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ABSTRACT

Strongly correlated electron systems:
From quantum criticality in heavy-fermion metals to orbital-entangled superconductivity
in Fe-based materials

by

Emilian Marius Nica

Heavy fermions form a prominent class of strongly-correlated electron systems. Central to these compounds is a lattice of local moments, coupled to each other and to conduction electrons. The interplay between the two types of interactions gives rise to magnetic,
quantum phase transitions. On the paramagnetic side, Kondo-screening ensures that the
moments are absorbed into an emerging Fermi-liquid. On the ordered side, the moments
decouple from the conduction electrons, leading to the suppression of Kondo-screening.
These general considerations motivate local quantum criticality, which is associated with a
zero temperature antiferromagnetic phase transition involving the destruction of a Kondo
effect, and the associated Global Phase Diagram. In the first part of this work, I present a
study of the Kondo-destruction criticality. I examined the stability of locally-critical transitions with respect to the additional effects of quantum fluctuations, inherent to the lattice
of magnetic moments. The method was provided by the Extended Dynamical Mean-Field
Theory, which solves an impurity model, self-consistently embedded in the background of
the critical lattice. The numerical and analytical results indicate that locally-critical transitions are stable with respect to enhanced quantum fluctuations, providing an important
validation of the Global Phase Diagram. The work also includes a preliminary discussion

of Kondo-destruction criticality in systems with additional quadrupole localized degreesof-freedom.
The second part is dedicated to the study of unconventional superconductivity in Febased compounds. These inherently multi-orbital systems allow for the possibility of exploring novel pairing states with non-trivial orbital structure. I argue that a unconventional
pairing function, dubbed s ⊗ τ3 , likely explains the experimental results for the Fe-selenide
class, which would otherwise be very difficult to reconcile through the more common,
simple s- and d-wave pairing. Using a two-orbital toy model, I illustrate how such an
orbitally-entangled pairing state can simultaneously exhibit properties typically associated
with either s- or d-wave pairing functions. I further present detailed numerical calculations
for a realistic five-orbital model, which show that the orbitally-entangled s ⊗ τ3 state can be
stabilized for a range of tuning parameters. Brief discussions of various non-trivial aspects
of symmetry and of the extension to other similar superconductors are given.
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2.1

Schematic illustration of second-order ∼ J⊥2 , spin-flip scattering processes
occurring in Kondo’s [3] calculation of the resistivity. The horizontal lines
illustrate the change in state of the the local impurity spin. The remaining
lines describe the scattering of the conduction electrons. Note the
intermediate hole state, which illustrates the many-body effects inherent in
the Kondo problem. (b) As in (a) with an intermediate electron state.
Adapted from Ref. 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2

Illustration of the single-hole excitation approximation discussed in the
text. (a) Top: Full expansion for the conduction-electron propagator
Gkk0 (t − t0 ) in Eq. (2.74). Solid lines correspond to the bare electron
propagator, while the dashed lines to the propagator of the hole. Bottom:
resulting diagrams in the single-hole approximation. The vertical dashed
lines indicate the emission and absorption times respectively. (b) Same as
in (a) for the deep-hole propagator G (t − t0 ) in Eq. (2.73). From Ref. 28. . 33

2.3

(a) Logarithmic discretization of the energy scale. (b) Schematic
illustration in real-space of the shell-like states associated with the
second-quantized fn , fn operators. From Ref. 23. . . . . . . . . . . . . . . 40
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3.1

Renormalized heavy bands 1 (k) and 2 (k) obtained to leading order in a
large-N auxiliary-boson calculation for the Anderson lattice model [54].
The case shown is for a less than half-filled conduction electron band. The
parameters µ and kh are the bare chemical potential and the Fermi
momentum for the conduction electrons in the absence of the
hybridization to the f electrons. f is the corresponding bare
single-particle energy of the latter. Whenever the hybridization is turned
on, a gap ∆ ensues, while the Fermi surface becomes large: kh → kf , in
order to accommodate the f electrons, as expected from Luttinger’s
theorem [56]. The corresponding Fermi energy lies in a relatively flat
region of the renormalized lower band 1 , resulting in the formation of
heavy quasiparticles. From Ref. 54. . . . . . . . . . . . . . . . . . . . . . 58

3.2

T − δ phase diagram for spin-density-wave transitions [64] in d > 2
dimensions. The parameter δ is proportional to the inverse square of the
correlation length. The hashed region corresponds to the ordered phase.
The regions marked I, II, and III are scaling regimes associated with the
dominant scale in the vicinity of the critical point. In region I, δ  T
provides the largest cutoff. In region III, δ  T , and the temperature
controls the scaling. In this work, this is the Quantum Critical (QC)
regime. SDW theory predicts ω/T and ω/T 3/2 scaling for an interacting
(d + z ≤ 4) or Gaussian (d + z > 4) criticality, respectively, in this
regime. In region II, the scaling depends on the relative strengths of the δ
and u scales (Eq. (3.12)), and is not of immediate interest to this work.
The dashed lines mark the cross-overs between the distinct scaling
regimes. The broken line in the vicinity of the ordering temperature marks
a cross-over to classical criticality in reduced d effective dimensions. The
SDW phase diagram provides a reference-point for all subsequent
considerations which go beyond this theory. From Ref. 64. . . . . . . . . . 64
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3.3

(a) Suppression of the Nëel temperature [68] in CeCu6−x Aux . (b)
Structure factor at the critical concentration exhibiting ω/T scaling in the
quantum-critical regime. From Ref. 68. . . . . . . . . . . . . . . . . . . . 67

3.4

(a) Field-tuned quantum phase transition in YbRh2 Si2 separating
anti-ferromagnetic order and heavy Fermi-liquid phases for low and high
fields, respectively. The phase diagram is determined from the exponent of
the power-law resistivity ∆ρ(T ) = [ρ(T ) − ρ0 ] ∼ T α . Blue regions
correspond to α = 2, or to Fermi-liquid (FL) behavior. For orange
regions, α = 1, indicating the on-set of non-Fermi-liquid (NFL) behavior
above the critical point. The black line marks a T ∗ cross-over scale, which
tracks the evolution of the Fermi surface, as determined from the Hall
coefficient measurements [70]. Adapted from Ref. 44, 71. (b) Evolution of
the Hall coefficient across the field-induced transition. The cross-over
extrapolates to a finite jump at zero-temperature.The discontinuous
change in the Hall coefficient across the critical point at T = 0 has been
interpreted as sign of a global reconstruction of the Fermi-surface. This is
due to the emergence of a Kondo-screened state with large Fermi surface
for higher fields. The inset shows the FWHM data which was used to
determine the cross-over scale T ∗ . From Ref. 70. . . . . . . . . . . . . . . 69
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3.5

General form of the proposed zero-temperature Global Phase Diagram
(GPD) for heavy-fermion metals [55, 80, 81]. The horizontal axis is
labeled by δKL = TK /I, which is a measure of the competition between
Kondo-screening and the RKKY interactions. The vertical axis, labeled by
G, indicates the strength of the quantum fluctuations of the local
moments, which can be enhanced by lower dimensionality, frustration, or
applied fields, among others. The phases are labeled according to their
magnetic properties as paramagnetic (P ) or anti-ferromagnetic (AF). They
are also labeled by the size of the Fermi surface, which can be Large (L)
or small (S), for Kondo-screened or Kondo-destroyed phases, respectively.
The present work focuses on transitions of Type I, where long-range order
and Kondo-destruction occur simultaneously. More specifically, we aim to
determine whether the proposed line of type-I, Kondo-destruction
quantum critical points, is indeed stable with respect to enhancements in
G. The alternative to this line is a multi-critical point. . . . . . . . . . . . . 72

3.6

(a) Top part: expansion of the single-particle Green’s function Gij in
terms of the one-line irreducible cumulants. Each line generically stands
for a hopping matrix element tij or an inter-site exchange interaction Iij .
Bottom part: Leading-order diagrams for the irreducible cumulant in
terms of bare cumulants (solid circles), and local contributions
(bubbles).From Ref. 84. (b) Higher-order correction for the irreducible
cumulant in (a), involving two-particle bare cumulants at two distinct sites
i and j. This diagram is sub-leading in the d → ∞ limit. Adapted from
Ref. 88. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.7

Schematic representation of the EDMFT loop used in the calculations for
this work. Note that the fermion bath for the slef-consistent impurity
BFKM is not updated. See text for more details. . . . . . . . . . . . . . . . 84
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4.1

Schematic illustration of a particle tunneling between potential minima.
The particle also experiences dissipation due to a coupling to a boson
bath. The dynamics of such a system is believed to be well-described by
the Spin-Boson Model (SBM) [99]. . . . . . . . . . . . . . . . . . . . . . 93

4.2

Generic temperature-coupling to boson bath (T − B0 ) phase diagram for
single-impurity models. Note the Kondo-screened (K),
Localized-Moment (LM), and Quantum-Critical (QC) scaling regimes.
The dashed lines correspond to the cross-over scale T ∗ , which stands for a
renormalized Kondo temperature. The bare Kondo scale TK is indicated
by the dotted line [37, 106]. . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.3

(a) Tunning procedure illustrated on a ∆ − B0 phase diagram at
zero-temperature. (b) Schematic RG flow diagram for the three
coupling-constants in HBFKM,∆ . Note that the flows of the longitudinal
Kondo coupling ρJz are not shown. The bold dots indicate the unstable
fixed-points of the ∆ = 0 BFKM and the SBM. The direction of the RG
flows are indicated by the arrows. The dotted lines illustrate the tunning
procedure shown in (a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.4

The lowest bosonic (Q = 0) eigenstate as a function of even iteration for
δB0 = 6 × 10−3 . The values converging to E ∼
= 0.39 are for


(B0 − B0,c ) ∈ −9.45 ∗ 10−6 , −8.5 ∗ 10−7 , i.e. to the K phase, while


those converging to E = 0 are for (B0,c − B0 ) ∈ 8.5 ∗ 10−7 , 9.45 ∗ 10−6
or to the LM phase [37]. Note that the iteration-number N ∗ , at which the
energy level crosses-over to either stable fixed point tends to infinity as B0
approaches its critical value from either side. . . . . . . . . . . . . . . . . . 104

4.5

(a) Local magnetization Mz vs B0 across the quantum phase transition.
(b) Zero-temperature longitudinal susceptibility χloc,z in the Kondo phase
near the critical point. (c) χloc,z vs T for B0 values at (dashed line) and
near (symbols) B0,c . All data are for δB0 = 6 × 10−3 . From Ref. 37. . . . . 106
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(a) Scaling of the cross-over scale T ∗ with B0 from the K side. (b) Same
as in (a) from the LM side [37]. . . . . . . . . . . . . . . . . . . . . . . . . 109
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(a) Scaling of the local magnetization Mz with B0 from the K side. (b)
Scaling of Mz with the longitudinal-field h at B0 ≈ B0,c [37]. . . . . . . . . 109
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(a) Scaling of χloc,z with B0 on the K side of the QCP. (b) Scaling of χloc,z
with T at B0 = B0,c [37]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
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(a) The exponents at the critical coupling ∆c corresponding to different
choices of δB0 and for fixed ρ0 JK = 0.5. The ordinate µ1 corresponds to
δB0 = 6 × 10−5 , µ2 to δB0 = 6 × 10−4 , and so on. The dashed lines show
the corresponding exponents for the ∆ = 0 BFKM, with x and β being
NRG results and the remaining exponents derived assuming
hyperscaling [37]. (b) Comparison of critical exponents obtained [37] by
tuning through the critical point by varying B0 and by varying ∆. . . . . . . 111

4.10 Schematic renormalization-group flow diagram for a generic BFKM in a
space spanned by the running values of the spin-flip Kondo coupling J⊥ ,
the bosonic coupling B0 , and the transverse magnetic field ∆. K (Kondo)
and LM (local-moment) represent the asymptotic regimes where the local
moment is either screened or has a finite expectation value, respectively.
The arrows indicate the relevant (outbound) and irrelevant (inbound)
directions near each fixed point. The thick red line represents a line of
unstable fixed points which emerges from the ∆ = 0 fixed point as the
transverse field is turned on. The red arrows show flows within and away
from the critical surface that separates the screened and localized phases.
As the shape of the critical surface is expected to be analytical with with
respect to ∆, for small transverse fields the flows must closely follow the
in-plane ∆ = 0 flows. From Ref. 37. . . . . . . . . . . . . . . . . . . . . . 112
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4.11 (a) Eigenenergy E vs iteration number N for the six lowest Q = 1 states
near the critical couplings for δB0 = 6 × 10−3 , showing flow away from
the critical spectrum to the LM (solid) and K (dashed) sides. Note the
formation of plateaus for intermediate iteration values 20 < N < 24. In
this regime, the RG flows are in the vicinity of an unstable fixed-point. (b)
Lowest Q = 1 eigenvalues closest to the critical point (N ' 24) for values
of ∆ that increase from µ1 to µ5 along the horizontal axis (see Fig. 4.3 (a)
for an explanation of µ). The dashed lines track the evolution of the
splitting between the two lowest states. From Ref. 37.

. . . . . . . . . . . 114

4.12 (a) Eigenenergy E vs iteration number N for the six lowest Q = 0 states
near the critical couplings for δB0 = 6 × 10−3 , showing flow away from
the critical spectrum to the LM (solid) and K (dashed) sides. (b) Lowest
Q = 0 eigenvalues closest to the critical point (N ' 24) for each case µ1
to µ5 . From Ref. 37. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
4.13 Quantum phase transitions of the Kondo lattice model arising in EDMFT
solutions for values of the dimensionless transverse field (a) ∆/TK (0) = 0
, (b) ∆/TK (0) = 0.21 , and (c) ∆/TK (0) = 0.31. The bare Kondo scale
TK (0) is defined in the absence of the transverse field (see text). As the
dimensionless RKKY coupling I/TK (0) is tuned toward the critical point
at I = Ic , the lattice static inverse susceptibility χ−1 (Q, ω = 0) vanishes
and the local static susceptibility χloc (ω = 0) diverges from both the
paramagnetic (P ) and the ordered (AF ) sides. Accompanying this, the
order-parameter mAF vanishes as I approaches Ic from the AF side. The
solid lines are guides to the eye. In (b) and (c), the arrows mark the critical
coupling for the zero transverse-field case in (a), as extrapolated from the
ordered side. From Ref. 96. . . . . . . . . . . . . . . . . . . . . . . . . . . 128

xiv
4.14 (a) Inverse local susceptibility vs inverse lattice susceptibility at
ω = T = 0 for scaled transverse field ∆/TK (0) = 0.21 on the approach to
the transition from the P side. The squares show the calculated values
while the solid line is is determined by Eq. (3.37) with appropriate
normalization, as discussed in the main text. The match between the
expected and calculated values indicates that the two susceptibilities
diverge simultaneously at the extrapolated critical coupling and that the
transition is of the second-order, locally critical type. (b) Semi-log plot of
the real part of the local susceptibility vs frequency at T = 0 for
increasing values of I/TK (∆) from the P side. Note that all quantities
have been scaled by TK (∆), the bare Kondo scale appropriate for this
value of the transverse field. A logarithmic form (broken line) given by
Eq. (4.54) is approached for the critical dimnesionless RKKY
Ic /TK (∆) = 1.507. From Ref. 96. . . . . . . . . . . . . . . . . . . . . . . 130
4.15 (a) Scaling collapse on a semi-log plot of the real part of the T = 0 local
susceptibility vs frequency for ∆/TK (0) = 0, 0.21 , and 0.31. In each
case, the data shown are for the dimensionless RKKY couplings closest to
a unique critical value Ic /TK (∆). (b) Scaling collapse for the
thermodynamic data shown in Figs. 4.13(a)-(c) as functions of the
appropriately scaled tuning parameter I/TK (∆). From Ref. 96. . . . . . . . 132
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4.16 (a) Proposed global phase diagram [55, 81] motivating this work. The
horizontal axis represents the competition between the Kondo coupling,
parametrized by the bare Kondo temperature TK (0) (see text) and the
RKKY coupling I. The vertical axis plots a quantity G measuring the
degree of quantum fluctuations of the local moments. P and AF label
paramagnetic and antiferromagnetic phases while the indices L and S
denote large and small Fermi surfaces, respectively. The rectangle
indicates the region of focus of this study. (b) Phase diagram of the
Ising-anisotropic Kondo lattice as found in this work. It can be regarded
as a concrete realization of the rectangular region of (a) with
G = ∆/TK (0) , where ∆ is a transverse magnetic field that tunes the
quantum fluctuations of the local moments. From Ref. 96. . . . . . . . . . 134

5.1

(a) Temperature-applied field phase diagram for Ce3 Pd20 Si6 . Lines
marked by TQ and TN indicate the transition temperatures for
antiferro-quadrupole (AFQ) and antiferro-magnetic (AFM) transitions.
The lines merging with TN → 0 indicate a T ∗ cross-over scale determined
from the evolution of the Hall coefficient across the transition. The jump
in the latter extrapolates to a finite value in the T → 0 limit, indicating a
global reconstruction of the Fermi surface. (b) Schematic illustration of
the position of the Type-II transitions observed in Ce3 Pd20 Si6 (CPS). Also
note the Type-I transitions for YbRh2 Si2 (YRS), and CeCu6−x Aux (CCA)
compounds discussed in the previous chapters. From Ref. 122. . . . . . . . 140
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Hypothetical RG flow diagram for Hσ−τ in Eq. (5.20). . . . . . . . . . . . 163
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6.1

Schematic illustration of the two-orbital sx2 y2 , B1g pairing in a 1-Fe
Brillouin Zone (BZ). The solid lines indicate typical Fermi pockets for the
Fe-based superconductors. Both intra- and inter-band components of the
pairing shown in Eq. 6.16 vanish at kx = ± π2 , ky = ± π2 (not shown) due
to the common gx2 y2 form factor. The dotted, red lines indicate the zeros
specific to the band-diagonal pairing ( ξ− ) while the dashed, blue lines
mark the zeros specific to the off-diagonal band pairing ( ξxy ). The typical
Fermi surface for a variety of Fe-based superconductors does not extend
to the kx = ± π2 , ky = ± π2 common lines of zero pairing. For these types
of Fermi surfaces, the intra- and inter- band components do not vanish at
the same subset of k , ensuring there is always a non-zero pairing given by
either of the two components at the pockets centered on the origin and
edges of the BZ. As explained in the text (Eq. 6.8), the two components
generate an effective gap given by |d(kk )| ∼ gx2 y2 (kk ) with corrections from
terms proportional to sin2 φ(kk ) (Eqs. 6.8-6.11 ). For max(ξ− ) ≈ max(ξxy )
the angle φ(kk ) given by Eq. 6.9 can be roughly identified with twice the
winding angle shown in the figure for fixed |kk |. The correction from these
additional terms does not close the gap, but does introduce anisotropy in
the former. All these make the gap non-zero along a typical Fermi surface
for the Fe-based superconductors. In addition, there is a sign change
between the intra-band pairing along the two pockets at the edge of the
BZ, a condition necessary to the formation of a resonance in the spin
spectrum at the wave-vector q = (π, π/2) observed in experiment [162].
from Ref. 159 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
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6.2

Phase diagrams based on the leading pairing amplitudes given by
self-consistent calculations with fixed J2 = 1 and tight-binding
parameters appropriate to (a) alkaline Fe-selenides, and (b) Fe-pnictides.
For the tight-binding parameters used please consult Ref. 163. The blue
shaded areas correspond to dominant pairing channels with an sx2 y2 form
factor while the red shading covers those with a dx2 −y2 form factor. The
continuous line separates regions where the pairing belongs to the A1g and
the B1g representations respectively. The 1 × 1 matrix in the dxy subspace
is represented by 1 xy . Note the presence of the intermediate sx2 y2 , B1g
pairing for AO < 1, AL ≥ 1 in all cases. From Ref. 159. . . . . . . . . . . 190

6.3

(a) The Fermi surface (solid line) and the real intra-band pairing for the
band generating the δ pockets at the edge of the 1-Fe unit BZ for a
dispersion typical of the alkaline iron selenides. Note the clear change in
sign between pockets separated by the BZ diagonal. The dashed arrow
indicates the q = (π, π/2) wave-vector associated with the resonance in
the spin spectrum found in experiment [162]. (b) The size of the gap along
the δ pocket. Both figures are for J2 = 1.5, AO = 0.3, AL = 0.9 with
dominant sx2 y2 ⊗ τ3 pairing. From Ref. 159. . . . . . . . . . . . . . . . . . 192

6.4

(a) Fermi surface for the iron pnictides which includes hole pockets with
dominant sx2 y2 × τ3 , B1g close to Γ for J2 = 1, AL = 1.3, AO = 0.5. For
the tight-binding parameters used please consult Ref. 163. (b) The gaps
along the β and δ pockets close to the center and edge of the 1-Fe BZ. A
similar gap forms around the α pocket. From Ref. 159. . . . . . . . . . . . 193
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Chapter 1
Overview
Strongly-correlated electron systems have been at the forefront of condensed-matter research for decades. Their deceptively simple common feature, the minimization of the
Coulomb repulsion, underlies most of the phenomena observed throughout this class of
materials. It is remarkable indeed, how this shared trait can give rise to magnetic, nonFermi liquid, and superconducting states of matter, to name a few. In spite of tremendous
efforts on the part of the community, many of the fascinating phenomena which are observed in this field still represent a fundamental challenge to our understanding. Beyond
inherent difficulties which are of a technical nature, the macroscopic physics emerging
from strong microscopic interactions also presents us with conceptual problems. Indeed,
an immediately intuitive picture rarely occurs in a field which combines the effects of quantum physics with that of statistical physics. However, the downside comes with a bonus:
it is here where completely unexpected, and thus, novel, phases of matter are most likely
to occur. In addition, these systems provide us with a rare opportunity to truly tackle the
effects of quantum physics on our proper, macroscopic world.
In this work, I focus on two realizations of strongly-correlated electron systems, namely,
heavy-fermion (HF) metals and iron-based superconductors. Historically, the effort to understand the former was born out the study of the unusual properties of dilute magnetic
impurities in metals at low temperatures, colloquially referred to as the Kondo problem.
At the center of the Kondo problem lie magnetism and its relation to the emergence and
possible breakdown of Fermi-liquid regimes. This non-trivial problem was a challenge in
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itself, further spurring the development of many-body techniques relying on scaling and the
renormalization-group, which could successfully access the Fermi-liquid regime emerging
at low temperatures thorough Kondo-screening. The next step involved the Kondo lattice,
where, in distinction to the dilute problem, the localized magnetic degrees-of-freedom interact with each other as well as with the conduction electrons. In this work, I introduce a
Kondo lattice model (KLM) of the form
HKLM,∆ =

X
ij

tij ciσ cjσ + JK

X
i

Si · si +

X (x)
1X
(z)
(z)
Iij Si · Sj + ∆
Si .
2 ij
i

(1.1)

S i , Siz ) and a
It includes the Kondo interactions (JK ) between the localized moments (S
band of conduction electrons (ci , ci ), the Ruddermann-Kittel-Kasuya-Yoshida (RKKY) exchange interactions between the localized moments (Iij ), and an additional transverse field
(∆). The competition between the Kondo and RKKY interactions naturally leads to the
appearance of quantum-critical points and an accompanying host of non-trivial phases. Of
particular interest to this work are those quantum phase transitions where the long-range
critical fluctuations are accompanied by a breakdown of the Kondo-induced Fermi-liquid
regimes. This type of quantum criticality is profound, as it goes beyond Landau’s framework, initially developed for thermally induced, classical phase transitions. The immediate
interest concerns the stability of such transitions with respect to the effects on enhanced
quantum fluctuations of the local magnetic degrees-of-freedom. Within the main model of
Eq. (1.1), which exhibits Ising-anisotropy in the RKKY exchange couplings, the additional
quantum fluctuations of the local moments are tuned via the transverse-field ∆. In order
to determine the stability of Fermi-liquid breakdown quantum phase transitions, we solved
the Kondo lattice model in Eq. (1.1) using a numerical implementation of the Extended Dynamical Mean-Field Theory (EDMFT) in the presence of a finite transverse-field ∆. Our
results indicate that this type of criticality survives the presence of additional fluctuations.
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This conclusion can have rather far-reaching consequences, especially in the context of a
unifying Global Phase Diagram (GPD) for HF metals, as it implies that this type of nontrivial quantum-criticality is not the hallmark of a few isolated cases, but is to be expected
in a much larger class of compounds. In an even broader context, studies of quantumcritical Kondo lattices are important, since they reveal the intrinsic connection between the
breakdown of the Landau Fermi-liquid paradigm and the symmetry-breaking inherent to
phase transitions. It can have further implications for related strongly-correlated systems,
and unconventional superconductivity in particular, which arises in many instances in the
vicinity of a quantum-critical point.
The second topic of this work is the study of unconventional pairing states in the relatively newly-discovered iron-based compounds. Due to their large parameter space, and
associated so-called Fermiology, these materials offer a great opportunity to study the interplay between localized strong interactions and multi-band dispersive physics. In a strongcoupling picture, the latter aspect is naturally incorporated through orbital-selective pairing
interactions, which, in turn, allow for pairings with non-trivial orbital structure, similar in
form to those occurring in superfluid 3 He. This new wealth of possibilities can be used
to tackle some of the non-trivial features of the Fe-based materials. One concrete example can be found in the alkaline iron selenide class, where a fully-gapped superconducting
state must be reconciled with sign-changing features of the pairing. Neither simple s- and
d-wave pictures are compatible with this phenomenology. Instead, a pairing with orbital
internal symmetry can be considered, as shown in the subsequent discussion. In a broader
picture, the resolution of this problem in the context of the Fe-based materials can provide
further incentive for considering pairing states with non-trivial internal-symmetry as candidates for other materials, such as HF superconductors. This latter class includes cases
where the experimental signatures of the superconducting states are similar to those found
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in alkaline Fe-selenides.
The thesis is divided into two parts. The first part , which includes Chapters 2-5, is
focused on the study of quantum-criticality in HF metals, as described by the KLM of
Eq. (1.1). The first two chapters set the stage by discussing important associated concepts,
models, and experiments. The results of our numerical studies of the stability of Fermiliquid breakdown transitions in the presence of additional quantum fluctuations of the local
moments, as described by the KLM, are presented in Chapter 4. Chapter 5 discusses the
extension of such quantum-criticality to Kondo lattice models with additional localized
degrees-of-freedom. The second part, given exclusively by Chapter 6, deals with various
aspects of the unconventional superconductivity in Fe-based materials. Below, I include
brief summaries of the contents of each of the remaining chapters.
Chapter 2 provides an introduction to the simplest spin-1/2 single-impurity Kondo
model, together with an illustration of the failure of traditional perturbative approaches,
historically known as the Kondo problem. It also contains rigorous definitions of scaling
invariance and universal scaling regimes, both of which are illustrated in the contexts of the
Kondo problem and criticality of a classical Ising system. These lead to a discussion of the
general structure of the renormalization-group (RG), and of two of it’s realizations which
are relevant to this study: the analytical Coulomb-gas RG and the Wilson-chain Numerical
RG. The chapter concludes by briefly considering the Fermi-liquid regime which emerges
as a consequence of the exact screening of the impurity degrees-of-freedom.
Chapter 3 continues to set the stage for the study, by reviewing the common characteristics of HF materials and by further introducing the appropriate KLM. It goes on to describe
the main predictions of Spin-Density Wave (SDW) theory, which is the starting point in discussing magnetic quantum-phase transitions in HF metals. A brief review of compounds
which deviate from the former in so-called Kondo-destruction transitions is provided. This
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leads to a discussion of the proposed GPD, the study of which is the overall aim of this
part of the present work. It is further shown that a scaling hypothesis which can account
for the failure of the SDW theory for Kondo-destruction transitions, naturally introduces
the concept of local-criticality. The method used to solve the locally-critical Kondo lattice,
the EDMFT together with the associated embedded self-consistent impurity models, are
subsequently described. The chapter ends with the introduction of the Ising-anisotropic
Kondo lattice model in the presence of a transverse-field, which provides the actual model
used in the calculations. It also sets well-defined goals for the study.
Chapter 4 contains the analytical and numerical results for the model described in Chapter 3. After illustrating the effects of a bosonic bath on single-impurity models, it goes into
a detailed discussion of the results of the NRG for a standalone Bose-Fermi Kondo model
with a transverse field, associated with the lattice model. The standalone study neglects
the self-consistency inherent to the EDMFT, choosing instead parameters similar to those
obtained for the critical lattice problem. Such standalone calculations allow for a more
thorough characterization of the critical impurity model, as compared to the EDMFT selfconsistent case. The chapter continues by presenting the results of an analytical Coulombgas RG procedure for the standalone model, which confirm the numerical results. The final
part of this chapter describes the results of the EDMFT procedure for the self-consistent
case. It concludes with a discussion of the physical implications.
Chapter 5 discusses two-stage quantum-phase transitions in Ce-based HF metals with
atomic sites which contain dipole, quadrupole, and octupole degrees-of-freedom. The HF
compound Ce3 Pd20 Si6 provides the immediate motivation, as it exhibits dipolar, quadrupolar, and screened phases. The enlarged local Hilbert space provides a promising context
in which to study Kondo-destruction transitions in a (quadrupolar) ordered phase. Due
to the inherent complexity in systems with more degrees of freedom, this chapter focuses

6
on defining single-impurity and lattice models which are consistent with the non-trivial
Oh point-group symmetry of the localized degrees-of-freedom in the presence of non-zero
spin-orbit coupling. The work presented there is still in progress.
Chapter 6 is dedicated entirely to the study of unconventional superconductivity in the
Fe-based materials. It’s main theme is the resolution of experimental results for alkaline
iron selenide superconductors, which show evidence for a full gap, but also exhibit a spinresonance which requires a sign change in the pairing. These two salient facts are difficult
to reconcile using standard s- or d-wave pictures. Instead, a pairing is introduced which has
non-trivial orbital structure. I show how this state can naturally lead to both the formation
of a full gap and to sign-changing properties. The more general arguments are backed by
realistic model calculations which show how such a non-trivial pairing can be stabilized.
The chapter briefly mentions potential generalization of such pairing outside of the immediate Fe-based materials family and also describes work on various symmetry aspects of
the Fe-based materials.
Appendix A contains supporting information for the first part of the work, while Appendix B includes important additional material for the second part.
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Chapter 2
Single-impurity Kondo model, scaling, and the
renormalization-group
The purpose of this chapter is to provide an overview of the physics of the spin-1/2 Kondoimpurity model underlying much of the work discussed in subsequent chapters. I start by
introducing the basic phenomenology and the single-impurity Kondo Hamiltonian. I also
provide a brief overview of Kondo’s calculation of the resistivity within the same model,
and its breakdown at low temperatures, which historically prompted great interest into what
became known as the Kondo problem. Sections 2.2, and 2.3 are devoted to rigorous discussions of scaling invariance and universal scaling regimes, respectively. They naturally
lead to the concept of the renormalization group (RG), the general structure of which is
described in Section 2.4. Discussions of the related x-ray edge problem and Anderson’s
analytic Coulomb-gas RG are given in Section 2.5. Wilson’s numerical RG and its results
for the Kondo problem are the subjects of the subsequent section. The chapter ends with
an illustration of the emergent Fermi-liquid regime at low temperatures, which turned out
to be the solution to the Kondo problem. All of the sections of this chapter are important
to the discussions in Chapters 3, and 4, which provide the motivation and the main results,
respectively.
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2.1

The Kondo Problem

The Kondo problem was historically associated with the behavior of dilute magnetic impurities in metals [1]. its origin was the observation by de Haas and co-workers in 1934 [2]
of a minimum in the resistivity of Au at low temperatures. This observation contradicted
the monotonically decreasing resistivity expected of an ideal metal [1]. Subsequent experiments [1], which studied dilute Fe alloys of Mn, determined that the depth of the minimum
was dependent on the impurity concentration. The occurrence of the minimum was also
correlated with a Curie-Weiss impurity contribution to the magnetic susceptibility [1]
C
χimp (T ) =
,
(2.1)
T +θ
which, for T  θ, has the form characteristic of non-interacting localized moments. Theoretically, the resistance minimum was shown to originate in the interaction of conduction
electrons with localized magnetic impurities in the landmark 1964 paper by J. Kondo [3].
He considered the prototype s − d model
HKM =

X

+

X



k ck ↑ ck ↑ + ck ↓ ck ↓

k




Jkk0 S+ ck ↓ ck0 ↑ + S− ck ↑ ck0 ↓ + Sz ck ↑ ck0 ↑ − ck ↓ ck0 ↓ .

(2.2)

k0
k ,k

In this work, the model shall be referred to as the Kondo model (KM). It describes an SU(2)symmetric exchange coupling (Jkk0 ) between localized moment degrees-of-freedom (DOF)
given by the operators S+/− , Sz and the analogous spin-density operators of conduction
electrons. The latter are represented by the ck σ , ck σ anti-commuting fermion operators
which create and annihilate an electron in a Bloch-wave state of momentum k and spin-1/2
with projection number σ. Due to the interaction of the localized DOF with a continuum
of electronic states in the thermodynamic limit, the KM contains non-trivial many-body
effects. The third exchange-coupling term in Eq. (2.2) corresponds to potential scattering
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in each of the conduction electron spin ↑, ↓ channels. In a diagrammatic representation, its
contribution amounts to a summation of simple Born-scattering events for a static impurity
to infinite orders [1]. By contrast, the other two coupling terms denote spin-flip scattering
processes involve intermediate local-moment and electronic states, which generate the nontrivial dynamical effects.
To illustrate these arguments and Kondo’s calculation of the resistivity, let us consider
the non-interacting, retarded and advanced resolvent Green’s functions of the conduction
electrons. In real-frequency , these are [1]
Ĝ±
0 () =

Iˆ
 − Ĥ0 ± is

,

(2.3)

where + stands for the retarded functions, and the limit s → 0+ is implicit. The operators
Ĥ0 and Iˆ represent the kinetic-energy operator of the conduction electrons and the identity
operator respectively. In a Bloch-wave basis of spin-1/2 electrons, Ĝ±
0 () can be expressed
as
k0 , σ 0 i = G±
hkk , σ| Ĝ±
0 () |k
kk0 σσ 0 () =
0,k

δkk0 δσσ0
 − k ± is

(2.4)

The non-interacting electronic spectrum or density of states (DOS) ρ() is completely determined [1] by knowledge of either G±
kk0 ():
0,kk

1 
()
.
ρ̂() = ∓ Im Ĝ±
0
π

(2.5)

In the presence of an interaction represented by an operator V̂ , the spectrum of the
conduction electrons is determined by the modified Green’s functions Ĝ± (), which are
solutions to the operator equation


ˆ
 − Ĥ0 − V̂ Ĝ± () = I.

(2.6)

For a local interaction, the formal solution is [1]
+
+
Ĝ+ = Ĝ+
0 + Ĝ0 T̂ ( + is)Ĝ0 ,

where the T -matrix operator is defined by an infinite series:

(2.7)
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(a)
k’ ↑

k↑
k2 ↓
↓

↑

S+

S-

↓

(b)
k↑

k’ ↑

k2 ↓
↑

S-

S+

↓

↑

Figure 2.1 : Schematic illustration of second-order ∼ J⊥2 , spin-flip scattering processes
occurring in Kondo’s [3] calculation of the resistivity. The horizontal lines illustrate the
change in state of the the local impurity spin. The remaining lines describe the scattering
of the conduction electrons. Note the intermediate hole state, which illustrates the manybody effects inherent in the Kondo problem. (b) As in (a) with an intermediate electron
state. Adapted from Ref. 1.

T̂ ( + is) = V̂ + V̂

Ĝ+
0 V̂

+ V̂

Ĝ+
0 V̂

Ĝ+
0V




+
ˆ
+ . . . = V̂ I − Ĝ0 V̂ .

(2.8)

The problem of determining the electronic spectrum and transport properties such as the
resistivity in principle reduces to calculating the T -matrix.

Kondo determined the T -matrix according to the formal series in Eq. (2.8), keeping
only terms up to second-order in V̂ , given by the exchange-coupling interactions in the KM
Hamiltonian (Eq. (2.1)). The contribution of the spin-flip terms is represented in Fig. 2.1.
The two processes involve a flip of the impurity spin together with the propagation of an
intermediate electron state for S+ S− and an intermediate hole for S− S+ . Without the impurity spin-flip, factors associated with the intermediate processes f (k2 ) and 1 − f (k2 )
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are simply added, resulting in the cancellation of the Fermi factors [1, 3] f (). The impurity spin DOF are not excited by the interaction with the conduction electrons and the
resulting contribution to the T -matrix is analogous to that of second-order Born-scattering
off an inert impurity. This occurs for the terms proportional to Sz . By contrast, for spin-flip
processes, the non-zero commutator [S+ , S− ] = 2Sz prevents the cancellation of the Fermi
factors f (), and the intermediate impurity-spin and conduction electron states must be
taken into account. These many-body processes introduce a non-trivial temperature dependence in the electron lifetime. Kondo used a Bolztmann equation approach to determine [3]
the inverse electron lifetime
Z
dkk0
1
= 2πcimp
δ (k − k0 ) |Tkk0 |2 (1 − cos θ0 ),
3
τ (kk )
(2π)

(2.9)

where cimp is the impurity concentration. The formula is effectively valid in the dilute,
cimp → 0 limit. The conductivity was obtained from [1]
Z
4e2
∂f ()
σ(T ) =
dρ0 ()
τ (),
3m
∂

(2.10)

where ρ0 is the non-interacting electron density of states. The end result for the resistivity
to third-order in J is [1]
Rimp

3πmJ 2 S(S + 1)
=
2e2 ~F



kB T
1 − 4ρ0 (F )J ln
,
D

(2.11)

where S is the size of the local-moment and kB is Boltzmann’s constant. The constants
D, m, e and F are the electronic bandwidth, bare mass and charge and Fermi energy
respectively. Kondo [1, 3] obtained the total resistivity of a prototypical metal with a small
concentration of magnetic impurities
5

R(T ) = aT + cimp



kB T
R0 − R1 ln
D


,

(2.12)

where the first term is the phonon contribution, and R0 and R1 are determined by Eq. (2.11).
For antiferromagnetic exchange J > 0, the resistivity exhibits a minimum at a temperature
which depends on cimp and is in agreement with experiments [1, 3].
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Kondo’s result was important for several reasons. First, it showed that the non-monotonic
variation of the resistivity can be attributed to magnetic impurities. Moreover, interactions
between these could be neglected, thus validating the use of the single-impurity models
such as HKM . Second, it illustrated the non-trivial consequences of the coupling between
electrons and magnetic impurities which introduce a leading temperature dependence in the
electronic lifetime and resistivity. This is to be contrasted with the case of inert impurities
and the associated potential-scattering which theoretically induce a finite but constant lifetime [1]. Thus, many-body effects induced by the spin-flip terms are essential to the exotic
behavior of these metals. The third point concerns the breakdown of of perturbative calculations due to the presence of logarithmic terms, which diverge in the T  D limit. Indeed,
logarithmically-divergent terms show up in virtually all perturbative calculations. Even sophisticated infinite-order diagrammatic summations [4, 5] failed to correctly describe the
low-temperature regime. Consider the result of A. A. Abrikosov [4], effectively obtained
by summing the(leading logarithmically-divergent
diagrams for the impurity#)
susceptibility:
"
2
2
1 (gµB ) S(S + 1)
(2ρ0 J)
 + ...
χimp =
1−
.
(2.13)
T
3kB
2ρ0 J − 1 − 2(ρ0 J)2 ln TTK
where
TK ∼ De

− 2ρ1 J
0

(2.14)

is the Kondo temperature. For T  TK , all corrections involving the Kondo coupling
vanish and the expression reduces to a Curie-Weiss form expected on physical grounds.
It is formally identical to setting ρJ0 = 0 in the unperturbed limit. However, as T approaches TK the susceptibility grows, and eventually reaches a point where it diverges [1].
This stands in clear contrast with the experimentally-determined low-temperature response,
which is finite and constant (Eq. (2.1)). As advertised, the divergence signals the breakdown of direct perturbative approaches below the Kondo temperature scale TK .
The Kondo problem proved to be a great stimulus for theoretical work. Ultimately,
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it led to the application of a wide variety of non-perturbative techniques in an effort to
access the low-temperature regime. These included [1, 6] large-N mean-field calculations
involving auxiliary particles, solutions by Bethe ansatz, conformal field-theories, and the
numerical renormalization group to name a few.
In the sections that follow, I illustrate how this problem was solved, by discussing two
(RG) approaches. Besides providing concrete examples of this important technique, these
calculations also conveniently illustrate the more complex techniques used in obtaining the
results shown in Chapter 4. In addition, concepts such as scaling are also defined. These
play a crucial role in understanding the quantum phase transitions which are central to the
discussion of the following chapters.

2.2

Scale-invariance of the physical laws

The powerful RG techniques are based on the principle of generalized homogeneity [7–9]
or scale invariance of physical laws. It states that any relationship between physical observables is independent of the choice of the size of the basic units of measurement. Although
similar concepts are implicit in all concrete calculations, there are seldom explicitly identified. For the purpose of clarifying subsequent discussion, the main aim of this section is to
provide more rigorous definitions of scaling dimensions and invariance.
Suppose one can measure all physical quantities in a given set of units and, for simplicity, let these correspond to length, mass, and time. A particular choice defines a class
of systems of units [7]. The principle of generalized homogeneity postulates that under
a choice of different units of length, mass, and time, a physical observable a transforms
according to
a0 = aφ(L, M, T )

(2.15)

where L, M , and T denote the factors by which the units are scaled. For example, in
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passing from units of length expressed in terms of meters to those expressed in terms of
centimeters, we would have L = 100. Under a subsequent transformation of scale, a group
relation
a0 = aφ(L1 , M1 , T1 )φ(L2 , M2 , T2 )

(2.16)

holds as long as L = L1 L2 . This implies that
φ(L, M, T ) = φ(L/L1 , M/M1 , T /T1 )φ(L1 , M1 , T1 ).

(2.17)

Taking the logarithm of both sides of the equation [7] and differentiating w.r.t. L, we get
1 ∂L φ(L/L1 , M/M1 , T /T1 )
∂L φ(L, M, T )
=
.
(2.18)
φ(L, M, T )
L1 φ(L/L1 , M/M1 , T /T1 )
In the limit of L1 → L the following holds
∂L φ(L, M, T )
α
= ,
φ(L, M, T )
L

(2.19)

where α = ∂L φ(L, M, T )|L=1 and φ(1, 1, 1) = 1. A similar discussion for M and T results
in the general solution [7]
φ(L, M, T ) = Lα M β T γ .

(2.20)

Hence, φ is the dimension function, or simply the scaling dimension [7] of the dimensionfull quantity a and it is denoted symbolically by
[a] = Lα M β T γ .

(2.21)

A dimensionless quantity is invariant under a change of units or, equivalently, a change of
scale, and corresponds to α = β = γ = . . . 0. Note that the scaling dimensions are defined
with respect to a fixed, chosen class of systems of units.
Let us further generalize these arguments, and consider a general functional relationship between several different dimension-full variables. For simplicity, let us restrict their
number to 3:
a1 = f (a2 , a3 ).

(2.22)
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According to the generalized homogeneity principle, we require that the form is invariant
under a change of scale. To further simplify the discussion, consider a system with a single
type of unit. Under an arbitrary change of scale by the factor λ, the expression transforms
according to
λp1 a1 = f (λp2 a2 , λp3 a3 ),

(2.23)

where p1,...,3 are the dimensions of the 3 variables respectively, as determined by the system
of units. Requiring invariance of the form under this transformation amounts to imposing
the condition
f (λp2 a2 , λp3 a3 ) − λp1 f (a2 , a3 ) = 0

(2.24)

Each power of λ can be expanded as epi ln(λ) = 1 + pi ln λ + . . .. Further taking the limit
λ → 1, we get



∂a2
∂
∂a3
∂
+
+ p1 f (a2 , a3 ) = 0.
∂ln(λ) ∂a2 (λ) ∂ln(λ) ∂a3 (λ)

(2.25)

Explicitly, we have
p1 f (a2 , a3 ) =

∂f
∂f
p 2 a2 +
p 2 a3 .
∂a2
∂a3

(2.26)

The formal solutions of this equation are [10]
Φ(Π3 ), Π3 =

a3
p3 /p2
a2

Φ(Π2 ), Π2 =

a2
.
p2 /p3
p3

p /p2

f (a2 , a3 ) = a21

p /p3

f (a2 , a3 ) = a31

(2.27)

The two forms are equivalent, as they are related by the transformation a3 = (a2 Π2 )p3 /p2 .
These arguments can be generalized to a set of n dimension-full quantities [ai=1...n ] =
P αi Qβi . . .. Assume that a class of system of k independent units is chosen and consider
cases when n > k. Under a generalized re-scaling by P, Q, . . . corresponding to k independent units, not all of the quantities an transform independently of each other [7, 10].

16
Indeed, a set of m = n − k quantities must have scaling dimensions given by combinations
of the remaining set k:
[bi=1...m ] = [ak ]pi [ak+1 ]qi . . . [an ]ri .

(2.28)

Therefore, the general relationship between the dimension-full quantity b1 and the remainder of the set can be expressed as
b1 = f (b2 , b3 , . . . bm ; ak , ak+1 , . . . , an ).

(2.29)

Then, by the principle of homogeneity, we can effectively decompose the dependency in
Eq. (2.29) into dimension-full and dimension-less parts:


b2
bm
p1 q1
r1
b1 = ak ak+1 . . . an Φ
,
, . . . pm qm
2
apk2 aqk+1
ak ak+1 . . . arnm
. . . arn2

(2.30)

where Φ and its arguments are dimensionless. This is nothing but a statement of the wellknown Buckingham’s Π Theorem [11]:
Π1 = Φ(Π2 , Π3 , . . . , Πm ), for dimensionless Πi =

bi
,
pi qi
ak ak+1 . . . arni

(2.31)

All of the Π dimensionless variables are invariant under a change of scale or unit, where
both the dependent and independent (a and b) quantities change while their ratios stay
the same. Recall that the general homogeneity principle dictated the way dimension-full
quantities transform under a change of scale. In turn, this implies that any functional dependence between a set of dimension-full quantities must always reduce to a relationship
between dimensionless variables Π. The exponents p1...m
k...n are completely determined by the
chosen system of units, and are called the engineering or bare scaling dimensions.
Let us further consider an important aspect in the arguments above. The dimensionless
form in Buckingham’s theorem can be traced back to the solutions of the differential equation in (2.25). Therefore, an implicit, but crucial assumption is that the the function f is
analytic in all its arguments [10]. In fact, it frequently happens [7] that the relationship between b1 and {b2 , b3 , . . . , a} is not unique for all possible values of the latter. For example,
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suppose that b1 = f (b2 , b3 , . . . , bm = 0, a) has a well-defined scaling form with a dimensionless function Φ(Π2 , Π3 , . . . , Πm = 0) for all values of its arguments. Moreover, suppose that p1 , p2 , . . . , pm are simply the engineering scaling dimensions. Whenever bm 6= 0,
b1 = f˜(b2 , b3 , . . . , bm , a), can have a different scaling form given by Φ̃(Π2 , Π3 , . . . , Πm ).
Clearly, setting bm → 0, or, equivalently, Πm → 0, with all other quantities fixed, results in
a singular limit unless limΠm →0 Φ̃ = Φ. If this does not occur, the scaling form Φ̃ is characterized by a different set of exponents p̃1 6= p1 , p̃2 6= p2 , p̃3 6= p3 , . . .. These solutions
are still scale invariant, but involve anomalous scaling dimensions. Indeed, the differential
equation (2.25) is formally identical to Callan-Symanzik equations [12], which occur in
field-theoretical approaches for determining the scaling behavior of correlation functions.
The arguments above suggest that scaling forms are especially useful in asymptotic
regimes, where one of the scales is taken to zero. The analytic properties of the scaling functions indicate whether physical quantities depend on the vanishing parameter in
a fundamental way [7, 8]. If the limit exists, we can effect a reduction in the number of
physically-relevant variables. This is of crucial importance, since the complete solution
of microscopic models at all physical scales is practically impossible. Whenever the limit
does not exist, the physics associated with the vanishing scale cannot be ignored, and an
indirect method of isolating the singular behavior must be applied. This is the central concept behind the RG, discussed in detail in Sec. 2.4 below. Before illustrating the general
form of the RG, it is convenient to further discuss a classification of possible asymptotic
scaling regimes. This is the subject of the next section.

