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ABSTRACT 

Advanced Computational Methods for High-accuracy  

Refinement of Protein Low-quality Models  

by 

Tianwu Zang 

Predicting the 3-dimentional structure of protein has been a major interest in 

the modern computational biology. While lots of successful methods can generate 

models with 3~5Å root-mean-square deviation (RMSD) from the solution, the 

progress of refining these models is quite slow. It is therefore urgently needed to 

develop effective methods to bring low-quality models to higher-accuracy ranges 

(e.g., less than 2 Å RMSD). 

In this thesis, I present several novel computational methods to address the 

high-accuracy refinement problem. First, an enhanced sampling method, named 

parallel continuous simulated tempering (PCST), is developed to accelerate the 

molecular dynamics (MD) simulation. Second, two energy biasing methods, 

Structure-Based Model (SBM) and Ensemble-Based Model (EBM), are introduced to 

perform targeted sampling around important conformations. Third, a three-step 

method is developed to blindly select high-quality models along the MD simulation. 

These methods work together to make significant refinement of low-quality models 

without any knowledge of the solution.  
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The effectiveness of these methods is examined in different applications. 

Using the PCST-SBM method, models with higher global distance test scores 

(GDT_TS) are generated and selected in the MD simulation of 18 targets from the 

refinement category of the 10th Critical Assessment of Structure Prediction 

(CASP10). In addition, in the refinement test of two CASP10 targets using the PCST-

EBM method, it is indicated that EBM may bring the initial model to even higher-

quality levels. Furthermore, a multi-round refinement protocol of PCST-SBM 

improves the model quality of a protein to the level that is sufficient high for the 

molecular replacement in X-ray crystallography. Our results justify the crucial 

position of enhanced sampling in the protein structure prediction and demonstrate 

that a considerable improvement of low-accuracy structures is still achievable with 

current force fields.   

Part of Chapter 1 and Chapter 2 is based on a version of the Master thesis of T.  

Zang, “Enhanced Sampling Method in Statistical Physics and Large-Scale Molecular 

Simulation of Complex Systems”. Part of Chapter 2 is a version of T. Zang, L. Yu, C 

Zhang and J. Ma, “Parallel continuous simulated tempering and its applications in 

large-scale molecular simulations”, J. Chem. Phys., 141, 044113(2014). This work 

was supported by NIH Grant No. (GM067801) and a Welch Grant No. (Q-1512). Part 

of Chapter 2 and Chapter 3 is based on a version of the manuscript T. Zang, Q. Wang 

and J. Ma, “High-accuracy Protein Structural Refinement Using Enhanced Sampling 

Techniques”, supported by NIH Grant No. (GM067801, GM116280, AI067839, 

GM116280), and a Welch Grant (Q-1512, Q-1826).  
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Chapter 1 

                Protein Structure Prediction:        
A Perspective from                   

Statistical Mechanics  

1.1. Protein Folding and Structure Determination 

Proteins are large, complex molecules that play an important role in the 

biological processes of living forms. For instance, proteins form the basis of muscles, 

tissues and organs in human body. Most proteins are made in cytoplasm in the living 

cells where ribosome serves as little factories to assemble proteins from amino 

acids. Each ribosome works along with messenger RNA (mRNA) to convert genetic 

codes stored in DNA into molecules. As a chain-like molecule, a protein are usually in 

a random, extended shape after just being assembled, yet it is able to fold itself into a 

‘native structure’ that is only related to its amino acid sequence, regardless of the 
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initial shape. Driven by physical principles and thermodynamic forces, this process 

is called protein folding and it has already intrigued people for decades.  

It is widely agreed that structures of proteins are highly related to their 

functions. The study on protein structures is very important to modern biology, not 

only because it can help people understand the molecular mechanism of most life 

processes, but also misfolding of proteins are related to a lot of decreases1 such 

as  Creutzfeldt–Jakob disease, Alzheimer's disease, Parkinson's disease and a wide 

range of disorders2. Therefore, to determine the structure of a protein, 

experimentally or computationally, has been a major interest of modern biology. In 

the rest part of this section, we are going to review the basic knowledge of protein 

structures, protein folding process and experimental methods for protein structure 

determination. 

1.1.1. Protein Structures 

Proteins have four different levels of structures: primary, secondary, territory 

and quaternary3. There are 20 types of amino acids in nature that form a protein, 

and the primary structure of a protein just reflects its amino acid sequence. Different 

from primary structure where no spatial information is given, the secondary 

structure of a protein provides more information of how proteins are formed in the 

coordinate space. Secondary structures can specify local conformations of proteins 

and there are two major secondary structures: alpha-helix and beta-sheet. 
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Both territory and quaternary structures contain overall information of 

three-dimensional coordinates of proteins. While territory structure usually reflects 

the coordinates of a single protein, quaternary refers to how proteins interact with 

each other when they aggregate into a big complex.  

1.1.2. Protein Folding and Energy Landscape 

Protein folding has been a big puzzle to scientists for many years. Under 

thermodynamic forces, a dynamical system tends to reach a state with lowest free 

energy, which corresponding to the native structure4. However, it is estimated that 

there are more than 10143 states for a regular-size protein5, therefore the time to find 

the native structure would be an astronomical number if every states need to be 

visited. This argument is contradictive to the fact that protein can fold in only 

microseconds to milliseconds6. The above contradiction is often called the 

‘Levinthal's paradox’5.    

To solve his own paradox, Levinthal has suggested that7 

“…if protein folding is sped up and guided by the rapid formation of local 

interactions which then determine the further folding of the peptide; this suggests local 

amino acid sequences which form stable interactions and serve as nucleation points in 

the folding process.” 

This statement has been experimentally validated and has become one of the 

most important conclusions in structural biology and protein science. Specifically, 

the folding process of a protein is guided by a ‘funnel-like landscape’8, 9, where the 
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bottom of funnel represents the native structure and local minima on the side of the 

funnel represent the intermediate states. 

There are several important physical quantities in the funnel theory of 

protein folding10. The folding temperature 𝑇� indicates the temperature below which 

proteins start folding.  The structures near 𝑇�, often called molten globule states, has 

little similarities with protein native structure. The formation of molten globule 

states is mainly entropy-driven, where the hydrophobic collapse happens and the 

gyration radius of proteins drops radically. Below 𝑇�, the gyration radius of proteins 

wouldn’t change drastically, but local structures, including alpha-helixes, beta-sheets 

and other hydrogen bonds start to form. The major driven forces in this stage is 

energetic, which means proteins start to look for basins with lower potential energy. 

Another important temperature 𝑇�, named the glass transition temperature, 

indicating that temperature below which thermal fluctuations are not able to make 

the system jump out of local energy barriers. Below 𝑇�, proteins can only reach 

limited states and it looks like to be frozen into several low-energy states. The values 

of 𝑇� and 𝑇� have lots of relationships with the protein native structure stability and 

can also affect the folding speed of proteins. 

1.1.3. Experimental Determination of Protein Structures   

Currently, three major types of experimental methods are used to determine 

protein structures: X-ray crystallography, cryogenic electron microscopy (cryo-EM) 

and nuclear magnetic resonance spectroscopy (NMR). They use different principles 

and each has advantages and limitations. 
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X-ray crystallography is the oldest method to determine the atomic 

structures of a crystal, from metal and inorganic materials to biological 

macromolecules11. In X-ray crystallography, atoms in a crystal diffract the X-ray 

beam via elastic scattering. As atoms are arranged in regular arrays, the scattered X-

ray waves cancel out in most directions and add constructively in other directions. 

The scattering angle 𝜃 is determined by Braggs’ law: 2𝑑 sin𝜃 = 𝑛𝜆, where 𝑑 is the 

distance between atom planes, 𝜆 is the wavelength of X-ray beam and 𝑛 is any 

integer. Therefore, the molecular structures in the crystal can be determined by the 

intensity on each scattering points in the reciprocal space. X-ray crystallography can 

provide the highest resolution (1~2 Å) of protein structures12 among these methods, 

but it usually takes longer experiment time since it is sometimes difficult to 

crystallize proteins. 

In cryo-EM, proteins are preserved in a frozen-hydrated state by rapid 

freezing techniques and electrons are used to take images of the protein structures. 

Unlike X-ray beam, electron beams can be focuses by lenses, and the phasing 

difficulties in X-ray crystallography do not exist in cryo-EM13.  Another advantage 

over X-ray crystallography is that cryo-EM takes much shorter time to solve the 

structure since there is no need to crystallize proteins.  In the past, cryo-EM has 

relatively low resolution and it was only used to solve the structures of large 

complexes or viruses14. Recent years witness the rapid development of cryo-EM and 

lots of exciting progresses have been achieved, such as the determination of many 

important proteins with less than 3 Å resolution15. Cryo-EM is the biggest challenger 

of X-ray crystallography in structural biology. 
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NMR uses magnetic properties to determine the location of each atomic 

nucleus16. In NMR spectroscopy, proteins are prepared in solvent and placed in an 

external magnetic field.  Each magnetic atomic nucleus will absorb the 

electromagnetic radiation and re-emit it. The electromagnetic signal will be 

transformed into chemical shifts for identification of atoms. Atomic biases will be 

obtained by analyzing the relative position between atoms using chemical shifts. 

These biases will be used in the structural modeling process to determine the final 

solution17. NMR is a fast, precise and relatively low-cost technique. However, it can 

only apply to small-size proteins currently. 

1.2. Predicting Protein Structures: Computational Tools 

1.2.1. Introduction  

Compared with experimental methods, predicting three-dimensional 

structures of protein computationally has many potential advantages. For example, 

computational methods are generally more economic and easier to be standardized 

than experimental ones. Therefore, once an effective computational technique is 

fully developed, it is allowed to predicting structures of thousands of proteins on 

supercomputers at the same time, which greatly accelerate the process of 

discovering more protein structures in nature.   

While the universal way of finding accurate solutions remains unsolved, 

currently two major approaches are widely used to get rough solutions: ab initio 

modeling18, 19, 20 and template-based modeling21, 22. In the ab initio modeling 
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approach, the targeted protein is represented by atomic23, coarse-grained24-27 or 

fragment-based models27, 28. In the template-based modeling approach, sequence 

alignment29, 30 (homology modeling) or fold recognition31 (threading) techniques 

are used form a template of the targeted protein. Multiple optimization processes18, 

20, 22, 32, 33 are then executed based on sophisticatedly designed scoring functions. 

1.2.2. ab initio Modeling  

The basic assumption of ab initio modeling is that protein folds into its global 

free-energy minimum spontaneously, which is consistent with physical and chemical 

principles8, 10, 34. Therefore, protein structure prediction can be formulated into a 

global optimization problem and the native structure of protein can be achieved 

using physical simulations. ab initio modeling can be classified into the following 

types by the resolution of simulation: 

All-atom: at atomic resolution, protein models are represented by a collection 

of atoms connected by chemical bonds35, 36, 37. The interactions between atoms are 

functions with parameters calculated in quantum mechanics, and these functions 

are usually categorized into groups such as: bond (2-atoms), angle (3-atoms), 

dihedral (4-atoms), Van der Walls (2-atoms, short-range) and Coulomb (2-atoms, 

long-range), etc. All-atom simulation can also be classified into implicit solvent and 

explicit solvent38 according to the model of surrounding water molecules. 

Coarse-grained: the degree of freedom of protein models can be reduced via 

coarse-grained techniques.  In some coarse-grained models, fewer atoms are used to 
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represent the main-chain and/or side-chain of a protein24-26. Other ‘deeper coarse-

chained’ models even simplify protein models into residue beads or a mixture of 

beads and real atoms26, 27, 39. Both the advantage and disadvantage of coarse-grained 

models are obvious. It can significantly reduce the dimension of simulation as well 

as the simulating time. However, it is much more difficult to describe and 

parameterize interactions between coarse-grained blocks than between atoms.  

Fragment-based: proteins are represented by rigid-body-like fragments 

connected by flexible chains20, 28, 40.  These fragments are selected from fragment 

libraries that are physically stable and frequently appear in existing proteins.  

During the prediction process, lots of fragment combinations are constructed and 

then filtered by statistical scoring functions. The high-ranking conformations are 

then optimized by changing the relative position of fragments, and can also be 

further refined by slightly changing the shape of each fragment. 

1.2.3. Template-based Modeling 

As its name implies, template-based modeling mainly use the structures of 

existing proteins to model the target protein. There are two major approaches of 

template-based modeling: homology modeling and threading. In homology modeling 

(or comparative modeling), the sequence from the target protein is compared and 

aligned with all sequences in the database29.  Proteins whose sequences have high 

similarities with the target protein will be selected as an initial template. Obviously, 

the basic assumption of homology modeling is that proteins with similar sequences 

should also have similar structures, and this assumption has shown to be quite 
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effective in many systems41. Threading is a technique can deal with the systems 

where no high-similarity homologous proteins are found. While the query sequence 

is aligned with other sequences in homology modeling, it is aligned with three- 

dimensional structures in threading31. Statistical scoring functions are also used to 

calculate the possibility for a sequence to match a structural template.  

1.2.4. Statistical Scoring Function and Force Fields 

As mentioned before that no matter ab initio modeling or template-based 

modeling, it is crucial to have a target function indicating the quality of predicted 

models. By designing this target function, the protein structure prediction problem 

can be formulated into a global optimization problem. Two different types of target 

function are commonly used today, i.e. statistical scoring function and physics-based 

function (or force fields). 

