be seen that all eigenvalues are positive for the load interval 171.6 N to

173.8 N, indicating that the equilibrium states in this loading range, represented by

solid line in Fig. 2.10b, are stable on the secondary equilibrium path 2. Fig. 2.11
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Figure 2.9 : Additional bifurcation buckling modes

shows the four lowest eigenvalues of the tangent stiffness on secondary equilibrium

path 3. Two eigenvalues are always negative for all the states on this path, denoting

that the entire secondary path 3 corresponds to unstable states.
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Figure 2.10 : Stability of equilibria on secondary path 2

Snap-through is dynamic process and a full understanding of the post snap re-
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Figure 2.11 : The four lowest eigenvalues of the tangent on secondary path 3.

sponse can only be obtained through a transient analysis. However, the identification

of additional pairs of bifurcation points and secondary paths leads to a more thorough

understanding of the buckling and postbuckling behavior of the panel. Moreover, all

these equilibria, stable or unstable, provide useful insight into the dynamic charac-

teristics of the system. First, the stable equilibria on the secondary path 2 could

potentially be reached under certain conditions (perturbations). Second, unstable

equilibria are potential energy hilltops and act as repulsors in the dynamic behavior

of the system. The energy hilltops and ridges between them serve as approximate

basins of attractions for the two stable equilibria. Third, the presence of additional

unstable branches indicates that the benchmark example has a degree of instability

higher than what researchers previously found. Knowledge of the degree of insta-

bility and corresponding modes provide valuable information in choosing adequate

algorithms for the transient analysis and avoiding the inconsistent stability of time

integrators that plagues the simulation of systems with risk of snap-through[75] .
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2.4 Parametric analysis of cylindrical panels

A parametric study of the influence of the rise, thickness and boundary conditions on

the nonlinear buckling and postbuckling responses of cylindrical panels is performed.

In all following figures, secondary equilibrium paths are classified into three categories

based on the types of asymmetric deformation modes obtained. We denote as path C

an equilibrium path asymmetric to center plane PC but symmetric to center plane PL

(Fig. 2.7a), as path L an equilibrium path asymmetric to center plane PL but sym-

metric to center plane PC (Fig. 2.9a), and as path B an equilibrium path asymmetric

to both planes (Fig. 2.9b), but symmetric to the center point of the panel.

2.4.1 The influence of the rise on buckling behavior

The rise of the cylindrical panel in the benchmark example is h=12.68 mm. Here,

we conduct a parametric study by varying the rise from 3.04 mm to 14.32 mm. No

critical point exists and consequently buckling does not occur for panels with small

rise (Fig. 2.12a). The structure displays an initial softening behavior followed by

stiffening. When the rise of the panel is increased, the structure exhibits limit-point

buckling with one pair of load-limit points (Fig. 2.12b). As the rise of the panel is

further increased, a secondary path L appears after the first limit point (Fig. 2.12c).

The structure with this rise loses stability when the first limit point is reached.

Figs. 2.12d, 2.12e and 2.12f show equilibria of cylindrical panels with higher rises

that have two types of secondary paths. The new secondary path C initially appears

between the bifurcation points of secondary path L, as shown in Fig. 2.12d. When the

rise of the panel is further increased, these secondary paths become longer and the

bifurcation points move toward the limit points. In Fig. 2.12f, the secondary path C

appears earlier than secondary path L. Under static load, panels with these rises still



26

0 2 4 6 8
0

20

40

60

80

100

Central deflection [mm]

P
oi

nt
 lo

ad
 [N

]

 

 

Primary equilibrium path

(a) h=3.04 mm

0 5 10
0

50

100

150

Central deflection [mm]

P
oi

nt
 lo

ad
 [N

]

 

 

Primary equilibrium path

(b) h=5.45 mm
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(c) h=7.10 mm
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(d) h=7.73 mm
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(e) h=8.11 mm
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(f) h=8.62 mm
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(g) h=9.76 mm
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Figure 2.12 : Equilibrium paths of panels with different rises.

buckle symmetrically at the first limit point. A panel with higher rises has three pairs

of secondary paths (Fig. 2.12g, 2.12h and 2.12i). The last secondary path B initially

appears between the bifurcation points of secondary path L (Fig. 2.12g). As the rise

is increased, the secondary path C starts before the first limit point (Fig. 2.12h).

Therefore, a panel with this rise bifurcates asymmetrically before reaching the limit
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point. When the rise of the panel is further increased, the ratio of the critical load

identified at the bifurcation point of the secondary path C to the load of the first

limit point continues to decrease, but secondary paths L and B still occur after the

first limit point.

2.4.2 The influence of the thickness on buckling behavior

The thickness of the benchmark cylindrical panel is t=6.35 mm. The following pa-

rameter study examines the influence of thickness, which is varied from 22.86 mm to

5.59 mm while keeping all other parameters unchanged. Fig. 2.13 shows the variation

of all equilibrium paths when changing the thickness of the panel, which identifies

the same trend as shown in Fig. 2.12 and indicates that decreasing the thickness of

the panel has a similar influence on the number and location of critical points and

the shapes of postbuckling responses as increasing the rise of the panel.

It can be concluded that the number and location of critical points and the shapes

of postbuckling responses are sensitive to the variation of the rise and thickness of

a cylindrical panel. Multiple pairs of bifurcation points and secondary paths exist

for many cases discussed above. Thus, a robust numerical procedure, like the one

recommended in this work, which can reliably detect all critical points and obtain

corresponding postbuckling responses including all secondary paths is necessary for

performing a thorough buckling and postbuckling analysis of cylindrical panels. If

only the arclength method is used, all bifurcation points and secondary paths in

Fig. 2.12c to 2.12i and Fig. 2.13c to 2.13i can not be detected. Secondary paths L

and B in these plots still can not be obtained even when the AMT with the specifically

assumed bifurcation mode recommended in [50] is employed.
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(b) t = 15.75 mm
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(c) t = 11.68 mm
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(d) t = 10.41 mm
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(e) t = 9.14 mm

0 5 10 15 20 25

0

500

1000

1500

2000

Central deflection [mm]

P
oi

nt
 lo

ad
 [N

]

 

 

Primary equilibrium path
Secondary equilibrium path L
Secondary equilibrium path C

(f) t = 9.90 mm
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(g) t = 8.38 mm
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(h) t = 7.87 mm
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Figure 2.13 : Equilibrium paths of panel with different thickness.

2.4.3 The influence of boundary conditions on buckling behavior

This study uses the same geometry and external load of the benchmark example,

while the boundary conditions are changed. When a 3D solid element is used to

model the cylindrical panel, multiple layers of nodes exist in the thickness direction.

The choice of the layer of nodes to be constrained greatly influences the buckling and
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postbuckling responses.

Fig. 2.14 shows the primary equilibrium paths obtained by applying the same

constraint (restricting translations in x, y, and z direction) to the nodes on three

different layers. The constraint on the top layer leads to the lowest limit load (black

dashed line), while the support on the bottom layer (red dotted line) results in the

largest limit load. The postbuckling responses on the primary path are also very

different; two displacement-limit points exist for the constraint on the middle layer.
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Figure 2.14 : Primary equilibrium paths of supports on three different layers

The number and location of bifurcation points and secondary paths are also very

sensitive to the boundary constraint. Fig. 2.15 shows the primary and secondary

paths when the constraint is applied to nodes on the top and bottom layers, while

the results of the constraint on the middle layer (three pairs of bifurcation points

and secondary paths) are already shown in Fig. 2.8b. The secondary path C appears

before the first limit point, while secondary paths L and B appear after the limit

point. In contrast, only one pair of bifurcation points and a secondary path L exist

after the first limit point for the constraint on the top layer (Fig. 2.15a), and only

two pairs of bifurcation points, and secondary paths C and L appear after the first
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limit point when the constraint is applied to the bottom layer (Fig. 2.15b).
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(a) Support on top layer
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Figure 2.15 : Primary and secondary paths of supports on two different layers

2.5 Summary

This chapter presents a numerical procedure that consists of the branch-switching

method and the arclength method which can robustly and efficiently identify primary

and secondary equilibrium states of the structures that display snap-through buck-

ling. A benchmark cylindrical panel is studied to show that a symmetric structure

undergoing snap-through can have ”hidden” bifurcated equilibria with asymmetric

deformations, which cannot be retrieved by just using path following algorithms.

The existence of asymmetric equilibria in a symmetric system was previously not

well understood in the literature. Many previous studies of the benchmark panel

[40–49, 71] only identified the symmetric limit-point buckling and overestimated the

buckling load. The combined numerical procedure has two major advantages over the

AMT recommended in [50, 51]: (1) no prior knowledge of the bifurcation modes is
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required, and (2) the same mesh can be used to compute all secondary paths. Using

this combined numerical procedure, two additional pairs of bifurcation points and

secondary equilibrium paths are obtained for the benchmark panel. A small portion

of the equilibria on one pair of secondary paths are stable, while all other equilibrium

states on the bifurcated paths are unstable. These results provide a deeper under-

standing of the complex static buckling and postbuckling behaviors of curved panels

and contributes to the understanding of how the transient trajectories of these struc-

tures organize. The proposed numerical procedure can also be applied to the static

stability analysis of other types of curved structures experiencing snap-through.

An investigation of the influence of the rise, thickness and boundary conditions

on the buckling and postbuckling behavior is also performed. It is found that these

parameters have a great impact on the number and location of critical points and

the postbuckling responses. Increasing the rise of the panel has the same effect on

the appearance of bifurcation and limit-point buckling as decreasing the thickness.

Multiple pairs of bifurcation points and secondary paths exist for cylindrical panels

with a wide range of geometric parameters. Even when the same constraint is applied

to the nodes on different layers in the thickness direction, the limit loads on the

primary path, and the number and location of secondary paths are dramatically

different.
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Chapter 3

Unconnected equilibria and static stability

In Chapter 2, we have discussed the existence of bifurcated equilibrium states with

asymmetric deformations in a symmetric structure that undergoes snap-through due

to the geometric nonlinearity and the difficulty in obtaining these “hidden” equilibria

by path following schemes. In this chapter, we present an analytical approach to

retrieve unconnected equilibria, another type of “hidden” equilibria, which may exist

in structures that experience snap-through and cannot be obtained numerically or

experimentally using path following controls if a proper perturbation is not performed.

To obtain analytical solutions to static snap-through, shallow arches that are simple

but representative curved structures are adopted here. This analytical approach can

be applied to shallow arches with arbitrary initial shapes.

3.1 Introduction

Many previous studies on nonlinear stability of shallow arches have focused on sym-

metric systems. In one of the pioneering studies [76], Fung and Kaplan utilized

Fourier series to derive the nonlinear equilibrium and buckling equations. Exact solu-

tions of the buckling load were obtained for a sinusoidal arch subjected to a sinusoidal

distributed load since only one mode is involved. This early work was extended by

several researchers to study the influence of elastic foundations [77, 78], to include

thermal effects [79], and to derive exact solutions for the sinusoidal arch subjected to
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a point load [80, 81]. Another pioneering work was from Schreyer and Masur [82],

where the equilibrium and buckling equations were derived using energy methods

and solved analytically. Following this work, many studies have been conducted by

Pi and Bradford [83–86] and other researchers [87–89], including a variety of cases

such as parabolic and circular shapes, concentrated and distributed loads, pinned-

pinned, fixed-fixed and elastic boundary constraints. In addition, the nonlinear finite

element method has also been widely adopted to investigate the nonlinear buckling

of shallow arches [90–95]. Path following methods are typically used to identify the

primary equilibrium path and the limit-point buckling load. To obtain the bifurcated

branches, additional numerical techniques are commonly required [19, 50].

The arches used in engineering applications usually have geometric imperfections,

which their buckling and postbuckling behaviour can be very sensitive to [96]. The

nonlinear buckling analysis of geometrically imperfect arches is not without prece-

dence. The early report [76] by Fung and Kaplan also covered a short discussion

on half-sine arches with specific geometric imperfections. Maximum three sine terms

were adopted to derive the approximate solutions for the case of a concentrated load.

The predicted minimum rise for the perfect sinusoidal arch subjected to a concen-

trated load to display bifurcation buckling was pointed out as inaccurate by a recent

article [80]. Examples of analytical, asymptotic or numerical solutions for the non-

linear buckling of imperfect arches can be found in [97–102]. In all these geometric

imperfection analyses, the buckling load was either calculated directly with no knowl-

edge of the postbuckling behaviour or by just tracing a single continuous equilibrium

branch. Such analyses preclude the exploration of remote unconnected equilibrium

paths and their critical states. Pi and Bradford [103] recently demonstrated that it is

crucial to identify all equilibrium states including the remote equilibria to determine
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the branch that the arch can dynamically jump to. Harvey and Virgin [104] exper-

imentally proved the existence of remote unconnected equilibria for shallow arches

under unsymmetric loads.

In this chapter, the primary objective is to explore the remote unconnected equi-

libria and critical loads of shallow arches with asymmetric geometric imperfections.

Exact solutions are obtained for equilibrium states and critical loads without trun-

cating the Fourier series. Moreover, these expressions are valid for arbitrary shallow

arches with arbitrary geometric imperfections. When these formulas are applied to

half-sine arches with different asymmetric geometric imperfections, it is found that

many remote unconnected equilibria with multiple limit and bifurcation points exist

for these slightly imperfect arches. These remote unconnected equilibria and their

critical loads cannot typically be detected in experiments or using the nonlinear finite

element method by simply varying the control parameter quasi-statically. It is only

possible to identify them experimentally or numerically by first performing a pertur-

bation that requires prior knowledge of the existence of these unconnected equilibria.

In many circumstances, the critical loads of the remote equilibria are much larger

than those of the primary equilibrium states for arches with small imperfections. The

effect of different geometric imperfections on all critical loads, including those of the

remote unconnected equilibria, is investigated thoroughly in this work.

3.2 Governing Equations

In this section, the nonlinear equilibrium and buckling equations are derived for

pinned-pinned slender shallow arches with arbitrary initial shapes subjected to ar-

bitrary vertical loads f ∗ (Fig. 3.1). Both geometric and load imperfections can be

analyzed, but only the asymmetric geometric imperfection is investigated here.
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Figure 3.1 : The shallow arch with an arbitrary initial shape and subjected to an

arbitrary transverse load.

The material is assumed to be elastic, isotropic and homogeneous throughout

the entire analysis. To model the geometric nonlinearity of slender arches, a large

displacement Euler Bernoulli beam theory is adopted. In Fig. 3.1, E denotes the

Young’s modulus, A and I represent the area and the moment of inertia of the cross

section, and L is the horizontal span of the arch.

3.2.1 Equilibrium equations

Following [76, 79, 80], the differential equation, describing the equilibrium states of

shallow arches, can be written as

EI(y − y0),xxxx − P ∗y,xx = f ∗ (3.1)

where y0 and y are the initial and deformed shapes of the arch, the subscript “, x”

indicates differentiation with respect to the horizontal position, f ∗ represents the

applied vertical load, and P ∗ denotes the axial force that can be calculated from the
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average axial strain over the span

P ∗ =
EA

2L

L∫
0

(y2
,x − y2

0,x)dx (3.2)

Eq. 3.2 is obtained by assuming that the axial force p∗ is constant over the span and

gives reasonably accurate results for shallow arches. If f ∗ is a distributed load, it can

be written as a load density q∗ whose physical dimension is force over length. If f ∗

is a point load at location x0, it can then be replaced with Q∗δ∗(x− x0), where Q∗ is

the dimensional load whose dimension is force and δ∗ is the dimensional Dirac delta

function whose dimension is one over length.