2.3

Universal scaling regimes

A systematic classification of asymptotic scaling regimes for classical dynamical phenomena was proposed in Ref. 7. In the context of statistical physics, which is the case for this
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work, these are known as universal scaling regimes. The classification was shown to be
equivalent to the application of the RG [7, 13]. Thus, it is expected to hold in general.
To illustrate the emergence of universal scaling regimes, let us re-consider a simplified
version of the general scaling relation Eq. (2.30) with a single independent scale a and three
dependent scales:
p1

b1 = a Φ



b2 b3
,
ap 2 ap 3


,

(2.32)

Assume that for b3 6= 0, the scaling form
Π1 = Φ (Π2 , Π3 )

(2.33)

is valid with engineering scaling dimensions p1 , p2 , and p3 . We can in general assign (a)
to a macroscopic scale, such as the inverse-temperature or the volume of a sample crystal.
Similarly, b2 and b3 can be thought of as scales characterizing the microscopic details of the
system, such as the Kondo temperature or bare coupling constants between DOF defined
on a lattice. We are generally interested in the scaling behavior in the limit where one or
more of the microscopic dependent scales are much smaller than the macroscopic independent scale of observation. This means, for example, the limit b3 /ap3 → 0 or, equivalently,
Π3 → 0. As explained in Ref. 7, we can generally distinguish three possibilities:

1)
lim Π1 = Φ (Π2 , 0)

Π3 →0

(2.34)

is well-defined and non-zero. Therefore, the quantity b1 (or Π1 ) does not depend on the
microscopic scale b3 (or Π3 ) at macroscopic scales. In this case, the scaling dimensions of
b1 are simply given by the chosen system of units or by simple dimensional analysis. The
analyticity of the scaling function allows us to solve a simpler problem with b3 = 0, and
subsequently introduce corrections in the small parameter Π3 in straightforward perturbation theory. These corrections do not change the form of the unperturbed solution [7].
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Solid-state condensed matter physics abounds with examples of this type of scaling.
Indeed, the low-temperature properties of a macroscopic crystal are in many cases independent of the physics of at the atomic scale. As a concrete example, consider the Fermiliquid phenomenology characterized by a resistivity proportional to T 2 below a threshold
temperature TF L . This specific signature is seen experimentally for a wide range of metals,
with different lattice constants, lattice structures and local atomic configurations.
Another simple but illustrative example is provided by the local susceptibility in
Eq. (2.13) for the KM Hamiltonian obtained from perturbative calculations. As mentioned
in the Sec. 2.1, summations of leading logarithmically-divergent terms indicate the existence of a Kondo scale TK . The only other physically relevant scale is the temperature T .
If we replace b1 , a1 , and b2 by χimp , T , and TK respectively in Eq. (2.30) and set all other
parameters to 0, the general scaling form for the impurity susceptibility
 
1
TK
χimp = f
,
T
T

(2.35)

is expected to hold. In a system of units where [(gµB )2 ] = 1 and [kB ] = 1 are dimensionless, the expression is consistent with the explicit form in Eq. (2.30). As already noted, for
TK /T → 0, the corrections to the susceptibility from the coupling to the conduction electrons vanish, and the dimensionless function f (TK /T ) converges to a finite constant such
that χimp ∼ T −1 . Therefore, the temperature dependence of the local susceptibility in this
regime is determined entirely by its engineering scaling dimensions, that is, by the choice
of class of system of units. As argued above, perturbation theory in ρ0 J = −1/ ln (TK /D)
is valid in this limit.

2) The limit
lim Π1 = lim Φ (Π2 , Π3 )

Π3 →0

Π3 →0

(2.36)

is either 0 or ∞. Obviously, b1 cannot be made independent of the vanishing scale b3 . Such
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cases do frequently occur in a wide range of physical phenomena [7–9]. Their existence
implies the remarkable fact that physical processes at microscopic scales [8, 13] can actually influence macroscopic phenomena. The singular limit also invalidates calculations
which start from a solution with Π3 = 0 and attempt an expansion in this parameter alone.
As discussed in the previous section, the proper limit in this case is


Π2
α1
,
lim Π1 = Π3 Ψ
Π3 →0
Πα3 2

(2.37)

where the Ψ form is different from Φ, and α1,2 6= 0. In many cases [7, 8], it is found that
both Ψ and the α’ s are functions of an additional dimensionless parameter . In such cases,
it turns out that lim→0 α1,2 = 0 and
lim lim Ψ = Φ.

(2.38)

Π3 →0 →0

Therefore, in this limit no singularity occurs [7, 8]. This implies that a double expansion in
 and Π3 can be applied starting from Φ(Π2 , 0) in order to access the correct scaling regime
involving Ψ. More precisely,  can be used to regularize the otherwise singular Π3 → 0
limit. This forms the basis of the well-known small- expansion. Thus, one can keep track
of the singularities and ultimately eliminate them, order by order in  by redefining new
parameters [12, 14]. Remarkably, this is implied [7, 13] by the resulting scaling form in
α ()

Eq. (2.37). Indeed, the parameters Π1 /Π3 1

α ()

and Π2 /Π3 2

are bare parameters renormal-

ized by absorbing the singular terms. Physically, this is allowed if we accept that the bare
values Π1 , Π3 in expression involving Φ (Eq. (2.36)) are not observable quantities. For a
more complete discussion of this point in particular, I refer the reader to Refs. 7, 8, 13. I
will illustrate these rather abstract considerations by explicit examples below.
The Kondo problem provides one example of such a singular limit. Indeed, the arguments above provide an explanation for the failure of perturbation theory in the T /TK → 0
limit. As discussed in Sec. 2.1, the correct expression for the susceptibility is expected to
converge to a constant, finite limit:
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lim χimp

T /TK →0

1
∼
T



T
TK


=

1
,
TK

(2.39)

This requires that the dimensionless function f (T /TK ) ∼ T /TK . Now consider the case
when the Kondo interaction is set to zero, i.e. ρ0 J = 0. The result is a decoupled impurity
spin, with a T −1 Curie-Weiss behavior valid all the way down to zero temperature. This
implies a dimensionless f which is a constant over the entire range. Clearly, the interacting
and non-interacting cases correspond to different limits, no matter how small we take the
bare coupling. As I further discuss in Sec. 2.5 below, for T  TK , the momentum-averaged
conduction electron Green’s function G0 (τ ) ∼ τ 1−|δ|/π , where δ is a scattering phase-shift.
In other words, the conduction electrons acquire an anomalous dimension through the Anderson orthogonality catastrophe [15]. That is, in the infinite volume limit, electrons in the
presence and absence of a potential scatterer are orthogonal to each other. A full solution
of the problem shows that a different, Fermi-liquid form τ −1 is recovered below TK . Perturbative approaches effectively assume that the anomalous dimensions survive down to
zero temperature and thus result in a singular limit. Indeed, the Kondo problem is unusual,
in that the anomalous scaling dimensions are the hallmark of a quantum critical point at
J = 0, which is readily accesible in the weak-coupling perturbative regime, separating
ferromagnetic JK > 0 from antiferromagnetic JK < 0 regimes.
The general arguments above can be further illustrated using a nearest-neighbor Ising
model on a lattice of d spatial dimensions. It provides a convenient basic model for the
magnetic transitions discussed in subsequent chapters. The Hamiltonian is defined [14] as
X
X
− βH =
V Si Sj +
hSi ,
(2.40)
hiji

i

where β = 1/T is the inverse temperature and h is a constant magnetic field. For d > 1 this
has a second-order transition at a finite temperature Tc , or equivalently, at a finite coupling
Vc , between paramagnetic and magnetically-ordered states. To access the transition, we
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can use the Landau-Ginzburg action


H (x) = ∇2 + r0 S(x)2 + u0 S(x)4 .

(2.41)

The expression defines an effective theory valid close to the transition in the continuum or
large-wavelength limit. As such, it is valid for length-scales larger than Λ−1 , which also
defines a cutoff momentum scale. The parameters r0 and u0 are analytic functions of V and
their scaling dimensions together with that of the field S(x) are chosen such that βH =
R d
d xH . Specifically, the engineering scaling dimensions are given by [r0 ] = Λ2 , [u0 ] =
Λ4−d , and [S(x)] = Λ1−d/2 [14]. The r0 term effectively sets a lower momentum-cutoff
scale for Gaussian, or non-interacting, long-wavelength order-parameters fluctuations. It is
equivalent to the square of an inverse correlation-length [8]. Note that such non-interacting
fluctuations are already expected solely on the basis of a version of the central-limit theorem [16] in the infinite-volume limit. By contrast, the parameter u0 describes the interactions between the Gaussian fluctuations. As such, it is a descendant of the original model
which contained interactions between DOF defined on a lattice. its scaling dimensions
are different for d > dc and d < dc , where d is the dimensionality of the system, and
dc = 4 is the upper critical dimension. In either case and for d > 1, the model exhibits
a phase transition at a critical temperatureTc , or equivalently, at a critical coupling Vc . In
the Landau-Ginzburg model, this corresponds to a critical r0,c . However, the asymptotic
regimes close to the transition are very different in dimensions larger than or less than dc . In
the former case, the critical fluctuations remain of Gaussian type. In the opposite case, the
interactions cannot be ignored, and ultimately modify the limiting macroscopic behavior.
Let us look at these different cases in the context of universal scaling functions.
One can formally calculate the momentum-dependent susceptibility perturbatively to
leading order in the interaction term u0 . The result is [14, 17]

Z Λ d 
d q
1
1
−1
2
χ (qq ) = (qq − Q ) + (r0 − r0,c ) + u0
−
,
d
q 2 + (r0 − r0,c ) q 2
0 (2π)

(2.42)
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where Q is the ordering wave-vector. The expression can be rewritten as
2

χ−1
q −Q
r0 − r0,c
=
+
+
2
Λ
Λ
Λ2

 u  Z 1 dd (q/Λ) 
1
1
0
,
+
−
Λ4−d 0 (2π)d
(qq /Λ)2 + (r0 − r0,c )/Λ2 (qq /Λ)2
(2.43)
which makes apparent the connection with the form in Eq. (2.32) in terms of dimensionless
parameters. We are interested in the limit where the correlation length is much larger than
any other scale in the problem. As mentioned above, this corresponds to (r0 −r0,c )/Λ2 → 0.
We look at this limit for d > dc and d < dc respectively.
For d > dc = 4, the integral is convergent. On approach to the critical point, the corrections from u0 decay faster [17] than r0 − r0,c , and can be safely set to 0. The susceptibility
diverges as
χ−1
→
Λ2



q −Q
Λ

2
.

(2.44)

This corresponds to Case 1) and corrections in u0 can be introduced straightforwardly. Accordingly, the susceptibility maintains the form predicted by dimensional analysis. Therefore, the interactions do not change the scaling behavior, and Gaussian or non-interacting
criticality is preserved.
By contrast, for d < 4, the integral is divergent in the infra-red. This is an example of
Case 2) scaling, where a direct expansion in the small parameter u0 is singular. We can
instead apply a small  expansion instead. For simplicity, set r0 = r0,c and introduce a
scale µ which regularizes the theory [14]. Define the dimensionless coupling g0 = u0 /Λ ,
where  = 4 − d. As mentioned above, we can absorb the singularities into the definition
of an effective interaction valid at scale µ. More precisely, we define the renormalized
interaction [14]


Λ
µ g(µ) = Z g0 ,
Λ g0 .
µ


2

(2.45)
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We can calculate an effective coupling g in a double-expansion in the bare g0 and in .
The expansion will suffer from the same type of divergent integrals as those seen in the
susceptibility. We can replace g0 by Z 2 g0 in the expansion. The renormalization factor Z
can be chosen to eliminate all the divergent terms order by order. To lowest order in g0 and
 [14], the result is given by
  

Λ
3
Λ
g(µ) = g0
1−
ln g0 + O(g03 , g02 ).
µ
16π 2 µ

(2.46)

The expression is still formally divergent in the relevant Λ/µ → ∞ regime. This occurs because of the presence of µ, which is an intermediate, unphysical scale. It can be eliminating
by imposing the independence of the effective, ”observable” interaction g on it [14]:
1 dg
=0
(2.47)
µ dµ
in the relevant limit. This results in the condition [14]
3
(g ∗ )2 + O((g0∗ )3 , (g0∗ )2 ) = 0.
− g0∗ +
16π 2 0

(2.48)

Substituting the solution of this expression into the series in Eq. (2.46), we obtain in the
Λ/µ → ∞ limit:
  

Λ
Λ
g
1 −  ln + . . .
µ
µ
 
Λ
=g0∗
e− ln(Λ/µ)
µ
   −
Λ
Λ
=g0∗
,
µ
µ
=g0∗

(2.49)

which is finite and independent of the intermediate scale µ. We recognize g0 Z 2 → g0 (Λ/µ)−
as the analogue of the Π2 /Πα3 dimensionless quantities postulated for intermediate asymptotics of the second kind in Eq. (2.37). A similar calculation for the susceptibility [14]
yields
χ−1 ∼ q 2−η

(2.50)
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where to lowest order η() ∼ 2 is an anomalous dimension.

3) Neither 1) or 2) holds. These also includes cases where the theory can be regularized
by functions of Π3 which need not be a simple power-law. A priori, the asymptotic behavior
of Π could be determined instead by terms such as ln(Π3 ) [7]. Indeed, we will encounter
such behavior in dealing with quantum criticality in heavy-fermion systems.
The renormalized perturbation theory is an example of a more general renormalization
group (RG) concept. Indeed, the asymptotic form in Eq. (2.37)


Π1
Π2
lim α = Ψ
Π3 →0 Π3 1
Πα3 2
is invariant under the transformation
0

0

0

Π3 = ΛΠ3 , Π1 = Λα1 Π1 , Π2 = Λα2 Π2 .

(2.51)

This is a peculiar example of a generalized scaling transformation[7]. It implies that under
a re-scaling of the independent dimension-full quantity a0 = Ba, the Π parameters, initially
constructed to be scale-invariant, are no longer so whenever the α exponents are non-zero.
Equivalently, one cannot say that [bi ] = [a]pi , where pi is determined by the choice of
system of units alone. However, another set of exponents can be found such that any
dimensionless physical quantity remains invariant under a0 = Λa:
a0 = Λa
0

(2.52)
0

0

b3 = Λ(1+p3 ) b3 , b1 = Λ(α1 +p1 ) b1 , b2 = B (α2 +p2 ) b2

(2.53)

This effectively describes an RG transformation. Although the set of transformations will
form a semi-group as no inverse elements are typically defined [8], the concept remains
clear. Indeed, we can take Eq. (2.52) as an abstract definition of the renormalization group
(RG).
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In practice, there are many realizations of the RG concept. Among the better-known
analytical procedures I cite Kadanoff’s real-space RG for spin-systems [18], Wilson’s
momentum-shell RG for φ4 -type (bosonic) field-theories [19] and Anderson’s Coulombgas RG [20, 21] which was first of its kind to be applied to the Kondo problem. Numerical implementations include the Density-Matrix Renormalization Group (DMRG) [22] for
low-dimensional systems and Wilson’s NRG [23] for impurity systems. I will discuss the
latter in Sec. 2.6, since it is applied in the case of Kondo-destruction quantum-criticality
discussed in this work.

2.4

The general form of the Renormalization Group

The discussion in the previous sections involved general scaling forms for arbitrary physical
quantities. It was shown that these naturally emerge as a consequence of scale-invariance.
For statistical-physical applications in the continuum limit, the RG can be directly formulated in terms of correlation functions [12, 14, 16], which must obey Callan-Symazik-like
differential equations such as Eq. (2.25). A more general definition of the RG is discussed
in this section based on the more general ideas of Refs 18, 19. While the two approaches
are equivalent, the latter allows for a greater flexibility in implementation, particularly in
the context of numerical calculations.
In the previous section, I described how the dimension-full parameters bi change under
a re-definition of the independent scale a. In particular, the b’s can be taken as a set of
effective coupling constants entering a Hamiltonian H(b2 , b3 , . . .). The RG transformation
can be defined in the space of all Hamiltonians [8, 9, 24] such that
a0 =Λa
0

bi =fi (bj ).

(2.54)
(2.55)
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Crucially, the transformation leaves the Hamiltonian invariant [8, 9, 24]. This implicitly
assures scale-invariance for all quantities which are subsequently determined using the
scale-dependent coupling constants.
Assume the existence of fixed points, where the parameters entering the Hamiltonian
are invariant under the transformation:
b∗i = fi (b∗j ).

(2.56)

By further assuming that the transformation is analytic in the vicinity of these fixed points,
we can linearize [8, 9] as
0

bi = fi (b∗i ) +

X ∂fi
i

0

bi − b∗i =

∂bj

X ∂fi
i

∂bj

(bj − b∗j ) + . . .
b∗j

(bj − b∗j ) + . . . ,

(2.57)

b∗j

or, expressed in matrix form
0

δbb = M δbb.

(2.58)

uj s.t.
As a final assumption, we consider the existence of eigen-vectors δu
uj = λj δu
uj ,
M δu

(2.59)

where the eigen-values in turn are taken to be real numbers [8, 9, 24]. The set of eigenuj are called scaling variables and are classified according to whether λ is is
vectors δu
higher, equal or lower to 1. These three types of scaling variables are called relevant,
marginal or irrelevant, respectively [8, 9, 24]. Under an RG transformation in the vicinity
of a fixed point, they grow, remain the same or decrease. Indeed, under repeated applications of the transformation represented by M we obtain
N
1 N2
uj = M N1 M N2 δu
uj = λN
M N δu
j λj u j = λj u j ,

(2.60)

where N = N1 + N2 is an integer. If we equate λN1 = Λ1 , λN2 = Λ2 and λN
j = Λ, we can
re-express two RG transformations as
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M (Λ)δu
uj = M (Λ/Λ1 )M
M (Λ1 )δu
uj .

(2.61)

This is precisely the form of Eq. (2.16) which described the transformation of a dimensionfull quantity under a change in scale of the units by the factors Λ, Λ1 , and Λ2 . If one
introduces scale-dependent uj (Λ), and applies the same steps as before, one obtains
uj
∂u
= γj u j .
(2.62)
∂ ln Λ
The expression on the left is called a β function [8, 9, 24]. There is a one-to-one relationship
between this expression and that in Eq. (2.60). It describes how the dependent scaling
variable u j transforms under an overall change in scale a by the factor Λ. Indeed, as
discussed in previous sections, the solutions are of the form
u j (Λ) = u j (Λ = 1)Λγj ,

(2.63)

and determine an RG flow under a continuous change of scale. The exponents are effective scaling dimensions with γj larger, equal and smaller than 0 corresponding to relevant,
marginal and irrelevant scaling variables. The effective scaling dimensions are determined
by the properties of the fixed points of the transformation alone i.e. γj = γj (λj ) and are in
this sense called universal [8, 9, 24]. By contrast with the analogous exponents of simple
dimensional analysis, the generalized exponents need not be rational, but can assume any
real value. Crucially, the scaling dimensions and the classification in terms of relevant,
marginal, and irrelevant variables are expected to hold only in the vicinity of the fixed
points.
The flow of small perturbations in terms of the coupling constants bi about their fixedpoint values is determined by the expansion in terms of the scaling variables. For example,
let us apply a perturbation such that b1 − b∗1 = (c1u 1 + c2u 2 . . .)1 with all other b’s equal
to their fixed-point values. Under the RG flow, each scaling variable in the expansion will
increase, decrease, or stay the same depending on its classification [8, 9, 23, 24]. If b1 − b∗1
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has non-zero overlap with irrelevant variables alone, it will decrease along the RG flow,
eventually returning to its fixed-point value. We then say that the fixed point is stable w.r.t
to b1 , which is deemed irrelevant. If it contains at least one relevant variable, it will gradually increase, eventually entering a regime where higher-order non-linear contributions are
important [9]. In this case, Eq. (2.62) must be modified
! as
!
X
X
X
uj
∂u
= αj u j +
Rjkl
cmu m
cnu n + . . . ,
(2.64)
∂ ln Λ
m
n
kl
k
l
P
∗
where bi − bi = n (cnu n )i holds and Rjkl is determined by the higher-order derivatives
in Eq. (2.57). In this regime, the scaling gradually becomes more sensitive to the details
of the RG transformation and cannot be considered universal. If the overlap is only with
marginal variables, the flows can still tend toward or away from the fixed point, but are
determined by the higher-order couplings.
The scaling behavior of the coupling constants bi in the vicinity of a fixed-point determines the scaling behavior of any calculated quantities which depend on them [8, 24]. As
before, consider the general relation determined by the engineering scaling dimensions:


b2 b3
p
b=a Φ
,
(2.65)
ap2 ap3
Let us assume that a fixed point is determined by b∗2 = b∗3 = 0. For small deviations
about this point, the RG indicates that, under a change in scale given by Λ, the transformed
quantities are Λγ b, Λγ2 b2 , Λγ3 b3 , and Λa. Denote the anomalous dimensions as η = γ −
p, η2 = γ2 − p2 , and η3 = γ3 − p3 , and let us for illustrative purposes that η3 > 0. The
expression takes the form
Π = Λ−η Φ (Λη2 Π2 , Λη3 Π3 ) .

(2.66)

Let Λη3 Π3 = 1 s.t. the scaling is still in the vicinity of the fixed point. In this case, we
can set Λ = Π3−η3 . Substituting the value of Λ everywhere, and defining α = −η × η3 and
α2 = −η2 × η3 we obtain Eq. (2.37)
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lim Π =

Π3 →0

Πα3 1 Ψ




Π2
,1 .
Πα3 2

In the limit η3 → 0, corresponding to marginal b3 , the RG allows the calculation of scaling
0

behavior beyond the leading terms s.t. under a change of scale by Λ, Π3 = ξ(Π3 , Λ), where
ξ is not necessarily a simple power-law. We already encountered one such case in dealing
with the Kondo problem, where the interaction J is marginally relevant, and it enters the
scaling through the nonlinear dependence on TK (See Eq. (2.14)).
While the actual RG implementations can be quite different depending on the system
under consideration, they all follow the same basic recipe. The starting point is the definition of a coarse-grained Hamiltonian (or action) with coupling constants b1 , b2 , . . . valid on
a scale a. The latter is typically a natural cutoff scale such as bandwidth, temperature or
correlation-length. The first step involves considering the Hamiltonian under a ”coarser”
grain, or equivalently at a re-scaled a0 . The new Hamiltonian will differ from the old by
couplings between the original DOF at intermediate scales ∈ (a0 , a]. One can eliminate
these DOF by applying a partial trace over this section of phase space. The resulting
Hamiltonian should contain interactions only between DOF defined at the new scale a0 .
The transformation is not yet complete because of the difference in phase spaces. The second step involves re-scaling the renormalized couplings by a factor a/a0 , making the phase
spaces before and after identical. This last step completes the RG transformation which
0

0

gives new couplings b1 , b2 , . . . in terms of the previous b1 , b2 , . . ., or equivalently, defines
how the latter transform under a change in the scale a. It is important to note that in order to
define a RG transformation solely on the coupling constants, we required the invariance of
the partition function. The abstract definition of a RG transformation will become clearer
when considering the actual implementations discussed in subsequent sections.
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2.5

Coulomb Gas RG for the Kondo problem

In this section, I discuss one of the earliest applications of the RG concept to the Kondo
problem, namely, that of Anderson and co-workers [20, 21] based on a Coulomb-gas representation of the KM Hamiltonian. It not only illustrates the general structure of the RG,
but also makes apparent key physical aspect of impurities models. Last, but not least, it
provides a basis for the analytical calculations which supplement the numerical results for
quantum critical Kondo models of Chapter 4.
The basic procedure used in writing a Coulomb-gas representation of the KM relies
heavily on methods developed for a similar but simpler problem, namely, the x-ray edge
singularity. Given its importance, I briefly discuss the latter before proceeding to the Kondo
case.
In the x-ray edge case, we are interested in the response of the conduction electrons to
the sudden excitation of a high-energy hole or electron through the absorption or emission
of a photon, respectively. More precisely, the simplest x-ray edge problem Hamiltonian is
given by [25]
Hx-ray = Hx-ray,0 + Hx-ray,int
X 
X
Hx-ray,0 =
k ck ck0 + ω0 b b +
Vkk0 ck ck0 bb
k

Hx-ray,int =

X

(2.67)
(2.68)

k0
k ,k

Wk ck be−iωt + h.c.,

(2.69)

k

where only spin-less conduction electrons are considered, and where b , b create an electron
and a hole, respectively. We wish to determine the response function
S(t − t0 ) = h0| T (Hx-ray,int (t)Hx-ray,int (t0 )) |0i ,

(2.70)

where T stands for the time-ordering operator. The response is complicated by the fact
that it depends on both the dynamics of the hole, which can decay into its original state, as
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well as that of the conduction electrons, which tend to screen it. Indeed, sophisticated selfconsistent renormalization calculations to leading logarithmic accuracy were applied [25–
27]. These indicated that, for a symmetrical (s-wave) potential, the response has a nontrivial algebraic form in the vicinity of a threshold frequency ω0 given by
2g

ξ0
ImS(ω) ∼
ω − ω0

(2.71)

where ξ0 is a cutoff scale which is small compared to the Fermi energy.The dimension-less
constant is also taken to be small: g = ρ0 V  1, where ρ0 is the DOS close to the Fermi
energy. The response depends on the many-body Green’s function

Fkk 0 (t − t0 ) = h0| T ck (t)b(t)b (t0 )ck0 (t0 ) |0i .

(2.72)

Nozières and De Dominicis observed [28] that the singular response can be obtained
from a procedure involving only one-body processes. They considered the response in
Eq. (2.72) under the assumption of a single deep-hole (or electron) process, created at t
and destroyed at t0 . This is equivalent to stating that the decay of the hole induced through
interactions with the screening conduction-electrons is slower than the response of the latter. It amounts to a self-consistency condition, and, as such, must be checked at the end
of the calculation. Let us define the deep-hole and electron zero-temperature time-ordered
Green’s functions as

G (t − t0 ) = h0| T b(t)b (t0 ) |0i

Gkk0 (t − t0 ) = h0| T ck (t)ck 0 (t0 ) |0i .

(2.73)
(2.74)

These can be calculated in an Heisenberg interaction-picture perturbation series expansion [28] as
G (t − t ) = h0| e
0

−iH0,x-ray (t−t0 )


T

 Z
exp i

∞





0



dτ Hint, x-ray b(t)b (t ) |0i .

(2.75)

−∞

The diagrams resulting from the complete many-body interactions are shown in Fig. 2.2 (a),
where the left panel is for the response function F (t − t0 ), while the right one is for G (t −
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(a)

(b)

Figure 2.2 : Illustration of the single-hole excitation approximation discussed in the text. (a)
Top: Full expansion for the conduction-electron propagator Gkk0 (t − t0 ) in Eq. (2.74). Solid
lines correspond to the bare electron propagator, while the dashed lines to the propagator
of the hole. Bottom: resulting diagrams in the single-hole approximation. The vertical
dashed lines indicate the emission and absorption times respectively. (b) Same as in (a) for
the deep-hole propagator G (t − t0 ) in Eq. (2.73). From Ref. 28.

t0 ). When restricted to a single-hole excitation, all of the unperturbed hole-propagators
represented by the dashed-lines evolve in a single time direction [28]. This corresponds to
a lack of intermediate-time hole states such that their net contribution is an overall phase
0

e−iω0 (t−t ) . The remaining diagrams in this case are represented in 2.2 (b), which are
given by conduction-electron propagators (full lines) corresponding to potential scattering
processes proportional to coupling-constant V in Hint, x-ray . The calculation amounts to
adiabatically evolving the system from −∞ to t , at which point a hole is suddenly created,
introducing an additional constant potential scatterer

X

Vkk 0 ck ck 0 .

(2.76)

k0
k ,k

This additional term is introduced due to the change in hole-number bb . The hole is removed at t0 and the system is adiabatically evolved to its unperturbed ground state at ∞.
The conduction electron Green’s function is given by the Dyson equation
Z t0
X
0
0
Gkk0 (τ − τ ) = Gk (τ − τ )δkk0 − i
dτ 00
Gkq ,0 (τ − τ 00 )Vqq0 Gq0 k0 (τ − τ 0 ),
t

q q0

(2.77)
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where t < τ < τ 0 < t00 . The momenta summations can be done using an effective constant
DOS ρ0 together with a cutoff in energy (τ0 )−1 representing an effective bandwidth. The
momentum-averaged, non-interacting Green’s function is given by
X
ρ0
.
Gkk0 ,0 (τ − τ 0 ) = G0 (τ − τ 0 ) =
0
i(τ − τ ) + sgn(τ − τ 0 )τ0
k k0

(2.78)

k ,k
k

Due to the cut-off, it is not well-defined for times smaller than τ0 . Nozieres and DeDominicis [28] and Anderson, Yuval, and Hamann [20] solved the integral Eq. (2.77) and obtained
the fully-interacting conduction electron Green’s function
 0
δ/π
X
(t − τ 0 )(τ − t)
0
0
0
Gkk0 (τ − τ ) = G(τ − τ ) = G0 (τ − τ )
,
(t0 − τ )(τ 0 − t)
k k0

(2.79)

k ,k
k

where δ is the scattering phase shift at the Fermi energy. The hole Green’s function [28] is
 −δ2 /π2
τ
0
,
(2.80)
G (τ − τ ) ∼
τ0
which, for weak-coupling δ ≤ π/2, has a decay which is slower than that of G, confirming
the starting assumption.
There are a number of interesting features of the x-ray edge results. First, the response
functions acquire anomalous dimensions. As mentioned previously,these can be attributed
to Anderson’s orthogonality catastrophe [15], which states that the ground states formed
out of electrons with and without potential scattering (V ) are orthogonal to each other. It
effectively explains the difficulties in applying straightforward perturbation theory in this
coupling from a non-interacting electron gas with no coupling to the hole. Second, the assumptions break down whenever the hole decay becomes sufficiently fast. In that case, one
has to include arbitrarily many hole excitations or equivalently solve the formidable manybody problem represented by the diagrams in Fig. 2.2. To the author’s knowledge, this has
not been accomplished without some form of approximation. As I discuss below, these
emergent features of the X-ray edge problem can be carried over to the Kondo problem
with the important assumption of weak coupling.
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The starting point in the Kondo case consists in decomposing the KM exchange interaction (Eq. (2.2)) into a longitudinal exchange interaction


X 
X  


ck ↑ ck0 ↑ − ck ↓ ck0 ↓ ,
H|| =
k ck ↑ ck0 ↑ + ck ↓ ck0 ↓ + J|| Sz

(2.81)

k ,k
k0

k

and a transverse or spin-flip interaction.

X
H⊥ = J⊥
S+ ck ↓ ck0 ↑ + S− ck ↑ ck0 ↓ .

(2.82)

k0
k ,k

The broken SU(2) symmetry is recovered under the RG [21]. For simplicity, I ignore the
momentum dependence of the J’s. For J⊥ = 0, the problem can be easily solved, since it
involves conduction electrons undergoing potential scattering off a static impurity. More
precisely, for both J⊥ = J|| = 0, there are two time-reversed unperturbed ground states
given by |φ0 i = |↑i ⊗ |Slater determinanti and its partner. As H|| preserves time-reversal
symmetry, it is sufficient to solve the problem in one sector. I call the associated ground
state Ψ0,↑ (for J|| 6= 0, J⊥ = 0).
Yuval and Anderson [20] showed that, in perturbation theory, each spin-flip can be
accounted for by the sudden introduction of a potential scattering term, in direct analogy
with a single x-ray process. The response of the conduction electrons to each spin-flip
is then given by Eq. (2.79). In the Kondo case, before a spin-flip event, the conduction
electrons scatter off a potential given effectively J|| hSz iG.S. . Whenever a spin-flip occurs,
an additional ±J|| is introduced corresponding to raising or lowering the impurity spin.
More precisely, the aforementioned authors calculated [20] the response function
F (t) = hΨ0,↑ | eiHKM t |Ψ0,↑ i

 Z
−iH|| t
= hΨ0,↑ | e
T exp i

(2.83)
∞


dτ H⊥

|Ψ0,↑ i .

(2.84)

−∞

It reduces to the calculation of an infinite series of single x-ray edge-type processes. For
example, at order n in the expansion, there are n spin-flip events which suddenly turn
on an additional potential term, but which also introduce pairs of electron creation and
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annihilation operators. The Wick contraction [29] on the 2n pairs of operators is nontrivial as the contraction can only be made at times which are even and odd, due to the
↑ / ↓ indices. This constraint determines the form

2
F (t) = (−1)P G(t1 , t2×P (1) )G(t3 , t2×P (2) )G(t5 , t2×P (3) ) . . . ,

(2.85)

where P stands for a permutation on the set of times {1, 2, 3, . . . , n} and the matching
criteria are apparent. The expression is squared as ↑ electron contractions give an identical
expression to those of ↓ electrons. Yuval and Anderson [20] also showed that the for noninteracting G0 Green’s functions, F (t) is equivalent to the square of a Cauchy determinant.
Because of the spin-flips switch potential terms on and off as in the x-ray edge problem,
there will be additional terms as in Eq. (2.79), with each propagator containing non-trivial
δ/π power-law contributions from all times. At order n, the resulting expression is [20]
2

F (t1 , . . . , t2n ) = G0 (t1 , . . . , t2n )1−2δ/π+(δ/pi) ,

(2.86)

where G0 stands for a Cauchy-determinant formed out of non-interacting Green’s functions. The expansion can be generalized to imaginary time τ such that an effective action
for the system was written as [20]
Z β
Z τ2n −τ0
Z τ2 −τ0
−βH
dτ2n
Z = h0|e
|0i =
dτ2n−1 . . .
dτ1 exp S(τ1 , τ2 , . . . τ2n )
0
0
0
 X



J⊥ τ0
τi − τj
i+j
2
+
(−1) 2q ln
,
S = − 2n ln
2
τ
0
i<j

(2.87)
(2.88)

where τ0 is a cut-off associated with the equal-time, or equivalently high-energy, cutoff in
the x-ray Green’s function of Eq. (2.79). The partition function is equivalent to the classical
partition function of 2n particles of alternating charge ±q = ±(1 − 2δ/π), with identical
fugacities ln J⊥τ0 /2. Due to the power-law form of the electronic Green’s function, the
charges interacting via a long-range two-dimensional logarithmic Coulomb potential. The
phase-shit δ is entirely determined by J|| . The τ0 term in the fugacity arises due to the
Trotter-like decomposition. The major implicit condition in the expansion is that the gas is
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dilute. This means that the probability of consecutive spin-flips to occur within an imaginary time on the order of the cutoff τ0 is very small. Otherwise, the use of the x-ray edge
expression of Eq. (2.79) is not justified.
Another important point illustrated by the Coulomb-gas action is that, due to the singleimpurity nature of Hsd , the Kondo problem is that of an effective one-dimensional interacting system. This allows for alternate derivations of the action in Eq. (2.87) through
bosonization of the conduction-electrons [30]. It also allows for exact solutions using
Bethe-ansatz [31, 32] and boundary-conformal field theories [33].
Anderson and co-workers proceeded to define an RG transformation [21] on the Coulombgas action. It follows the general steps of Sec. 2.4. The first step, consisting in the definition
on an action valid on a cutoff scale τ0 , is already implied in Eq. (2.87). The second involves
a new cutoff scale and the elimination of DOF for intermediate scales. In the Coulombgas action this involves extending τ < τ0 − dτ , and taking the partial trace over pairs of
spin-flips occuring within the intermediate range 2dτ . Each pair of imaginary times τi , τi+1
will bracket a single pair occurring within 2τ interval. Higher-order spin-flips between any
given two times are possible, but are expected to have low probability in the dilute limit
and are therefore dropped. The expansion in Eq. (2.87) can be re-written [20, 21] as
Z
Z=
0

β

Z
dτ2n
(

× Πi

τ2n −τ0 −dτ0

τ2 −τ0 −dτ0

Z
dτ2n−1 . . .

0

1+

dτ1 exp S(τ1 , τ2 , . . . τ2n )×
0



J⊥τ
2

2 Z

τi+1 +τ0

dτ
τi −τ0

0

Z

τ 0 −τ0

)
00

0

0

0

00

dτ exp S(τ − τ2n , τ − τ2n−1 . . . , τ − τ ) ,
τ 0 −τ0 −dτ0

(2.89)
where the first line is the partition function with cutoff τ0 + dτ0 , while the second line
contains the contributions of single pairs of spin-flips occurring at a distance dτ0 within the
interval {τi+1 − τ0 , τi + τ0 }. The major difficulty in evaluating these contributions is the
long-range potential which connects the close pairs with all other pairs. Anderson and co-
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workers showed [21] that the close-pair contribution to leading order in dτ0 is proportional
to
Z

β

dτ2n

Z
0

S0 =

Z

X
i<j

0

(−1)i+j

τ2n −τ0 −dτ0

Z

τ2 −τ0 −dτ0

dτ1 eS(τ1 ,τ2 ,...τ2n ) eS
dτ2n−1 . . .
0

2


J⊥ τ0
dτ0
τi − τj
2
8q
ln
.
2
τ0
τ0

0

(2.90)

The RG procedure is not yet complete. We still have to re-scale the τ0 factors in order to
conserve the Hilbert space, which was reduced due to the elimination of the close pairs.
This can be achieved by replacing τ0 → τ00 = τ0 + dτ0 everywhere in Eq. (2.90). Denoting
2

z = τ0 /τ00 , the S part of the action contributes a term z −2q n . The S 0 part contributes terms
which are higher order in dτ0 . The RG transformation is complete if one identifies

2
J⊥ τ0
dτ0
0 2
2
2
(q ) − q =4q
(2.91)
2
τ0
 0 0 2 
2
J⊥ τ0
J⊥ τ0
2
=
× z −2q .
(2.92)
2
2
The two renormalized parameters generate the corresponding β equations [21]
2

J⊥ τ0
dq 2
2
=4q
d ln τ0
2


dJ⊥ τ0 /2
J⊥ τ0
2
=(1 − q )
.
d ln τ0
2

(2.93)
(2.94)

For J|| ≈ 0, q ≈ 1, and J⊥ < 0 both couplings are relevant about the weak-coupling
J⊥ = J|| = 0 fixed point. They grow under the RG until J⊥ τ0 ≈ 1, at which point
the dilute approximation breaks down [21]. Around this limit, multiple dense spin-flips
become important signaling the onset on Kondo screening.
Although Anderson’s Coulomb-gas RG did not provide a complete solution to the
Kondo problem, it did predict the flow of the system to a strong-coupling regime. It already
went a long way in providing a tentative physical picture as well as a possible explanation
for the breakdown of perturbative approaches.
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2.6

Wilson’s Numerical Renormalization Group

In this section, I describe Wilson’s original implementation [23] of the NRG for the singleimpurity Kondo model. The NRG which is the backbone of the numerical calculations
presented in the Chapter 4.
The starting point in the implementation of a numerical RG procedure consists in a
well-defined separation of scales [23] of the electronic continuum. This is a necessity
imposed on by the numerics. Let us define the electron density-of-states
X
δ( − k ) = ρ0 θ(D − ||),
ρ() =

(2.95)

k

which is taken as a constant ρ0 within an effective bandwidth D. This is always a reasonable
approximation for featureless conduction electrons close to the Fermi surface [23]. Note
that the chemical potential was set to zero. Consider the electronic kinetic energy part of
the KM Hamiltonian [34]
H0 =

X

Z



k ck σ ck σ = ρ0

kσ

Z

1

=D

D

d cσ cσ

(2.96)

−D

dx xcxσ cxσ ,

(2.97)

1

where the factor of ρ0 was absorbed in the definition of the fermion operators and x is
dimensionless. Similarly the exchange part of the Hamiltonian can be re-written as [34]
X
HKondo = Dρ0S ·
f0σσ σσ0 f0σ0 ,
(2.98)
σσ 0

where
f0σ

1
=√
2

Z

1

dxcxσ .

(2.99)

−1

I now proceed to define the logarithmic discretization [23] of the conduction electron
bath. This provides the necessary separation of scales mentioned at the beginning of the
section. The range for x ∈ [−1, 1] can be decomposed into intervals [0, ±Λ−m ], m ∈
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(a)

(b)

Figure 2.3 : (a) Logarithmic discretization of the energy scale. (b) Schematic illustration
in real-space of the shell-like states associated with the second-quantized fn , fn operators.
From Ref. 23.

{1, 2, . . .}, as shown in Fig. 2.3 (a). The discretization parameter is larger than unity,
Λ > 1, but otherwise arbitrary. For simplicity, consider the positive x-values. On each
interval, x ∈ (Λ−m−1 , Λ−m ), a set of complete functions can be defined [23] as
ψ>,ml (x) = Λm/2 (1 − Λ−1 )−1/2 exp(iωm lx),

(2.100)

where l ∈ {0, 1, . . .} and
ωm = 2πΛm /(1 − Λ−1 )

(2.101)

are multiples of the fundamental frequency of each interval. The functions ψ vanish outside
each interval. Analogous sets can be defined for x < 0. The electronic operators can be
decomposed in terms of this basis as [23]
X
cxσ =
ψml,> (x)cmlσ,> + ψml,< (−x)cmlσ,< .

(2.102)

ml

The expansion can be substituted in HKM . Due to the wave-functions being zero outside of
the given interval, all terms connecting different m’s automatically vanish. However, same-
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m but different l combinations are allowed. For example, the electronic kinetic energy term
H0 can contribute terms such as [23]
Z 1
∗
(x)ψm0,> (x)cmlσ,> cm0σ,> .
dx xψml,>

(2.103)

−1

However, Wilson argued [23] that such terms are proportional to the size of the m interval
which is given by Λ−m − Λ−m−1 . Therefore, as long as the discretization parameter Λ
is much larger than unity, the sizes of the intervals are small, and the mixing terms are
negligible. Explicit calculations [23] confirm this approximation. Therefore, we retain
only the constant l = 0 components for each m. The KM Hamiltonian can be written in
this basis as [23]
∞
X
1

S f0σ
HKM = D (1 + Λ−1 )
Λ−m (cm0σ,> cm0σ,> − cm0σ,< cm0σ,< ) − Dρ0 JS
σ f0σ , (2.104)
2
m=0
where
∞
X
1
Λ−m/2 (cm0σ,> + cm0σ,< ),
f0σ = √ (1 − Λ−1 )1/2
2
m=0

(2.105)

was introduced previously. It is clear that, while the kinetic-energy operator is diagonal
in the discretized basis, the Kondo interaction is not. Wilson chose [23] to express the
kinetic energy in terms of f operators, in order to make their hybridization explicit. The
Hamiltonian, expressed in this new orthonormal basis is
∞


X



S f0σ
HKM =
n D fn fn+1 + fn+1 fn − Dρ0 JS
σ f0σ .

(2.106)

n

It has the form of a tight-binding model. Note that for particle-hole symmetry, the shelldiagonal terms proportionla to fn fn vanish [34]. The fn operators correspond [23, 35]
to electrons centered about the impurity and localized in shells of width Λ−n/2 . This is
illustrated in Fig. 2.3 (b). Note that only f0 has significant overlap with the impurity.
This stems from the definition of the ψm0,> (x) basis, where x is associated with an energy
scale. It can be shown that the procedure implies linearization of the electronic momenta
about the Fermi surface [23, 35], such that a shell in energy-space corresponds to shell in
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momentum/real-space. As the electrons in successive have less overlap with the impurity
spin, the hopping matrix elements decay accordingly [23]:
1 + Λ−1 −n/2
Λ
.
lim n =
n→∞
2

(2.107)

This last step completes the separation of electronic DOF into sectors with different energy/momentum scales. The Hamiltonian in Eq. (2.106), describes a semi-infinite tightbinding chain with the impurity at the origin. Each successive electronic shell has decreasing hybridization matrix element with the preceding terms, and therefore with the impurity.
The physical interpretation is straightforward, as each additional electron introduced along
the chain contributes corrections to the previous finite sequence, involving electrons evercloser to the Fermi surface (zero energy) [23, 35]. This form then is naturally adapted to a
RG transformation which essentially solves the chain numerically.
The RG procedure introduced by Wilson on the shell-like Hamiltonian in Eq. (2.106)
follows the overall prescription set out in Sec. 2.4. The starting point of the transformation
is to truncate the Hamiltonian in Eq. (2.106) to its first N − 1 hopping terms, where N is a
finite integer. Specifically,
can write [23]
)
(N we
−1


X


S f0σ
σ f0σ .
fn − Dρ0 JS
HN = Λ(N −1)/2
Dn fn fn+1 + fn+1

(2.108)

n=0

This is precisely equivalent to the first general step of a RG procedure, which is to define
Hamiltonian valid on a particular scale. In our case, this involves neglecting, or equivalently ”coarse-graining”, the conduction electron shells of scales approximately less than
Λ(N −1)/2 . The Λ factors in front ensure that the last N − 1 hopping amplitude is always
1. As will be shown below, it implements the re-scaling part of the RG procedure. It
is assumed that all of the many-body eigenstates of HN are known or can be calculated
numerically.
The next step in implementing the RG is to add the hopping terms of the (N + 1)th
shell as
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HN +1 = Λ1/2 HN +

X




ΛN/2 DtN fN,σ
fN +1,σ + fN +1,σ fN +1,σ .

(2.109)

σ

The effect of the addition of the next-shell terms is calculated numerically by enlarging the
Fock-space to accommodate the 4 additional possible electronic states. Simultaneously, the
entire Hamiltonian is scaled by ΛN/2 in order to ensure that the extra terms have the same
weight as the N th terms in HN . This is nothing but the re-scaling step of a generic RG
procedure. It effectively ensures that the underlying continuum Hilbert space associated
with the initial ck ,σ operators stays the same. This last step completes a RG iteration.
In contrast to analytic RG procedures, the NRG is inherently discrete. We cannot directly observe the flows of the coupling constants. However, the many-body spectrum and
operator expectation values, calculated at each step N from the many-body spectrum, can
be used to track the evolution of an effective Hamiltonian under successive RG transformations. The power of the method stems from the small number of assumptions used to derive
Eq. (2.106). Explicitly, these were the discretization of the continuum and the neglect of
higher harmonics in defining states on each ± (Λ−m − Λ−m−1 ) interval. Associated with
this procedure was also the choice of discretization parameter Λ. The closer it is to unity,
the better the approximation to the continuum. Another issue is the necessary truncation
of the Hilbert space in practice. Indeed, under each successive iteration, it increases by
a factor of 4, thus requiring roughly 4N states to be kept for iteration N . In practice, the
Hilbert is artificially restricted to a chosen, fixed total number of states Ns . It turns out that,
in the vast majority of NRG implementations, the results are not very sensitive to either of
these approximations [36].
One additional piece of information is required to complete the introduction to the
NRG. It concerns the calculation of thermodynamic averages of operators Ô. Formally,
this involves a trace
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h
i
Tr Ô exp(Λ−(N −1)/2 HN /kT )
hÔi = lim

N →∞

Tr [exp(Λ−(N −1)/2 HN /kT )]

.