Statistical scoring function, or statistical potential, uses a priori knowledge 

from protein databases to score structures. In most statistical potentials, the score of 

a protein structure is a complicated function of many variables, including the pair-

wise distance between atoms/residues33, 42, dihedral angles43, 44, orientation 

dependence between rigid planes45, and distance/orientation dependence between 

rigid triplets within a protein46. Many statistical learning methods have been 

proposed to train the parameters, including, but not limited to, Bayesian network44, 

47, hidden Markov model (HMM)48 and support vector machines (SVM)49. Statistical 

scoring functions are widely used in non-atomic simulations, such as coarse-grained 

or fragment-based model in ab initio modeling as well as most methods in template-
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based modeling. It not only selects high-quality models from a pool of candidates, 

but also is able to generate or refine existing models by adjusting model parameters 

via direct optimization of the function. 

Force fields are usually used in physics-based methods such as all-atom ab 

initio simulations35, 36, 50. There are two biggest advantages of using force fields. First, 

it usually provides higher level of accuracy than statistical potentials. Second, 

physics-based simulation not only can predict the native structure, but also can 

observe the whole folding process of a protein, discover non-native conformations, 

and calculate the free-energy landscape which is essential for understanding protein 

conformational change and protein-protein interactions. However, physics-based 

methods often require a greater amount of computation than statistical methods. In 

addition, there is still much inaccuracy of current force fields51, 52, which hinders the 

successful prediction of many large proteins. 

In this thesis, I am focusing on develop advanced computational methods for 

all-atom simulation. These methods are dedicated to conquer the current limitations 

of physics-based methods. On one hand, the introduction of novel enhanced 

sampling methods can significantly accelerate the simulation and reduce amount of 

computation. On the other hand, a combination of physics- and statistical-based 

methods is developed for selecting high-quality models generated during the 

simulation more efficiently. In the rest of this chapter, a review of statistical 

mechanics will be presented to show how physics play a role in molecular 
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simulation. The advanced sampling and model selecting methods as well as their 

applications will be discussed in Chapter 2 and Chapter 3, respectively. 

1.3. Review of Statistical Mechanics 

Statistical mechanics serves as a bridge connecting the macroscopic and 

microscopic world. It tells that the macroscopic properties in classical 

thermodynamics, such as pressure and internal energy, can be obtained by 

observing and doing statistics on microscopic states.  

Although it seems to be very quick to measure a physical quantity in our 

macroscopic world, the system has already experienced countless number of times 

jumping from one microscopic state to another during the experiment. Therefore, 

the measured quantities are actually the average of all the quantities corresponding 

to the experienced microscopic states over time, i.e. 

〈𝐴〉� =
1
𝑇
� 𝐴(𝑡)𝑑𝑡
�

�
 

Equation 1-1 Time average of measured physical quantities 

where 𝑇 represents the time of the measurement. If  𝑇 is sufficiently long, 〈𝐴〉� no 

longer changes with time and converges to a fixed value. This value is the 

macroscopic value of 𝐴.  

 In the case above, if we focus on the frequency 𝑤� of any microscopic state 𝑖, 

we can find that 𝑤� does not change with time as well. Therefore, we can imagine a 
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type of ideal experiment under the following conditions: instant measurements are 

taken on independent systems with the same macroscopic conditions. The 

observations corresponding to different microstates can be regarded as “snapshots” 

from the trajectory of the system in the phase space. We call the collection of these 

“snapshots” the statistical ensemble of the system. In equilibrium, the probability for 

a microstate 𝑖 in this ensemble should be equal to the frequency 𝑤� mentioned 

above. The equivalence of ensemble average and time average of physical properties 

in equilibrium systems is one of the major principles in statistical mechanics. 

1.3.1. Ensembles 

An ensemble is a collection of microscopic states under certain weights. 

There are different kinds of ensembles in statistical mechanics, e.g. microcanonical 

ensemble, canonical ensemble, grand canonical ensemble and isothermal–isobaric 

ensemble, etc. We will briefly summarize the micocanonical ensemble and canonical 

ensemble, which are the two major ensembles related to this thesis, in the following 

sections. 

Microcanonical ensemble, or (𝑁,𝑉,𝐸) ensemble, depicts the evolution of an 

isolated system. Completely enclosed by walls, the isolated system does not 

exchange any matter or heat with the outside world, and the Hamiltonian of the 

system is conserved over time.  

A fundamental postulate, which is often called equal a priori probability 

postulate53, states that 
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For an isolated system with an exactly known energy and exactly known 

composition, the system can be found with equal probability in any microstate 

consistent with that knowledge. 

This postulate brings the equal weight of any microstates in microcanonical 

ensemble, i.e. 𝑤� = 1. 

In classical mechanics, the position and momentum {𝑝, �⃗�} of the system 

evolve under the Hamilton’s equations 

⎩
⎨

⎧�̇⃗� = −
𝜕𝐻
𝜕�⃗�

�̇⃗� =     
𝜕𝐻
𝜕�⃗�

� 

Equation 1-2 Hamilton’s equations in classical mechanics 

The Hamilton’s equations are deterministic, and it describes the dynamical 

behaviors of the system on the (𝑁 − 1)-dimensional energy surface in the phase 

space. Given a fixed Hamiltonian, we can conclude that there exists only one 

trajectory passing any point on this surface. This trajectory goes through every point 

on the energy surface, and the average time for the system to stay in any microscopic 

state is equal to any other microscopic states on this surface. 

Different from microcanonical ensemble, canonical ensemble describes the 

system that is imagined to be in thermal equilibrium with an infinite-large heat bath. 

Under the second law of thermodynamics, the probability for the system to be in the 
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microscopic 𝑖 is only related to the energy of this state 𝐸�. The weight of this state 𝑤� 

follows the Boltzmann distribution with the mathematical form 

𝑤� =
𝑒����
∑𝑤�

 . 

Equation 1-3 Boltzmann distribution 

where 𝛽 ≡ 1/𝑘�𝑇 is the reciprocal temperature.  

1.3.2. Relationships with Classical Thermodynamics 

As is discussed before that different ensembles use different weights of 

microscopic states, in the phase space. Therefore, it is useful to define the partition 

function 𝑍 = ∑ 𝑤��  which represents the sum of the weights of all the microstates in 

this ensemble. Therefore, the ensemble average of a physical property 𝐴 can always 

be written as  

〈𝐴〉 =
∑ 𝑤�𝐴��

𝑍
= �𝑝�𝐴�

�

 , 

Equation 1-4 Ensemble average of physical property A 

where 𝑝� denotes the probability for the system to stay in the microscopic state 𝑖. 

In micocanonical ensemble, 𝑤� = 1, which means that the partition function 

ban be defined as the number of states in the (𝐸,𝐸 + Δ𝐸) shell in the phase space. 

This function is often called the density of states Ω(𝐸), which is only related to the 
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energy 𝐸. Based on the definition of Gibbs entropy, the microcanonical entropy can 

be obtained by 

𝑆(𝐸) = −𝑘��𝑝� ln 𝑝�
�

= −𝑘��
1

Ω(𝐸)
ln

1
Ω(𝐸)

= 𝑘� lnΩ(𝐸)
�

,  

Equation 1-5 Microcanonical entropy 

which is also called the Boltzmann equation.  

In canonical ensemble, we can write the ensemble average of physical 

property 𝐴 under Boltzmann weights as 

〈𝐴〉 =
∑ 𝑒����𝐴��

𝑍
 . 

Equation 1-6 Canonical average of physical property A 

Particularly, if 𝐴 represents the total energy, then the equation above can be 

simplified as 〈𝐸〉 = −𝜕� ln𝑍.  

We can also calculate many other physical properties by simply using the 

partition function in canonical ensemble. For example, the fluctuation of energy in 

canonical ensemble is 

〈(Δ𝐸)�〉 ≡ 〈𝐸�〉 − 〈𝐸〉� =
𝜕� ln𝑍
𝜕𝛽�

= 𝐶�𝑘�𝑇�, 

Equation 1-7 Energy fluctuation in canonical ensemble 
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where 𝐶� represents the heat capacity and 𝑇 = 1/𝑘�𝛽 is the temperature.  The 

canonical entropy is 

𝑆 = −𝑘��𝑒���� ln(𝑒����)
�

=
〈𝐸〉
𝑇

+ 𝑘� ln𝑍 =
𝜕(𝑘�𝑇 ln𝑍)

𝜕𝑇
= −

𝜕𝐹
𝜕𝑇

 , 

Equation 1-8 Canonical entropy 

where 𝐹 ≡ −𝑘�𝑇 ln𝑍 is defined as the Helmholtz free energy. 

As many physical properties can be calculated via partition functions, 

estimating partition functions is one of the major tasks in equilibrium statistical 

physics. On the other hand, there are only very few systems in which partition 

function can be solved analytically, such as 1-dimentional and 2-dimentional Ising 

models, ideal gas, etc. For the rest of the systems, the ensemble averages of physical 

properties as well as the partition function have to be determined by either 

experimental or computational approaches.  

Compared with the experimental methods, computational methods are more 

economic and less time-demanding.  However, only the dynamics of systems with 

small size in a short timescale are allowed for simulation on current computers, 

which puts demands on developing advanced computational methods for simulating 

events with longer timescale and estimating physical properties accurately for larger 

systems. 
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1.3.3. Molecular Dynamics (MD) Simulation 

A common way to explore the configuration space is molecular dynamics, 

which is widely used in molecular systems. Different from Monte Carlo method 

which generate a new configuration by a random move, Molecular dynamics uses 

the classical Newton’s equation to update the coordinates. Not only molecular 

dynamics can sample configurations in canonical ensembles, it allows one to 

observe the evolution of system in a physical timescale as well.  

In molecular dynamics of an isolated system (microcanonical ensemble), the 

Newton’s equation of the 𝑖�� particle follows 

�
�⃗��̇ = �⃗��̇

�⃗��̇ =
�⃗��
̇

𝑚�

�  , 

Equation 1-9 Newton’s equation guilding molecular dynamics 

in which 𝑥����⃗  represents the coordinate, 𝑣����⃗  represents the velocity, 𝑚� is the mass of 

this particle and 𝐹���⃗ = −𝜕�����⃗ 𝑈(𝑥�����⃗ , … , 𝑥�����⃗ ) is the molecular force on this particle 

where 𝑈 denotes the potential energy function and 𝑁 is the particle number.  

There are several approaches to integrate the Newton equation numerically. 

One of the most commonly used integrator is called the leap-frog, which updates the 

coordinates and velocities in the following way: 
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�
𝑥(𝑡 + Δ𝑡) = 𝑥(𝑡) + 𝑣 �𝑡 +

1
2
Δ𝑡� Δ𝑡

𝑣 �𝑡 +
1
2
Δ𝑡� = 𝑣 �𝑡 −

1
2
Δ𝑡� +

𝐹(𝑡)
𝑚

Δ𝑡
�  , 

Equation 1-10 Leap-frog integrator in molecular dynamics 

where Δ𝑡 is the time step and should be kept constant during the simulation. 

Although it is a low order integration method, the symplectic nature of leap-frog 

integrator guarantees the energy conservation even for long dynamics and generates 

time-reversible trajectories.  

1.3.4. Canonical (N,V,T) Ensemble Simulation 

In canonical ensemble, the ensemble average of any physical property 〈𝐴〉 is 

∫𝐴(𝑋)𝑃�����(𝑋;𝛽)𝑑𝑋, where 𝑃�����(𝑋;𝛽) represents the Boltzmann distribution at 

temperature 𝛽 with the mathematical form of  𝑒���(�)/∫ 𝑒���(�)𝑑𝑋. Therefore, to 

compute the ensemble average in canonical ensemble is essentially a high-

dimensional numerical integration problem.  

Proposed to solve the numerical integration problem based on statistical 

sampling, the Monte Carlo method serves as the major approach in the constant 

temperature simulation. Following the Metropolis-Hasting algorithm54, in each step 

of the Monte Carlo sampling in canonical ensemble, a configuration move 𝑋 → 𝑋′ is 

made with the acceptance ratio 

𝑎𝑐𝑐(𝑋 → 𝑋�) = min �1,
𝑃(𝑋�;𝛽)
𝑃(𝑋;𝛽) � = min�1, 𝑒����� , 
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Equation 1-11 Acceptance ratio in Metropolis algorithm 

where Δ𝐸 ≡ 𝐸(𝑋�) − 𝐸(𝑋) denotes the potential energy difference between two 

configurations and 𝛽 is the reciprocal temperature. Therefore, this move is always 

accepted for 𝐸(𝑋�) < 𝐸(𝑋). The acceptance ratio satisfies the detailed balance, and 

the whole configuraional space is expected to be sampled following the Boltzmann 

distribution given enough sampling time. 

To simulate canonical ensemble is a little bit complicated in molecular 

dynamics simulation, as Eq.1-9 and Eq.1-10 only show how to simulate an isolated 

system.  When dealing with the constant temperature simulation, the concept of 

thermostat need to be introduced to provide a correct sampling in canonical 

ensemble, in which the system is imagined to have thermal contact with an infinite-

large heat reservoir to keep the temperature fixed. There are several thermostats for 

constant temperature molecular dynamics each with different advantages, such as 

Langevin thermostat55, Nosé-Hoover thermostat56 and velocity-rescaling 

thermostat57. We only summarize the velocity-rescaling thermostat in the following 

paragraph, which is used in all of the molecular dynamics simulations in this thesis. 

