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Notes on Real Rationally Connected Varieties and Fano Threefolds of Genus 12

by

Derek Allums

We show that a smooth projective geometrically rationally connected

variety over the real numbers with at least one rational point admits a

non-constant mapping from any smooth projective curve. Additionally,

we show that many real smooth Fano complete intersections admit non-

constant maps from the real anisotropic conic. Furthermore, we compute

the genus and degree of the singular locus of the locus of lines on a genus

12 Fano threefold. After blowing up this locus to obtain simple normal

crossings divisor, we compute the cohomology of the complement, in which

we see the middle cohomology of this curve appearing with weight 5 of

the third cohomology group.
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Chapter 1

Introduction

In this thesis, we prove some results on real rationally connected varieties and Fano

threefolds of genus 12. Since these topics are quite disconnected, the thesis is orga-

nized in two separate chapters.

In the first chapter, we give background on rationally connected varieties and

their cousins. Such varieties have long been of interest to mathematicians since they

generalize projective space in a way that preserves the good deformation theory it

enjoys. In particular, they contain many lines allowing for certain constructions which

give rise to maps of arbitrary curves into given varieties, as we show. Our main results

for this chapter are contained in Proposition 2.6.1, Theorem 2.7.2 and Corollary 2.7.5.

In Proposition 2.6.1, we show that over R, the existence of very free rational curves

implies the existence of arbitrary curves, so long as we have at least one real point.

Theorem 2.7.2 is similar in flavor to the Graber-Harris-Starr theorem in the sense

that if we have a fibration with rationally connected fibers (generically) and mild

singularities, then we can construct more curves. The difference is that instead of a

section, we show that conics in fixed fibers deform to conics in nearby fibers. As a

corollary to this, we show in Corollary 2.7.5 that certain real Fano threefolds contain

real conics.
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The second chapter is devoted to prime Fano threefolds of genus 12 and degree 22;

we call such objects V22s, and indeed there is a two parameter family of smooth conics

on a general real V22. Such objects are of interest to us for several additional reasons,

and in particular, were completely overlooked in Fano’s original classification. As a

result, much work has been done on them [IP99], [KS04], [Tak89], [Muk92], [Muk03].

However, despite the wealth of information at our disposal there is a lack of results

concerning the locus of lines, in particular, on a given V22. It is known though, what

the normal bundle of a given line looks like, what curve parameterizes the lines on

X, etc., but it was not known what the genus and degree of the singular locus of the

union of lines, called D′, is. We compute this in Lemma 3.3.1 .

There is no Torelli theorem for Fano threefolds of type V22 as the cohomology does

not provide any useful information about the isomorphism type. To introduce some

structure, one can remove certain canonical loci, and compute the cohomology of the

complement. In this vein, we compute the cohomology of the complement of the

locus of lines in Proposition 3.4.2, which is parameterized by a smooth plane quartic,

in which we see the middle cohomology of D′ appearing in H3 of the complement.

Since X completely determines U and thus D′, this is essentially a Torelli theorem for

Fano threefolds of type V22. Furthermore, there is a beautiful relationship between

the moduli of V22 and the moduli of genus three curves M3 which we describe, and

offer additional insight into. Namely, we compute the class in Pic(M3) of quartics

which may be written as a sum of 5 fourth powers in Proposition 3.2.10.

We also compute the cohomology of the complement of twisted cubics through a

point p not on a line in Proposition 3.4.4. The twisted cubics end up sweeping out

a smooth surface, so the cohomology is not terribly helpful in establishing numerical

invariants.



Chapter 2

On Real Rationally Connected Varieties

This chapter is dedicated to some results on real rationally connected varieties, and

when those varieties admit non-constant morphisms C → X for some curve C. Our

main results are contained in Proposition 2.6.1, Theorem 2.7.2 and Corollary 2.7.5.

Before we state these results, some background is necessary.

2.1 Background on rationally connected varieties

Throughout this section, unless stated otherwise, let X be a smooth projective variety

defined by equations over R. We denote by XC the corresponding complex variety

and recall that a variety is said to be rational if it is birational to some projective

space. We say X is geometrically rational if XC is rational.

For a variety X determined by equations over the field K, denote by X(K) the

set of K-rational points, i.e., the set of points in our variety with coordinates in the

field K. We first begin with some preliminary ideas from deformation theory which

we will use later.
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2.1.1 Some deformation theory

There are two somewhat different notions of deformation we will make use of. First,

we can define a family of deformations of some variety X0 6= ∅ as the following data

[Har77]: a flat morphism f : X → Y with Y connected, with a point y0 ∈ Y such

that k(y0) = k, the base field, and the fiber Xy0 ' X0. We’ll call the other fibers Xy

deformations of X0.

Example 2.1.1. Let X = Spec(k[x, y, t]/(xy − t)). Then, if Y = Spec(k[t]) is our

base, i.e., f : X → Y is determined by the natural map k[t] → k[x, y, t]/(xy − t), we

get a family whose general member is a hyperbola but whose special member X0 is

the reducible scheme xy = 0.

Next, broadly speaking, ampleness of certain bundles gives us enough global sec-

tions to deform in a productive way. Formally, we need the definition of first order

deformations. Let D = k[t]/t2 be the ring of dual numbers over the field k. From

Exercise II.2.8 in [Har09] we know that to give a morphism

Spec (D) → X

is equivalent to giving a rational point x ∈ X over k and an element of the tangent

space

Tx =
(
mx/m

2
x

)∗
.

Such maps are called first order deformations. Before the next theorem, we note that

for a subscheme Y ⊂ X, and sheaf of ideals I for Y , we have

NY/X = Hom(I/I2,OY ).

Recall that if X is nonsingular and Y is a locally complete intersection in X, then
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I/I2 is locally free, and thus NY/X is locally free. We may then call this object the

normal bundle of Y in X. If Y is also nonsingular, we have the following short exact

sequence relating the tangent bundle of Y , the tangent bundle of X restricted to Y

and the normal bundle or Y in X

0 // TY // TX|Y // NY/X
// 0.

Theorem 2.1.1. Let X be a scheme over a field k, and let Y be a closed subscheme

of X. Then the deformations of Y over D in X are in natural one-to-one correspon-

dence with elements of H0(Y,NY/X), the zero element corresponding to the trivial

deformation.

Corollary 2.1.2. If Y is a closed subscheme of the projective space X = Pnk , then

the Zariski tangent space of the Hilbert scheme H at the point y corresponding to Y

is isomorphic to H0(Y,NY/X).

Once one has done the required unpacking of definitions (of the normal bundle,

mainly) the proof just follows from the afore-mentioned exercise from [Har09] above.

2.1.2 Rational connectedness over the complex numbers

There are many desirable properties of Pn that one may wish to generalize. In our

case, the property we care most about is that projective space has a lot of rational

curves. To be precise, through any two points, there exists a rational curve. This is a

projective version of Euclid’s first axiom: two points determine a line. In [KMM92]

this was generalized to other varieties, and we take the following as our definition.

Definition 2.1.3. A smooth projective variety X over C is rationally connected if

for every pair of points x1, x2 ∈ XC there is a morphism f : P1
C → XC satisfying

x1, x2 ∈ f(P1
C).
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Note that Pn for any n ∈ Z is rationally connected, and moreover, rational con-

nectedness is a birational invariant for proper varieties. Thus, any rational variety is

rationally connected. Over an uncountable algebraically closed field of characteristic

0, a variety X is rationally connected if and only if a general pair of points can be

joined by a rational curve. Furthermore, a surface is rationally connected if and only

if it is rational, although this is not obvious; see [Har01] for a discussion and proof

of this result.

Theorem 2.1.4 ( [KMM92]). Let X be a smooth projective variety, then

−KX ample ⇒ X is rationally connected.

Thus, as a corollary, a smooth degree d hypersurface X ⊂ Pn is rationally con-

nected if and only if d ≤ n since KX ' OX(d − n − 1). This gives immediate

potential examples of varieties which are rationally connected but not rational, e.g.,

smooth cubic threefolds in P4, but showing that cubic threefolds are not rational is

non-trivial [CG72]. For more examples, see [AM72], in which Artin and Mumford

give explicit elementary examples of certain threefolds which are rationally connected

(indeed unirational) but not rational.

There is an interesting relationship between rational connectedness and (very) free

curves on X which we now describe. Let f : P1 → X be a non-constant rational curve

on a smooth variety X. We know from Chapter V, Exercise 2.6 in [Har77] that in

general,

f ∗TX ' OP1(a1)⊕ · · · ⊕ OP1(an)

where we assume without loss of generality a1 ≥ · · · ≥ an. The idea is that the larger

the ai are, the more we can deform our rational curve. Recall f ∗TX is generated by

global sections if and only if ai ≥ 0 for all i.
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Definition 2.1.5. Let r be a nonnegative integer. A non-constant rational curve

f : P1 → X on a smooth variety X is free if f ∗TX is generated by its global sections

and very free if f ∗TX ⊗OP1(−1) is generated by its global sections.

Note that on Pn, any rational curve is very free since the pullback by a finite

morphism of an ample line bundle is again ample. A smooth rational curve C on a

smooth surface X is free (respectively, very free) if and only if C2 ≥ 0 (respectively

C2 > 0). One can show this by proving that in this case, for f : C → X,

f ∗TX ' O ⊕O(2) or O(1)⊕O(1)

and in either case, the requirements for free or very free are met. In particular,

exceptional divisors on smooth surfaces arising as blow-ups are not free.

The rough distinction between very free curves and free curves is that a free curve

is very free if to first order it can be deformed in every direction. This deformation

theory can be used to deform rational curves on X to pass through any two (general)

points we wish. More precisely, we have Theorem 3.9 from [Kol13a].

Theorem 2.1.6. Let X be a smooth proper rationally connected variety over C, and

x1, . . . , xm ∈ X be distinct closed points. Then there is a morphism f = fx1,...,xm :

P1 → X such that

1. x1, . . . , xm ∈ f(P1);

2. f ∗TX is ample.