(2.110)

In the N → ∞ limit the continuum Hamiltonian is recovered. The Hamiltonian in the
Boltzmann factor is scaled back to the original convention. The limit cannot be taken so
an approximation is required. It consists [23] in truncating the trace to many-body eigenstates of HN with are roughly equal to or less than Λ(N −1)/2 T . As mentioned, the highest
state kept in HN is fixed by the calculation. Therefore, a better approximation is to restrict the validity of the thermodynamic average in Eq. (2.110) to an effective temperature
TN ∼ Λ−N/2 . Thus, a larger value of the discretization parameter Λ tremendously improves
the convergence rate, as effective low temperatures can be reached within a few NRG iterations. Also note that lower-energy states typically converge must faster than those closer
the Hilbert-space cutoff.
The NRG procedure typically converges to fixed-points [36]. The changes in the manybody eigenenergies and operator expectation values experience a slowing down as a fixed
point is approached. In the vicinity of the latter, the leading dynamic and thermodynamic
behavior are governed by the leading irrelevant operators, leading to scaling in temperature or frequency. By contrast, relevant operators grow and induce a cross-over to the
vicinity of another fixed point. The overall evolution can be tracked most conveniently
by monitoring the change in spectrum with NRG iteration. Degeneracies in particular, are
important as they provide good indicators of the symmetry emerging at the fixed point
spectrum. Similarly, a change in scaling usually signals that the effective model is in the
vicinity of a different fixed point. Both quasi-invariant spectra and scaling only occur in
the vicinity of a fixed point. One of the major advantages of the NRG over other numerical
techniques such as Monte Carlo, is that it remains valid down to virtually arbitrarily low
temperatures. Therefore, it is especially well-suited to treating quantum-phase transitions
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in impurity models, which requires close proximity to an unstable fixed point for accurate
characterization.
I briefly note on the conserved numbers of the eNRG eigenstates. The total spin-angular
momentum is conserved whenever the system retains the full SU(2) symmetry of the Kondo
model. In addition, a total charge [37]

Q̂ =

N
X




fn↓ − 1 ,
fn↑ + fn↓
fn↑

(2.111)

n=0

is also conserved. In anticipation of the results for mixed bose and fermi impurity models
in Chapter 4, I note that the charge is also conserved in those cases as well. For particleP
n  
hole symmetry, HN also commutes with Iˆ+ = N
n=0 (−1) fn↑ fn↓ and with the hermitian
conjugate operator. Together with Q, these operators form an SU(2) algebra, this symmetry
further reducing the number of independent operations required to diagonalize the matrices
within the NRG.
Let us now discuss Wilson’s NRG results [23] for the KM. As mentioned, the NRG is
non-perturbative and can access the low-temperature fixed points of the model. The flows
always converge to a low-temperature fixed-point. Wilson found [23] that the fixed-point
many-body spectrum is identical to that of the unperturbed, free-fermion model (J = 0 in
Eq. (2.104)) with one electron removed. Equivalently, it is also identical to the spectrum
obtained for very large positive J. This remarkable result has a simple interpretation: the
low-energy Kondo fixed point is equivalent to a model with effective ρ0 J → ∞. Therefore,
the effective Kondo interaction is much stronger than any of the other couplings in the
Hamiltonian. The single f0 electron forms a singlet state with the impurity spin, which, in
the vicinity of the stable fixed point has infinite-energy triplet excited states. The leading
irrelevant operators are expected to involve mostly f operators which are closest to the
impurity site i.e. f0 , f1 , . . .. In addition, because of the high cost in energy associated with
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breaking the singlet state, these operators cannot induce spin-flips of the impurity spin.
The form of these operators is also constrained by the particle-hole and SU(2) symmetries.
Wilson considered [23] the possible forms of the leading scaling operators and showed that
all are irrelevant, thus proving the stability of the strong-coupling fixed point. Because the
fixed-point Hamiltonian was determined, Wilson could express [23] these leading operators
in terms of the original f -basis and calculate thermodynamic quantities associated with the
impurity.
One of the most important results in Wilson’s calculation was that of the low-temperature
impurity susceptibility (Eq. (2.35)), calculated by subtracting the free-electron low-temperature
susceptibility from the total response. It becomes independent of temperature below a
Kondo temperature
TK ≈ De

− ρ 1J
0

,

(2.112)

where subleading corrections were ignored [23]. It is important to note that the exponential
form arises due to the Kondo interactions being marginally relevant. Below TK , the groundstate acquires sufficiently strong correlations, associated with the formation of a singlet,
which invalidate the perturbative expansion where the spin-DOF can still undergo spinflips. In this limit, the low-temperature susceptibility assumes the simple leading-order
form [23]
χimp =

(gµB )2 (0.4128 ± 0.002)
4kB TK

(2.113)

in agreement with the form postulated in Eq. (2.39) by dimensional analysis. Note that the
numerical prefactor is actually universal [1]. Along the same lines, Wilson also calculated
the impurity specific heat, which was further used determine the universal Wilson ratio [23]
in the T → 0 limit
R=

χimp
= 2,
γimp

(2.114)

47
where γ is the Sommerfeld coefficient. For a non-interacting electronic system (J = 0),
the Wilson coefficient is R = 1. In the next section, it will be shown that this corresponds
to a Fermi liquid with enhanced spin-spin interactions between quasi-particles.
To the author’s knowledge Wilson’s NRG was the first calculation to reach and accurately describe the strong-coupling fixed point. In addition, his hallmark NRG became the
standard procedure for investigating strong interactions in dynamically non-trivial impurity
models.

2.7

Fermi-liquid theory of the exactly-screened Kondo fixed point

In this section, I briefly describe how Fermi-liquid behavior emerges in the vicinity of the
exactly-screened strong-coupling Kondo fixed point. The initial phenomenological arguments based on Wilson’s NRG results are due to Nozières [38]. Here, I present the equivalent reasoning given in Ref. 1. Since Wilson and Nozieres’ initial works, many different
calculations [1, 6] have confirmed this picture. Understanding the emergence of the Fermiliquid regime is important, setting the stage for Chapters 3 and 4, where a breakdown of
the Fermi-liquid description will be shown to occur close to a quantum critical point.
The main idea is that, at the exactly-screened Kondo fixed-point, a single conduction
electron forms a singlet with the impurity spin. As mentioned before, the excited tripletstate has very high energy. Therefore, for temperatures below TK , no energy-conserving
excitations are possible. Indeed, in a Wilson chain representation of Eq. (2.106), the impurity site acts almost like an infinitely-repulsive potential [38]. The spin-flip terms in
the KM Hamiltonian induce virtual excitations of the singlet state, through the unoccupied
and doubly-occupied impurity site. The effect of these transitions can be accounted for
by projecting onto the single-occupied sector in a manner analogous to a Schrieffer-Wolfe
transformation in the context of an Anderson model [38, 39]. The net effect is to intro-
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duce spin-dependent interactions between the remaining conduction electron DOF, which
are not trapped by the impurity. These excitations correspond to the quasi-particles of a
Fermi-liquid. Below, we consider the continuum limit of the Wilson chain picture.
Following Ref. 1, let us consider an effective Hamiltonian for the strong-coupling fixed
point:
Heff =

X
k ,σ

k σ ck σ ck σ +

X

 X
˜1σ c1σ c1σ + Ũ n1↑ n1↓ .
Ṽk σ c1σ ck σ + h.c. +

(2.115)

σ

k ,σ

It has the form of an Anderson model, with the impurity state given by the c1 operators.
In the Wilson-chain representation, this is the f -electron shell closest to the impurity. The
model has effective single-particle energies, hybridization couplings, and on-site interactions given by ˜, Ṽ , and Ũ respectively. The form of the Hamiltonian is not arbitrary, but
is consistent with the leading irrelevant terms determined by Wilson’s NRG calculation.
I stress that it is a effective model, valid for small temperatures, and which also requires
additional physical input. The effects of the virtual spin-flip excitations are strongest in the
vicinity of the impurity, justifying the on-site interaction. For the particle-hole symmetric
case of interest here, 1σ = F , that is, the effective impurity sits at the Fermi surface [1].
In the Ũ → 0 limit, Heff reduces to a resonant-level model, which can be easily
solved [1]. Let us denote the corresponding conduction-electron eigenstates by l . An important assumption is that the interacting term can be treated in simple Hartree-Fock meanfield theory. Indeed, the system is already in the vicinity of the stable, strong-coupling
fixed point such that additional cross-overs to different strong-coupling regimes do not occur. Transforming the interaction term to the l basis states, and further decomposing in a
mean-field approximation, we obtain [1] renormalized single-particle energies
X
˜lσ = lσ + Ũ |αl |2
|αl0 |2 hδnl0 −σ i ,

(2.116)

l0 σ

where the αl terms determine the transformation [1] from the original basis to the Ũ eigen-
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states: c1σ =

P

l

∗ 
clσ . The hδnl0 −σ i terms are the average number of excited electronic
αlσ

quasi-particles. The total DOS can be written as [1]
ρ() = ρ0 + ρ̃imp ,

(2.117)

where ρ0 is the non-interacting DOS while ρimp is the additional contribution from the
hybridization and interactions. The form of ρimp is
˜
1
∆
i,
ρ̃imp () = h
π ( − ˜ )2 + ∆
˜2
1

(2.118)

˜
where ˜1 = F , the Fermi energy, by particle-hole symmetry. The effective width ∆
must be determined self-consistently. The additional ρ̃imp contribution corresponds to the
Abrikosov-Suhl resonance of the Kondo-screened system.
Since the system is non-interacting, various quantities such as the Sommerfeld coefficient γ, charge and spin susceptibilities cab be formally determined using the effective total
DOS ρ by assuming that hδnl0 −σ i depends linearly on small applied fields [1]. In the zerotemperature, zero-field limit, the effective model reduces to a perfectly-screened impurity.
By the Friedel sum rule [1], the additional weight ρ̃imp must always match the screened impurity moment. In our phenomenological, self-consistent treatment, this remains valid even
when small perturbations excite quasiparticles. Therefore, we impose that the resonance is
pinned to the Fermi level
χc,imp =

dNtot
= 0,
dF

(2.119)

where χc,imp is the total charge susceptibility. For flat conduction electron DOS, the result [1] is
˜ = Ũ ∼ TK ,
π∆

(2.120)

or, the width of the resonance is effectively given by the Kondo temperature TK . It was
shown [1] that the phenomenological model reproduces the Wilson ratio R = 2, thereby
validating the assumptions made.
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Nozières’s phenomenological arguments [38], based on effective phase-shifts, are equivalent to the above. He also showed that the resistivity scales as T 2 under quite general
assumptions.
Therefore, the strong-coupling fixed point accessed through Wilson’s NRG is in fact
a local Fermi-liquid. As previously mentioned, it arises because the impurity DOF are
exactly screened, resulting in the recovery of quasi-particle scaling. This is in contrast to
the high temperature T  TK regime, where a fluctuating moment induces anomalous
dimensions. The statement can be generalized:
As long as the impurity spin DOF are exactly screened, a local Fermi-liquid must ensue.
By contrast, if the impurity spin DOF are neither quenched, nor decoupled down to zero
temperature, non-Fermi liquid behavior must emerge.
This statement proves very valuable in the context of quantum phases transitions in
impurity models, where the Kondo temperature can be suppressed to zero.

2.8

Summary

In this Chapter, I introduced the single-impurity spin-1/2 Kondo model, which is important
to most of the physics discussed in Chapters 3, 4, and 5. I discussed the singularities which
emerge in perturbation theory below the Kondo scale, which are indicative of the non-trivial
singlet state at low-temperatures.
A more rigorous definition of scaling forms was given, which stressed the requirement
of analyticity in all arguments. In asymptotic regimes where the analyticity argument does
not hold the scaling form is generally different. There, the scaling dimensions are typically
not deterimined by simple dimensional analysis, but require instead the detailed solution
of the problem. A way of classifying the possible singular asymptotic scaling regimes was
introduced, together with an example of critical scaling in the classical Ising model. The
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renormalization group was introduced as a means to regularize the singularities, and the
general form of the procedure was given. The scaling and RG discussions are central to the
discussions in the subsequent chapters.
The Coulomb-gas RG for the Kondo model was described in detail, together with some
aspects of the x-ray edge problem. This simple Coulomb-gas RG the starting point for the
more complicated calculations of Chapter 4.
Wilson’s numerical renormalization group technique was discussed at length, together
with the results for the simple Kondo model. The results illustrate the formation of an impurity spin which is exactly screened by the conduction electrons. The emergence of different
scaling regimes at low temperatures illustrate the failure of perturbative approaches from
the point of view of the general analyticity arguments presented above. The technique and
its conclusions for the simple Kondo model are essential to the NRG results of Chapter 4.
The emerging Fermi-liquid regime for the exactly-screened Kondo impurity was also
described. This provides a reference point for the emergence of a Fermi-liquid regime in
the Kondo lattice models of Chapters 3 and 4, and pin-points the origin of non-Fermi-liquid
behavior for transitions where the Kondo temperature is renormalized to zero.
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Chapter 3
Kondo lattices, local quantum-criticality and the extended
dynamical mean-field theory
In this chapter, I provide an introduction to magnetic quantum criticality in the context of
metallic heavy-fermion systems. The chapter includes discussions of the motivation, the
models, and the methods used to solve them. I start by discussing the formation of the
paramagnetic heavy Fermi-liquid state in Sec. 3.1. I also introduce the Kondo lattice model
(KLM), which is appropriate for the description of a large number of heavy-fermion materials. The Spin-Density Wave (SDW) theory, historically the first to provide a description of
quantum-criticality for heavy-fermion metals, is discussed in Sec. 3.2. An overview of the
evidence for transitions which deviate from SDW predictions is given in Sec. 3.3. The proposed Global Phase Diagram (GPD) for heavy-fermion metals is discussed in Sec. 3.4. The
exploration of the GPD provides the overall motivation for the present study. From a general scaling perspective, I show how the SDW theory can be invalidated by the emergence
of new scales associated with localized but dynamically non-trivial critical modes. This
naturally leads to the introduction of locally-critical, Kondo-destruction quantum phase
transitions, which are presented in Sec. 3.5. Locally-critical transitions are obtained in the
Kondo lattice model through the application of Extended Dynamical Mean-Field Theory
or EDMFT, which is the subject of Sec. 3.6. In the Sec. 3.7, I introduce the specific models
which used to explore the GPD: the Ising-anisotropic KLM in the presence of a transverse
magnetic field together with an associated, self-consistent, single- impurity Bose-Fermi
Kondo Model (BFKM).
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3.1

Heavy-Fermions and the Kondo Lattice

This section gives a brief introduction to heavy-fermion phenomenology and to the KLM,
both of which are central to our study. Heavy-Fermions (HF) form a large class of materials which exhibits a wide array of interesting phenomena, few of which are truly wellunderstood. Therefore, the aim is to give a relatively broad description, and ultimately to
focus on the main object of the study, namely, magnetic quantum phase transitions. For
a more exhaustive discussion of the many different phenomena seen in this class of compounds, the reader is referred to Refs. 1, 40–43 and references therein.
Broadly speaking, the common feature of HF compounds is the proximity of their
atomic f levels to the Fermi energy [1, 44, 45]. A strong local Coulomb repulsion ensures
that the f electrons form a very narrow band, i.e. are quasi-localized [45]. The f states
hybridize with other electronic states which form much broader conduction electron bands.
The interplay between the highly-mobile conduction electrons and the quasi-localized levels is the cornerstone of strongly-correlated physics in these materials [1].
A possible, but by no means unique, classification of heavy-fermion compounds is
based on the degree of itineracy of the f -electrons [1]. In such a scheme, one starts with
so-called mixed-valent compounds, where the f ions exhibit either short-lived valence fluctuations, or stable, random distributions of ions in different valence states [1]. The rareearth ions typically involved are Sm, Ce, Yb, Eu, and Tm [1], which are known to exhibit
more than one valence state. These materials typically show modest enhancements in the
effective masses m∗ /m 3.3 − 6.0 and metallic behavior down to low temperatures [1].
Similarly, inelastic neutron scattering usually observes a paramagnetic state [1], with a
quasi-elastic peak, which is almost temperature independent. Exceptions to this broad
classification do occur [1], and unexpected mixed-valent behavior has been observed in a
number of compounds such as pressurized CeCu2 Si2 [46], typically associated with more
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strongly localized f electrons.
Compounds with even higher degree of correlation are classified [1] as Kondo lattices
and heavy-fermions respectively. In our case, the two will be used interchangeably. The
f valence approaches an integer value, defining an effective lattice of magnetic moments.
We can picture these compounds as a collection of Kondo impurities, each of which interacts with the spins of the conduction electrons. The predictions of single-impurity models,
valid in the dilute limit (Chapter I), provide well-defined reference for the study of the lattice cases. Comparisons between the two can indicate whether the dominant effects are
local, or originate from coherence effects, which are not captured in single-impurity models. For this purpose, let us briefly review some of the most common features observed in
Kondo lattices. The Sommerfeld coefficient γ = C/T typically undergoes a monotonic
increase, eventually saturating at low temperatures [47, 48]. In this range, it also shows
large enhancements, in some cases corresponding to hundreds of times the bare electronic
mass [47]. An anomalous T 3 ln T dependence [1, 47, 48] is also observed in a number of
cases. The entropy extracted by integrating of the coefficient over temperature is typically
consistent with a that of set of independent moments [47]. An interesting feature of CeCu6 ,
a compound which is particularly relevant to this work, is the observation that the enhancement of its Sommerfeld-coefficient at low temperatures changes little while doping with
La. This has been interpreted in favor of dominant impurity physics [47, 48]. The static
susceptibility generally shows a Curie-Weiss form [1, 47] at higher temperatures, and is
also consistent with both the estimated sizes and the concentrations of the local moments.
At lower temperatures, the static susceptibility crosses over to a Pauli form. The Wilson
ratio, discussed in Sec. 2.7, is expected [42, 47] to yield the effective spin-dependent interactions between quasiparticles. Many of these materials show Wilson ratios which are not
far from 1, suggesting a modest increase in the quasiparticle interactions. Broadly speak-
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ing, a constant Wilson ratio for a variety of compounds, which a priori can have different
densities-of-states (DOS) close to the Fermi-surface, could be interpreted as pointing toward dominant local interactions [47]. The resistivity typically shows an initial upturn with
a logarithmic temperature dependence, as expected from Kondo’s calculation in the dilute
limit (see Sec. 2.1). It reaches a maximum at lower temperatures, beyond which it shows
a dramatic downturn [47, 48], in contrast to the saturation expected from single-impurity
physics. This has been interpreted as the onset of a coherent regime, which would tend to
suppress the strong scattering expected in the dilute limit [1, 47]. The resistivity scales as
T 2 at the lowest temperatures [47], which confirms the Fermi-liquid picture. Many other
quantities have been measured in a wide range of heavy-fermion materials. The reader is
again referred to the references quoted above for a more detailed description.
The picture emerging from these quite common signatures is that of a Fermi-liquid
regime with large effective masses, emerging below a small temperature scale TF L . A
minimal periodic Anderson model can be used to describe this low-temperature behavior.
It takes the form [1, 42]


X 
X 
X f f

HPAM =
ck ,σ ck ,σ + f
fiσ fiσ + U
ni↑ ni↓ + V fiσ ciσ + h.c. .
kσ

iσ

(3.1)

i

The relevant limit is U → ∞. This model has been studied extensively, in particular
using so-called large-N auxiliary-particle techniques [1, 49–54], which are valid in this
limit. In large-N approaches, the local f Hilbert space is given by bi |0i = |nfiσ = 0i,
P 

fiσ
|0i = |nfiσ = 1i together with a constraint bi bi + m fm
fm = Q, on each site. Here,
Q is an effective fixed total local charge. The local boson bi is introduced in order to
keep track of the availability of the local electronic states to hybridize with the conduction
electrons. As long as this condition is imposed, the Hilbert space matches that of the
original model. The method allows for straightforward solution to leading O(N) order.
For a single-impurity model, these mean-field solutions correspond to an artificially U(1)
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broken-symmetry state where hb i = hbi =
6 0 [52], below a temperature scale TK . The local
boson condenses, ensuring that a coherent hybridization between the f and conduction
electrons ensues.

Above this, or whenever the symmetry is not broken (hbi = 0), the

local f occupation can switch between nfi = 0, 1 configurations in a manner analogous to
the local hole in the x-ray edge problem [52] of Sec. 2.5. As in that case, this prevents
the formation of coherent hybridization between the conduction and f electrons. In the
opposite case, hnf i ≈ 1, signaling a time-independent hybridization of the local f and
conduction electrons, determined effectively by the coherent part of the boson (b) spectrum.
It corresponds to the formation of an Abrikosov-Suhl resonance in the f electron spectral
density (Sec. 2.7), and is thus analogous to a Kondo-screened state. In the lattice case, a
similar picture emerges. More specifically, hbi i 6= 0 at each site. The formation of these
resonances is captured by corrections to the conduction electron’s Green’s functions of the
form [1, 52–55]
Gc (kk , ω) =

1
ω − k −

|b|2 V 2
ω−∗f

,

(3.2)

where ∗f is a renormalized f level and we apply an implicit regularization. The last factor
in the denominator results from the on-site (kk -independent) ”Abrikosov-Suhl” resonance.
Note that the quaisparticles do not acquire a finite lifetime. This is a consequence of the
leading O(N) approximation. It amounts to considering only the spectral weight given by
the finite residue of the single-particle states, and thus neglects the incoherent part of the
spectrum. Within this approximation, the resulting quasiparticle energies are given by the
poles in Eq. (3.2). They describe two bands separated by a gap, as shown in Fig. 3.1. These
solutions correspond to a heavy Fermi-liquid (FL), where the effective masses of the quasiparticles m∗ /m ∼ 1/|b|2 are typically large for small V . The stability of the solutions was
confirmed by the inclusion of corrections in 1/N [52, 54], which do completely suppress
hbi. An immediate consequence of the heavy FL is the conservation of a Luttinger sum
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rule, valid for FLs in general, which states that [56]
X
Ne =
θ(EF − Ek n ) = VF S ,

(3.3)

kn

where Ne is the total number of electrons per unit cell, θ is a step-function, EF is the Fermi
energy, Ek n are the many-body states, and VF S is the volume of the Fermi surface. This
leads to the remarkable conclusion that, for arbitrarily small |b|2 , or equivalently, for very
small quasiparticle spectral weights, the resulting Fermi-surface must always include the
bare, quasi-localized f electrons [57]. In such cases, we say that the metallic system has
a large Fermi surface. The Luttinger sume rule is the lattice equivalent of the Friedel sumrule (Sec. 2.7, Chapter I) in the single-impurity case. For a Kondo lattice with negligible
Kondo screening, i.e. |b| → 0, only the conduction electrons are expected to participate
in the counting, and the resulting Fermi surface is small. The overall theoretical picture
emerging from the large-N studies of the Anderson model matches the Pauli susceptibility,
large enhancements of the Sommerfeld coefficient, and the T 2 dependence of the resistivity
observed in experiments.

Although physically more fundamental, the periodic Anderson model is less transparent
in describing the dynamic Kondo-screening effects implicit in the formation of a heavy FL
regime. An alternate model can be obtained by effectively ignoring the charge fluctuations
of the local f electrons, setting instead nfi = 1 as a conserved quantity. This is formally
equivalent to applying a Schrieffer-Wolff [58] transformation, which keeps only processes
of O(V 2 /U ). The f electrons are mapped onto effective local moment spin degrees of
freedom (DOF), one for each lattice site. The local moments are Kondo-coupled to the
conduction electrons at each site. Processes which are fourth-order in V , or equivalently,
second order in the Kondo interaction, generate RKKY exchange couplings [59] between
the local moments on different lattice sites. For subsequent purposes, these terms, along
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Figure 3.1 : Renormalized heavy bands 1 (k) and 2 (k) obtained to leading order in a
large-N auxiliary-boson calculation for the Anderson lattice model [54]. The case shown
is for a less than half-filled conduction electron band. The parameters µ and kh are the bare
chemical potential and the Fermi momentum for the conduction electrons in the absence
of the hybridization to the f electrons. f is the corresponding bare single-particle energy
of the latter. Whenever the hybridization is turned on, a gap ∆ ensues, while the Fermi
surface becomes large: kh → kf , in order to accommodate the f electrons, as expected
from Luttinger’s theorem [56]. The corresponding Fermi energy lies in a relatively flat
region of the renormalized lower band 1 , resulting in the formation of heavy quasiparticles.
From Ref. 54.

with the exhange interactions from other processes are explicitly included in the model.
The issues arising from a possible over-counting of the RKKY interactions are discussed
later. The resulting Hamiltonian, central to our calculations, is called the Kondo Lattice
Model (KLM), and can be written in real space as
HKLM =

X
ij

tij ciσ cjσ + JK

X
i

S i · si +

1X
Iij S i · S j .
2 ij

(3.4)

Note that, in this form, the RKKY exchange interactions are taken to be short-range, which
in practice, is considered a good approximation. With regard to the formation of a heavyFermi liquid state (RKKY I negligible), the KLM exhibits one additional subtlety. Namely,
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it contains two effective scales TK and TF L [60]. The first is associated with the onset of
Kondo screening for each site, as for a collection of independent impurities. The second
involves the formation of a coherent Fermi liquid within the mean-field approach [60]. In
a large-N approach, the first scale corresponds to breaking the symmetry for an auxiliaryboson bi , while the second also takes into account the Luttinger sum rule. While both
scales have the same Kondo-like exponential dependence on JK , they behave differently
whenever the concentration of conduction electrons is varied. For weak coupling [60]
1/2

JK  D, TF L /TK ∼ nc , where D and nc are the conduction electron bandwidths and
concentrations, respectively. In fact, these effects become important in the nc → 0 limit,
where the onset of spatial coherence is expected to play a leading role when compared to
single-impurity Kondo-screening (TF L  TK ). For nc ≈ 1, the coherence and single-ion
screening temperatures are virtually identical. In the following, we assume that this case
holds, and we do not distinguish between the two scales.
A practical advantage of HF materials is the fact that the energy scale TF L , associated
with the formation of the Kondo-screened state, is small. Hence, HF compounds are easily tunable by applying weak pressures or small magnetic fields [61], making them ideal
for the study of quantum phase transitions. Indeed, non-trivial phases been observed in
many of these materials. A significant number of HF exhibit superconductivity [47, 48],
with expected unconventional (non s-wave) order parameters. In addition, it is widely believed [62] that soft magnetic fluctuations are responsible for the pairing potentials. In
addition, some heavy-fermions, such as SmB6 [63], have recently emerged as interesting
candidates for topologically non-trivial insulators. For a more comprehensive review, we
refer the reader to the references quoted above.
In the context of this work, the most relevant phenomena are zero-temperature, quantum
phase transitions to states with magnetic long-range order. The subsequent sections of this
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chapter are devoted to a detailed discussion of these phenomena.

3.2

Magnetic Quantum Phase Transitions and Spin-Density Wave Theory

At low temperatures, many heavy fermion compounds typically exhibit anti-ferromagnetic
(AF) in addition to the paramagnetic heavy FL phases. Moreover, the list of materials
which have been tuned to a quantum critical point is significant [40, 41, 61]. These include Ce-, U-, and Yb- based compounds. Notable examples include CeCu2 Si2 , historically the first heavy-fermion superconductor to be discovered, together with other ”122”
compounds [46], which also typically exhibit superconductivity. Of particular importance
to this work are the CeRhIn5 (”115” superconductor ), Ce(Cu1−x Aux )6 , and YbRh2 Si2
compounds. They are discussed in Sec. 3.3 below. We expect that HKLM (Eq. (3.4)) can
capture the physics relevant to the transitions.
The next step in discussing quantum-criticality is the introduction of an effective lowenergy theory for the critical DOF. We will focus on the paramagnetic side, as the ordered
side depends more sensibly on the symmetry (Ising, XY, Heisenberg), and on the details
of the Fermi surface [64]. Consider the local moments in HKLM . Following the functional integral approach of Refs. 64, 65, the RKKY interactions can be decoupled through
a Hubbard-Stratanovich field. The decoupled S i spin operators can be formally expressed
in terms of the local fiσ electrons. In a heavy-fermion phase, we can just as well express the
these f operators in terms of the quasiparticle operators obtained from an auxiliary-fermion
solution, effectively accounting for the Kondo-screening. This amounts to a momentumindependent canonical transformation, as was done in the context of the phenomenological
Fermi-liquid in Sec. 2.7. The hybridization in the periodic Anderson model is local, such
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that the transformation would not introduce additional momentum dependence. A partial
trace over the quasiparticles results in an action for the long-wavelength fluctuations of
the order-parameter field alone, which was used in the Hubbard-Stratanovich decoupling.
The resulting expression [64, 65] can be expanded in the order-parameter fields, keeping
terms up to fourth order. The resulting Landau-Ginzburg-Wilson (LGW) action for antiferromagnetic fluctuations is in general given by [64, 65]
Z
Z =Z0

φk e−SLGW
Dφ

(3.5)

φ] =S (0) + S (2) [φ
φ] + S (4) [φ
φ] + . . .
S[φ
(3.6)
Z
X

dd k 
2
(2)
φk (ωn )φ
φ−k (−ωn )
φ
δ
+
k
+
|ω
|
(3.7)
S [φ ] =βV
n
d
(2π)
n
!
!
d
X Z dd k1
X
X
d
k
4
φ] =uβV 4
ki δ
S (4) [φ
...
δ
ωni φk1 (ωn1 ) . . . φk4 (ωn4 ),
d
d
(2π)
(2π)
n ,...n
i
k
1

4

k

(3.8)
where Z is the total partition function, Z0 is the parititon function of non-critical degrees
of freedom, and S0 sums up all contributions from non-magnetic DOF. This action differs
from one in Eq. (2.41) of Sec. 2.3 by the inclusion of the additional temporal dimension
corresponding to the bosonic Matsubara frequencies ωn = 2π/β. The appearance of dynamically non-trivial effects stems from the Landau damping of the order-parameter fluctuations. Indeed, the second-order term contains contributions from the RPA susceptibility of
the underlying Fermi-liquid [64, 65]. Physically, it corresponds to processes where a paramagnon decays into particle-hole pairs [61]. For anti-ferromagnetic fluctuations, the linear
Matsubara frequency dependence generally occurs whenever the ordering wavevector Q is
less than 2kF , or twice the Fermi momentum. When Q is larger, no damping occurs and
the dynamics enter at second order in ωn . More detailed discussions of the derivation and
validity of the LGW functional are found in Ref. 42 and references therein.
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Millis and others [64, 65] applied a momentum-shell RG procedure [19], where high
energy-momenta fluctuations are eliminated. I shall not reproduce this calculations in detail, focusing instead on the resulting scaling regimes and their implications.
The general scaling form for the susceptibility in the SDW theory is


q −Q ω
1
T
u
.
χ(qq , ω, T, δ, u) = f
,
,
,
δ
δ 1/2 δ z/2 δ z/2 δ (4−d−z)/2

(3.9)

The independent scale δ ∼ ξ −2 is the distance from the critical point, or equivalently, the
square of the inverse correlation length. In this system of units, the temporal scales ω, T
are not independent, but acquire an engineering scaling dimension given by the dynamic
exponent z. To facilitate the exposition, as well as to connect with the generic classification
of scaling behavior in Sec. 2.3, let us re-write the above ansatz in terms of dimensionless
parameters as
Πχ = f (Πq , Πw , ΠT , Πu ) .

(3.10)

Millis [64] distinguishes different scaling regimes in the paramagnetic phase close to
the T = 0 critical point. More precisely, he first considers the two possible limits of the
ΠT = T /δ z/2 dimensionless parameter. For ΠT  1, the limiting behavior is determined
by the correlation length. According to the discussion in Chapter I, the scaling in this limit
assumes the general form
Πχ
α = f
ΠT χ



Πq Πω Πu
,
α ,
ΠT q ΠαT ω ΠαT u


.

(3.11)

From the detailed calculations [64], the exponents are αχ = αq = αω = αu = 0, and
the effects of finite temperature do not change the engineering scaling dimensions as discussed in Sec. 2.3 (Case 1)). Equivalently, T is an ”irrelevant” scale as the largest cutoff is
determined by δ. Written explicitly, the scaling form amounts to


1
q −Q ω
u
lim χ = f
,
,
.
T →0
δ
δ 1/2 δ z/2 δ (4−d−z)/2
The limiting process can be continued by sending Πu → 0:

(3.12)
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Πχ
β

Πuχ


=f

Πq

Πω



, β
β
Πuq Πuω

(3.13)

In this case, the critical exponents depend on the dimensionality of the system. To wit, for
d + z > dc = 4, βχ = 0, and the behavior is that of a Gaussian or non-interacting theory.
However, βq = (1/z)βω 6= 0. The non-trivial scaling occurs because u is associated with
a dangerously irrelevant operator [8, 17]. In the literature, this case is also referred to as a
violation of hyperscaling. For d+z ≤ dc , we have [61, 64] βχ = η while βq = βω = 0. The
susceptibility acquires an anomalous dimension, but the scaling relationship between the
remaining q , ω, and δ is not affected. This is consistent with an interacting critical theory
of total dimensionality d + z.
Now, let us consider the opposite case of ΠT  1. The temperature is associated with
the largest cut-off and we simply replace δ with T 2/z . We have αχ = αq = αω = αu = 0,
or, explicitly
lim χ =

δ→0

1
T 2/z


f

q −Q ω
u
, , (4−d−z)/z
1/z
T
T T


.

(3.14)

The scaling form occurs in the quantum-critical region directly above the quantum critical
point. As before, the remaining asymptotic behavior depends on the dimensionality. Above
the upper critical dimension dc = 4, sending Πu → 0 results in βχ = 0 and βω = z/2 and
βq = 1/2. The finite values of the latter are the result of the dangerously-irrelevant scale u.
The resulting expression is
lim lim χ(d > dc ) =

u→0 δ→0

1
T 2/z


f

q −Q

ω

,
T (d+z−2)/2z T (d+z−2)/2


.

(3.15)

Below the upper critical dimension, the same limit introduces an anomalous dimension for
the susceptibility βχ 6= 0, while βq = βω = 0, resulting in


1
q −Q ω
lim lim χ(d < dc ) = (2−η)/z f
,
.
u→0 δ→0
T
T 1/z T

(3.16)

Millis also discusses an intermediate scaling regime where T > δ, but r < u, amounting to scaling for an interacting theory. I shall not pursue this regime further.
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Figure 3.2 : T − δ phase diagram for spin-density-wave transitions [64] in d > 2 dimensions. The parameter δ is proportional to the inverse square of the correlation length. The
hashed region corresponds to the ordered phase. The regions marked I, II, and III are scaling regimes associated with the dominant scale in the vicinity of the critical point. In region
I, δ  T provides the largest cutoff. In region III, δ  T , and the temperature controls
the scaling. In this work, this is the Quantum Critical (QC) regime. SDW theory predicts
ω/T and ω/T 3/2 scaling for an interacting (d + z ≤ 4) or Gaussian (d + z > 4) criticality,
respectively, in this regime. In region II, the scaling depends on the relative strengths of the
δ and u scales (Eq. (3.12)), and is not of immediate interest to this work. The dashed lines
mark the cross-overs between the distinct scaling regimes. The broken line in the vicinity
of the ordering temperature marks a cross-over to classical criticality in reduced d effective dimensions. The SDW phase diagram provides a reference-point for all subsequent
considerations which go beyond this theory. From Ref. 64.

The conclusion of these calculations is clear. The scaling behavior in the vicinity of the
critical point is that of a classical theory, in deff = d + z dimensions. An illustration of the
resulting T − δ phase diagram and cross-over scales is shown in Fig. 3.2.

From an empirical point of view, the expressions in Eq. (3.15), (3.16) proved very
convenient since they predict very different scaling behaviors above and below the upper
critical dimension in the QC regime. The SDW theory of three-dimensional (d = 3) com-
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pounds which exhibit AF transitions (z = 2) is above the upper critical dimension dc = 4.
Hence, we expect ω/T 3/2 scaling for Gaussian criticality. A ω/T dependency is expected
otherwise.
Several other additional scaling quantities have been calculated for the SDW transition.
Of particular importance are the specific heat and resistivity, which typically can be used
to characterize the underlying electronic background. For anti-ferromagnetic transitions
in 3 dimensions (d = 3, z = 2), the Sommerfeld coefficient and resistivity [40, 41] are
√
C/T ∼ γ − T , and ∆ρ ∼ T 3/2 , respectively. The quasiparticles couple to the critical
fluctuations, giving rise to logarithmic corrections to the self-energy [52]. These corrections are important for regions of the Fermi surface which can be connected by the antiferromagnetic order wave-vector Q , known colloquially as hot lines. Based on the dynamical
exponent z = 2, the phase-space available to these non-Fermi liquid states scales [52] as
√
∆k ∼ T . Hence, the specific heat does acquire corrections but does not diverge. A more
comprehensive summary of various thermodynamic and transport predictions can be found
in Refs. 40–42.
Another important quantity which can be used to probe the underlying electronic properties is the Hall coefficient [59] RH , which, on general grounds, is expected to be inversely
proportional to the carrier density. For a SDW on the ordered side, it is expected to scale as
the square of the staggered magnetization [52], implying a continuous (but not necessarily
analytical) behavior across the transition. The finite contributions stem from those sections
of the Fermi surface which are away from the ”hot” lines, thus involving quasi-particles
which are well-defined. These heuristic arguments have been confirmed by realistic calculations in Ref. 66.
Finally, I briefly mention yet another quantity which can serve as a signature of the
SDW, namely, the Grunëisen ratio defined [67] as
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Γ=

α
1 ∂S/∂p
=−
,
cp
Vm T ∂S/∂T

(3.17)

where Vm = V /N is the molar volume. It is the ratio of the thermal expansion coefficient to
the specific heat. An alternate definition in case of magnetic field tuning is given by replacing the derivative w.r.t.pressure by that w.r.t. field [67]. Generically, the Grunëisen ratio
diverges at a quantum critical point [67]. This is because the singularity associated with the
critical point can be accessed by tuning two scales independently, namely, the temperature
and pressure (or field). At a classical critical point, the Grunëisen ration is finite because
both pressure and temperature are associated with a single relevant operator [67]. In general, whenever no additional singularities are introduced, the scaling behavior Γ ∼ T −1/νz
and Γ ∼ (p − pc )−1 is expected for T  δ νz and T  δ νz , respectively, where δ is the
distance from the critical point defined above. The exponent ν characterizes the divergence
of the correlation length. The scaling behavior can become non-trivial if a dangerously
irrelevant scale is present, as discussed above. For the SDW in 3 dimensions, explicit
calculations [67] predict Γ ∼ −(2δ)−1 and Γ ∼ −T −1 .

3.3

Breakdown of SDW: Experiments

In the previous section, I described the basic predictions of the spin-density wave theory. In
this section, I discuss experimental results for a set of compounds which show departures
from the SDW picture.
SDW predictions, notably the specific heat, resistivity, and inelastic neutron spectrum
are consistent with observed quantities in compounds such as [40–42] Ce1−x Lax Ru2 Si2 ,
CeRh2 Si2 , CeCu2 Si2 , and CeCoIn5 . For more details on these materials, as well as on
other compatible compounds, I refer the reader to the references mentioned above. Broadly
speaking, cases which are consistent with SDW predictions, the magnetic fluctuations ap-
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(a)

(b)

Figure 3.3 : (a) Suppression of the Nëel temperature [68] in CeCu6−x Aux . (b) Structure
factor at the critical concentration exhibiting ω/T scaling in the quantum-critical regime.
From Ref. 68.

pear to have a spatial three-dimensional character.
By contrast, very different behavior is observed for CeCu6−x Aux , which is also one
of the best studied compounds [42]. It becomes critical at a concentration of x ≈ 0.1
due to a reduction in the hybridization with the f states, which is induced by ”chemical”
pressure. The temperature-concentration phase diagram, as determined by inelastic neutron
scattering [68] is shown in Fig. 3.3.

Through the transition, the heavy Fermi-liquid gives way to anti-ferromagnetic ordering [42]. The Néel temperature was shown to vanish with applied pressure [42], in a
manner analogous to the zero-pressure, doped case. For concentrations up to x = 0.4,
the ordering wave-vector [42] Q = (0.625, 0, 253) remains unchanged, and is characteristic of a three-dimensional antiferromagnet. By contrast, the fluctuations, as determined
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by inelastic neutron scattering, are peaked [42, 69] along quasi-1d ”rod”-like features in
the reciprocal a∗ c∗ plane. This anisotropy has been interpreted in favor of effectively twodimensional critical fluctuations [42]. Perhaps the most revealing measurements are those
indicating the existence of ω/T scaling in the dynamic susceptibility [68]:
χ−1 (qq , ω, T ) = [(T − iω)α + θα (qq )] ,

(3.18)

which persists for up to two decades, with α ≈ 0.74 [68]. Here, θ(qq ) is a measure of the
distance to the ordering wave-vector. The ω/T scaling stands in clear contrast to the SDW
prediction, which, as detailed in the previous section, consist in ω/T 3/2 scaling for threedimensional systems (d = 3, z = 2). Moreover, the high anisotropy in the momentum
dependence also suggests quasi-two dimensional critical fluctuations [42].
The specific heat and resistivity at the critical concentration are also in rather stark
contrast to the SDW theory. The experimental data [42] show a diverging specific heat
C/T ∼ ln(T0 /T ), and strong non-Fermi liquid form ∆ρ ∼ T . The diverging specific heat
can be tentatively attributed to a divergence in the effective masses the quasiparticles [61],
suggesting a global breakdown of the Fermi surface. This also stands in contrast with the
SDW theory where NFL behavior is only expected in the vicinity of the ”hot” lines. I also
note that this compound exhibits an easy c-axis as determined by the magnetizations [42].
This is consistent with an Ising anisotropy of the local-moment DOF.

Another compound which has been extensively studied in the context of unusual quantum critical behavior is YbRh2 Si2 . Based on ac susceptibility [72], specific heat, and resistivity [73] measurements, an antiferromagnetic QCP was shown to emerge for this compound under application of a magnetic field. A ln(T0 /T ) dependence for C/T was found
for roughly a decade above the ordering temperature [42]. Linear in temperature resistivity was also found in the vicinity of the critical point [71], as shown in Fig. 3.4(a). The
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(a)

(b)

NFL
FL

FL

Figure 3.4 : (a) Field-tuned quantum phase transition in YbRh2 Si2 separating antiferromagnetic order and heavy Fermi-liquid phases for low and high fields, respectively.
The phase diagram is determined from the exponent of the power-law resistivity ∆ρ(T ) =
[ρ(T ) − ρ0 ] ∼ T α . Blue regions correspond to α = 2, or to Fermi-liquid (FL) behavior.
For orange regions, α = 1, indicating the on-set of non-Fermi-liquid (NFL) behavior above
the critical point. The black line marks a T ∗ cross-over scale, which tracks the evolution
of the Fermi surface, as determined from the Hall coefficient measurements [70]. Adapted
from Ref. 44, 71. (b) Evolution of the Hall coefficient across the field-induced transition.
The cross-over extrapolates to a finite jump at zero-temperature.The discontinuous change
in the Hall coefficient across the critical point at T = 0 has been interpreted as sign of
a global reconstruction of the Fermi-surface. This is due to the emergence of a Kondoscreened state with large Fermi surface for higher fields. The inset shows the FWHM data
which was used to determine the cross-over scale T ∗ . From Ref. 70.

Grunëisen ratio defined in Eq. (3.17) above diverges as [45] T −0.7 , in clear contrast to
the T −1 dependence expected from a SDW. Perhaps the most compelling evidence comes
from measurements of the Hall coefficient RH across the transition [74]. As shown in
Fig. 3.4 (b), the variation of RH with the applied field becomes sharper as the temperature
is lowered, extrapolating to a finite jump at zero temperature. This is in clear contrast to the
continuous evolution found in materials known to exhibit SDW transitions [74]. The jump
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was corroborated with a host of related thermodynamic and transport measurements [73].
This remarkable result strongly suggests that a global collapse of the Fermi surface occurs
at the QCP.
I close this section by mentioning another compound which shows similar signs of a
FS collapse [75] across a QCP, namely, CeRhIn5 . For this material, de-Haas-van-Alphen
frequencies exhibit [76] a jump across a pressure and field-tuned magnetic quantum critical
point. At the same time, the quasiparticle cyclotron masses show a tendency towards divergence at the QCP [76]. For more details on these results, as well and other experimental
evidence for non-SDW transitions, I refer the reader to Refs. 77, 78 in addition to those
references already mentioned.

3.4

Global Phase Diagram

In the previous sections, I described the standard SDW theory, which provided a reference
point for the description of AF transitions in heavy-fermion metals. I subsequently discussed compounds where the predictions of the SDW theory did not match the empirical
results. This section is dedicated to the introduction of a proposed Global Phase Diagram
(GPD). It provides the overall context and the ultimate motivation for this work.
Historically, magnetic quantum phase transitions in HF metals were first considered
by Doniach [79], who argued for their emergence as a result of the competition between
RKKY and Kondo couplings. This competition can be parameterized by
TK
δKL =
.
IRKKY

(3.19)

For δKL  1, the Kondo coupling dominates, leading to the formation of the heavy metal,
and thus, to the screening of the local moments. As argued in the derivation of the SDW
action (Sec. 3.2), the RKKY interactions induce residual spin-dependent interactions between the heavy quasiparticles. Whenever δKL ≈ 1, these interactions are expected to
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trigger a SDW instability of the Fermi liquid. The resulting state has long-range order,
while still preserving the heavy-quasiparticles, albeit with a reconstructed Fermi surface at
those momenta which are connected by the ordering wave-vector. If the RKKY interactions are further increased, they can reach a value δKL  1 where the localized moments
order independently of the conduction electrons. This new form of long-range order entails
a destruction of the coherent quasiparticles. From a Kondo lattice perspective, it amounts
to the destruction of the Kondo singlets.

In addition to their magnetic properties, these phases can also be distinguished by their
electronic properties. As discussed in Sec. 3.1 of this chapter, when the Kondo coupling
is sufficiently strong, the resulting Fermi surface includes the quasi-localized f-electrons
and is large. It is also paramagnetic, due to the implicit screening of the local moments.
We call this a Paramagnetic-Large FS or PL phase. The phase resulting from the SDW
instability is antiferromagnetic-Large FS or AFL . With respect to the the PL phase, the FS
is reconstructed, but they both are expected to include the f -electrons and are thus ”large.”
The limiting, Kondo-destroyed phase is antiferromagnetic-Small FS or AFS .
Therefore, on general grounds, one expects two possible transitions: i) PL ↔ AFL
corresponding to the SDW, and ii) a AFL ↔ AFS involving Kondo-destruction. However,
as mentioned in the previous section, some compounds appear to merge the two transitions
into a single one. When tuned through these quantum-critical points, the systems simultaneously order and experience Kondo-destruction. In other words, a direct PL ↔ AFS
transition occurs.
In order to incorporate the more recently observed Kondo-destruction transitions, as
well as to predict other types of transitions, several authors proposed a zero-temperature
Global Phase Diagram (GPD) [55, 80, 81] for heavy-fermion metals. A generic example
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PL
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AFS

II

AFL
δKL
Figure 3.5 : General form of the proposed zero-temperature Global Phase Diagram (GPD)
for heavy-fermion metals [55, 80, 81]. The horizontal axis is labeled by δKL = TK /I,
which is a measure of the competition between Kondo-screening and the RKKY interactions. The vertical axis, labeled by G, indicates the strength of the quantum fluctuations of
the local moments, which can be enhanced by lower dimensionality, frustration, or applied
fields, among others. The phases are labeled according to their magnetic properties as paramagnetic (P ) or anti-ferromagnetic (AF). They are also labeled by the size of the Fermi
surface, which can be Large (L) or small (S), for Kondo-screened or Kondo-destroyed
phases, respectively. The present work focuses on transitions of Type I, where long-range
order and Kondo-destruction occur simultaneously. More specifically, we aim to determine
whether the proposed line of type-I, Kondo-destruction quantum critical points, is indeed
stable with respect to enhancements in G. The alternative to this line is a multi-critical
point.

of this is shown in Fig. 3.5. The horizontal axis represents the competition between the
Kondo coupling and RKKY interactions δKL introduced above. The vertical axis G gives a
measure of all parameters which enhance the quantum fluctuations of the local moments.
Generically, these include reduced dimensionality, frustration, disorder, or applied fields.
The last case is of particular relevance to this work, as I describe in the following sections.
The two-step transitions linking AFS and PL phases are represented at the bottom of the
phase diagram and are thus expected to occur for small values of G, or whenever quantum
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fluctuations of the local moments are small. The first step is a SDW transition, while the
second is a Kondo-destruction transition. We call these trajectories Type-II transitions.
By enhancing the quantum fluctuations, the Kondo-destruction transition must occur at
larger values of the RKKY, or equivalently for smaller δKL . For sufficiently large G, the two
separate transitions are expected to merge into a single Kondo-destroying, direct transition
between AFS and PL phases. We distinguish these as Type-I transitions. The non-SDW,
Kondo destruction quantum critical points observed in compounds such as CeCu6−x Aux ,
YbRh2 Si2 , and CeRhIn5 are expected to be of this kind. In the narrower theoretical context
of this work, these types of transitions will be called locally critical.
Further enhancing G, we expect the appearance of a quantum-disordered, small FS
phase denoted by PS . Transitions connecting this phase and the PL phase are called TypeIII transitions.
In this work, we are interested in Type-I direct, Kondo-destruction transitions between
AFS and PL phases. In the particular realization of the GPD presented above, a line of
Type-I quantum critical points separates the two phases. This is a reasonable assumption
which must be further tested. Hence, the main motivation of this work is to determine
whether realistic models such as the Kondo Lattice predict the existence of a line of Type-I
critical points or a Type-I single multi-critical point. This motivation is further expanded
in the last Section of this chapter.