In the velocity-rescaling thermostat57, a four-step evolution of the system is 

used instead of the one-step evolution in an isolated system (microcanonical 

ensemble) simulation. These four steps are as follows: 

(1) Update the system using Newton equation 

(2) Calculate the current kinetic energy based on the current velocities 
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(3) Do a random walk in kinetic energy space following the stochastic equation 

𝑑𝐾 =
( 𝐾� − 𝐾)

𝜏
 𝑑𝑡 + 2�

𝐾𝐾�
𝑁�𝜏

𝑑𝑊�  , 

Equation 1-12 Kinetic energy random walk in velocity-rescaling thermostat 

where 𝑑𝑊� represents the Weiner process. Parameters 𝐾�,𝑁� , 𝜏 represent the average 

kinetic energy in canonical ensemble, the degrees of freedom and a timescale 

constant of thermostat, respectively.  

(4) Multiply all the velocities by a factor 𝛼 according to the updated kinetic 

energy, in which 𝛼 = �𝐾�/𝐾. 

The velocity recalling method allows a delay of the kinetic energy deviations 

from the desired value and thus generates a correct kinetic energy distribution in 

canonical ensemble.  

1.3.5. Limitations of NVT Simulation 

No matter Monte Carlo method or molecular dynamics simulation, a common 

issue of constant temperature simulation is the broken ergodcity, which can be 

caused by the rugged landscape of the energy function in the configurational space. 

For landscapes with various minima, the system is easy to get trapped in a local 

minimum58. In Monte Carlo method, as the probability to make a move that 

increases the potential energy is smaller than 1, it may take a long time to jump out 

of a local basin if the energy difference between the bottom and the edge of this 
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basin is quite large. In molecular dynamics simulation, as the fluctuation of kinetic 

energy is limited, the system can be trapped in the local minimum for a long time if 

the kinetic energy needed to jump out of the current basin is much larger than the 

average kinetic energy in the current canonical ensemble. 

Although broken ergodicity does not actually exist for infinite time 

simulation, it can be a major obstacle of sampling the configuraional space 

thoroughly given finite simulating time. What makes it worse is that the energy 

difference between the bottom and edge, or the “depth”, of energy basins often 

increases with the system size, which makes it even more difficult for constant 

temperature simulation to make effective sampling in large, complex systems with 

rugged landscape. 



 22 
 

 

Chapter 2 

               Generalized and Extended 
Ensembles or Enhanced Sampling  

2.1. Generalized Ensemble 

2.1.1. Introduction 

The idea of generalized ensemble was proposed a few decades ago59-63, 64 to 

overcome the broken ergodcity issue occurred in the (𝑁,𝑉,𝑇) simulation mentioned 

in the last chapter. As its name implies, a generalized ensemble uses a more general 

form of probability function 𝑊(𝑋, {𝜆}), in which 𝑋 represents the configuration and 

{𝜆} represents the parameter set, instead of the Boltzmann distribution in canonical 

ensemble. As energy and temperature are usually crucial in the simulation, the 

forms of generalized ensemble are usually related to these two quantities, i.e. 

𝑊(𝐸(𝑋), 𝛽) where 𝐸(𝑋) is the potential energy of current configuration and  𝛽 is 
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the reciprocal temperature. Generalized ensembles use various techniques to 

accelerate the barrier-crossing speed and allow the system to explore the 

configurational space efficiently for finite-length simulations. 

Among all the generalized ensembles, there are three kinds of generalized 

ensemble widely used in the field of molecular simulation, which are called multi-

canonical ensemble, simulated tempering (ST) and parallel tempering (PT), 

respectively. We will briefly summarize the main points of them in the following 

sections. In addition, a continuous version of simulated tempering, named 

continuous simulated tempering (CST) method, as well as its advantages over 

conventional ST and PT will be discussed. 

2.1.2. Multi-canonical Ensemble 

Multi-canonical ensemble62, 65 is a technique that encourages sampling of 

multiple local minima in the rugged energy landscape. The multi-canonical 

ensemble, or flat energy histogram method, uses a probability function 𝑊(𝑋) ∝

Ω��(𝐸(𝑋)) = 𝑒����(�(�)), in which Ω(𝐸(𝑋)) is the density of states, 𝑇 is the 

temperature and 𝑆(𝐸(𝑋)) is the microcanonical entropy.  This mathematical form 

provides a constant probability distribution in energy space and generates the flat 

energy histogram correspondingly. In practice, the density of states Ω is often 

unknown in priori and need to be estimated and update along with the simulation. 

Multi-canonical ensemble has already been shown to be very effective in simulating 
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many complex systems such as the spin glass62, 66, simple liquid systems67, small 

peptides68 and structure-based proteins69. 

2.1.3. Simulated Tempering 

Another approach to sample the high-dimensional configuraional space is to 

modulate the system temperature to avoid trapped in local minima. This approach is 

called simulated tempering63 and it can increase or decrease the temperature 

adaptively. The probability function in conventional simulated tempering has a form 

of  𝑊(𝑇) = 𝑐𝑜𝑛𝑠𝑡, which means a flat temperature histogram can be generated. In 

practice, the temperature is defined in a large range with 𝑚 discrete values 

𝑇� (𝑖 = 1, … ,𝑚) such that 𝑊(𝑇�) = 𝑊(𝑇�) = ⋯ = 𝑊(𝑇�). In this case, the 

probability distribution of configuration 𝑋 can be written as 

𝑃(𝑋) =
1
𝑚
�

𝑒����(�)

𝑍(𝛽�)�

, 

Equation 2-1 Configuraional probability distribution in simulated tempering 

where 𝑍(𝛽�) is the canonical partition function for the ith temperature. Therefore, 

this distribution can be interpreted as a sum of canonical ensemble at different 

temperatures with equal weights. 

During the simulation, an attempt move of temperature is made after several 

moves of configuration. To satisfy the detailed balance, the acceptance ratio of this 

attempt is 
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𝑎𝑐𝑐(𝛽� →  𝛽�) = min �1,
𝑃�𝑋;𝛽��
𝑃(𝑋;𝛽�)

� = min {1, 𝑒�(�����)�
𝑍(𝛽�)
𝑍(𝛽�)

} 

Equation 2-2 Acceptance ratio for temperature move in simulated tempering 

We can also write this ratio as  𝑎𝑐𝑐 = min{1, �
��;������(�)�
�(�;��)���(�)�

} = min{1, �
��;���
�(�;��)

}  . 

It can be seen that the successful exchange rate is highly dependent on the overlap 

area of the energy distribution of two adjacent canonical ensemble distributions.  

Different from the multi-canonical ensemble, simulated tempering does not 

generate a flat energy histogram. However, an introduction of weight {𝑤�} on each 

temperature 𝑇� would also make the energy distribution quasi-flat70. Consider the 

height ℎ�  of Boltzmann distribution at temperature 𝑇� , which is inversely 

proportional to the width of this distribution �〈(Δ𝐸)�〉� . We can thus add a weight 

𝑤� on the 𝑖�� distribution which equals to �〈(Δ𝐸)�〉� = 𝑇�𝐶�  to make each 

distribution have the same height. Therefore, a quasi-flat energy histogram can also 

be generated from simulated tempering. 

To satisfy a sufficient overlap of two adjacent energy distributions, the 

distance between the two peaks in each distribution, i.e. 〈𝐸〉� − 〈𝐸〉� ∝ 𝐶�(𝑇� − 𝑇�), 

needs to be comparable with the fluctuations in each distribution, i.e. �〈(Δ𝐸)�〉� or 

�〈(Δ𝐸)�〉� . This leads to a requirement of the temperature difference Δ𝑇 between 

adjacent temperature values comparable with �〈(Δ𝐸)�〉/𝐶� ∝ 𝑇/�𝐶�. On the other 

hand, as the heat capacity 𝐶� increase with the system size, i.e. 𝐶� ∝ 𝑁 where 𝑁 
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indicates the system size, the required Δ𝑇 decrease with 𝑁 as Δ𝑇 ∝ 1/√𝑁. Therefore, 

an increasing number of 𝑚 ∝ √𝑁 is needed with the increase of the system size. 

Simulated tempering has also been applied to many applications such as spin 

model systems71, molecular simulation of polypeptides72 and many other global 

optimization problems73. It is worth mentioning that in small peptide simulation, 

the performance of multi-canonical ensemble and simulated tempering was shown 

to be similar74. However, the latter method does not need to estimate Ω(𝐸) or 𝑆(𝐸) 

of the system precisely70, 75, 76, which makes it easier to be applied to in larger 

systems, such as the protein folding simulation in explicit solvent76-78. Simulated 

tempering is particularly useful in situation that the energy change upon folding 

polypeptide is smaller than the total energy fluctuation of the entire system when a 

large water box is present. 

2.1.4. Parallel Tempering 

Parallel tempering59, 79, 80, or replica exchange, provides another way of 

searching different regions and minima in the rugged landscape. In the parallel 

tempering scheme, multiple copies are used and each copy samples in canonical 

ensembles at different temperatures. The joint distribution of configuration 𝑋 is    

𝑃({𝑋�}) = �
𝑒����(��)

𝑍(𝛽�)�

 , 

Equation 2-3 Configuraional probability distribution in parallel tempering 
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and this will definitely generate a flat temperature distribution, i.e. 𝑊(𝑇�) =

𝑊(𝑇�) = ⋯ = 𝑊(𝑇�) where 𝑚 is the number of copies. 

In parallel tempering, an attempt of exchanging temperatures between 

adjacent copies is made at certain time intervals. Following the condition of detailed 

balance, the acceptance ratio can be written as 

𝑎𝑐𝑐�𝑋�𝛽�𝑋�𝛽� →  𝑋�𝛽�𝑋�𝛽�� = min �1,
𝑃�𝑋�;𝛽��𝑃�𝑋�;𝛽��
𝑃(𝑋�;𝛽�)𝑃�𝑋�;𝛽��

� = min�1, 𝑒����� , 

Equation 2-4 Acceptance ratio for replica exchange in parallel tempering 

where 𝛥𝛽 ≡ 𝛽� − 𝛽�  and 𝛥𝐸 ≡ 𝐸(𝑋�) − 𝐸(𝑋�). In practice, 𝑚 processes or threads are 

running simultaneously, with each process or thread represents a certain 

temperature. If the exchange attempt is accepted, the temperature in each process or 

thread remains unchanged while the configuration information, e.g. coordinates and 

velocities, is exchanged between involved copies. 

There are two biggest advantages in parallel tempering. The first one is to 

enable each copy to sample a region that is totally uncorrelated to the previous one, 

which is particularly useful in the application of phase transition problems in which 

the correlation time near the critical temperature can be very long60. Another reason 

is that the introduction of multiple copies brings more data, which can be combined 

to make a precise estimation of physical properties using reweighting techniques 

such as weighted histogram analysis method (WHAM)81.  In addition, it is easier to 
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be implemented than simulated tempering as the partition function 𝑍(𝛽) is not 

required. On the other hand, the limitation in conventional parallel tempering is also 

obvious. Similar to the conventional simulated tempering, the number of copies 

required to keep a reasonable acceptance ratio increases with the system size82, i.e. 

𝑚 ∝ √𝑁. This requirement makes the parallel tempering method consume 

significant computing resources for large systems. Although progresses83, 84 have 

been made to increase the exchange probability of parallel tempering in recent years, 

this issue remains to be a major obstacle in the application of parallel tempering in 

large systems. 

2.1.5. Continuous Simulated Tempering (CST) 

On the basis of the fact that the increasing number of discrete temperature is 

needed for large systems in conventional simulated tempering, CST was proposed to 

make the system temperate continuous. In CST, the reciprocal temperature 𝛽 is 

defined in a large range (𝛽���, 𝛽���) which covers all the interested temperatures 

for the targeted system. The probability distribution of 𝛽 and the configuration 𝑋 is 

defined as 

𝑃(𝑋,𝛽) = 𝑍��(𝛽)𝑒���(�)𝜔(𝛽) 

Equation 2-5 Probability distribution of configuration in CST 

in which 𝐸(𝑋) is the potential energy of  configuration 𝑋, 𝑍(𝛽) is the canonical 

partition function and 𝜔(𝛽) is the temperature probability distribution. 𝜔(𝛽) can 
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also be interpreted as the weight of the canonical ensemble at temperature 𝛽. It was 

discussed in the last section that a chosen of  𝜔(𝛽) ∝ �𝐶�(𝛽) 𝛽�  can generate a 

quasi-flat energy histogram and keep a sufficient overlapping of energy histograms 

between adjacent temperatures in canonical ensemble. For example, for the systems 

with a roughly constant heat capacity (such as ideal gas or Lennard-Jones system), 

the optimized 𝜔(𝛽) would be 𝛽�� and for other systems like proteins in which heat 

capacity was observed as ∝ 𝛽, a suggested 𝜔(𝛽) would be 𝛽��/�. Generally speaking, 

𝜔(𝛽) can be represented as 𝛽�� if �𝐶�(𝛽) ∝ 𝛽���. 