Moreover, Corollary 4.17 from [Deb13] gives us a slightly stronger result.

Proposition 2.1.7. Let X be a smooth projective variety over C.

(a) Assume X contains a very free rational curve. Then there is a very free ratio-

nal curve through a general finite subset of X. In particular, X is rationally
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connected.

(b) Conversely, if X is rationally connected, there exists a very free rational curve

through a general point of X.

We will also use the concept of rational chain connectedness. Informally, a variety

X is rationally chain connected if through any two (general) points there is a chain

of rational curves. Clearly this is a weaker condition than rationally connected, but

we will see that in certain cases, when there is a good deformation theory and X is

smooth, they are equivalent.

It’s worth noting that unlike rational connectedness, rational chain connectedness

is not a birational property. For example, the projective cone over an elliptic curve

is rationally chain connected but its canonical desingularization is not. However, the

property is a birational invariant when X is smooth. Moreover, the following result

explains our lack of examples of varieties which are rationally chain connected but

not rationally connected:

Corollary 2.1.8. Let X be a smooth projective variety over C. The following condi-

tions are equivalent:

(i) there is a very free rational curve through any finite subset of X;

(ii) X is rationally connected;

(iii) X is rationally chain connected.

The idea of the proof, or at least the one non-trivial direction, is to smooth the

chain of rational curves into a rational curve via Proposition 4.24 in [Deb13].

2.1.3 Rationally connected varieties over R

We begin with a definition.
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Definition 2.1.9. A real smooth projective variety X over R is rationally connected

over R if it is geometrically rationally connected and connected and nonempty as a

topological space.

Theorem 1.4 from [Kol99] tells us that a rational point implies the existence of

free curves.

Theorem 2.1.10. Let X a smooth proper variety over R such that XC is rationally

connected. Then for every x ∈ X(R) there is a morphism fx : P1 → X (defined over

R) such that f ∗x(TX) is ample and x ∈ fx(P1(R))

In particular, this tells us that a non-constant morphism φ : P1
R → X exists if and

only if the set of real rational points X(R) is nonempty.

The idea of the proof is as follows. Let x ∈ X(R). Then there exists a very

free rational curve containing x, say ψ : P1
C → X with ψ(p) = x. This means we

may deform the curve to pass through any two prescribed points. Consider a copy

of P1
R which is collapsed to our point x via some constant map c : P1

R → x. Then

take a third mapping conjugate to the first. The map φ0 = (ψ, c, ψ) on our chain of

rational curves P1 ∪ P1 ∪ P1 defined over R (because complex conjugation exchanges

the first and third components) collapses P1
R and gives ψ(P1

C) and its conjugate ψ(P1
C)

intersecting at x. As a consequence of very freeness and using tools from deformation

theory, we make the final claim that the image of φ0 admits a smoothing φ over R

with x contained in the image. This gives our map φ : P1
R → X with x in the image.

Finally, note that the existence of a rational point is necessary. If φ : P1
R → X

exists then there is some x ∈ X(R) in the image, say φ(y) = x.

A natural next question to ask is: do (geometrically) rationally connected varieties

contain maps of other curves? That is, does the presence of rational curves and a

good deformation theory allow us to construct non-constant morphisms over R of
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some C → X? In what follows we show that in certain cases this is indeed possible.

We also answer other similar questions.

2.2 Anisotropic curves and rationally connected

varieties over R

Consider a real anisotropic conic

C = {[x, y, z] : x2 + y2 + z2 = 0},

i.e. C(R) = ∅. LetK = R(C) denote its function field. It is a theorem of Witt [Wit34]

that any smooth quadric of positive dimension over K admits a rational point. See

[Duc98] for a general discussion of the Hasse principle and related obstructions over

fields of this type.

We shall address the following question, which we learned from J.L. Colliot-

Thélène:

Question 2.2.1. If X is a smooth projective geometrically rationally connected vari-

ety over R, is X(K) 6= ∅?

This question is primarily of interest when X(R) = ∅; if X(R) 6= ∅ then we

can always take constant maps. Furthermore, by Theorem 2.1.10 above, if X is a

smooth projective rationally-connected variety over R then any two points in a given

connected component of X(R) can be joined by a real rational curve [Kol99].

There is also a sort of dual question: which varieties allow embeddings or non-

constant maps from arbitrary smooth projective curves? Of course, over an alge-

braically closed field, every curve embeds in P3, and Sankaran [San11] extended this

by showing every curve embeds in a smooth rationally connected threefold. Graber,
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Harris and Starr [GHS03] have shown that, for C an arbitrary smooth curve, if the

general fiber of f : X → C of a proper morphism of complex varieties is rationally

connected, then X has a section. However, not much has been done in this vein over

R.

2.3 A geometric obstruction to K-points

Here a curve denotes a projective integral geometrically connected scheme of dimen-

sion one over R. Thus it has at most two geometrically-irreducible components, which

are complex conjugate.

Proposition 2.3.1. Let X be a smooth projective variety over R. Suppose that

• X(R) = ∅;

• each real curve Y ⊂ X has odd arithmetic genus.

Then X(K) = ∅.

Proof. Suppose that X(K) 6= ∅. Then there would exist a morphism

φ : C→X,

necessarily non-constant as X(R) = ∅. Such a morphism exists by the valuative crite-

rion for properness, since by definition of rational point we have a map Spec (K) → X,

and so the dashed arrows exists in the diagram:

Spec (K) //

��

X

��

Spec (R)

88qqqqqq
// Spec (R)
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where Spec (R) ⊂ C is an open affine such that K = R(0). So the map is rational but

can be completed to C → X since C is proper. We may assume that φ is birational

onto its image Y , since the normalization of Y is genus zero and so either isomorphic

to C or P1
R.

Enumerate the singularities of Y , in complex conjugate pairs

{p1, p̄1, p2, p̄2, . . . , pr, p̄r}.

We know that pj 6= p̄j for all j since Y ⊂ X and X has no real points, and so neither

does Y .

Since C is birational to Y and Y is birational to its normalization Ỹ , we see that

C is birational to Ỹ , and thus pa(Ỹ ) = pa(C) = 0. By exercise IV.1.8 in [Har77], we

have

pa(Y ) = pa(Ỹ ) +
∑

p∈Y (C)

γp =
∑

p∈Y (C)

γp

where γp = length(Õp/Op) and p is a singular point of Y . But the type of singularity

is preserved by complex conjugation, so

length(Õpj
/Opj

) = length(Õp̄j
/Op̄j

)

It follows that the arithmetic genus

pa(Y ) = 2
r∑
j=1

γpj
,

But this contradicts our assumption that the genus of Y was odd.

Example 2.3.1. Let X be a del Pezzo surface of degree two, i.e. K2
X = 2, over R

such that Pic(X) = ZKX . Then each curve Y ⊂ X has odd arithmetic genus. If
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Y ∈ |dKX | then by adjunction,

pa(Y ) =
Y 2 + Y.KX

2
+ 1

=
(dKX)2 + dKX .KX

2
+ 1

=
2d2 + 2d

2
+ 1

= d(d+ 1) + 1

which is always odd.

2.4 K-points on surfaces with no R-points

The following classification result is classical, but is presented in [Kol97, Thms. 1.8

and 2.2]:

Theorem 2.4.1. Let X be a smooth projective minimal geometrically rational surface

over R, with X(R) = ∅. Then X is isomorphic over R to either C × C or C × P1.

As a corollary, we see that the del Pezzo surfaces of Example 2.3.1 always have

real points. Del Pezzos with PicX = ZKX over the ground field are minimal since

they have no −1-curves. They are not isomorphic to C × C or C × P1, and so the

contrapositive of the theorem tells us X(R) 6= ∅.

Note that conic bundles with reducible fibers do not occur. Components of the

generate fibers must come in complex conjugate pairs. If the pair lies in a single

fiber then the point of intersection is defined over R; if the pair lies in two complex

conjugate fibers then they can be blown down, violating minimality.

Example 2.4.1. Consider the case of a degree two del Pezzo where complex conju-

gation acts on the primitive cohomology via multiplication by −1. However, then the
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28 bitangents to the branch curve are all defined over R. In particular, the surface

admits real points.

Theorem 2.4.1 implies:

Corollary 2.4.2. Let X be a smooth projective geometrically rational surface over R

with and X(R) = ∅. Then there is a non-constant morphism C→X over R.

Proof. Let X → X be a minimal model of X. Then X meets the hypotheses of

Theorem 2.4.1, so we have a diagram

X // X

C

__?
?

?
?

??�������

where the top map is birational, and the dashed map is rational. Thus, we have a

morphism C → X.

Compare the above results with Theorem 4.2 [CTM04] and note that in particular

it does not contradict it: by our Theorem 3.1, it follows that Pic(X) is not cyclic.

Thus, the hypotheses do not apply. However, note the similarity between the proof

of Theorem 4.2 [CTM04] and the proof below of Corollary 2.4.3 and our Proposition

2.3.1 above. For example, if we take X to be a degree 4 del Pezzo, then the results

also follows directly from Theorem 4.2 [CTM04].

Corollary 2.4.3. Let X be a smooth projective surface over R with

• Pic(X) = Zf and f · f ≡ 0 (mod 4);

• X(R) = ∅.

Then there exists no morphism C→X over R.
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Proof. By Proposition 2.3.1, we just need to show that every curve Y ⊂ X has

odd genus, since then we know that there are no K-points on X. That is, there

is no morphism Spec (K) → X. Then, if we had a morphism C → X, then we

could compose with the morphism Spec (K) → C to get Spec (K) → X, leading to

a contradiction. Let Y ∈ |df | be a degree d curve on X. Since the Picard group is

generated by f , we have KX = nf for some n ∈ N. Then, by adjunction,

pa(Y ) =
Y 2 + Y.KX

2
+ 1

=
(df)2 + df.nf

2
+ 1

=
d2f 2 + dnf 2

2
+ 1

and so it suffices to show that (d2f 2+dnf 2)/2 is even, i.e., that d2f 2+dnf 2 = f 2(d2+

dn) ≡ 0 mod 4, but this is guaranteed by the hypothesis that f 2 ≡ 0 mod 4.