3.5

Breakdown of SDW: Local criticality

In the previous sections, I discussed the breakdown of the SDW description and the subsequent proposal for a Global Phase Diagram. This section is dedicated to the introduction of
the local criticality [82, 83], pertaining to Kondo destruction transitions (trajectories of type
I in Fig. 3.5). As the ultimate goal of a theory describing quantum criticality is to reproduce
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universal scaling regimes, a small number of model-independent assumptions represents a
clear bonus. A phenomenological scaling approach, which is rooted in experiment, naturally leads to the introduction of the notion of local criticality. Several other theories have
been advanced in order to describe Kondo destruction transitions. The interested reader is
referred to Ref. 42 and references therein.
The experimental results summarized in Sec. 3.3 of this chapter point toward a breakdown of the typical SDW picture as signaled, for example, by the observation of ω/T
scaling in the QC regime. Theoretically, the origin of this breakdown can be related to
an underlying assumption of the standard SDW theory. Namely, the exponent z, which
represents the effects of the dynamics on the critical scaling, does not change close to the
transition. This exponent reflects the damping of critical modes from the interactions with
the quasiparticles of the heavy Fermi-liquid. Therefore, no change in z is expected, as long
as the damping mechanism is unaltered close to the tran sition. This amounts to the an
assumption [64] of the analytical properties of electronic background. Such an assumption
is not entirely justified in a more general sense. Indeed, we have seen that specific heat and
resistivity measurements, which probe the underlying electronic liquid, show clear departures from the SDW predictions. In the latter, the breakdown of the Fermi-liquid is expected
to occur only at isolated regions of the Fermi surface. Moreover, the experimental results
presented in Sec. 3.3 suggested a dramatic, global reconstruction of the Fermi surface at
the critical point. Let us then relax the analytic nature of the underlying Fermi liquid and
explore the consequences.
Consider the scale T ∗ which is associated with the formation of a heavy-fermi liquid.
In practice, T ∗ has a rather more technical definition, it being associated with a cross-over
scale from a Kondo-destruction critical point and either ordered or Kondo-screened stable
fixed points. Experimentally, it could be associated with a characteristic energy scale for
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the fluctuations of the large Fermi surface. However, both these definitions would make
more sense further along. For now, nothing is lost in adopting a more simpler definition
For T < T ∗ on the paramagnetic side, we expect the emergence of the heavy Fermi-liquid
regime through the formation of Kondo singlets. The general scaling law introduced in
Eq. (3.9) is modified to include the additional scale as


1
q −Q ω
T T∗
∗
χ(qq , ω, T, δ, T ) = f
.
,
,
,
δ
δ 1/2 δ z/2 δ z/2 δ z/2

(3.20)

For simplicity, the u-dependence of the interactions is not explicit in the scaling form. its
effect can be introduced by an modification in the scaling exponents. The SDW criticality
is recovered in the ΠT ∗ = T ∗ /δ z/2 → ∞ limit, or equivalently, if Kondo screening is not
destroyed at the transition. We expect that the dimensionless function f is regular in this
limit, and the effects of Kondo-screening can be introduced through a renormalization of
the effective parameters of the theory, without changing the scaling behavior close to the
transition. In this work, it corresponds to Case 1) scaling-type in Sec. 2.3. Consider instead
the opposite limit when ΠT ∗ → 0. We expect


Πq Πω ΠT
Πχ
˜
,
,
α = f
α ,
ΠT χ∗
ΠT q∗ ΠαT ω∗ ΠαT T∗

(3.21)

where, in general, αχ , αq , αω = 0 6= 0. Obviously, the form above is still too generic and
some form of physical input must be considered. Recall that the experimental results exhibited the ω/T scaling. This suggests αT = αω . As the remaining function is not expected
to produce any additional singularities, we can ignore the redundant T dependence. Also,
we do not anticipate that taking either the momentum or frequency to 0 will introduce any
further singularities. Therefore, susceptibility can take the form


1
ω
χ=
Φ
,
|q − Q|2−η̃
|q − Q|z̃/2

(3.22)

where an anomalous dimension η̃ and an effective dynamical exponent z̃ were introduced.
In order to make further progress, consider that the T ∗ scale, which allowed for non-SDW
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behavior, is a dynamic scale associated with the formation of a heavy Fermi liquid. As
mentioned in Sec. 3.1, it can also be thought of as an effective single-ion Kondo temperature. On the paramagnetic side, a finite T ∗ is in general associated with a finite local
susceptibility. In the T ∗ → 0 limit, singular behavior is expected for the local susceptibility, stemming from the destruction of the Kondo singlets. Therefore, additional constraints
can be imposed by considering the local dynamical scaling. In the paramagnetic state,
the local susceptibility is independent of lattice site, and is therefore given by the Fourier
transform of the lattice susceptibility as


Z
1
ω
d
χloc ∼ d q 2−η̃ Φ z̃/2 ,
q
q

(3.23)

where, for simplicity, the specific value Q of the ordering wave-vector was ignored. The
dimensionless function is analytic in the q → 0 limit. The local susceptibility depends
on the dimensionality of the system d and on the possible corrections to scaling η. In
general, for d > 2 − η̃, the integral is convergent (there is a large momentum-cutoff) and
no singularity in χloc is expected for T ∗ → 0. This contradicts our initial assumption,
which necessarily introduced singularities associated with Kondo destruction. The local
susceptibility can become singular for d = 2 − η̃ = 0. Physically, the most likely case is
d = 2, η̃ = 0. A priori, z̃ is not constrained. Although corrections to scaling can also occur
for η = 0 [17], these are sub-leading.
At this point, a natural question emerges: Why not simply use a two-dimensional SDW
theory for antiferromagnetic transitions which would have a total dimensionality of 2 +
2 = dc ? While this would ensure the observed ω/T scaling, it would have difficulty in
reproducing the fractional anomalous exponent ≈ 0.75 of the dynamical susceptibility.
For generic Fermi surfaces, it would also fail to reproduce the observed non-Fermi liquid
behavior. Indeed, the SDW predictions for the scaling of the specific heat and resistivity
in two spatial dimensions differ from the observed behavior. In addition, it cannot account
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for the observed jump in the Hall coefficient nor the divergence in the Grunëisen ratio.
Let us recapitulate the major points of the analysis. We introduced an effective Kondo
scale T ∗ which necessarily vanishes at a Kondo-destruction transition. We assumed that
ω/T scaling can occur. We imposed a self-consistency condition requiring χloc to become
singular simultaneously with the lattice susceptibility. Based on this, we concluded that the
most likely physical case involved effectively two-dimensional spatially extended critical
fluctuations, which do not acquire an anomalous dimension. However, a different dynamical exponent z̃ could emerge in principle. The physical picture corresponds to spatially
extended, critical fluctuations of the lattice order-parameter which do not interact in the
sense of the Landau-Ginzburg-Wilson action, as for the Gaussian SDW. However, these
modes can interact with localized critical modes [82, 83] originating from the breakdown
of the Kondo singlets. To leading order, these new modes do not introduce momentumdependent interactions, but can modify the dynamics. Therefore, the local critical modes
are not independent and must be treated self-consistently together with the more familiar
spatially extended critical fluctuations.
Up to this point, the discussion has been purely hypothetical. A microscopic model,
together with a solution method, consistent with the local criticality scenario must be considered. In practice, the absence of an anomalous dimension η̃ considerably simplifies the
problem. From a microscopic perspective, we have [83]
1
χ(qq , ω, δ, T ∗ ) ∼
,
2
Iq − IQ − ω + M (Iq , ω, q)

(3.24)

where Iq is the Fourier transform of the RKKY interactions in HKLM (Eq. (3.4)). A selfenergy term M was introduced, which captures all of the non-trivial effects of the interactions. For a critical coupling Ic , the analysis above suggests that no anomalous spatial
dimension occurs. Therefore, M is not expected to acquire a leading dependence on momentum close to a quantum critical Kondo destruction transition [82, 83]. The leading
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dependence can occur only through Iq , which is determined by the engineering scaling
dimensions. This is not so for the dynamics, which can acquire a non-trivial ω α term
close to the transition. The predicted lack of dependence on momentum is the hallmark
of dynamical mean-field theories. Our phenomenological scaling analysis indicates that
the Kondo-destruction transition becomes amenable to treatment by dynamical mean-field
theories. This is discussed in the next section.

3.6

Extended Dynamical Mean-Field Theory

In the previous section, it was argued that near a locally-critical, Kondo-destruction transition, the corrections which depend on the momenta k can be ignored to leading order. In
this section, I introduce the Extended Dynamical Mean-Field Theory (EDMFT). It provides
a consistent way to incorporate non-trivial dynamical effects,while ignoring the effects of
the spatially non-local interactions. For an in-depth review of dynamical mean-field theories please consult Ref. 84.
In a purely formal sense, the procedure assumes infinite spatial dimensionality, i.e. a
hyper-lattice in d dimensions with d → ∞ [85, 86]. As for the conceptually similar large-N
techniques, the coupling constants are scaled appropriately to ensure finite contributions.
Therefore, the Kondo lattice model introduced in Sec. 3.1 is mapped onto
HKLM =

X

t̃ij ciσ cjσ + JK

ij

X
i

Si · si +

1 X ˜ (z) (z)
Iij Si · Sj .
2 ij

(3.25)

√
√
where t̃ = t/ d and I˜ = I/ d. The formal derivation of the EDMFT equations in the
d → ∞ limit is given in Ref. 87. I will not fully reproduce these here, focusing instead on
the central concepts and results.
Let us consider the conduction electrons. The derivation for the spin-spin interactions
is very similar. The main idea is that in the d → ∞ limit, only those interactions which are
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lattice-site-diagonal survive. Contrary to naive intuition, this does not reduce the problem
to a series of unconnected impurities. Instead, the method keeps contributions from a subset
√
of leading O(1) diagrams, while ignoring those of O(1/ d) or lower. A natural formulation of the problem in real space is in terms of a so-called cumulant expansion [84, 88].
A bare cumulant is an n-point atomic correlation function, which is local is space, but can
be non-local in imaginary time. In perturbation theory, the expansion for the correlation
functions can be formally re-cast in terms of the bare cumulants connected by lines denoting the non-local bare hopping t̃ij and interactions I˜ij . In turn, the series can be further
re-written in terms of one-line irreducible cumulants [84, 88]. This expansion is illustrated
in the top part of Fig. 3.6 (a) for the one-particle Green’s function. The bottom part shows
the leading terms in a series-expansion of the irreducible cumulant, in terms of the bare cumulants and corrections from diagrams which start and end at the same site [84, 88], which
are represented by the bubbles. These diagrams are analogous to self-energy corrections
for the purely local cumulants. Fig. 3.6 (b) shows a possible local correction to the irreducible cumulant. The site index i is fixed, while a summation over j is implied. Each line
√
contributes [84] a factor (1/ d)RPij , while the summation over j generates a factor dR ,
where R = |i − j| is the distance involving the smallest number of steps on the lattice. The
Pij term is the number of independent paths connecting the two sites. The total contribu√
tion is proportional to (1/ d)RPij dR . Clearly, Pij = 4, and the diagram has a vanishing
contribution for d → ∞. In this limit, only diagrams containing bare cumulants connected
by at most two independent paths are retained. It was shown [88] that this implies


Σij = δij iω + C −1 (iω) ,

(3.26)

where C(iω) is the one-particle cumulant in Fig. 3.6 (a). Therefore, the self-energy Σ
becomes completely local, or, equivalently, its Fourier-transform becomes k -independent.
This further implies that [84]
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(a)

(b)

j

i
Figure 3.6 : (a) Top part: expansion of the single-particle Green’s function Gij in terms
of the one-line irreducible cumulants. Each line generically stands for a hopping matrix
element tij or an inter-site exchange interaction Iij . Bottom part: Leading-order diagrams
for the irreducible cumulant in terms of bare cumulants (solid circles), and local contributions (bubbles).From Ref. 84. (b) Higher-order correction for the irreducible cumulant
in (a), involving two-particle bare cumulants at two distinct sites i and j. This diagram is
sub-leading in the d → ∞ limit. Adapted from Ref. 88.

−1
Gloc
(iω) = C −1 (iω) − G−1
0 (iω),

where Gloc = Gii is the on-site Green’s function, and
X
G−1
t̃0i t̃0j (Gij − Goi Goj /G00 ) ,
0 (iω) =

(3.27)

(3.28)

ij

is a dynamical mean-field. It contains all of the two-line irreducible diagrams which survive
the d → ∞ limit, and it is given by the sum of two-site full propagators which exclude the
0-th site. Clearly, the dynamical mean-field needs to be determined self-consistently.

In a manner analogous to that of a standard, static Weiss mean-field (i.e.for an Ising
model [8]), one considers standalone DOF for each lattice site, which are coupled to an
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effective local dynamical mean-field. More precisely, one introduces an effective single
impurity model. The action of such a model for the Kondo lattice is [87]
S

MF

Z

β

Z

β

Z

dτ JK S · sc −

=Stop +

β

dτ dτ
0

0

0

hX

0

0
cσ (τ )G−1
0 (τ − τ )cσ

σ

i

0
(z) 0
(τ ) + +
+ S (z) (τ )χ−1
0 (τ − τ )S

Z

β

hloc S (z) (τ ),

(3.29)

0

where c, S (z) and s represent local conduction electron creation/annihilation operators,
spin-impurity and conduction electron spin-density operators, respectively. The dynamical
−1
0
0
Weiss mean-fields are given by G−1
0 (τ − τ ) and χ0 (τ − τ ) for the single-particle and

impurity-spin local degrees-of-freedom respectively. The last term is a static Weiss field
which is non-zero only in the ordered phase of the lattice. The first term Stop is a Berry’s
phase term. Therefore, while all of the DOF in the action are spatially localized, the correlations in imaginary time τ are non-local, and not necessarily short-range. Such terms
frequently occur in two-state impurity models involving dissipation introduced by a coupling to a bosonic bath (Caldeira-Legget) [89]. Formally, the action is equivalent to that of
Bose-Fermi Kondo model [83, 90] (BFKM), with the Hamiltonian
HBFKM =

X
p

p cpσ cpσ + JK S · s0 +

X
l

wl φl φl + S (z)

X



gl φl + φ−l + hloc S (z) .

l

(3.30)
The first two terms are just a single-impurity Kondo model (Chapter I), while the remaining
represent the dynamics of a bosonic bath, an Ising coupling of the impurity spin degrees of
freedom to this bath, and the static self-consistent field hloc , respectively. Note that the p
and l indices should not be confused with the physical momenta k and q. The parameters
of this Hamiltonian must be determined self-consistently in order to reproduce the Weiss
mean-fields in Eq. (3.29). To illustrate, the spin-dynamical Weiss field is determined [83]
as
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Imχ−1
0 (ω) = sgn(ω)π

X

gl2 δ(ω − ωl ) = sgn(ω) B(ω),

(3.31)

l

where B(ω) is the bosonic bath spectral function, the details of which are discussed in the
next chapter. Note that a similar equation holds for the fermion bath in general, which must
be chosen to reproduce the effects of G−1
0 (ω).
Having introduced an effective impurity model, the next task consists in further relating
it to the lattice. This is achieved by imposing the self-consistency conditions [83, 87, 91]
χloc (ω) =

X

Gloc (ω) =

X

χ(qq , ω),

q

G(kk , ω),

k



hloc = − I − χ−1
0 (ω = 0) mAF .

(3.32)

The first two simply relate the correlation functions determined from the effective impurity
model to the on-site lattice correlation functions:
Gσ (k, ω) = [ω − k − Σσ (ω)]−1 ,
χ(q, ω) = [Iq + M (ω)]−1 .

(3.33)
(3.34)

The last self-consistency relation in Eq. (3.32) relates the static Weiss field to the RKKY
coupling, the zero-frequency limit of the spin dynamical Weiss field, and to the local magnetization mAF = hSloc i. It is non-zero only when the lattice orders antiferromagnetically.
The self-consistency conditions can be used to relate the dynamical Weiss mean-fields
to the parameters of the single-impurity Hamiltonian through the Dyson equations [83, 87]:
G−1
0 (ω) =Σ(ω) + Gloc (ω)
−1
χ−1
0 (ω) =M (ω) − χloc (ω).

(3.35)

The ultimate aim of the EDMFT procedure is to determine the lattice correlation functions in Eq. (3.33) and (3.34), which are consistent with the solutions of HBFKM . The latter
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is, in fact, a highly non-trivial many-body problem in its own right. Therefore, a complete
solution over the entire dynamical range up to an ultraviolet cutoff requires a numerical
implementation.
We are now in a position to discuss the numerical implementation of the EDMFT equations used to obtain previous results for the Kondo lattice [91, 92], as well as the results
presented in this work. The first step consists in choosing dynamical Weiss mean fields
−1
G−1
0 and χ0 as initial conditions. The choice effectively determines the parameters of the

baths in HBFKM . At this point, the BFKM must be solved in order to obtain Gloc , χloc , and
hloc if appropriate. Using these local correlation functions, the self-consistency relations in
Eq. (3.32) are used to determine the lattice self-energies Σ(ω), M (ω). Subsequently, the
Dyson relations in Eq. (3.35) can be used to determine new Weiss fields. In turn, the latter
can be used to calculate new bath parameters and static field for the BFKM, and thus to set
up the next iteration. The process is illustrated schematically in Fig. 3.7. The procedure
ends whenever the Weiss fields converge.

In our particular implementation of the EDMFT, the procedure contains a number of additional simplifications. The first is to ignore the self-energy of the conduction electron i.e.
Σ(ω) = 0. The associated self-consistency conditions are not imposed. The fermion bath in
the BFKM are fixed to a constant DOS ρ() = (2D)−1 Θ(D − ||), as in the Kondo models
discussed in Chapter I. The main reason for doing so is to prevent the EDMFT solution from
over-counting the effects of the RKKY coupling [91]. The latter was explicitly introduced
in HKLM in Eqs. (3.25), (3.4). However, the Kondo interactions will generate additional
RKKY-like terms to second order in JK [59]. These additional contributions can destroy
the delicate balance at the quantum critical point, energetically favoring the ordered state.
In turn, the second-order phase transition becomes first-order [91]. It turns out [93], that
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EDMFT Loop

Self-consistency

Lattice susceptibility
𝑀(ω)

Weiss Mean-Fields
𝜒−1
0 (ω) ℎloc

Single-impurity parameters
𝐵(ω)
NRG Solution
Local quantities
𝑚AF χloc (ω)

Figure 3.7 : Schematic representation of the EDMFT loop used in the calculations for this
work. Note that the fermion bath for the slef-consistent impurity BFKM is not updated.
See text for more details.

these additional RKKY contributions can be suppressed within the EDMFT, as long as no
singularities are introduced in the conduction electronic self-energy. This might seem contradictory, given that Kondo-destruction transitions imply a breakdown of the Fermi-liquid
regime and thus the appearance of singular contributions to the self-energy. However, in
our implementation, the Kondo-destruction and breakdown of the heavy Fermi-liquid are
captured by a diverging local susceptibility, which is otherwise regular at low energies, on
the paramagnetic side. This approximation is supported by analytical studies [94], which
show that the corrections to the conduction electron self-energies are sub-leading close to
the transition.
The second approximation consists in taking Iq = IQ = −I in the expression for the
susceptibility (Eq. (3.32)). That is, the RKKY coupling is set equal to a value equal to that
at ordering wave-vector Q , which also constitutes its most negative value. The momentum
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sums in the self-consistency conditions in Eq. (3.32) are converted into integrals in the
continuum limit. Due to the lack of angle-dependent scattering, the momenta only enter
nominally through the q dependence of the RKKY. The momentum integrals can then be
replaced by integrals over energy convoluted with the RKKY density of states as [83].
Z
χloc (ω) =

dρI ()χ(, ω)
Z

=

d

ρI ()
.
−I + M (ω)

(3.36)

The resulting expression depends on the spatial dimensionality of the RKKY interactions.
I stress that infinite dimensionality was used as a well-defined limit in which the EDMFT
equations hold exactly. The situations is similar to that encountered in large-N techniques.
We relax this condition, phenomenologically arguing for the validity of the EDMFT as an
approximation. Hence, the RKKY DOS ρI depends on a finite, realistic dimensionality of
the system.
As discussed in Sec. 3.5, a locally-critical Kondo-destruction transition is most likely
to occur for effectively two-dimensional critical fluctuations of the order parameter. We
approximate ρI [83] in this case by a constant value determined in the vicinity of the
ordering wave-vector Q. The self-consistency condition takes the form
1
χloc (ω) =
ln [1 + 2Iχ(Q, ω)] .
2I

(3.37)

Q). Solutions consistent with
It clearly shows that χloc must diverge simultaneously with χ(Q
this condition are expected to describe local criticality.
For three-dimensional critical fluctuations, one expects a behavior similar to that of the
√
SDW. Indeed, for a corresponding RKKY DOS ρI () ∼ I 2 − 2 , it was shown [83] that
χloc stays finite at the transition, confirming the assumptions. More details on the solutions
of the EDMFT with a variety of theoretical techniques will be given in the next chapter. In
the next section, I introduce a modified BFKM, which is used to further explore the Global
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Phase Diagram.

3.7

The Ising Kondo Lattice in the presence of a transverse field

We are now in a position to introduce the Ising-anisotropic KLM model in the presence of
a uniform transverse-field ∆, the solution of which is the object of this study. In Sec.3.4, I
discussed the proposed zero-temperature Global Phase Diagram for heavy-fermion metals.
The GPD assumes the emergence of Kondo-destruction quantum phase transitions from
the SDW transitions, whenever the effects of quantum fluctuations become sufficiently
strong. The same question can be further asked with regard to the stability of the emergent
Kondo-destruction transition. If the effect of enhanced quantum fluctuations of the local
moments is relevant in the RG sense, arbitrarily small perturbations of such type necessarily
lead to the emergence of new phases. As a consequence, only one Kondo-destruction
critical point can be present, which must also be multi-critical. By contrast, if the enhanced
quantum fluctuations of the local moments are marginal, a line of quantum-critical, Kondodestruction transitions must emerge. This is the picture illustrated in the proposed GPD in
Fig. 3.5. Therefore, the focus of this study is the evolution of the locally-critical Kondodestruction phase transitions (type I trajectories) with enhanced quantum fluctuations of
the local moments. The central question is whether the proposed line of Kondo-destruction
can be predicted by the KLM with finite ∆, which is solved within the EDMFT. This issue
provides the main motivation for our study, and it is addressed by the results described in
Chapter III.
As discussed in Sec. 3.5, the locally critical picture assumes non-interacting spatiallyextended critical fluctuations of the order parameter consistent with a SDW at its upper
critical dimension. The locally-critical modes introduce unusual scaling in the dynamics.
In the context of the classical Ising RKKY interactions discussed so far, the dynamics are
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associated with Kondo physics alone. In a more realistic model, one can also consider other
quantum-mechanical effects which induce dynamical fluctuations of the local moments
independently of the Kondo interactions. For Ising anisotropy, a natural means to tune
these effects in to introduce a transverse magnetic field. This is analogous to the emergence
of quantum phase transitions [95] in an transverse-field Ising model, where the Kondo
coupling of the lattice moments to the conduction electrons is set to zero. Therefore, the
model we wish to study is the Kondo lattice in the presence of a transverse field ∆ [37, 96]
HKLM,∆ =

X
ij

tij ciσ cjσ + JK

X

Si · si +

i

X (x)
1X
(z)
(z)
Si .
Iij Si · Sj + ∆
2 ij
i

(3.38)

It has the same form as the previously-introduced KLM (Eq. (3.4)), except for the coupling
∆ to the transverse field. The local, dynamical effect of the field is to introduce tunneling
processes which are expected to compete with the Kondo interactions. In the context of the
Global Phase Diagram, ∆ effectively serves as a concrete realization of the parameter G
which quantifies the vertical axis (see Fig. 3.5).
There is a caveat to introducing a transverse field in the Kondo Lattice model. If we
temporarily neglect the Kondo interactions, the remaining model is a transverse-field Ising
model. It has a quantum phase transition separating paramagnetic from anti-ferro-magnetic
phases. In the GPD, this transition occurs along the δKL = 0 axis, at the border between
the AFS and PS phases (see Fig. 3.5). The correct dynamical exponent for this transitions
is z = 1 [95]. In preserving the conditions for a Kondo-destruction picture, we need to
take the spatial dimensionality d = 2. The resulting model belongs to the Ising universality
class [95], with def f = d + z = 3 < 4. Therefore, quantum criticality in this limit is
interacting, and an anomalous dimension η 6= 0 is expected. Equivalently, the interactions
between spatially extended modes are relevant. For ∆ = 0 locally critical transitions, we
required instead η = 0, which assumption also allowed for solutions with the EDMFT.
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Therefore, by setting M = M (ω), or ignoring the momentum dependence, the critical
fluctuations which give rise to the anomalous scaling cannot be reproduced in the EDMFT.
Consequently, while a transition does occur for the JK = 0 limit within the EDMFT, it is
first-order [91].
I stress that this issue is expected only in the vicinity of direct transitions between phases
of small FS (AFS ↔ PS ), where Kondo physics plays a sub-leading role. This work
focuses instead on Kondo-destruction, direct transitions between AFS and PL phases, and
the effects introduced by a small transverse field ∆. As long as these critical points are
sufficiently away from the AFS → PS transition, the effects of the anomalous dimensions
cannot be dominant. Formally, for ∆/TK  1, where TK is a bare Kondo scale, we
are studying only the effects of the additional local dynamical effects introduced by the
transverse field. This also imposes a consistency condition on the calculation. As we shall
see in the next chapter, this expectation is confirmed by the numerical results.
The EDMFT procedure for HKLM,∆ is the same as for the ∆ = 0 case discussed previously. The effective single-impurity model is the BFKM with an additional transverse field
acting on the impurity spin alone:
HBFKM,∆ =

X

p cpσ cpσ + JK S · s0 +

p

+ hloc S (z) + ∆Sx .

X
l

wl φl φl + S (z)

X



gl + φl + φ−l

l

(3.39)

To summarize, the ultimate goal of our studies is to determine the effects of quantum
fluctuations introduced by the transverse field ∆ on the locally critical Kondo-destruction
transitions using the EDMFT procedure in the ∆/TK  1 limit. This amounts to solving
the BFKM with finite ∆ self-consistently. More specifically, we aim to determine whether
the predicted line of Kondo-destruction transitions in the GPD is reproduced by these microscopic studies. If so, the results would point toward the stability of Kondo-destruction
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transitions with respect to enhanced quantum fluctuations. The solution of the problem
was divided into two separate steps: i) Solving HBFKM,∆ as a standalone impurity model
without imposing the self-consistency conditions in Eq. (3.32). This involved choosing a
form for the bosonic bath consistent with previous self-consistent studies for ∆ = 0. This
step was necessary as the self-consistent solutions require a great deal of numerical effort
and cannot be explored in as great detail. ii) The self-consistent solution within EDMFT of
the HBFKM,∆ . The analytical and numerical results for the two are described in detail in the
next chapter.

3.8

Summary

The current chapter was dedicated to an introduction to the quantum-criticality associated
with magnetic transitions in heavy-fermion metals.
I gave a brief review of the common experimental signatures of heavy-fermion materials
and introduced the Kondo lattice models believed to capture the essential physics. I illustrated the emergence of the heavy-Fermi liquid regime, which is the lattice equivalent of
the simple Kondo-screened ground state. The definitions of small and large Fermi-surfaces
were given.
I also discussed the spin-density wave theory and its scaling regimes, which provide a
starting point for the theoretical description of the quantum-criticality observed in experiment. I subsequently showed how a number of heavy-Fermion compounds showed clear
departures from the predictions of the SDW. The transitions in these cases coincide with a
global reconstruction of the Fermi-surface on either side, and are called Kondo-destruction
transitions.
The Global Phase Diagram, as proposed by various authors in order to account for the
novel criticality, was introduced. One of the main concepts of the GPD is the inclusion
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of a generic parameterization of the quantum fluctuations of the local moments, and their
effects on Kondo-screening and magnetic instabilities. The GPD provides the overall main
motivation for this work.
I subsequently introduced the locally critical picture for Kondo-destruction transitions,
and illustrated how it naturally emerges from a phenomenological scaling which is consistent with the experimental results. The new aspect of this theory is the introduction of a
heavy-Fermi liquid scale T ∗ , which vanishes at a Kondo-destruction transition, signaling
the breakdown of Kondo screening and the introduction of spatially local but dynamically
non-trivial critical modes. The scaling arguments justify the use of the extended-dynamical
mean-field theory, which provides the solution-method corresponding the numerical results presented in Chapter 4. Effective single-impurity Bose-Fermi Kondo models with
self-consistently determined parameters, which are central to the EDMFT solution-method,
were introduced.
In the last section, I introduced the Kondo lattice model with a transverse-field as the
immediate object of the study. In addition, the associated single-impurity Bose-Fermi
Kondo model in the presence of a transverse-field was defined. The models provide a
way to determine the effects of enhanced quantum fluctuations on generic locally-critical
transitions. The ultimate goal of the work is a characterization of the stability of locallycritical points with respect to these additional fluctuations. This is important, as it can
indicate of whether such Kondo-destruction transitions are expected over a finite range of
the parameter space in the GPD, or exist only at isolated multi-critical points.
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Chapter 4
Results for the standalone and self-consistent Bose-Fermi
Kondo models
In this chapter, I present the results for both the standalone and the self-consistent (EDMFT)
Bose-Fermi Kondo models (BFKM) in the presence of a transverse-field ∆. In Sec. 4.1,
I describe how the coupling between the impurity-spin and a bosonic bath can induce
quantum-phase transitions in the general context of BFKM’s. In Sec. 4.2, I present our
results for a standalone BFKM with a finite ∆. These results show the emergence of a
line of second-order quantum-critical points which separate Kondo-screened and Kondodestroyed phases. Evidence for the marginality of small transverse-fields in the vicinity
of a ∆ = 0 unstable RG fixed-point is presented. The numerical results for the standalone BFKM with ∆ 6= 0 are confirmed via an analytical Coulomb-gas RG procedure
in Sec. 4.3. These additional considerations also allow for a more physical interpretation
of the NRG results. The numerical results for the self-consistent BFKM in the presence
of a finite ∆ are presented in Sec. 4.4. These indicate the existence of a line of locallycritical Kondo-destruction transitions between paramagnetic (PL ) and antiferromagnetic
(AFS ) phases (Type-I transitions in Fig. 3.5), for sufficiently small transverse-fields. A
scaling-collapse of the calculated critical response functions indicates that the critical behavior remains unchanged along the line. It also supports the marginality of ∆ → 0 in
the self-consistent case. The results provide a conclusive answer to the questions set out in
Sec. 3.7. The implications for the Global Phase Diagram (GPD) are discussed.
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4.1

Dissipation in Bose-Fermi Kondo Models

The BFKM with an additional transverse field was introduced in the previous chapter:

HBFKM,∆ =

X

k ckσ ckσ +

k,σ

+

X

X 
JK
S·
c σσσ0 ck0 σ0 +
2 k,k0 ,σ,σ0 kσ

ωq φq φq + Sz

q

X


gq φq + φ−q + ∆Sx .

(4.1)

q

The first two terms represent the spin-1/2 Kondo model (KM) of Chapter I. By themselves,
these terms describe the formation of a Kondo-screened singlet state below the Kondo
temeprature TK . The last three terms correspond to the coupling of the impurity-spin to a
bosonic bath, represented by the second-quantized operators φq , φq , and to the transverse
field, respectively. In the absence of the Kondo terms, the remaining couplings represent
a spin-boson model (SBM). It has been extensively used [97] to describe the de-cohering
effects of dissipation in a wide array of quantum two-state models [97]. In order to understand the effects of the bosonic bath in the more complex BFKM with transverse field, I
shall briefly overview its SBM limit:
X
X

ωq φq φq + Sz
gq φq + φ−q + ∆Sx
HSBM =
q

(4.2)

q

Just as the KM, the SBM predicts rather different behaviors depending on which scale
is dominant. When the temperature is the largest scale, the action in imaginary-time describes [97, 98] semi-classical tunneling events between two degenerate configurations.
The tunneling processes are pictorially illustrated in Fig. 4.1, and are analogous to a particle hopping between two degenerate configurations.

Whenever a tunneling event occurs, the bath must adjust to the new configuration, in
direct analogy to the screening of the excited hole by the conduction electrons in the x-ray
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𝑉(𝑞)

𝑞
Figure 4.1 : Schematic illustration of a particle tunneling between potential minima. The
particle also experiences dissipation due to a coupling to a boson bath. The dynamics of
such a system is believed to be well-described by the Spin-Boson Model (SBM) [99].
.

edge problem. Dynamically, the effect of the soft bosonic modes on the tunneling two-state
system is to induce long-range correlations in imaginary-time between successive ↑→↓ and
↓→↑ transitions [97, 98]. This occurs rather generally, the effect being known as CaldeiraLegget dissipation [89, 99]. The same effect actually in the simple KM at weak coupling,
described by the Coulomb-gas action (Sec. 4.3). Indeed, the SBM can in fact provide a
representation for the Kondo problem in this regime [97]. When the temperature ceases to
be the leading scale, different scaling behaviors can emerge. Whenever the tunneling amplitude dominates, we expect that the degeneracy between the two configurations is lifted,
and the ground state is a coherent superposition of ↑ and ↓ states. For large couplings to
the bosonic bath, the strong dissipation inhibits the tunneling processes, thereby ”localizing” the spin in either ↑ or ↓ states. In effect, the analog of an ”orthogonality catastrophe”
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remains valid down to zero-temperature, enforcing a vanishing overlap between the two
degenerate configurations. As the symmetry is broken at zero-temperature, this regime
must become separated from its large-∆ analog by a quantum-phase transition. These
general arguments have been validated by a variety of calculations, which rigorously considered [97, 100–102] the dynamical effects induced by the bath. Indeed, one of the ways
to show that such a transition exists is through the use of the Coulomb-gas RG formalism [100].
In the ∆ = 0 limit of vanishing transverse field, the SBM can be solved in exact form.
Each bosonic DOF labeled by the generic q indices represents a quantum harmonic oscillator. For the purpose of illustration, let us exploit a classical analogy. Consider a classical
single-oscillator problem and ignore the operator nature of Sz by replacing it with a constant real number. The solution of this model is an oscillator with a constant shift in its
equilibrium position. The shift is induced by a constant potential represented by the cnumber Sz in direct analogy to that of an oscillator in a gravitational potential. Let us
further consider Sz and φ as operators. The effect of the former is to double the Hilbert
space, each half corresponding to an effective potential which shifts the oscillator in opposite ”directions”. The quantum effects introduced by the second-quantized operators φ
are more challenging. Without the coupling to Sz , the eigenstates are simply labeled by
the occupation number n = φ φ. After ”shifting” the oscillator either ”up” or ”down”, the
resulting eigenstates contain an arbitrary number of bosons, which are Poisson-distributed
about an average occupation [103]. The two, shifted ground-states are degenerate. The
∆ term connects the two spaces and always lifts the degeneracy of the ground-state. In
the single-oscillator case, the problem then is straightforward. This is not true whenever
a continuum of oscillators , representing a true dissipative bath, are coupled to the twostate system. In that case, the ground-state depends sensitively on the characteristics of
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the bath as given by the ωq and gq parameters in Eq. (4.2). The coupling of the spin to
the continuum of boson DOF can compete with the tunneling ∆ term. This can lead to a
zero-temperature quantum phase transition between a x-polarized spin ground-where the
∆ term dominates and a spin-localized ground-state where hSz i =
6 0 [97, 101, 102]. Before
tacking the more complicated dynamical picture emerging at a quantum critical point, it is
instructive to analyze the SBM model in a simple variational calculation which reproduces
its low-temperature phases.
I illustrate the physical picture above using the simple variational calculation of Ref. 30.
Consider the canonical transformation
0
HSBM
=e−F Sz HSBM eF Sz

X 
fq φq − φ−q .
F =2

(4.3)
(4.4)

q

The transformed Hamiltonian reads
0
HSBM
=H00 + H10
X
 X
ωq φq φq ,
ωq fq2 − gq fq +
H00 =
q

q

H10 =

X  gq
q

2





− ωq fq φ−q + φq 2Sz − ∆ e−F S+ + eF S− .

(4.5)

Whenever ∆ = 0, the transformation by fq = gq /2ωq , diagonalizes the Hamiltonian. For
non-zero ∆, we determine fk self-consistently, such that it minimizes the ground-state
energy. It acquires, in general, a form which is different from the ∆ = 0 case. Following
Ref. 30, let us ignore the effects of the canonical transformation on the low-lying states of
the system. We thus consider the ground-states former as the direct products of ↑ / ↓ spinstates, respectively, with the boson vacuum. This is not a bad approximation, as long as the
dissipation is weak. The fq parameters can be determined by calculating the ground-state
0
expectation value of HSBM
. It is given by [30]
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!
EGS =

X

ωq fq2 − gq fq ± 2∆ exp −2


q

X

fq2 .

(4.6)

q

The expression shows that the ground-state degeneracy can be lifted by the trasnverse-field
∆. However, the effective tunneling also depends on the Franck-Condon [97] exponential
factor. It represents the effect of a bosonic ”screening” cloud which provides a ”drag” force
for the tunneling events. Emery and Luther [30] determined the form of the fq factors in
the transformation by minimizing the ground-state energy:
1 gq
fq =
,
(4.7)
2 ωq + ∆r

 P
where ∆r = 4∆ exp −2 q fq2 is a renormalized tunneling or spin-flip amplitude. Let
us consider the continuum limit. In this case, we expect that the ∆r factor in the result
above is determined from a self-consistency relation of the type [97, 99, 104]


Z
1 ∞ dω B(ω)
∆r = ∆ exp −
,
2 0 π ω 2 − ∆2r

(4.8)

where ∆r is an effective tunneling rate. The function B(ω) is the spectral function of the
boson bath [34, 37, 90] given by
B(ω) =π

X

gq2 δ(ω − ωq )

(4.9)

q

≈B0 ω01−s ω s θ(ω0 − ω).

(4.10)

The boson spectral-function represents the overlap between the screening clouds associated with the spin-flip transitions. In the continuum limit, it can be parametrized in general
as a power-law with exponent s, effective coupling strength B0 , and a Debye-like cutoff
ω0 . Eq. (4.8) can be solved for ∆r iteratively and it is found that the tunneling amplitude
depends on the value of the exponent s. The procedure is also know in the literature as an
adiabatic renormalization [97, 99, 104]. For s > 1, or super-ohmic dissipation, the procedure always converges [97, 99, 104] to a non-zero ∆r , indicating that the bath cannot
overcome the spin-flip processes. In contrast, for both ohmic and sub-ohmic dissipations,
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s = 1 and s < 1 respectively, solutions with both ∆r = 0 and ∆r 6= 0 are found. The
resulting ground-states are effectively determined by whether hSz = 0i or not. For sufficiently strong bosonic coupling, the tunneling can be suppressed to 0, and the system has
two degenerate ground states. At zero-temperature, the system selects one of two configurations resulting in hSz i = ±C, where C < 1/2 is a constant. The suppression of the
tunneling is akin to the orthogonality catastrophe [15] in the related potential scattering
J|| term in the Kondo problem. Indeed, for ferromagnetic Kondo problem, the spin ”up”
and ”down” sectors together with the same-spin conduction electrons remain orthogonal
down to zero temperature, at which point the symmetry is broken. Spontaneous symmetrybreaking in the SBM indicates that, in effect, there is a quantum phase transition separating
the two ground-state configurations. The symmetry which is broken is already apparent
in HSBM in Eq. (4.2). It consists [101, 102] in the operation which changes the sign of
Sz → −Sz , together with a change in sign of the bose operators φ−q , φq → −φ−q , −φq .
Combined, they leave the Hamiltonian invariant. Note that the change in the sign of the
spin is not equivalent to the application of the time-reversal operator, which would also
change the sign of Sx .
These simple arguments correctly predict the T = 0 phases, but they do cannot accurately describe the transition. The SBM can be mapped [30, 97, 99] onto a Coulomb-gas action with long-range interactions between charges which depend on the exponent s, in complete analogy with the Kondo problem. Indeed, the latter corresponds to an ohmic bosonic
bath s → 1. The quantum-critical point can be accessed by tunning J|| from ferromagnetic
(< 0) to antiferromagnetic (> 0) through a Kosterlitz-Thouless transition [34, 105]. In
the sub-ohmic case, the transition can be accessed by a small- expansion RG procedure
in the Coulomb gas and it found [97, 100, 106, 107] to be of second-order. This was also
confirmed via an NRG study [108]. I shall discuss this case in more detail in the following
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section. As rigorously proven in Ref. 109, no transition occurs for finite temperatures in
either ohmic or sub-ohmic cases.
Let us now look at another limit of HBFKM,∆ in Eq. (4.1), namely, for ∆ = 0. This
represents a Kondo model where the impurity spin is also coupled to a typically sub-ohmic
bosonic bath. It is well-known [97, 99] that the simple Kondo model without the bosonic
bath can be mapped onto a SBM with an ohmic bath. The mapping is done in the context of the so-called non-abelian bosonization. The ohmic bath represents the collective
spin-density excitations of the electronic gas. The complementary charge-density waves
effectively decouple in the weak-coupling regime. Note that this does not hold at strongcoupling, where the charge and spin DOF have different ”gluing” conditions, as indicated
by Wilson’s NRG results (Sec. 2.6), and the exact results of conformal field-theory [33].
The inclusion of the additional sub-ohmic bath does not invalidate the mapping [34]. Therefore, for small effective spin-flip J⊥ terms, the BFKM with ∆ = 0 is equivalent to a SBM
with sub-ohmic bath, and is thus expected to have a similar critical behavior.

4.2

Numerical Renormalization-Group Solution of the Standalone BFKM
with a transverse field

In the previous section, I discussed the general effects induced by coupling of the impurity spin to a boson bath for the BFKM. In this section, I present the detailed numerical
solution [37] of the standalone BFKM with a finite transverse-field ∆. The results show
that, for a sub-ohmic boson bath, a line of quantum-critical points emerges, separating
Kondo-screened from Kondo-destroyed phases.
In this section, the model is solved without imposing the self-consistency conditions
required in the complete EDMFT treatment (Sec. 3.6). In that case, the boson bath contains
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the only parameters which are being updated. In the standalone case, the properties of the
boson bath are fixed to a form which allows for the existence of quantum-critical points.
As described in the previous section, this is expected on general grounds for sub-ohmic
spectral functions. This general assumption was confirmed by previous studies of both
standalone and self-consistent BFKM models with ∆ = 0 [34, 91, 92]. More explicitly, let
us re-consider the spectral function in Eq. 4.9

B (ω) ≡ π

X


gq2 δ ω − ωq = B0 ω01−s ω s Θ(ω) Θ(ω0 − ω),

q

where ω0 is a high-energy cutoff and B0 is a dimensionless effective coupling between the
impurity spin and the boson bath. We take s < 1 corresponding to the sub-Ohmic case.
We also choose a featureless, constant DOS for the conduction electrons, as discussed in
Sec. 3.6.
The purpose of the study was to determine if, for fixed boson and fermion baths, quantumphase transitions between Kondo-screened and Kondo-destroyed phases could be accessed
by tuning the coupling constants of the BFKM in the presence of a finite, transverse-field ∆.
Furthermore, we aimed to characterize the zero-temperature transitions, and to determine
the underlying RG fixed-point and flow structure.

4.2.1

Bosonic Numerical Renormalization Group

Before proceeding to a presentation of the results, I mention a number of important aspects
of the method. We used a version of Wilson’s Numerical Renormalization Group (NRG)
described in Sec. 2.6. The fermion-chain procedure was extended to include the boson
bath. This entails an impurity-spin coupled to a semi-infinite hopping-boson chain, in
addition to the fermionic chain. The generalization is described in Refs. 34, 90, 108. Due
to the spectral function being non-zero only for positive frequencies [34], the hopping
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parameters decrease as Λ−N in place of the Λ−N/2 dependence for the fermions. Therefore,
the bosonic chain is extended for every-other iteration in order to keep the two contributions
of the same order [34, 37]. In addition, each bosonic shell or chain-site has an associated
infinite Hilbert space corresponding to arbitrarily-large occupation numbers. Therefore,
a truncation of the Hilbert space for each site is necessary. In practice, this is enforced
by limiting the maximum occupation of each shell to a number of O(1). Whenever the
ground-state preserves the full symmetry of the BFKM, the effects of the boson bath for
low temperatures are regular in the sense of Eq. (4.8) and can be captured by low-order
perturbation theory involving a finite number of excited bosons [108]. In these cases, the
truncation is a good approximation. If the ground-state breaks the Z2 symmetry of the
BFKM, then, as discussed in Sec. 4.1, the ground state is a superposition of states with
arbitrary boson occupation number, and the truncation of the Hilbert space is no longer
a good approximation [108]. Therefore, the NRG description of the broken-symmetry
phase is not expected to be accurate. However, I stress that, throughout the paramagnetic
phase, and in the vicinity of the critical point, the results of the NRG have been proven
consistent [34, 94].
It is worthwhile to mention that a number of potential issues were raised with respect
to the bosonic NRG procedure in Refs. 107, 110–112. The authors conclude that bosonic
NRG calculations are susceptible to a number of errors, the most notable being the emergence of anomalous dimensions for all bath exponents 0 ≤ s < 1. The argument relies
on a quantum-to-classical mapping of the SBM, and thus of the BFKM with ∆ = 0, to a
one-dimensional long-range Ising model [112]. It is well-known [113, 114], that the latter
predicts non-interacting or Gaussian criticality for the case with 0 < s ≤ 0.5, and interacting criticality for s > 0.5. The validity of this mapping remains contentious [115, 116].
Therefore, I shall not pursue these issues in detail. Instead, I mention that the results for
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the standalone BFKM with finite ∆ presented in this work are for a bath exponent s > 0.5,
a regime where the NRG results are not challenged. In addition, as described in Sec. 3.6,
the critical behavior of the local susceptibility in the self-consistent case is governed by the
self-consistency condition (Eq. (3.37)). The results of the NRG for the ∆ = 0 BFKM have
also been confirmed by both analytical [83, 117], as well as Monte-Carlo [91, 117] studies.
Therefore, I do not expect any fundamental errors in the results for either standalone or
self-consistent BFKMs with finite ∆, which are presented in this work.