Utilizing (u, u0) =
1

r
(y, y0), ξ =

π

L
x, p =

P ∗L2

π2EI
and δ(ξ) =

π

L
δ∗(x), Eqs (3.1)

and (3.2) can be non-dimensionalized into the following forms:

(u− u0),ξξξξ − pu,ξξ − q = 0 (3.3)

p =
1

2π

π∫
0

(u2
,ξ − u2

0,ξ)dξ (3.4)

where r =

√
I

A
is the radius of gyration of the cross section; δ(ξ) is a non-dimensional

Dirac delta function; q =
q∗L4

π4EIr
for the distributed load and q =

Q∗L3

π3EIr
for the

concentrated load.

Adopting the Fourier sine series that satisfies pin-ended boundary conditions, the

initial and deformed configurations, and the non-dimensional external load can be

expressed as:

u0(ξ) =
∞∑
n=1

βn sinnξ (3.5)

u(ξ) =
∞∑
n=1

αn sinnξ (3.6)

q =
∞∑
n=1

qn sinnξ (3.7)
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where

qn =
2

π

π∫
0

q sinnξdξ n = 1, 2, ... (3.8)

Substituting Eqs. (3.5)-(3.8) into Eqs. (3.3) and (3.4), and equating the coefficients

of sin(nξ) from both sides, the following system of equilibrium equations is obtained:

(αn − βn)n4 + pn2αn − qn = 0 n = 1, 2, ... (3.9)

where

p =
∞∑
k=1

(α2
k − β2

k)k
2

4
(3.10)

3.2.2 Buckling equations

When the shallow arch loses stability, the tangent stiffness of the system becomes

singular. The components of the tangent stiffness matrix of the system can be derived

from Eq. (3.9) as follow:

Knm =
∂Rn

∂αm
=
n2m2

2
αnαm + n2(n2 + p)δnm n,m = 1, 2, ... (3.11)

where Rn is the residual (left hand side of Eq. (3.9)), δnm is the Kronecker delta, and

p is the dimensionless axial force defined in Eq. (3.10). When the tangent stiffness

matrix is singular, its determinant equals zero. Therefore, the buckling equation can

be derived as:

det K =
∞∏
k=1

γk +
∞∑
n=1

α2
n

∞∏
k=1
k 6=n

γk

 = 0 (3.12)

where γk =
2(k2 + p)

k2
(k = 1, 2, ...). Since the buckling states also need to satisfy the

equilibrium condition, Eq. (3.12) together with (3.9) and (3.10) provide the critical

loads.
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3.3 Application to the concentrated load

In this section, the geometrically imperfect arch subjected to a concentrated load at its

midpoint is considered. Without truncating the Fourier series, the exact solutions are

derived for the equilibrium states and critical loads, including the remote unconnected

equilibria and their critical states. Unlike many previous analyses, these solutions are

not confined to arches with specific shapes.

3.3.1 Equilibrium states

Let the non-dimensional external load q be written in terms of the loading parameter

λ as q = −π
2
λδ(ξ − π/2). Here,

π

2
is a scaling factor for the convenience of following

derivations, δ denotes the dimensionless Dirac delta function, and the loading pa-

rameter λ is positive when the applied load is in the negative y direction (Fig. 3.1).

According to Eq. (3.8), the load coefficients qn can be derived as:
q2i−1 = (−1)iλ i = 1, 2, ...

q2i = 0 i = 1, 2, ...

(3.13)

Substituting the coefficients qn into Eqs. (3.9), the deformation-mode coefficients

αn satisfy the following conditions:
α2i−1(2i− 1)2((2i− 1)2 + p) = (−1)iλ+ β2i−1(2i− 1)4 i = 1, 2, ...

α2i((2i)
2 + p) = β2i(2i)

2 i = 1, 2, ...

(3.14)

where βi represent the coefficients of the Fourier series that provide the initial shape

of an arbitrary shallow arch.



39

The primary equilibrium state

The deformation-mode coefficients αn for the primary equilibrium state can be ob-

tained from Eq. (3.14) as:
α2i−1 =

(−1)iλ+ β2i−1(2i− 1)4

(2i− 1)2((2i− 1)2 + p)
i = 1, 2, ...

α2i =
β2i(2i)

2

((2i)2 + p)
i = 1, 2, ...

(3.15)

Substituting these coefficients αn into Eq. (3.10), a quadratic function of the

loading parameter λ with respect to the dimensionless axial load p is obtained

A(p)2,2λ
2 +B(p)2,2λ+ C(p) = 0 (3.16)

where A(p)2,2, B(p)2,2 and C(p) are functions of p, defined as follows:

A(p)2,2 =
∞∑
i=1

1

(2i− 1)2((2i− 1)2 + p)2

=
π(
√
pπ(2 + sech(

√
pπ

2
)2)− 6 tanh(

√
pπ

2
))

16p5/2
(3.17)

B(p)2,2 =
∞∑
i=1

2(−1)iβ2i−1(2i− 1)2

((2i− 1)2 + p)2
(3.18)

C(p) =
∞∑
i=1

β2
i (i)

6

(i2 + p)2
−
∞∑
i=1

i2(βi)
2 − 4p (3.19)

The closed-form expressions of B(p)2,2 and C(p) depend on the initial shape of the

arch. The solutions of Eq. (3.16) provide the loading parameter λ:

λ =
−B(p)2,2 ±

√
(B(p)2,2)2 − 4A(p)2,2C(p)

2A(p)2,2

(3.20)

Substituting the mode coefficients αn defined in Eq. (3.15) into Eq. (3.6), the
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displacement field ∆u can be obtained as

∆u = −(u(ξ)− u0(ξ))

=
∞∑
i=1

βi sin(iξ)−
∞∑
i=1

β2i(2i)
2

((2i)2 + p)
sin(2iξ)

−
∞∑
i=1

(−1)iλ+ β2i−1(2i− 1)4

(2i− 1)2((2i− 1)2 + p)
sin(2iξ − ξ) (3.21)

Here, ∆u is assumed to be positive in the negative y direction (Fig. 3.1). The dis-

placement at the midspan can then be derived as

∆umid = ∆u(π/2) = A(p)2,1λ+
B(p)2,1

2
+D1 (3.22)

where A(p)2,1 and B(p)2,1 are defined as

A(p)2,1 =
∞∑
i=1

1

(2i− 1)2((2i− 1)2 + p)1

=
π(
√
pπ − 2 tanh(

√
pπ

2
))

8p3/2
(3.23)

B(p)2,1 =
∞∑
i=1

2(−1)iβ2i−1(2i− 1)2

((2i− 1)2 + p)1
(3.24)

D1 =
∞∑
i=1

(−1)i−1β2i−1 (3.25)

The closed-form expressions of B(p)2,1 and D1 can be determined once the initial

shape of the arch is specified.

The primary equilibrium state represented in the space of (∆umid, λ) can then be

obtained from Eqs. (3.20) and (3.22).

The bifurcated equilibrium state

When certain imperfection mode coefficients β2j are zero, the corresponding defor-

mation mode coefficients α2j satisfy the following conditions:

α2j((2j)
2 + p) = β2j = 0 (3.26)
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In this case, the mode coefficients α2j can be nonzero when p = −(2j)2, indicating

that the bifurcated equilibrium state with the mode shape sin(2jξ) can exist when

the geometric imperfection has zero component in this mode. The bifurcation mode

coefficients α2j (when β2j = 0) cannot be calculated from Eq. (3.15) and have to

be calculated in a different manner: substituting the mode coefficients α2i+1 and

α2i(i 6= j) obtained from Eq. (3.15) into Eq. (3.10), and utilizing p = −(2j)2, the

bifurcation mode coefficients α2j can be obtained as

α2j = ± 1

2j

√
−(A(p)2,2λ2 +B(p)2,2λ+D2) (3.27)

Here, A(p)2,2 and B(p)2,2 are defined in Eqs. (3.17)and (3.18) respectively; D2 is

defined as following

D2 =
∞∑

i=1,i 6=2j

βi
2i6

(i2 − 4j2)2
−
∞∑
i=1

(i2β2
i ) + 16j2 (3.28)

The displacement field ∆u can be obtained by substituting all deformation-mode

coefficients αn into Eq. (3.6):

∆u = −(u(ξ)− u0(ξ))

=
∞∑
i=1

βi sin(iξ)−
∞∑

i=1,i 6=j

β2i(2i)
2

4i2 − 4j2
sin(2iξ)− α2j sin(2jξ)

−
∞∑
i=1

(−1)iλ+ β2i−1(2i− 1)4

(2i− 1)2((2i− 1)2 − 4j2)
sin(2iξ − ξ) (3.29)

Consequently, the displacement at the midpoint ∆umid is

∆umid = ∆u(π/2)

= A(p)2,1λ+
B(p)2,1

2
+D1 (3.30)

where p = −(2j)2, and A(p)2,1 , B(p)2,1 and D1 are defined in Eqs. (3.23), (3.24) and

(3.25) respectively.
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The bifurcated equilibrium states of shallow arches with arbitrary initial shapes

can then be obtained from Eq. (3.30). It can be identified from this equation that the

bifurcated equilibrium state has a linear relationship between the loading parameter

λ and the central displacement ∆umid.

Eqs. (3.20), (3.22) and (3.30) provide the primary and bifurcated equilibrium

states, including remote unconnected equilibria, of shallow arches subjected to a point

load at midspan. Since the mode coefficients βi in these equations can represent

the initial shapes of any shallow arch, these solutions are valid for arbitrary arch

geometries. The remote unconnected equilibrium states cannot be obtained by the

typical path following procedures either experimentally or numerically if a proper

perturbation is not performed, which will be demonstrated by specific examples in

Section. 3.4.

3.3.2 Critical loads

Critical points can generally be divided into two categories: (1) limit points (Fig. 3.2a),

where the equilibrium path has a zero tangent; and (2) bifurcation points (Fig. 3.2b),

at which two or more equilibrium branches intersect. In this section, the limit and

bifurcation buckling loads are derived.

Limit loads

When p 6= −n2, the critical conditions in Eq. (3.12) represent limit points and γk 6= 0.

Therefore, Eq. (3.12) can be further simplified into:

1 +
∞∑
n=1

α2
n

γn
= 0 (3.31)
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limit point

(a) Limit-point buckling

bifurcation point

(b) Bifurcation buckling

Figure 3.2 : Limit-point and bifurcation buckling

Substituting the values of αn from Eq. (3.15) into Eq. (3.31), a quadratic function of

the loading parameter λlim that governs the limit-point buckling can be obtained as:

A(p)2,3λ
2
lim +B(p)2,3λlim +D3 = 0 (3.32)

where A(p)2,3, B(p)2,3 and D3 are defined as following:

A(p)2,3 =
∞∑
i=1

1

(2i− 1)2((2i− 1)2 + p)3

=
π(
√
pπ(8 + 7sech(

√
pπ

2
)2) + (pπ2sech(

√
pπ

2
)2 − 30) tanh(

√
pπ

2
))

64p7/2
(3.33)

B(p)2,3 =
∞∑
i=1

2(−1)iβ2i−1(2i− 1)2

((2i− 1)2 + p)3
(3.34)

D3 =
∞∑
i=1

β2
i i

6

(i2 + p)3
+ 2 (3.35)

The closed-form expressions of B(p)2,3 and D3 depend on the initial shape of the arch.

Eq. (3.32) can also be obtained by setting ∂λ
∂p

= 0 in Eq. (3.16) and its solutions are
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the expressions of the limit loads:

λlim =
−B(p)2,3 ±

√
(B(p)2,3)2 − 4A(p)2,3D3

2A(p)2,3

(3.36)

Since limit points are also equilibrium points, Eqs. (3.36) and (3.20) together give the

limit loads of the imperfect arches.

Bifurcation loads

As discussed in Section 3.3.1, the bifurcation buckling with the mode shape sin(2jξ)

can exist when the imperfection mode coefficient β2j = 0. In addition, bifurcated

and the primary equilibrium states intersect at bifurcation points with p = −(2j)2.

Therefore, bifurcation loads can be obtained from Eq. (3.20) by setting p = −(2j)2:

λbif =
−B(p)2,2 ±

√
(B(p)2,2)2 − 4A(p)2,2C(p)|i 6=2j

2A(p)2,2

(3.37)

where i 6= 2j for C(p) in this case. A(p)2,2, B(p)2,2 and C(p) are defined in Eqs. (3.17),

(3.18) and (3.19).

All critical loads, including those of the remote unconnected equilibria, can be

obtained from Eqs. (3.32), (3.20), and (3.37). These solutions are valid for arbitrary

shallow arches with arbitrary geometric imperfections since the mode coefficients βi

are not confined to represent specific shapes.

3.4 Application to specific arches under point load

In this section, the derivations in Section 3.3 are applied to half-sine arches with

an initial non-dimensional height β1 = h and asymmetric geometric imperfections

β2i = e2ih sin(2iξ), i = 1, 2, 3. Since the imperfection mode coefficients β2i appear

with a quadratic form in all related expressions, the sign of the coefficients e2i does
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not influence the results and only positive values of e2i are considered in the following

study. To investigate the effect of the first three imperfection modes, the dimensionless

height of the perfect arch is chosen as h = 13.5. This value was chosen to ensure that

at least three pairs of bifurcation paths exist for the perfect structure. Note that

the physical rise-to-span ratio of the half-sine arch is equal to hr/L. Therefore,

the dimensionless height h = 13.5 represents shallow arches when the value r/L is

small. The finite element analysis (FEA) uses a physical rise-to-span ratio is 0.0065

when the non-dimensional height is h = 13.5. Some specific values are adopted for

the imperfection mode coefficients e2, e4, and e6 in Section 3.4.1 to qualitatively

illustrate the influence of these imperfections, and the detailed investigation of the

effect of asymmetric imperfections on critical loads is presented in Section 3.4.2.

3.4.1 Equilibrium states

Primary equilibrium states can be obtained from Eqs. (3.20) and (3.22), while Eq. (3.30)

gives bifurcated equilibrium states. In this case, the B(p)2,2, C(p), B(p)2,1, and D1

are

B(p)2,2 = − 2h

(1 + p)2
B(p)2,1 = − 2h

(1 + p)
D1 = h

C(p) = −h2

(
4p(8 + p)e2

2

(4 + p)2
+

16p(32 + p)e2
4

(16 + p)2
+

36p(72 + p)e2
6

(36 + p)2

)
−4p− p(2 + p)h2

(1 + p)2
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Figure 3.3 : Equilibria represented in the space (∆umid, λ) for a perfect half-sine

arch with an initial height h = 13.5 and three imperfect arches with e2 = 0.03,

e4 = 0.005 and e6 = 0.001 respectively. Solid and dashed lines represent the primary

and bifurcated equilibria obtained analytically with gray lines denoting the remote

unconnected equilibria; Circles and squares represent the equilibria that are obtained

from FEA with no perturbation, while triangles and crosses in Fig. 3.3b denote the

results calculated from FEA after perturbing the model to a remote unconnected

equilibrium configuration that is obtained analytically.
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Fig. 3.3 shows the primary and bifurcated equilibrium states represented in the

parameter space (∆umid, λ) for a perfect arch with h = 13.5 and three imperfect

arches with e2 = 0.03, e4 = 0.005, and e2 = 0.001 respectively. The solid and

dashed lines represent the primary and bifurcated equilibrium states obtained from

Eqs. (3.20), (3.22) and (3.30). The circles and squares denote the primary and bifur-

cated equilibrium states obtained from the FEA without any perturbation, while the

triangles and crosses in Fig. 3.3b represent the remote unconnected equilibira calcu-

lated from the FEA by perturbing the model to a remote equilibrium configuration

that needs to be known. The geometric parameters and material properties of the

half-sine arch used in the FEA are shown in Table 3.1. The dimensional results from

the FEA are scaled to dimensionless values according to the procedures described in

Sections 3.2 and 3.3. All finite element simulations are performed with the large-

deformation Euler-Bernoulli beam element in the Finite Element Analysis Program

(FEAP) [74]. The numerical procedure introduced in [19] is adopted to obtain the

bifurcated equilibrium states.