2.5 A result on genus one curves

Theorem 2.5.1. Let X be a smooth projective rationally connected variety over R.

Then there exists a genus one curve E/R and a (non-constant) morphism E→X

defined over R.

Proof. The idea here is to deform rational curves on X into E.

First suppose X(R) 6= ∅; results of [Kol99] imply there exists a very free curve

defined over R through each pair of points x1, x2 ∈ X(R) in a common connected

component. By definition of very free, we can deform them to pass through any two

points we wish. Take two such curves

f, g : P1→X, f(0) = g(0) = x1, g(∞) = g(∞) = x2
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and consider a stable map

h0 : E→X

where E is a genus-one nodal curve obtained by gluing two copies of P1 at 0 and ∞,

and h0 restricts to f on the first component and g on the second component.

Choose a deformation

π : E→B = Spec (R[[t]])

with E = π−1(O) and the generic fiber a smooth genus-one curve. Note that because

f and g are very free, f ∗TX and g∗TX are ample. By construction of h0, h
∗
0TX is then

ample. Thus, we have a smoothing h of h0 following Definition 2.1 in [Kol99],

E

��

⊂ E
π

��

h // X ×B

��

0 ∈ B B

over B. This gives the desired genus-one curve.

Now assume X(R) = ∅. Repeat the argument as above, with x1 and x2 complex

conjugate; assume in addition that f and g are conjugate. The curve E and the

morphism h0 are invariant under conjugation, thus defined over R. It follows there

exists a deformation

π : E→B = Spec (R[[t]])

of the two conjugate nodes over R. As before, there is a smoothing of h0 to a mapping

of a genus-one curve.

2.6 Degenerations and maps of arbitrary curves

In this section, C denotes an arbitrary projective curve over R unless otherwise stated.
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Proposition 2.6.1. Let X be a smooth projective geometrically rationally connected

variety over R such that X(R) 6= ∅. Let C be a smooth projective curve over R.

Then there exists an embedding C → X if dimX ≥ 3 and an immersion C → X if

dimX ≥ 2.

Proof. In [San11], Section 1.2., it is shown that given a smooth rationally connected

variety XC of dimension at least three over C, every complex curve C embeds in

XC. The argument relies on the existence of a very free curve g0 : P1 → XC and a

non-constant morphism g2 : C → P1. Indeed, consider the compositions

g0 ◦ g1 ◦ g2 : C → X

where g1 : P1 → P1 is a morphism of large degree; these deform to embeddings of

C. For our assertion, pick a connected component of X(R) and a very free rational

curve P1 → X with image in this component. Every real curve C admits a morphism

C → P1 over R, so the argument above gives the desired embedding.

Remark 2.6.2. Another technique used to realize such maps is as follows. Let

C → x ∈ X be the constant map where x ∈ X(R) is a real point. This gives a section

f : C → X ×C of the natural projection π1 : X ×C → C. From here on we identify

C with its image f(C). Then,

NC/X×C ' OdimX
C ⇒ Γ(C,NC/X×C) ' RdimX

as an R-vector space so the space of first order deformations is also RdimX . This

says that C may only be moved “up and down”and not otherwise deformed. In other

words, no deformation fixes any point on C.
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What we want to do is increase the size of the normal bundle, since first order

deformations are naturally identified with H0(C,NC/X×C) in the sense that this is

the Zariski tangent space to the Hilbert scheme of X × C at [C]. To do this, we

construct a comb with handle C. Since each fiber Xc ' X of π1 : X × C → C is

geometrically rationally connected and smooth by hypothesis, we know there exists a

very free rational curve over R through any point x ∈ X by Corollary 1.7 in [Kol99]

and Corollary 4.28 [Deb13]. Attaching enough very free P1’s through copies of x in

different fibers guarantees our normal bundle is sufficiently large. Then, by Lemma

2.5 and 2.6 of [GHS03] there is a smoothing of the comb at the nodes. Now we

take such a smoothing and project the deformation of the handle down to X via

π2 : X × C → X. This gives the desired map φ : C → X.

2.7 Deforming and specializing conics

We now return to the case when C is a conic.

Lemma 2.7.1. Let X be a smooth projective geometrically rationally connected vari-

ety. If φ : C → X is a conic on X defined over R, then there exist conics ψ : C → X

on X which are very free.

Proof. Consider very free immersed curves ρi : P1→XC meeting C(C) transversally.

We may assume that these curves and their conjugates ρ1, . . . , ρn meet C(C) in dis-

tinct points c1, . . . , cn, c1, . . . , cn, and following [GHS03, §2], we may choose the ρi

such that the resulting comb

D = C ∪c1 P1 ∪c1 P1 · · · ∪cn P1 ∪cn P1

and morphism

ψ0 = (φ; ρ1, ρ1, . . .) : D→X
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deforms to a very free curve

ψ : C→X

with

ψ∗[C] = φ∗C +
n∑
i=1

(ρi)∗[P1] + (ρi)∗[P
1].

Note that our comb and its morphism to X are defined over R and corresponds to a

smooth point of the relevant parameter space of curves mapping to X. Thus we ψ

may be taken over R as well.

We now turn to one of our main theorems, first introducing some notation. Let C

be a real conic and M a geometrically irreducible variety over R. Let X→M be a flat

projective morphism such that generic fibers are smooth and geometrically rationally

connected, and all fibers have at most one isolated singularity which is at worst an

ordinary double point of codimension at least three.

We want a statement to the effect of “conics in one fiber deform to conics in

nearby fibers.” Toward this, we will assume that H2(Xm,Z) ' Z for each m, so we

can make sense of the following loci:

M∗
d := {m ∈M(R) : ∃φ : C→Xm over R with deg(φ∗[C]) ≤ d},

where d ∈ N and the degree is computed with respect to some relatively ample

invertible sheaf. Then we take the union and write

M∗ :=
⋃
d∈N

M∗
d = {m ∈M(R) : ∃φ : C→Xm over R}.

Theorem 2.7.2. Using the notation above, each M∗
d is semialgebraic and closed in

the standard topology and M∗ is open in the standard topology.

Before diving into the proof, we summarize what is known over C about the
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rational connectedness of the degenerate fibers. For our needs, note that an isolated

ordinary double point in high codimension meets the hypotheses on singular points in

the fibers needed below. A more thorough discussion of the types of singularities being

referenced here is beyond the scope of this thesis; we refer the reader to [Kol13b] for

more information. We will use the following amplification of [HT08, Prop. 24]

Lemma 2.7.3. Let X be a projective rationally connected variety of dimension at

least three over C, with only ordinary double points as singularities. Let β : Y→X

be the resolution obtained by blowing up the singularities, with exceptional divisors

E1, . . . , En. Then there exists a very free rational curve P1→X meeting E1 transver-

sally at one point and disjoint from E2, . . . , En.

It follows that we can find very free curves meeting E1, . . . , En in prescribed num-

bers of points [HT06, Prop. 16].

Proof of Lemma. Each Ej is a smooth quadric hypersurface in Pdim(X). Fix a point

p ∈ E1 and a very free curve ϕ : P1→Y containing p. We may assume its image

intersects each Ej transversally. For each point q 6= p of intersection of the curve

with one of the Ei, choose a line

q ⊂ `q ⊂ Ei;

note that

N`q/Y = OP1 ⊕OP1(1)dim(Y )−3 ⊕OP1(−1)

where the negative summand reflects NEi/Y |`q. Construct a comb D with handle P1

and teeth `q and a morphism

ψ0 : D→Y
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extending ϕ such that ψ0|`q embeds as the line. Now we have

ND/Y |`q = OP1 ⊕OP1(1)dim(Y )−3 ⊕OP1

which means that ψ0 deforms smoothly to an embedding ψ : P1→Y . Since D∩E1 = 1

and D ∩ Ei = 0 for i > 0, we conclude that the image of ψ meets only E1.

Proof of Theorem 2.7.2. We address the first assertion: Let m0 be in the topological

closure of M∗
d . The specialization of a variety with a rational curve of degree d

contains a tree of rational curves, perhaps with multiplicities. More precisely, using

the properness of the Kontesevich space of stable maps M0(X/M, d), there exists

a nodal geometrically connected curve C0 of genus zero over R, and a morphism

φ0 : C0→Xm0 over R. The action of complex conjugation on C0 fixes either a node

or a geometrically irreducible component of C0. Thus either Xm0(R) 6= ∅ or there is

a real geometrically irreducible curve of genus zero mapping to Xm0 . In both cases

we obtain a morphism C→Xm0 over R. That each M∗
d is semialgebraic follows from

iterations of the Tarski-Seidenberg theorem [van98], since each is the image of a

projection M0(X/M, d)(R) →M(R).

We turn to the second assertion, i.e., if Xm admits a conic then nearby fibers Xm′

do as well. If the smooth locus X sm
m admits a real point then this remains true for

Xm′ with m′ ∈ M(R) close to m in the Euclidean topology. Therefore, we assume

that Xm(R) is empty or consists only of singular points.

The remainder of the proof relies heavily on background we have omitted but can

be found in [Kol13a]. Assume we have a morphism φ : C→Xm for m ∈ M(R).

Suppose Xm is smooth along φ(C). If φ is free then the relative morphism scheme

Mor(C ×M,X ) is smooth over M at [φ]. It follows that Md (with d = deg(φ∗[C])

contains some open neighborhood of m. Else, by Lemma 2.7.1, we know we can find
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a very free conic ψ : C → X sm
m .

Suppose ϕ : C→Xm meets singularities of Xm. By the discussion of the previous

paragraph, it suffices to find a ψ : C→Xm avoiding the singularities and defined over

R. We first consider the case where ϕ is non-constant; below we address the constant

case.