4.2.2

Critical scaling for transitions in the BFKM with finite ∆

I shall now proceed to describe the main results for the standalone BFKM with finite ∆.
Based on the equivalence between the BFKM with ∆ = 0 and a SBM [34], a second-order
quantum phase transition is expected, separating a paramagnetic Kondo-screened phase,
subsequently denoted by K, and a Kondo-destroyed phase, where the ground-state breaks
the Z2 symmetry. In the latter, the impurity-spin acquires a finite magnetization along the
z direction. By analogy with a particle tunneling in a double-potential well , we call this
phase the Localized-Moment or LM phase. The transition can be accessed by tunning
the coupling between the impurity spin and bosonic bath g in Eq. (4.2), or equivalently,
B0 ∼ g 2 in Eq. (4.9). This expectation was indeed confirmed by NRG studies in Ref. 34.
The schematic temperature-bosonic coupling or T −B0 phase diagram is shown in Fig. 4.2.

Note that no transition occurs for finite temperature as indeed expected from the equivalence to the SBM [109]. Instead, T ∗ indicates a cross-over scale between the K, LM
and quantum-critical or QC regimes. From a physical perspective, T ∗ is an effective Kondo
scale on the paramagnetic side, below which the local susceptibility in the z-direction χloc,z
saturates to a constant value, indicating the formation of a Kondo-screened state. Similarly,
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T
T*

T*
QC

K

LM

Figure 4.2 : Generic temperature-coupling to boson bath (T −B0 ) phase diagram for singleimpurity models. Note the Kondo-screened (K), Localized-Moment (LM), and QuantumCritical (QC) scaling regimes. The dashed lines correspond to the cross-over scale T ∗ ,
which stands for a renormalized Kondo temperature. The bare Kondo scale TK is indicated
by the dotted line [37, 106].

below T ∗ on the LM side, a Curie-Weiss behavior ensues. In the QC regime, anomalous
scaling is observed, as described further down below.
For the explicit calculations [37], we fixed the dimensionless Kondo coupling ρJK =
0.5. All parameters were chosen in units of the inverse bandwidth D−1 . To access the
transitions, we tuned both the coupling to the boson bath B0 and the transverse field ∆.
We kept up to 8 bosons/chain site, and up to 500 many-body NRG states. The Wilson bath
discretization parameter was set to Λ = 9. According to the discussion of Sec. 2.6, the
Wilson parameter defines an effective temperature which scales as Λ−N/2 , thus ensuring
rapid cross-overs between the unstable and stable fixed-points.
The starting point of the calculation was the reproduction of the ∆ = 0 critical point
obtained in Ref. 34 for a critical B0,c (∆ = 0). Once this was achieved, we considered a
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(a)

(b)

T=0

K

LM
K

LM

Figure 4.3 : (a) Tunning procedure illustrated on a ∆ − B0 phase diagram at zerotemperature. (b) Schematic RG flow diagram for the three coupling-constants in HBFKM,∆ .
Note that the flows of the longitudinal Kondo coupling ρJz are not shown. The bold dots
indicate the unstable fixed-points of the ∆ = 0 BFKM and the SBM. The direction of the
RG flows are indicated by the arrows. The dotted lines illustrate the tunning procedure
shown in (a).

sequence of five larger bosonic couplings [37]
B0 = B0,c (∆ = 0) + δB0

(4.11)

where δB0 = 6 × 10−n with n = 1, . . . , 5. For each of these bosonic couplings, we
increased ∆ from 0 up to ∆c (δB0 ), where the system became critical. The tuning procedure
is illustrated in Fig. 4.3 (a). In Fig. 4.3 (b), I show the same, but superposed on the known
RG flow diagrams for the limiting cases of ∆ = 0 BFKM (horizontal plane) and for the
JK = 0 SBM (vertical-back plane).
All of the five bosonic couplings described above exhibited the same behavior. Therefore, our results will be illustrated using the representative δB0 = 6 × 10−3 case.
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Figure 4.4 : The lowest bosonic (Q = 0) eigenstate as a function of even iteration
∼
for
6 × 10−3 . The
 δB0 = −6
 values converging to E = 0.39 are for (B0 − B0,c ) ∈
−7
−9.45 ∗ 10 , −8.5 ∗ 10 , i.e. to theK phase, while those converging to E = 0 are for
(B0,c − B0 ) ∈ 8.5 ∗ 10−7 , 9.45 ∗ 10−6 or to the LM phase [37]. Note that the iterationnumber N ∗ , at which the energy level crosses-over to either stable fixed point tends to
infinity as B0 approaches its critical value from either side.

As discussed in Sec. 2.6, the evolution of the many-body spectrum provides a way of
representing the flows of the effective Hamiltonians under successive NRG iterations. In
Fig. 4.4, I show the evolution [37] of the lowest excited state of charge Q = 0 for evennumbered iterations. Recall that the Wilson-chain formulation has conserved charges Q
associated with the fermionic sector (see Sec. 2.6). For intermediate values of the iteration
N , we can clearly distinguish the quantum-critical regime, where the excitation energy
assumes [37] a value E ' 0.11. For larger N , the flows cross-over to either K or LM fixed
points: i) B0 < B0,c , the first bosonic excitation energy eventually approaches the value
E ' 0.39 that it takes in the free-boson spectrum obtained for B0 = 0; ii) B0 > B0,c ,
the first bosonic excitation energy eventually vanishes, reflecting the two-fold degeneracy
of the ground state prior to the symmetry-breaking of the LM phase [37]. The crossover
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scale T ∗ in Fig. 4.4 can be estimated as T ∗ = ΛN

∗ /2

, where N ∗ is the iteration at which the

spectrum begins to differ from its unstable fixed point value. Indeed, we see that N ∗ → ∞
±
as B0 → B0,c
, indicating that T ∗ tends to 0 on the approach to the critical point from

either side. This behavior is a clear indication of a second-order phase transition at zerotemperature.
The second-order nature of the transition can be further ascertained from the singular
behavior of the response functions. The latter are formally obtained by taking derivatives
w.r.t. a longitudinal magnetic field h in standard fashion [8]. The local magnetization in
the z-direction is defined as
Mz =

lim

h→0, T →0

hSz i .

(4.12)

It acquires a finite value in the LM phase, and vanishes in a continuous manner as B0 →
+
B0,c
[37], as shown in Fig. 4.5 (a). The local magnetization is the order-parameter of the

transition. The local susceptibility in the z-direction


hSz i
∂ hSz i
= lim −
χloc,z (T ; ω = 0) = −
∂h h=0 h→0
h

(4.13)

−
diverges [37] at T = 0, B0 → B0,c
, as shown in Fig. 4.5 (b). Fig. 4.5 (c) shows the

cross-overs between the different scaling regimes of the static local susceptibility. For temperatures much lower than T ∗ , and for B0 < B0,c , χloc,z (T ) converges to a Pauli constant
form, indicating the emergence of a Kondo-screened ground-state. Consequently the dissipative effects of boson bath are completely suppressed. Also below T ∗ , but for B0 > B0,c ,
χloc,z (T ) follows a Curie-Weiss form. In this regime, the tunneling processes are suppressed
(see Sec. 4.1) by the effects of the boson bath, and the response is that of a free impurityspin. For T > T ∗ , on either side of the transition, the local susceptibility acquires the
anomalous form T −x , where [37] x = s. The emergence of the anomalous scaling is due
to the response of the boson bath to the ”sudden” tunneling events of the impurity spin,
which are induced by either Kondo or transverse-field spin-flip couplings. It can be further
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Figure 4.5 : (a) Local magnetization Mz vs B0 across the quantum phase transition. (b)
Zero-temperature longitudinal susceptibility χloc,z in the Kondo phase near the critical
point. (c) χloc,z vs T for B0 values at (dashed line) and near (symbols) B0,c . All data
are for δB0 = 6 × 10−3 . From Ref. 37.

understood in the context of the Coulomb-gas action of Sec. 4.3 below. The three distinct
scaling forms correspond to the K, LM, and QC regimes shown in T − B0 phase diagram
in Fig. 4.2.

The scaling of thermodynamic quantities can be used to further characterize the transition. According to the general arguments of Chapter I, we assume the following scaling
form for the critical free-energy [37]

Fcrit = T Φ

T∗ h
,
T T


,

(4.14)
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where h is a longitudinal magnetic field acting on the impurity spin alone, and Φ is dimensionless function. The scaling form illustrates that we are anticipating only three relevant
scales. To enumerate, T ∗ , which is associated with tuning either B0 or ∆ coupling constants, is an effective inverse correlation ”time”. The applied local field in the z-direction
h suppresses tunneling processes, it must be associated with a different relevant scale [8].
The temperature T enters as an effective finite-size cutoff in the temporal direction. As we
are dealing with an impurity problem, only the temporal scales are expected to govern the
critical scaling, resulting in a trivial z = 1 dynamical exponent. In general, we can identify
two limiting regimes for the critical contribution to F


Πh
αF
lim ΠF =ΠT ∗ Φ1
ΠT ∗ →0
ΠαT h∗
!
ΠT ∗
βF
,
lim ΠF =Πh Φ2
Πh →0
ΠβhT ∗

(4.15)
(4.16)

corresponding to a diverging correlation time for a finite-size system and to a system where
the effective cutoff is determined by the field instead of the temperature, respectively. The
scaling ansatz for the free-energy must be supplemented by the relation


|∆ − ∆c | |B0 − B0,c |
∗
,
T = TK Ψ
.
TK
TK
Close to the critical point, we have the analogous relations


ΠB
αT ∗
lim ΠT ∗ = Π∆ Ψ1
Π∆ →0
Πα∆B
!
Π∆
βT ∗
,
lim ΠT ∗ = ΠB Ψ2
ΠB →0
ΠβB∆

(4.17)

(4.18)
(4.19)

which describe how the inverse correlation time T ∗ vanishes as we tune the coupling constants to their critical values. We further assume that hyperscaling holds in all cases:
lim

lim ΠF = lim

Πh →0 ΠT ∗ →0

lim ΠF

ΠT ∗ →0 Πh →0

lim lim ΠT ∗ = lim lim ΠT ∗ .

ΠB →0 Π∆ →0

Π∆ →0 ΠB →0

(4.20)
(4.21)
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Therefore, the scaling properties of the free-energy depend only on three independent exponents, as expected from general hyperscaling arguments [8]. It was shown [34] that the
scaling properties of the ∆ = 0 BFKM are in one-to-one correspondence to those of the
SBM model. There, NRG calculations indicated that the entropy scales as T s in the QC
region [108]. We assume that the same holds for the BFKM with ∆ 6= 0, resulting in
a reduction in the number of independent exponents for F to two. As we shall see, this
assumption is confirmed by hyperscaling relations obeyed by the numerically-determined
exponents. Similarly, three independent exponents are required for T ∗ , except in cases
when αT ∗ = βT ∗ .
As previously mentioned, T ∗ can be estimated from N ∗ , the iteration at which the RG
flows crossover from unstable to the stable fixed-points of either phase. The extracted
critical behavior is
T ∗ ∝|B0 − B0,c |ν

(4.22)

T ∗ ∝|∆ − ∆c |ν ,

(4.23)

indicating that T ∗ has the same dependence [37] on either B0 or ∆. Hence, I only present
the remaining scaling behavior in terms of the coupling to the bosonic bath only. The
scaling of T ∗ with |B0 − B0,c | is shown in Figs. 4.6 (a) and (b), from K and LM sides
respectively.
The critical exponents for the free-energy can be determined from critical scaling forms
of local quantities. The local magnetization defined in Eq. (4.12), exhibits the scaling form
Mz (h → 0, T → 0, ∆ → ∆c ) ∝ (B0 − B0,c )β

(4.24)

+
as the critical coupling is approached from the LM side B0 → B0,c
. This is shown in

Fig. 4.7 (a). It also scales with h as [37]
Mz (h, B0 = B0,c , T = 0) ∝ |h|1/δ ,

(4.25)
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of Mz with the longitudinal-field h at B0 ≈ B0,c [37].

as shown in Fig. 4.7 (b).
The local susceptibility (Eq. (4.13)) scales [37] with B0 and T as
χloc,z (B0 < B0,c , T = 0) ∝ (B0,c − B0 )−γ ,

(4.26)

χloc,z (B0 = B0,c , T > T ∗ ) ∝ T −x ,

(4.27)

and

respectively. The two cases are shown in Figs. 4.8 (a) and (b).
The extracted critical exponents obey the hyperscaling relations [37]
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1+x
1−x
1
β = ν (1 − x)
2
δ=

γ =νx,

(4.28)
(4.29)
(4.30)

in either ∆- or B0 -tuned cases. It was found [37] that x = s. Clearly, only two out of the
five extracted exponents are independent,

validating the scaling ansätze in

Eqs. (4.15), (4.16), (4.18), and (4.19). The extracted exponents for all five values of δB0 ,
found by tuning in the vicinity of the critical points with B0 are shown in Fig. 4.9 (a). The
dashed line indicates the corresponding coefficients for the ∆ = 0 BFKM, as determined in
Ref. 34. Within numerical accuracy, the exponents coincide with the zero-transverse-field
calculations. In Fig. 4.9 (b), I show the exponents extracted by tuning with ∆. Although
the values show more spread, they are still in agreement with those determined by tuning
B0 .
We reach the important conclusion that, up to numerical accuracy, the critical scaling
found by tuning either ∆ or B0 to critical values, is the same for all values of the increment
δB0 . Moreover, these exponents obey hyperscaling and with those of the critical ∆ = 0
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Figure 4.9 : (a) The exponents at the critical coupling ∆c corresponding to different choices
of δB0 and for fixed ρ0 JK = 0.5. The ordinate µ1 corresponds to δB0 = 6 × 10−5 , µ2 to
δB0 = 6 × 10−4 , and so on. The dashed lines show the corresponding exponents for the
∆ = 0 BFKM, with x and β being NRG results and the remaining exponents derived
assuming hyperscaling [37]. (b) Comparison of critical exponents obtained [37] by tuning
through the critical point by varying B0 and by varying ∆.

BFKM.
In conclusion, we obtain a line of critical points [37] corresponding to pairs denoted by
(1)

(1)

(2)

(2)

µ ∈ {(∆c , Bo,c ), (∆c , Bo,c ), . . .}, as shown in Fig. 4.3 (a). The critical scaling coincides
with that of the ∆ = 0 BFKM for all µ.

4.2.3

Line of unstable fixed points in the BFKM with finite ∆

The results of the previous section indicated the existence of a line of critical points, with
a scaling behavior which is identical for the entire (δB0 , ∆c ) range. The results suggests
that, in the B0 → B0,c (∆ = 0), ∆c → 0 limit, small perturbations in ∆ are marginal.
Equivalently, the transverse field is a marginal perturbation about the unstable fixed point
of the ∆ = 0 BFKM. This assumption does not contradict our previous conclusion that ∆
is relevant about a generic ∆c 6= 0. A priori, the scaling behavior can be different in the
∆c → 0 limit. In the corresponding RG flow diagram shown in Fig. 4.10, finite values of ∆
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Figure 4.10 : Schematic renormalization-group flow diagram for a generic BFKM in a
space spanned by the running values of the spin-flip Kondo coupling J⊥ , the bosonic coupling B0 , and the transverse magnetic field ∆. K (Kondo) and LM (local-moment) represent the asymptotic regimes where the local moment is either screened or has a finite
expectation value, respectively. The arrows indicate the relevant (outbound) and irrelevant
(inbound) directions near each fixed point. The thick red line represents a line of unstable
fixed points which emerges from the ∆ = 0 fixed point as the transverse field is turned
on. The red arrows show flows within and away from the critical surface that separates
the screened and localized phases. As the shape of the critical surface is expected to be
analytical with with respect to ∆, for small transverse fields the flows must closely follow
the in-plane ∆ = 0 flows. From Ref. 37.

give rise to a line of unstable fixed-points, extending from the limiting fixed point at zerotransverse field to the pure SBM unstable fixed point. In this section, I present additional
numerical evidence which strongly supports this scenario.

As mentioned in Sec. 2.6, the flow of the effective Hamiltonian in the space of all
possible coupling constants can be deduced by monitoring the evolution of the NRG manybody spectrum. In the close vicinity of a fixed point, stable or otherwise, the spectrum
typically exhibits plateaus associated with the quasi-invariance of the effective Hamilto-
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nian under the RG scaling transformation, as shown in Fig. 4.4 for 10 < N < 24 for
the B0 closest to B0,c . The actual values of the unstable-fixed point excitation energies
are not universal in the sense of scaling exponents. Indeed, they are expected to depend
on the details of the RG implementation, such as the Wilson parameter Λ or the chosen
units. However, their variation under small perturbations can provide important information regarding the structure of the fixed points. To illustrate, suppose that for a set of bare
coupling constants C ∈ {C1 , C2 , . . .} of the Hamiltonian, a quasi-invariant spectrum with
E ∈ {E1∗ (n), E2∗ (n), . . .} persists for an intermediate range of iterations Nlow < n < Nhigh .
Small perturbations in the set of coupling constants {C1 + δC1 , C2 + δC2 , . . .} correspond
to small changes in the initial values of the energies {E1 (1) + δE1 , E2 (1) + δE2 , . . .}. If the
perturbing terms are irrelevant, then as the iteration n → O(Nlow ), the set of energies must
recover their previous values: {E1 (n)+δEn , E2 (n)+δE2 (n), . . .} → {E1∗ (n), E2∗ (n), . . .}.
We hold the converse to be true: an intermediate spectrum which converges to the same
set of values under small perturbations indicates that these are irrelevant. Now consider
the case of marginal perturbations. We expect that, in the limit n → O(Nlow ), the energy
spectrum is mapped onto the set {E1∗ (n) + δEn∗ , E2∗ (n) + δE2∗ (n), . . .}, which also persists
for a range of values Nlow < n < Nhigh .
The picture associated with marginal perturbations is precisely what is observed in
the spectrum of the BFKM with ∆ 6= 0, for intermediate values of the NRG iteration. To
illustrate, in Fig. 4.11 (a), I show [37] the evolution of the six lowest excited states of charge
Q = 1 for values of the tunning parameter B0 closest to its critical value for δB0 = 6×10−3 ,
on either side. The energies reach a plateau around Nlow ≈ 20, and eventually cross-over
to sets corresponding to either K phase (blue, dashed lines) or LM (red, solid lines) around
Nhigh ≈ 34. Notice an apparent splitting between the two lowest energies in the unstable
fixed-point plateau. The evolution of the splittings in the intermediate plateau as functions
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Figure 4.11 : (a) Eigenenergy E vs iteration number N for the six lowest Q = 1 states near
the critical couplings for δB0 = 6 × 10−3 , showing flow away from the critical spectrum
to the LM (solid) and K (dashed) sides. Note the formation of plateaus for intermediate
iteration values 20 < N < 24. In this regime, the RG flows are in the vicinity of an
unstable fixed-point. (b) Lowest Q = 1 eigenvalues closest to the critical point (N ' 24)
for values of ∆ that increase from µ1 to µ5 along the horizontal axis (see Fig. 4.3 (a) for
an explanation of µ). The dashed lines track the evolution of the splitting between the two
lowest states. From Ref. 37.

of the bare coupling constants µ ∈ (B0,c , ∆c ) can be tracked for all five δB0 values. This is
shown in Fig. 4.11 (b). Clearly, it suggests a continuous evolution of the splitting, which
converges to zero in the ∆ → 0 limit.
The analogues for charge Q = 0 excitations are shown in Figs. 4.12. Here, the picture
is more complicated, as some states do appear to change with ∆c while others are invariant
throughout. The difficulty stems from the fact that zero-charge, many-body spectra a priori
can include critical states involving dissipative-bosons only, as well as particle-hole excitations originating in the purely fermionic sector. The sets of energies which do change are
most likely associated with the latter.
These results clearly favor the scenario outlined at the beginning of the section:
An intermediate-iteration spectrum, associated with unstable fixed-points, which varies
continuously with the bare transverse-field coupling strongly suggests the presence of a line
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Figure 4.12 : (a) Eigenenergy E vs iteration number N for the six lowest Q = 0 states near
the critical couplings for δB0 = 6 × 10−3 , showing flow away from the critical spectrum to
the LM (solid) and K (dashed) sides. (b) Lowest Q = 0 eigenvalues closest to the critical
point (N ' 24) for each case µ1 to µ5 . From Ref. 37.

of unstable fixed-points. Furthermore, as the critical scaling is unchanged along the line,
a marginal ∆ → 0 is the most natural possibility. The proposed RG flow diagram was
shown in Fig. 4.10.
I conclude by mentioning that the picture described above is not consistent with the
expected behavior for a relevant ∆ → 0. In that case, no continuous evolution of the unstable fixed-point spectrum is expected. Instead, a unique set of intermediate-iteration values,
together with modifications to the critical scaling exponents are the natural outcomes. In
the next section, I present analytical Coulomb-Gas RG calculations which clearly support
the case for marginality.

4.3

Coulomb Gas RG for the BFKM with a transverse field

In the previous section, I showed that the NRG results predict the existence of a line of unstable fixed points extending from the ∆ = 0 limit of the BFKM, and possibly terminating
at an analogous point for the SBM. In this section, I introduce the Coulomb-Gas RG for
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the ∆ = 0 BFKM, and further extend this procedure to include a finite transverse-field. I
subsequently show that the analytical RG results are consistent with the NRG results, and
comment on the physical implications.
In Sec. 2.5, I introduced the Coulomb-Gas action of the simple Kondo model. It described a collection of alternating charges which interact via a long-range Coulomb potential in imaginary-time. The latter was due to the singular electronic response to the Kondoinduced spin-flips. This action can be extended to include the coupling to the bosonic bath.
For the ∆ = 0 BFKM, it takes the form [94]

S(τ2n , . . . , τ1 )BFKM,∆=0 = − 2n ln

J⊥ τ0
2


+

X

i+j

(−1)

2

2q ln

i<j

1
+
(−1)i+j
Bg
1−s
i<j
X

"

τi − τj
τ0

1−s



τi − τj
τ0
#

−1 .



(4.31)

The first two terms correspond to the Kondo interaction, while the last term contains the
contributions due to the coupling to the bosonic bath. To further facilitate the presentation,
I denote the Kondo spin-flip fugacity by J⊥ /2 = yJ . The charges associated with the
bosonic bath are given by [94]
Bg =

Γ(s) 1−s
τ B0 ,
4 0

(4.32)

where B0 ∼ g 2 and s are the effective coupling and the exponent in the parametrization of
the bosonic spectral function in Eq. (4.9), respectively. The last term in the action represents
the long-range power-law interactions between successive charges Bg alternating in sign.
The interactions are due to dynamic effects introduced by the sub-ohmic bosonic bath.
They result from a more complete treatment of the Franck-Condon factors appearing in
Eq. (4.5), which goes beyond [100] the simple mean-field treatment of Sec. 4.1.
The Coulomb-gas RG procedure for HBFKM naturally follows that of the simple Kondo
problem in Sec. 2.5. Pairs of close, opposite charges are eliminated while the cut-off scale
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τ0 is increased. The long-range interactions in the bosonic sector become the familiar
logarithmic, long-range interactions for s → 1. For s ≈ 1, they are weakly-relevant. A
small- expansion in  = 1 − s was carried out in Ref. 94, 105. The resulting β functions
are

β(yJ ) = − yJ 1 − q 2 − Bg /2 ,

(4.33)

β(q 2 ) =4q 2 yJ2 ,

(4.34)


β(Bg ) = − Bg  − 4yJ2 .

(4.35)

Therefore, to leading order in , an unstable fixed point occurs for
(y ∗ )2 =/4

(4.36)

Bg∗ =2

(4.37)

(q ∗ )2 =0.

(4.38)

Recall that q = 1 − 2δ/π, where δ is associated with the phase shift of the conduction
electrons in the vicinity of the weak-coupling fixed point. At the unstable fixed point, no
such simple physical interpretation holds. Still, I keep δ as an effective parameter which
tracks the evolution of the Hamiltonian. At the unstable fixed point, the dissipation introduced by the coupling to the bosonic bath exactly compensates the effect of the spin-flip
interactions. It corresponds to the ∆ = 0 fixed point found in the NRG [34]. Recall that
in the simple Kondo problem (Sec. 2.7), the Fermi-liquid strong-coupling state emerged
as a consequence an exactly-compensated impurity spin. Due to the dissipation, no such
screening is possible close to the unstable fixed point, and the electrons are expected to
acquire an anomalous dimension from to the coupling to the critical fluctuations. In other
words, a non-Fermi liquid state must emerge. It was found [94], that only one relevant
operator emerges in the vicinity of this unstable fixed point. The resulting flows are shown
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in the basal plane of Fig. 4.10. A similar intermediate fixed-point is found [106] for the
sub-ohmic SBM, as shown in the same figure.
Let us then consider the Coulomb-gas RG for the BFKM with finite ∆. Complications arise due the introduction of the ∆Sx term in HBFKM,∆ which explicitly breaks the
U(1) rotational symmetry around the z-axis, and the time-reversal symmetry of the ∆ = 0
BFKM. Prior to introducing a finite ∆, these symmetries constrained impurity spin-flip and
conduction-electron spin-flip scattering events to occur in pairs. When ∆ is turned on, this
constraint is invalidated, and the conduction electrons can tunnel (↑→↓ and vice-versa) independently of the impurity spin. Such processes are generated by the Coulomb-Gas RG
even if no corresponding terms are present in HBFKM,∆ . Therefore, let us follow Ref. 118
and explicitly include terms describing independent conduction electron spin-flip scattering
in the Hamiltonian
H̃BFKM,∆ =

X

+

X

k,σ

q

k ckσ ckσ +

X 
JK
c σσσ0 ck0 σ0
S·
2 k,k0 ,σ,σ0 kσ

ωq φq φq + Sz

X


gq φq + φ−q + ∆Sx

q


X  
y ck↑ ck0 ↓ + h.c. .
+

(4.39)

k,k0

The last term describes conduction-electron spin-dependent scattering. Let us consider a
simplified version of H̃BFKM,∆ in the limit gq = 0 (no coupling to bosons), J⊥ = 0 (no
Kondo spin-flips), and J|| , ∆, y 6= 0. The remaining terms describe spin-dependent potential scattering, transverse-field, and independent conduction electron spin-flip scattering
terms, respectively. According to Ref. 118, the contribution to the action which involves
2n impurity spin-flips and 2p conduction-electron spin-flips is given by
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(4.40)

The first line contains the contribution of the transverse-field, while the last two contain
the interactions between the charges of the conduction electron spin-flips with each other,
and with the transverse-field spin-flips, respectively. The transverse-field spin-flip charges
q∆ must always alternate since they act on a spin-1/2 doublet state. By contrast, the conduction electron charges qy are not required to alternate. The action contains many different possible orderings of the conduction electron charges among themselves and with
respect to the transverse-field charges. Remarkably, a subset of the possible combinations in SJ|| ,∆,y corresponds to the action of a simple Kondo model. To illustrate, let us
can restrict the action to forms where equal numbers of transverse and conduction electron spin-flips occur. In order to get simultaneous impurity and conduction-electron spin
flips, we need to set the times for the transverse and conduction electron spin-flips equal
i.e. (ξ1 , ξ2 , . . . , ξn ) = (k1 , k2 , . . . , kn ). Furthermore, we have make sure that the sign of
qy (electron spin-flip) at at time ξi is opposite to that of the transverse charge q∆ . In this
limit, the electron-electron and transverse-transverse interactions, both of which are timeordered, give a single contribution. By contrast, the q∆ qy term depends on the relative
orientation of the two i.e. the electronic charges can occur either ”before” or ”after” the
transverse spin-flips. There are two cases, and both contribute to the limit. Therefore this
term acquires a factor of 2. In this limit, SJ|| ,∆,y converges to
SJ|| ,∆,y = − 2n ln (∆τ0 ) +

X
i<j

(−1)

i+j

2

2(1 − q∆ ) ln



ξi − ξj
τ0


(4.41)
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This is nothing but the action of a simple Kondo model with J⊥ /2 = ∆. Therefore, under
the RG, pairs of close conduction-electron and transverse-field charges generate effective
Kondo spin-flips, and pairs of close Kondo and transverse spin-flips generate effective independent electronic spin-flips. This justifies explicitly including y terms in H̃BFKM,∆ .
Let us write the complete Coulomb-gas action for each of the spin-flip terms in the
Hamiltonian H̃BFKM,∆ :

1) Transverse-field spin-flips


X
ξi − ξj
i+j
2
S(ξ2m , . . . , ξ1 )∆ = − 2n ln (∆τ0 ) +
(−1) 2q∆ ln
τ0
i<j
#
"
1−s
X
1
ξ
−
ξ
i
j
+
(−1)i+j
−1 .
Bg
1−s
τ0
i<j

(4.42)

This is analogous to the action for HBFKM,∆=0 with one important difference: the charge
associated with the electronic sector [119] is q∆ = 2δ/π, where δ is the phase shift. This
is not equal to the charge for the Kondo spin flip, as no intermediate, conduction-electron
propagator is introduced. The charge is due to vacuum-to-vacuum fluctuations which sum
to the eC term in Eq. (2.80), for the x-ray edge problem. Each spin species contributes with
equal but opposite phase-shifts, in accordance with the Z2 symmetry of the problem. The
fugacities are given by the strength of the transverse-field instead of the Kondo spin-flip
J⊥ /2 term. The charges associated with the bosonic interactions are the same as for the
BFKM with ∆ = 0. Note that the charges for both electronic and bosonic sectors must
strictly alternate [118].

2) Kondo spin-flips
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(4.43)

This is the same as before, with the electronic-sector charges given by qJ = 1 − 2δ/π. As
in 1), all charges must alternate.

3) Conduction electron independent spin-flips (y term in Eq. (4.39)).
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(4.44)

The first line includes the fugacities and logarithmic long-range interactions of the independent conduction electron spin-flips. The second line contains the logarithmic interactions
between the conduction electron spin-flips and the transverse-field spin-flips. The third is
the same as the second, but for Kondo spin-flips instead. Importantly, there are no powerlaw long-range interactions, as the bosonic bath does not directly couple to the conduction
electrons. Also note that, while the total charge must be conserved [118, 120], there is no
requirement that the conduction electron charges alternate.
To summarize, the charges associated with the electronic bath are
qy =1 Independent conduction electron

(4.45)

2δ
Kondo spin-flips
π

(4.46)

qJ =1 −
q∆ =

2δ
= qy − qJ Transverse-field spin-flips
π

(4.47)
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Next, a Coulomb-Gas RG procedure similar to the one described in Chapter 2, Sec. 2.5
is applied. We eliminate pairs of close spin-flips, whatever their origin. We encounter
the possibility of having different close-pair charges associated in the fermionic sector. A
pair formed out of a Kondo spin-flip together with a transverse-field spin-flip introduces a
”complete” cycle (i.e. ↑→↓→↑) for the impurity spin, but is also accompanied by the introduction of an ”unpaired” conduction-electron spin-flip. ”Far away”, the pair really ”looks”
like an independent conduction electron spin-flip. In other words, effective net charges are
generated by the RG. This is in contrast to either the SBM and BFKM with ∆ = 0 were
the charges are always the same and alternate in sign, such that the RG always considers
”dipoles” instead of net charges. In order to deal with this difficulty, we follow Ref. 118.
There, the Coulomb-gas RG procedure is generalized by allowing effective charges of arbitrary size, denoted by ±Q±N = 2δ/π ± N . These correspond to a single impurity spin-flip,
together with N successive electron spin-flips, all occurring within the cut-off time-scale
τ0 . More precisely, Kondo spin-flips correspond to −qJ = Q0 − 1 = Q−1 , qJ = −Q−1 .
In a completely analog fashion, we introduce independent fugacities associated with an
event of charge Q±N , as ∆±N . Therefore, for the Kondo spin-flips we have ∆−1 = J⊥ /2.
Similarly, Q0 and ∆0 = ∆ are parameters associated with the transverse-field alone. The
contributions for all possible close-pairs will be listed in turn. We have:

a) Pairs of charges QN1 and −QN2 , where N1 6= N2 . I allow the N factors to have either
sign. The two processes have fugacities ∆N1 and ∆N2 respectively. The leading effect is
to simply introduce a net charge QN1 + QN2 with an associated fugacity 2∆N1 ∆N2 . The
factor of two is due to the possible relative orientation of the two charges which contribute
equally [118]. Note that this holds in cases of pure electronic spin-flips or mixed processes.
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b) Pairs of equal charges, which are opposite in sign. For purely electronic spin-flips,
both relative orientations in time are possible, such that to leading order, the net effect is
zero [118]. The remaining possibility involves pairs with QN , −QN . As in the Kondo case,
such pairs act like dipoles which screen the other charges. Because of the two possible orientations for each purely electronic charge, the dipoles will not screen the latter to leading
order [118]. Therefore, the equal-charge processes renormalizes all charges involving an
impurity spin-flip.

c) The contributions from the bosonic sector are unaffected to leading order by the presence of purely electronic spin-flips since the interactions between Bg charges are mediated
by the bosons alone. An impurity spin-flip close to a purely electronic spin-flip introduces
an effective fermionic charge only. Similarly, pairs of impurity spin-flips screen the bosonic
charge as in the y = 0 case.
In carrying out the RG, we associate a fugacity ∆N , yN with spin-flip processes involving QN = Q0 + N and N charges respectively. It turns out that only processes involving
N = ±1 are relevant [118]. Therefore, we consider only processes involving a single independent electron spin-flip with fugacities y±1 and charges ±1, respectively. Spin-flips for
the transverse-field have fugacity ∆0 and charge Q0 = 2δ/π, while those for the Kondo
terms have fugacity ∆−1 = J⊥ /2 with charge Q−1 = Q0 − 1. In addition, processes in
which both impurity and conduction electrons undergo a spin-flip in the same direction are
associated with ∆1 and Q1 = Q0 + 1 and are different from the Kondo spin-flips. Collecting all of the contributions, we write the RG flow equations, valid to leading order in
 = 1 − s [94, 118]:
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β(Q0 ) = − 2Q0 ∆20 − 2(Q0 − 1)∆2−1 − 2(Q0 + 1)∆21


Bg
2
β(∆0 ) = 1 − Q0 −
∆0 + 2∆−1 y1 + 2∆1 y−1
2


Bg
2
∆−1 + 2∆0 y−1
β(∆−1 ) = 1 − (Q0 − 1) −
2


Bg
2
β(∆1 ) = 1 − (Q0 + 1) −
∆1 + 2∆0 y1
2
β(y−1 ) =2∆0 ∆1
β(y1 ) =2∆0 ∆−1
β(Bg ) =Bg ( − 4∆20 − 4∆2−1 )

(4.48)

It can be verified that in the ∆0 , ∆1 , y±1 → 0 limit, we recover the β equations for
the ∆ = 0 BFKM in Eq. (4.33). The equations above are difficult to solve, even in a
numerical approach. However, our immediate goal is to confirm the numerical results,
which suggested that ∆ is marginal about the ∆ = 0 unstable fixed point. Therefore,
let us set the bosonic bath, Kondo spin-flip and fermionic charges equal to the ∆ = 0
√
unstable fixed point values Bg∗ = 2, ∆∗−1 = /2, Q∗0 = 1. At this fixed point, we have
∗
= y1∗ = 0. Further, let us linearize the β equations about this point
∆∗0 = ∆∗−1 = ∆∗1 = y−1

in the new variables. To linear order, we get
β(∆0 ) = − ∆0 + 2∆∗−1 y1
β(∆1 ) = − 4∆1
β(y−1 ) =0
β(y1 ) =2∆0 ∆∗−1
(4.49)
It can be verified that the contributions for the remaining couplings vanish at this level of
approximation. We see that y−1 is marginal. Further, a continuous set of solutions can be
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obtained for ∆∗0 = 2∆∗−1 y1∗ . Substituting this in the β equation for y1 we obtain
2
β(y1 ) = 4 ∆∗−1 y1∗

(4.50)

The expression is of order y1∗ . Recall that the BFKM fixed point was determined to order .
Moreover, in the small- expansion for the SBM with all Kondo spin-flips set to 0, ∆0 can
√
at most be of order . Therefore, if we consider y1∗ ≤  as a phenomenological parameter,
then β(y1 ) ∼ 3/2 . Therefore, to leading order in , it vanishes. Clearly, ∆1 is irrelevant.
In conclusion, to leading linear order in , a line of unstable fixed points emerges about
the ∆ = 0 unstable fixed point given by
√
∗
y−1
≤ 
√
y1∗ ≤ 
∆∗0 =2∆∗−1 y1∗
∆∗1 =0
In fact, from the solution above we see that in this limit we have
∆∗
∗
y−1
≈ y1∗ ∼ ∗0 ,
J⊥

(4.51)

(4.52)

such that the points along the line are effectively determined by the ratio of renormalized
transverse to Kondo spin-flip strengths.
What does the solution above imply from a physical point of view? The introduction
of a small transverse field ∆ effectively introduces independent conduction-electron spin∗
flips. The renormalized charges y±1
are in fact renormalized tunneling amplitudes. There-

fore, part of the electronic spectral weight initially involved in the Kondo-like fluctuations
decouples from the latter: the line of fixed points represents the continuous decoupling
of the Kondo-screening effects from the criticality associated with localizing the impurity
spin. In the next section, we will see how this effect is preserved in the self-consistent case.
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4.4

EDMFT results for the self-consistent BFKM in the presence of a
finite transverse-field

In the previous sections, I showed how the presence of a finite transverse-field induces a line
of unstable fixed-points in the standalone BFKM with a transverse-field. In this section, I
show clear indications that this scenario persists in the self-consistent model appropriate for
locally-critical transitions. The result establishes the existence of a line of locally-critical
transitions separating PL and AFS phases in the Global Phase Diagram (Fig. 3.5), which
emerges under the applications of small transverse-fields. This conclusion provides the
final answer to the issue we set out to solve in this work. For more details on the method
and results, I refer the reader to Sec. 3.6 and to Ref. 37, respectively.
The self-consistent study [96] involved tuning the RKKY interactions I in HKLM,∆
(Eq. (3.38)) for fixed Kondo interactions ρJK , and ∆ 6= 0. For each set of parameters
(I, ρJK , ∆), a corresponding impurity HBFKM,∆ is defined. In contrast to the standalone
case, the boson bath is self-consistently determined according to the procedure described
in Sec. 3.6. More explicitly, we start with the I = 0 solution, corresponding to the paramagnetic lattice in the presence of a transverse field. The associated impurity model is the
BFKM with decoupled boson bath gq = 0 and ∆ 6= 0. The solution of this model is readily
obtained using the NRG. We define a resulting, effective transverse-field-dependent Kondo
temperature [96] as
TK (∆) = χ−1
loc (ω = 0; T = I = 0; ∆),

(4.53)

which serves as a unit for each ∆ case.
Next, we introduce non-zero RKKY interactions in an incremental manner. For small
RKKY δI, we use a reasonable guess for the Weiss mean-field χ−1
0 (ω). The associated
BFKM, ∆ is solved using the NRG in order to obtain the local quantities χloc and mAF . In
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turn, these are used to set up the boson bath for the next iteration precisely as explained
in Sec. 3.6. The reader is further referred to Fig. 3.7 for a schematic representation of
the procedure. These steps are repeated until the Weiss-mean field converges to a definite
functional form. We subsequently increment the RKKY interactions to 2δI, and proceed
as before, using the converged Weiss mean-field for the previous increment as the starting
point for the current solution. In this manner, we scan the phase diagram of the selfconsistent model, and characterize the resulting quantum phase transitions as in Refs. 34,
91, which considered the ∆ = 0 case.
The computational effort required to map the T − I phase diagram for each ∆ 6= 0
self-consistent case is substantially greater than that of the standalone model, since each
point in parameter space requires a finite number of iterations in order to determine the
properties of the bosonic bath. For the NRG solution-steps, we used the same parameters
which were used in the solutions for the standalone model (see Section 4.2). In addition, a
cutoff [96] of O(1) was used for all dynamical ranges. For this set of parameters, and far
from critical points, the Weiss field typically converged within 20 iterations or fewer [96].
Solutions closer to critical points required 150-250 iterations. The large computational
effort required in the self-consistent case is one of the reasons for the preliminary study of
the standalone model, which was investigated in closer proximity to the critical points. For
en expanded discussion of the calculations in the self-consistent case, I refer the reader to
Ref. 96.

I now discuss the self-consistent solutions obtained for four values of the transversefield ∆/TK (∆ = 0) ∈ {0, 0.1, 0.21, 0.31}. I remind the reader that TK (0) stands for a
bare Kondo scale in the absence of the transverse-field. It provides a convenient unit for
comparing the strengths of the transverse-fields. In Fig. 4.13, I show the evolution of the
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Figure 4.13 : Quantum phase transitions of the Kondo lattice model arising in EDMFT solutions for values of the dimensionless transverse field (a) ∆/TK (0) = 0 , (b) ∆/TK (0) =
0.21 , and (c) ∆/TK (0) = 0.31. The bare Kondo scale TK (0) is defined in the absence
of the transverse field (see text). As the dimensionless RKKY coupling I/TK (0) is tuned
toward the critical point at I = Ic , the lattice static inverse susceptibility χ−1 (Q, ω = 0)
vanishes and the local static susceptibility χloc (ω = 0) diverges from both the paramagnetic
(P ) and the ordered (AF ) sides. Accompanying this, the order-parameter mAF vanishes as
I approaches Ic from the AF side. The solid lines are guides to the eye. In (b) and (c), the
arrows mark the critical coupling for the zero transverse-field case in (a), as extrapolated
from the ordered side. From Ref. 96.

thermodynamics in the T → 0 limit, for ∆/TK (∆ = 0) ∈ {0, 0.21, 0.31} as functions
of the scaled RKKY interactions I/TK (0). It shows the simultaneous divergence of the
local (green triangles) and lattice (blue circles) susceptibilities as critical RKKT couplings
Ic /TK (0) are approached from both paramagnetic (P) and antiferromagnetic (AF) regimes,
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for each value of ∆/TK (0). The figure also shows that the local-order parameter mAF
vanishes continuously as the transitions are approached from the ordered sides. Clearly, the
transitions are very similar, the major difference being a shift in Ic /TK (0) with increasing
∆/TK (0). As the ∆ = 0 transition was shown to be of the locally-critical type [92], the
same is then expected of the finite ∆ cases. In the vicinity of the critical points, the narrow
regions of overlap of the solutions from the P and AF sides are due to intrinsic numerical
error. The estimated [96] regions of overlap extend for less than 5% of the critical coupling,
and are consistent with previous studies [34] for the ∆ = 0 case. In that case, the existence
of a locally-critical solution was also established using analytical and numerical methods.
To further demonstrate that the transitions for ∆ 6= 0 are of the locally-critical type, and
to exclude the possibility of first-order transitions, we plot the inverse static local susceptibility versus the inverse lattice susceptibility in the T → 0 limit for the ∆/TK (0) = 0.21
case in Fig. 4.14 (a). The black squares represent the calculated values, while the red line
is a plot of dimensionless form y = 2/ ln(1 + 2/x) corresponding to the self-consistency
condition (Eq. (3.37), Sec. 3.6, Chapter 3) for locally-critical solutions within the EDMFT.
The good overlap for this representative value of ∆ confirms that the transitions shown in
Fig. 4.13 are indeed of the locally-critical type.

The nature of the transitions can be further established through an analysis of the critical
dynamical scaling. From previous analytical [83, 117] and numerical [92] studies, we
expect that the local susceptibility in the I → Ic limit acquires the scaling form
α
TK (∆)
TK (∆) Re [χloc (ω)] ∼
ln
.
2Ic /TK (∆)
ω

(4.54)

Importantly, an effective Kondo-scale TK (∆) (Eq. (4.53)) is used as the basic unit for each
value of ∆. The coefficient α characterizes the dynamical critical scaling [83, 117] of the
inverse lattice susceptibility (Eq. (3.22)), Sec. 3.5)
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Figure 4.14 : (a) Inverse local susceptibility vs inverse lattice susceptibility at ω = T = 0
for scaled transverse field ∆/TK (0) = 0.21 on the approach to the transition from the
P side. The squares show the calculated values while the solid line is is determined by
Eq. (3.37) with appropriate normalization, as discussed in the main text. The match between the expected and calculated values indicates that the two susceptibilities diverge
simultaneously at the extrapolated critical coupling and that the transition is of the secondorder, locally critical type. (b) Semi-log plot of the real part of the local susceptibility vs
frequency at T = 0 for increasing values of I/TK (∆) from the P side. Note that all quantities have been scaled by TK (∆), the bare Kondo scale appropriate for this value of the
transverse field. A logarithmic form (broken line) given by Eq. (4.54) is approached for the
critical dimnesionless RKKY Ic /TK (∆) = 1.507. From Ref. 96.

Q, ω, T = 0) = IQ + M (ω) ∼ (−iω/TK (∆))α .
lim χ−1 (Q

I→Ic

(4.55)

A similar scaling form exists for the static limit [117]. In Fig. 4.14 (b), I show the real part
of the zero-temperature, local susceptibility as a function of the frequency for ∆/TK (0) =
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0.21 and several values of I/TK (∆) approaching a critical value from the P side. The
semi-log plot indicates that the local susceptibility approaches a logarithmic form in an
intermediate frequency range, with an extracted [96] coefficient α = 0.85 ± 0.03. The
value of this exponent differs from the ∆ = 0 counterpart α = 0.78(4) determined from
EDMFT-NRG studies in Ref. 92. As explained in Ref. 96, this is due to our using a different
Wilson discretization parameter Λ = 9 versus Λ = 3 used in the previous studies. Since α
is determined by estimating the slope of the logarithm in Fig. 4.14 (b), it depends on nonuniversal quantities through the ratio Ic /TK (∆). An extrapolation based on a plot [121]
of α versus ln (Λ) for the ∆ = 0 self-consistent model, gives [96] α(Λ → 1) = 0.73 ±
0.01. This value is close to the experimentally-observed exponent ≈ 0.74 (See Sec. 3.3
of Chapter 3). Furthermore, even without correcting for a large Λ, our calculated finite ∆
exponents coincide with our own ∆ = 0 value. Indeed, as described below, the static and
dynamic response functions exhibit scaling-collapse.

The critical solutions of the self-consistent BFKM in the presence of a transversefield must necessarily form a subset of all possible standalone solutions of BFKM with
transverse-fields, up to irrelevant terms.