Table 3.1 : Dimensions and material properties of the half-sine arch used in FEA

Parameters Values

Thickness (mm) 1.00

Width(mm) 12.00

Rise (mm) 3.89

Horizontal span (mm) 600

Young’s Modulus (MPa) 206843

Poisson’s ration 0.28
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Fig. 3.3a shows that the perfect arch with h = 13.5 has a complex continuous pri-

mary equilibrium path with multiple loops and three different bifurcated equilibrium

paths with mode shapes sin(2ξ), sin(4ξ) and sin(6ξ). On these equilibrium paths,

twelve critical points exist, including six limit points (locations with horizontal tan-

gents, L1-L6) and six bifurcation points (locations where the primary and bifurcated

paths intersect, B1-B6). The results obtained from the analytical equations and the

FEA match well. When the arch has a single mode imperfection e2 sin(2ξ) (e2 6= 0),

the bifurcated equilibrium path of this mode, which exists in the perfect structure,

disappears and two more limit points appear instead, shown in Fig. 3.3b. There are

still twelve critical points in total, but they now consist of eight limit points and four

bifurcation points. Unlike the perfect arch, a large group of remote unconnected equi-

librium states (gray solid and dashed curves) can only be obtained from the FEA by

first performing a perturbation (triangles and crosses in Fig. 3.3b), which we achieve

by utilizing the information of one remote unconnected equilibrium state obtained

analytically. Such remote unconnected equilibria have a complex looping path with

six limit points and two bifurcated paths with four bifurcation points. In this case,

the magnitude of all critical loads of these unconnected equilibria is larger than those

of the primary equilibrium states.

Similarly, when the imperfection coefficient of another single mode (e4 or e6) is

nonzero, the bifurcated equilibrium path with this mode (sin(4ξ) or sin(6ξ)) disap-

pears and two more limit points occur for each case, as shown in Figs. 3.3c and

3.3d. Remote unconnected equilibrium states (gray solid and dashed curves) again

exist and cannot be obtained by the FEA without any perturbation. For the case

of e4 = 0.005 (Fig. 3.3c), the remote unconnected equilibria have a complex looping

path with four limit points and a bifurcated path with two bifurcation points. When
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Figure 3.4 : Equilibrium states represented in the space (p, λ). Solid and dashed lines

represent the primary and bifurcated equilibirum states obtained analytically with the

gray lines denoting the remote unconnected equilibria; Circles and squares represent

the equilibrium states that can be obtained from FEA without initial perturbation.

e6 = 0.001 (Fig. 3.3d), only a single-loop path with two limit points exists for the

remote unconnected equilibria. It is in fact difficult to identify whether the equilib-

rium states are connected or not when they are represented in the parameter space
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(∆umid, λ). An alternative way to represent the equilibrium states will be introduced.

Since the parameter space (∆umid, λ) does not give a clear illustration of the equi-

librium states for imperfect arches, we recommend to represent the equilibrium states

by projecting them onto the space of the axial load p and the external loading pa-

rameter λ. This type of representation was used in [82] to identify the bifurcation

buckling and [105–107] to show the effect of boundary conditions and geometric pa-

rameters on the postbuckling behaviour. We find that this representation (p, λ) is

very effective in describing the equilibrium states and critical points. Fig. 3.4 shows

the same equilibrium states that are plotted in Fig. 3.3. Here, the primary and bi-

furcated equilibrium states obtained from the proposed formulas are also denoted as

solid and dashed curves. The circle and square markers again represent the primary

and bifurcated equilibrium states obtained by the FEA without initial perturbation.

In the parameter space (p, λ) (Fig. 3.4), the limit point can be identified from the

local maximum or minimum with zero tangent (L1-L6 in Fig. 3.4a), while the bi-

furcation point can be identified as the location where the primary and bifurcated

paths intersect (B1-B6 in Fig. 3.4a). It can be clearly seen from Figs. 3.4a-3.4d that

a small imperfection of a single mode sin(2iξ) (e2i 6= 0) makes the bifurcated path of

this mode (sin(2iξ)) disappear and the primary equilibrium states split at the loca-

tion p = −4i2. This split generates one more pair of limit points and one group of

remote unconnected equilibrium states (gray curves) that can include looping states

with multiple limit points and bifurcated states with several bifurcation points. All

critical points including limit and bifurcation points can also be easily identified in

these plots. For each arch (Figs. 3.4a-3.4d), two pairs of critical points exist for

−(2i+ 1)2 ≤ p ≤ −(2i− 1)2, where i = 1, 2, 3.

When the arch has a multiple-mode imperfection with nonzero values for all coef-
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Figure 3.5 : The equilibrium states for the multiple-mode imperfection with e2 =

0.03, e4 = 0.005, and e6 = 0.001. The black and gray lines represent the primary

and remote unconnected equilibria obtained analytically while the circles denote the

equilibrium states calculated by the FEA without initial perturbation.

ficients e2, e4 and e6, two different cases corresponding to different and same levels of

imperfection in each mode are investigated. Fig. 3.5 shows the equilibrium states of

an arch with different levels of imperfection in each mode (e2 = 0.03, e4 = 0.005 and

e6 = 0.001). It can be observed that all three bifurcated equilibrium paths, which

exist for the perfect structure (Fig. 3.4a), disappear and three groups of remote un-

connected equilibria (gray curves) occur. The remote unconnected equilibria have

three separate looping paths with ten limit points. In this case, no bifurcation point

exists and all twelve critical points are limit points. Fig. 3.6 shows the equilibrium

states of a multiple-mode imperfect arch with same value for each mode coefficient

(e2 = 0.012, e4 = 0.012 and e6 = 0.012). The values are chosen such that their sum is

equal to the total amount of e2i in the previous case with different contributions from



52

the e2i considered (e2 = 0.03, e4 = 0.005 and e6 = 0.001). Similar to the previous case,

all bifurcated equilibrium paths, which exist for the perfect structure, also disappear.

Unlike the previous case with different e2i, only two groups of remote unconnected

equilibrium states with eight limit points exist for −(2i+1)2 ≤ p ≤ −(2i−1)2, where

i = 1, 2.
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Figure 3.6 : The equilibrium states for the multiple-mode imperfection with e2 =

0.012, e4 = 0.012, and e6 = 0.012. The black and gray lines represent the primary

and remote unconnected equilibria obtained analytically while the circles denote the

equilibrium states calculated by the FEA without initial perturbation.

It can be concluded that shallow arches with asymmetric geometric imperfections

can have remote unconnected equilibria with multiple critical points, which cannot be

obtained in the FEA or experiments without first perturbing the structure to a known

remote unconnected equilibrium configuration. This perturbation can be achieved

numerically or experimentally only if prior knowledge of the remote unconnected

equilibria is available. It is important to identify all remote equilibria due to their
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significant influence on the dynamic system behavior [103]. The imperfection of a

certain mode sin(2iξ) (e2i 6= 0) makes the bifurcated equilibria of this mode (sin(2iξ)),

which exist for the perfect structure, disappear and the primary equilibrium states

split into two disconnected parts. The inclusion of more asymmetric modes in the

imperfection leads to the disappearance of more bifurcated branches, the occurrence

of more limit points, and the appearance of more groups of remote unconnected

equilibria. For arches with multiple-mode imperfections, even when the total amount

of the imperfection coefficients e2i is the same, different values of e2i can lead to

different number of groups of remote unconnected equilibrium states and different

number of limit points on these remote unconnected equilibria.

3.4.2 Critical loads

In this section, the influence of single-mode and multiple-mode geometric imperfec-

tions on all critical loads including those of the remote unconnected equilibria is

investigated. Eqs. (3.32) and (3.20) give the limit loads, while the bifurcation loads

can be obtained from Eq. (3.37). For the limit loads, the coefficients B(p)2,3 and D3

in Eq. (3.32) are

B(p)2,3 = − 2h

(1 + p)3

D3 = 2 + h2

(
1

(1 + p)3
+

64e2
2

(4 + p)3
+

4096e2
4

(16 + p)3
+

46656e2
6

(36 + p)3

)
For the bifurcation loads, A(p)2,2 and B(p)2,2 in Eq. (3.37) equal to

A(p)2,2 =
π(jπ(2 + sec(jπ)2)− 3 tan(jπ))

256j5

B(p)2,2 =
2h

(1− 4j2)2
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The closed-form expression of C(p)|i 6=2j in Eq. (3.37) depends on the coefficients e2i:

C(p) =



16 + (−128 + 1792e2
4 + 1377e2

6)h2/144 e2 = 0

64− 32(7 + 25e2
2 − 567e2

6)h2/225 e4 = 0

144− 9(2176 + 8575e2
2 + 12544e2

4)h2/19600 e6 = 0

Consequently, the closed-form solutions of the bifurcation loads λbif are

λbif =



4
(
−64h±

√
4096h2−27π2(2304+h2(−128+1792e24+1377e26))

)
27π2 e2 = 0

256
(
−16h±

√
256h2+1350π2(−450+h2(7+25e22−567e26))

)
675π2 e4 = 0

36
(

192h±
√

36864h2+3675π2(−313600+h2(2176+8575e22+12544e24))
)

1225π2 e6 = 0

From Figs. 3.4b-3.4d, we can observe that two pairs of critical points exist for

imperfect arches when −(2i + 1)2 ≤ p ≤ −(2i − 1)2, where i = 1, 2, 3. In all the

following sections, the ranges −9 ≤ p ≤ −1, −25 ≤ p ≤ −9, and −49 ≤ p ≤ −25 will

be referred as first, second and third ranges respectively. Fig. 3.7 shows the variation

of these critical loads with respect to a single-mode geometric imperfection e2, e4, or

e6. The solid and dashed curves represent the limit and bifurcation loads that are

obtained from the analytical equations. Among these results, the gray curves (solid

and dashed) denote the critical loads of the remote unconnected equilibria. The circles

and squares represent the limit and bifurcation loads obtained from the FEA without

any perturbation. The geometric parameters and material properties of the half-sine

arch used in the FEA are shown in Table 3.1. The critical loads for the imperfection

mode coefficient e2 are shown in Figs. 3.7a-3.7c. As e2 increases, the magnitude of

the critical loads in the first range decreases (Fig. 3.7a), while the magnitude of the

critical loads in the second and third ranges slightly increases (Figs. 3.7b and 3.7c).

Among all these critical loads, the magnitudes of the primary equilibrium states
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(black solid curves in Fig. 3.7a) decrease fastest. When the imperfection coefficient

e4 becomes larger, the critical loads in the first and second ranges decrease (Figs. 3.7d

and 3.7e), and the critical loads in the third range still increase(Fig. 3.7f). In this

case, the critical loads in the second range vary much faster than the critical loads in

the other two ranges. For the case of e6, the critical loads in all three ranges decrease

(Figs. 3.7g-3.7i) when the imperfection coefficient e6 increases. Among all critical

loads, those in the third range (Fig. 3.7i) decrease most rapidly.

For the arch with multiple-mode imperfection, two cases corresponding to different

and same contributions of imperfection in each mode respectively, are considered here.

Fig. 3.8 shows the variation of critical loads for the multiple-mode imperfection (e =

e2 + e4 + e6) with different imperfection magnitude in each mode (e2 = 0.03e/0.036,

e4 = 0.005e/0.036, and e6 = 0.001e/0.036). In this case, all six pairs of critical points

are limit loads and five of them are from the remote unconnected equilibria (gray

curves). As the coefficient e increases, the limit points in the first and second range

become smaller (Fig. 3.8a and 3.8b) while the limit loads in the third range obviously

increase. Among all these limit loads, the ones of the primary equilibrium states

(black solid curves in Fig 3.8a) vary fastest. Fig. 3.9 shows the change of critical

loads for the multiple-mode imperfection e = e2 + e4 + e6 with e2 = e4 = e6 = e/3.

Similar to the previous case, all pairs of critical loads are limit loads and five of

them are from the remote unconnected equilibria. Unlike the previous case, when the

coefficient e increases, the limit loads of all three ranges decrease. The limit loads in

the second and third ranges (Figs. 3.9b and 3.9c) vary much more rapidly than those

from the previous case (Figs. 3.8b and 3.8c). It can also be identified that the limits

loads in the second and third ranges are more sensitive to the imperfection than those

in the first range when e2 = e4 = e6 (Fig. 3.9).
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Figure 3.7 : The critical loads for a single-mode imperfection (e2, e4, or e6). The solid

and dashed lines represent limit and bifurcation loads with the gray lines denoting

the critical loads of remote unconnected equilibria; The circles and squares represent

the limit and bifurcation loads calculated by the FEA without initial perturbation.



57

0 0.05 0.1 0.15 0.2
-80

-40

0

40

80

e=e2+e4+e6

Λ
cr

it
ic

al

(a) −9 ≤ p ≤ −1

0 0.05 0.1 0.15 0.2
-200

-100

0

100

200

e=e2+e4+e6
Λ

cr
it

ic
al

(b) −25 ≤ p ≤ −9

0 0.05 0.1 0.15 0.2
-200

-100

0

100

200

e=e2+e4+e6

Λ
cr

it
ic

al

(c) −49 ≤ p ≤ −25

Figure 3.8 : The critical loads of arches with multiple-mode imperfections e = e2 +

e4 + e6 with e2 = 0.03e/0.036, e4 = 0.005e/0.036, and e6 = 0.001e/0.036. The

black and gray lines represent the limit loads of the primary and remote unconnected

equilibria, while the circles denote the limit loads calculated by the FEA without

initial perturbation.
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Figure 3.9 : The critical loads of arches with multiple-mode imperfections e = e2 +

e4 + e6 with e2 = e4 = e6 = e/3. The black and gray lines represent the limit loads

of the primary and remote unconnected equilibria, while the circles denote the limit

loads calculated by the FEA without initial perturbation.
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3.5 Summary

In this chapter, an analytical method is introduced to study the remote unconnected

equilibria and nonlinear stability of shallow arches with asymmetric geometric imper-

fections. These remote unconnected equilibria, another type of “hidden” equilibria

that may exist for structures undergoing snap-through, can only be retrieved using

path following controls in a numerical or experimental study if specific initial per-

turbations are made to the original structures. The proposed analytical approach

can provide the information of such perturbations and guide path following schemes

to identify the unconnected equilibrium states and characterize the critical loads of

these solutions.