Let β : Y→Xm be a resolution obtained by blowing up the singular point and

ϕ̃ : C→Y the proper transform of ϕ. This makes sense as the image of ϕ meets the

smooth locus of Xm. Since X sm
m (R) = ∅ it follows that Y (R) = ∅. Let E denote

the exceptional divisor of β, which is isomorphic to a smooth anisotropic quadric

hypersurface Q ' {
∑

j x
2
j = 0} ⊂ Pdim(Y ). Let m denote the multiplicity of the

intersection ϕ̃(C) ·E. As we have seen, over C there is a very free curve in Y disjoint

from E. Repeating the comb construction above with such a curve, we may assume

that ϕ̃ is very free and meets E transversally at m generic points.

The intersection ϕ̃(C) ∩ E is a union of complex conjugate points. For each pair

{p, p̄}, with p ∈ E ∩ ϕ̃(C), we fix lines

p ∈ ` ⊂ Q, p̄ ∈ ¯̀⊂ Q.

Construct a comb D with handle C and teeth indexed by points of the intersection,

and a morphism extending ϕ̃

ψ : D→Y

mapping each tooth to the corresponding line `. Note that

N`/Y = OP1 ⊕OP1(1)dim(Y )−3 ⊕OP1(−1)
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where the negative summand reflects NE/Y |`. Thus we obtain

ND/Y |` = OP1 ⊕OP1(1)dim(Y )−3 ⊕OP1

so ψ : D→Y admits a smoothing over R to a morphism φ : C→Y . Since E ·D = 0,

φ(C) is disjoint from the exceptional locus of β thus gives C→X sm
m .

Suppose we have only a constant morphism ϕ : C→Xm over R. Note that s =

ϕ(C) ∈ Xm(R) is thus a singular point. Let Y be the resolution of Xm as before and

E the exceptional divisor over s, an anisotropic quadric. Let C ⊂ E denote a smooth

conic, obtained as a generic linear section. Apply Lemma 2.7.3 to obtain f : P1→YC,

a complex very free curve incident to C at p but disjoint from the other exceptional

divisors in Y . Consider the comb

D = C ∪p P1 ∪p̄ P1

and the morphism

ψ0 : D→Y

extending the inclusion of C as a plane section of E and restricting to f (resp. f̄) on

P1 (resp. P1). As before, this has smooth deformation space which includes smooth

embeddings ψ : C→Y . These are necessarily disjoint from all the exceptional divisors

of Y→Xm thus we obtain a very free curve

C → X sm
m .

Remark 2.7.4. Consider the parameter space for complete intersections in projec-

tive space of hypersurfaces with prescribed degrees. There is an irreducible divisor,
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called the discriminant, whose complement corresponds to smooth such intersections

[Ben12]. Generic points of the discriminant divisor correspond to complete intersec-

tions with a single ordinary double point (see [Tei75, 2.8.3] and [HT08, Lemma

23]).

Theorem 2.7.2 thus has the following consequence:

Corollary 2.7.5. Let X be a real Fano complete intersection near the discriminant

divisor. Then there exists a morphism C→X defined over R.

2.8 Existence of conics in Fano threefolds

Let X be a real Fano threefold with X(R) = ∅. Does there exist a morphism C→X?

If X contains a geometrically rational surface then such a morphism exists (see Sec-

tion 2.4). This we focus on the case of primitive Fano varieties of index one, where

KX generates the Picard group.

Let X be a primitive Fano threefold of index one and genus 12, i.e., the anti-

canonical embedding realizes

X ↪→ P13

as a variety of degree 22. Kollár and Schreyer have shown that the Hilbert scheme of

conics

Z ⊂ X ⊂ P13, pZ(t) = 2t+ 1,

is isomorphic to a Brauer-Severi surface Σ [KS04, Th. 2.4]. Moreover, the reducible

conics are parametrized by an explicit curve in Σ. Since Br(R) = Z/2Z we have

ΣR ' P2
R

and thus X admits a smooth conic over R.



Chapter 3

The Moduli Space of V22

In this chapter we will first give some background on Fano threefolds X of genus

12 and why they are of particular interest. Necessary to this is a self-contained

section on plane quartic curves. We next go over some known results concerning

different birational models of their moduli spaces. Finally we present some new results

concerning the smooth locus in moduli and some computations on the cohomology of

certain distinguished open sets. Toward the goal of the latter, we also prove results

on the locus of lines W ⊂ X. We will assume the ground field k = C unless otherwise

noted.

Because, as will be shown, the Fano threefolds of interest to us have cohomology

of pure Hodge-Tate type, the Hodge structures offer no insight into their isomorphism

class. That is, there is no variation among Hodge structure over different isomorphism

classes. In an attempt to get around this and produce invariants, we compute in

Propositions 3.4.2 and 3.4.4 the cohomology of the complement of the locus of lines

and the locus of twisted cubics through a point p not on a line, respectively. The

result is essentially a Torelli theorem for Fano threefolds of type V22 in which one

recovers canonical geometric data from the cohomology, in particular, from H3.

Though a general Fano threefold of type V22 is smooth, the locus of lines is sin-
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gular. We study this singular locus, and in particular, find its contribution to the

cohomology. The singular locus is a curve generally, and its genus turns up in the

weight 5 contribution of the third Betti number.

The locus of twisted cubics through a point not on a line turns out to be a smooth

cubic surface - see the discussion surrounding Figure 3.1. Thus, the Hodge structure

of its complement is not too illuminating. However, before such computations are

made, some general background is needed.

3.1 Background on Fano threefolds of genus 12

We begin with a preliminary definition.

Definition 3.1.1. A Fano threefold X is a threefold whose anticanonical class −KX =∧dimX TX is ample.

Another way to think about these objects is that they are compact Kähler varieties

with positive Ricci curvature [Deb13].

There are 105 deformation types of Fano threefolds [Muk03], and indeed 17 types

with second Betti number B2 = 1. Furthermore, if we impose B3 = 0, we reduce this

count to 4:

P3, Q3 ⊂ P4, V5 ⊂ P6, V22 ⊂ P13.

All are rational and the first three are quite easy to describe and well known. Q3 is a

hyperquadric and V5 is a qunitic del Pezzo threefold. In Mukai’s own words, though,

the last one is “very mysterious.” We devote this chapter to the study of some of its

properties.

Definition 3.1.2. The index of X is an integer r 6= 1 such that −KX = rH. Fano

threefolds of index one, i.e., −KX = H, are called prime.
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The Fano threefolds of interest to us are prime and genus 12, i.e., smooth Fano

threefolds of degree 2g − 2 for g = 12 such that −KX = H, the hyperplane class in

Pg+1. We will call such Fano threefolds of type V22. They are the largest degree prime

Fano threefolds [IP99].

Furthermore, there are several convenient birational models of Fano threefolds

of type V22, notably double projection from a conic, double projection from a line

and triple projection from a point. The last of these is of special importance as we

calculate below the explicit base point free linear series giving rise to a rational map

X 99K P3 described in detail in [Tak89] and [KS04].

Let p ∈ X be a point not on a line. Then there is a birational map, denoted

π|H−3p| : X 99K P3, which factors through the blow-up of p, the flop of the six distinct

conics passing through p followed by the blow-down of the twisted cubics through p.

Diagrammatically, we have:

Figure 3.1: Triple projection from a point p ∈ X not on a line.

E = P2

��

⊂ X ′

BlpX σ

��

flop
// (P3)+

q

��

⊃ R6 × P1

��

p ∈ X |H−3p|
//____ P3 ⊃ R6

where the strict transform of E is the unique cubic surface containing a particular

rational sextic curve, denoted R6. The inverse map P3 99K X is defined by forms of

degree 10 triple along R6 and the flopped curves are the six 4-secant lines of R6.

3.2 Background on plane quartics and their mod-

uli

Quartic plane curves, i.e., non-hyperelliptic curves of genus 3, have been studied

classically [SC79], yet it was not until relatively recently that the relationship with
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Fano threefolds was fully mapped out. In this self-contained section, we review some

of the necessary background on quartic plane curves, and in subsequent subsections,

describe the relationship with V22 more fully.

For clarity, by plane quartic we mean an algebraic curve of the form

{
(x : y : z) ∈ P2 | α0x

4 + α1y
4 + α2z

4 + · · ·+ α14xyz
2 = 0 for αi ∈ C

}
By adjunction, such a curve is of genus 3, and the fact that it is non-hyperelliptic

is Exercise IV.3.2 in [Har77]. Note that this shows the parameter space of plane

quartics is 14 dimensional.

Though the invariant theory of a plane quartic is rich, we will only need the

following tools. Let F ∈ P(S4(C)) ' P13 be a plane quartic. In complete generality,

the polar of a curve C of degree n with respect to some point a is a curve of degree

n−1 containing every point of C whose tangent passes through a [SC79]. Historically,

this curve was used to study the relationship between C and its dual. In our case,

we only need the following specialization.

Definition 3.2.1. The polar cubic at a point a = (a0 : a1 : a2) ∈ P2 is

P = Pa(F ) = a0
∂F

∂x
+ a1

∂F

∂y
+ a2

∂F

∂z
.

We now follow Example 1.2.1 in [LO13]. Write P in bases:

P = p000x
3 + p111y

3 + p222z
3 + 3p001x

2y + 3p011xy
2 + 3p002x

2z

+ 3p022xz
2 + 3p112y

2z + 2p122yz
2 + 6p012xyz

and then make the following definition.

Definition 3.2.2. The classical Aronhold invariant [SC79] is any of the size 8 prin-
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cipal Pfaffians of the following matrix:



0 0 0 p002 p012 p022 −p010 −p011 −p012

0 0 0 p012 p112 p122 −p011 −p111 −p112

0 0 0 p022 p122 p222 −p012 −p112 −p122

−p002 −p012 −p022 0 0 0 p000 p001 p002

−p012 −p112 −p122 0 0 0 p001 p011 p012

−p022 −p122 −p222 0 0 0 p002 p012 p022

p010 p011 p012 −p000 −p001 −p002 0 0 0

p011 p111 p112 −p001 −p011 −p012 0 0 0

p012 p112 p122 −p002 −p012 −p022 0 0 0


where the principal Pfaffians [Dol12] of size 8 are the square roots of the 36 minors.