Indeed, a locally-critical lattice implies a

logarithmically-diverging local susceptibility through the self-consistency relation in
Eq. (3.37) in Sec. 3.6 . In the ∆ = 0 case, it was shown [94] that the critical self-consistent
solutions are also critical solutions of standalone models in the limit of vanishing bath exponents s → 0. Since the logarithmic divergence of the local susceptibility is preserved for
the critical, finite ∆, self-consistent solutions, a similar correspondence must hold [96] in
our case as well. Therefore, we expect that small ∆ perturbations are also marginal in the
vicinity of the ∆ = 0 self-consistent solutions.
In order to demonstrate that this is the case, I show that the self-consistent solutions ex-
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Figure 4.15 : (a) Scaling collapse on a semi-log plot of the real part of the T = 0 local
susceptibility vs frequency for ∆/TK (0) = 0, 0.21 , and 0.31. In each case, the data shown
are for the dimensionless RKKY couplings closest to a unique critical value Ic /TK (∆). (b)
Scaling collapse for the thermodynamic data shown in Figs. 4.13(a)-(c) as functions of the
appropriately scaled tuning parameter I/TK (∆). From Ref. 96.

hibit scaling-collapse when the transverse-field dependent Kondo scale TK (∆) is chosen as
the reference scale for each value of ∆/TK (0), respectively. Fig. 4.15 (a) shows the local,
dynamical susceptibility versus frequency in units of TK (∆) for three of the ∆/TK (0) values, at RKKY couplings closest to their critical values from the P side. The curves clearly
collapse onto a unique form. The small deviations can be attributed to small differences in
(I −Ic )/TK (0) from one case to the next. A similar scaling collapse is observed in the static
response functions in the T → 0 limit. Fig. 4.15 (b) shows the same quantities as Fig. 4.13,
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in units of TK (∆) for each value of the transverse-field. Clearly, there is scaling collapse,
with more significant deviations occurring rather deep in the AF side. In the vicinity of the
critical points, on P and AF both sides, the curves follow a unique form. The figure also
illustrates that a unique dimensionless RKKY coupling Ic /TK (∆) ≈ 1.507 emerges in all
cases upon normalization by transverse-field dependent Kondo temperatures TK (∆).
What does the scaling collapse imply ? First, it tells us that for small values of ∆/TK (0)
(≤ 0.31 in our study), the critical scaling is identical to that of the ∆ = 0 case [94].
Furthermore, it also indicates that no relevant scale is introduced in the model by turning
on a finite transverse-field ∆. According to the general discussion in Secs. 2.3, Chapter 2
on scaling properties and the RG, the absence of singular behavior in a physical quantity,
when one of its arguments is sent to zero, typically denotes either an irrelevant or marginal
scale. This is what occurs in our case, since the scaling forms close to the critical points
do not change in the ∆ → 0 limit. Indeed, as the scaling-collapse shows, α stays the
same throughout. On the basis of the self-consistent solutions alone, we cannot distinguish
between the two possibilities. However, in view of the correspondence between standalone
and self-consistent critical models, we conclude that the most likely scenario is that ∆ is
marginal in the ∆ → 0 limit, or in the vicinity of the zero-transverse-field locally-critical
transition.
As noted in Sec. 3.7 of Chapter 3, for larger values of ∆/TK (0), the interactions between spatially-extended critical modes become important, and the approximations inherent to the EDMFT cease to be valid. The resulting transition becomes first-order. This
is manifested by a persistence of P solutions well beyond the extrapolated critical RKKY
coupling determined from AF solutions, or equivalently, by a large co-existence region.
This is precisely what was observed in the calculation for ∆/TK (0) = 0.63 (not shown),
where the range of the co-existence region approaches 100% of the estimated Ic,AF /TK (0).
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Figure 4.16 : (a) Proposed global phase diagram [55, 81] motivating this work. The horizontal axis represents the competition between the Kondo coupling, parametrized by the
bare Kondo temperature TK (0) (see text) and the RKKY coupling I. The vertical axis
plots a quantity G measuring the degree of quantum fluctuations of the local moments. P
and AF label paramagnetic and antiferromagnetic phases while the indices L and S denote large and small Fermi surfaces, respectively. The rectangle indicates the region of
focus of this study. (b) Phase diagram of the Ising-anisotropic Kondo lattice as found in
this work. It can be regarded as a concrete realization of the rectangular region of (a) with
G = ∆/TK (0) , where ∆ is a transverse magnetic field that tunes the quantum fluctuations
of the local moments. From Ref. 96.

Fig. 4.16 summarizes our main results. Panel a) shows the proposed Global Phase
Diagram, while panel b) shows the results of out calculations. The conclusion is immediate:
For the Ising-anisotropic Kondo Lattice Model with a small transverse field, the EDMFT
predicts the existence of a line of second-order, Kondo destruction quantum critical points
separating PL and AFS phases. The critical behavior is unchanged along the line. Physically, this allows for the existence of well-defined locally-critical transitions, where the
effects of enhanced quantum fluctuations of the local moments gradually become more pronounced. The marginality of the transverse-field is important, since it shows that local
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criticality is neither immediately unstable under the introduction of arbitrarily small quantum fluctuations, nor that it is completely immune to arbitrarily-large perturbations of the
former type.
In addition to the validation of the Global Phase Diagram within our model and method,
the results also suggest a new experiment [96]: Pressure-induced quantum-criticality in
CeCu6−x Aux , in the presence of small transverse-fields, applied perpendicular to the easyaxis anisotropy.

4.5

Summary

This chapter was dedicated to the presentation of the numerical and analytical results for
the standalone and self-consistent single-impurity Bose-Fermi Kondo models with an additional transverse-field ∆.
I provided a brief discussion of the generic effects of the coupling to the boson bath,
which can lead to the suppression of impurity-tunneling, thus allowing for quantum-critical
behavior in single-impurity models. The notions of ohmic and sub-ohmic baths were introduced.
Subsequently, I discussed the results for the numerical-renormalization group calculation for a standalone BFKM with ∆ 6= 0 and a sub-ohmic boson bath. These indicated
the presence of a line of quantum-critical points, separating Kondo-screened and Localized
Moment phases, which exhibited the same critical scaling as the ∆ = 0 analogs. An analysis of the many-body spectra in the vicinities of the unstable points concluded that they
evolve smoothly with the bare transverse-field. In turn, this strongly suggested the emergence of a line of unstable-fixed points emerging for ∆ 6= 0 from the unstable fixed-point
of the zero-transverse-field BFKM. Equivalently, they indicate that ∆ → 0 is marginal.
The numerical results were confirmed using an analytic extension of the Coulomb-
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gas RG to include both Kondo spin-flip and transverse spin-flip processes. It was shown
that the presence of both types of spin-flips introduces a finite tunneling amplitude for
the conduction electrons, which undergo spin-flips independently. To leading order in an
-expansion, the results of the procedure indicated the existence of a line of unstable fixedpoints, effectively parameterized by the ratio ∆/TK . Physically, the line of unstable fixedpoints is a consequence of the gradual decoupling of the Kondo physics from criticality,
as additional spectral weight is transferred to independent conduction-electron tunneling
processes.
The results of the self-consistent BFKM with finite ∆ in the EDMFT implementation
were presented. As in the single-impurity case a line of quantum-critical points separating
AFS and PL phases emerges for small values of the transverse-field. The transitions are of
the locally-critical type, and exhibit the same critical scaling as the previously-determined
∆ = 0 case. Furthermore, a scaling collapse to the ∆ = 0 forms is observed for both critical static and dynamic response functions whenever a renormalized, ∆-dependent, Kondo
scale is used as basic unit of measurement. By the arguments of Chapter 2, this indicates the absence of additional singularities with the introduction of ∆. From the general
correspondence between the standalone and self-consistent solutions of the BFKM with
∆ 6= 0, we conclude that the latter is marginal for sufficiently small values. The results provide a final answer with regard to the stability of locally-critical transitions with enhanced
quantum-fluctuations of the local moment. Our model thus predicts a line of locally-critical
transitions which persists for a finite range in the Global Phase Diagram.
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Chapter 5
Multipole ordering and Kondo effect in cubic
heavy-fermion systems
In this Chapter, I discuss quantum criticality in heavy-fermion (HF) metals where multipole local degrees-of-freedom (DOF) are present. The study was suggested by Ce3 Pd20 Si6 ,
a compound with a cubic structure, which shows Type-II transitions defined in the Global
Phase Diagram (GPD). The goal of the work is to introduce microscopic models which
are symmetry-compatible with the point-group symmetry of Ce ions, and which can also
reproduce the prototypical phenomenology of Ce3 Pd20 Si6 .
In Sec. 5.1, I discuss the experimental results for Ce3 Pd20 Si6 , and also define the goals
of the work in a broader context. In Section 5.2, I show how microscopic Kondo models, consistent with the local Oh spatial symmetry of Ce-based cubic systems, and in the
presence of strong spin-orbit coupling (SOC), can be derived. Section 5.3 introduces models with non-local RKKY exchange interactions, and further shows how long-range order
can emerge for both magnetic and non-magnetic DOF. Section 5.4 discusses the possible
RG flow trajectories of an appropriate microscopic local Kondo model. It also shows that
Kondo-destruction quantum phase transitions can be accessed in an ordered phase. Appendix A contains additional information on the derivation of single-impurity models, as
well as supporting group-theoretical aspects.
Note that the work presented in this chapter is still under progress, and much of it
is restricted to symmetry-analyses of possible models. Future works aim to confirm the
analysis via both analytical and numerical calculations.
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5.1

Quantum criticality in the cubic heavy-fermion Ce3 Pd20 Si6

As discussed in Sec. 3.4, one of the fundamental predictions of the Global Phase Diagram (GPD) for heavy-fermion (HF) metals is that dimensionality can effectively enhance
the quantum fluctuation of the local moments. It serves as a physical realization of G,
which parameterizes the vertical axis in Fig. 5.1. Conversely, as is well-known [17], higher
dimensionality corresponds to reduced quantum fluctuations, or lower G. Therefore, a natural question, complementary to that of the previous chapters, can be asked: What happens
to the locally-critical transitions as the effects of the quantum fluctuations are reduced ?
As already hinted, a way to answer this question is to analyze compounds which have inherent higher ”dimensionality.” In practice, those compounds which fit the locally-critical
scenario such as CeCu6−x Aux , YbRh2 Si2 , and CeRhIn5 have inherent anisotropy, as their
crystal structures are monoclinic and tetragonal, for the first and the last last two, respectively. Therefore, compounds with higher lattice symmetries , such as those with a cubic
structure, are expected to exhibit the Type-II transitions defined in the GPD (Fig. 3.5).
This is one of the fundamental questions that the study in Ref. 122 set out to answer.
It analyzed the quantum phase transition in Ce3 Pd20 Si6 , a metallic HF compound with
cubic symmetry (space group F m3̄m) [122]. What makes this material inherently interesting in the context of the GPD, is the fact that two transitions are observed in applied
magnetic fields below a threshold value, as the temperature is lowered. The first was
attributed to the emergence of long-range antiferro-quadrupolar (AFQ) order [123] at a
temperature TQ . Under application of small fields, a second transition was assigned to the
emergence of magnetic order [124], possibly antiferro-magnetic [122] (AFM), below TN .
Fig. 5.1 (a) shows the T − B or temperature-applied field phase diagram, based on the
susceptibility, specific heat, longitudinal resistivity, and Hall resistivity measurements of
Ref. 122. These were corroborated by the magnetization studies of Ref. 124. Also shown
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in Fig. 5.1 (a), is the continuous suppression of TN with higher applied fields, which clearly
suggests a quantum-phase transition. Beyond the critical point, the magnetic order vanishes, and Kondo-screening of the magnetic or dipole/octupole degrees-of-freedom (DOF)
is expected. This was confirmed by the extracted values of the Hall coefficient, which extrapolate [122] to a zero-temperature finite jump across the transition, as for YbRh2 Si2 . As
discussed in Sec. 3.3, this strongly suggests a global reconstruction of the Fermi surface
(FS). Note however, that TQ , the AFQ ordering temperature, remains finite at the transition
(Fig. 5.1 (a)). It was shown [124], that for even higher fields TQ can also be suppressed
to zero. It is believed [78] that this compound provides a concrete realization of a Type-II
transition in the GPD (Fig. 5.1 (b)), as the collapse of the FS occurs in the AFQ ordered
phase. In this sense, the suppressions of TN and TQ are analogous to the AFL → AFL and
AFL → PL transitions, respectively.

In a broader theoretical context, the results for Ce3 Pd20 Si6 suggest the study of quantum
criticality in Kondo lattices or single-impurity models where the Hilbert space of the local
DOF extends beyond that of the simple spin-1/2 local-moment cases. More specifically,
they indicate that the disjoint suppression of long-range orders in the dipole and quadrupole
sectors can in general give rise to the two distinct Type-II transitions in the GPD. The
crucial aspect of the more general problem is the existence of both dipole/octupole and
quadrupole DOF in the atomic basis. A minimal assumption in this case involves considering the local point-group symmetry, together with a strong spin-orbit coupling expected of
Ce-based compounds [6]. Such minimal models depart from the specifics of Ce3 Pd20 Si6 ,
which has a lower point-group symmetry under the applied magnetic fields. In fact, it is
the latter which are responsible [125] for inducing dipole order in the AFQ ordered phase.
Moreover, the effective local symmetry in this case depends sensibly on the direction of the
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(a)
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Figure 5.1 : (a) Temperature-applied field phase diagram for Ce3 Pd20 Si6 . Lines marked
by TQ and TN indicate the transition temperatures for antiferro-quadrupole (AFQ) and
antiferro-magnetic (AFM) transitions. The lines merging with TN → 0 indicate a T ∗ crossover scale determined from the evolution of the Hall coefficient across the transition. The
jump in the latter extrapolates to a finite value in the T → 0 limit, indicating a global
reconstruction of the Fermi surface. (b) Schematic illustration of the position of the Type-II
transitions observed in Ce3 Pd20 Si6 (CPS). Also note the Type-I transitions for YbRh2 Si2
(YRS), and CeCu6−x Aux (CCA) compounds discussed in the previous chapters. From
Ref. 122.

applied fields [125]. A realistic study which takes both the explicit symmetry-breaking as
well as the physics of critical fluctuations into account is very complicated. Therefore, a
priori, we restrict ourselves to more general models, with enhanced symmetries, and study
the conditions under which the two-step transitions can occur.
I note that the consideration of quadrupole Kondo effects has a rather long history,
especially in the context of multi-channel impurity models, which predict non-Fermi liquid
behavior in the absence of a magnetic transition [6]. Here, we aim at an analysis which
goes beyond that of previously-considered models, by taking into account both magnetic
(dipole/octupole) and non-magnetic (quadrupole) spin DOF, and their behavior across a
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quantum critical point.
I conclude this section by explicitly stating the goal of the subsequent sections:
The aim is to write minimal models containing Kondo and RKKY interactions which
are consistent with the Oh point-group of each Ce lattice site, in the presence of strong
spin-orbit coupling. Additionally, the models must be compatible with the scenario suggested by the experiments on Ce3 Pd20 Si6 . Namely, they need to predict a two-stage ordering in the dipole and quadrupole DOF, together with a Kondo-destruction transition
in the AFQ phase. Due to the complexity of the problem, I will generally consider models
with enhanced symmetries, which consequently exhibit stronger instabilities. These highersymmetry models are well-defined reference points for the study of more realistic problems.

5.2

Microscopic single-impurity models

Ref. [125] introduced a symmetry-consistent lattice model with RKKY interactions in similar Ce-based materials. In this section, I show how such models can be written, using
general group-theoretical arguments. I illustrate the procedure in the case of a singleimpurity model, which provides a starting point for the analysis of quantum criticality in
the wider context of Ce-based HF compounds, in analogy with the simpler spin-1/2 SU(2)
case treated in the previous chapters. The associated RKKY model is discussed in the next
section.
There are two sets of inequivalent Ce sites [126] in the crystallographic unit cell of
Ce3 Pd20 Si6 , denoted by the Wyckoff labels [127] 4a and 8c. These Ce sites are believed [122] to host the active DOF which generate the observed transitions. Within each
set there are 4 and 8 equivalent positions respectively, which are related via a space-group
operation. By contrast, the two sets cannot be mapped onto each other. The local, pointgroup symmetries correspond [127] to the Oh = O ⊗ i and Td point-groups, respectively.
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Ref. 122 is inconsistent on this issue, as it uses a model for the 8c sites with Oh symmetry.
The point-groups O and Td share the same character table [128], suggesting an isomorphism. Due to the direct product nature of Oh , intuition tell us that a homomorphism
should hold between it and Td . This is not apparent from the character table of the former
(Table A.3), as Oh has different conjugacy classes. Due to the already significant complexity of the problem, I restrict the discussion to the 4a sites alone, which are invariant under
Oh . Based on the above argument, a similar picture is expected for the 8c sites, a topic
reserved for future studies.
At high temperatures, the susceptibility is consistent [122, 126] with a total angular
momentum state of J = 5/2. At lower temperatures, the effects of the crystal field become more pronounced. Together with spin-orbit coupling (SOC) the J = 5/2 multiplet
is split into multiplets corresponding to the double-valued irreducible representations of
Oh : the Γ7 doublet and the Γ8 quartet. Therefore, the minimal models need to be consistent with these representations and also allow for the two most important features seen in
experiments: the appearance of quadrupole and magnetic (dipole/octupole) orders, and at
least one Kondo-destruction transition. As such, the models must contain Kondo exchange
interactions between the atomic DOF and the conduction electrons as well as RKKY exchange couplings between adjacent atomic sites. An emphasis is placed on the Γ(8) quartet
since it contains the highest number of atomic DOF, and is thus more likely to reproduce
the experimental results. Models corresponding to the Γ(7) doublet are reserved for future
study.
The natural starting point for Kondo interactions is an Anderson model with an atomic
spectrum and conduction electron hybridization which are consistent with the point-group
symmetry. Barring strong valence fluctuations, which are not believed to be important in
this case, a strong Coulomb repulsion ensures single-occupancy of the atomic Γ(8) multiplet
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for temperatures T  U . The high-energy transitions between the Γ(8) single-occupied
and the higher-energy double-occupied states can be projected onto the single-occupied
subspace. This results in a Hamiltonian containing exchange interactions between atomic
DOF defined on the Γ(8) quartets and DOF defined on an analogous conduction-electron
Fock-space. Such a Hamiltonian is similar to the Coqblin-Schrieffer model [129], but exhibits additional complexity due to the different possible irreducible representations of the
doubly-occupied states and the selection rules imposed by the Oh point-group. A similar
procedure can be applied for transitions between the Ce f 1 and the unoccupied f 0 states,
but these processes are not expected to be contribute to the physics [130] and are therefore
ignored. This projective approach based on an Anderson model has the advantage of explicitly determining the Kondo exchange coupling constants from parameters such as the
crystal-field splittings, which can be reasonably estimated from a variety of experiments.
The projection is described in Sec. A.1 of Appendix A. It is based on Ref. 131, which
considers similar Ce-based systems. As shown there, the major disadvantage of this procedure is the computational effort inherent in operations with large Clebsch-Gordan (CG)
matrices, as well as the large number of the symmetry-compatible couplings which must
be treated on a case-by-case basis.
Instead of carrying out the projective procedure at the Anderson model level, I work
directly with operators defined on the atomic Γ(8) quartet and with corresponding fermionbilinear operators acting on a set of partial-wave states constructed with respect to a single
atomic site [131]. Both the atomic and fermion-bilinears DOF are defined in the same
Γ(8) irreducible representation. These operators can be subsequently decomposed into irreducible tensors which, in turn, are coupled to each other to generate Kondo interactions. In
contrast to the projective approach, the values of the coupling constants are not explicitly
determined, but are instead treated phenomenologically.
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More formally, I assume that the result of carrying out the projection to the singlyoccupied Γ(8) quartets can be written in general
! as
X
XX
atom
(8)
cond 
HKondo =
Mµν
|Γ(8)
i
hΓ
|
⊗
Mγδ
c
µ
ν
µν

γδ

k k0

!
(8)

k ,Γγ

ck0 ,Γ(8)

,

(5.1)

δ

atom
where Mµν
is a 4 × 4 Hermitian matrix connecting the µth component of the Γ(8) ir-

reducible quartet to the νth component. A similar matrix is defined for the Γ(8) conduction electrons. The discussion is made more definite by considering Γ(8) quartets derived
from J = 5/2 multiplets for both singly-occupied atomic states (Ce f 1 ) and conductionelectrons partial-wave states in the the presence of the crystal-field. The multiplets appear
as a consequence of the reduction of the D5/2 representation of SU(2) to the irreducible
representations of Oh in a crystal-field:
D5/2 = Γ(7),− ⊕ Γ(8),− ,

(5.2)

where the − superscript indicates the parity under inversion i, which is odd for f (L = 3)
states. At this point, a complication arises due to the additional classification of the atomic
and conduction electron states in terms of parity (see Sec.A.1). From the perspective of
an Anderson model, and for a given total angular-momentum J, both even- and odd-parity
doubly-occupied states can exist (see Appendix A and Ref. 131). These are descendantw
from total L tot and S tot atomic double-occupied states, which correspond to different parities for Ltot even or odd. A priori, the hybridization matrix elements will be different for
transitions to states of a given J but different parities depending on the parity of the partial wave (or Ltot ) (see Appendix A). I ignore this complication by considering that M cond
in Eq. (5.1) contains the contributions for both even and odd-parity partial waves, a step
which is allowed by symmetry. Henceforth, the parity subscript will be dropped. Sec. A.2
of Appendix A contains more information on the various decompositions of the total J
multiplets into the irreducible representations of of Oh as well as its character table.
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Table 5.1 : Basis states for the Γ(7) and Γ(8) irreducible representations of Oh obtained
from the decomposition of the J = 5/2 multiplet of SU(2) [6]. The type of non-vanishing
multipole moment corresponding to Dipole (D), Quadrupole (Q), and Octupole (O) is indicated in the last column.
Irreducible

Pseudo-spin labels

representation
(7)

(0, ↑)

(7)

(0, ↓)

Γ1

Γ2

(8)
Γ1

(+, ↑)

Basis states from
|J = 5/2, mj i
q
1
|−5/2i −
6
q
5
|3/2i
6
q
1
|5/2i −
6
q
5
|−3/2i
6
q

5
6

q
q

1
6

|5/2i +

Multipole moment

D/O

D/O

D/Q/O

|−3/2i

(8)

(+, ↓)

(8)

(−, ↑)

|1/2i

D/Q/O

(8)

(−, ↑)

|1/2i

D/Q/O

Γ2

Γ3
Γ4

5
6

|−5/2i +
q
1
|3/2i
6

D/Q/O

In Table 5.1, I give the Γ(7) and Γ(8) irreducible representations in terms of states of total
angular momentum J = 5/2 and projection number mJ ∈ {−5/2, −3/2, . . . , 5/2} [6]. It
further introduces pseudo-spin labels, and also gives the active multipole moments.
In Eq. (5.1), both M atom and M cond 4 × 4 matrices can each be written as superpositions
of 16 linearly-independent matrices M (α) , α ∈ {1, 2, . . . 16}, which also define a vector
space [132]. One choice of M (α) matrices consists in the set {σ0 ⊗ τ0 , 2ττ ⊗ σ0 , 2τ0 ⊗
σ , 4τα ⊗ σβ }, where σ0 , τ0 are identity matrices and α, β ∈ {x, y, z}. They are equivalent
to the generators of SU(4). This should not come as a surprise, as the 4-fold degenerate Γ(8)
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multiplets provide a fundamental representation [133] of this group. The (ττ , σ ) labels are
given in the second column of Table 5.1. In the case of the Γ(7) doublet only σ is used. In
general, the set of M (α) component-matrices do not transform as irreducible representations
of Oh . To ensure compatibility with the point-group, I consider generalized irreducible
tensors, which are well-defined in general for both finite and compact Lie groups [134].
(k)

These are the analogs of the better-known Tq

tensors which appear in the Wigner-Eckhart
(p)

Theorem [134] for SU(2). Specifically, I define irreducible tensor operators Qq belonging
to the q-component of the pth irreducible representation of Oh which map the Γ(8) space
onto itself. These operators transform like [132]
dq
X
(q)
(q)
Γ(q)
Φ(R)Qn =
mn (R)Qm ,

(5.3)

m=1

where Φ is a linear operator corresponding to the element R ∈ Oh , Γ(R) is a matrix
associated with the same transformation, and dq is the dimension of the representation.
The irreducible tensors obey a generalized Wigner-Eckhart Theorem [132]
nrpq
X
(q) (r)
(p)
(r)
(q)
(p)
hΓj ; Γk |Γl i hΓ(r) ||Q(q) ||Γ(p) iα ,
hΓl | Qk |Γj i =

(5.4)

α=1

where one recognizes generalized Clebsch-Gordan coefficients and reduced matrix elements in the respective two factors on the right side. The positive integers nrpq are defined
by
Γ(p) ⊗ Γ(q) =

X

⊕nrpq Γ(r) ,

(5.5)

r

and indicate the number of times the irreducible representation Γ(r) is included in the directproduct representation Γ(p) ⊗ Γ(q) [132]. In the case of Γ(8) , these multiplicities are shown
in Table 5.2 and are given by the decomposition rules of the point-group (see Sec. A.2 in
Appendix A).
Thus, on the Γ(8) space, one can define sets of single Q(1) and Q(2) matrices, one doublet
of Q(3) matrices, two triplets of Q(4) and Q(5) matrices, totaling the 16 components needed
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(q)

Table 5.2 : Multiplicities nrpq for the irreducible tensors Qk in the Γ(8) space.
q

p

r

nrpq

1

8

8

1

2

8

8

1

3

8

8

1

4

8

8

2

5

8

8

2

for a complete basis. All other combinations vanish by the selection rules above. The
16 matrices corresponding to the irreducible representations can be calculated from the
generalized Wigner-Eckhart theorem in Eq. (5.4). For Γ(8) in Ce-based materials, they
are listed in Refs. 125, 130 and reproduced in Table 5.3 for reference. In Table 5.4, the
irreducible tensors are given in the (ττ , σ ) pseudo-spin basis [125, 130].
The general matrix M atom can be written as a linear combination of the matrices of the
irreducible tensors as
M

atom

(1)

(1)

=a Q

+

3 
X
k=1

(2)

(2)

+a Q

(5)

(5)



ak,I Qk,I +

+

2 
X

k=1
3
X

(3) (3)
ak Qk



+

3 
X
k=1

(5)

(5)

(4) (3)
ak,I Qk,I



+

3 
X

(4)

(3)

ak,II Qk,II



k=1



ak,II Qk,II .

(5.6)

k=1

Note that there are two possible realizations of the Q(4) and Q(5) sets since n848 = n858 = 2.
The two are labeled by the I, II subscripts. An similar expansion holds for M cond .
The form of the Kondo couplings can be determined by substituting the expansions of
Eq. (5.6) for M atom and M cond in terms of the irreducible tensors in the expression for
HKondo in Eq. (5.1). It can be further simplified by imposing the invariance of HKondo
under Oh . From the product Table in Sec. A.2, Appendix A, one can see that the only
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Table 5.3 : Degrees-of-freedom associated with the irreducible tensors Qk in the Γ(8)
space. Reproduced from Ref. 130.
Irreducible tensor

Multipole moments

Type of multipole

√

5
T
45 xyz

Octupole

Q (3)

(2)
(2)
1
(O0 , O2 )
8

Quadrupole

(4)
QI

7
J
15

Q(2)

(4)
Q II

(5)
QI

(5)
Q II

−

2
T
45 α

1
J+
− 15

7
T
90 α

Dipole + Octupole

Dipole+Octupole

√

5
T
30 β

Octupole

1
(Oyz , Oxz , Oxy )
2

Quadrupole

allowed couplings are those between tensors belonging to the same irreducible representation. Therefore, the general symmetry-compatible Kondo interactions are given by the
Hamiltonian
HKondo =J (1) Q(1),atom Q(1),cond + J (2)Q(2),atom · Q(2),cond + J (3)Q(3),atom · Q(3),cond
(4) (4),atom
(4),cond
(4) (4),atom
(4),cond
+ JI Q I
· QI
+ JII Q II
· Q II
(5) (5),atom
(5),cond
(5) (5),atom
(5),cond
+ JI Q I
· QI
+ JII Q II
· Q II
.

(5.7)

The JI,II indicate that different couplings are possible for the Γ(4) and Γ(5) irreducible
(4),atom

representations with multiplicity 2. Terms coupling the I, II sets such as Q I

Q(4),cond
·Q
II

are also allowed by symmetry. These terms are expected to introduce additional anisotropy
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(q)
Table 5.4 : The irreducible tensors Qk in the (ττ , σ ) pseudo-spin representation. Reproduced from Ref. 130.

Irreducible tensor

(τ, σ) representation

Q(2)

τy σ0

Q (3)

(τz σ0 , τx σ0 )

(4)
QI

2(τ0 σx , τ0 σy , τ0 σz )

(4)
Q II

√
√
(-τz σx + 3τx σx , −τz σy − 3τx σy , 2τz σz )

(5)
QI

√
√
(- 3τz σx − τx σx , 3τz σy − τx σy , 2τx σz )

Q(5)
II

2(τy σx , τy σy , τy σz )

which, generally speaking, is irrelevant in the context of Kondo screening. As such, they
will be ignored.

5.3

Ordered phases

In this section, I give a preliminary analysis of the possible ordered phases. First, I introduce microscopic models with non-local exchange couplings which are a priori capable
of capturing both AFQ and AFM orders in the Γ(8) case. I focus on a subset of possible models which exhibit an enhanced continuous SU(2) × SU(2) symmetry. Fluctuations
are expected to be stronger in these symmetric limits. In addition, these models are also
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amenable to well-established methods of incorporating critical fluctuations. Departures
from the symmetric cases are briefly discussed. Possible issues and future directions of
research are identified.
In general, the Kondo exchange interactions in Eq. (5.7) are expected to give rise to
analogous RKKY interactions [59] between the atomic DOF which preserve the Oh rotational symmetry. Therefore, the same symmetry-based arguments applied in the derivation
of the Kondo terms are valid in this case as well. These have the same form as their Kondo
counterparts but involve irreducible tensors on nearest-neighbor sites:
HRKKY =

X

(2)
(2)
(4) (4)
(4)
(4) (4)
(4)
(3)
(3)
I (2)Q i · Q j + I (3)Q i · Q j + II Q i,I · Q I,j + III Q i,II · Q II,j

hiji
(5) (5)
(5)
(5) (5)
(5)
+ II Q I,i · Q I,j + III Q II,i · Q II,j .
(1),atom

Note that the I (1) Qi

(1),atom

Qj

(5.8)

term was dropped as it is a coupling between effective

charges. It is assumed that the resulting interactions are all anti-ferromagnetic. As in the
Kondo case, terms mixing I, II possible realizations of the Γ(4) and Γ(5) irreducible tensors
are ignored [125].
The RKKY-exchange Hamiltonian is in general very difficult to treat, as the different
sets of Q matrices do not commute. Its closest analogs are quantum Heisenberg antiferroσ, τ ) basis as
magnets. Using Table 5.4, HRKKY can be re-cast in terms of the (σ,
HRKKY =HKK + Haniso
X
σ i · σ j )(ττ i · τ j )
HKK =
Iσσ i · σ j + Iτ τ i · τ j + IM (σ

(5.9)
(5.10)

hiji

Haniso =

X

K1 τiy τjy + K2 3τiz σix τjz σjx + τix σix τjx σjx + 3τiz σiy τjz σjy + τix σiy τjx σjy



hiji

+

√

3K2 −τiz σix τjx σjx − τix σix τjz σjx + τiz σiy τjx σjy + τix σiy τjz σjy




+ 4K2 τix σiz τjx σjz + 4K3 τiy σix τjy σjx + τiy σiy τjy σjy + τiy σiz τjy σjz .

(5.11)
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The coupling constants are
(4)

Iσ =4II

Iτ =I (3)
(4)

IM =4III

K1 =I (2) − I (3)
(5)

(4)

(5)

(5)

K2 =II − III

K3 =II − III .

(5.12)

The first term HKK represents a Kugel-Khomskii-type Hamiltonian, where the σ and τ are
analogs of spin and orbital quantum numbers. This model has an apparent SU(2) × SU(2)
symmetry in the two sectors respectively. It can also recover a higher SU(4) symmetry for
Iσ = Iτ = IM /4. The remaining terms, collected in Haniso , can be further re-grouped as
Haniso =

X

τiy τjy (K1 + 4K3σ i · σ j ) + 3K2 τ i · τ j − τiy τjy



σ i · σ j − σix σjx



hiji

 √


− 2K2 τix τjx σ i · σ j − σiz σjz + 3K2 τix τjz + τiz τjx σiy σjy − σix σjx . (5.13)
Note that, in general, even when all couplings I > 0, K1 , K2 , and K3 can be either ferroor antiferromagnetic.
The natural starting point in analyzing long-range orders in HRKKY is a static Weiss
mean-field treatment. Such a calculation for HRKKY was undertaken in Refs. 125, 130 for
all antiferromagnetic couplings. In Ref. 130 the largest anisotropies occur are introduced
by K2 and are roughly equal to 25% of all Iσ , Iτ , and IM . In zero applied-field and at a
finite temperature, both references found a second-order phase transition from a completely
(2)

paramagnetic regime to an AFQ phase with ordered O0 quadrupole, associated with the τz
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pseudo-spin. No dipole or octupole order was found down to zero temperature and in zero
σ i · σ j )(ττ i · τ j ),
applied field [130]. This is most likely due to the effect of terms like IM (σ
which at the mean-field level, tend to re-normalize Iσ toward a zero- limit [135, 136].
Beyond this limit, effective ferromagnetic couplings are expected for the σ pseudo-spin
associated with dipole and octupole orders. Magnetic order is reported in the presence of a
(4)

(4)

magnetic field, which couples to directly to Q I and Q II . This term explicitly breaks the
point-group symmetry and couples the quadrupole with the dipole and octupole moments,
inducing order in the latter. Although physically meaningful, the effects of a field add complexity to HRKKY . A study which aims to include fluctuations becomes virtually intractable
in this case. Therefore, with the critical behavior in mind, these terms will be ignored in
the following discussion but their inclusion is an important future study.
Refs. 125, 130 considered a Landau-Ginzburg theory for HRKKY in the case of a finite
applied magnetic field. As the latter suppresses fluctuation-effects, these results are not
particularly meaningful, especially when considering the introduction of Kondo screening.
More complete treatments of HRKKY -like models are available in certain limits and especially in one-dimension. Indeed, Ref. 137 considered a very similar chain with K2 = 0.
A theorem was proved for the isotropic limit K1 = K3 = 0 for ferromagnetic Iσ < 0 and
antiferromagnetic Iτ and IM . In this case, the ground state is rigorously a direct product between a σ-ferromagnetic sector and a spin-1/2 Bethe-ansatz antiferromagentic τ state with
an algebraic decay [137], and thus no real long-range order. An analogous ground-state
emerges in the opposite limit with Iσ antiferromagnetic and Iτ , IM ferromagnetic. For
intermediate values, no exact statement was made except where SU(4) symmetry emerges.
At this point, there is no two-sublattice long-range order in either sectors, since a minimum
four-sublattice order is required to stabilize [137]. For non-zero anisotropies K1 , K3 6= 0,
a variety of stable states was determined through a classical mean-field method. These in-
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clude combinations of Ising, planar, and classical Heisenberg orders in the σ and τ sectors.
Also in one dimension, both Density-Matrix Renormalization Group (DMRG) [138] and
the bosonization approaches [139] determine that an unusual, gapped spin-liquid phase occurs for K1 = K2 = K3 = 0 and all remaining antiferromagnetic couplings in the large
IM limit. The phase diagram determined in the DMRG study [138] also shows gapless,
disordered phases for small 0 < Iσ = Iτ ≤ IM /4 line, with singlets in both sectors and a
structure factor centered on π/2. The line terminates for Iσ = Iτ = IM /4, where SU(4)
symmetry is recovered. Beyond this, the unusual gapped spin-liquid phase emerges [138].
In two dimensions, large-N saddle-point calculations in a CP N −1 representation [140] with
K1 = K2 = K3 = 0 predict the emergence of ferromagnetic, ”mixed” hσα τβ i and purely
antiferromagnetic orders respectively.
In view of the decomposition of HRKKY into HKK and Haniso , one way to incorporate
fluctuations is to ignore the anisotropy introduced by the K1 , K2 , and K3 couplings and
focus instead on HKK . It has apparent SU(2) ⊗ SU(2) symmetry, and one expects that a
semi-classical treatment of this model using a mapping to a O(3) non-linear sigma model
(NLSM) for both σ and τ sets of generators is appropriate. Indeed, such an effective mapping was carried out in our group [141] in the limit Iτ > Iσ  IM . It lead to effectively
decoupled NLSM’s for each of the two sectors, albeit with renormalized coupling constants
and velocities. The action, neglecting the Berry’s phases terms which are not expected to
be important in 3+1 dimensions [142], is given by [141]


Z
Z


1
1
1
3
2
2
4
2
2
SNLSM =
d rdrr+1 (∂rm ) + (∂r+1m ) +
d r γ(∂rn ) + (∂r+1n ) ,
2gτ
2gσ
γ
(5.14)
where the integral over r denotes integration over real space and r + 1 over imaginary-time.
The coupling constants are
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√
gτ =Nτ 2 3a2
√
gσ =Nσ 2 3a2 ,

(5.15)
(5.16)

where Nτ,σ are related to the stiffness constants and a is a cutoff-parameter on the order of
the lattice constant. The anisotropy factor γ is the ratio of the speed of propagation for the
σ and τ -waves and is given by
cσ
cτ
√
cτ = 3 [Iτ − IM ] a
√
cσ = 3 [Iσ − IM ] a,
γ=

(5.17)
(5.18)
(5.19)

where Iσ , Iτ , and IM are the coupling constants entering HKK . The anisotropy factor γ occurs as a consequence of the mixing IM term. It represents the frustrating effects introduced
by the latter by forcing a common cut-off scale for the two NLSM which would be completely decoupled otherwise. In the isotropic limit considered here, the arbitrarily-oriented
staggered τ corresponds to either quadrupole order (along the z,x directions) and octupole
order in the y-direction (See Table 5.3). This is an artifact of the enhanced symmetry and
is not observed in experiment, as the two types of orders do not appear at the same temperature. The model does show that the coupling of quadrupole and dipole order-parameters
suppresses the symmetry-braking of the latter because of the γ factor. For γ < 1, the
Goldstone modes associated with σ -ordering become sharper. Equivalently, more spectral
weight is transferred to lower energies, enhancing fluctuations associated with the gapless
modes. A one-loop RG calculation for the Goldstone modes yields stable ordered phases
in both sectors, with a renormalized effective unstable fixed-point coupling γgσ∗ . This is
lower than the truly decoupled σ and τ case where γ = 1.
A possible issue in the NLSM treatment of HKK is the effect of the discrete Oh symmetry of the system. The effective SU(2) ⊗ SU(2) symmetry is not immediately related
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to the actual rotational symmetry. Instead, it is due to the equivalence of the irreducible
tensors under arbitrary rotations in the pseudo-spins. A priori, it is not clear whether the
Goldstone modes [143] associated with this enhanced symmetry have a physical meaning.
To illustrate, consider HRKKY with Iσ = IM = 0, corresponding to a finite coupling in the τ
sector alone. From the pseudo-spin point-of-view, all axes of spontaneously-broken symmetry are equivalent. From the point-group perspective, a staggered τy pseudo-spin is not
equivalent to staggered τz,x . As shown in Table 5.3, τy and τx,z are actually associated with
different irreducible tensors corresponding to Γ(2) and Γ(3) respectively. The remaining
point-group symmetry is different along the two directions as illustrated by the character
table of Oh (Table A.3 in the Appendix). Suppose the system spontaneously selects a particular orientation of the order-parameter m . Consider applying all of the elements of the
discrete Oh group. Depending on the direction of m , some of these transformations leave
m0 , m 00 , . . .}. The
it invariant while others map it onto a set of different order-parameters {m
set determines the degeneracy space of the order-parameter [144, 145], and is generally
finite for a discrete group. Therefore, two ground-state configurations which differ by an
arbitrarily small rotation are not guaranteed to be degenerate by Oh . Consequently, a small
global rotation of m would in general cost a finite amount of energy, resulting in gapped
modes. In practice, the point-group guarantees a minimal degeneracy, but does not prevent
the additional degeneracy in HKK . This is due to setting K1 , K2 and K3 equal to zero,
which does not break Oh symmetry but rather enhances it. The actual discrete symmetry
would be enforced by the neglected terms in Haniso . Upon their inclusion, the extra symmetry exhibited by HKK would be lifted and the Goldstone modes would become gapped.
The resulting ordered states would naturally prefer axes of high-symmetry determined by
Oh , as illustrated in Ref. 146 in the context of a two-orbital model.
Note that orders with hτα σβ i 6= 0 cannot be excluded a priori. These are expected to
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occur in the symmetric HKK whenever IM  Iσ , Iτ . Generally, they involve long-range
order in the relative orientation of two classical vectors and do not necessarily imply the
emergence of a either AFQ or AFM orders. Also, for Iσ = Iτ = IM /4, one recovers
SU(4) symmetry. As mentioned before, a two-sublattice order in not stable due to the
high degeneracy of this Neel state as illustrated by the NLSM of the SU(N) Heisenberg
model [147]. A minimal 4-sublattice order is required to stabilize this system. In view of
the experimental results, which are more consistent with the separate appearance of twosublattice quadrupole and dipole/octupole long-range orders, our version of the NSLM is
expected to be more realistic.
The next logical step is to introduce the local Kondo couplings in Eq. (5.7) in the same
SU(2) ⊗ SU(2) limit. One can expand these in the long-wavelength limits of the NLSM,
and follow up by a RG analysis which includes the effect of the Fermi-surface, as was done
for the single spin-1/2 model [148]. This calculation is still in progress, but preliminary
results [141] suggest that the Kondo couplings are marginal, indicating the stability of simultaneous orders in τ and σ to Kondo screening. This analysis also validates the use of
enhanced SU(2) ⊗ SU(2) symmetry in HRKKY . Due to the coupling between electronic
particle-hole excitations and gapless Goldstone modes, this system is expected to exhibit
a stronger tendency toward instability as compared to the lower-symmetry Ising-like orders expected to emerge by including Haniso . The study of higher-symmetry models sets
effective bounds on the ability of the Kondo interactions to destroy the long-range orders.
It is difficult to go beyond these rather general considerations without carrying out explicit calculations. Based on the preceding arguments and the results in experiments, it
seems reasonable to assume that in the completely anisotropic case with K1 , K2 , K3 6= 0 ,
AFQ order is compatible with dipole+octupole AFM order at low temperatures. Moreover,
one expects fully gapped excitations. A possible direction for future study is the introduc-
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tion of more realistic orders in HRKKY coupled with an expansion in the σ and τ -waves
using Holstein-Primakoff bosons as done in Ref. 146. Future studies which aim at a better
understanding of the fully anisotropic model can be guided by the extensive reviews of
similar models in Ref. 149.

5.4

Kondo screened phases

A complementary analysis of putative Kondo-destruction phase transitions can be made by
starting in the paramagnetic phases. In particular, the goal is to write effective microscopic
models which are compatible with an EDMFT analysis, such as the one described in previous chapters. Central to dynamical mean-field approaches are effective single-impurity
Kondo models supplemented by couplings to bosonic baths which describe the fluctuations in the order-parameter [82]. This problem naturally decomposes into well-defined
steps. The first is defining Kondo interactions in a single-impurity model consistent with
the point-group symmetry. The second step involves determining the low-temperatures
stable Kondo-screened fixed points. The following step involves the coupling the atomic
DOF to one or more bosonic baths. Finally, the resulting Hamiltonian can be analyzed to
determine the possible critical fixed points. This last step can be done for an independent
model or within a self-consistent EDMFT. This section provide preliminary considerations
based on symmetry which can facilitate full-blown analytical and numerical approaches.
The first step involves defining Kondo interactions in a single-impurity model. The
general Kondo interactions expected for a Γ(8) multiplet have the same form as the RKKY
σ , τ ) representation is
interactions described in the previous section. The pseudo-spin (σ
natural when considering Kondo physics. In this basis, HKondo has the same form as HRKKY
in Eq. (5.9), provided we identify one set of operators with atomic DOF and the other with
the conduction electrons. I denote the corresponding couplings by Jσ , Jτ , JM , V1 , V2 , and
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V3 .
As in the RKKY case, an important issue involves the effects of the anisotropy terms
associated with V1,2,3 . It is easy to see that for a generic constant DOS, all couplings are
marginal. About the weak-coupling fixed point, each will grow at roughly the same rate and
flow toward various strong-coupling regimes. It is known that for general single-impurity
SU(2) Kondo models, anisotropy in the exchange coupling is irrelevant. Therefore, a natural starting point is the analog of HKK for the Kondo interactions with V1 = V2 = V3 = 0.
I denote the resulting Hamiltonian by Hσ−τ :
i
X  h
(c)
(c)
(c)
(c)
(c)
(c)
σ · σ αβ )(τ0 τ0,ij ) + Jσ (σ0 σ0,αβ )(ττ · τ ij ) + JM (σ
σ · σ αβ )(ττ · τ ij ) cjβ ,
Hσ−τ =
ciα Jσ (σ
ij,αβ

(5.20)
where σ , τ correspond to atomic DOF. The conduction electron DOF are determined by
the 15, 4 x 4 tensors, with pairs of greek indices for the spin, and latin indices for the
pseudo-spin, as
(c)
(c)
σ αβ ⊗ τ0,ij

(5.21)

(c)
(c)
σ0,αβ ⊗ τ ij

(5.22)

(c)
(c)
σ αβ ⊗ τ 0,ij .

(5.23)

The fifteen matrices form an irreducible representation of the su(4) algebra. Importantly,
Hσ−τ is explicitly shown to be bi-linear in the conduction electrons, as it is a descendent of
an effective Anderson model through a Schrieffer-Wolf projection procedure. This is very
important for the low-temperature phases, as the conduction electron bi-linears determine
the scaling dimensions of the couplings near the weak-coupling fixed point, in the RG
sense. Hence, in complete analogy to the simpler spin-1/2 KM, all couplings are expected
to be marginally-relevant. Also note that all couplings are taken to be antiferromagnetic. I
now proceed to analyze the possible strong-coupling fixed point of Hσ−τ .
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σ , τ ) DOF becomes important. One fundaAt this stage, a better understanding of the (σ
mental effect of the Oh point-group is to guarantee a 4-fold degeneracy for the Γ(8) basis
for both atomic and conduction-electron DOF. Another is to constrain the forms of the irreducible tensors in these bases through the generalized Wigner-Eckhart theorem (Eq. (5.4)).
Finally, it also determines the number of possible distinct couplings as the set given by
{J (1) , . . . , J (5) }. Because of the 4-fold degeneracy of the Γ(8) quartet, the Hilbert space
also provides a fundamental representation of the continuous group SU(4). For Kondo
exchange interactions, the local atomic Hilbert space provides a product representation of
SU(4). In the language of Young tableaux, it can be expressed as
a ⊗
a ⊗ c =
a c ,
c

(5.24)

where a and c represent atomic and conduction electron basis-states respectively, and each
box has a 4-fold multiplicity. The first term on the right is a completely antisymmetric tensor of dimension 6 while the other is completely symmetric and has dimension
10 [133]. These basis-states are appropriate whenever SU(4) symmetry is recovered for
4Jσ = 4Jτ = JM . The antisymmetric and symmetric irreducible representations with finite degeneracy indicate that the impurity DOF cannot be screened by the ”trapping” of a
single conduction-electron. This stands in contrast to the SU(2) spin-1/2 case, where the
tensor product of Eq. (5.24) determines the singlet and triplet representations. In the SU(4)
case, the 6-dimensional antisymmetric state can be considered as a partially screened, effective atomic DOF which results upon localization of a single conduction electron. In
order for exact screening to occur, the effective atomic DOF must be further compensated
by additional electrons and the problem formally becomes very complicated. To treat this
added complexity, I introduce a representation for the atomic DOF which was used in both
conformal field theory (CFT) [33] and large-N calculations [150]. These more powerful
techniques are essentially equivalent to the simpler but more transparent arguments given
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above. In order to illustrate how a singlet state forms in the SU(4) case, it is convenient
to introduce a specific basis for the atomic DOF in terms of fictitious N-flavor fermions f ,
constrained to a given occupancy M , which labels the irreducible representation [33, 150]:
fα fβ . . . |0iatomic ,
X
fα fα = M,

(5.25)
(5.26)

α

where α, β, . . . ∈ 1, 2, . . . , N are the flavor indices. The atomic SU(4) generators in this
basis are given by [33, 150]
X

fα T A


αβ

fβ ,

(5.27)

αβ

where T A , A ∈ {1, 2, 3, . . . , N 2 − 1} are traceless Hermitian matrices obeying the SU(N)
algebra. An analogous expression holds for the conduction electrons without the constraint
on the Hilbert space. For SU(4), one can choose M = 2. In this case, the atomic DOF
in Eq. (5.25) actually form a 6-dimensional antisymmetric tensor representation which is
similar to the antisymmetric state in Eq. (5.24) but is formed only from atomic DOF. The
multiplet is also equivalent to a ”LS”-type atomic state [33, 151] with L = 1 and S = 1/2
of degeneracy 2(2L+1) = 6. To get a SU(4) singlet, one must form product representations
out of the atomic product states and the conduction electrons. Specifically, the exactly
screened state is given by
f
f.
a
a

(5.28)

Therefore, two conduction electrons are required in order to completely compensate the
atomic DOF for SU(4) symmetry. The existence of this state for SU(4) was predicted by
both CFT [33] and large-N slave-fermion calculations [150]. It was shown in the CFT
study of Ref. 33 that this state leads to the formation of a Fermi-liquid as in the simpler
SU(2) spin-1/2 case. That the lowest-energy state is a singlet can be determined in practice
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by minimizing the Kondo exchange energy [150]. The latter can be written in terms of
second-order Casimir operators [134, 150]
Hσ−τ ∼ C2 (p) − C2 (a) − C2 (c),

(5.29)

where p denotes the product representation in Eq. (5.28) for the SU(4) singlet state, a
the irreducible representation of atomic DOF in Eq. (5.25), and c an analogous antisymmetric, two-rowed Young-tableau for the conduction electrons. The second-order Casimir
operator C2 is proportional to a constant which depends only on the irreducible representations [134]. The expression is analogous to the simple SU(2) case where the three terms
J a + J c )2 , J 2a , and J 2c respectively.
correspond to J 2tot = (J
The symmetry of Hσ−τ is lower whenever Jσ , Jτ , and JM deviate from their SU(4) symmetric values. The 4-dimensional irreducible representation of the su(4) algebra branches
into su(2) ⊕ su(2) spaces. Equivalently an effective SU(2) ⊗ SU(2) rotational symmetry
is retained. In this case, it becomes convenient to view the 4-fold irreducible representations as direct products of two su(2) pseudo-spins τ and σ: |+ ↑i , |+ ↓i , |− ↑i , |− ↓i,
as given in Table 5.1. This holds for both the atomic and conduction electron sectors.
Consider further setting JM = 0. Then, the eigenstates of Hσ−τ can be labeled by total
pseudo-spins numbers σ tot = σ atom + σ c and τ tot = τ atom + τ c which are independently
conserved. The possible configurations are (σtot , τtot ) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)}. Due
to all couplings being positive, the (0, 0) state with singlets in both sectors and requiring
two ”trapped” conduction electrons is a candidate for the ground-state configuration. Alternately, for Jσ = 0, Jτ > 0, the (1, 0) and (0, 0) configurations are degenerate, implying a
breaking of symmetry in the uncoupled sector at zero-temperature, as in the ferromagnetic
spin-1/2 Kondo model. An analogous situation holds for Jσ > 0, Jτ = 0. Whenever the JM
coupling is turned on, (σtot , τtot ) are no longer conserved and the (σtot , τtot ) multiplets split
into effective total J states. These can be obtained from the 6- and 10-dimensional SU(4)
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irreducible representations in Eq. (5.24). Upon lowering the symmetry to SU(2)⊗SU(2),
these decompose [133] into states of multiplicities 1, 5 and 3, 7 respectively. They correspond to states of J = 0, 2 and J = 1, 3 respectively. Although a J = 0 state is
probably always preferred, the nature of the singlet state depends on the strength of JM
which mixes the various (σtot , τtot ) multiplets into the J = 0 state. For sufficiently large
JM = 4Jσ = 4Jτ , SU(4) symmetry is recovered and the system cannot lower its energy by
building correlation into the ground-state anymore. While potentially illuminating, I stress
that the above arguments need to be checked by more rigorous calculations such as CFT or
large-N saddle-point calculations for the SU(2) ⊗ SU(2) Kondo.
About the weak-coupling fixed point Jσ = Jτ = JM = 0, all Kondo couplings have
zero scaling dimensions (the mixing term involves fermion-bilinear operators as well).
Based on similar studies [152, 153], it is expected that all are marginally-relevant and flow
toward one of the possible ground-state configurations discussed above. The proposed RG
flow diagram for the Hσ−τ model is shown in Fig. 5.2. The dashed arrow indicates that the
two-singlet state can be either unstable or be part of a line of fixed-points terminating at the
SU(4) point. The flow diagram is hypothetical and represents a future direction of study.
Studies of similar models [152, 153] reached similar conclusions.