To generated the desired 𝑃(𝑋,𝛽), a temperature random walk scheme is 

applied instead of the acceptance ratio scheme in the conventional simulated 

tempering. In this case, a general form of 1-dimensional Fokker-Planck equation 

follows 

𝜕𝜌(𝑇)
𝜕𝑡

= −
𝜕
𝜕𝑇

[𝜇(𝑇)𝜌(𝑇)] +
𝜕�

𝜕𝑇�
[𝐷(𝑇)𝜌(𝑇)]  , 

Equation 2-6 Gerneral form of one-dimentional Fokker-Planck equation 

in which 𝜌(𝑇) is the instant temperature probability distribution, 𝐷(𝑇) is a diffusion 

term and  𝜇(𝑇) represents a drift force in temperature space with the mathematical 

form of 𝜕�[𝐷(𝑇)𝑃(𝑋,𝑇)]/𝑃(𝑋,𝑇) = 𝐷(𝑇)𝜕� ln𝑃(𝑋,𝑇) + 𝜕�𝐷(𝑇). Based on the 

equivalence of Brownian motion and 1-dimensional Fokker-Planck equation in this 

form, a temperature space random walk can be written as 
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𝑑𝑇 = �𝐷(𝑇)
𝜕 ln𝑃(𝑋,𝑇)

𝜕𝑇
+
𝜕𝐷(𝑇)
𝜕𝑇

�𝑑𝑡 + �2𝐷(𝑇)𝑑𝑊�, 

Equation 2-7 Random walk in temperature space 

where 𝑑𝑊� is the Weiner process. It can be easily shown that the stationary 

distribution of this F-P equation is 𝑃(𝑋,𝑇). This Brownian equation is valid for any 

form of 𝐷(𝑇), while 𝐷(𝑇) = 𝑇� was chosen76 to encourage the diffusion at high 

temperatures. 

By considering that 𝑃(𝑋,𝑇) = 𝑃(𝑋,𝛽)|𝜕�𝛽| = 𝑃(𝑋,𝛽)/𝑘�𝑇� as well as 

applying the Itô’s formula to the diffusion term, the stochastic differential equation 

in the 𝛽-representation can be derived as 

𝑑 �
1
𝛽
� = −

𝜕 ln𝑃(𝑋,𝛽)
𝜕𝛽

𝑑𝑡 +
√2
𝛽
𝑑𝑊� = �𝐸 − 𝐸�(𝛽) −

𝜕 ln𝜔(𝛽)
𝜕𝛽

�𝑑𝑡 +
√2
𝛽
𝑑𝑊�, 

Equation 2-8 Random walk in temperature space  
in reciprocal temperature representation 

where 𝐸�(𝛽) ≡ −𝜕� ln𝑍(𝛽) denotes the average potential energy at current 

temperature in canonical ensemble and 𝐸 is the potential energy of current 

configuration which is evaluated during the simulation. 

CST has already been shown to be very successful in simulating large, 

complex systems76 in that it provides a high barrier-crossing efficiency while 

overcoming the issue of the decreasing acceptance radio with the increase of system 
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size for fixed-number of discrete temperatures in conventional simulating 

tempering. However, there are systems with special interest in some important 

temperature ranges, such as near room temperature for protein folding simulation 

or near critical temperature in phase transition simulation. These systems often 

have longer relaxation time85 (such as folding a long polypeptide) or correlation 

time60 (such as phase transition). In this situation, although CST could sample the 

whole temperature range, the limited residing time in the important temperature 

ranges affects the searching efficiency in this temperature range. For example, in the 

application of protein folding, the interested temperature range is quite low 

(~300K) while the temperatures needed to cross barriers are much higher 

(> 500K). In this situation, there exists a dilemma between barrier-crossing 

efficiency and the demand of importance sampling around the low temperature 

range. To solve this dilemma and enhance the sampling near the important 

temperature range, we propose a parallel continuous simulated tempering (PCST) 

86with a revised generalized ensemble form, which will be discussed in the next 

section.  

2.2. Parallel Continuous Simulated Tempering (PCST) 

2.2.1. Introduction 

As its name implies that PCST employs multiple-copies which collaborate 

with each other to enhance the sampling near important temperature ranges.  In 
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PCST, the probability distribution of configuration 𝑋 and reciprocal temperature 𝛽 in 

the 𝑖�� copy has a mathematical form of  

𝑃(𝑋,𝛽) = 𝐶𝑍��(𝛽)𝑒���(�) 𝛽�� 𝑓�(𝛽). 

Equation 2-9 Probability disrtibution of configuration in PCST 

The function 𝑓�(𝛽) can be designed to either increase or decrease the weight of 

canonical ensemble at temperature 𝛽 and the sampling time on certain temperature 

ranges. For example, a Gaussian function 𝑒������
��
�

/����  can focus the importance 

sampling around the interested temperature 𝛽� . Following the same derivation as 

the one in the CST method, the random walk in temperature space can be written as 

       𝑑 �
1
𝛽
� = �𝐸 − 𝐸�(𝛽) −

𝜕 ln𝜔(𝛽)
𝜕𝛽

−
𝜕 ln𝑓�(𝛽)

𝜕𝛽
�𝑑𝑡 +

√2
𝛽
𝑑𝑊� ,   

Equation 2-10 Random walk in temperature space in PCST 

with the Langevin equation   

𝑑(1/𝛽)
𝑑𝑡

= 𝐸 − 𝐸�(𝛽) −
𝛾
𝛽

+
𝛽 − 𝛽��

𝜎��
+
√2
𝛽
𝜉 , 

Equation 2-11 Corresponding Langevin equation of Equation 2-10 

where 𝛾 is either 0.5 or 1 according to the specific system and 𝜉 is the standard 

Gaussian noise. 
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In order to facilitate barrier crossing at high temperature and sampling at 

lower temperature thoroughly, we introduce a parameter exchange protocol 

between high temperature copies and low temperature copies. In this protocol, the 

acceptance ratio for copy exchange between the 𝑖th
  and 𝑗th

 copy is defined as 

𝐴𝑐𝑐�𝑋�𝛽�𝛽��𝜎�,𝑋�𝛽�𝛽��𝜎� → 𝑋�𝛽�𝛽��𝜎�,𝑋�𝛽�𝛽��𝜎��

= min �1,
𝑃�𝑋�,𝛽�;𝛽��,𝜎��𝑃�𝑋�,𝛽�;𝛽��,𝜎��
𝑃�𝑋�,𝛽�;𝛽��,𝜎��𝑃�𝑋�,𝛽�;𝛽��,𝜎��

� = min�1, 𝑒�(������������)�  . 

Equation 2-12 Acceptance ratio for parameter exchange in PCST 

where Δ𝛽 ≡ 𝛽� − 𝛽� , Δ𝛽� ≡ 𝛽�� − 𝛽��, Δ𝑞� ≡
��
�

��
� −

��
�

��
� and Δ𝑞� ≡ − �

���
� + �

���
�. 

Specially, if the variances of different distributions are the same, i.e. 𝜎� = 𝜎�, then the 

acceptance ratio becomes 

               𝐴𝑐𝑐�𝑋�𝛽�𝛽��,𝑋�𝛽�𝛽�� → 𝑋�𝛽�𝛽��,𝑋�𝛽�𝛽���

= min �1,
𝑃�𝑋�,𝛽�;𝛽���𝑃�𝑋�,𝛽�;𝛽���
𝑃�𝑋�,𝛽�;𝛽���𝑃�𝑋�,𝛽�;𝛽���

� = min�1, 𝑒������/��� ,                   

Equation 2-13 Acceptance ratio in PCST for same variances  
in involved distribution 

where 𝛥𝛽 = 𝛽� − 𝛽�  and 𝛥𝛽� = 𝛽�� − 𝛽��. 
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It is easy to show that this protocol satisfies the detailed balance. An 

important feature of the parameter exchange protocol is that the acceptance ratio is 

only related to the parameters in generalized ensemble and the current 

temperature, whereas it does not have an explicit dependence on the current 

potential energy 𝐸. Therefore, compared to the conventional replica-exchange 

method59, 64, 80, 83, 8759, 64, 80, 83, 8759, 64, 80, 83, 8759, 64, 79, 82, 86, PCST does not suffer from a 

decrease of successful exchange rate with the increase of system size. Moreover, the 

acceptance ratio is user-adjustable via changing the parameters in generalized 

ensemble. It is noted that at the limit 𝜎 → 0,  the generalized ensemble is converted 

into isolated canonical ensembles at temperature 𝛽�� for the 𝑖th
 copy. In this case, if 

the temperature gap 𝛥𝛽� is relatively large, then the exchange ratio will decrease to 

zero.  

2.2.2. Estimating Physical Properties  

As shown in the Equation 2-10 that among all the quantities needed to guide 

the Langevin equation, the only quantity that is unknown a priori is the average 

energy 𝐸�(𝛽). Meanwhile, it is essential to know 𝐸�(𝛽) to estimate other quantities, 

such as heat capacity 𝐶� = 𝜕�𝐸� and the logarithm of partition function ln𝑍(𝛽) =

ln𝑍(𝛽���) − ∫ 𝐸�(𝛽)𝑑𝛽 which is related to the free energy. Therefore, estimating 

𝐸�(𝛽) becomes one of the key parts in CST/PCST.  

During the simulated tempering simulation, many small bins (𝛽�,𝛽���) are 

created in a large temperature range (𝛽���,𝛽���). If the current temperature falls 
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into the 𝑖th
  bin, then the current potential energy is collected to calculate the 

average energy in this bin 𝐸�� , which is defined as �
�������

∫ 𝐸�(𝛽)𝑑𝛽����
��

 . Since the bin 

size is very small, we assume that the average potential energy in this bin is 

constant, which is already shown to be valid even for finite-size phase transition 

problems. In this case, the Langevin equation can be approximately written as 

𝑑(1/𝛽)
𝑑𝑡

= 𝐸 − 𝐸�� −
𝛾
𝛽

+
𝛽 − 𝛽��

𝜎��
+
√2
𝛽
𝜉 . 

Equation 2-14 Langevin equation after introducing multiple bins  
for collection of data 

Since the energy data in a single bin may not be reliable, especially in the 

early stage of simulation when the system has not equilibrated properly, several 

advanced techniques such as adaptive averaging70 and multiple-bin estimator based 

on integral identity76 (MEII) are used. These techniques in enhancing the accuracy of 

estimating 𝐸�� were clearly shown in previous work. We briefly summarize the main 

points of adaptive averaging and MEII in the followings.  

2.2.2.1. Adaptive Averaging Techniques 

Adaptive averaging70 reduces the negative effect of the data generated in the 

early stages of simulation on estimating 𝐸��. Suppose the 𝑘th
 sample of potential 

energy in the 𝑖th
 small bin is 𝐸�

(�) and its weight is 𝑤�
(�). If we define 𝑆�

(�) =
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∑ 𝑤�
(�)𝐸�

� (�)�
��� , then the weighted mean and variance of potential energy and its 

square in this bin can be written as 

〈𝐸〉�
(�) = 𝑆�

(�) 𝑆�
(�)�

〈(𝛥𝐸)�〉�
(�) = 〈𝐸�〉�

(�) − 〈𝐸〉�
� (�) = �𝑆�

(�) − 𝑆�
� (�)/𝑆�

(�)� 𝑆�
(�) ≡ 𝜎(�) 𝑆�

(�)��  ,
 

Equation 2-15 Weighted mean and variance in each small bin 

The adaptive averaging scheme uses 𝑤�
(�) = 1 �1 − �

�
�� , where 𝐶 is a constant 

which is smaller than 1 and gradually reduces 𝑤(�) from 1 (1 − 𝐶)⁄  to 1 as 𝑘 → ∞ . In 

practice, 𝑆�
(�), 𝑆�

(�) and 𝜎(�) are calculated incrementally as 

𝑆�
(�) = 𝑆�

(���) + 𝑤�
(�)

𝑆�
(�) = 𝑆�

(���) + 𝑤�
(�)𝐸�

(�)

𝜎(�) = 𝜎(���) + 𝑤�
(�)�𝐸�

(�) − 𝑆�
(���) 𝑆�

(���)� ��𝐸�
(�) − 𝑆�

(�) 𝑆�
(�)� � .

 

Equation 2-16 Incremental calculation of weighted mean and variance 

2.2.2.2. Multi-bin Estimator based on Integral Identities (MEII) 

Although the negative effect of early simulation data can be eliminated by the 

adaptive averaging, the data collected in each single bin is still far from reliable. This 

is mainly due to the fact that as the large number of bins is quite reduces the number 

of samples in each small bin in a finite time simulation. In this situation, the 

convergence speed of 〈𝐸〉�
(�) and 〈𝛥𝐸�〉�

(�) are quite low which reduces the accuracy 
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of estimated 𝐸��. To overcome this limitation, a multiple-bin estimator based on 

integral identity76 (MEII) was proposed.  

The main idea of MEII is to borrow the statistics in neighboring bins to 

provide a much more accurate estimation of 𝐸�� (we will call it 𝐸�� in the following 

contents). In canonical ensemble, the heat capacity has a direct relationship with the 

fluctuation of potential energy at the same temperature 

𝐶�(𝑇) ≡ �
𝜕𝐸�
𝜕𝑇
�
�,�

=
 1

𝑘�𝑇�
(𝛥𝐸)��������� . 

Equation 2-17 Relationship between heat capacity and energy fluctruation  
in canonical ensemble 

We can also write the equation above as 𝜕�𝐸� = −(𝛥𝐸)��������� , which brings the 

integral identity for any continuous function 𝜙(𝛽) with zero values at 𝛽� and 𝛽� as 

� 𝜙�(𝛽)𝐸�(𝛽)𝑑𝛽
��

��
= �𝜙(𝛽)𝐸�(𝛽)|��

�� − � 𝜙(𝛽)
𝜕𝐸�(𝛽)
𝜕𝛽

𝑑𝛽
��

��
= � 𝜙(𝛽)(𝛥𝐸)���������𝑑𝛽

��

��
 . 