The minors are all squares since the matrix is skew-symmetric.

Definition 3.2.3. The Scorza map is the rational map from P(S4C3) to itself which

associates to a quartic f the quartic

S(f) = {x ∈ P2 | Ar(Px(f)) = 0}

where Px(f) is a cubic polar to f at x and Ar(Px(f)) is the Aronhold invariant of

Px(f).

Thus, the Scorza map takes plane quartics to plane quartics, but indeed is not one

to one. Moreover, the image under S of a smooth quartic is again smooth, Theorem

6.3.17 [Dol12]. See the Appendix for some examples.

Indeed the theory of polars shows up once more as we will see in the subsection

below. First, note that this is related to the classical problem on sums of powers, which
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is basically a polynomial Waring’s problem. That is, for a given Fd homogeneous

polynomial of degree d in n variables,

(1) Are there N linear forms f1, . . . , fN such that Fd =
∑N

1 f
d
i ?

(2) If so, how many, as measured by an enumerative or dimension count?

Of course in our case, n = 3. Then, letting C be the plane curve defined by Fd and

Γ the plane curve defined by
∏N

i fi, we make the following definition.

Definition 3.2.4. The plane curve Γ is a polar N-side of C if Fd =
∑N

i f
d
i .

Apparently, the name comes from the following [Muk92]

Example 3.2.1. Let C be a smooth conic and `1, `2, `3 three distinct lines. Then the

following are equivalent:

(1) ∆ = `1 + `2 + `3 is a polar 3-side of C in the above sense, and

(2) the triangle ∆ is self polar with respect to C, that is, each side is the polar of its

opposite vertex.

One can regard the set of polar N -sides of a given curve C as a subvariety of

the parameter space of plane curves of degree N . Its closure is called the variety of

sums of powers of C or the variety of sums of powers presenting C [RS00] and is

commonly denoted V SP (C,N). In general, these varieties are contravariants of the

hypersurfaces C ⊂ Pn under the action of PGL(n+ 1), and were studied extensively

in the late 19th century; see [RS00] for an overview. In our case, n = 2, as we are

interested in plane curves.

Example 3.2.2. [Muk92] Let C be a smooth conic. Then V SP (C, 3) is a smooth

quintic del Pezzo threefold.
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It is well known that a general plane quartic cannot be written as the sum of

5 fourth powers [SC79]. That is, it has no polar 5-sides. A natural next question

is: which plane quartics have a polar 5-side? Clebsch [Cle61] has answered this by

making use of the following invariant.

Definition 3.2.5. The catalecticant of a plane quartic curve F , denoted Ω(F ), or

simply Ω when the context is clear, is the determinant of the matrix [∂i∂jF ]1≤i,j,≤6

where ∂i, ∂j are the second order partials, i.e., ∂i, ∂j ∈ {∂xx, ∂xy, . . . , ∂zz} .

Theorem 3.2.6. [Cle61] If a plane quartic curve has a polar 5-side, then Ω(F ) = 0.

3.2.1 V22 and plane quartics

Polar 6-sides have been studied in [Ros73] and [Sco99], and in particular, their

varieties of sums of powers give us Fano threefolds, in general. We first need a

preliminary definition

Definition 3.2.7. A complete quadrangle is a system of geometric objects consisting

of any four points in a plane, no three of which are on a common line, and of the six

lines connecting each pair of points.

Theorem 3.2.8. [Muk92] If a quartic curve F has no polar 5-sides or no complete

quadrangles as its polar 6-sides, then the variety V SP (F, 6) of polar 6-sides of F is a

prime Fano threefold of genus 12. Conversely, every prime Fano threefold X of genus

12 is obtained in this way. The isomorphism class of F is uniquely determined by

that of X.

One can see this first construction explicitly in [Muk92]. Indeed it is commonly

referred to as the “plane model.” Letting F be the equation of a plane quartic

F = λ1`
4
1 + · · ·+ λ6`

4
6
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for some scalars λi and Γ = {`1 · · · `6 = 0} a polar 6-side, one can identify Γ as a 6-

tuple of points in the dual space (P2)∗, i.e., a point in the Hilbert scheme Hilb6((P2)∗).

Then,

V SP (F, 6) = {Γ ∈ Hilb6((P2)∗) | Γ is polar to F},

i.e., the closure of the set of all polar 6-sides of F , as discussed above.

3.2.2 Plane quartics from V22

Although under the hypotheses of Theorem 3.2.8, one can obtain a V22 from a plane

quartic and a plane quartic from a V22, this cycle of constructions is not the identity:

going from a plane quartic to a V22 and back to a plane quartic does not reproduce

the original plane quartic, in particular. To obtain a plane quartic from a given V22,

X, for which one does not have an a priori description as X = V SP (F, 6), we actually

need to understand the locus of lines on a given V22.

Let W ⊂ X denote the surface of lines on X, that is, the surface swept out by all

rational curves of degree 1 on X. Since Hilbt+1(X) = C for C a plane quartic [KS04],

we know W is birational to C ×P1. Furthermore, we know by construction that C is

actually the image under the Scorza map [KS04], [Sch01], i.e., a covariant quartic,

of the quartic F where X ' V SP (F, 6) for some F . We will write C = S(F ) from

now on. This circle of constructions is described in additional detail in e.g., [Sch01].

Furthermore, it is proven in [Muk03] and [Tyu72] that the correspondence in-

duced by one of the 36 even theta characteristics, η, on a plane quartic is given

by

p
η
∩ q if h0(η − p+ q) 6= 0, for p, q ∈ C

is the same as the correspondence of lines. That is, two lines `, `′ are incident in

W iff their classes [`] and [`′] in C satisfy h0(η − [`] + [`′]) for our fixed even theta
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characteristic η on C. This interesting fact will be used later in our cohomology

computations.

3.2.3 The moduli space of genus three curves

The moduli space of genus g curves, Mg is well understood, and for a more complete

discussion, we refer the reader to [HM06]. For the purposes of this thesis, we only

need understand the Picard group Pic(M3) and in particular, the generators.

For any family of stable curves π : C → S, that is, curves which are complete,

connected, have no singularities other than ordinary double points, and have only

a finite group of automorphisms, we set ΛS = ∧gπ∗(ωπ), where ωπ is the relative

dualizing sheaf. This defines a line bundle Λ whose class we denote λ. The other

generators, denoted δi, correspond to the classes of singular curves in the boundary

Mg. For a more complete discussion, see [AC87].

Theorem 3.2.9. [AC87] For any g ≥ 3, Pic(Mg) is freely generated by λ, δ0, . . . , δ[g/2].

We know that singular V22 are those which arise from quartics with zero catalec-

ticant or containing a complete quadrangle [Muk03]. Since the latter occurs in high

codimension, we focus on the former, which is a divisor in moduli.

Proposition 3.2.10. The class of the Clebsch locus in Pic(M3) is given by

[Ω] = 56λ− 6δ0 − 16δ1

Proof. In general, we may write:

[Ω] = a · λ+ b0 · δ0 + b1 · δ1

and so the goal is to find the coefficients a, b0, b1. This is done by the method of test
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curves which can be seen in e.g., [HM06]. In our case, we test against three distinct

pencils.

The first pencil is a general pencil of plane quartics, denoted ρ. Since the catalecticant

is a degree 6 invariant, the Clebsch locus is degree 6 as a divisor in the moduli space.

That is, deg([Ω])ρ = 6. Additionally, as is the case in the following computations as

well, the degrees of λ, δ0, δ1 against this family are known and computed in [HM06].

In particular,

deg(λ)ρ = 3, deg(δ0)ρ = 27, deg(δ1)ρ = 0

Thus, since

deg([Ω])ρ = a · deg(λ)ρ + b0 · deg(δ0)ρ + b1 · deg(δ1)ρ,

we find

6 = a · 3 + b0 · 27 + b1 · 0 ⇒ a = 2− 9b0.

For the second pencil, we use a general pencil of plane quartics which includes a

double conic. Up to projectivity, there is only one (smooth) conic, so we take it to be

C0 = xz + y2. Our double conic is then C2
0 , and has catalecticant 20480 6= 0. Thus,

the degree of [Ω] against this family is still 6. Using the results and method above,

we find

6 = (2− 9b0) ·
3

2
+ b0 · 13 + b1 · 0 ⇒ b0 = −6.

Our third and final test-surface is a general pencil containing a cuspidal curve, which

we take to be

y2z2 + x3z + x2yz + xy2z + y3z + x4 + x3y + x2y2 + xy3 + y4 = 0

which has catalecticant 5120 6= 0. Thus, the degree of [Ω] against this pencil is 6 and
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using the results above we find

6 = 56 · 17

6
− 6 · 25 + b1 ·

1

6
⇒ b1 = −16

which completes the proof.

3.2.4 Putting it all together

We’ve seen that the moduli of V22 is birational to the moduli of quartics via the plane

model [Sch01]. Furthermore, the Scorza map, described in Definition 3.2.3 above,

also yields an even theta characteristic on a given plane quartic. This gives us a

birational map to M3,ϑev . We will see the importance of the appearance of this theta

characteristic in a later section.

Though we won’t make use of it in this thesis, there is an additional realization

of the moduli space of quartics which maybe of interest. It is well known that the

anti-canonical map of a del Pezzo surface of degree 2 realizes itself as a double cover

of P2 ramified along a (smooth, in general) quartic, [Loo03]. Thus, we have an

identification of the (coarse) moduli space of degree 2 del Pezzo surfaces and smooth

quartic plane curves.

3.3 On the locus of lines on X

In this section we collect some known results and prove some new ones on the locus

of twisted cubics through a point p ∈ X not on a line and on the locus of lines W on

a given X.