I now consider the anisotropy terms corresponding to V1 , V2 , and V3 , which are analogous to Haniso in Eq. (5.13). In general, the effect of these terms is to further reduce the
SU(2) ⊗ SU(2) symmetry to their corresponding sub-groups. At a basic level, the dyσ · σ c − σ x σcx ) is to introduce
namical effects of ”uniaxial” terms like 3V2 (ττ · τ c − τ y τcy ) (σ
simultaneous spin-flip and potential-scattering processes which are not likely to hinder
the formation of singlet-states. Once in the vicinity of either of the hypothetical strongcoupling fixed-points of Fig. 5.2, these terms would be irrelevant. Therefore, they are not
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Figure 5.2 : Hypothetical RG flow diagram for Hσ−τ in Eq. (5.20).

likely to change the fixed-point structure, but can affect the scaling in cross-over regimes.
They are ignored in the subsequent discussion. Of course, as in the more isotropic case,
such hypothesis merits further investigation.
The next point in the analysis involves the addition of couplings to bosonic baths. The
ultimate goal is to obtain a model which can predict a two-stage Kondo destruction scenario. Considering HKK , which is the analogue of Hσ−τ , it is clear that we can couple the
atomic σ and τ matrices to triplets of local O(3) classical fields φ σ and φ τ which capture
the effects of fluctuations of the n and m fields in the NSLM (Eq. (5.14)). This is done by
analogy to the single spin-1/2 case considered in Ref. 94. Each of these classical fields are
expected to suppress the formation of σ and τ singlets. The resulting minimal Bose-Fermi
Kondo model is
σ · σ c )(ττ · τ c )
HBF KM =H0 + Jσσ · σ c + Jτ τ · τ c + JM (σ
+ gσσ · φ σ + gτ τ · φ τ + h σ · σ + h τ · τ .

(5.30)
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In the last line, two local fields hσ and hτ were introduced to account for ordered phases.
They vanish in a paramagnetic phase.

A priori, one could also include terms like

ηαβ (σα τβ )(φα φβ ) and their static analogs. In particular, the dynamic terms could become
strongly relevant if both φ fields acquire anomalous dimensions simultaneously, which is
expected to occur close to a transition to a mixed order. As no corresponding long-range
ordered phase is considered, such couplings are omitted.
Experiments on Ce3 Pd20 Si6 suggest that a Kondo-breakdown transition occurs deep in
the AFQ phase. This affords an additional simplification of HBFKM : h τ can be set to a
finite value and the coupling to φτ can be ignored. The AFQ order breaks the point-group
and SU(2) symmetries. The 4 × 4 local Hilbert space splits into two, 2 × 2 sectors of
τz = ± for example. The static polarization of τ completely suppresses the local spin-flip
fluctuations, rendering the Jτ and JM couplings irrelevant, and preventing flows to any of
the τ -screened fixed points. However, the remaining σ local DOF are still Kondo-coupled
to a single channel of conduction electrons and to φσ . This putative Kondo-destroying
transition can be addressed by a BFKM with only one set of σ operators. This problem
was, of course, studied previously in great detail [83]. This concludes the section.

5.5

Summary

Let us summarize the main points of the chapter.
The experimental results for field-tuned Ce3 Pd20 Si6 showed [122] both magnetic
(dipole/octupole) as well as non-magnetic orders (quadrupole), together with a Fermisurface-reconstruction, AFS → AFL , Type-II transition inside the AFQ-ordered phase.
We set out to determine minimal microscopic models, consistent with the Oh point-group
symmetry of the 4a Ce lattice sites, in the presence of SOC, which were capable of reproducing two separate ordering transitions, as well as a Kondo-destruction-type transition.
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These models were determined by using irreducible tensors defined on the Γ8 multiplet,
which were coupled in an Oh -invariant way. It was also shown how the irreducible tensors
can be expressed in terms of a pseudo-spin basis.
A preliminary analysis of a resulting model which included the RKKY interactions,
with enhanced SU(2)×SU(2) pseudo-spin symmetry was given. The associated NLSM
predicted two separate transitions for the the dipole/octupole and quadrupole sectors, respectively, in a way which is consistent with our goals. The relation between the effective
continuous pseduo-spin symmetry and the actual point-group was also discussed.
A preliminary analysis of a single-impurity Kondo model was given. Based on symmetry arguments alone, it predicted the possible emergence of fixed points where the
dipole/octupole and quadrupole DOF are screened and fluctuating down to zero-temperature,
and vice-versa. Putative fixed-points associated with fully-screened DOF were also identified. It was shown how, under general circumstances, the Kondo-destruction transition
occurring in the AFQ phase, could be reproduced using a Bose-Fermi Kondo model with a
single relevant dipole sector.
We then conclude that the minimal models describe above are, in principle, consistent
with the experimental results, as well as with more general considerations regarding TypeII transitions in the GPD. Studies which verify these arguments are already under way.
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Chapter 6
Unconventional pairing states and related aspects of
symmetry in the Fe-based superconductors
In this chapter, I discuss my work in the context of the relatively new class of Fe-based superconductors. Due to their large parameter space, these unconventional superconductors
have great potential for the discovery of new pairing phases. Their multi-band natures make
possible the existence of Cooper pairs with additional orbital internal degrees-of-freedom
which, much as in 3 He, can give rise to a host of unconventional phases. In a narrower context, the work here focuses on a particular class of Fe-base materials, namely the alkaline
Fe-selenides. These compounds show intriguing experimental signatures which require going beyond the more standard pure s- and d-pairing functions with simpler internal symmetries. I show that when the orbital DOF are considered, a non-trivial state can be stabilized,
which, remarkably, includes properties characteristic of both simple s- and d-waves.
In Sec. 6.1, I give brief introductions to the Fe-based materials in general and to the
alkaline Fe-selenides in particular. These show intriguing experimental signatures, which
cannot be easily reconciled within the more conventional pairing state. In Sec. 6.2, I define a novel pairing state, dubbed s ⊗ τ3 , with non-trivial orbital structure on a two-band
toy model. I show how this state is consistent with the behavior of the superconducting
alkaline iron selenides. The detailed analysis presented in this section is important toward
understanding the numerical results of the subsequent sections. Sec. 6.3 introduces a more
realistic t − J1 − J2 five-orbital model, which is the immediate object of the numerical
study. The numerical results of Sec. 6.4 show that the s ⊗ τ3 pairing can be stabilized
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within a strong-coupling approach. A phenomenological generalization of this non-trivial
state is described in Sec. 6.5. This ansatz shows good promise toward explaining some of
the mysteries of the heavy-fermion superconductor CeCu2 Si2 . In this context, the section
briefly summarizes more recent measurements of the superfluid density, which are consistent with the ansatz. Sec. 6.6 briefly discusses some of the author’s work regarding various
aspects of symmetry in the Fe-based compounds. Finally, the important but more technical
details of the discussion are relegated to Sec. B.1, B.2, B.3, and B.4.

6.1

Unconventional superconductivity in the Fe-chalcogenide
compounds

The Fe-based superconductors (SC) are a relatively new class of materials. They exhibit
unconventional superconductivity at relatively high temperatures. I shall not attempt a
detailed review of this large class of compounds but shall focus instead of some of the
established common features. For more on this large, and still rapidly-developing field, the
reader is invited to consult Ref. [154] and references therein.
Perhaps one of the most interesting features of the Fe-based superconductors is that
they are intrinsically multi-band superconductors. In many cases, and for the so-called Fepnictide class in particular, they exhibit Fermi surface (FS) hole pockets at the center of the
Brillouin Zone (BZ) and electron pockets at the edge [154]. In this case, it is believed [154]
that the unconventional pairing function is of the so-called s± type [155], which is invariant
under all transformations of the point group, while exhibiting a sign-change between the
pockets at the center and edge. However, for other related Fe-based materials, such as those
belonging to the Fe-chalcogenide class, and more specifically the Fe-selenides, the electron
pockets at the center of the BZ are much smaller [156–158]. In spite of this, the SC transi-
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tion temperature is still comparable to that of the Fe-pnictides [159]. This will be described
in more detail below. The example shows how the variation in the FS’s can be used to
determine whether a common pairing mechanism is shared by most Fe-based compounds,
or the specifics of each case effectively determine the superconducting behavior. The large
parameter space provided by family of SC presents a clear advantage in this sense. I note
that, in spite of the variations in FS, these materials do share a number of important common characteristics. Superconductivity is believed to be associated with the 3d Fe orbitals,
which reside in layers forming a two-dimensional square lattice [154, 160]. Furthermore,
the normal state dispersion is typically weakly-modulated in the z-direction due to the similar tetragonal lattice structures which are shared by these compounds [154]. The crucial
aspects of the SC physics are therefore captured within an effective two-dimensional square
lattice of Fe atoms and its corresponding two-dimensional BZ. I further note that the pairing is typically restricted to one of the irreducible representations of the D4h symmetry
(point) group of the Fe lattice site. In the literature, one most often encounters the use of
an unfolded, so-called 1-Fe BZ, which allows for the reduction of the number of bands
from 10 in the proper 2-Fe BZ down to 5 in the 1-Fe BZ. Henceforth, only the 1-Fe BZ is
considered, unless otherwise stated. A consistency analysis of this procedure from a spacegroup theoretical perspective, for both free-band and pairing parts, was given in Ref. 161
by the author. This work as well as other important aspects of space-group and Lie-group
symmetries peculiar to the Fe-based materials, are discussed in Sec. 6.6.
In addition to the influence of the FS on the emerging SC phases, the magnetic properties of these materials also provide important indicators of the underlying interactions [162].
For the Fe-pnictides and Fe-chalcogenide classes, SC is induced from an antiferromagnetically ordered parent state via doping [160, 162, 163]. In a weak-coupling
approach, spin-fluctuations enhanced due to the nesting of the FS, provide the ”glue” for
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the formation of the Cooper pairs [164]. Here, SC emerges due to the weak interactions
between the normal-state quasi-particles in the vicinity of the FS. While this picture is a
natural continuation of the well-established Bardeen-Cooper-Schrieffer (BCS) paradigm, it
does suffer from some drawbacks. One of the most severe is the inherent dependence on the
shape of the FS, which is due to the requirement of nesting. As discussed above, the FS can
vary substantially within the wider family of Fe-based materials, while the transition temperatures remain of comparable size [154, 160, 163]. Moreover, the weak-coupling RPA
calculations have difficulty in reproducing the large incoherent part of the spin-excitation
spectra observed by inelastic neutron scattering experiments [160, 162]. The latter can
be accounted for instead by a minimal Heisenberg model with nearest- and next-nearest
neighbor (NN/NNN) exchange interactions on a square lattice [160]. This suggests that
a strong-coupling approach, in the spirit of the high-Tc compounds [165], which also accounts for the multi-band nature of these materials [163, 166, 167], is more justified across
the broader Fe-based SC family.
The strong coupling approach is further supported by the bad-metal nature of the normal state observed for many Fe-based compounds. More precisely, the area under the
Drude peak, which is extracted by optical conductivity experiments in the normal state of
the Fe-pnictides, is smaller by a factor of 3 than the value predicted by non-interacting
band theory [160]. In the absence of significant disorder, this reduction has been attributed [160, 163] to strong quasi-particle scattering. These results are further corroborated by the fact that the resistivity approaches the so-called Mott-Ioffe-Regel limit at
room-temperature [154, 168]. Together with the already-mentioned nearby presence of antiferromagnetism, these observations suggest that many of the normal states in Fe-based
compounds are in proximity to a Mott insulating transition [160, 163, 166, 169]. The starting point in a strong coupling approach is the putative Mott transition, where all of the
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electronic excitations are incoherent [160]. This spectrum is essentially accounted for by
the lattice of localized moment degrees of freedom. The metallic normal state emerges
from the critical point through doping, but largely preserves the incoherent part of the
spectrum [160, 163]. The natural language for such a picture is a multi-orbital t − J1 − J2
model [160, 163], the study of which is described in this chapter. While a dependence of the
SC state on the shape of the FS is unavoidable, this strong-coupling approach is much less
susceptible to variations when compared to weak-coupling approaches. In the t − J1 − J2
model, the pairing interactions are associated with the NN and NNN exchange couplings.
The FS effectively lifts the degeneracy between the symmetry-allowed channels associated
with either J1 (d-wave like) or J2 (s-wave like) [167]. Due to the weakly-coherent normalstate quasi-particles, the multi-band nature of the SC is incorporated through the five local,
d-orbital DOF. In general, the orbitals are expected to show a varying degree of correlation
in the vicinity of an orbital-selective Mott transition [170–172]. Across the transition, the
charge DOF become gapped only on a subset of the five orbitals [170]. In the doubleoccupancy-projected t − J1 − J2 model on the metallic side, this orbital-selectivity is manifested by orbital-dependent exchange couplings and effective pairing strengths [167, 173].
These effects can further favor some symmetry-allowed pairing channels while suppressing
others. In this context, the t − J1 − J2 model was previously studied [163, 167, 173], and
it was found that it can reproduce the essential features of the Fe-based SC.
Having described the general features of the Fe-based materials and of our strongcoupling approach, let us focus on the more immediate object of the present study. This
is provided by experiments on a class of the Fe-based materials, namely, the alkaline iron
selenides, as exemplified by Ky Fe2−x Se2 . An important observation is that the normal state
FS, as determined by ARPES [156–158] has very small electron pockets at the BZ center,
while retaining those at the edge. A schematic illustration of FS in these compounds is
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given in Fig. 6.1, but note that the pockets at the zone center are not drawn to scale. Indeed,
they are strongly suppressed as compared to the pockets at the edge. The FS typical of the
Fe-selenide compounds stands in clear contrast to their Fe-pnictide analogs, which have
substantial hole pockets at the zone center. The difference in FS shape is very important
since the spin-fluctuation-induced s± pairing proposed for the Fe-pnictides requires nesting between the pockets at the center and edge of the FS. In spite of this not being valid
for Ky Fe2−x Se2 , the transition temperature is virtually unchanged. A second relevant observation involves the existence of a resonance in the spin-excitation spectrum below the
particle-hole (p-h) threshold in the SC state, as determined by inelastic neutron scattering
experiments [162]. It is known that a condition for the existence of such a resonance at
wave-vector q is that the pairing function ∆(kk ) changes sign whenever it is displaced by
q [174, 175]. This condition is briefly reviewed in Sec. B.1. Roughly speaking, the resonance emerges below the threshold because of the contribution of the anomalous p-p and
h-h correlations. In the case of Ky Fe2−x Se2 , the resonance occurs around an effective twodimensional wave-vector q = (π/2, π). This differs significantly from the (π, 0) analog
in the case of the Fe-pnictides. For the given typical shape of the FS for the alkaline iron
selenides, the only realistic possibility is that the resonance emerges due to a pairing which
changes sign between the two large electron pockets at the edge of the BZ. A glance at
Fig. 6.1 indicates that a paring which changes sign under a four-fold rotation is required.
The salient features for Ky Fe2−x Se2 are very difficult to reconcile using the standard
s- or d-wave pairing states, named for their k -dependent form factors, which are even and
odd, respectively, under a rotation by π/2 around the z-axis. Moreover, their rotational
properties are entirely determined by the form factors. These two types of pairing states
are almost ubiquitously advanced as likely candidates, not only for the Fe-based materials,
but for most superconductors. However, neither of the two standard s- or d-wave states

172
are consistent with the experimental observations for the alkaline Fe-selenides. Indeed,
while an s-wave state must produce a fully-gapped FS, by definition it cannot produce a
sign change across the diagonal. Correspondingly, while the d-wave produces the required
sign change, it also necessarily introduces line nodes around the FS centered on the BZ,
where it is required to vanish due to symmetry. Clearly, a non-trivial pairing state must be
considered in the unusual cases of the alkaline Fe-selenides. It must somehow incorporate
both features, while still belonging to a representation of the discrete D4h point group associated with the Fe sites. Although pairings of the s + id form are potentially consistent
with the required behavior, they break both point-group symmetry and time-reversal invariance. As no sign of the latter have been observed down to very low temperatures [159],
there are not likely candidates. Another possibility, which is proposed in this work, is a
pairing state which has an additional non-trivial orbital dependence i.e. it transforms as a
rank-2 tensor in the orbital degrees of freedom under a C4z and other point-group transformations. Similar pairings are known in the context of 3 He superfluids [144], where the
spin and orbital DOF transform according to continuous Lie-groups. Our proposed pairing
follows the same reasoning, but is peculiar to crystalline superconductors. In this sense,
the multi-component paring is similar to triplet pairings in the context of heavy-fermion
superconductors [176]. One such pairing, called s ⊗ τ3 , is shown to reconcile both apparently contradicting features of the Ky Fe2−x Se2 SC, while being energetically stable in the
context of a realistic five-orbital t − J1 − J2 model. A detailed analysis of this state is given
in the following sections.

6.2

An illustrative study: s ⊗ τ3 , B1g pairing in a two-orbital model

In the last section, I discussed the unusual features observed in the alkaline Fe-selenides.
They were shown to exhibit much smaller FS pockets around the center of the BZ, as

173
compared to their Fe-pnictide relatives. In the superconducting phase, they also exhibit
a fully gapped FS and a resonance in the spin-excitation spectrum. As further discussed,
these two observations are difficult to reconcile using standard, BCS-like s- and d-wave
states.
In this section, I show how an usual spin-singlet pairing state with s-wave momentum
dependence but non-trivial d-wave-like orbital structure can incorporate features of both
symmetries, thus reconciling the observations for the Fe-chalcogenide compounds. I illustrate this in detail using a two-orbital toy model. In Sec. 6.4 below, I show how this state
and its essential features survive in a realistic five-orbital model calculation.
Let us introduce the pairing matrix
s(kk ) ⊗ τ3 = ∆ cos(kx ) cos(ky ) ⊗ τ3

(6.1)

where ∆ is a complex amplitude, gx2 y2 = cos(kx ) cos(ky ) is a form-factor, which transforms as the A1g irreducible representation of D4h and τ3 is a 2 x 2 Pauli matrix in the
dxz , dyz orbital space [159], belonging to the B1g irreducible representation of the pointgroup for the Fe sites. Also, recall that the Fe-based materials exhibit a quasi two-dimensional
FS. Under a C4 rotation by π/2 about the z-axis, the form factor is invariant, while the
τ3 matrix changes sign. This can be seen by observing how the orbital states transform:
dxz → dyz , dyz → −dxz . The product of the form factor and matrix changes sign or, equivalently, it behaves like an effective d-wave [159]. More precisely, this state belongs to the
B1g representation of the D4h point group [167, 177]. By contrast, simple s- and d-waves
states in a two-orbital basis can be expressed as s ⊗ τ0 and d ⊗ τ0 , where s and d form
factors transform as either gx2 y2 , gx2 +y2 (A1g ) or as gx2 −y2 (B1g ), and gxy (B2g ) representations [167].
The main properties of the s ⊗ τ3 state in the two-orbital case are:
The formation of a fully-gapped Fermi surface for general two-band dispersion, despite
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its B1g symmetry, which changes sign under C4z rotations. A priori, it also effectively
changes sign between the pockets at the BZ edge, thus allowing for the existence of an
in-gap spin-resonance in the superconducting state.
To illustrate how such an unusual Bogoliubov-de Gennes (BdG) quasi-particle dispersion arises, let us consider a generic two-orbital pairing Hamiltonian in Nambu form:


X

Ĥ =
ψ (kk ) [ξ+ (kk )τ0 + ξ− (kk )τ3 + ξxy (kk )τ1 ] ⊗ γ3 + ∆0 gx2 y2 (kk )τ3 ⊗ γ1 ψ(kk ),
k

(6.2)
where ψ  (kk ) = (ck iσ , c−kk jσ0 (iσ2 )σ0 σ ) is a spinor in Nambu space, i, j are orbital indices,
and τ , σ and γ are Pauli matrices in the 2 × 2 orbital, spin, and Nambu spaces respectively.
It is important to note that the form is valid for a spin-singlet.
As is well-known, the part involving the Nambu-matrix γ3 corresponds the non-interacting
kinetic energy operator, with explicit p-h symmetry. The functions entering ĤKinetic are irreducible representations of the D4h point-group and are explicitly given by [163] (supplemental material)
ξk + = − (t1 + t2 )(cos kx + cos ky ) − 4t3 cos kx cos ky ,
ξk − = − (t1 − t2 )(cos kx − cos ky ),
ξk xy = − 4t4 sin kx sin ky .

(6.3)

I note that the functions ξ+ , ξ− , and ξxy belong to the A1g , B1g , and B2g representations
of D4h . While the first is invariant under all discrete rotations, the last two change sign as
dx2 −y2 − and dxy −waves, respectively.
The paring part ĤPair is given by the term associated with the γ1 Nambu matrix in
Eq. (6.2), explicitly written in the s ⊗ τ3 form.
It proves convenient to use the notation of Ref. 178, which is formally similar to that
of Balian and Werthamer [179] for the pairing, together with that for Rashba spin-orbit
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coupling [180] for the kinetic part, in order to account for the orbital isospin DOF. The
Hamiltonian in Eq. (6.2) can be re-cast as
Ĥ =

X



ψk







~
~
ξ+ (kk )τ0 + Bk · ~τ ⊗ γ3 + dk · ~τ ⊗ γ1 ψk .

(6.4)

k

where
~ k ) = (ξxy (kk ), 0, ξ− (kk ))
B(k
~ k ) = (0, 0, ∆0 gx2 y2 (kk )) .
d(k

(6.5)

I stress that the formal correspondence between our notation and the standard BalianWertamer notation holds whenever the pairing is symmetric in the orbital indices, as the
~ k ) can in
analogous 2 x 2 matrix structure for spin-triplet pairing. By contrast to the latter, d(k
general have either even or odd parities under inversion depending on the matrix structure.
In the orbital iso-spin case, the anti-symmetry of the pairing terms is already accounted
for by their spin-singlet structure. For a more complete and important discussion of the
properties of the vector notation, please consult Sec. B.2. Similarly, the Rashba spin-orbit~ k ) terms are generated by the symmetry-allowed intra- and inter-orbital tunneling
like B(k
amplitudes in a generic two-orbital system [181]. All of the iso-spin dependent quantities
transform as vectors under the action of a point-group transformation [176] g
~ k ) = D̂+ (g)d(
~ D̂− (g)kk ).
g d(k
G
G
+
−
(g) belong to irreducible representations of the point group
The matrices D̂G
(g) and D̂G

even and odd under inversion respectively [159]. For a more detailed discussion of the
transformation properties of the vector-like objects, please consult Sec. B.2.
All of the non-trivial physics is associated with to the non-commutativity of the orbital
τ matrices of the kinetic and pairing parts. This goes beyond the standard paradigm, even
for more complicated systems like 3 He [144], where the kinetic part is typically chosen to
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be diagonal in all of it’s indices, i.e. has a trivial angular-momentum and spin matrix. The
~ term in our case invalidates this simpler scenario. To illustrate the effects of the ”
finite B
non-Abelian” nature of our problem, let us consider the square of the Hamiltonian matrix:
Ĥ 2 =


i2
Xh
2
~ k ) τ0 ⊗ γ0
~ k · ~τ
ξ+ (kk )τ0 + B
⊗ γ0 + d(k
k



~ k ) · ~τ ⊗ iγ2 .
~ k ) × d(k
+ 2i B(k

(6.6)

The form can be obtained by squaring H in Eq. (6.4), and applying the well-known Paulimatrix identity




~
~
~
(~a · ~σ ) b · ~σ = ~a · b + i ~a × b .

(6.7)

The first line in Eq. (6.6) is typical of BCS-like pairings. A solution of these terms
only results in the formation of a gap proportional to the absolute size of the pairing d~

2

for both bands alike. The last term is the additional non-trivial contribution arising from
orbital-entanglement. It is a direct consequence of the non-commutativity of the kinetic
i
h
and pairing parts ĤKinetic , Ĥpairing 6= 0. The simpler BCS case can be recovered in the
~ k ) = 0 for all k , corresponding to two degenerate non-interacting bands or (ii)
limits (i) B(k
~ k ). In the last case, the non-trivial orbital structure of the pairing and dispersion
~ k ) ∼ d(k
B(k
part are exactly ”in phase” such that the former acts effectively as an orbital scalar. The
zeros of the BdG quasi-particle dispersion are determined by the zeros of the absolute size
of the pairing. For the s ⊗ τ3 pairing this occurs along the (kx , ±π/2), (±π/2, ky ) lines
(see Fig. 6.1 for a typical BZ).
When neither (i) nor (ii) holds, the effect of the pairing goes beyond the introduction of
~ k ) determines the
a simple gap given effectively by the former’s magnitude. In general, B(k
”principle axes” of the non-interacting Hamiltonian. There is a subset of momenta in the
BZ at which the pairing field d~ is not aligned along the principle axes. This introduces a
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(kk -dependent) split between the BdG bands for these momenta, in addition to the effect of
2

the d~ BCS-like term.
Let us illustrate how the s⊗τ3 state can generate a full gap along the FS. The expression
for H 2 in Eq. (6.6) can be brought to block-diagonal form in the γ indices by applying a
SU(2) rotation in Nambu space. The resulting block-diagonal matrices contain only the τ
structure and can be diagonalized in straightforward manner. The BdG dispersion is then
given by
s
2

E± (kk ) =

2

2 k
~ k) ±
~ k ) + d(k
ξ+
(k ) + B(k

r

2

2

2 k
~ k ) . (6.8)
~ k ) × d(k
~ k ) + 4 B(k
4ξ+
(k ) B(k

Let us define an effective angle as
sinφ(kk ) =

ξxy (kk )
ξxy (kk )
=q
.
2 k
2 (k
~ k)
B(k
k)
ξ−
(k ) + ξxy

(6.9)

~ =
This is allowed as long as |B|
6 0. The condition is violated at the center and corners of
the BZ, which are beyond our general region of interest. I caution the reader against inter~ Within the region
~ and d.
preting this quantity as an effective angle between the vectors B
in the center of the BZ bounded by the (kx , ±π/2) and (±π/2, ky ), such an interpretation
can be made. Outside of these bounds, an angle between the two is only defined modulo π.
This is further discussed in Sec. B.4. Note however, that the definition in Eq. (6.9) prevents
any issues.
Let us further determine if the BdG quasiparticle bands acquire a full gap on the FS. It
shall prove very convenient for this purpose to re-express Eq. 6.8 in a non-standard form.
The more physical interpretation in terms of free-bands and effective gaps will be discussed
subsequently. For the s ⊗ τ3 pairing, the quasi-particle dispersion can be re-written as
v
!2
u r
u
2
2

2 k
~ k ) sin2 φ(kk ) ± B(k
~ k ) 1 − sin2 φ(kk ) .
~ k)
E± (kk ) = ±t
ξ+
(k ) + d(k
+ d(k
(6.10)

178
We deduce that the BdG band eigenvalues can be expressed as sums of squared real functions and are therefore well-defined. As further discussed below, in a band-basis, the term
∼ cos2 (φ) could be attributed to the intra-band pairing, while the ∼ sin2 (φ) term, apparently acting to further split the effective bands, is due to inter-band pairing.
The condition for the appearance of nodes in the BdG dispersion is E± (kk ) = 0. As the
expression in Eq. (6.10) is given by two squared terms, nodes can appear only when both
are 0. Neglecting for the moment the trivial d~ = 0 case, we see that a necessary condition
is that sin(φ) = 0, which occurs along the diagonals of the BZ, or equivalently, when the
~ and d~ are perpendicular. As a result, we require that the other squared term also
vectors B
vanishes as
r
E± (kk ) =

2

2 k
~ k ) ± B(k
~ k) = 0
ξ+
(k ) + d(k

This occurs for those sets of momenta where
r
ξ+ (kk ) = ±

2

(6.11)

2

~ k) .
~ k ) − d(k
B(k

(6.12)

From Eq. (6.14), which gives the free-particle dispersion, we see that the along the FS
~ k F S ) . Therefore, the condition in Eq. (6.12) above cannot be satisfied
ξ+ (kk F S ) = ± B(k
~ k ) = 0 for some k ∈ F S. As such, the BdG dispersion canalong the FS unless d(k
not acquire nodes along the FS, except if the former were to intersect those lines where
~ k ) = 0, which occurs only when the gx2 y2 (kk ) form factor vanishes. Note that away
d(k
from the FS, we cannot guarantee the absence of point nodes. Expression (6.12) indicates
that this can only happen along the diagonals.
Although convenient from an algebraic point of view, Eq. (6.10) does not lend itself to
straightforward physical interpretation. In order to get a better idea of the inherent features
of this type of pairing, we can re-cast the BdG dispersion in terms of non-interacting bands
and effective gaps. This requires simple algebra, as shown in Sec. B.3, resulting in
q
~ 2 (kk ) ± |Q|(kk ),
E± (kk ) = 2± (kk ) + |d|
(6.13)
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where
~ k)
± (kk ) =ξ+ (kk ) ± |B|(k
q
2 k
2 (k
k ),
(k ) + ξxy
=ξ+ (kk ) ± ξ−
are the free bands, and I introduced r
an additional |Q| factor
~ k)
|Q|(kk ) = ±2|B|(k

2

(6.14)

!

2 k
~ k ) sin2 φ(kk ) − |ξ+ (kk )| .
(k ) + d(k
ξ+

(6.15)

~ together with a
Eq. (6.13) has the typical form containing free-bands ± , shifted by ±|B|,
~ 2 . However, we also get the atypical contributions introduced
positive-semidefinite gap |d|
by ±|Q|. It is clear that this term acts in a manner similar to an additional band-splitting
~ and d~ are parallel or anti-parallel,
field. It vanishes along the axes of the BZ, when B
or equivalently, for those momenta where the kinetic part, including the straightforward
~ commute with the pairing function. Conversely, it reaches a maximum on
shift by |B|,
~ or when their commutator is, in some sense, maximized.
the diagonals, where d~ ⊥ B,
It is worth noting that a similar effect occurs in non-unitary, spin-triplet pairing in for
odd-parity superconductors [176] and superfluid 3 He [144]. In those cases, one has quite
~ 2 + ~q · ~σ , where ~q = id~ × d~∗ . This last expression is strongly remiˆ∆
ˆ  = |d|
generally ∆
~ × d~ term entering our expression for the BdG bands. In addition, the nonniscent of the B
unitary spin-triplet pairing (in the absence of a field) generates the BdG dispersion [176]
q
~ 2 ± |~q|, clearly resembling our Eq. (6.13). In the spin-triplet
Etrip, non-unit = ± 21,2 + |d|
case, the additional splitting arises because the non-unitary pairing breaks time-reversal
symmetry. Physically, the Cooper pairs, locally select a particular orientation with respect
to the momentum k . These expressions clearly suggests that something similar occurs in
our case. Here, it is not spontaneous time-reversal symmetry breaking, but simply the ef~ field togther with d~ which induce the unusual shift. Indeed, if the B
~ were
fects of the B
parallel or anti-parallel to d~ for all momenta, the free-band and pairing would always com-
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mute. Equivalently, the pairing is always diagonal and symmetric (by hypothesis) in the
band basis. Therefore, the net effect of the pairing is to introduce identical gaps for both
shifted bands. In addition, there will be no inter-band pairing component in a band basis. By contrast, in our general s ⊗ τ3 case, the instantaneous direction in orbital-space
~ at each point in the BZ. Since the pairing is not always peris uniquely determined by B
fectly aligned with this direction, it contains inter- and intra-band components, the latter
~ For our
corresponding to that part of the instantaneous d~ which is perpendicular to B.
particular application in the alkaline iron-selenides, this latter aspect is crucial, since, as I
discuss below, it introduces modulation in the amplitude of the pairing in the band basis.
~
~ and d,
In other words, we get the desired sign change. Without the interplay between B
the s ⊗ τ3 state is virtually indistinguishable from an orbitally-trivial, d-wave of the same
symmetry. The non-trivial modulation in our case has the unintended effect of introducing
the additional splitting |Q|. On the FS, a gap always ensues, as can be readily verified by
~ and completing the square for an effective gap which is always larger
setting ξ+ = ±|B|
q
2
~ 2 ∓ |B|
~ 2 + |d|
~
than
|B|
≥ 0. Hence, the gap never closes on a FS which does not
~ = 0. However, due to the additional shift, nodes can appear for momenta
intersect the |d|
which are displaced from the FS . In practice, the properties of the superconducting phase
depend on the magnitude of the shift of the nodes w.r.t. the FS. If such a shift exceeds the
typical cut-off for the pairing interactions, then the appearance of nodes is most likely of no
serious concern. If the shift is small, nodes will probably generate signatures characteristic
of a simple d-wave. I stress that the FS is always gapped, as previously advertised.
Let us further show that the s⊗τ3 pairing is capable of generating a sign change which is
consistent with the spin-spectrum of the superconducting phase. As described in Sec. B.1, a
spin-resonance typically emerges in the superconducting phase at momentum Q whenever
the condition on the pairing ∆k = −∆k +Q
Q is satisfied. Generically, the only possibilities
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consistent with inelastic neutron scattering experiments [159, 162] on Fe-selenide compounds involve a sign change across the diagonals between the pockets at the edge of the
BZ. The other possibility, involving nesting between the Fermi pockets at the center and
edge of the BZ, is not consistent with the ordering wave-vector. A typical FS configuration
for the Fe-based materials is schematically illustrated in Fig. 6.1. To describe the required
sign-change in the pairing across the diagonals, we have to consider the former in a band
representation. This is obtained by transforming the pairing part as U (kk )Hpair U  (kk ) acting
on the τ indices alone, where U (kk ) diagonalizes HKinetic (See Sec. B.4). Note that for our
chosen kinetic matrices U = U  , and no issues arise from transforming the pairing part using the same transformation. This is not the case when U is not hermitian, since we would
T
have to transform as U (kk )H
 pair U (kk ). The resulting pairing in the band-basis is
[159]

ξxy (kk )
ˆ k ) = −∆0 gx2 y2 (kk )  q ξ− (kk )
∆(k
⊗ α3 + q
⊗ α1  ,
2 k
2 k
2 (k
2 (k
k)
k)
ξ−
(k ) + ξxy
ξ−
(k ) + ξxy

(6.16)

where α1,3 are Pauli-matrices denoting the inter- and intra-band components. The expression is nothing other than the projection of the pairing along and perpendicular to the local
~ term. The intra-and inter-band components, ∼ ξ−
principle axis as determined by the |B|
and ∼ ξxy respectively, transform as the B1g and B2g representations of D4h . Note that
the total pairing still belongs to the B1g representation, as the α matrices have non-trivial
k -dependent transformations under the point group. More explicitly, we have
−1
ĝ(R)Ĥ(kk )Pair, Orbit =DR ĤPair, Orbit (DRk )DR
h
i
−1
=DR U  (kk )ĤPair, Band (DRk )U (kk ) DR




−1
= DR U  (kk ) ĤPair, Band (DRk ) DR U  (kk )
,

(6.17)

where ĝ represents an operator associated with the element R of the point group, while DR
is the matrix which describes the transformation in terms of the orbital indices. We see that
the band indices transform according to DR U  (kk ), which is k -dependent.
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We can use the definition of an effective angle φ(kk ) in Eq. (6.9) to express ĤPair, Band as
ˆ k ) = −∆0 gx2 y2 (kk ) [cos(φ(kk )) ⊗ α3 + sin(φ(kk )) ⊗ α1 ] ,
∆(k

(6.18)

The intra-band component ∼ cos(φ(kk )) reaches a maximum amplitude along the axes and
vanishes along the diagonals. The inter-band component ∼ sin(φ(kk )) is maximized along
the diagonals and vanishes along the axis. Clearly, the two components are always π/2 out
of phase. The band-basis is equivalent to the orbital basis and the resulting BdG disper~ 2 occurs because of the quadrature of the
sion is identical. Note that a full gap factor |d|
components, in addition to the shift by |Q|. The components of the band-basis pairing are
illustrated in Fig. 6.1. An important signature of this type of pairing, especially in the context of a more realistic, five-orbital Hamiltonian, is the vanishing of the pairing amplitude
of both components along the (kx , ±π/2) and (±π/2, ky ), due to the overall gx2 y2 form
factor.
Let us address the sign-changing nature of the pairing in the band basis. In a two-orbital
model, the Fermi-pockets along the edges of the BZ are due to one of the bands [181]. As
such, the enhancement in the spin-susceptibility is due predominantly to the intra-band
component of the pairing. As we have seen above, it changes sign across the diagonals
because of it’s B1g factor multiplying the α3 matrix.
The arguments discussed above validate the statement made in the beginning of the
section: For a two-orbital model, the s ⊗ τ3 pairing can generate a full gap along a typical
Fermi surface which does not intersect the zeros of the gx2 y2 form factor. It can also provide
the sign-change which is necessary for the emergence of an in-gap spin-resonance. This is
in clear contrast to orbitally-trivial s-wave pairing, which can provide a full gap along the
FS but cannot produce the sign-change. A similar statement holds for pure d-waves, which
can account for the sign-change, but necessarily introduce nodes along the Fermi-pocket
at the BZ center.
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ϕ 𝒌
2

≈

Figure 6.1 : Schematic illustration of the two-orbital sx2 y2 , B1g pairing in a 1-Fe Brillouin
Zone (BZ). The solid lines indicate typical Fermi pockets for the Fe-based superconductors.
Both intra- and inter-band components of the pairing shown in Eq. 6.16 vanish at kx =
± π2 , ky = ± π2 (not shown) due to the common gx2 y2 form factor. The dotted, red lines
indicate the zeros specific to the band-diagonal pairing ( ξ− ) while the dashed, blue lines
mark the zeros specific to the off-diagonal band pairing ( ξxy ). The typical Fermi surface
for a variety of Fe-based superconductors does not extend to the kx = ± π2 , ky = ± π2
common lines of zero pairing. For these types of Fermi surfaces, the intra- and interband components do not vanish at the same subset of k , ensuring there is always a nonzero pairing given by either of the two components at the pockets centered on the origin
and edges of the BZ. As explained in the text (Eq. 6.8), the two components generate
an effective gap given by |d(kk )| ∼ gx2 y2 (kk ) with corrections from terms proportional to
sin2 φ(kk ) (Eqs. 6.8-6.11 ). For max(ξ− ) ≈ max(ξxy ) the angle φ(kk ) given by Eq. 6.9 can
be roughly identified with twice the winding angle shown in the figure for fixed |kk |. The
correction from these additional terms does not close the gap, but does introduce anisotropy
in the former. All these make the gap non-zero along a typical Fermi surface for the Febased superconductors. In addition, there is a sign change between the intra-band pairing
along the two pockets at the edge of the BZ, a condition necessary to the formation of a
resonance in the spin spectrum at the wave-vector q = (π, π/2) observed in experiment
[162]. from Ref. 159

Before proceeding to discuss the results for the more realistic five-orbital model, a few
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important comments are in order. First, the full gap along the FS is a general feature of the
s ⊗ τ3 pairing, independently of the details of the kinetic part, as long as the form of the
~ and d~
latter is preserved. The discussion was centered on the more relevant case where B
are not parallel, or equivalently, when the pairing and kinetic parts do not commute. The
~ as can be seen in Eq. (6.8), and the resulting BdG dispersion
~ d,
gap appears even when B||
is analogous to a simpler BCS form. However, in such a case, ĤPair and ĤKinetic commute
for arbitrary k , and can be diagonalized simultaneously. In general, this implies that the
angle(s) φ(kk ) required to align the two, is either zero, or a multiple of 2π. This further
implies that only the intra-band component is present in Eq. (6.16), which does not change
sign across the diagonals. Hence, this pairing scenario is much less likely to produce the
resonance in the spin-spectrum.
Second, I comment on the stability of non-trivial pairings like s ⊗ τ3 from a general
point of view. As is the case for triplet-pairing, the order parameter can be suppressed by
~ Typically, such states are
a field aligned perpendicular to the the order-parameter vector d.
energetically uncompetitive. Exceptions do occur, even in a weak-coupling approach [182].
The situation is different in a strong-coupling picture. Here, the driving factor behind
superconductivity is the minimization of the Coulomb repulsion between electrons which
P
form on-site Cooper pairs. The local pair-formation amplitude k ∈BZ ∆ must vanish when
integrated over the BZ[183]. Exactly how this occurs depends on the details of the model,
and on the shape of the FS in particular. For example, strong NN exchange interactions J1
favor a d-wave state. For a strong J2 coupling, a s± state is preferred instead , where a signchange occurs across portions of the FS, while maintaining rotational invariance. It is then
possible, that whenever J1 ≈ J2 , the system can further lower its energy by incorporating
features from both types of symmetries in a non-trivial pairing like the s ⊗ τ3 . This is of
course, not guaranteed a priori. Remarkably, as shown in the next sections, this does is the
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case even when considering a realistic five-orbital t − J1 − J2 orbitally-selective model.

6.3

Five-orbital t − J1 − J2 model and its solution method

In Sec. 6.2, I showed how a s ⊗ τ3 state defined on a two-orbital dxz , dyz model, could in
principle reconcile the experimental results which indicated a fully-gapped FS and in-gap
resonance for the selenide class of the Fe-based materials. Two basic questions naturally
arise: 1) Can such a state be stabilized in calculations for a realistic model?, 2) If so, do the
essential features demonstrated in the context of a two-orbital mode survive? Let us recall
what these features were: (i) a full gap along the FS, and (ii) a sign change in the pairing
leading to the existence of the spin-resonance below the particle-hole threshold. In this
section, I introduce a more realistic five-orbital t − J1 − J2 model, and its solution-method,
which were used to explore the zero-temperature phase diagram, and thus the stability of
the s ⊗ τ3 state.
As proposed in Ref. 163 and discussed in Sec. 6.1, the normal state of the alkalineselenide compounds is expected to be in close proximity to a Mott insulating transition.
In addition, there is significant evidence for a varying degree of correlation for each of
the five d orbitals in the context of a putative orbital-selective Mott transition [160, 163,
166, 169]. Furthermore, inelastic neutron-scattering experiments [162] have demonstrated
that the extracted spin-excitation spectrum in the insulating state can be reproduced within a
minimal nearest-neighbor (NN) J1 and next-nearest-neighbor (NNN) J2 Heisenberg model.
Under doping, the system would transition to a metallic phase, while retaining the strong
correlations [160, 163]. Combined, these arguments suggest the introduction of a t − J2 −
J2 model, which must also account for orbital-selectivity. Although the strong-coupling
approach is more contentious in the case of the Fe-pnictides, we used the t − J2 − J2 model
to describe this sub-class as well, at least for the purposes of comparison.
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The quasi-two-dimensional nature of the bands is a well-known aspect of the Fe-based
materials, arising from the tetragonal lattice structure. Therefore, we carried out our calculations on an effective two-dimensional BZ. Due to the inherent multi-band nature of
superconductivity in these compounds, a natural simplification can be made by considering an unfolded BZ [161], which has the effect of reducing the number of bands by a
factor of two. The validity of such an unfolding procedure was proven by the author of this
work in Ref. 161 for the P 4/nmm space-group, which is typical of the Fe-pnictides, using
group-theoretical arguments. The same has not been rigorously proven for the I4/mmm
space-group, which is characteristic of the Fe-selenides. For these materials, a possible effect of calculations on an 1-Fe BZ is the introduction of spurious pairing between electrons
at momenta k and −k + Q , where Q = (π, 0), together with all equivalent vectors of the
unfolded zone. As shown in Fig. 6.1, no Fermi surface (FS) pockets are connected by this
wave-vector, indicating that only a small error is introduced by the procedure.
The t − J1 − J2 , five-orbital model is given explicitly by [159]


X αβ
X
X
1
αβ

H=−
(tij cα cβ + H.C.) +
(iα − µ) ni +
J1
S iα · Sjβ − niα njβ +
4
i<j
i,α
<ij>,α,β


X
1
J2αβ S iα · Sjβ − niα njβ ,
+
(6.19)
4
<<ij>>,α,β
where α, β ∈ {1, 2, 3, 4, 5} are orbital indices representing all dxz , dyz , dx2 −y2 , dxy , and
d3z2 −r2 orbitals, i are the on-site energies, and µ is the chemical potential. The local moP
ments can be written as S iα = ss0 21 ciαsσ ss0 ciαs0 in terms of the conduction electrons. This
amounts to considering only that part the local-moment spectrum which can be attributed to
the (weakly-coherent) conduction electrons. This procedure, which is quite common in the
context of high-Tc superconductors [184], allows for the introduction of electron pairing,
while maintaining its strong-coupling origin. To account for the weakly-coherent electrons,
a restriction to on-site single-occupancy is imposed [163, 167, 184]. In practice, the single-
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site occupancy is enforced through an effective renormalization of the bandwidths by the
P
doping factor δ =
i,s niαs − 2 [163, 167]. The J1 and J2 interactions are decomposed
in terms of the singlet-pairing functions on NN and NNN sites [163, 167]:
∆e,αβ = hciα↑ ci+eβ↓ − ciβ↓ ci+eα↑ i /2,

(6.20)

where e = x̂, ŷ and x̂ ± ŷ for NN and NNN interactions, respectively. Previous studies
of this model [163, 167, 173] indicated that the orbital off-diagonal pairing does not essentially contribute to the stability of the determined phases. Therefore, we consider only
αβ
α
δαβ . In momentum-space, the
orbital-diagonal exchange interactions and pairing J1,2
= J1,2
P
effective pairings, which include the J’s can be written [167] as ∆k ,αα = e Je,αα cos(kk ·ee),

where Je = J1,2 for e = {x̂, ŷ} and e = {x̂ + ŷ, x̂ − ŷ}, respectively. The resulting orbital matrices can be decomposed in terms of the irreducible representations of the D4h
point-group associated with the Fe-sites. The irreducible representations can be expressed
as the direct products of a scalar form factor g(kk ) and a matrix in orbital space. They are
listed for the dxz , dyz sub-space in Refs. 167, 177. In practice, the pairing functions for all
intra-orbital, symmetry-allowed channels are determined by minimizing the ground-state
energy density [167]
f=

X Je
e,α

2

2

|∆e,αα | +

5
X

(Ek ,p − Ek ,p ) ,

(6.21)

k ,p=1

where Ek ,p are the five BdG quasi-particle bands and Ek ,p are the corresponding free-bands.
The parameters for the latter were chosen to be consistent with the results of LDA calculations for alkaline iron selenide, Fe-pnictide, and single-layer FeSe compounds, respectively. For more details on the non-interacting bands, please consult Ref. 163.
Previous studies [163, 167, 173] of this model have also indicated that most of the
proposed pairings can be obtained by restricting the interactions to the dxz , dyz , dxy subspace. The same condition was applied in our calculations, with the important difference
expressed by
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xz/yz

J1,2

xy
6= J1,2
.