Utilizing Fourier series, the nonlinear equilibrium and buckling equations are first

derived. The solutions of the equilibrium states and critical loads are then obtained

without truncating the Fourier series. Unlike many previous studies, these solutions

can be applied to arbitrary arches with arbitrary geometric imperfections. The pro-

posed formulas are applied to half-sine arches with different geometric imperfections

to show the effects of the asymmetric geometric imperfections on the equilibria. It

is found that the geometric imperfection with a single asymmetric mode sin(2iξ)

makes the bifurcated states of this mode (sin(2iξ)) from the perfect structure disap-

pear and the primary equilibrium states split at the corresponding bifurcation points

(p = −4i2). Such split generates one more pair of limit points and a group of remote

unconnected equilibrium states. The remote unconnected equilibria can have complex

loops with multiple limit points and bifurcated equilibrium states with several bifur-

cation points. The inclusion of one more asymmetric mode in the imperfection results

in the disappearance of one more bifurcated path, the appearance of one more pair of

limit points and the occurring of one more group of remote unconnected equilibria.
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The influence of the geometric imperfection on critical loads is also investigated.

For a single-mode imperfection, the critical loads in the first, second or third ranges

(−9 ≤ p ≤ −1, −25 ≤ p ≤ −9, and −49 ≤ p ≤ −25) are most sensitive to

the imperfection of the first, second and third asymmetric mode respectively. An

interesting phenomenon is observed: the critical loads in the third range (−49 ≤ p ≤

−25) increase when the magnitude of the first or second asymmetric imperfection

mode becomes larger. For the arch with a multiple-mode imperfection including

nonzero values for all asymmetric modes, two different cases are considered. When the

imperfection has different values in each e2i (e = e2 +e4 +e6 with e = e2 +e4 +e6 with

e2 = 0.03e/0.036, e4 = 0.005e/0.036, and e6 = 0.001e/0.036), all six pairs of critical

loads are limit loads and five of them are from the remote unconnected equilibria.

The limit loads in the first and second ranges decrease (−9 ≤ p ≤ −1, −25 ≤ p ≤ −9)

while those in the third range (−49 ≤ p ≤ −25) increase as the geometric imperfection

e increases. For the case of the multiple-mode imperfection with same amount of

imperfection in each mode (e = e2 + e4 + e6 with e2 = e4 = e6 = e/3), the limit loads

in all three ranges decrease as the geometric imperfection coefficient e increases. The

limit loads in the first range are less sensitive to the imperfection than those in the

second and third ranges.
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Chapter 4

Time integration of snap-through

To investigate “hidden” equilibria and static stability of curved structures that ex-

hibit snap-through, a robust numerical procedure that combines the branch-switching

method and the arclength method, and a reliable analytical approach were presented

in Chapters 2 and 3 respectively. With the capabilities of retrieving a full picture of

existing equilibria and their static stability, it is now essential to perform transient

analysis of snap-through because it is in fact a dynamic process where significant

kinetic energy exist. However, the time integration of such highly nonlinear dynamic

behavior involving large deformations is very challenging, in many cases leading to

inaccurate predictions [95, 108]. Chandra [39] introduced a robust composite scheme

that has reliable numerical dissipation. In this chapter, I discuss the choice for opti-

mized parameters, present a theoretical analysis of the algorithmic properties (e.g.,

numerical stability and dissipation) and demonstrate the improved performances on

representative examples. An important property of time integrators that is seldom

discussed, is that of consistent stability, which implies unconditional stability for lin-

ear stable systems, but also enforces the condition that the discretized system captures

the instability if it is present in the continuum system. This chapter also provides a

comparison of the time step limits of various integration schemes, necessary to guar-

antee consistent stability for the linear system. To date, we are not aware of any

scheme that is unconditionally consistent.
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4.1 Introduction

Classical time-stepping schemes that are unconditionally stable for linear systems

often lose this property for nonlinear problems. The numerical instability is often

accompanied by an uncontrolled growth of energy. Such observation has motivated

the development of energy conserving schemes. Following the pioneering work by

Simo and Tarnow [22], many studies extended this conserving algorithm to general

hyperelastic materials [23, 24, 109, 110] and arbitrary geometric nonlinearities [25,

111]. Other work focused on applying these algorithms to specific finite element

formulations (beam and shell elements) [26, 112–114] and multi-body systems [27,

115, 116]. Despite the achievement of unconditional stability, the energy conserving

schemes still show difficulties for numerically stiff nonlinear problems [27–29], and

especially for snap-through buckling problems [30, 31]. The energy conserving schemes

fail to converge in the post-snap range with an acceptable time step, due to the lack

of numerical dissipation for spurious high-frequency oscillations. In the study of this

class of problems, the analyst generally prefers time integration algorithms that are

unconditionally stable with quantifiable numerical dissipation to suppress spurious

high frequency components while minimizing the effects on accuracy.

Time stepping schemes with effective numerical dissipation were first developed

for linear problems [117–120]. However, when used for nonlinear problems the charac-

teristics of the numerical dissipation will change, allowing the spurious high frequency

oscillations to pollute the computation. Energy decaying schemes were proposed as

a way to achieve more reliable numerical dissipation for nonlinear problems. Energy

decaying schemes can be generally divided into two approaches. In the first approach,

the time-discontinuous Galerkin formulation was utilized to predict the behavior of

nonlinear beams [32, 121, 122] and multi-body systems [33, 34, 115, 123]. These al-
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gorithms involve a multistage computation per time step and require solving a larger

system than those solved with classical schemes, due to the coupling between the

displacement and velocity. Another approach is to construct the algorithm from an

energy conserving integrator [28, 29, 31, 124–126]. These algorithms are designed

using a specialized approximation of the element stress tensor and the velocity to en-

sure a positive numerical damping. Like many energy conserving schemes, an energy

decaying method cannot be generalized across different finite element formulations

(e.g., different shell elements). Moreover, the resultant tangent stiffness matrix is

usually non-symmetric, leading to increased computational costs.

An alternate method to construct time integration methods with reliable numeri-

cal dissipation for nonlinear problems is the use of a composite algorithm as presented

by Bathe and coworkers [35–38]. The main idea of this approach is to combine a non-

dissipative method and a dissipative method into a one-step but multistage compos-

ite scheme. Bathe and coworkers combined the trapezoidal rule and the three-point

backward Euler formula into a one step two-stage composite scheme. Although the

composite algorithm requires roughly twice the computational cost as the trapezoidal

rule per time step, much larger time steps can be used for large deformations nonlinear

dynamics. Following a similar line of thought, Dong [127] proposed two generalized

backward differentiation formulas to build a composite time integrator consisting of

the trapezoidal rule and a generalized backward differentiation formula.

Motivated by introducing reliable numerical damping in simulating snap-through

problems, and in particular to obtain accurate post-snap predictions, Chandra [39]

extended the ideas from Bathe [35–38] and Dong [127], and proposed a new composite

time-stepping scheme with more effective numerical dissipation characteristics. This

composite algorithm consists of three sub-steps where the trapezoidal rule is used
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to perform the first and second sub-steps, while a GBDF method [127] is employed

in the third sub-step to introduce numerical dissipation. It will be referred to as

the TTBDF (Trapezoidal-Trapezoidal-Backward-Difference-Formula) method. This

method is self-starting and does not require a special modification of element stress

tensor. Its implementation is quite straightforward, remains the same for different

finite element formulations, and preserves the symmetry of the tangent stiffness ma-

trix. The TTBDF scheme has two algorithmic parameters to control the numerical

dissipation and their optimized values to minimize numerical damping are determined.

The more effective numerical dissipation of the TTBDF method over other com-

posite schemes from Bathe and Dong is first demonstrated analytically by the com-

parison of spectral radii, algorithmic damping ratios, and relative period elongations.

Although the stability and dissipation analysis is limited to the linear range, numer-

ical simulations of curved beams undergoing snap-through confirm that the TTBDF

method has better numerical dissipation properties than other existing composite

schemes. The TTBDF method leads to more accurate solutions for long-time record

simulations using amplitude decay and period elongation as a metric. Further, the

total cost of the computation can be reduced using the TTBDF method through

the use of larger time steps for the same accuracy as compared to other composite

methods. It is also shown that the TTBDF method has better numerical dissipation

when applied to other nonlinear dynamic problems having large deformations and

rotations. The examples include a rigid and a deformable pendulum, a free moving

cylindrical shell and a three dimensional L-shaped block, which were used as bench-

mark problems in [22, 27, 37, 124, 127, 128] to evaluate the time integrators proposed

in the respective papers.
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4.2 TTBDF time integration scheme

Consider the nonlinear undamped equations of structural dynamics

Mü + N(u, t) = R(t) (4.1)

with appropriate initial conditions. M is the mass matrix, N is the vector of internal

forces, R is the vector of external forces, u is the displacement vector, t is time, and

superposed dot indicates differentiation with respect to time. Approximate solutions

of Eq. 4.1 at discrete time points are obtained using the time discretized equation

given by

Mün + Nn = Rn (4.2)

where n is the time step index.

The TTBDF method, a three-stage composite time-stepping scheme, is adopted

to solve Eq. 4.2 using the trapezoidal rule for the first and second sub-steps and a

BDF-like algorithm in the third sub-step [39]. Let ∆t be the time step size; the time

step for each sub-step is δt = ∆t
3

. In the first and second sub-steps of the (n + 1)-th

time step, the discretized equation is enforced at n+1
3

and n+2
3
. Thus, the updates

for the first sub-step (n+1
3
) are given by

un+ 1
3

= un + ∆t
6

(u̇n + u̇n+ 1
3
)

u̇n+ 1
3

= u̇n + ∆t
6

(ün + ün+ 1
3
)

(4.3)

Similar with the first sub-step, by applying the the trapezoidal rule, the updates for

the second sub-step (n+2
3
) are as follows

un+ 2
3

= un+ 1
3

+ ∆t
6

(u̇n+ 1
3

+ u̇n+ 2
3
)

u̇n+ 2
3

= u̇n+ 1
3

+ ∆t
6

(ün+ 1
3

+ ün+ 2
3
)

(4.4)
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In the third sub-step, the GBDF-A algorithm proposed by Dong is employed [127]

and the updates for the GBDF-A algorithm are as follows

u̇n+1 = A(θ1)
∆t/3

un+1 + B(θ1)
∆t/3

un+ 2
3

+ C(θ1)
∆t/3

un+ 1
3

+D(θ1)
∆t/3

un

ün+1 = A(θ2)
∆t/3

u̇n+1 + B(θ2)
∆t/3

u̇n+ 2
3

+ C(θ2)
∆t/3

u̇n+ 1
3

+D(θ2)
∆t/3

u̇n,

(4.5)

where

A(θ) = 11
6
− θ

3

B(θ) = θ − 3

C(θ) = 3
2
− θ

D(θ) = −1
3

+ θ
3

(4.6)
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Figure 4.1 : TTBDF algorithm: (a) region of unconditional stability and (b) contours

of fraction energy loss per period at ∆t
T

= 0.1.
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For analysis and comparison purposes, linear stability analysis is used and the

orthogonality property is invoked to reduce the coupled equations of motion and the

algorithmic equations to a series of uncoupled single-degree-of freedom systems [129].

The single-degree-of-freedom problem is given by

ü+ ω2u = 0 (4.7)

and initial conditions u(0) = 1, u̇(0) = 0, where u is the unknown variable and ω is

the angular frequency of oscillation. Eq. (4.7) is discretized by employing the TTBDF

scheme resulting in an iterative relation as follows.

[un+1, u̇n+1]T = G[un, u̇n]T , (4.8)

where G, the amplification matrix, is given by

G =

 G11 G12∆t

G21
1

∆t
G22

 (4.9)

with

G11 = 1
M

(2θ1(−11 + 2θ2)(1296− 576(ω∆t)2 + 7(ω∆t)4)

+156816− 64512(ω∆t)2 + 1399(ω∆t)4

−2θ2 (14256− 6336(ω∆t)2 + 245(ω∆t)4)

G12 = 2
M

(78408− 6714(ω∆t)2 + 29(ω∆t)4

−108θ1(−11 + 2θ2)(−12 + (ω∆t)2)

−2θ2(7128− 846(ω∆t)2 + 7(ω∆t)4))

G21 = 2(ω∆t)2

M
(−78408 + 6714(ω∆t)2 − 29(ω∆t)4

+(216θ1θ2 − 1188θ2)(−12 + (ω∆t)2)

+2θ1(7128− 846(ω∆t)2 + 7(ω∆t)4))
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G22 = 1
M

(156816− 64512(ω∆t)2 + 1399(ω∆t)4

+(4θ1θ2 − 22θ2)(1296− 576(ω∆t)2 + 7(ω∆t)4)

+2θ1(−14256 + 6336(ω∆t)2 − 245(ω∆t)4))

M = (36 + (ω∆t)2)2(121− 22θ2 + θ1(−22 + 4θ2)

+4(ω∆t)2).

Let ρG(θ1, θ2, ω∆t) be the spectral radius of the amplification matrix for a specific

ω∆t. The maximum spectral radius is defined as

ρmax(θ1, θ2) = max
06ω∆t6∞

ρG(θ1, θ2, ω∆t). (4.10)

An algorithm is unconditionally stable for linear problems if ρmax 6 1 for any time

step size 0 6 ∆t
T

6 ∞, where T is the period of oscillation, T = 2π
ω

. The unshaded

region in Fig. 4.1a shows the region where ρmax 6 1.

Next the effect of θ1 and θ2 on the dissipativity of the TTBDF algorithm is investi-

gated by evaluating the energy loss over time. The total energy of the linear vibration

is defined by Et = 1
2
ω2u2 + 1

2
u̇2. If the initial energy is denoted by E0, the decay over

time is defined by the function, Et = E0e
−γt/T . The constant γ depends on θ1, θ2

and ∆t/T . The fraction of energy loss per period E0−E(t)|t=T

E0
= 1 − e−γ is then used

as a measure of the dissipativity of the algorithm. The contour plot of the fraction of

energy loss shows that the algorithm becomes more dissipative as (θ1, θ2) increase in

the domain of unconditional stability (Fig. 4.1b). In Section 4.3, the simulations are

performed with θ1 = θ2 = 0.75; these values are among the least dissipative of this

class of schemes and therefore, they are preferred, as shown in Fig. 4.2a. The fraction

of energy loss as a function of ∆t
T

for this case is shown in Fig. 4.2b. As expected,
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Figure 4.2 : TTBDF algorithm: (a) area of unconditional stability superposed with

contours of energy loss with θ1 = θ2 = 3/4 (red dot) used in the simulations, (b)

fraction of energy loss for θ1 = θ2 = 3/4.

the amount of dissipation increases as ∆t increases. It is expected that the algorithm

will show increased damping with increased time step in nonlinear problems.

Finally, the properties of the proposed algorithm are compared with those of

other schemes from the BDF class and with composite schemes that have a member

of BDF class as a sub-step. Specifically Bathe’s method [35–38] and the algorithms

proposed by Dong [127], the GBDF-A, GBDF-B, and GBDF-TR methods are chosen

for comparison since they possess numerical dissipation while maintaining accuracy.

Bathe’s algorithm is a two-stage composite method with trapezoidal and backward-

difference used as sub-steps. The GBDF-A is a four-point BDF-like scheme and

the GBDF-B is a five point BDF-like method. The GBDF-TR is a composite two-

stage algorithm that consists of sub-steps using the trapezoidal rule and the GBDF-B
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method. Bathe’s method has no algorithmic parameters. The GBDF-A, GBDF-B,

and GBDF-TR have two algorithmic parameters each; their values (as recommended

by Dong [127]) are listed in Table 4.1. These parameters lead to minimal damping

in linear vibration analysis and to unconditional stability based on linear stability

analysis.