We are also interested in the singular locus of W , which we will denote D′. To

understand it better, consider the following diagram where P = P
(
(S
∣∣
S(F )

)
is the

subbundle of the Grassmanian of lines on X and D is the incidence divisor on C×C.
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Figure 3.2: The locus of lines W ⊂ X

P
(
(S
∣∣
S(F )

)
��

ν // W ⊃ D′

D

88qqqqqqqqqqqq σ //

ψ

%%

S(F ) = Hilbt+1(X)

That is, ([`], [`′]) ∈ D iff ` ∩ `′ 6= ∅ and ` 6= `′ for `, `′ lines on X. Another way

to realize the singular locus of W is via the incidence correspondence of lines on W

described in [Muk03], [Tyu72] and above in Section 3.2.2. Such a realization is

extremely useful since it amounts to a degeneracy condition on a set of lines bundles,

which will allow us to compute the homology class of D ⊂ C × C.

Consider the following map

ψ : D → W

([`], [`′]) 7→ ` ∩ `′

It is proven in [Tyu72] that sing(W ) = ψ(D), i.e., D′ = ψ(D).

Lemma 3.3.1. The following are true, noting that the degrees are being computed

over X,C × C and W , respectively:

1. KW = H

2. deg(W ) = 44

3. deg(D) = 3

4. deg(D′) = 42

Proof. Statement 1 follows from adjunction once we know from [IP99] that W ∼

2H, and 2 follows immediately since deg(X) = 22. Statement 3 is directly from
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Lecture 4 in [Tyu72]. Statement 4 follows from the diagram above and some further

computation, noting that ψ is 2 : 1 since the preimage of `∩ `′ is (`, `′)∪ (`′, `). Then

we know that H.D = 2 · deg(ψ(D)) since ψ(D) = D′. But we know from 1 that

H = KW and from before that ν∗KW = D+KP . By the above diagram and results,

where by abuse of notation we denote a section of the map σ itself by σ and f a line,

we have

(KP +D)2 = 44, K2
P = −16, D.f = 3, σ.f = 1, σ2 = f 2 = 0

and thus one may readily compute

H.D = (KP +D).D = 84 ⇒ deg(D′) = 42.

With a little more work we can write down [D] as an element of the Néron-Severi

group of C ×C. The utility of this computation will be seen in the corollaries below,

after the next lemma.

Lemma 3.3.2. D ∼ π∗1η + π∗2η + ∆

Proof. Note that because (p, q) ∈ D iff η − p+ q is effective, we may also interpret

D = {(p, q) ∈ C × C) | ∃r1, r2 ∈ C such that η − p+ q = r1 + r2} .

That is, if (p, q) ∈ D then η + q is uniquely effective. Furthermore, we know the

correspondence is symmetric by Riemann-Roch. It then follows that for fixed (p, q) ∈

D,

(D −∆) ∩ {C × q} = η, (D −∆) ∩ {p× C} = η.
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Thus, up to linear equivalence,

D ∼ π∗1η + π∗2η + ∆.

Corollary 3.3.3. The divisor D is disjoint from the diagonal.

Proof. From Lemma 3.3.2,

D.∆ = (π∗1η).∆ + (π∗2η).∆ + ∆.∆ = (2) + (2) + (−4) = 0.

This gives us the following useful corollary.

Corollary 3.3.4. g(D) = 7 and g(D′) = 4

Proof. This follows from the Riemann-Hurwitz formula, noting that ψ is not ramified

along ∆ since D.∆ = 0 by Corollary 3.3.3 above. Namely:

2g(D)− 2 = 3(2g(C)− 2) ⇒ g(D) = 7

and

2g(D)− 2 = 2(2g(D′)− 2) ⇒ g(D′) = 4.

Finally, we have the following corollary from [Muk03], which tells us exactly what

the higher order degeneracy locus of W looks like.

Corollary 3.3.5. There are exactly 8 triple points on D′.
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These are also called trilinear points, and may be thought of as exactly that:

points on D′ corresponding to points on X where 3 lines are incident.

3.4 Some cohomology computations

In this section we compute the cohomology of the complement of twisted cubics

through a point p ∈ X not on a line and the cohomology of the complement of the

lines on X. In each case, we make use of the fact that triple projection from p gives

birational map to P3. We first show how to resolve the linear series giving this map so

it’s base point free. This resolution shows that, in particular, removing the locus of

twisted cubics through p removes lines and conics through p, and thus the cohomology

produces no new invariants.

3.4.1 Cohomology of the complement of the lines on X

We must first resolve the singularities of W , so we are in a position to make use of the

machinery described originally in [Del71], [Del74] and more recently in many other

places e.g., [Web15], [Kul98] and in particular Section 8.4.3 in [Voi07]. That is, we

need a simple normal crossings divisor. Note that one such requirement of a divisor to

be a simple normal crossings divisor is that each component is smooth; so we blowup

the 8 trilinear points, then blowup the strict transform of D′, which we denote D′+.

Thus, our ambient space is X̃ = BlD′+ (BlYX) where Y ⊂ X is the set of 8 trilinear

points. We write W ∗ for the total transform of W and W+ for the strict transform.

By our work above, we know this resolves the singularities, and results in W ∗ being a

normal crossings divisor in X̃. In our case, D = W+ + (P2)+ + · · ·+ (P2)+ +E where

there are 8 factors of (P2)+ each the exceptional divisor over a particular trilinear,

or triple, point and E is the exceptional divisor over D′+ and is birationally ruled.
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Furthermore, we have a complete understanding of what our non-empty components

and intersections look like. The local picture, after the blowups, can be seen in Figure

3.4.1 below. To be precise, we have the following intersection data

D1 = W+

D2, . . . , D9 = (P2)+

D10 = E

D1 ∩Di = P1 + P1 + P1 for 2 ≤ i ≤ 9

D1 ∩D10 = D′+

Di ∩D10 = P1 + P1 + P1 for 2 ≤ i ≤ 9

D1 ∩Di ∩D10 = {6 points} for 2 ≤ i ≤ 9

which inform the picture below. Consider a triple point p ∈ Y . Locally, it looks

like the intersection of coordinate axes. Blowing up this point inserts a (P2)+ in its

place, and we pick up the dotted P1s as intersection W+ ∩ (P2)+. Note that D′+ has

3 intersections with each (P2)+. Then, in blowing up D′+, each of these intersection

points is replaced with a dashed P1, coming from the ruling of E over D′+. The

intersection W+ ∩ E is then D′+. This gives the double intersections are points,

W+ ∩ (P2)+ ∩ E = {pt.}, where the hexagon is our (P2)+.

To expand a bit more on our computational tools, recall first the following defini-

tion found in e.g., [Kul98]:

Definition 3.4.1. Let X = Pn and Y ⊂ X be a hypersurface so that U = X\Y .
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Figure 3.3: Local picture of a triple point after successive blowups
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Then the cohomologies of X, Y and U are connected by an exact sequence:

· · · // Hk−2(Y,X) // Hk(X,Z) // Hk(U,Z)

// Hk−1(Y,Z) // Hk+1(X,Z) // · · ·

called the Gysin sequence.

In our case, Y won’t be a hypersurface, but rather a normal crossings divisor,

as already explained. This more general case was considered by Deligne [Del71],

[Del74], but we mention the case above since the map Hk−2(Y ) → Hk(X) will be

used frequently, albeit with different underlying topological spaces; it is called the

Gysin map.

In practice, it’s easiest to think about the Gysin map as Poincaré dual to the

restriction H2n−i−1(X) → H2n−i−1(Y ). Alternately, choose a tubular neighborhood

Y ⊂ T ⊂ X and identify

H i−1(Y ) = H i−1(T ) = H i(T, ∂T ) = H i(X,U)
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by excision and the Thom isomorphism. Then this is the usual connecting map, and

the sequence is long exact sequence for the pair (X,U). Better yet, think of the

Gysin map as a sort of boundary map. In our case, the take-away point is that we

can compute that weight p + 2q cohomology of the complement, U , by computing

the pth cohomology of the q-fold intersections of the components of D, denoted D(q).

Note there is a slight difference in the notation in [Voi07] and here: Voison’s p is our

−q and her q is our p+ 2q.

Example 3.4.1. This example serves not only to illustrate how the general theory

is applied in a specific situation, but also to show where one might expect to see the

genus of the curve of intersection of components of a two dimensional simple normal

crossings divisor. We see it appear in the weight 5 contribution to the third Betti

number.

Let D1, D2 ⊂ P3 be smooth quadrics such that their intersection is a smooth genus

1 curve. Let U = P3\D where D = D1 ∪D2. We will compute the cohomology of U ,

using the techniques described in general above. However, our real goal is to find the

contribution of the genus of D1 ∩ D2 within the cohomology. Since the dimensions

are largely the same, these same techniques will be used afterwards in the much more

involved computation of the complement of the locus of lines on our Fano threefold.

H0(U,Z) Since U is connected, H0(U,Z) ' Z.

H1(U,Z) In this case, the weight 1 and 2 pieces are related by the following short

exact sequence:

0 // H1(P3,Z) // H1(U,Z) // coker (H0(D1,Z)⊕H0(D2,Z) → H2(P3,Z)) // 0

from which we immediately deduce that H1(U,Z) ' Z/2Z since each Di ∼ 2H where

H ⊂ P3 is a hyperplane section, and more importantly, 〈H〉 = Pic(P3) ' H2(P3,Z)

where the isomorphism is induced from the first chern class.
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H2(U,Z) Similarly, the data of H2(U,Z) is contained in the following short exact

sequence:

0 // coker (H0(D1,Z)⊕H0(D2,Z) → H2(P3,Z)) // H2(U,Z)

// ker (H0(D12,Z) → H2(D1,Z)⊕H2(D2,Z)) // 0

But again

H2(D1,Z)⊕H2(D2,Z) ' Pic(D1)⊕ Pic(D2)

which has no torsion and thus trivial kernel, implying H2(U,Z) ' Z/2Z.