Equation 2-18 Integral identity for any continuous function 

Given the approximation that 𝐸�(𝛽) = 𝐸��  and (𝛥𝐸)��������� = (𝛥𝐸)���������
� in each small 

bin, the integral identity above can be written in the vector form of 

𝜱𝑻𝑬 = 𝝓𝑻𝑭 

Equation 2-19 Integral identity in Equation 2-18 in vector form 



 38 
 

 

where 𝜱𝒊 ≡ ∫ 𝜙�(𝛽)𝑑𝛽;   ����
��

𝝓𝒊 ≡ ∫ 𝜙(𝛽)𝑑𝛽;    𝑬𝒊 ≡ 𝐸��;    𝐹� ≡ (𝛥𝐸)���������
� .

����
��

Thus, the 

energy average in the 𝑗th
  bin 𝐸��  is exactly equal to  

𝐸�� = −𝜱𝒊𝑬𝒊 + 𝝓𝒊𝑭𝒊 + 𝐸�� = 𝝍𝒊𝑬𝒊 + 𝝓𝒊𝑭𝒊 , 

where 𝝍𝒊 ≡ −𝜱𝒊 + 𝛿��  .    

In real simulation, while 𝐸�� and (𝛥𝐸)���������
� are substituted by sample average 〈𝐸〉�  

and 〈(𝛥𝐸)�〉� on the right hand side of the equation above, the form of 𝜙(𝛽) can be 

selected to keep 𝜙�𝐹 always equal to zero to reduce the sampling error. In this case, 

an unbiased estimation of any interested 𝐸��  becomes 

𝐸�� = 𝝍𝑻𝐸 . 

Equation 2-20 Unbiased estimation of average energy in each small bin 

In CST76,  the form of 𝜙(𝛽) was given as  

𝜙(𝛽) =

⎩
⎪⎪
⎨

⎪⎪
⎧ 𝑎�

𝛽 − 𝛽�
𝛽��� − 𝛽�

, 𝛽 ∈ (𝛽�,𝛽�)

𝑎�
𝛽 − 𝛽�
𝛽��� − 𝛽�

−
𝛽 − 𝛽�
𝛽��� − 𝛽�

, 𝛽 ∈ �𝛽� ,𝛽����  ,

𝑎�
𝛽 − 𝛽�
𝛽� − 𝛽���

, 𝛽 ∈ (𝛽���,𝛽�)

� 

Equation 2-21 Mathematical form of ϕ(β) 
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so  𝜓� = �

��
�������

, 𝑖 ≤ 𝑗
��

�������
, 𝑖 > 𝑗

�  and  𝜙� =

⎩
⎪
⎨

⎪
⎧ 𝑎�

������
�������

𝛥𝛽�, 𝑖 < 𝑗

𝑎�
������
�������

𝛥𝛽� −
�
�
𝛥𝛽�, 𝑖 = 𝑗

−𝑎�
������
�������

𝛥𝛽� , 𝑖 > 𝑗

�   , 

 

Equation 2-22 Specific value of ϕ and ψ in each small bin  

where �̅�� ≡
�������

�
 and 𝛥𝛽� ≡ 𝛽��� − 𝛽�  . Usually 𝛽� , which is the bin size of the 𝑖th

  

bin,  is a constant and does not change with the index 𝑖. In this scheme, two 

parameters 𝑎� and 𝑎� are both positive and their sum is 1. The parameters 𝑎� and 

𝑎� also represent the “weight” of the sum of 𝜓�𝐸� on the left and right side of the 𝑗th
  

bin, and they are determined by the equation 𝜙�𝐹� = 0. In practice, the value of 𝜙�  

and 𝜓�  do not change with time and only need to be calculated once. Moreover, and 

the window (𝛽�,𝛽�) is chosen so that the interested bin are approximately in the 

middle of the window so the solutions of 𝑎� and 𝑎� are easily to get positive values. 

In summary, the implementation of MEII can be divided into two major steps: 

(1) Given the current sample variance 𝑭𝒊 = 〈(Δ𝐸)�〉� of every small bins in the 

window, get 𝑎� and 𝑎� using the equation 𝝓𝒊𝑭𝒊 = 0 given the form of  𝝓𝒊 in Equation 

2-22; 

(2) Given the current sample mean of 𝑬𝒊 = 〈𝐸〉� of every small bins in the 

window and parameters {𝑎�,𝑎�}, get 𝐸��  using the equation 𝐸�� = 𝝍𝒊𝑬𝒊 given the form 

of  𝝓𝒊 in Equation 2-22. 
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In this way, 𝐸��  can serve as an unbiased estimation of the exact average 

potential energy 𝐸��  in the 𝑗�� bin, and it will converge to 𝐸�� asymptotically with long 

time simulation. 

2.2.3. Simulation Protocols of PCST  

There are three time intervals in parallel generalized ensemble simulation: 

dt��, the timestep in canonical ensemble at a fixed temperature, i.e. the simulation 

timestep; dt����, the timestep for integrating the Langevin equation guiding the 

temperature random walk; and  dt��, the time interval to attempt an exchange of 

parameters between different copies. The detailed simulation protocols86 are 

outlined below and the flowchart of PCST simulation with two copies are shown in 

Figure 1. 

(1)  For each copy, run a short trajectory in canonical ensemble with the timestep 

d𝑡�� , and record the potential energy (if available). 

(2) For every time interval of d𝑡���� , (a) if current temperature 𝛽 falls into the 𝑖�� 

bin, then estimate the average energy 𝐸�� using MEII;  (b) update temperature based 

on the Langevin equation (Equation 2-14). 

(3) For every time interval of d𝑡��, (a) collect the statistics from every copy and 

combine them; (b) based on the current temperature 𝛽 and parameters {𝛽�,𝜎}  in 

selected pairs of copy and calculate the acceptance ratio using Equation 2-12; (c) if 

accepted, exchange the states (coordinates 𝑥, velocities 𝑣, temperature 𝛽 and 
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thermostat-related parameters, etc) of two copies while keeping generalized 

ensemble parameters unchanged. 

 

Figure 1. Flowchart of PCST with two copies. 

2.2.4. Application in Simulating Small Protein Folding 

The performance of PCST was tested in folding a 20 amino acid helical protein, 

tryptophan cage88 (pdb code 1L2Y, sequence NLYIQ WLKDG GPSSG RPPPS). This 

protein is commonly used for testing sampling methods and has already been 

studied in PT and CST76. It has an N-terminal helix, a short 310-helix and a C-terminal 

polyproline region. The polyproline region is relatively flexible and does not form 

any secondary structure. For comparison, we also used the CST method76 for the 

folding study. We used AMBER99SB89 force field in all simulations.  



 42 
 

 

We have implemented PCST into a modified GROMACS 4.6.3 package37, 90. In 

all the simulations, the trp-cage protein was put in a cubic 46 × 46 × 46 Å� box with 

3143 TIP3P model91 of water molecules and one Cl� ion to keep the total charge 

zero. The cut-off distances of Lennard-Jones interaction, electrostatic interaction 

and neighbor list were 15 Å . Particle mesh Ewald (PME) method92 was used to 

calculate the electrostatic force, with the 1.19 Å  grid spacing of Fourier transform. 

The parallel LINCS algorithm93 was used to constrain the hydrogen bonds in protein 

and the SETTLE algorithm94 was used for constraints in water molecules. The 

simulation was performed in an (N, V, T) ensemble with thermostat temperature 

300K. Velocity rescaling57 scheme was applied on the thermostat. A force-rescaling 

scheme76 was applied to sample at different temperature using the fixed-

temperature thermostat. The timestep for molecular dynamics integration was 

0.002 ps. The timestep dt���� for integrating the Langevin equation was 0.04 ps, 

which was the same as the neighbor list refreshing interval. For our PCST method, 

the time interval dt�� of exchange attempt was 10 ns (5 × 10� steps).  

For both CST and PCST methods, we performed five independent trajectories 

with length of 2 µs for each method. The temperature range (𝛽���,𝛽���) was set as 

(0.24, 0.41) kJ��mol  and the length of small bin for data collection was 

δβ = 0.0001. The window width for MEII was 200 times of the bin size, which was 

approximately 10% of the total temperature range. The parameter C in adaptive 

averaging70 was 0.1.  Following the convention in the CST method76, the factor γ in 

generalized ensemble was set as 1, which would make the system bias towards the 



 43 
 

 

high temperature76 and accelerate the barrier crossing. In our PCST method, this 

bias was removed and it was kept as 0.5. The parameters {𝛽�,σ}  in Equation 2-9 

were set as {0.38, 0.05} for the low temperature copy and {0.27, 0.13} for the high 

temperature copy (with the peaks of temperature distribution in 316K and 445K), 

respectively.  

The folding results are indicated by alpha-carbon root mean square 

deviations (C�-RMSD). The native state is marked by the blue line which represents 

3 Å RMSD from the NMR structure88. The results of five trajectories of CST method 

are shown in Figure 2. All five trajectories reach the native state for a few times. 

However, the length of time for the system to stay near the native state in each 

folding event is not very long. The average fraction of time to stay in the near native 

state of five trajectories was around 3%, with the smallest value 0.8% (traj 2) and 

the largest value 6% (traj 5). This may be partly due to high temperature bias was 

applied to satisfy the barrier-crossing efficiency, and it significantly reduces the time 

of sampling in the low temperature range. As we mentioned previously, to increase 

the low temperature sampling, it is far from enough to simply change the high 

temperature bias to low temperature bias, e.g. to change the generalized ensemble 

parameter γ from 1.0 to 0.5 or even smaller values, as the system may be trapped in 

energy basins.  
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Figure 2 C-alpha RMSD from the native state in five trajectories  

in CST (above) and PCST (below) simulation.  
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In Figure 2, we show the C�-RMSD of five trajectories using PCST method. It 

can be seen that the occurrence of folding events was significantly increased 

comparing with that of CST method. Two copies are used in our simulation, one for 

high temperature and the other for low temperature. For the low temperature copy, 

the average fraction of time near the native state was 23.7%, with the smallest value 

12% and the largest value 42%. For the high temperature copy, the average fraction 

was 12.8%, with the smallest value 7% and the largest value 20%. The results were 

achieved by the collaboration of two copies: the low temperature copy is mainly 

responsible for searching in the folding temperature range while the high 

temperature copy is mainly responsible for barrier crossing.  

The normalized RMSD distributions of two methods are shown in Figure 3. 

Compared to the CST method, the PCST method allows the system to sample near 

the native state more thoroughly, so the population in the low RMSD range is 

enhanced. Furthermore, in the distribution of the PCST method, two distinct peaks 

were observed around 1Å and 2Å RMSD, respectively. This seems to suggest that 

there are two substates near the native state. This phenomenon can also be easily 

seen in Figure 2. We show the amplified parts of trajectory 3 and 5 (Figure 4(a)) 

along with the molecular structures of the two substates (Figure 4(b)). Between the 

two substates, the N-terminal helixes of the two structures are almost the same, and 

differences between the two are mainly caused by the C-terminal polyproline region. 

Our observation is consistent with the previous computational95, 96 and 

experimental 96, 97 studies about the existence of these two substates.  
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Figure 3. The C-alpha RMSD distribution in CST and PCST method.  
The red line represent  CST, while the  dashed line and solid line denote the high 

temperature copy and low temperature copy in PCST, respectively.  
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Figure 4. (a) Enlargement of parts of traj 3 and traj 5 in Figure 2. (b) Molecular 
structure of two substates. The two structures are aligned with respect to the N-

terminal helix (residues 1-10).  

To further characterize the nature of the two substates, we analyzed the Cα-

Cα(helix) RMSD distribution for the PCST method (Figure 5), where Cα(helix) 

represents the Cα atoms in the N-terminal helix formed by the first 10 residues. 