Table 4.1 : Algorithmic Parameters

Algorithms θ1 θ2

GBDF-A 1 0

GBDF-B 1/2 4/5

GBDF-TR 7/9 9/10

TTBDF 3/4 3/4

The algorithmic properties compared are quantities used as measures of the ac-

curacy: the spectral radius, the algorithmic damping ratio, and the relative period

error. The spectral radius is an important measure of numerical dissipation. It is of-

ten necessary to have numerical dissipation in order to eliminate the high-frequency

behavior due to the discretization process while maintaining good accuracy in the low

frequency region. Therefore, a preferred spectral radius has a value close to unity in

the low frequency domain, but approaching zero in the high-frequency range. The

proposed method (TTBDF) has a better spectral radius than other algorithms since

its spectral radius maintains closer to one for larger range of ∆t/T when ∆t/T is

small, and goes to zero when ∆t/T is large, as shown in Fig. 4.3a. The improved

performance can be seen more clearly when comparing the algorithmic damping ra-

tio and relative period error. The algorithmic damping ratio is a measure of the
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numerical dissipation, while the relative period error is a measure of the numerical

dispersion. According to [118, 120], one pair of complex conjugate eigenvalues λa,b of

the amplification matrix can be expressed as

λa,b = exp[ω̄∆t(−ξ̄ ± i)] (4.11)

ξ is the algorithmic damping ratio and (T − T )/T with T = 2π/ω̄ the relative period

error. The algorithmic damping ratios and the relative period errors of the algorithms

investigated are shown in Figs. 4.3b and 4.3c, respectively. The TTBDF method has

less numerical dissipation and smaller period error in low-frequency range compared

to the other algorithms.

The primary motivation for developing the TTBDF integrator came from the rel-

atively poor performance in snap-through analyses of methods that were otherwise

performing very well on standard problems. For such systems whose (physical) re-

sponse can be unstable, one should not consider unconditional stability as the sole

measure of algorithmic stability performance. Instead, consistent stability should be

the goal. It is possible that the real response is divergent and yet the integrator

produces a stable oscillation (shown in [130]). From an engineering perspective, this

case, that was so far ignored, leads to an under-conservative prediction of the re-

sponse. Even though it leads to retrieving the correct stability in the case of stable

systems, unconditional stability does not necessarily imply that the prediction is a

good approximation of the true solution, but only that it remains bounded. Un-

conditionally stable integrators may, when applied to complex systems with multiple

equilibria, predict trajectories that are non-physical and/or greatly underestimate the

severity of the response [75]. Following similar methods with those used in [75, 130],

a bound on the time step size can be determined to enforce the condition that the

algorithm will not predict a stable response for an unstable linear system. The maxi-
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Figure 4.3 : Comparison of: (a) spectral radii, (b) algorithmic damping ratios, (c)

relative period errors of numerically dissipative algorithms, and (d) step time bound

for consistent stability.

mal time steps for the five methods are shown in Fig. 4.3d and demonstrate the good

performance of TTBDF for this criterion as well.

Since the TTBDF method is a three-stage method while the other methods com-

pared are either a one-stage (the GBDF-A and the GBDF-B methods) or two-stage

(the GBDF-TR and Bathe’s methods) methods, each time step of the TTBDF method
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is more expensive. However, often times a larger time step can be used with the

TTBDF method as can be seen in the snap-through example given in Section 4.3.1

and the free moving shell example in Section 4.3.3.

4.3 Representative numerical examples

Systems undergoing snap-through are the main motivation of the development of this

algorithm and are the first examples in this section that demonstrate the robustness of

the TTBDF method. In addition, several other examples are presented to evaluate the

performance of this time integration scheme in solving other numerically challenging

problems involving large deformation, large displacements, and large rotations. The

numerical simulations are performed with Matlab and the Finite Element Analysis

Program (FEAP), a research code developed at UC Berkeley. FEAP includes most

commonly used finite elements and solvers and provides a reliable framework for

developing and implementing new user formulations [74].

4.3.1 Curved beams

Circular arches with clamped supports are investigated to demonstrate the capability

of the proposed integrator in simulating systems undergoing snap-through. The arch

is a thin curved beam, symmetrical, with an angle θ at the supports, and horizontal

projection L (Fig. 4.4). The cross section is rectangular with depth d much larger

than the thickness t.

Two different initial angles θ are considered; the geometry of the two beams is

described in Table 4.2, where M is the initial height of the arch at the midpoint,

κ = 1/R is the curvature of the beam, and θ is the angle at the supports. The

projection length is L = 12 in. (304.8 mm) for all beams, and the thickness is
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Figure 4.4 : Geometry of a curved beam clamped at the supports.

Table 4.2 : Geometry of Curved Beams

Beam Radius R Initial Rise M Curvature κ θ

[mm.] [mm] [1/mm] [rad]

1 762 15.39553 1.312e-3 0.2014

2 3048 3.8124 0.328e-3 0.0500

Table 4.3 : Material properties

Properties Values

Young’s Modulus [N/mm2] 206843

Poisson’s Ratio 0.28

Density [N s2/mm4] 7.83×10−9

t = 0.024 in. (0.6096 mm). A transverse depth d = 0.5 in. (12.7 mm) is used.

Material properties are those of steel, given in Table 4.3. The comparison of the

beams’ curvatures is shown in Fig. 4.5.

For discretization, 2D straight beams with large displacement but without shear

deformation are used [74]. A study on the performance of other elements (2D beam

element with shear deformation, 3D linear displacement formulation, B-bar, and en-



74

-150 -100 -50 0 50 100 150
-50

0

50

X position [mm]

Y
 p

os
iti

on
 [m

m
]

 

 

Beam 1
Beam 2

Figure 4.5 : Initial configurations of the two beams.

hanced formulations, and 3D quadratic element) is presented in [95, 108].

The load is a ramp load applied at the midpoint of the arch. It initially increases

to some value above the snap-through limit, with a loading rate of 1 N/s and then is

kept constant for a certain time. The applied load is as follows:

For beam1, F =


t 0 6 t 6 8

8 8 < t

(4.12)

For beam2, F =


t 0 6 t 6 2

2 2 < t

(4.13)

Fig. 4.6 shows the solutions of Beams 1 and 2 obtained with ∆t = 10−3 s and

∆t = 2×10−4 s, respectively. These time steps are chosen such that the true solution is

obtained [39, 95, 108]. The figure shows that the systems oscillate about their snapped

configuration starting immediately after the snap-through event; the amplitude of

the oscillations decreases over the time interval where the load continues to ramp

up, but then remains constant when the external load is constant. [39] The deformed

configurations of Beams 1 and 2 obtained by the TTBDF algorithm at several different

time instances are shown in Figs. 4.7a and 4.7b respectively. It can be clearly observed
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(a) Beam 1, ∆t = 10−3 s
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(b) Beam 2, ∆t = 2× 10−4 s

Figure 4.6 : Solutions of Beams 1 and 2 obtained using the TTBDF scheme.

that both beams display severe curvature reversals when experiencing dynamic snap-

through buckling.
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(b) Beam 2

Figure 4.7 : Arch configurations obtained by the TTBDF scheme at different times.

The variations of total energy of Beam 1 obtained using the GBDF-A, GBDF-B,

GBDF-TR, Bathe’s method, and the TTBDF, are presented in Fig. 4.8. Fig. 4.8a
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shows the total energy when ∆t = 10−3 s is used. For all algorithms, the energy

decreases when the arch snaps-through; the TTBDF method gives the smallest dis-

sipation. The total energy for the TTBDF method decreases slightly at the snap-

through point and then stays constant in the region where the external load remains

constant. The GBDF-A, GBDF-B, GBDF-TR and Bathe’s method result in a sim-

ilar amount of decrease in total energy due to the numerical damping although the

GBDF-TR damps at a slower rate in the beginning. The amount of damping in these

four methods is much larger than that of the TTBDF method.

The TTBDF method consists of three sub-steps, while the other methods only

have one (the GBDF-A and GBDF-B methods) or two sub-steps (the GBDF-TR and

Bathe’s methods). Thus, it might be argued that the TTBDF method results in

the smallest dissipation due to a smaller time step size of each sub-step. Therefore,

the performance of these integrators is compared for equal sub-step size (same total

number of system solves or matrix inversions). Each sub-step in the TTBDF method

is performed with δt = ∆t/3 =1/3× 10−3 s. To ensure a fair comparison, the GBDF-

A and GBDF-B methods (one sub-step), will use ∆t= δt. The GBDF-TR and Bathe’s

methods (two sub-steps), are performed with ∆t = 2δt = 2/3 × 10−3 s. The total

energy of these algorithms is shown in Fig. 4.8b. The figure indicates a slower rate in

the decrease of energy for one sub-step and two sub-steps methods than that shown

in Fig. 4.8a. Bathe’s method results in the fastest and largest decrease of energy,

followed by the GBDF-A, GBDF-TR, GBDF-B, and the TTBDF method.

The amplitude decay of the response presented in Fig. 4.9 show the effect of the

algorithmic damping for each algorithm. The response obtained using the TTBDF

method is constant during the period of constant load while responses obtained with

other algorithms show a significant amount of damping. It can be concluded that the
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proposed method has the best performance compared with other algorithms for this

problem as it has the smallest dissipation, therefore the accuracy is not compromised.
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(a) ∆t = 1× 10−3 s
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(b) δt = 1/3× 10−3 s

Figure 4.8 : Total energy of Beam 1 obtained using the TTBDF scheme, the GBDF-A,

GBDF-B, GBDF-TR, and Bathe’s method.
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(a) ∆t = 1× 10−3 s
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(b) δt = 1/3× 10−3 s

Figure 4.9 : Amplitude decay of Beam 1 obtained using the TTBDF scheme, the

GBDF-A, GBDF-B, GBDF-TR, and Bathe’s method.
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(a) ∆t = 2× 10−4 s
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(b) δt = 2/3× 10−4 s

Figure 4.10 : Total energy of Beam 2 obtained using the TTBDF scheme, the GBDF-

A, GBDF-B, GBDF-TR, and Bathe’s method.
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(a) ∆t = 2× 10−4 s
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(b) δt = 2/3× 10−4 s

Figure 4.11 : Amplitude decay of Beam 2 obtained using the TTBDF scheme, the

GBDF-A, GBDF-B, GBDF-TR, and Bathe’s method.

Similar analysis is performed for Beam 2, a shallower arch than Beam 1. In

Fig. 4.10a, the total energy obtained with ∆t = 2 × 10−4 s for various algorithms
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is presented. For this beam, the GBDF-A shows the largest dissipation initially,

followed by the GBDF-B method. Bathe’s method shows a large jump in dissipation

at around t = 18 s. The GBDF-A and the GBDF-B have similar dissipation right

after snap-through, however, the energy of the GBDF-A method decreases at a faster

rate. The TTBDF and the GBDF-TR methods have the best performance.

Fig. 4.10b compares the total energy when each sub-step of all the methods is

performed with δt = 2/3 × 10−4 s for a fair comparison of computational effort.

Bathe’s method shows the largest amount of dissipation, while the GBDF-B, GBDF-

TR, GBDF-A and TTBDF methods are fairly similar in performance. Overall, the

dissipation is quite small for this shallower arch.

The dissipation can be seen in the amplitude decay of the response presented in

Fig. 4.11. For ∆t = 2 × 10−4 s, the responses obtained using the TTBDF method

and the GBDF-TR method show the least amount of amplitude decay. For simula-

tions with δt = 2/3 × 10−4, all algorithms except Bathe’s method have a very small

dissipation.

This example shows that the proposed method is capable of simulating arches un-

dergoing snap-through. The simulations are stable and for taller arches, this method

results in smaller dissipation than all the other methods investigated here. This ad-

vantage is not only shown when the same time step size in each step ∆t is used but

also when the same time step size for each sub-step δt is used. For shallower arches,

the differences between methods are less significant. Therefore, it can be concluded

that the TTBDF algorithm is robust and introduces minimal dissipation in the sim-

ulations of curved beams in general and is the most efficient among the algorithms

examined in the case of taller arches.
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4.3.2 Pendulums

Numerical examples of a rigid and a deformable pendulum are considered here to

demonstrate the capability of the TTBDF method in the transient analysis of 2D

nonlinear dynamic systems with large deformations. These two examples were con-

sidered in [37] to show the effectiveness of Bathe’s composite method.

Rigid pendulum

A vertical pendulum pined at the upper end, with axial stiffness EA0 = 1010 N, den-

sity ρA0 = 6.57 kg/m, and length l0 = 3.0443 m, is subjected to an initial horizontal

velocity (v0 = 7.72 m/s) and radial acceleration (a0 = 19.6m/s2) at its free end. The

pendulum displays an almost rigid-body rotation due to the large axial stiffness.

The performance of the TTBDF and Bathe’s method is evaluated by comparing

the amplitude and period errors of the vertical displacement and velocity for four

different time steps (∆t = 0.05 s, 0.1 s, 0.2 s, and 0.4 s) at t = 50 s. Solutions

obtained with a very small time step ∆t = 0.01 s are used as reference values to

calculate these errors.

The amplitude errors of the vertical displacement, resulting from using these two

methods are very small, less than 0.6% for the largest time step (Fig. 4.12a). How-

ever, Bathe’s method produces much larger period errors than the TTBDF method

(Fig 4.12b). The period errors of Bathe’s method become unreasonably large (47.15%

for ∆t = 0.4 s) at large time steps, while the errors of the TTBDF method are still

very small (less than 1.5% for ∆t = 0.4 s). An obvious period elongation for Bathe’s

method over the TTBDF method at ∆t = 0.4 s can be clearly observed in Fig. 4.13a.

The amplitude errors of Bathe’s method in evaluating the vertical velocity become

much larger than those of the TTBDF method (Fig. 4.14a). For large time steps, the
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(a) Amplitude errors
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(b) Period errors

Figure 4.12 : Amplitude and period errors of the vertical displacement of the rigid

pendulum.
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(a) Vertical displacement responses
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(b) Vertical velocity responses

Figure 4.13 : Vertical displacement and velocity responses of the rigid pendulum for

∆t = 0.4 s.

amplitude errors of Bathe’s method are unacceptably large (29.93% for ∆t = 0.4 s),

while the TTBDF method still results in very small amplitude errors (less than 0.36%

for ∆t = 0.4 s). A significant amplitude decay for Bathe’s method over the TTBDF

method can be identified at ∆t = 0.4 s in Fig. 4.13b. The period errors of the velocity
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(Fig 4.14b) are similar to those errors of the displacement (Fig 4.12b).
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(a) Amplitude errors
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(b) Period errors

Figure 4.14 : Amplitude and period errors of the vertical velocity of the rigid pendu-

lum.

Elastic pendulum

The elastic pendulum has the same initial length and density as the rigid one, but

different axial stiffness (EA0 = 104 N). The initial horizontal velocity of the elastic

beam is v0 = 7.72 m/s and its initial vertical acceleration is a0 = 0 m/s2.

The displacement and velocity amplitude and period errors of both methods for

the elastic pendulum (Figs. 4.15 and 4.16) have similar patterns to those observed in

the analysis of the rigid pendulum (Figs. 4.12 and 4.14).

The examples on rigid and elastic pendulums show that the TTBDF method

produces stable and accurate solutions in simulating 2D nonlinear dynamic systems

with either large rigid-body rotations or elastic displacements. Although Bathe’s

method leads to stable solutions, it introduces too much numerical damping at large

time steps leading to inaccurate results.
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(a) amplitude errors
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(b) period errors

Figure 4.15 : Amplitude and period errors of the vertical displacement of the elastic

pendulum.
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(a) amplitude errors
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(b) period errors

Figure 4.16 : Amplitude and period errors of the vertical velocity of the elastic pen-

dulum.