(6.22)

Thus, we consider the effects of orbital-selectivity by allowing the exchange terms, and
hence the pairing amplitudes, to be different in the dxy versus the dxz/yz sectors.
For fixed free-band dispersion, the model depends effectively on two tuning parameters
given by [159]
AO =

J1xy
xz/yz

J2xy

=

J1
J1α
AL = α ,
J2

(6.23)

xz/yz

J2

(6.24)

which measure the orbital selectivity and the NN-NNN anisotropy respectively.
A summary of our approach goes as follows. For a given free-band dispersion, we
chose the orbital-selectivity and NN-NNN anisotropy factors AO and AL . Subsequently,
we determined the complete set of real-space pairing functions ∆e,αα which minimized
the ground-state energy density in Eq. (6.21) at zero-temperature. The set of real-space
pairing functions was decomposed into the irreducible representations of D4h . Out of the
latter, the dominant channel was taken to define the resulting superconducting phase. The
zero-temperature phase diagram was determined by scanning through a range of physically
relevant AO and AL parameters.
For each choice of parameters, the dynamic susceptibility in the SC phase was also
determined [159] according to
χ(qq , iωn ) =

X

χαβ (qq , iωn ),

(6.25)

αβ

where
#−1

"
χαβ (qq , iωn ) =

X
γ

I + J(qq )

X

×

χ0,δµ (qq , iωn )

δµ

× χ0,γβ (qq , iωn ),

αγ
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Z
χ0,αβ (qq , iωn ) =

1/T



+
,
dτ eiωn τ T Sq−α (τ )S−q
−qβ (0)

1

and,
J(qq ) =

J1
(cosqx + cosqy ) + J2 cosqx cosqy .
2

The results of our calculations are described in the next section.

6.4

The s ⊗ τ3 pairing state from a five-orbital t − J1 − J2 model

In the previous sections, I introduced a prototypical s ⊗ τ3 pairing with non-trivial orbital
structure which can provide a way to reconcile the experimental results for Fe-selenide
materials. In this section, I describe the numerical results for the five-orbital t − J1 − J2
model which confirm that the s ⊗ τ3 state is a viable candidate.
As noted in the previous section, the zero-temperature phase diagrams are obtained by
tuning the orbital selectivity AO and NN-NNN exchange coupling anisotropy AL . The
natures of the phases are determined by the symmetry classification of the leading pairing
amplitudes. The AO − AL scans were completed using band parameters for Fe-pnictides,
single-laye FeSe, and Ky Fe2−x Se2 . The discussion is focused on the latter, although similar
results are obtained for the former two. Note that all units are given in units of the halfbandwidth D/2.

Fig. 6.2 (a) shows the phase diagram for the alkaline Fe-selenides. Consider the region
of AO , AL  1, corresponding to pairing interactions which are strongest in the dxz , dyz
orbital sector and NNN exchange coupling. The dominant pairing channel is a sx2 y2 ⊗ τ0
function, which belongs to the A1g identity representation of the point group. This phase
is the well-studied s± pairing, which, although invariant under all rotations of D4h , has
a line of zeros along the (kx , ±π/2), (±π/2, ky ) axes. The symmetry of this function is
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Figure 6.2 : Phase diagrams based on the leading pairing amplitudes given by selfconsistent calculations with fixed J2 = 1 and tight-binding parameters appropriate to (a)
alkaline Fe-selenides, and (b) Fe-pnictides. For the tight-binding parameters used please
consult Ref. 163. The blue shaded areas correspond to dominant pairing channels with an
sx2 y2 form factor while the red shading covers those with a dx2 −y2 form factor. The continuous line separates regions where the pairing belongs to the A1g and the B1g representations
respectively. The 1 × 1 matrix in the dxy subspace is represented by 1 xy . Note the presence
of the intermediate sx2 y2 , B1g pairing for AO < 1, AL ≥ 1 in all cases. From Ref. 159.

consistent with the leading J2 , NNN coupling which is associated with a cos(kx ) cos(ky )
or gx2 y2 factor. The pairing has trivial τ0 orbital dependence. For increasing AO along the
vertical axis, it gives way to an sx2 y2 ⊗ 1 xy pairing, which has the same symmetry but is
dominant in the dxy sector alone, as expected.
For small AO , but for values of AL greater than unity, the dominant pairing is in the
dx2 −y2 ⊗ τ0 channel, classified as a B1g representation of D4h . It is an orbital-trivial dwave state with zeros on the diagonals of the BZ. By analogy with the low AL regime,
the emergence of the former as the leading pairing in this regime can be attributed to the
leading J1 , NN coupling which is associated with a gx2 −y2 = cos(kx )−cos(ky ) form factor.
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A dx2 −y2 ⊗ 1xy pairing emerges for smaller orbital anisotropy (larger AO ).
For the intermediate regime between the pure s- and d-waves, where AO  1 and
AL ≈ 1, the sx2 y2 ⊗τ3 , orbitally non-trivial, B1g pairing is stabilized for a finite range of
tunning parameters. It occurs where both NN and NNN J1,2 couplings are of the same
size, and when the dxz , dyz sector is dominant. We see that this phase emerges when the
simple s- and d-wave pairings are almost degenerate. This confirms our expectations, as
such a state can in principle incorporate features of the simple s-wave through the gx2 y2
form factor, as well as those of a pure d-wave through the components of the intra- and
inter-band pairing (see Eq. (6.16)). For smaller orbital anisotropy, this state is destabilized,
as expected.
Fig. 6.2 (b) shows a similar phase diagram for the Fe-pnictides. Analogous results
are obtained for single-layer FeSe (not shown). Together, these indicate that the s ⊗ τ3
state is not very sensitive to the variations in the FS exhibited by a wide range of Fe-based
materials. This is expected from the general arguments presented in Sec. 6.2.

Let us now show that the s ⊗ τ3 pairing exhibits the essential features seen in the twoorbital model. Fig. 6.3 (a) shows the FS pockets at the edge of a 1-Fe BZ (solid lines, labeled by δ) and the intra-band pairing amplitude for the band which contributes to the FS.
The results are shown for AO = 0.3 and AL = 0.9 in the cases relevant for Ky Fe2−x Se2 .
The pairing exhibits precisely the same momentum dependence as the intra-band component (∼ ξ− (kk )) for the two-orbital model in Eq. (6.16). More explicitly, the pairing has
zeros along the (kx , ±π/2), (±π/2, ky ) lines and zeros along the diagonals, as predicted
by the direct-product formed out of the gx2 y2 form factor and the ξ− function. Clearly,
the pairing also changes sign across the diagonals. A similar picture (not shown) emerges
for the inter-band component for the band closest to the one which contributes to the FS.
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Figure 6.3 : (a) The Fermi surface (solid line) and the real intra-band pairing for the band
generating the δ pockets at the edge of the 1-Fe unit BZ for a dispersion typical of the
alkaline iron selenides. Note the clear change in sign between pockets separated by the BZ
diagonal. The dashed arrow indicates the q = (π, π/2) wave-vector associated with the
resonance in the spin spectrum found in experiment [162]. (b) The size of the gap along
the δ pocket. Both figures are for J2 = 1.5, AO = 0.3, AL = 0.9 with dominant sx2 y2 ⊗ τ3
pairing. From Ref. 159.

Fig 6.3 (b) shows the full gap formed along the δ pocket as as a function of the winding
angle θ labeled in Fig. 6.3 (a). Note that our chosen free-band dispersion for Ky Fe2−x Se2
does not include the small electron pocket around the zone center, which is observed in
experiment. Due to the reduced size of this pocket, we expect that it will not lead to the
destabilization of the s ⊗ τ3 phase in the Fe-selenide cases.

As discussed in Sec. 6.3, one of the two essential features of the s ⊗ τ3 state was
the formation of a full gap along the FS centered on the BZ in the two-orbital model. To
illustrate that this holds for the five-orbital model, I discuss the s⊗τ3 phase in the case of the
Fe-pnictides. Although this type of pairing is a stronger candidate for the Fe-selenide class,
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Figure 6.4 : (a) Fermi surface for the iron pnictides which includes hole pockets with
dominant sx2 y2 × τ3 , B1g close to Γ for J2 = 1, AL = 1.3, AO = 0.5. For the tight-binding
parameters used please consult Ref. 163. (b) The gaps along the β and δ pockets close
to the center and edge of the 1-Fe BZ. A similar gap forms around the α pocket. From
Ref. 159.

the related Fe-pnictides dispersion has large hole-pockets around the Γ point in the BZ,
which allows for a better illustration of the nature of this unusual pairing. In Fig. 6.4 (a), I
show a FS typical of the Fe-pnictides. The pockets at the zone center are labeled by α and
β, while the ones at the zone edge are labeled by γ. Fig. 6.4 (b) shows the gap along the
β and γ FS’s as a function of the winding angles defined along each of the pockets. The
results are for the s ⊗ τ3 phase obtained for AL = 1.3, A0 = 0.5. Several features stand
out. First, a full gap emerges along the β pocket at the center of BZ. The gap shows a small
four-fold oscillation as the angle θ is wound around the origin. This is similar to the results
of Ref. 173 obtained for similar band parameters for an effective orbital-diagonal s ⊗ τ0
pairing, corresponding to intra-band pairing only. The notable difference between that case
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and ours consists in a π/2 phase shift in the positions of the minima and maxima. Within
the band basis of our two-orbital mode, the phase shift could be attributed to the presence
of the inter-band pairing component. The latter has the same amplitude, but is precisely
π/2 out of phase with respect to the intra-band component. A full gap is also observed
along the δ pocket.
The other feature which is important in considering the s ⊗ τ3 as a viable candidate
is the sign-change in the pairing across the diagonals. As already mentioned, this occurs
for the intra-band pairing around the electron pockets at the edge of the BZ. I show that a
resonance at wave-vector q = (π, π/2) does indeed occur. This wave-vector connects the
two pockets for the alkaline Fe-selenides, as shown in Fig. 6.1. The imaginary part of the
RPA susceptibility (see Eq. (B.1) in Sec. B.1) at q , for a dominant s ⊗ τ3 phase, is plotted in
Fig. 6.5. The arrows indicate the minimum and maximum particle-hole threshold energies,
equal to twice the corresponding extremal values of the gap along the δ pockets (Fig. 6.3).
An effective p-h threshold ≈ 0.41 can be defined by the simple average of the two. We see
the emergence of a resonance in the spin-spectrum at ω ≈ 0.36, below the effective p-h
cut-off. This was expected based on the pairing in the band basis in the two-orbital model.

Based on all of the numerical results presented above, I conclude that:
The essential features of the s ⊗ τ3 pairing in the two-orbital model also survive in the
realistic five-orbital model. The phase is stabilized for a variety of Fermi surfaces characteristic of the alkaline Fe-selenide, Fe-pnictides, and single-layer FeSe compounds. This
demonstrates that it is both energetically competitive and sufficiently robust to be considered as viable candidate, at least for Ky Fe2−x Se2 . Furthermore, it provides an alternative
to time-reversal symmetry-breaking states, typically proposed as intermediate phases between simple s- and d-waves.
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Figure 6.5 : The imaginary part of the RPA susceptibility (Eq. 6.25) for the alkaline iron
selenides at wave-vector q = (π, π/2), for a dominant sx2 y2 ⊗ τ3 pairing. The arrows
show twice the minimum and maximum gaps (see Fig. 6.3 (b)). There is a sharp feature
at ω ≈ 0.36 within the bounds of twice the effective gap and below the p-h threshold of
roughly 0.41 associated with this wave-vector. From Ref. 159.

6.5

Generalization of the s ⊗ τ3 pairing to related multi-band superconductors

The s ⊗ τ3 pairing in the band basis (Eq. (6.16)) suggests a natural generalization to other
SC compounds with similar experimental signatures. This generalization does not rely on
a detailed knowledge of microscopic models as in the Fe-selenide case. Instead, it simply
extends the concept of intra- and inter-band pairings which are exactly π/2 out phase as
functions of a winding angle defined about the origin of a BZ for tetragonal compounds.
Clearly, an implicit assumption is that at least two bands either directly contribute or are in
proximity to the FS. A second is that such a form is a good approximation in the vicinity
of the FS.
Explicitly, the pairing can be written in a band basis as
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ˆ = ∆1 cos(2θ)α3 + ∆2 sin(2θ)α1 ,
∆

(6.26)

where θ is a winding angle around the center of the BZ, the α’s are Pauli-matrices in band
space, and ∆1,2 are real amplitudes. I shall refer to this as a generalized d + d pairing.
Note that this type of pairing is also a particular realization of the s ⊗ τ3 case whenever
the amplitudes of ξ− and ξxy are equal. This can be seen by expanding these functions for
small |kk |. Alternately, a simple plot of cos(φ(kk )) and sin(φ(kk )) can be used to confirms
this.
As we have seen in Sec. 6.2, an effective gap is introduced by the quadrature of the two
components i.e.

ˆ 2 = ∆2 cos2 (2θ) + ∆2 sin2 (2θ) ⊗ α0
(∆)
1
2

(6.27)

which is non-zero for any angle θ about the FS. By itself, the squared pairing amplitude
necessarily induces a gap along the FS. However, as discussed in Sec. 6.2, such a pairing
involves additional non-trivial band-splitting effects, since it does not commute with a general free-band matrix. The discussion in Sec. 6.2 regarding the additional induced splittings
showed that these effects become important if the energy difference between the two most
~ is large. In considering d + d genrelevant bands is large in the vicinity of the FS, i.e.|B|
eralizations of the s ⊗ τ3 pairing, we are implicitly assuming that this splitting is small in
comparison to the gap term given by the quadrature of the two components. Otherwise,
nodes can appear, albeit away from the Fermi surface.
The pairing in Eq. (6.26) is expected to produce similar results in superconducting
compounds which share common features with the alkaline Fe-selenides. One such possibility can occur for CeCu2 Si2 . Inelastic neutron scattering experiments are consistent with
a dx2 −y2 -wave pairing [185]. In addition, angle-resolved resistivity measurements point
toward a dxy -wave scenario [186]. More recent measurements of the specific heat found
an exponential dependence for low temperatures [187], which is a characteristic signature
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of a fully-gapped FS. As in the case of Ky Fe2−x Se2 , the combined observations are difficult to reconcile within either simple s- or d-wave pictures. In this context, Ref. 188, of
which I am co-author, presented measurements of the penetration depth for superconducting CeCu2 Si2 crystals. The extracted behavior of the superfluid density with temperature
was fitted with simple s-wave, d-wave, two-gap (independent) s-waves, and generalized
d + d (Eq. (6.26)) forms. Only the last two fit the data well. Moreover, the generalized
intra- and inter-band pairing requires one less parameter than the two-gap s-wave case. In
addition, the previously-obtained specific-heat data were also fitted with the d + d function,
yielding amplitudes consistent with the superfluid density.
As I have commented above, nodes away from the FS are a possibility. However, in
view of our implicit assumption of small band splitting, their absence is not surprising.
These preliminary results are encouraging for several reasons. First, they suggest a way
to understand superconductivity in CeCu2 Si2 , which has remained enigmatic in spite of
much effort otherwise. Second, pending further support by additional experimental studies,
they can place more exotic pairings on equal footing with the widely-proposed simple sand d-wave scenarios.

6.6

Symmetry aspects of superconductivity in the Fe-based materials

The author has dedicated a significant amount of time and effort toward elucidating some of
the non-trivial aspects of symmetry in the context of the Fe-based materials. Limitations of
space and time forbid a detailed discussion of these results. Therefore, brief summaries are
given instead. The reader who is further interested can consult the references cited below.
In Ref. 161, I addressed the consistency of the use of an unfolded BZ in the case of the
P 4/nmm space-group appropriate for the Fe-pnictide class. As mentioned previously, the
use of such a mapping is wide-spread in the community. This procedure warranted further
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investigation since the crystallographic unit cell contains two inequivalent Fe-lattice sites.
By unfolding, one effectively considers the two sites as equivalent, hence the 1-Fe unit cell
nomenclature. It turns out that such a procedure is possible due to the non-symmorphic
nature of the space-group, which contains a glide-reflection operation, by definition an
improper 1-Fe unit translation together with a reflection about a basal plane. For an effectively two-dimensional (kz = 0) BZ, all Bloch-wave states, except those at the edge of
the zone, are irreducible representations of a little group formed out of the identity and the
glide-reflection symmetry. This group is isomorphic to the C1h point group, and its representations are either even or odd under the action of the glide. This means that Bloch states
explicitly constructed to be irreducible representations of this group do not hybridize in the
folded or 2-Fe BZ. Upon unfolding, the even and odd states are shifted by the unfolding
momentum Q . Their orthogonality is preserved and no spurious non-local-in-momentum
hybridization occurs. As a requisite for this to work, degeneracy must occur on the entire
2-Fe BZ edge. This is fortuitously the case for this space group at kz = 0.
I further show how the introduction of spin-orbit coupling invalidates this procedure,
as the degeneracy at the edge is partially lifted. Therefore, unfolding would cease to be
rigorous, a fact which was not explicitly proven in the literature. Furthermore, similar
constraints were placed on the possible superconducting pairings as a consequence of this
symmetry. This places under doubt several proposals such odd-parity so-called η pairings.
In Ref. 189, my contribution was to determine the form of a minimal invariant coupling
between local spin-quadrupole operators and the conduction electrons. The analysis was
completed in the context of a proposed spin-quadrupolar ordering in FeSe. The coupling
is restricted by requiring invariance under both SU(2) (spin DOF) and point (d orbital
DOF) groups. While the latter is rather straight-forwardly imposed, the former is less
obvious. I used two methods in determining the allowed forms. The first consisted in
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considering the local spin quadrupole operators as rank-2 tensors of SU(2). These must
necessarily couple to rank-two tensors in order to produce an invariant form. These ranktwo tensors were constructed from the irreducible tensors of SU(2), formed out of spin-1/2
conduction-electron bilinears. The coupling between the local quadrupole operators and
the conduction electron bilinear was constrained by a Clebsch-Gordan series. The resulting
form was confirmed by considering an alternate method based on the second-order Casimir
operator which is invariant under the SU(2) algebra. The two approaches were shown to
be consistent with each other. The conclusion was that the minimal coupling involved
conduction-electron bi-quadratic operators. This has important consequences for phases
with long-range quadrupole order, since the bands are not reconstructed at leading quadratic
order, as they would be for a anti-ferromagnetically ordered phase.

6.7

Summary

In Sec. 6.1, I showed how the Fe-based superconductors present a broad new playing field
for testing novel superconducting phases. I gave arguments which backed a strong-coupling
approach, with additional orbital-selectivity. In focusing on the alkaline Fe-selenide class,
I stated that ARPES measurements show a fully gapped SC state while inelastic neutron
scattering experiments are consistent with a sign-change of the pairing under a π/2 rotation
in real-space. These results are not easily reconciled within either simple s- or d-wave
pictures.
In Sec. 6.2, I introduced an s ⊗ τ3 pairing with non-trivial orbital internal structure. The
properties of this pairing were analyzed at length. I showed that in a two-orbital toy model,
this state can produce both the full gap and the sign change required for the emergence of
a resonance. A physical interpretation of these unusual properties was given.
Sec. 6.3 described a more realistic five-orbital t − J1 − J2 and the method used to solve
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it. Subsequently, Sec. 6.4 described how the s⊗τ3 phase can be stabilized in a more realistic
system for a wide range of parameters. In these cases, the emerging s ⊗ τ3 is very similar to
that considered in an idealized two-orbital model. The results strongly back it as a possible
candidate for a pairing state consistent with experiments for the alkaline Fe-selenides.
Sec. 6.6 briefly discussed my work in a space-group theoretical context. These arguments showed under what conditions the unfolding of a 2-Fe BZ can be done for a
P 4/nmm space group. My work in the context of spin-quadrupolar orders was also
touched upon.
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Appendix A
Supporting Material for the discussion of on cubic
heavy-fermion systems
A.1

Derivation of Kondo models from Anderson models in Oh symmetry in the presence of spin-orbit coupling

In this section I illustrate the derivation of single-impurity Kondo models based on Anderson models which are Oh -invariant and in the presence of SOC. The discussion closely
follows that of Ref. 131.
The starting point in Ref. 131 is the definition of the Hilbert space of the Ce atoms
which are decoupled from conduction-electrons, and without spin-orbit and Hund’s rules
couplings. In this case, the Hamiltonian is given by [1, 129]
X
X
H0 =
k ck ,ML ,Ms ck ,ML ,Ms + E0
nML ,MS + U
k ,ML ,MS

ML ,MS

X

nML ,MS nML0 ,MS0 ,

ML ,MS ,ML0 ,MS 0

(A.1)
where the single-particle states are labeled by angular momentum L , Lz spin S , Sz , and

occupation numbers nML , nMS = fM
f
. The degeneracy of the single-particle
L ,MS ML ,MS

states of energy E0 is 2 × 2(L + 1). The Hilbert space is restricted to atomic f states
(L = 3) of occupation 0, 1, and 2. The eigenstates of H0 can equivalently be labeled
by total angular momenta Ltot , Stot . For simplicity, the tot subscript will be subsequently
dropped. The doubly-occupied states will correspond to L = 0, 1, 3, 5 for triplet S = 1
and L = 0, 2, 4, 6 for singlet S = 0, which are all degenerate [131]. The remaining
configurations are forbidden by the requirement of antisymmetry under exchange.
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The next step consists in turning on the SOC. In this case, the eigenstates are labeled
by the total angular-momentum numbers J, M , such that the original degeneracy is lifted,
and the states are given by 2J + 1 multiplets. The single-occupied states will correspond to
either J = 5/2 and J = 7/2, each forming degenerate multiplets. The degeneracy of the
doubly-occupied states is also determined by the number of components in J multiplets.
In a more realistic calculation, Hund’s rule couplings would introduce additional splitting
in the original L , S atomic basis.
Consider a hybridization term between the atomic states and the conduction electrons.
I assume the latter can be decomposed in terms of partial-waves of total momentum jc :
Hhyb = V

XX

ck ,jc µc fjc µc + h.c.

(A.2)

jc µ c

k

H = H0 + Hhyb + HU ,

(A.3)

where HU contains the Coulomb-interaction terms. The hybridization induces transitions
between states of occupation 0, 1, and 2.
The next step involves projecting doubly-occupied states onto the single-occupied sector in order to account for the large local Coulomb repulsion U  E0 . In general, one can
define the projection operators [1]
!
Pα |Ψi = Pα

X

Aβ |Ψβ i

= Aα |Ψα i

(A.4)

β

Pα = |Ψα i hΨα |
X
Pα = 1 .

(A.5)
(A.6)

α

These project the α component of the many-body eigenstate |Ψi. In the Anderson model,
the projection is onto the singly-occupied space. In practice, this can be done by applying [131]

203
1 fjc ,mc 1 = |f 0 i hf 1 jc µc | +

X X

Λ(jc µc ; f 1 j1 µ1 |f 2 LSJµ2 ) |f 1 j1 µ1 i hf 2 LSJµ2 | ,

j1 µ1 LSJµ2

(A.7)
where the sum in 1 is restricted to 0, 1, and 2 occupancies. This step projects the operator
fjc µc in the hybridization part of the Hamiltonian onto the singly-occupied spaces. Since
the doubly-occupied subspace has contributions from all J’s, a sum over all of the allowed
values is necessary. Similarly, the single-occupied states have contributions from both
J = 5/2 and J = 7/2. The matrix element Λ is given by
Λ(jc µc ; f 1 j1 µ1 |f 2 LSJµ2 ) = hf 1 j1 µ1 | fjc µc |f 2 LSJµ2 i

(A.8)

and is equal by the Wigner-Eackhart Theorem [132] to
Λ(jc µc ; f 1 j1 µ1 |f 2 LSJµ2 ) = K(jc ; f 1 j1 |f 2 LSJ) hjc µc ; j1 µ1 |Jµ2 i .

(A.9)

The first term (K) is the reduced matrix element (”fractional parentage” in Ref. 131), while
the second is a Clebsch-Gordan coefficient. The factor K depends on the size of the momenta jc , J and on the LS multiplets which contribute to the latter. The CG factors enforce
the selection-rules of the total angular momentum. The fractional parentage arises naturally when one recalls what steps have been made thus far. The unperturbed Hamiltonian
in the zero-SOC limit is expressed in terms of single-particle states such as |3mi for L = 3.
The Coulomb-interaction mixes the single-particle states into states of total L, S. The SOC
further mixes these into states labeled by J, L, S. The effect of all of these steps is given by
the K terms while the CG coefficients determine the selection-rules for total momentumstates. In general, one cannot ignore the K factors, since they can vanish for some values of
jc , J (See Tables. XII, and XIII in Ref. 131). For example, the K factors are different for
transitions to doubly-occupied states of given total angular momentum J which are even
and odd under inversion.
Substituting the decomposition of Eq. (A.9) into Hhyb , one has [131]
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Hhyb =V

XX
jc µ c

k

=

XX
k

+V

ck ,jc µc fjc µc + h.c.

ck ,jc µc |f 0 i hf 1 jc µc |

jc µc

XXX X
k

ck ,jc Λ(jc µc ; f 1 j1 µ1 |f 2 LSJµ2 ) |f 1 j1 µ1 i hf 2 LSJµ2 | + h.c.

jc µc j1 µ1 LSJµ2

(A.10)
Note that the effect of applying
X
X
1 H11 =
Pα HPβ =
H0α + h.c.,

(A.11)

α

αβ

is equivalent to writing the Anderson-model Hamiltonian H in terms of components which
connect the many-body states of occupancy 0, 1, and 2 to each other. Following Ref. 1,
the interactions between the sectors can be eliminated due to linearity of the projection
operator to get
HKondo = H11 + H12

1
1
H21 + H10
H01 .
E − H22
E − H00

(A.12)

The effective Kondo interactions are obtained by replacing H01 with the first term in
Eq. (A.10), and H12 with the second. The first term in Eq. (A.12) is simply the one-particle
Hamiltonian. In practice, for large U , we can set E → 0.
The very last step involves introducing the effects of the discrete point-group Oh . One
needs to determine how the conduction electron and singly-occupied atomic states, of total
momentum jc and j1 respectively, decompose into to the irreducible representations of the
Oh point-group. For the atomic f operator, the decomposition can be written as
X

|f 1 j1 µ1 i =
a Γ(p) , q; j1 µ1 |f 1 ; Γ(p) , qi ,

(A.13)

p,q

where the summations run through all irreducible representations Γ(p) and their components

q. The matrix a Γ(p) , q; j1 µ1 connects the two (j1 , µ1 ) and (Γ(p) , q) basis-states. It can be
determined by applying the projection [132]
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(p)
|f 1 j1 µ1 i = a Γ(p) , q; j1 µ1 |f 1 ; Γ(p) , qi ,
Pnn

(A.14)

where
(p)
Pmn
=

∗
dp X (p)
Γmn (R) P (R),
g R∈G

(A.15)

is a projection operator. The factor dp is the dimension of the irreducible representation, g is
(p)

the order of the group, R ∈ G are the elements of the group, Γmn is a matrix representation
of the element R in the basis formed by states |f 1 ; Γi , νj i, and P (R) denotes the effect of
the element R on the state |f 1 j1 µ1 i.
To summarize, the derivation of a single-impurity Kondo model from a single-impurity
Anderson with SOC and no other local interactions requires the knowledge of: (i) the
Clebsch-Gordan coefficients hjc µc ; j1 µ1 |Jµ2 i, (ii) the fractional parentage or reduced ma
trix elements K(jc ; f 1 j1 |f 2 LSJ), and the a Γ(p) , q; j1 µ1 coefficients relating the basis
states of total-angular momentum to those of the irreducible representations of Oh .

A.2

Aspects of group-theory

In this section, I include supporting materials related to group-theoretical aspects.
The point-group appropriate to the 4a Ce sites in Ce3 Pd20 Si6 is Oh = O ⊗ i, where O is
the point group and i is the inversion operation. The latter, together with the identity transformation, forms the Abelian group Ci , whose representations are labeled by parity [128].
As Oh is a direct-product group, it’s representations can be written as [132]
Γ(R1 , R2 ) = Γ1 (R1 ) ⊗ Γ2 (R2 ),

(A.16)

where R1 ∈ O and R2 ∈ Ci are the elements of the two groups. This is also expected to hold for double-valued irreducible representations appropriate for states with
finite SOC [128]. Therefore, irreducible representations of Oh will also be classified according to parity.
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In a crystal environment, states of total angular momentum J decompose into multiplets corresponding to the irreducible representations of Oh . The decompositions of integer J-states into irreducible representations of O is given in Tables A.1, while that of
odd-J states is given in Table A.2. In the case of Oh , the parity must also be conserved.
Note that all the atomic f states are odd under inversion, since the spin-1/2 spinor state is
invariant under the inversion [128]. The conduction electron partial-wave states can have
both parities depending on the parent angular-momentum Lc state. In an Anderson model,
parity is conserved such that the odd atomic states can hybridize with even (odd) conduction electron partial-wave states only when transitioning to doubly-occupied states with
odd (even) angular-momentum (L) states. The effect is captured in the fractional parentage
coefficients K (see previous subsection).
It is well-known that the irreducible representations of a group become reducible [132,
133, 190] whenever the symmetry is lowered. The number of times a generic irreducible
representation Γj of a finite point-group is contained in the irreducible representation Γµ
is [132, 133, 190]
aj =


∗
1X
Nk χ(Γj ) (Ck ) χ(µ) (Ck ) ,
h k

(A.17)

where aj is an integer or 0, h is the order of the group, k denotes the summation over
the classes, Nk is the number of elements in class Ck , while χΓj and χ are the characters
of the two representations. The formula also holds for cases where Γµ is an irreducible
representation of a continous group, such as O(3). The latter are labeled by the total angular
momentum j and parity p, with characters given by [190]
sin(j + 1/2)α
χ = (−1)p
,
sin(α/2)

(A.18)

where α is the angle of rotation. Whenever spin-orbit coupling is present, the spin degreesof-freedom must also transform under the real-space point-group operations. In that case,
one must use the representations of SU(2). In general, for a connected Lie group G there
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exists [134] a simply connected Lie group G˜ such that G is analytically isomorphic to the
factor group G /K , where K is a discrete central invariant group of G . The group G˜ is
typically called a universal covering group of G . It can be further shown [134], that the
Lie algebras of the two groups are isomorphic, such that the representations of G are also
representations of G˜
ΓG (TK ) = ΓG˜(T)

(A.19)

provided that ΓG˜(T) = 1 for all T ∈ K . For SU(N), the elements of K are e2πip/N 1 N ,
where p ∈ {0, . . . , N − 1}, and 1 N is a real N × N identity matrix [134]. Therefore, SU(2)
is isomorphic to SU(2)/K , where K = {112 , −112 }, which coincides with SO(3) [134].
The representations of the latter are referred to as the double-valued representations of
the rotation group. As the discrete point groups are sub-groups of SO(3), we find that
for spin-orbit coupling we can use the double-valued representations of the point-groups,
where there are two distinct operations corresponding to the identity and minus identity,
respectively.
The characters for Oh are given in Table A.3. The matrices corresponding to the classes
of elements are available in Ref. 128.
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Table A.1 : Decomposition of integer-J into the irreps of the double-group O [128]. In the
case of Oh , parity must also be conserved.
J multiplet

Decomposition

0

Γ1

1

Γ4

2

Γ3 ⊕ Γ5

3

Γ2 ⊕ Γ4 ⊕ Γ5

4

Γ1 ⊕ Γ3 ⊕ Γ4 ⊕ Γ5

5

Γ3 ⊕ 2Γ4 ⊕ Γ5

6

Γ1 ⊕ Γ2 ⊕ Γ3 ⊕ Γ4 ⊕ Γ5

...

...
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Table A.2 : Decomposition of half-integer-J into the irreps of the double-group O [128].
In the case of Oh , parity must also be conserved.
J multiplet

Decomposition

1/2

Γ6

3/2

Γ8

5/2

Γ7 ⊕ Γ8

7/2

Γ6 ⊕ Γ7 ⊕ Γ8

9/2

Γ6 ⊕ 2Γ8

11/2

Γ6 ⊕ Γ7 ⊕ 2Γ8

13/2

Γ6 ⊕ 2Γ7 ⊕ 2Γ8

13/2

Γ6 ⊕ 2Γ7 ⊕ 2Γ8

15/2

Γ6 ⊕ Γ7 ⊕ 3Γ8

17/2

2Γ6 ⊕ Γ7 ⊕ 3Γ8

...

...

E

1

1

2

3

3

2

2

4

1

1

2

3

3

2

2

4

Rep

Γ+
1

Γ+
2

Γ+
3

Γ+
4

Γ+
5

Γ+
6

Γ+
7

Γ+
8

Γ−
1

Γ−
2

Γ−
3

Γ−
4

Γ−
5

Γ−
6

Γ−
7

Γ88

-4

-2

-2

3

3

2

1

1

-4

-2

-2

3

3

2

1

1

Ē

-1

1

1

0

0

-1

1

1

-1

1

1

0

0

-1

1

1

8C3

1

-1

-1

0

0

-1

1

1

1

-1

-1

0

0

-1

1

1

8C̄3

0

0

0

-1

-1

2

1

1

0

0

0

-1

-1

2

1

1

3C2 , 3C̄2

0

-1
√
2
√
− 2

1

0

-1

1

0

-1
√
2
√
− 2

1

0

-1

1

6C4

0

-1
√
− 2
√
2

1

0

-1

1

0

-1
√
− 2
√
2

1

0

-1

1

6C̄4

0

0

0

0

1

-1

0

-1

1

0

0

0

1

-1

0

-1

1

6C2 , 6C̄2

0

-4

-2

-2

-3

-3

-2

-1

-1

4

2

2

3

3

2

1

1

I

4

2

2

-3

-3

-2

-1

-1

-4

-2

-2

3

3

2

1

1

I¯

-1

-1

-1

0

0

1

-1

-1

-1

1

1

0

0

-1

1

1

8S6

1

1

1

0

0

1

-1

-1

1

-1

-1

0

0

-1

1

1

8S̄6

0

0

0

1

1

-2

-1

-1

0

0

0

-1

-1

2

1

1

3σh

0

0

0

1

1

-2

-1

-1

0

0

0

-1

-1

2

1

1

3σ̄h

Table A.3 : Character table for Oh double group. Derived from Ref. 190, 191.

0

1
√
− 2
√
2

-1

0

1

-1

0

-1
√
2
√
− 2

1

0

-1

1

6S4

0

1
√
2
√
− 2

-1

0

1

-1

0

-1
√
− 2
√
2

1

0

-1

1

6S̄4

0

0

0

-1

1

0

1

-1

0

0

0

1

-1

0

-1

1

6σd

0

0

0

-1

1

0

1

-1

0

0

0

1

-1

0

-1

1

6σ̄d
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Appendix B
Supporting material for discussion of Fe-based
superconductors
B.1

Requirement for the emergence of a spin-resonance in superconducting phases

For BCS-like superconductors, the leading part of the RPA dynamical susceptibility can be
written as [174, 175]

 

1 X 1
k +qq k + ∆k +qq ∆k f (Ek +qq ) + f (Ek ) − 1
+ ... ,
χ0 (qq , ω) =
1−
N k 2
Ek +qq Eq
ω − (Ek +qq + Ek ) + i0+

(B.1)

k

where  and E are the free and BdG bands respectively. Close to the FS, the coherence
factor in the parenthesis, is either suppressed or enhanced, depending on the signs of the
∆k +qq ∆k terms. When positive, this factor strongly inhibits the emergence of a resonance.
When negative, corresponding to a sign change between ∆k +qq and ∆k , it favors the appearance of a low-energy mode. It is clear that more complicated expressions are required in a
multi-orbital case (see Eq. (6.25)). The principle however, is expected to remain the same,
and a sign-change in the pairing function on FS sheets connected by the wave-vector k is
much more likely to generate a resonance.

B.2

Balian-Werthamer Notation

In this section, I describe the similarity between the spin-triplet pairing Balian-Werthamer
notation [179] and the vector-orbital rotation used in the main text.
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Let us describe a system without orbital structure. Then, for a spin-triplet superconductor, the pairing is even under exchange of the spin indices [144]. The anti-symmetry
under exchange for a Cooper pair is due to the odd parity under inversion. Since the pairing
matrix is even under transposition, it depends only on three, generally complex functions.
It can thus be expressed as [144]


d3 (kk )
−d1 (kk ) + id2 (kk )

∆αβ = 

d3 (kk ))
d1 (kk ) + id2 (kk )
h
i
~
= d(kk ) · ~σ iσ2
.

(B.2)

(B.3)

αβ

~ k ) = −d(k
~ k ). In addition, the following are also valid [144]
where d(−k
1
dµ = − Tr(∆σµ iσ2 )
2
2
1
d~ = Tr(∆ ∆).
2

(B.4)
(B.5)

Under a SU(2) rotation we have [144]
!
R )∆U T (R
R) =
U (R

X

R µν dν

· (~σ iσ2 ),

(B.6)

ν

n by an
where R (θ) is a rotation matrix describing the analogous rotation about an axis n̂
angle θ/2. To see this, we can re-write the transformation above as
(US + UA )∆(US + UA )T =US ∆US − US ∆UA + UA ∆US − UA ∆UA
=US ∆US − UA ∆UA ,

(B.7)

where US and UA are the symmetric and anti-symmetric parts of U . The simplification
occurs because −US ∆UA = (UA ∆US )T , and the sum of an anti-symmetric matrix and it’s
transpose is zero. Therefore, the transformed ∆0 is also symmetric and can be re-written in
~ 2 , the transformation matrices for the vectors must be 3
terms of a d~0 . But since |d~0 |2 = |d|
~
x 3, orthogonal. This is sufficient to identity the transformation of d.
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The physical interpretation of d~ is that it points in the direction of zero projection number of the total spin of the Cooper pair according to [144]

X
~
~
d · Stot ∆α0 β 0 = 0.

(B.8)

α0 β 0

Let us now ignore the spin degrees of freedom, and focus on the orbital degrees of
˜
freedom only. We can establish the connection between our notation, where ∆ = d~ · ~τ , and
the conventional Balian-Werthamer which would have ∆ = d~ · (~τ iτ2 ). Writing out the two
representations and equating we obtain the following conditions

d˜3 = − d1 + id2
−d˜3 =d1 + id2

(B.9)
(B.10)

d˜1 − id˜2 =d3

(B.11)

d˜1 + id˜2 =d3

(B.12)

which have a solution provided that d˜2 = d2 = 0 and d˜1 = d3 , d˜3 = −d1 . Therefore, our
notation and that of Balian and Werthamer are equivalent provided that
1) The pairing in our notation is symmetric under orbital exchange i.e. d˜2 = 0 or no
component ∼ τ2 is introduced.



~
˜
˜
˜
~
2) One identifies d1 → d3 , d3 → −d1 . Terms like 2i B × d · ~τ effectively (not






~
~
~
~
identically) can be re-written as 2 B · d iτ2 . This is due to iτ2 B · ~τ = − B · ~τ iτ2
whenever B2 = 0.
I stress that the BdG dispersion and all of the other properties remain the same, as
our notation and that of Balian and Werthamer are equivalent as long as the pairing is
symmetric w.r.t orbital exchange. This is because the non-trivial effects are due to the
~˜
~ and d.
effective relative orientation of B
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One difference is that while d~ always points away from the direction of non-zero total
˜
spin of the Cooper pairs, our d~ is always parallel or anti-parallel to the direction of total
orbital-splitting i.e. along τ3 .

B.3

Effective gaps for the s ⊗ τ3 pairing in the two-orbital model

Consider the BdG dispersion for the two-orbital model in Eq. (6.8)
r
2
2
2
2
2
2 k
~ k ) ± 4ξ+
~ k) .
~ k ) + d(k
~ k ) + 4 B(k
~ k ) × d(k
E±2 (kk ) = ξ+
(kk ) + B(k
(k ) B(k

(B.13)

When the pairing is turned off, the free-band dispersions are given by
~ k)
± (kk ) =ξ+ (kk ) ± |B|(k
q
2 k
2 (k
k ),
=ξ+ (kk ) ± ξ−
(k ) + ξxy

(B.14)

where
~ k ) = (ξxy (kk ), 0, ξ− (kk ))
B(k
~ k ) = (0, 0, ∆0 gx2 y2 (kk ))
d(k

(B.15)

Then, the BdG dispersion for the s ⊗ τ3 phase is given by
r
2
2
2
2
2
2
2 k
~ k ) ± 4ξ+
~ k ) . (B.16)
~ k ) + d(k
~ k ) + 4 |ξxy (kk )|2 d(k
E± (kk ) = ξ+ (kk ) + B(k
(k ) B(k
Let us further recall the definition of the angle φ(kk ) as
ξxy (kk )
ξxy (kk )
=q
.
sinφ(kk ) =
2 k
2 (k
~ k)
B(k
k)
ξ−
(k ) + ξxy

(B.17)

The quasi-particle dispersion can be re-written as
r
E±2 (kk ) =

2

2 k
~ k ) sin2 φ(kk ) ± B(k
~ k)
ξ+
(k ) + d(k

!2
~ k)
+ d(k

2


1 − sin2 φ(kk ) . (B.18)
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The expression in Eq. (6.10) can be re-cast in terms of non-interacting bands and effective gaps, in addition to a non-trivial enhanced splitting. Expanding the first term in the
aforementioned expression, we get
r

2
2

2
2
~ ξ+
~ 2 + d~ 1 − sin2 φ
E±2 (kk ) =ξ+
+ d~ sin2 φ ± 2|B|
+ d~ sin2 φ + |B|
!
r
2
2
~2
~
~ 2 + |d|
=ξ 2 ± 2|B|
ξ+
+ d~ sin2 φ − ξ+ + ξ+ + |B|
2

+

r
2
~ 2 ± 2|B|
~ + + |B|
~ 2 + |d|
~
=ξ+
± 2|B|ξ

r
~ 2 ± 2|B|
~
=2± + |d|

2
+ d~ sin2 φ − ξ+
ξ+

!

2

2
ξ+
+ d~ sin2 φ − ξ+

We can therefore define the functionr
~ k)
Q(kk ) = ±2|B|(k

B.4

!

2

(B.19)

!

2

2 k
~ k ) sin φ(kk ) − ξ+ (kk ) .
ξ+
(k ) + d(k
2

(B.20)

s ⊗ τ3 pairing in the two-band basis

The kinetic energy part in the orbital basis, given by
HKinetic (kk ) = ξ+ (kk )τ0 + ξ− (kk )τ3 + ξxy (kk )τ1 ,
can be diagonalized by the matrix √

ξ− −

√

2 +ξ 2
ξ−
xy

r
 ξ2 +(ξ− −√ξ2 +ξ2 )2
xy
−
 xy
U (kk ) = 
r
ξxy
√
2
2 + ξ −
2
ξxy
( − ξ−2 +ξxy
)

ξ− +

(B.21)



2 +ξ 2
ξ−
xy

r
2 + ξ +
ξxy
(−

√

2 +ξ 2
ξ−
xy )

2



.

ξxy
r
.
√
2
2 + ξ +
2
ξxy
( − ξ−2 +ξxy
)

This can be recast in terms of effective
winding angles as


p
p
1 + cos φ(kk )
1 − 1 − cos φ(kk )
U (kk ) = √  p
,
p
2
1 + cos φ(kk )
1 − cos φ(kk )

(B.22)

(B.23)

where
cos(φ(kk )) = q

ξ− (kk )
2
2
ξ−
+ ξxy

(B.24)
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~ and d~ vectors.
Let us attempt to define φ in terms of an effective angle between the B
Formally, this would imply
sin(φ(kk )) =

~ × d~
B
~
~ d|
|B||

=

B1 d3
~
~ d|
|B||

(B.25)

~ and d~ for the s ⊗ τ3 were used. The expression is singular
where the explicit forms of B
whenever d~ vanishes. Defined this way, this quantity would jump by π as we wind across
the lines given by the zeros of the form factor gx2 y2 . The expression is well defined and
coincides with the previous, provided we identify the two in the region centered on the BZ
and bounded by the zeros of the form factor. This does not affect any of our arguments
since the quantity is always squared.
It is easily verified that the matrix is orthogonal, U U T = U T U = I, but has det U =
−1. Therefore, it can be associated with an improper rotation.
Formally, the transformation on the pairing matrix can be given by a rotation on the
vector d~ as



 
− cos(θ) 0 sin(θ) 0

 
 
d~0 (kk ) = 
0
−1
0 

 0

 
sin(θ)
0 cos θ
d

(B.26)

The matrix is also orthogonal with determinant -1, and hence is an improper rotation as
well. The choice of angles θ(kk ) = φ(kk ) + π reproduce the pairing in the band basis in
Eq. (6.16). Unfortunately, the simple interpretation relating the transformation on the d~
with a SU(2) rotation by an angle θ/2 cannot be made, as the transformation U is not a
SU(2) matrix since it has determinant -1.
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[111] M. Vojta, R. Bulla, F. Güttge, and F. Anders, “Mass-flow error in the numerical renormalization-group method and the critical behavior of the sub-Ohmic spinboson model,” Phys. Rev. B 81, 075122(1)–075122(12) (2010).

229
[112] M. Vojta, “Numerical renormalization group for the sub-Ohmic spin-boson model:
A conspiracy of errors,” Phys. Rev. B 85, 115113(1)–115113(8) (2012).
[113] M. E. Fisher, S. k. Ma, and B. G. Nickel, “Critical Exponents for Long-Range
Interactions,” Phys. Rev. Lett. 29, 917–920 (1972).
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