Results of both copies show that the two substates have almost the same Cα(helix) 

RMSD, and the difference in the Cα RMSD is caused by the long polyproline in C-

terminal region. We have found that there seems to be two distinct types of pathway 

from the collapsed state (the 5Å RMSD region mentioned before) to the native state, 

one type is direct folding to the either substate of the native state (indicated by 

arrow I and II in Figure 5) and the other type is first folding the N-terminal helix to 

the native state followed by the folding of flexible polyproline region to the native 

state (indicated by arrow III in Figure 5). As the two substates were not observed in 

the CST method, the results of PCST method demonstrate that the existence of the 

low temperature copy provides more thorough sampling of the free energy 

landscape near the native structure. 
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Figure 5 Normalized joint distribution of the RMSD of  

 𝐂𝛂(𝐡𝐞𝐥𝐢𝐱) versus RMSD of 𝐂𝛂 atoms in  (a) high-T copy and (b) low-T copy.   In both 
subfigures, three pathways to the native state are labeled as I, II and III.  
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2.1. Extended Ensembles 

2.1.1. Energy Biases and Reaction Coordinates 

As tempering methods are used in our MD simulation, new biasing protocols 

are consequently needed. While the biasing strength is usually kept as constant in 

conventional schemes, we introduce a novel biasing protocol in which the amplitude 

of a restraint is temperature-dependent78. At room temperature, the biasing 

strength goes to zero such that the original energy landscape can be recovered. The 

restraint strength reaches its maximum at the highest temperature, preventing the 

system to drift too far away from the reference state during the energy barrier 

crossing. Specifically, a biased potential 𝑉(𝑋), expressed as a function of molecular 

coordinates 𝑋, serves as biases and can be added to the generalized ensemble 

without disturbing room-temperature properties. This is achieved via a 

temperature-dependent Hamiltonian 𝐻(𝑋) = 𝐻�(𝑋) + 𝜆(𝑇)𝑉(𝑋) where 𝐻�(𝑋) is the 

original Hamiltonian and 𝜆(𝑇) is a linear function of temperature 𝑇. Two 

parameters, {𝜆���,  𝜆���} control the shape of 𝜆(𝑇), representing the value of λ at 

𝑇��� (set as zero in our case) and the one at 𝑇���, respectively. The reason of 

choosing the linear form of 𝜆(𝑇) is that linear functions can be combined with PCST 

seamlessly, by rewriting the Langevin equation above as 

𝑑(1/𝛽)
𝑑𝑡

= 𝐸′ − 𝐸′� (𝛽) −
𝛾
𝛽

+
𝛽 − 𝛽��

𝜎��
+
√2
𝛽
𝜉 , 

Equation 2-23 Langevin equation in temperaure-dependent extended ensemble  
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where 𝐸� ≡ 𝐸(𝑋) − 𝑉(𝑋) denotes the difference between the original potential 

energy and the biased energy. It can be shown that the new Langevin equation 

generates the desired probability distribution as: 

𝑃(𝑋,𝛽) ∝ 𝑍��(𝛽)𝑒��[�(�)��(�)�(�)]𝛽��𝑒������
��
�

/���� . 

Equation 2-24 Probability distribution in temperature-dependent 
extended ensemble  

As mentioned above, this temperature-dependent biasing scheme add biases 

on the high temperature range while de-bias the energy landscape at room 

temperature. This brings a significant improvement over conventional biases, 

especially when the latter contain inaccurate information about the system and fail 

to guide the simulation to the correct direction. We introduce two different types of 

biasing functions 𝑉(𝑋) in the following parts, each of which is specially designed in 

different conditions and have broad applications. 

2.1.2. Structure-Based Model (SBM) 

We adopt the idea of structure-based model (SBM)98 as our biased energy to 

increase the sampling efficiency around a reference conformation. SBM was a 

method developed many years ago, but it was initially proposed as a solvent-free 

model to simulate protein conformational changes98. SBM has many advantages over 

coarse-grained and elastic-network models24, 26.  First, the SBM potential can 

generate a funnel-like energy landscape by itself, which won’t bring much distortion 
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to the protein energy landscape in water. Second, compared with elastic network 

methods where harmonic functions are employed, the energy landscape of a remote 

state (with respect to the reference state) is quite smooth and the energy penalty is 

limited. This encourages the sampling of states with a relatively large RMSD from 

the reference state but have a lower free energy.   

The mathematical form of the SBM bias potentials is 

� 𝜖�(𝑟 − 𝑟�)�
�����

+ � 𝜖�(𝜃 − 𝜃�)�
������

+ � 𝜖�(𝜒 − 𝜒�)�
�������� ���������

+ � 𝜖��𝐹�(𝜙)
��������

+ � 𝜖��𝐹� + � 𝜖� ��
𝜎��
𝑟
�
��
− 2 �

𝜎��
𝑟
�
�
� +

�����������������

� 𝜖�� �
𝜎��
𝑟
�
��

������������

 , 

Equation 2-25 Mathemtaical form of SBM biased energy  

where 𝐹�(𝜙) ≡ [1 − cos(𝜙 − 𝜙�)] + �1− cos�3(𝜙 −𝜙�)��/2, 𝜎�� and all the 𝜖s are pre-

set parameters of SBM; 𝑟, 𝜃, 𝜒 and 𝜙 are calculated from the current coordinates of 

protein, 𝑟�, 𝜃�, 𝜒� and 𝜙� are calculated from the coordinate of the reference state 

which corresponds to the conformation we want to sample around.  The selection 

procedure of “contacts” follows the “shadow map” scheme99, which only counts the 

atom pairs that are in each other’s “first coordination shell”.  Specifically, atom pairs 

are considered as contacts only when the distance between these two atoms is in a 

certain range (e.g. 4~8 Å) and no other atoms between them are “blocking the way” 

(Figure 6).  Our PCST-SBM method is coded into the latest MD simulation package 

GROMACS. 
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Figure 6 (A) Lennard-Jones function in the contact terms of SBM potential 
(𝛔=0.32 and 𝛜=0.53 in this example).  (B) Schematic diagram of shadow map to 

determine if two atoms are in contact. 

As an energy-biasing method, SBM is orthogonal to the tempering methods 

such as PCST. SBM is particularly useful in the protein structure refinement when 

the reference state is accurate enough to reflect most of the information about the 

native state. 

2.1.3. Ensemble-Based Model (EBM) 

In the field of structure prediction, structures can usually be predicted using 

different prediction servers. However, each of these structures may only be partially 

correct.  In this case, running multiple PCST-SBM simulations, each of which is 

restrained around only one structure in the ensemble, is unlikely to work.  It is 

because the native conformation has little chance to be visited if its correct 

conformations are “fragmented and scattered” in various structures in the ensemble.  

Thus, we introduce a new type of EBM-based biases.  Different from SBM, EBM 

extracts information about the target system from multiple structures.  Thus, EBM 
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allows the simulation to explore more basins in the free energy landscape and to 

assemble a brand new structure from the ensemble structures.  

The use of multiple models demands us to replace the Lennard-Jones 

function in the SBM potential by the smoother Gaussian functions.  In practice, by 

analyzing all the structures in the ensemble, we obtain the radial distribution 

function (RDF) between each contact pairs in the reference state, fit the statistical 

data into a combination of various Gaussian peaks, and add all the peaks to the 

biased energy term (Figure 7).  In each contact pair, three parameters are used to 

determine the 𝑖�� Gaussian peak in the RDF function: the distance 𝑟�, the width 𝜎� 

and the height ℎ� . Thus, the total biased energy has the form of  

𝑉 = − � �ℎ�𝑒�(����)�/���
�

���������

 

Equation 2-26 Mathematical form of EBM biased energy 

The structure ensemble used by EBM biases can be obtained with multiple 

ways.  For ab initio prediction, we can generate a structure pool using online 

structure-prediction servers (e.g., Robetta22, 40, TASSER18, QUARK28, etc).  The SCOP 

database can also be used to find experimental structures that have similar folds 

from which a homology model can be built.  Moreover, if we work on a CASP system, 

all the predicted structures provided by CASP participants can constitute a perfect 

ensemble for training RDF functions (Figure 7).  
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It is worth noting that the presence of the reference state can further refine 

the choice of Gaussian peaks.  If in the RDF function of a certain contact pair, 𝑟� of 

one Gaussian is nearer to 𝑟�, which is the distance between this contact pair in the 

reference state, then 𝑟� has more “fidelity” and the weight of the corresponding 

Gaussian should be increased.  Specifically, the restraint function can be rewritten as  

𝑉 = − � �ℎ�𝑒�(����)�/���
�
𝑤�

�

,
��������

 

Equation 2-27 Weighted form of EBM biased energy 

where 𝑤� is the weight of the 𝑖�� Gaussian peak that reaches its maxima when 𝑟� and 

𝑟� are in the same Gaussian and decrease to zero as the number of peaks between 𝑟� 

and 𝑟� increases.  In the simplest case, we can only consider Gaussian peaks whose 𝑟� 

is no more than three peaks away from 𝑟� in the RDF function.  Thus, both the 

information of the reference state and the training set are used together to restrict 

the sampling region, and significantly increase the chance to increase the accuracy of 

structure prediction to a higher level. 
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Figure 7 Flowchart of building EBM biased energy. 

2.2. Discussions 

In this chapter, we review the CST method and present a PCST method which 

enables copies of simulation to explore the configurational space collaboratively. A 

Gaussian distribution in temperature space with different parameters is added on 

each copy so that it can focus on searching the temperature range around the peak 

of Gaussian distribution. An exchange protocol of parameters is introduced to 

eliminate the broken ergodcity issue that might exist in the low temperature copies. 

The PCST has shown its effectiveness in simulating large, complex systems with 

rugged landscape and huge degrees of freedom and estimating physical properties 

in a precise way. 
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PCST also shows its special effectiveness in protein folding simulation, in 

which the long residing time in low temperature range is required. In the application 

of folding trp-cage protein, we observed a significant enhancement of fraction of 

time in the native state compared to the CST method in each of the five simulations. 

In addition, the adequate residing time in native states brings the observation of the 

existence of two substates in the native region. The molecular structures of two 

substates are in agreement with the previous computational30, 31 and experimental31 

studies. Moreover, three possible folding pathways are observed in the analyzed 

results of 𝐶�-𝐶�(helix) RMSD relationship, which indicates that various procedures 

might exist in the folding of trp-cage protein at certain conditions. The detection of 

two substates and multiple possible pathways demonstrates that PCST can sample 

the free energy landscape of protein folding thoroughly.  

PCST method extends the ideas in CST method in using continuous 

tempering, while borrows the spirits in PT method in using multiple copies of 

simulation. The employment of various distributions in different copies overcomes 

the dilemma between barrier-crossing efficiency and importance sampling in 

particular temperature range, especially in the low temperature range. As the 

overlap between temperature distributions is sufficient, the exchange rate between 

copies can be kept at a relatively high value. At the same time, the exchange rate 

does not dramatically depend on the system size, which allows one to use much 

smaller number of copies compared to the conventional PT method. Therefore, it 
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can serve as a good alternative for conventional PT in simulating large systems such 

as phase transition and dynamics of macromolecules in explicit solvent.  
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Chapter 3 

                     High-accuracy Refinement
 of Protein Low Quality Models  

3.1. Selecting High Quality Models in MD Simulation 

While MD simulation can generate sufficient number of structures, it is 

essential to select proper candidates for practical use.  Currently, two mainstream 

methods with totally different philosophies are used for model selection.  Widely 

used in MD simulations, the clustering method52, 100 attempts to divide the whole 

trajectory into ‘clusters’ such that each cluster can represent a conformation.  In 

ideal cases (when the system reaches the equilibrium), the largest cluster 

corresponds to the native state since it is the most thermodynamically stable.  The 

second approach, statistical potential method33, 45, 46, 101, uses knowledge-based 

information to score each structure and select ones with higher scores.  Each 

method has its advantages and limitations. The clustering method requires the 
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equilibrium population of conformational states that, in principle, take infinitely 

long simulation to achieve. The statistical potential functions are not very accurate, 

and in particular, lacks funnel-like feature in energy landscape. These drawbacks 

make the blind model selection a monumentally difficult task in almost all structure 

prediction practices. 

3.1.1. Three-step Method for Model Selection 

Our novel model selection method combines these two methods to effectively 

select only tens of structures, with higher model accuracy, from more than 10� 

candidates along the whole trajectory.  The method is specially designed for 

tempering simulations, in which any snapshot of the simulation contains both the 

coordinates of the current state and its corresponding temperature.  

We start the model selection process with model elimination according to 

physics principles (Step I).  In the generalized ensemble, the probability for a state 

{𝑋,𝛽} to transit to another state {𝑋,𝛽�} is 

𝑃(𝑋,𝛽�)
𝑃(𝑋,𝛽)

=
𝑍(𝛽)𝑤(𝛽)
𝑍(𝛽�)𝑤(𝛽�)

𝑒�(����)�(�), 

Equation 3-1 Relative probability for finding a state at two different  
Temperatures, 𝜷𝟎 and 𝜷. 

where 𝑍(𝛽) is the canonical partition function, 𝐸(𝑋) is the potential energy 

and 𝑤(𝛽) denotes the weight function of the canonical ensemble at temperature 𝛽 

(for conventional ST or PT, 𝑤(𝛽) is constant).  The transition probability is also 
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proportional to the overlapping area between energy histograms of these two 

canonical ensembles, and usually decreases as |𝛽� − 𝛽| increases.  Thus, if a state is 

sampled at a high temperature, it is unlikely to be sampled at a low temperature.  

This inspires us to add a temperature threshold to the trajectory such that the states 

corresponding to temperatures above the threshold (e.g. 300K) are not considered 

as a candidate, given that native structure of a protein is experimentally measured at 

room temperature.  On the other hand, as the temperature along the simulation 

changes continuously, the setup of temperature threshold naturally divide the whole 

trajectory into clusters.  By eliminating the states in the high temperature range, the 

number of candidates can be reduced to 10�~10�, which is 5~10% of the total 

number of states.  

Step I results in a partitioning of the whole trajectory into islands. The 

grouping of islands into final clusters is tricky as the states in islands are separated 

in varying time gaps. The islands are grouped into clusters based on four different 

separation cutoffs of 400ps, 350ps, 300ps, and 250ps. All clusters generated by 

different separation cutoff are regarded as candidates of cluster. If a cluster contains 

less than 10 states, this cluster is discarded. Step II is to score the candidates using a 

statistical potential.  The one we choose is GOAP46, one of the most effective 

statistical potentials for recognizing native states of proteins.  Instead of ranking all 

the single structures, we first calculate the average GOAP score of each cluster and 

use this average score to rank clusters.  Occasionally, the size of a cluster is too large 

and the variance of GOAP score within the cluster is huge, then we break the cluster 
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into different smaller clusters such that the variance of GOAP score within each 

smaller cluster is controlled under the 20% of the absolute GOAP score of the 

corresponding cluster. This is the multi-means clustering method. Finally, a cluster is 

broken into two clusters if an event of parameter exchange of PCST happens within 

this cluster.  The ranking process lets us select clusters with higher scores and 

eliminate clusters with lower scores.  For instance, leaving only 10~20 clusters in 

the candidate pool would reduce the number of candidates to 10�~10�.   