4.3.3 Structures with large 3D rotations

To evaluate the performance of the TTBDF method in simulating nonlinear dynamic

systems with large 3D rotations, a free moving cylindrical panel, and a rigid and

a deformable 3D L-shaped blocks are investigated in this section. The free moving
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panel was utilized by Sansour et al. [128] to illustrate the performance of the energy-

momentum time integrator they proposed and the L-shaped blocks were adopted by

Dong [127] to demonstrate the capabilities of the GBDF-A, GBDF-B, and GBDF-TR

algorithms.

Free moving cylindrical panel

A cylindrical panel subjected to two equal forces that are in positive y and z directions

is considered (Fig. 4.17). The applied force F (t) varies as follow:

F (t) =



2× 105t 0 6 t < 0.005,

2000− 2× 105t 0.005 6 t < 0.01,

0 0.01 6 t.

(4.14)

Fig 4.18 shows the total energy of the panel for 0 6 t 6 0.1. The total energy of the

system conserves well after the external force becomes zero. The solid line represents

the solution calculated by the TTBDF algorithm with ∆t = 2× 10−4, while the cross

markers denote the results calculated by the energy-momentum method in [128] but

with a much smaller time step ∆t = 1 × 10−5. Although the TTBDF has three

sub-steps in one time step, the time step that can be used by the TTBDF scheme is

20 times larger than the one for the energy-momentum method in [128] leading to a

lower total computational cost of the TTBDF algorithm.

The snapshots of the panel configurations obtained by the TTBDF scheme at six

different time sequences are shown in Fig. 4.19. This panel displays large overall 3D

translations and rotations; the TTBDF method performs very well for this problem.
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Figure 4.17 : Geometry and material properties of the cylindrical panel
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Figure 4.18 : Total energy of the cylindrical panel

Rigid L-shaped block

The initial undeformed configuration, dimensions and loading conditions of the L-

shaped block are shown in Fig. 4.20. Two transient traction forces defined by Eq.

4.15 are applied at the two end faces of the block.
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Figure 4.19 : Snapshots of the cylindrical panel obtained by TTBDF with ∆t =

2× 10−4.

F1(t) = −F2(t) = (150, 300, 450)p(t)

p(t) =



t 0 6 t < 2.5,

5− t 2.5 6 t < 5,

0 5 6 t.

(4.15)

Since the total applied force is zero, the block will simply tumble in space with

no net displacement of its center of mass. Like in [127], the units of all model param-

eters are disregarded (they are assumed to be consistent). Four 27-node continuum

elements are used for the spatial discretization of this L-shaped block. The mate-

rial of the rigid block is described by the Neo-Hookean law with Young’s modulus E

= 5× 1010, Poisson’s ratio ν = 0.3, and density ρ = 1000.
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Figure 4.20 : Three-dimensional L-shaped Block
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(a) ∆t = 0.25
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(b) ∆t = 1.5

Figure 4.21 : Total energy of the rigid L-shaped block.

For each time step, long-time (up to t = 1000) simulations are conducted for

all methods. A very small time step ∆t = 0.01 is used in the initial loading stage

(0 6 t 6 5) for all simulations so that the total energy levels of all five algorithms
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Figure 4.22 : Snapshots of the rigid L-shaped block obtained by TTBDF with ∆t =

1.5.

are very close at the end of the loading stage. For a small time step ∆t = 0.25, the

total energy curves of all algorithms are very similar over the entire simulation time

(Fig. 4.21a). When a much larger time step ∆t = 1.5 is used, the GBDF-TR and

Bathe’s methods become unstable, while the other three methods are still stable and

the TTBDF method has the least energy decay (Fig. 4.21b).

Fig. 4.22 shows snapshots of the rigid 3D block, which are obtained by the TTBDF

method (∆t = 1.5) at six different time sequences t = 0 , 9 , 18 , 27 , 36 and 45. It can

be seen that this rigid L-shaped block has large three-dimensional rotations. The

TTBDF method performs well for this problem even at large time steps.
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Deformable L-shaped block

The deformable block has Young’s modulus E = 5× 104, Poisson’s ratio ν = 0.3, and

density ρ = 1000. Similar to the rigid block, a very small time step ∆t = 0.01 is

used in the initial loading stage to guarantee similar total energy levels at the end of

loading stage.

For a small time step ∆t = 0.25, the TTBDF method has the least energy de-

cay, closely followed by the GBDF-TR method (Fig. 4.23a). For a larger time step

∆t = 1.0, the TTBDF method has significantly less energy dissipation than all other

methods (Fig. 4.23b).

Some snapshots of the deformable 3D block are shown in Fig. 4.24. These snap-

shots are obtained by the TTBDF method with ∆t = 1.0 at six different time in-

stances t = 0 , 10 , 20 , 30 , 40 and 50. One can observe that this deformable L-shaped

block has large overall 3D deformations and rotations.
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(b) ∆t = 1.0

Figure 4.23 : Total energy of the deformable L-shaped block.

It can be concluded that at large time steps, the TTBDF method not only re-
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Figure 4.24 : Snapshots of the deformable L-shaped block obtained by TTBDF with

∆t = 1.0.

sults in stable solutions but has much less energy dissipation than the three GBDF

algorithms and Bathe’s method, when simulating the 3D nonlinear dynamic systems

involving either large rigid-body motions or elastic displacements. The more effec-

tive numerical dissipation of the TTBDF method over these composite algorithms is

clearly demonstrated.

4.4 Summary

Motivated by overcoming the numerical difficulties in simulating dynamic snap-through,

a new composite scheme TTBDF that employs a similar strategy to that of Bathe’s

methods [35–38] is introduced in this chapter. This composite algorithm was initially
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proposed by Chandra [39] and this chapter contributes with performing theoretical

analyses of stability and dissipation properties, and evaluting the improved numerical

qualities on representative examples. The algorithm has three equal sub-steps with

the first and second sub-steps using the trapezoidal rule and the last sub-step using a

three-point BDF-like scheme [127]. The proposed method significantly improves accu-

racy and computational efficiency in simulating structures undergoing snap-through

when compared to other methods with similar approach, as shown through the ex-

amples in this chapter.

The performance of the proposed method on free moving shells and rigid and

deformable L-shaped blocks and on pendulum problems was also tested. The exam-

ples presented show the reliability and effectiveness of the TTBDF method in solving

large deformation, large displacement and rotation problems. Comparison with other

schemes from the BDF class and composite schemes that have a member of BDF

class as a sub-step show that TTBDF method is numerically stable and often more

efficient.
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Chapter 5

Dynamic stability boundaries

An important step in the design of reusable hypersonic vehicles is to quickly predict

the geometries, boundary conditions and loading parameters that lead to extreme

responses detrimental to the service life of the air vehicles. For the curved struc-

tural components used in these air vehicles, it is very helpful to effectively obtain

the dynamic stability boundaries that separate small-amplitude non-snap and large-

amplitude post-snap responses in the space of dynamic loading parameters for differ-

ent configurations and boundary conditions. In Chapter 4, a robust and efficient time

integrator has been introduced for transient simulation of dynamic snap-through. It

could be used to perform parametric studies to explore dynamic stability bound-

aries for different parameters. However, this brute force approach to obtain dynamic

stability boundaries requires extensive transient simulations that result in very high

computational cost, difficult to afford even with the most advanced time integration

schemes for snap-through.

5.1 Introduction

Dynamic snap-through is a highly nonlinear problem that usually cannot be solved

analytically. Therefore, numerical integration approaches have been used to investi-

gate the dynamic snap-through of curved beams and panels. A great portion of these

efforts focus on structures subjected to impulse loads, suddenly applied step loads, or
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ramp loads [131–142]. These studies examined the effects of geometric imperfections

[131, 139], boundary conditions [131], physical damping [132, 136, 140], asymmet-

ric responses [132–134], different initial arch shapes [139], asymmetric perturbations

[140], the spatial distributions of an applied load [135, 137], load duration [131, 138],

and loading rates [141, 142] on dynamic snap-through. Numerical integration meth-

ods have also been used to study the dynamic snap-through of structures under

harmonic loads. Plaut and Hsieh [143] investigated the effects of a two-frequency

harmonic excitation on the dynamic snap-through of curved beams. Chandra et al.

proposed a numerical framework [144] and a combined experimental-computational

framework [145] to study the dynamic snap-through of harmonically excited shallow

arches. Gonçalves and Prado [146] analyzed the influences of non-linear modal inter-

actions on the dynamic snap-through of cylindrical shells. In addition, a considerable

amount of research was directed at investigations of dynamic parametric instability of

structures under axial harmonic loads [147–151], which is a different type of dynamic

instability and does not make the object of our current study.

Unlike impulse loads or suddenly applied step loads, the dynamic stability bound-

ary of a structure under harmonic loads consists of dynamic snap-through buckling

loads for different excitation frequencies. When numerical integration methods are

used to obtain the stability boundary of a structure under harmonic loads, a num-

ber of transient simulations have to be performed for each excitation frequency and

the total number of transient simulations required for all excitation frequencies can

be large (several hundred or thousand transient simulations depending on the range

of interesting parameters and on the desired diagram resolution). Moreover, in the

design of curved structures, it is necessary to obtain a new stability boundary each

time when the design configuration is modified. However, the direct identification of
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another stability boundary of the structure with modified properties requires another

costly set of computations. This brute force way to obtain the dynamic stability

boundaries is inefficient and can significantly delay the design process.

To avoid the high computational cost, researchers have developed energy ap-

proaches to study the dynamic snap-through of shallow arches without numerically

solving the non-linear differential equations of motion. Hoff and Bruce [152] proposed

an energy method in which the condition that the contour of the total potential en-

ergy passes through the system’s saddle point identifies the initiation of dynamic

snap-through. Hsu [153–156] rigorously derived a sufficient condition for avoiding

dynamic snap-through and used this theory to study the effects of initial thrust, elas-

tic supports and spatial distributions of the applied force on the dynamic stability

of curved beams. Simitses [157] presented an approach based on the conservation

of total energy, which can be used to obtain sufficient conditions for stability and

instability. More recently, Chen et al. [158–163] introduced an energy approach to

obtain the sufficient condition to avoid dynamic snap-through of shallow arches. They

argued that if the total energy transferred to the arch is smaller than the minimum

energy barrier between separated stable equilibrium positions, the arch cannot snap

dynamically. Pi and Bradford [107, 164–167] used the approach of energy conservation

to derive the lower and upper dynamic buckling boundaries for shallow arches with

different boundary conditions and loading types. Kounadis and co-workers [168–174]

introduced energy based geometric methods to study the dynamic buckling of discrete

systems, approaches that can be extended to continuous systems. Other related work

using energy approaches can be found in [175, 176].

Although energy approaches do not require integrating the non-linear differential

equations of motion, many lead to very conservative results [135, 139, 177] and have
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difficulties incorporating physical damping effects. Moreover, energy approaches are

currently only applicable to impulse loads and suddenly applied step loads (not appli-

cable to harmonic excitations and more complex dynamic loads) since such methods

require that the system analyzed has a total potential energy that does not vary with

time for a specific dynamic forcing amplitude.

In this chapter, we aim to provide a procedure to quickly determine the dynamic

snap-through boundaries of slender curved structures subjected to harmonic loads. A

scaling approach based on normalizing dynamic forcing amplitudes by static buckling

loads and dynamic forcing frequencies by the linear natural frequencies of first sym-

metric modes, is proposed to characterize the connections between different dynamic

snap-through boundaries of structures with varied properties. It is found that the

snap-through boundaries after scaling are alike in shape and closely overlap for cer-

tain range of forcing parameters. With this finding, only one dynamic snap-through

boundary needs to be obtained by performing transient simulations and other dy-

namic stability boundaries of the structures with modified geometric parameters or

boundary conditions can be directly estimated without running additional costly tran-

sient simulations, thus significantly reducing the computational cost. The proposed

scaling approach is demonstrated to work effectively for the initially symmetric arches

and panels with certain rises and thicknesses of which the linear natural frequencies

of their first symmetric modes are the lowest or slightly larger than the lowest ones.

5.2 The scaling approach

In this section, we briefly introduce the proposed scaling approach that identifies the

important features of dynamic stability boundaries.

Fig. 5.1 shows a schematic representation of one scaled snap-through boundary in
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scaled snap-through 
        boundary

 fsym1f /

 λ
/λ

cr

Figure 5.1 : A schematic diagram of the scaled snap-through boundary.

the space of forcing parameters when a structure is subjected to a harmonic excitation

λ sin(2πft). Here λ represents the dynamic forcing amplitude and λcr denotes the

static buckling load of the structure; f represents the excitation forcing frequency

and fsym1 is the linear natural frequency of the first symmetric mode. In the scaling,

the dynamic forcing amplitudes and frequencies are normalized: λ/λcr and f/fsym1.

The static buckling load (either a limit or bifurcation load) is a good choice for

the scaling of dynamic forcing amplitudes since a structure’s static behavior provides

some insightful information about its dynamic responses. The ratio of the dynamic

to static buckling load should be below 1 when the excitation frequency is between 0

and the linear frequency of the fundamental resonance mode. For the scaling of dy-

namic forcing frequencies, the linear natural frequency of the first symmetric mode is

a reasonable candidate for the systems whose responses are dominated by this mode.

We find that the structures whose static buckling loads are equal to or a little smaller

than the limit-point loads often satisfy such condition. When a structure loses stabil-

ity at a limit point, the first symmetric mode is the system’s fundamental resonance
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mode and dominates the deformations. When a structure snaps asymmetrically at a

bifurcation point and the bifurcation load is close to the limit-point load, the linear

frequency of the first symmetric mode is also used to normalize the dynamic forc-

ing frequencies because the dominant deformation mode of the asymmetric post-snap

oscillations in this case is still the first symmetric mode. When a structure’s static

buckling load is substantially smaller than the limit-point loads, our proposed scaling

approach becomes less effective since the first asymmetric mode and other higher

modes now significantly contribute to the deformations.

5.3 Application to specific examples

The proposed scaling approach is applied to half-sine arches, parabolic arches and

cylindrical panels when they are subjected to dynamic loads that vary sinusoidally in

time. A mass-proportional damping (C = αM), commonly used in the simulations

of structural dynamics [75], is adopted to model physical damping. The value of α

is determined by assuming the damping ratio of the first symmetric mode equal to

0.2% for each case.

5.3.1 Shallow arches

For the purpose of generating more data to validate the similarities of snap-through

boundaries, a lower-order model (LOM) is used to analyze pinned-pinned shallow

arches that are under a concentrated load at the midspan (Fig. 5.2). The arches

are assumed to be elastic, isotropic and homogeneous. A large deformation Euler-

Bernoulli beam theory is used to model the geometric nonlinearity. In Fig. 5.2, ρ and

E denotes the density and Young’s modulus respectively; A and I are the area and

the moment of inertia of the cross section respectively; H and L represent the rise
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and horizontal span respectively.

x

y
ρ,E,A,I

L

H

F

Figure 5.2 : A shallow arch under a point load at its midspan.

The LOM is obtained by some simple modifications of the derivations in [20] and

consequently it will not be elaborated here. After a convergence study and comparing

with finite element analysis (FEA), the LOM with 10 sine-terms is used for the

following studies and gives accurate results for both static and dynamic responses.