H3(U,Z) In this case, the non-zero contributors to H3(U,Z) are

(a) ker (H2(D1,Z)⊕H2(D2,Z) → H4(P3,Z))
/
im (H0(D12,Z) → H2(D1,Z)⊕H2(D2,Z))

(b) ker (H1(D12,Z) → H3(D1,Z)⊕H3(D2,Z))

For item (a), after choosing bases for H2(Di,Z), it’s easy to see that we get

Z3/Z ' Z2. Finally, it is in item (b) where we see the appearance of the genus of our

curve. In particular, the contribution here is precisely

ker
(
H1(D12,Z) → 0

)
' H1(D12,Z).

Recall that Bi(U) is the ith Betti number of U . Assuming no torsion, this contributes

to B3(U) as follows:

B1(D12) = pa(D12) + pg(D12) = 2g(D12) = 2 · 1 = 2

and thus by above,

B3(U) = 2 + 2 = 4.
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Now we present one of the main results of this section.

Proposition 3.4.2. Using the notation above, and with U = X̃\W ∗, we have

H0(U,Z) ' Z

H1(U,Z) ' Z/2Z

H2(U,Z) ' Z16 ⊕ Z/2Z

H3(U,Z)/Torsion = Z18

H i(U,Z)/Torsion = 0, i ≥ 4

with weight 4 contribution Z16 to H2(U,Z) and Z2 to H3(U,Z), weight 5 contribution

Z8 to H3(U,Z) and finally weight 6 contribution of Z8 to H3(U,Z). See Remark 3.4.3

below for a geometric interpretation of the graded pieces.

Proof. We first note that H0(U,Z) ' Z since U is connected, and move on to

H1(U,Z), noting that the relevant short exact sequence is

0 // H1(X̃,Z) // H1(U,Z) // coker
(⊕

iH
0(Di,Z)

M1→ H2(X̃,Z)
)

// 0

But indeed, the first chern class gives an isomorphism Pic(X̃) ' H2(X̃,Z) where

Pic(X̃) ' Z9 ⊕ Pic(X) ' Z10

since there are 9 exceptional divisors, 8 copies of (P2)+ and E, and we know Pic(X) =

〈KX〉 ' Z. Since each Di is connected, H0(Di,Z) ' Z for each i = 1, . . . , 10. The

map

M1 : ⊕iH
0(Di,Z) ' Z10 → Z10 ' H2(X̃,Z)
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may be represented as

I9 0

0 2

 since W ∼ 2H. Thus, coker(M1) ' Z/2Z. Since X̃

is rational, it is rationally connected and because it is smooth it is simply connected

[Deb13]. That is,

H1(U,Z) ' coker(M1) ' Z/2Z

as claimed. It’s worth emphasizing where the 2-torsion comes geometrically: our

divisor W ⊂ X is two divisible and it is precisely this fact, when carried through the

computation, that gives us the result.

Moving on to H2(U,Z), we note that the relevant short exact sequence here is

0 // coker
(⊕

iH
0(Di,Z)

M1→ H2(X̃,Z)
)

//

H2(U,Z) // ker
(⊕

i<j H
0(Dij,Z)

M2→
⊕

iH
2(Di,Z)

)
// 0

or based on the work above on H1(U,Z):

0 // Z/2Z // H2(U,Z) // ker
(⊕

i<j H
0(Dij,Z)

M2→
⊕

iH
2(Di,Z)

)
// 0

Thus,

H2(U,Z) ' Z/2Z⊕ ker

(⊕
i<j

H0(Dij,Z)
M2→
⊕
i

H2(Di,Z)

)

where the sequence splits since the right summand is free, as will be seen. It suffices

to understand the map M2. It is essentially made up of three matrices. First note

that M2 will be 36× 49 where

36 = 26 + 8 + 2 = B2(W
+) + 8 ·B2(P2+) +B2(E).
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Some explanation is needed here: W is birationally ruled asW 99K C×P1 so B2(W ) =

2 and W+ picks up the remaining 24 exceptional divisors after the successive blowups

(these are the dotted P1s in Figure 3.4.1). That B2(E) = 2 follows from the fact that

it too is birationally ruled.

Using this, we can write down M2 in its entirety, or in an easier to digest way

exploiting the massive amounts of symmetry the matrix will contain, we note all of

the data of M2 is contained in the following three matrices whose notation will be

explained below, first noting that rows with labels on the right reflect the number

of rows of zeroes in that place. In the first matrix, Ai, the first three nonzero rows

correspond to 1ia,b, c for 2 ≤ i ≤ 9 and the last corresponds to i. The columns

correspond to 1ia,b, c again for 2 ≤ i ≤ 9. The number of rows of zeroes above the

copy of the identity is 3i− 4, the number of rows below it is 25− 2i, and the number

of rows of zeros at the bottom is 11− i. This relates the fact that e.g., the P1 we’ve

labeled as a coming from the intersection of D1 and Di comes from the intersection of

W+ and the copy of (P2)+ along the a line, using the notation of Figure 3.4.1 above

as we will throughout. The same is true for 1ib and 1ic. The number of rows of

zeroes between the bottom row and the top three depends on i.

Similarly, the second matrix B encodes that the intersection D1 ∩D10 is D′+ and

may be thought of as arising from the part of H2(W+,Z) corresponding to D′+ and

of course the part of H2(E,Z) corresponding to D′+. There are 32 rows of zeros

between the non-zero entries.

Finally, the columns of the third matrix, Ci correspond to i10a,b, c for 2 ≤

i ≤ 9 and the first non-zero row corresponds to the ith (P2)+ while the bottom row

corresponds to the part of H2(E,Z) corresponding to a P1. The number of rows of

zeroes above the first non-zero row is 24 + i and below is 10− i.

By patching these matrices up, we write down M2 succinctly, which we recall is
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Figure 3.4: Ai, which is 36 × 3 and represents the first 8 blocks of M2; B, which is
36 × 1 and represents the next block in M2; and Ci, which is 36 × 3 and represents
the last 8 blocks of M2

Ai =



1ia 1ib 1ic

0 0 0
...

0 0 0
1ia 1 0 0
1ib 0 1 0
1ic 0 0 1

0 0 0
...

0 0 0
i −1 −1 −1

0 0 0
...

0 0 0



}
3i− 4

}
25− 2i

}
11− i

, B =



110

0
1D 1

0
...
0

10D′+ −1
0


}

32,

Ci =



i10a i10b i10c

0 0 0
...

0 0 0
i 1 1 1

0 0 0
...

0 0 0
10P1 −1 −1 −1



}
24 + i

}
10− i
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Figure 3.5: M2, which is 36 × 49 and is written here in block form, comprised of
Ai, B, Ci for i = 2, . . . , 9

M2 =
[︸ ︷︷ ︸

49

A2 · · · A9 B C2 · · · C9

] }
36

36× 49: Performing row operations shows immediately that r(M2) = 33 and thus by

rank-nullity, dim(ker(M2)) = 16. Thus, H2(U,Z) ' Z16 ⊕ Z/2Z as claimed and we

again note the presence of 2-torsion coming from W ∼ 2H.

Now we address the Betti number B3(U), noting that B3(U) =
∑

iB3(αi) where

the αi are the contributing cohomology groups which are, in order of weight contri-

bution (3, 4, 5 and 6 respectively),

(i) coker
(⊕

iH
1(Di,Z) → H3(X̃,Z)

)
(ii) ker

(⊕
iH

2(Di,Z)
M4→ H4(X̃,Z)

)/
im
(⊕

i<j H
0(Dij,Z)

M2→
⊕

iH
2(Di,Z)

)
(iii) ker

(⊕
i<j H

1(Dij,Z) →
⊕

iH
3(Di,Z)

)/
im
(⊕

i<j<kH
−1(Dijk,Z) →

⊕
i<j H

1(Dij,Z)
)

(iv) ker
(⊕

i<j<kH
0(Dijk,Z)

M3→
⊕

i<j H
2(Dij,Z)

)
But we know immediately that item (i) vanishes since H3(X̃,Z) = 0.

Furthermore, item (ii) has third Betti number equal to 2 as we know r(M2) = 33

and M4 is 36× 1 written as

M4 =

[
1 1 1 · · · 1

]
and thus, dim(ker (M4)) = 35 which implies that by choosing bases conveniently,

ker(M4)/im(M2) ' Z2.

Regarding item (iii), note that H1(Dij) = 0 ∀i, j unless i = 1, j = 10 in which
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case we have Dij = D′+. Thus,

ker

(⊕
i<j

H1(Dij) →
⊕

H3(Di)

)
' H1(D′+).

Since the Betti numbers satisfy h1(D′+,C) ' h1(D′+,Z)⊗C, we have by definition,

B1(D
′+) = h1,0(D′+) + h0,1(D′+) = pa(D

′+) + pg(D
′+) = 2g(D′+) = 8 (3.1)

where g(D′+) = 4 by Corollary 3.3.4.

Thus, we are left with understanding (iv), i.e., the map M3 which is 49×48 where

the 49 is read as 24 + 1 + 24 corresponding to the contents of pairwise intersections.

As above, this matrix may be written succinctly by exploiting symmetry and making

full employ of the notation in Figure 3.4.1. Namely, it will consist of 6 of the following

blocks; one for each 2 ≤ i ≤ 9 where the row of −1s in the row corresponding to

D1 ∩ D10 stays constant. The number of rows of zeros below the nonzero blocks is

3i−6. The columns correspond to 1i10a,b, c,d, e, f and the first three rows 1ia,b, c

with the bottom three rows i10a,b, c. Using the same ideas as above, this encodes

the data of where the double intersections D1∩Di∩D10 come from: P1∩D′+∩P1. We

can then write down M3 succinctly in block form, which will be 49× 48: After some

row operations we see that r(M3) = 40 and thus by rank nullity, dim(ker(M3)) = 8.

By the comments above, namely that B3(U) is the sum of the Betti numbers of the

contributions in weights 3,4,5 and 6, we have B3(U) = 8 + 2 + 8 = 18 as desired.