The final step (Step III) is to calculate the average structure to represent the 

cluster.  This is achieved by first aligning all the structures within each cluster via 

least square fitting and obtaining only one averaged structure representing each 

cluster.  

3.2. Application of PCST-SBM in refining CASP10 targets 

3.2.1. MD Simulation of All Targets 

We used our SBM-PCST method to refine 18 low-accuracy models selected from 

the refinement category of CASP10 targets.  The targets have a great variety of sizes, 

ranging from 75~235 residues, and contain different secondary structure 

components.  The Cα-RMSD and the GDT_TS of the initial models, compared to the 

native crystal structures, range from 1.96~8.52Å and 55.68~86.48, respectively.  For 

each target, a 500ns all-atom MD simulation in explicit solvent was performed using 

the molecular simulation package GROMACS 4.537, 90.  TIP3P model102 was used for 



 62 
 

 

explicit solvent, AMBER99SB-ILDN36 was used as the force field, and explicit ions 

were used for eliminating charges. 

In each simulation, we set the “initial model” provided by the CASP organizers 

as both the “reference state” of SBM and the starting point of each simulation.  The 

SMOG server at Rice University103 was used to extract the SBM parameters from the 

reference state.  The temperature range for our simulation was 293~500K.  Two 

copies were employed in PCST, with the parameters {β�, σ} set of {0.38, 0.05} for the 

low temperature copy and {0.27, 0.13} for the high temperature copy (the peaks of 

Gaussian temperature distribution are at 316K and 445K, respectively).  The time 

step for MD integration was 0.002 ps.  The time step for integrating the Langevin 

equation was 0.04 ps, which was the same as the neighbor-list refreshing interval.  

For our PCST method, the time interval of exchange attempt was 10ns (5 × 106 

steps).  For each system, we calculated time series of GDT_TS to quantify the model 

quality (Figure 8).  
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Figure 8 Time series of GDT_TS of the MD trajectories corresponding to 
18 CASPR targets.  In each trajectory, the red line and the black line represent 
the high temperature copy and the low temperature copy in PCST, respectively.  

The blue line indicates GDT_TS of the initial model. 

The models from PCST-SBM were compared with the initial models (Table 1).  

It is clear that the best model in each trajectory is consistently better than the initial 

model.  The average GDT_TS enhancement is 8.93 over the initial models while the 

greatest GDT_TS enhancement (TR671) reaches 31.25.  Note that the results in Table 

1 only reflect the quality of best models in our simulation and the results of model 

selection procedure are in the next section.  Furthermore, these best models from 

PCST-SBM exhibit much smaller Cα-RMSD from the native structures.  The average 

improvement in Cα-RMSD is 1.26 Å for all 18 systems, with the highest being TR671 

(at 5.61 Å) (Table 1).  Importantly, out of the 18 systems, the best models are within 

2 Å Cα-RMSD from the native structures for nine of them (TR644, TR661, TR662, 
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TR663, TR688, TR704, TR723, TR747, TR750), within 3 Å Cα-RMSD for five systems 

(TR671, TR674, TR696, TR704 and TR710) and within 4 Å Cα-RMSD for three 

systems (TR655, TR698, and TR708).  Clearly, PCST-SBM can sample the 

configurational space around the initial model thoroughly and the best models of the 

majority of these tested systems are accurate enough to be search models for 

molecular replacement (which generally requires Cα-RMSD smaller than 2~3 Å 

from native structures) in phasing X-ray diffraction data.  Particularly, for several 

targets, distinct conformations can be observed in the time series of Cα-RMSD and 

GDT_TS (Figure 9).  Neither the NVT simulation nor conventional tempering 

methods can efficiently sample as many energy basins as our method does in a 

limited time.  As a comparison, the best models submitted by CASPR participants 

have an average of 3.98 in GDT_TS and 0.99 Å in Cα-RMSD. 

Target Size Initial CASPR Best 
RMSD (Å) GDT_TS ∆RMSD (Å) ∆GDT_TS ∆RMSD (Å) ∆GDT_TS 

TR644 141 2.71 84.75 -0.61 2.13 -1.49 8.51 
TR655 175 4.65 68.86 -0.41 1.71 -0.99 4.43 
TR661 185 2.74 80.68 -0.62 0.67 -0.90 4.59 
TR662 75 2.03 84.00 -0.27 4.33 -0.65 6.33 
TR663 152 3.37 69.24 -1.12 8.06 -1.69 20.73 
TR671 88 7.72 55.68 -3.45 10.51 -5.61 31.25 
TR674 132 3.44 85.80 -1.33 1.70 -1.34 6.06 
TR688 185 2.52 78.24 -0.08 1.90 -0.53 6.81 
TR696 100 3.52 71.50 -0.98 4.50 -0.82 9.75 
TR698 119 4.65 65.55 -0.66 2.10 -0.80 3.57 
TR704 235 2.78 70.13 -0.51 5.85 -1.20 15.07 
TR705 96 4.71 64.84 -1.71 6.51 -1.81 11.72 
TR708 196 4.63 86.48 -1.36 1.02 -0.79 2.04 
TR710 194 2.44 75.13 -0.12 5.15 -0.27 7.60 
TR720 202 8.52 58.46 -3.74 3.03 -2.47 4.80 
TR723 132 2.23 85.11 -0.44 6.30 -0.59 7.07 
TR747 98 1.96 83.61 -0.28 2.50 -0.21 5.00 
TR750 182 2.12 77.75 -0.20 3.71 -0.55 5.49 

Average 149 3.71 74.77 -0.99 3.98 -1.26 8.93 
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Table 1.  Improvements in Cα-RMSD (“-” sign for ∆RMSD) and GDT_TS 
(“+” sign for ∆GDT_TS) of the best PCST-SBM models (Best) and the best CASPR 

models (CASPR) compared to the initial models (Initial). 

Figure 9 . Time series of Cα-RMSD (left) and GDT_TS (right) of several CASPR 
targets where distinct conformations are observed.  The red line and the black 

line represent the high temperature copy and the low temperature copy in 
PCST, respectively, while the blue line indicates the Cα-RMSD (left) and GDT_TS 

(right) of the initial model. 

3.2.2. Model Selecting using Three-step Method 

We next applied our novel model selection method to blindly select for high-

quality models from hundreds of thousands of structures generated from each MD 

simulation (Figure 10).  As indicated in the Methods section, there are three steps in 

this process.  Step I is to apply a temperature threshold to eliminate the states in the 
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high temperature range that may have a good GOAP score but physically forbidden 

(Figure 10B).  This step eliminates more than 90% structures in an MD trajectory 

(Figure 10C).  Step II is to score the candidates as clusters using the statistical 

potential GOAP instead of directly ranking all the single structures, which enhances 

the accuracy of GOAP by canceling out systematic error of the statistical potential on 

each single structure (Figure 10D).  The final step involves the generation of only 

one model representing one cluster by structural averaging, which also serves to 

refine side-chain packing and hydrogen network within a cluster of structures.  A 

total of 20 models were generated from the whole trajectory for each of the targets.  

In each step, the best model was selected from the remaining candidate pool by 

calculating the GDT_TS scores compared to the known native structure (Figure 11, 

Table 2).  The rank of the best final model selected by our method is also shown in 

Table 2.   

As the selection progresses through multiple steps, a large number of 

candidates are eliminated (Step I) or GOAP scores are used to rank the clusters (Step 

II and the final step), thus the best GDT_TS in the remaining candidate pool often 

worsens.  However, the best models in each step still keep a high quality and show 

consistent improvement over the initial models (Figure 10, Table 2).   
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Figure 10 . Demonstration of the model selection method using a 500ns 
PCST-SBM simulation of TR662.  In each subplot, the red and the black line 

represent the high temperature copy the low temperature copy, respectively.  
(A) Time series of Cα-RMSD.  (B) Time series of the system temperature.  (C) 

Cα-RMSD of the rest of the trajectories after a temperature threshold of 300K 
is applied.  (D) Corresponding GOAP score (in thousands) of the states in (C).  

Clearly the trend of GOAP score fits well with the trend of Cα-RMSD in (C). 

 Compared with the initial models, the average GDT_TS enhancement of the Step 

I models is 7.92, which is only 1.01 lower than the average of the best models 

obtained by our PCST-SBM method, with the greatest GDT_TS enhancement being 

22.73 (for TR671).  The average GDT_TS improvement of the Step II models is 6.62, 

which is 1.30 lower than the best models after Step I selection, with the largest 

GDT_TS improvement of 20.46 (for TR671).  The average increase in GDT_TS of the 
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final models is 5.48, which is 1.50 higher than the average improvement obtained by 

the best CASPR results.  Moreover, 11 out of 18 targets have a greater GDT_TS 

enhancement compared to the best CASP10 results.  Impressively, the final models 

generated by our methods are significantly closer to the native structures than the 

initial models (shown as an example for targets TR705 and TR663 in Figure 12). 

These results suggest that the combination of our PCST-SBM method and the model 

selection method can generate high quality models without information about the 

native state.  

To evaluate our overall enhanced sampling refinement approach combined with 

blind-selecting scheme, one would like to examine two issues, one is to see if the 

blind-selecting scheme can successfully identify the best model from simulation 

trajectory, two is to compare the identified best model with that of CASPR. 

As indicated in Table 2 and Figure 2, for all 18 systems, 3 of them (TR710, 

TR663 and TR705) have their blindly-selected best models consistent with the best 

models in their corresponding trajectories (after Step I, only at low temperature 

range), and among which 2 of them (TR663 and TR705) are better than the best 

ones in CASPR. If top-5 blindly-selected models are picked for each system (CASP 

convention), then there are 12 systems with their blindly-selected best models 

consistent with the best models in their corresponding trajectories, and among 

which 7 of them (TR644, TR663, TR671, TR674, TR704, TR705, TR723) are better 

than the best ones in CASPR. Finally, if top-20 blindly-selected models are picked for 

each system, then all 18 systems with their blindly-selected best models consistent 
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with the best models in their corresponding trajectories, and among which 11 of 

them are better than the best ones in CASPR. This result indicates that the blind-

selecting scheme is capable of identifying the best structures in trajectories and a 

substantial of them are better than the best ones in CASPR. In the case of doing 

molecular replacement, although one has the option of scanning through the entire 

trajectory for finding a successful model, with this method, 20 models for each 

trajectory seems to be sufficient to encompass the best models, which saves a lot 

computational resources. 

The best models submitted by CASPR participants have an average 

improvement of 3.98 in GDT_TS. Without blind selection, the best models in our 

simulation identified by the native structures have an average GDT_TS improvement 

of 8.93. With blind selection, the average GDT_TS improvement is 5.48 (based on 

Top-20 scheme) (Table 2).  As examples, Figure 3 shows the comparison of the best 

blindly-selected structures of TR704 and TR663 with their native structures. 

An important observation we made is that the level of difficulty in refinement 

varies with systems, and the trend of the overall improvement of models in our 

refinement is similar to what reported by CASPR. One reason is probably that many 

CASPR refinements also used all-atom molecular simulation method. Other reasons 

include that there are intrinsic features in the structures inflicting difficulties for 

refinement that are beyond, or independent of, the computational refinement 

protocols.  
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Table 2.  Average GDT_TS enhancement of the best models along the 
PCST-SBM trajectory (labeled as ‘∆Best’), the best results from CASPR (labeled 
as ‘∆CASPR’), the best models after Step I and II (labeled as ‘∆Step I’ and ‘∆Step 
II’) and the best value among 20 final models (labeled as ‘∆Final’), respectively. 

Ranks (by GOAP score) of the best result among final models for each target 
are also listed. 

Target Initial ∆CASPR ∆Best ∆Step I ∆Step II ∆Final Rank 
TR644 84.75 2.13 8.51 7.80 6.92 4.97 3 
TR655 68.86 1.71 4.43 4.00 4.00 3.83 6 
TR661 80.68 0.67 4.59 2.43 2.02 0.94 16 
TR662 84.00 4.33 6.33 6.33 6.33 4.67 7 
TR663 69.24 8.06 20.73 19.25 17.93 15.96 1 
TR671 55.68 10.51   31.25 22.73 20.46 19.32 2 
TR674 85.80 1.70 6.06 6.06 6.06 5.49 3 
TR688 78.24 1.90 6.81 6.54 5.32 1.79 2 
TR696 71.50 4.50 9.75 7.75 5.00 3.75 3 
TR698 65.55 2.10 3.57 3.57 1.58 1.69 8 
TR704 70.13 5.85 15.07 15.07 13.77 12.44 2 
TR705 64.84 6.51 11.72 11.72 11.20 9.64 1 
TR708 86.48 1.02 2.04 1.02 1.02 0.64 6 
TR710 75.13 5.15 7.60 6.70 2.45 0.64 1 
TR720 58.46 3.03 4.80 4.55 4.17 3.28 20 
TR723 85.11 6.30 7.07 7.07 7.07 6.49 4 
TR747 83.61 2.50 5.00 5.00 0.84 0.84 2 
TR750 77.75 3.71 5.49 5.08 2.20 2.33 3 
Average 74.77 3.98 8.93 7.92 6.62 5.48  
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Figure 11 . Enhancement in GDT_TS relative to the initial model by the best 
models submitted by CASP participants (labeled as ‘CASP, in grey color), the 
best models selected from the MD trajectories (labeled as ‘Best’, in light blue 

color), and the final models after model selection (labeled as ‘Final’, in red 
color). 