When a shallow arch has a non-dimensional rise h, the initial dimensionless con-

figuration for a half-sine and a parabolic arch can be written as

u0(ξ) =


h sin ξ the half-sine arch,∑n

i=1

32h

π3(2i− 1)3
sin(2i− 1)ξ the parabolic arch.

It should be noted that the dimensionless height h is equal to the physical rise (H)

divided by the the radius of the gyration (r) of the cross section which is proportional

to the thickness [20]. Therefore, increasing the value of the non-dimensional rise is

equivalent to either increasing the physical rise or decreasing the physical thickness.

Before performing transient analyses, it is necessary to obtain the static buckling

loads and the linear natural frequencies of first symmetric mode since they will be
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Figure 5.3 : Equilibrium paths of half-sine arches with different non-dimensional rises

h. Primary path from LOM, Bifurcated path from LOM, Results from FEA.

L1a and L1b represent limit points, while B1a and B1b denote bifurcation points.

used to scale the dynamic snap-through boundaries. Figs. 5.3 and 5.4 show the

equilibrium paths of half-sine and parabolic arches respectively when the initial non-

dimensional rise is varied. It can be seen that the results from the LOM (solid

and dashed lines) match well with those from the FEA (square markers) for both

types of arches. The material properties and geometric parameters of these arches

used in the FEA are shown in Tables 5.1-5.4. All finite element simulations are

performed with the large-deformation Euler-Bernoulli beam element in the Finite

Element Analysis Program (FEAP) [74], a research code that includes most commonly
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Figure 5.4 : Equilibrium paths of parabolic arches with different dimensionless rises

h. Primary path from LOM, Bifurcated path from LOM, Results from FEA.

L1a and L1b represent limit points, while B1a and B1b denote bifurcation points.

used finite element algorithms. The numerical procedure introduced in [19] is used in

the FEA to calculate the bifurcated equilibrium paths (square markers on the dashed

lines).

Statically, a structure loses stability at the first encountered critical point when

the applied load is increased. The critical points, where the structure’s stiffness

is singular, can be further differentiated as limit points (locations with zero load

variation or tangent on an equilibrium path) and bifurcation points (locations where

the primary and bifurcated path intersect on an equilibrium path). In nonlinear
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Table 5.1 : Material properties of shallow arches used in FEA

Parameters Values

Poisson’s ratio 0.28

Density (kg/m3) 7800

Young’s Modulus (MPa) 207 000

Table 5.2 : Unchanged dimensions of shallow arches used in FEA

Parameters Values

Thickness (mm) 1.00

Width (mm) 12.00

Horizontal span (mm) 600

Table 5.3 : Rises and rise-to-span ratios of half-sine arches used in FEA

H(mm) 0.771 0.961 1.233 1.308 1.501 1.617

H/L (10−3) 1.300 1.602 2.054 2.180 2.502 2.694

Table 5.4 : Rises and rise-to-span ratios of parabolic arches used in FEA

H(mm) 0.759 0.956 1.262 1.371 1.631 1.781

H/L (10−3) 1.265 1.593 2.103 2.285 2.718 2.969

buckling analyses, an initially symmetric structure can buckle symmetrically at a limit

point or asymmetrically at a bifurcation point depending on the system’s properties

such as its rise and thickness. Detailed discussions about critical points and symmetric
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or asymmetric buckling can be found in [19]. Comparing Figs. 5.3 and 5.4, we can

see that these half-sine and parabolic arches have similar static buckling and post-

buckling behaviors, which can be classified into three different groups. In the first

group (Figs. 5.3a, 5.3b, 5.4a and 5.4b), one pair of limit points (L1a and L1b) exist

on the equilibrium path. The load of the first reached limit-point L1a is the static

buckling load and will be used to scale dynamic forcing amplitudes. Figs. 5.3c, 5.3d,

5.4c, and 5.4d show that the equilibrium states have one pair of limit points (L1a

and L1b) and bifurcation points (B1a and B1b). The arches in this group also display

limit-point buckling since the limit point L1a is still the first reached critical point on

the equilibrium path. The corresponding limit-point buckling load of L1a will be used

for the normalization of dynamic forcing amplitudes. The last group (Figs. 5.3e, 5.3f,

5.4e, and 5.4f) includes cases for which the first bifurcation point B1a occurs before

the first limit point L1a. The arches in this group buckles asymmetrically at the first

encountered bifurcation point B1a and the load of this critical point B1a will be the

one adopted in the scaling of dynamic forcing amplitudes.

The non-dimensional linear natural frequencies of the first symmetric and asym-

metric modes of half-sine and parabolic arches are shown in Fig. 5.5 for different

dimensionless rises. The solid and dashed lines represent the frequencies of the sym-

metric and asymmetric modes calculated from the LOM respectively. The square

markers denote the results obtained from the FEA for the arches whose equilibrium

states are shown in Figs. 5.3 and 5.4. The solutions from the LOM match closely with

those from the FEA. Like the equilibrium states, half-sine and parabolic arches also

have similar varying patterns in the linear natural frequencies as the non-dimensional

rise is changed. The frequency of the symmetric mode fsym1 significantly increases,

but the frequency of the asymmetric mode fasym1 barely varies, when the rise of the
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Figure 5.5 : The dimensionless linear natural frequencies of the first symmetric and

asymmetric modes of half-sine and parabolic arches for different non-dimensional

rises. Frequencies of symmetric mode from LOM, Frequencies of asymmetric

mode from LOM, Solutions from FEA.

arches is increased. For structures with relatively small rises that display limit-point

buckling, the linear natural frequencies of the symmetric mode fsym1 are well below

those of the asymmetric mode fasym1. When arches with relatively high rises buckle

asymmetrically at a bifurcation point, the frequencies of the first asymmetric mode

fasym1 are close to the frequencies of the first symmetric mode. The linear natural

frequencies of the first symmetric mode are still used to scale the dynamic forcing

frequencies. The reason is that the primary deformation mode of the post-snap re-

sponse is still the lowest symmetric mode even for the cases whose frequencies of

the asymmetric mode are slightly smaller than those of the symmetric mode, which

will be demonstrated later by the comparison of the mode coefficients of asymmetric

post-snap responses. The discussions of the structures with much higher rises will be
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presented at the end of this chapter.
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(a) Half-sine arch (λ = 10, f = 0.45)
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Figure 5.6 : Two post-snap transient responses of the half-sine with h=5.60 and

parabolic arch with h=6.17.
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Figure 5.7 : Mode coefficient comparison of two post-snap responses shown in Fig. 5.6.

α1 represents the first symmetric mode coefficient while α2 denotes the first asym-

metric mode coefficient.
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In the transient analysis, we are not interested in the cases where the dynamic

snap-through buckling loads are larger than the static buckling loads since the static

buckling governs the instability behavior for these cases. Therefore, the excitation

forcing amplitude λ is varied from 0 to the static buckling load and the excitation

forcing frequency f is varied from 0 to a value whose dynamic buckling load is close

to the static buckling load, which we find is about 1.4 times of the linear natural

frequency of the first symmetric mode fsym1. When the excitation forcing frequency

is larger than 1.4 times of fsym1, the dynamic buckling loads are usually larger than

the static buckling loads, which are less important and outside the interest of the

current work. Fig. 5.6 shows two post-snap steady state responses of the half-sine

arch with h=5.60 and the parabolic arch with h=6.17. An excellent match between

the solutions calculated from LOM (solid line) and FEA (square markers) can be

observed. Two steady-state periodic responses are chosen for this quantitative com-

parison because chaotic responses from LOM and FEA will inevitably have obviously

quantitative differences in their long-term behavior. Note the half-sine and parabolic

arches with these two relatively high non-dimensional rises dynamically snap-through

asymmetrically since they both display asymmetric bifurcation buckling in their static

behavior (Fig. 5.3f and Fig. 5.4f). This can be further confirmed by the contribution

of asymmetric modes to the post-snap responses illustrated by non-zero values of

the first asymmetric mode coefficient α2 (dashed lines), which together with the first

symmetric mode coefficient α1 (solid lines) are shown in Fig. 5.7. More interestingly,

we can see that the amplitude of the first symmetric mode coefficient α1 is much

larger than that of the first asymmetric mode coefficient α2, indicating that the first

symmetric mode is still the dominant deformation mode even when these arches dy-

namically snap-through asymmetrically. Therefore, the linear natural frequency of
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the first symmetric mode fsym1 is used for scaling even when arches with relatively

high rises that snap-through asymmetrically and whose lowest mode is asymmetric.
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Figure 5.8 : The scaled snap-through boundaries of half-sine and parabolic arches.

The close match between LOM and FEA for the static and dynamic snap-through

responses gives us confidence in this LOM of shallow arches. Using the LOM and

the scaling approach described before, we obtain the scaled snap-through boundaries

of the half-sine arches (Fig. 5.8a) and parabolic arches (Fig. 5.8b) for different non-

dimensional rises h. For each stability boundary, 560 different transient simulations

are performed. Although these half-sine or parabolic arches have different static

buckling loads and linear frequencies of their first symmetric mode, the scaled dynamic

stability boundaries of either type of arch have very similar V shapes and are almost

on top of each other when the excitation frequency is between 0 and 1.4 times the

linear frequency of the first symmetric mode when the dynamic bucking loads are

approximate the static buckling loads. Therefore, when it is necessary to identify

multiple dynamic snap-through boundaries of shallow arches with varied properties
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such as rises or thicknesses (increasing the non-dimensional rise h is equivalent to

either increase the physical rise or decrease the physical thickness), we only need to

calculate one dynamic snap-through boundary by performing transient simulations

and other snap-through boundaries can be approximately obtained without the need

to perform additional large numbers of transient simulations. Only the static buckling

loads and the linear frequencies of the first symmetric modes need to be known, but

they can be easily obtained with much less computation cost than performing large

sets of transient simulations.

From these scaled stability boundaries, we can observe that the lowest dynamic

buckling loads are only about 0.15 or 0.2 of their static buckling loads, demonstrating

the importance of identifying dynamic buckling loads. All these lowest dynamic

buckling loads occur when the scaled forcing frequencies (f/fsym1) are from 0.85

to 0.9, indicating the existence of a softening non-linearity with respect to the first

symmetric mode, which is often expected for initially curved beams. In addition, when

the excitation frequency is very close to 0, the scaled dynamic buckling loads (λ/λcr)

of all arches are approximately 1, which is also as expected because the dynamic effect

in this situation is very small and the dynamic buckling loads should be close to the

static buckling loads.

Fig. 5.9 shows all scaled dynamic snap-through boundaries of half-sine and parabolic

arches together. We can find that the scaled dynamic stability boundaries of these

two different types of shallow arches are actually alike, suggesting that the dynamic

snap-through boundary of a half-sine arch can be used to directly estimate that of a

parabolic arch, and vice versa.
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Figure 5.9 : A comparison of the scaled stability boundaries of shallow arches.

5.3.2 Cylindrical panels

Here, the scaling approach is applied to cylindrical panels (Fig. 5.10), another com-

monly used curved structure. The panel considered here is subjected to a uniformly

distributed load in the vertical (z) direction. Its two longitudinal straight edges are

pinned-pinned while its two circumferential edges are free of constraints. The material

and geometric parameters are chosen to match those of a popular benchmark example

[19, 40–49], except for the rise (H) and thickness (t) which will be varied in the follow-

ing studies. Only FEA is used here for the static and dynamic buckling analyses of

cylindrical panels because a LOM that correctly captures the snap-through buckling

is more difficult to obtain for curved panels than for shallow arches.

Fig. 5.11 shows the equilibrium paths of the cylindrical panels when the rise (H)

is increased but the thickness (t) is held constant at 6.35 mm; Fig. 5.12 shows the

equilibrium paths when the thickness (t) is decreased but the rise (H) is kept constant

as 5.08 mm. The solid line represents the primary equilibrium states and different

types of markers denote the bifurcated equilibrium states, which are obtained from

FEA. It can be found that increasing the rise of the cylindrical panels has the same
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Figure 5.10 : The cylindrical panel.

effect on their buckling and post-buckling behavior as decreasing the thickness of these

panels. Similar to shallow arches, cylindrical panels have one pair of limit points (L1a

and L1b) for a relatively small rise or large thickness (Fig. 5.11a and 5.12a). When

the rise of the panel is increased or the thickness of the panel is decreased, the first

bifurcation point (B1a) initially appears after the first limit point (L1a) and then

moves before the first limit point, indicating that the loss of stability changes from

the limit-point buckling to the bifurcation buckling. Unlike shallow arches, cylindrical

panels have two additional bifurcated branches due to the presence of multiple anti-

symmetries. The bifurcated buckling mode shapes of all these branches are illustrated

in Fig. 5.11d and 5.12d. The static buckling and post-buckling behavior of this type

of cylindrical panel subjected to a concentrated load was extensively discussed in [19].

As just discussed, the equilibrium states of these cylindrical panels have three

asymmetric modes that control the bifurcated branches. Therefore, the linear natural

frequencies of the first symmetric and three lowest asymmetric modes are calculated

by FEA and shown in Fig. 5.13a and Fig. 5.13b respectively for different rises and

thicknesses. The shapes of these three asymmetric modes are also displayed in these
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Figure 5.11 : Equilibrium paths obtained from FEA for cylindrical panels with a

thickness t=6.35mm but different rises H.

two plots. The linear natural frequencies of the first symmetric and asymmetric modes

greatly increase when the rise of the panel becomes larger, but slightly decrease when

the thickness of the panel becomes smaller. In contrast, the linear frequencies of the

second and third asymmetric modes barely change when the rise of the panel becomes

larger, but significantly decrease when the thickness of the panel becomes smaller.

Using FEA and the same scaling approach as the one applied to shallow arches,
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Figure 5.12 : Equilibrium paths obtained from FEA when the thickness of the panel

is varied but its rise H=5.08mm.

we obtain the scaled snap-through boundaries of cylindrical panels when their rise

is increased or thickness is decreased, which are shown in Fig. 5.14a and Fig. 5.14b

respectively. Similar to shallow arches, the scaled snap-through boundaries of cylin-

drical panels also closely located on a zigzagged V shape profile in the range of

dynamic forcing frequencies where the dynamic buckling loads are equal or smaller

than the static buckling loads. Based on this crucial feature identified by the scaling
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Figure 5.13 : The linear natural frequencies, obtained from FEA, of the first symmet-

ric and three lowest asymmetric modes of cylindrical panels, when increasing the rise

or decreasing the thickness of cylindrical panels. Symmetric mode, Asymmetric

mode.

0 0.2 0.4 0.6 0.8 1 1.2 1.40

0.2

0.4

0.6

0.8

1

λ/
λ c

r

 

 

H=5.08 mm
H=6.86 mm
H=7.75 mm
H=9.78 mm

f / fsym1

t=6.35 mm

(a) Different rises

0 0.2 0.4 0.6 0.8 1 1.2 1.40

0.2

0.4

0.6

0.8

1

λ/
λ c

r

 

 

t=6.35 mm
t=4.80 mm
t=4.15 mm
t=3.30 mm

f / fsym1

H=5.08 mm

(b) Different thicknesses

Figure 5.14 : The scaled snap-through boundaries, obtained from FEA, of cylindrical

panels when their rise is increased or thickness is decrease.
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approach, when the dynamic snap-through boundaries of cylindrical panels with a

set of different rises or thicknesses are needed, only one dynamic stability boundary

is required to be obtained by performing transient simulations and other dynamic

snap-through boundaries can be directly approximated with only the information of

their static buckling loads and linear natural frequencies of the first symmetric modes,

which is much faster than the brute force approach of conducting additional large sets

of dynamic simulations.