Finally, we note that H i(U,Z) = 0 for i ≥ 4 by weak Lefschetz since indeed U

is affine as it is the complement of an ample divisor in a projective variety (in most

proofs of this result, smoothness is added to the hypothesis, but it isn’t necessary -

see [Esn05, Thm. 2.1] or [GM88, Ch. 1]).

Remark 3.4.3. It’s worth noting how one might interpret this result geometrically.
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Figure 3.6: Di, which is 49× 6 and is one of the 8 blocks of M3, for each i = 2, . . . , 9

Di =



1i10a 1i10b 1i10c 1i10d 1i10e 1i10f

0 0 0 0 0 0
...

0 0 0 0 0 0
1ia 1 0 0 0 0 1
1ib 0 1 1 0 0 0
1ic 0 0 0 1 1 0

0 0 0 0 0 0
...

0 0 0 0 0 0
110 −1 −1 −1 −1 −1 −1

0 0 0 0 0 0
...

0 0 0 0 0 0
i10a 1 1 0 0 0 0
i10b 0 0 1 1 0 0
i10c 0 0 0 0 1 1

0 0 0 0 0 0
...

0 0 0 0 0 0



}
3i− 6

}
27− 3i

}
3i− 6

}
27− 3i

Figure 3.7: M3, which is 49× 48 and written in block form

M3 =
[︸ ︷︷ ︸

48

D2 D3 D4 D5 D6 D7 D8 D9

] }
49
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First, we note that a basis for ker(M4)/im(M2) may be taken to be

{[
1 0 0 · · · 0

]T
,

[
0 1 0 · · · 0

]T}

which corresponds to the two generators of H2(W ). That is, the weight 4 contribution

is pure Hodge - Tate type and corresponds to the class of divisors on a ruled surface.

As broken out in the sum above, B3(U) = 8+2+8; so the remaining contributions to

B3(U) are 8 and 8. The first of these summands comes from the 8 exceptional surfaces

(P2)+ over the 8 triple points on the singular locus of W , i.e., in weight 6 we pick up

the (shifted) class of a point. Recall that by (3.1) above, we have B1(D
′+) = 8. This

is where the second 8 comes from and is the weight 5 contribution to the third Betti

number B3(U).

3.4.2 Cohomology of the complement of twisted cubics through

a point p not on a line

We use the same machinery as above but with dramatic simplifications since our

divisor in this case is smooth. Let p ∈ X such that p is not on a line. We know that

there is a unique smooth cubic surface Y ⊂ P3 containing R6 corresponding to the

twisted cubics though p since R6 parameterizes the twisted cubics through a point p.

Let U = P3\Y .

Proposition 3.4.4. The integral cohomology of the complement of the twisted cubics
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through p is

H0(U,Z) = Z

H1(U,Z) ' Z/3Z

H2(U,Z) ' Z/3Z

H3(U,Z) ' Z6

H i(U,Z) ' 0, i ≥ 4

with weight 4 contribution Z6 to H3(U,Z). See Remark (3.4.5) below for a geometric

interpretation.

Proof. Note that Y is smooth so indeed the set of curves arising as single intersections

is empty, as is the set of points arising as double intersections. Then, since

0 // H1(P3,Z) // H1(U,Z) // coker (H0(Y,Z) → H2(P3,Z)) // 0

we have

H1(U,Z) ' coker
(
H0(Y,Z) → H2(P3,Z)

)
' Z/3Z

as claimed. One could also see that H1(U,Z) ' Z/3Z from first principles by consid-

ering the triple cover

T = {u3 = F3(x, y, z, w)} ⊂ P4

of Y = {F3 = 0} ⊂ P3, and noting that π1(T\ {u = 0}) = {id}.
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Now we compute H2(U,Z), noting that the relevant short exact sequence is

0 // coker (H0(Y,Z) → H2(P3,Z)) // H2(U,Z)

// ker
(⊕

i<j H
0(Yij,Z) → H2(Y,Z)

)
// 0.

There are no self-intersections Yij since Y is smooth, so the map

⊕
i<j

H0(Yij,Z) → H2(Y,Z)

is simply {0} → H2(Y,Z) or, the zero map, and thus the kernel is trivial giving

H2(U,Z) ' coker
(
H0(Y,Z) → H2(P3,Z)

)
' Z/3Z.

Finally, the only non-zero contributor to H3(U,Z) is

ker(H2(Y,Z)
M4→ H4(P3,Z)) where M4 =

[
1 1 1 1 1 1 1

]

since as is well known we can identify Y as the blowup of P2 at six points and thus

H2(Y,Z) = H2(Blp1,...,p6P2,Z) ' ZL⊕ Ze1 ⊕ · · · ⊕ Ze6

where the ei are the exceptional divisors showing that M4 : Z7 → Z. It’s easy to read

off from M4 itself that the kernel must be Z6 and thus H3(U,Z) ' Z6.

Remark 3.4.5. One can interpret the third Betti number as corresponding to the

number of points we blow up to get Y since the map M4 essentially only carries over

the hyperplane class. That is, B3(U) = 6 corresponds to the six (−1)-curves on Y .



Chapter 4

Appendix

We have seen that for a given Fano threefold X of genus 12, we can realize it as a

variety of sums of powers of a plane quartic X ' V SP (F, 6). We have also seen that

Hilbt+1(X) ' S(F ), where S(F ) is the Scorza quartic of F . In this section, I explain

how to obtain S(F ) explicitly and do so for a few specific cases.

Example 4.0.2. Consider U22 ' V SP ((xz + y2)2, 6) [Muk92], [Muk03], [KS04].

Its polar cubic is easily calculated:

P = 2a0xz
2 + 2a0y

2z + 2a2x
2z + 2a2xy

2 + 4a1xyz + 4a1y
3

We read off the coefficients

p000 = 0 p111 = 4a1 p222 = 0 p001 = 0 p011 =
2

3
a2

p002 =
2

3
a2 p022 =

2

3
a0 p112 =

2

3
a0 p122 = 0 p012 =

2

3
a1

and plug into the corresponding matrix above. Then, we compute the 8× 8 minors,

noting that only one of them is non-zero in this case, and the square root of that
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minor, i.e., the Scorza quartic of (xz + y2)2 is

S(F ) =
16

81
(xz + y2)2

Note that this coincides with a remark in [Muk92] in which it is mentioned but not

shown that Hilbt+1(U22) is a double conic.

Example 4.0.3. We do the same procedure but for a smooth quartic which also

correspond to a smooth V22, i.e., F has no polar 5-sides and no complete quadrangles:

F = x4 + y4 + z4 + x2y2 + x2z2 + y2z2. Again the polar cubic is easy to find:

P = a0(4x
3 + 2xy2 + 2xz2) + a1(4y

3 + 2x2y + 2yz2) + a2(4z
3 + 2x2z + 2y2z)

and we read off the coefficients

p000 = 4a0 p111 = 4a1 p222 = 4a2 p001 =
2

3
a1 p011 =

2

3
a0

p002 =
2

3
a2 p022 =

2

3
a0 p112 =

2

3
a2 p122 =

2

3
a1 p012 = 0

then compute minors to find that, up to scale,

S(F ) =
16

81
(x4 + y4 + z4 + 23x2y2 + 23x2z2 + 23y2z2)
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Chapter 5

Index of Notation

|L| linear series associated to L

TX Tangent bundle of X

TX|Y Tangent bundle of X restricted to Y ⊂ X

NY/X Normal bundle of Y ⊂ X

Hilbdt+1(X) Hilbert scheme of rational curves of degree d on X

Hilbn(X) Hilbert scheme of n points on X

η even theta characteristic on quartic curve

D∗ total transform of a divisor D

D+ strict transform of a divisor D

KX canonical class of X

∆ diagonal in a product variety

Dijk Di ∩Dj ∩Dk

Ar(f) Aronhold invariant of f

Px(f) polar cubic of f at x
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[Ber99] Marie-Amélie Bertin. On the singularities of the trisecant surface to a
space curve. Le Matematiche, 53(3):15–22, 1999.

[CG72] C Herbert Clemens and Phillip A Griffiths. The intermediate jacobian of
the cubic threefold. Annals of Mathematics, pages 281–356, 1972. 2.1.2

[Cle61] A. Clebsch. Ueber Curven vierter Ordnung. J. Reine Angew. Math.,
59:125–145, 1861. 3.2, 3.2.6

[CTM04] Jean-Louis Colliot-Thélene and David A Madore. Surfaces de del Pezzo
sans point rationnel sur un corps de dimension cohomologique un. Journal
of the Institute of Mathematics of Jussieu, 3(01):1–16, 2004. 2.4

[Deb13] Olivier Debarre. Higher-dimensional algebraic geometry. Springer Science
& Business Media, 2013. 2.1.2, 2.1.2, 2.6.2, 3.1, 3.4.1



59
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tionnels pour certaines variétés sur le corps des fonctions d’une courbe
réelle. J. Reine Angew. Math., 504:73–114, 1998. 2.2

[Eis95] David Eisenbud. Commutative algebra with a view toward algebraic ge-
ometry, volume 150 of Graduate Texts in Mathematics. Springer-Verlag,
New York, 1995.

[Esn05] Hélène Esnault. Variation on Artin’s vanishing theorem. Advances in
Mathematics, 198(2):435–438, 2005. 3.4.1

[Ful98] William Fulton. Intersection theory, volume 2 of Ergebnisse der Math-
ematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics [Results in Mathematics and Related Areas. 3rd Series. A
Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, sec-
ond edition, 1998.

[GH14] Phillip Griffiths and Joseph Harris. Principles of algebraic geometry. John
Wiley & Sons, 2014.

[GHS03] Tom Graber, Joe Harris, and Jason Starr. Families of rationally connected
varieties. Journal of the American Mathematical Society, 16(1):57–67,
2003. 2.2, 2.6.2, 2.7

[GM88] Mark Goresky and Robert MacPherson. Stratified Morse theory, vol-
ume 14 of Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results
in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin, 1988.
3.4.1

[Gro66] Alexander Grothendieck. On the de Rham cohomology of algebraic vari-
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