 

Figure 12 . The refined structures of two targets, TR704 (A) and TR663 (B), are 
compared to the native structure.  In each case, the native structure is shown 
in green, the initial model is in purple and the final model generated by our 

refinement protocol is shown in red.  The regions with large structural 
improvements in our final model are highlighted by blue dashed lines. 
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3.3. Application of PCST-EBM for Folding Two CASP Proteins 

The performance of EBM biases was tested via 1500ns simulations of two 

systems chosen from CASP10 with even low initial GDT_TS.  The first target was 

TR705, a 96-residue protein and the second target was TR704, a 235-residue 

protein.  We chose TR705 because the quality of its initial model was much worse 

than the targets in the SBM test, which is ideal for testing the EBM method that 

focusing on refining low-accuracy structures.  Also, TR704 was chosen because the 

quality of the initial model was just on the “boundary” between the expected 

applicable ranges of SBM and EBM.  Specifically, we would expect that SBM is 

effective for systems with initial models of 70~80 GDT_TS, while EBM may allow the 

refinement of systems with worse initial models (GDT_TS of 60~70).  For each 

protein, we prepared the ensemble using all the ab initio predicted models of the 

protein by CASPR participants.  The ensemble of TR705 contained 491 structures, 

the best of which only had Cα–RMSD of 4.71 Å and GDT_TS of 64.84.  For TR704, the 

ensemble contained 499 structures, the best of which had Cα–RMSD of 2.78 Å and 

GDT_TS of 70.21.  To train the RDF function, the SLSQP method was used for the 

least-square fitting of the statistics into the sum of various Gaussian peaks to extract 

the EBM biases.  Next, the EBM restraint potential was added to the original 

Hamiltonian under the temperature dependent biasing protocol.  Two copies were 

employed in PCST, and all other parameters were the same as what were used for 

testing PCST-SBM method.  The results of the 1500ns simulations are shown in 

Figure 13.  It is clear that the model quality significantly increased over time and 
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reached the highest at the end of simulation.  For TR705, the best value of Cα-RMSD 

was 0.95 Å and GDT_TS was 97.42.  For TR704, the best value of Cα-RMSD was 1.51 

Å and GDT_TS was 86.93.  The improvements in terms of Cα-RMSD and GDT_TS 

were 3.76 Å and 32.58 for TR705, and 1.27 Å and 16.72 for TR704, respectively.  It is 

worth noting that SBM is not able to perform refinement on TR705.  In addition, 

since TR704 was also tested using SBM, by comparing two results we can find that 

EBM results were slightly better but SBM ones are also decent.  It justifies our 

assumption that the GDT_TS of 70 can serve as an approximate boundary between 

the applicable ranges of SBM and EBM.   

However, although EBM is able to refine targets below GDT_TS of 70, the 

trajectory length is much longer than SBM, which implies a trade-off between more 

accessible states and shorter simulation length for all sampling techniques.  On the 

other hand, in the first 500ns simulation, there were no sharp changes of model 

quality, while the next 1000ns witnessed the gradual settling of the system in the 

native state basin (Figure 13(a)).  Though the ensemble-based biases brings more 

allowable states and thus needs much longer simulation to find the native basin 

compared with SBM, it is unparalleled for the cases when the initial model has a 

relatively bad quality, attributing to the ‘fragment-based’ thought behind EBM. 



 74 
 

 

 

Figure 13. (a) Time series of Cα-RMSD and GDT_TS in the simulation of TR705 
(top two panels) and TR704 (bottom two panels).  In each trajectory, the red 
line and the black line represent the high and low temperature copy in PCST, 
respectively.  The blue line indicates the Cα-RMSD and GDT_TS of the initial 
model. (b) Different models of TR705 are compared to the native structure, 
with the native structure colored in yellow, initial model colored in blue and 

refined model colored in red. 

3.4. Multi-Round Refinement and Molecular Replacement 

We also performed a PCST-SBM-based multi-cycle refinement for phasing a 

set of crystallographic diffraction data obtained in Dr. Qinghua Wang’s group.  We 

chose to work on this project since the use of homology model (at a sequence 

identity of 30%) failed to find the phase by MR.  Therefore, we attempted to solve 

the phase by first obtaining a low-accuracy model using existing structure 

prediction server TASSER, which is one of the most powerful servers for structure 

prediction18.  Five models were output, with C� –RMSD ranging from 6.5~9.4Å 
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relative to the later determined native structure phased by experimental phases.  We 

performed five parallel simulations using PCST-SBM, and used the five predicted 

models as the “reference structure” of SBM biases in each simulation.  After the first 

cycle of refinement, we used the model selection protocol to generate another five 

models, one model from each simulation.  Each of these models was selected by 

ranking the clusters by the GOAP score on the structures in which an unusually long 

(21 residues) loop was excluded.  The exclusion was necessary because the long 

loop contributed the most to the variance among different structures, thus affecting 

the accuracy of GOAP scores.  It is important to note that the long loop was only 

omitted in the model selection protocol, but still existed in all the MD trajectories.  

We then performed the second cycle of refinement using each of the five new models 

as the “reference structure” of SBM biases in the simulation.  After the second cycle, 

we used the model selection protocol again to generate 20 candidates for molecular 

replacement.  The calculated phases for each model (using Phaser104) were 

compared with the experimentally derived solution.  We found correct phase in 

three out of 20 models, with C� –RMSD ranges from 2.4~2.5 Å from the native 

structure (Figure 14).   
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Figure 14. (a) Time series of Cα-RMSD in the first (1st CL) and second cycle 
(2nd CL) of refinement.  In each trajectory, the red line and the black line 

represent the high temperature copy and the low temperature copy in PCST, 
respectively. The blue line indicates the Cα-RMSD of the initial model.  (b) 

Solved phase of our predicted model (in blue) versus the correct phase that is 
solved using the native structure (in brown).  The red line is the outline of unit 

cell. 

3.5. Usefulness and Limitations of Statistical Potentials 

Statistical potentials have been used to select and score protein structure in 

many applications20, 105.   In particular, they exhibit promising performance in 

recognizing native structures in many decoy sets, possibly reflecting the fact that 

they are generally trained using native structures.  However, the landscapes of 

statistics potentials are not well funnel-like, which makes them not good at 

answering questions such as: among various non-native structures, which one is the 

most native-like structure?  
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Another weakness of using statistical potentials for scoring protein structures 

is that the side chains, for their large number of atoms, in general contributes a lot to 

the total score of a structure.  However, due to the fact that side chains vibrate faster 

than main chains, many structures in MD simulation may have very native-like main-

chain conformation but poor side-chain packing.  This situation is worsen in 

tempering simulation where the time to stay in a local energy basin is significantly 

reduced, thus the system may jump out of the current basin by changing the main-

chain conformation before side-chain atoms are fully relaxed according to a fixed 

main-chain conformation.  These drawbacks are clearly reflected when scoring 

every single structure of our MD simulations using GOAP.  For instance, for 

structures close to each other in a MD trajectory, the variance of side chains brings a 

great variance in GOAP score despite the variance of main chains is small.  

In order to effectively use statistical potential in high-accuracy refinement, we 

specifically designed our model selection method to overcome the intrinsic 

limitations of currently available statistical potentials.  In scoring and ranking the 

models in Step II, we chose to calculate the GOAP scores of structure clusters so as to 

reduce the contributions of various side-chain packing to the large variance in GOAP 

score for structures in the same cluster.  This treatment significantly enhances the 

correlation between GOAP score and quality of clusters is much stronger than the 

correlation between GOAP score and the quality of single structures (Figure 5D and 

Figure 8).  In the final step, we use averaged structure to reduce the variance in 

side-chain packing and a high-quality model is thus generated.  For TR698 and 
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TR750, we even observe an increase in GDT_TS at the final step, which suggests that 

side-chain packing and hydrogen network can be maintained, or even refined in the 

final step.  The ranking (using GOAP score) of cluster that generates the best models 

among 20 clusters is listed in Table 2.  The best cluster ranks top 10 in 16 out of 18 

targets and top 5 in 11 out of 18 targets. 

 

3.6. Discussion 

In this chapter, we combined temperature-based and coordinate-based 

sampling method to perform effective search of configurational space near an 
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important conformation.  Restricting sampling to the neighborhood of the initial 

model has been shown to improve model refinement106.  With this combination, we 

obtained the best models along the MD trajectories that are constantly better than 

the initial models for all the targets.  Furthermore, multiple distinct conformations 

are observed for some systems, indicating that our enhanced sampling method 

makes it possible for the system jump between large energy basins during a limited 

simulation time, even in the explicit solvent simulation.  

In our tempering simulation, we used two copies, each with a Gaussian weight 

function added in the temperature space.  These two copies play different roles 

during the simulation.  The low-temperature copy facilitates local sampling within 

an energy basin without large changes in energy landscape, while the high-

temperature copy is responsible of crossing the energy barriers as well as 

preventing the system from drifting too far away from the initial model, which is 

important especially when the force field is not accurate.  Thus, the whole 

temperature distribution is a horn-like double Gaussian, which has a greater weight 

on both low-temperature range and high-temperature range.  Furthermore, the use 

of two temperature copies in PCST-SBM helps increase the low-temperature 

sampling to be 5~10% of the entire MD trajectory, while allowing the elimination of 

over 90% structures by simply applying a high temperature threshold.   

Another advantageous feature of our novel model selection method is the use of 

cluster scoring and ranking step (Step II) to select for high-quality clusters instead of 

attempting to select high-quality single structures, which avoids many limitations of 



 80 
 

 

the current statistical potentials.  The model-averaging step (the final step) 

generates only one model to represent one cluster, which also serves to refine side-

chain packing and hydrogen network.  The model selection protocol uses the same 

set of parameter for all 18 systems, indicating the robustness of the method. 

To summarize, we performed the refinement of 18 low-accuracy structures 

from CASP10 using a combination of several novel computational techniques.  The 

constant improvement obtained by our method on all 18 targets clearly 

demonstrates that a reasonable refinement is still approachable even if the force 

field is not accurate enough.  It is worth noting that the application of our sampling 

methods can also be extended to many other applications whenever a ‘reference 

state’ or multiple ‘reference states’ are given.  For example, by adding other energy 

biases terms, the sampling method is able to simulate protein conformation changes 

and protein-protein interaction.  
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Conclusion 

In this thesis, we first review the basic concepts of protein structure 

prediction and principles of statistical mechanics in Chapter 1.  By comparing 

different computational methods in protein structure prediction, it is argued that 

physics-based all-atom simulation with explicit solvent would provide the highest 

resolution and accuracy for protein models, thus is the most promising method for 

solving the structural refinement problem. However, the force field accuracy and the 

great amount of computation hinder finding the solution in limited time and 

computing resources. Based on the motivation of conquering current limitations of 

physics-based methods, we developed several novel computational methods for the 

high-accuracy refinement of low-quality models. 

In Chapter 2, we introduced the new generalized-ensemble-based method, 

the parallel continuous simulated tempering (PCST) for accelerate dynamics in MD 

simulation. We first summarize the continuous simulated tempering (CST) method. 

CST overcomes the issue of low acceptance ratio for large systems, which exists in 

both conventional simulated tempering and parallel tempering method. Next, an 

extension of CST into multi-copy simulation, which is parallel continuous simulated 

tempering (PCST), is proposed for even higher sampling efficiency in the important 

temperature ranges. Statistical methods such as MEII and adaptive averaging enable 

the simulated tempering methods to maximize the data use and accelerate the 

convergence of estimated physical properties. Therefore, PCST can serve as a good 



 82 
 

 

alternative of conventional parallel tempering in simulating large systems such as 

phase transition in molecular systems and dynamics of macromolecules in the 

explicit solvent. In addition, two extended-ensemble-based methods, Structure-

Based Model (SBM) and Ensemble-Based-Model (EBM) are introduced to perform 

targeted-sampling around important reaction coordinates. PCST can work with SBM 

or EBM to further reduce the computing amount for MD simulation. 

In Chapter 3, we present the three-step model selection method for blindly 

select high-quality models from more than 106 structures along the MD simulation 

trajectory.  The model selection method works along with either PCST-SBM or PCST-

EBM method to construct a complete high-accuracy refinement protocol. Three 

different applications are also presented to demonstrate the effectiveness of our 

protocol. In the refinement of 18 targets from CASP10 using PCST-SBM, it is found 

that lower RMSD, or higher GDT_TS models can be generated in MD simulation. The 

three-step method is able to select 20 high-quality models with consistent 

improvement of GDT_TS compared with the initial model. For target TR704 and 

TR705, it is shown that PCST-EBM can provide even further refinements. The 

potential advantages and disadvantage of PCST-EBM over PCST-SBM is also 

discussed. Furthermore, by performing multiple-cycle refinement of PCST-SBM, we 

successfully improve the quality of one protein to the level such that molecular 

replacement can be successfully executed to solve the phase in X-ray crystallography. 

Our refinement protocol has great potential to fill the gap between structural 

prediction and molecular replacement. 
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