5.3.3 Other boundary conditions

As pointed out in [19, 96], the snap-through buckling of slender curved structures is

also very sensitive to boundary conditions. All previous sections in this chapter focus

on using the scaling approach to reveal the similarities of dynamic stability boundaries

when certain critical geometric parameters (e.g., the rise and thickness) are changed

but only a pinned-pinned boundary condition was considered for all cases discussed

so far. In what follows, we will investigate the applicability of the scaling approach

on the dynamic snap-through boundaries when varying the boundary conditions.

Fig. 5.15 shows the comparison of the scaled snap-through boundaries of two half-

sine arches with the same properties but different boundary conditions: pinned-pinned

and clamped-clamped on the two ends. Similar to the cases studied with different

geometric properties, the scaled dynamic snap-through boundaries of curved struc-

tures with different boundary conditions also approximate each other well, indicating

that the proposed scaling approach is also applicable to the cases where boundary

conditions are changed.
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Figure 5.15 : The comparison of scaled snap-through boundaries of the half-sine

arches (h=5.60) with pinned-pinned and clamped-clamped boundary conditions.

5.3.4 Comparison between arches and panels

The comparison of scaled snap-through boundaries is extended to different types of

curved structures (e.g., arches versus panels). Fig. 5.16 shows the scaled dynamic

snap-through boundaries of all previously discussed half-sine arches, parabolic arches

and cylindrical panels (20 different cases). It can be found that the scaled dynamic

stability boundaries of these initially curved beams and cylindrical panels are very

similar in shapes and values. Consequently, the dynamic snap-through boundaries

of cylindrical panels can be approximately obtained from one dynamic snap-through

boundary of a shallow arch rather than computing dynamic snap-through boundaries

of cylindrical panels. This can be much more efficient because the computational

cost of calculating one dynamic stability boundary of a shallow arch by performing

transient simulations is usually much lower than that of a cylindrical panel.

It has been shown that the scaling approach works well for the snap-through

boundaries of curved beams and cylindrical panels when their rises or thicknesses
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Figure 5.16 : The scaled snap-through boundaries of shallow arches and cylindrical

panels.

are changed in the range of values discussed. We will next further characterize the

effectiveness of the scaling approach when varying these geometric parameters outside

these ranges. Fig. 5.17a shows the scaled dynamic stability boundaries of the shallow

arches and cylindrical panels when they display limit-point buckling, that is Pcr =

Plim. Fig. 5.17b shows the stability boundaries of all previously examined cases

in which 0.95 ≤ Pcr/Plim ≤ 1. Fig. 5.17c shows the stability boundaries of all

previously discussed cases and the half-sine arches with three higher non-dimensional

rises (h=6.3, 7.0 and 8.0) and cylindrical panels with two higher rises (H=11.81 mm

and 12.70 mm), which is when 0.74 ≤ Pcr/Plim ≤ 1.

We can see that the proposed scaling approach is very effective for the arches and

panels that display limit-point buckling (Fig. 5.17a). These scaled dynamic stabil-

ity boundaries are almost identical for the excitation frequencies on the left side of

the V shapes and closely overlap for the excitation frequencies on the right side of

the V shapes. When the first bifurcation point appears before the first limit-point

but nears the first limit point, the scaled snap-through boundaries become narrowly
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Figure 5.17 : The scaled snap-through boundaries of curved beams and panels for

different ranges of
Pcr
Plim

.

banded but are still reasonably close (Fig. 5.17b). The scaling approach using the

linear natural frequencies of the first symmetric mode works effectively for these cases

because the linear natural frequencies of the first symmetric mode are smaller or only

slightly larger than those of the asymmetric mode (Fig. 5.5 and 5.13) and the dom-

inate deformation mode of post-snap responses is the first symmetric mode. When

the first bifurcation point moves further away from the first limit point, the linear

natural frequencies of the first symmetric mode become much larger than those of

the asymmetric mode whose shape is similar to the static bifurcation buckling mode

shape (Fig. 5.18) and this asymmetric mode greatly contributes to the deformations

of post-snap responses. Therefore, the scaled stability boundaries are more widely

banded (Fig. 5.17c) and the approximation of the boundaries using this scaling ap-

proach gradually becomes less accurate.
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Figure 5.18 : The linear natural frequencies of half-sine arches and cylindrical panels.

5.4 Summary

When numerical integration methods are used to obtain different dynamic snap-

through boundaries of slender curved structures with changed properties, performing

extensive parametric studies with large numbers of transient simulations are usu-

ally necessary, which can lead to high computational cost and is inefficient. In this

chapter, we introduce a procedure to quickly estimate multiple dynamic snap-through

boundaries, which relies on using our proposed scaling approach to identify the crucial

similarities of different dynamic stability boundaries.

The proposed scaling approach is to normalize the dynamic forcing amplitudes

by the static buckling loads and the dynamic forcing frequencies by the linear natu-

ral frequencies of the first symmetric modes. As this approach is applied to shallow

arches with half-sine or parabolic shapes with different non-dimensional rises, the

scaled snap-through boundaries of either shape of arch match with each other closely

with a similar V shape when the excitation frequency is increased from 0 to 1.4 times
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the linear natural frequencies of the first symmetric modes where the dynamic buck-

ling loads are approximately equal to the static buckling loads. The same feature is

also observed for the scaled dynamic stability boundaries of cylindrical panels when

varying their rises or thicknesses. Moreover, the scaled snap-through boundaries be-

tween structures with different boundary conditions (pinned-pinned versus clamped-

clamped) and different types of curved structures (shallow arches versus cylindrical

panels) are also very similar and can be used to approximate each other. There-

fore, once one dynamic snap-through boundary of any of these curved structures is

obtained, other dynamic snap-through boundaries of these structures with changed

geometries, boundary conditions and types can be directly estimated with only the

requirement of calculating static buckling loads and the linear natural frequencies

of the first symmetric mode, which is much faster than performing additional large

numbers of transient simulations.

In addition, we find that this scaling approach works well when the post-snap

responses of the structures are dominated by the first symmetric mode. Such condi-

tion is often satisfied for the initially curved beams and panels with smaller rises or

larger thicknesses, of which the linear natural frequencies of the first symmetric mode

are the lowest or slightly above the lowest ones, and the static buckling loads are

equal to or a little smaller than the limit-point loads. The scaling approach becomes

less effective when the limit-point loads and the linear natural frequencies of the first

symmetric mode are significantly larger than the static buckling loads and the lowest

linear frequencies respectively.
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Chapter 6

Conclusions and future Work

This thesis presents a robust and efficient computational framework for analyzing

nonlinear static and dynamic stability of slender curved structural components, i.e.,

shallow arches and curved panels, which are commonly used in reusable hypersonic

vehicles. This work helps to improve current methods for predicting structural re-

sponses especially snap-through buckling.

6.1 Main contributions

The contributions of this thesis can be divided into three different categories: the ro-

bust identification of “hidden” coexisting equilibria, the effective transient simulation

of snap-through, and the fast approximation of dynamic stability boundaries.

6.1.1 Robust identification of “hidden” equilibria

Curved structures undergoing snap-through can have coexisting equilibrium states

that are “hidden” from the easily identified primary path and difficult to obtain even

with the most advanced numerical methods. In Chapter 2, a numerical procedure

that consists of the branch-switching method and the arclength method is proposed

to identify all connected equilibrium branches in the nonlinear buckling and post-

buckling of a symmetric cylindrical panel subjected to a transverse point load in the

center. Using the proposed numerical procedure, we find that this symmetric panel

actually has three pairs of secondary branches with different types of asymmetric



120

deformations, bifurcating from the primary equilibrium path. In the early studies of

these benchmark problem, many researchers did not consider the fact that a symmet-

ric system can have asymmetric equilibria due to the nonlinearity. Many previous

studies just used path following schemes or modeled a quarter of the full panel, which

consequently only identified the symmetric primary equilibrium path with limit-point

buckling. These analyses not only identified a false buckling mode but also overesti-

mated the buckling load. A parametric study of the influence of the rise, thickness

and boundary conditions on the nonlinear stability of curved panels is also performed

using the proposed numerical procedure. It is found that the number and location of

critical points, and postbuckling responses are very sensitive to these parameters.

In Chapter 3, another type of “hidden” equilibria that are not connected with the

primary equilibrium path is discussed. An analytical approach that uses the Fourier

series is proposed to investigate the nonlinear equilibria and stability of shallow arches.

The analytical solutions are valid for shallow arches with arbitrary initial shapes. It

is identified that curved beams with small asymmetric geometric imperfections can

have “hidden” equilibria separated from the primary path. These equilibria cannot be

obtained in a finite element or an experiment study using the typical path following

controls if specific perturbations are not added to original structures. Formulas that

can directly calculate critical loads including those of unconnected equilibria are also

derived for curved beams with arbitrary initial configurations.

6.1.2 Efficient time integration for snap-through

With the capability of capturing a whole picture of static equilibria, the transient

simulation of snap-through is then discussed in Chapter 4. Dynamic snap-through is

a highly nonlinear behavior that involves sudden and large deformations. To simu-
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late dynamic snap-through, very small time steps are required for the classical time-

stepping schemes since they lose their unconditional stability for nonlinear problems

like snap-through. Even when using the recently popular energy conserving schemes

which are unconditionally stable for nonlinear problems, very small time steps are

still necessary for the long time simulation of dynamic snap-through because these

energy conserving algorithms do not have any numerical dissipation to damp out spu-

rious high frequency components induced by a spatial discretization. Energy decaying

schemes with reliable numerical dissipation can be used to simulate snap-through, but

these algorithms require a special implementation for a specific finite element formu-

lation. The resulting tangent stiffness matrix is also non-symmetric which requires

higher computational cost in the factorization than a symmetric tangent stiffness

matrix.

A simpler and more effective way to generate a time integration method that

has reliable numerically dissipation for nonlinear problems was proposed by Bathe

and coworkers [35–38]. This ideas was extended by Chandra [39] for a preliminary

construction of a new composite time integration scheme TTBDF with improved nu-

merical properties for snap-through and other nonlinear dynamic problems involving

large deformations. In Chapter 4, I continue the work on TTBDF by introducing

a systematic analysis of the numerical properties of this class of methods, including

the identification of optimal parameters, the theoretical analysis of numerical sta-

bility and dissipation, and the demonstration of improved numerical properties on

representative examples. It is shown that the TTBDF method significantly improves

numerical accuracy and computational efficiency in simulating curved structures un-

dergoing dynamic snap-through when compared to other existing composite time

integration algorithms. The improved performance of TTBDF method is also found
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for other representative nonlinear dynamic problems, including 2D pendulums, 3D

free-moving shells, and 3D L-shaped blocks.

6.1.3 Fast approximations of dynamic stability boundaries

In the design of the slender curved structural components in reusable hypersonic ve-

hicles (e.g., curved beams and panel), it is useful to efficiently identify the dynamic

stability boundaries that separate the small-amplitude non-snap and large-amplitude

post-snap responses in the space of dynamic loading parameters, i.e., forcing frequen-

cies and amplitudes, for different geometry and boundary conditions. Now that we

have a time integrator that is robust and efficient for transient simulation of snap-

through, it could be used to perform parametric studies to obtain dynamic stability

boundaries for different parameters. To obtain the stability boundary for a specific

geometry and boundary condition in the space of the forcing frequencies and am-

plitudes, an extensive parameter sweep that may require hundreds of thousands of

transient simulations is needed. When the design geometry or boundary condition is

slightly modified, another extensive parametric study with the same amount of tran-

sient simulations is required. This brute force approach to obtain dynamic stability

boundaries leads to very high computational cost, very difficult to afford even with

the most advanced time integration schemes for snap-through.

In Chapter 5, an alternative procedure that can quickly approximate dynamic sta-

bility boundaries of slender curved structures is presented. This procedure relies on a

scaling approach in which forcing amplitudes are normalized by static buckling loads

and forcing frequencies are normalized by linear natural frequencies of the first sym-

metric modes. Therefore, once one dynamic snap-through boundary of any of these

curved structures is obtained, other dynamic snap-through boundaries of structures
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with modified geometry, boundary or shape can be directly estimated with only the

requirement of calculating static buckling loads and the linear natural frequencies of

the first symmetric mode, a much faster process than performing additional transient

simulations.

When this scaling approach is applied to half-sine or parabolic arches with differ-

ent non-dimensional rises, the scaled snap-through boundaries of either shape of arch

match closely with each other when the excitation frequency is varied from 0 to 1.4

times the linear natural frequencies of the first symmetric modes. The same feature is

also observed for the scaled dynamic stability boundaries of cylindrical panels when

their rises or thicknesses are varied. Moreover, the scaled stability boundaries of struc-

tures with different boundary conditions (pinned-pinned versus clamped-clamped)

and different types of curved structures (shallow arches versus cylindrical panels) are

also very similar and can be used to approximate each other.

6.2 Future work

Although this dissertation makes several crucial contributions to improving the static

and dynamic analyses of curved structural components undergoing snap-through, it

is still far from a complete characterization of snap-through. More work can be done

in the following aspects:

• In the static analysis of structures undergoing snap-through, we have found

that symmetric structures can have secondary paths bifurcating from the pri-

mary path in Chapter 2 and slightly asymmetric structures may have equilibria

unconnected from the primary path in Chapter 3. Contrary to our initial expec-

tation, we have came across cases that unconnected equilibria occur to initially

symmetric structures. Unlike structures with small asymmetric geometric im-
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perfections, it is in general difficult to tell when unconnected equilibria start

to occur for initially symmetric structures. It would be useful that a general

condition for the existence of unconnected equilibria can be derived for these

structures.

• In the transient simulation of continuous structures (e.g., curved beams and pan-

els) experiencing snap-through, there are two important aspects: the temporal

and the spatial discretization of the system. In Chapter 4, we have worked on

providing a more effective temporal discretization of a nonlinear dynamic system

by focusing on improving the state-of-the-art implicit time integration schemes

rather than explicit ones since it is widely recognized in the community that

explicit time integration schemes are only conditionally stable. However, more

recently some innovative ways to construct explicit time integrators achieving

unconditional stability appeared in the literature. It would be interesting to fur-

ther improve these unconditionally stable explicit time integration algorithms

for the use in snap-through problems. Regarding the spatial discretization, re-

searchers have been working on developing reduced order models for nonlinear

dynamic systems, which require much less computational cost than high-fidelity

models like finite element discretizations. However, many reduced order models

are generated semi-analytically from structures with simple geometries and it is

difficult to extend them for structures with more complex geometries. It would

be beneficial to have a systematic way to generate reduced order models for the

nonlinear dynamics of real structures with complex geometries.

• The scaling approach proposed in Chapter 5 works well when the post-snap

responses are dominated by the first symmetric mode. This condition is often
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satisfied for curved beams and panels with smaller rises or larger thicknesses,

where static buckling loads are equal to or slightly smaller than limit-point

load, and linear natural frequencies of the first symmetric modes are the lowest

or a little larger than the lowest ones. The scaling approach becomes less

effective when the limit-point loads and the linear natural frequencies of the

first symmetric mode are significantly larger than the static buckling loads and

the lowest linear frequencies respectively. More effort can be made to have

adaptive ways to choose the parameters used for the normalization in the scaling

approach when the range of the forcing parameters of interest varies.
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