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ABSTRACT 

Computational study of structural and mechanical 

properties of two-dimensional nanomaterials and 

their derivatives 

by 

Yang Yang 

Two-dimensional Nanomaterials have been demonstrated to show superior 

properties and promising potential for applications. In this work, we investigate the 

structures and mechanical properties of several two-dimensional nanomaterials 

and their derivatives using various computational simulation methods, including 

boron, carbon nanotube, graphene, and boron nitride.  

The first part of the thesis focuses on the boron nanostructures. We report a 

comprehensive first-principles study of the structural and chemical properties of 

the recently discovered B40 cage. We also discover here a preferred structure of two-

dimensional boron using the cluster expansion method and find it to be most table 

on reactive Cu and Ni. 

 In the second part, an extensive analysis of the graphene grain boundaries is 

conducted and it is revealed that the sinuous grain boundaries based on dislocation 

theory and first-principles calculations can be energetically optimal once the global 

grain boundary line cannot bisect the tilt angle. In addition, we demonstrate here a 

contrasting behavior for grain boundaries in hybrid two-dimensional materials, 



 
 

 

which tend to be non-bisector and obey a universal law to optimally match the 

heterogeneous grains.  

In the last part, we propose an approach for determining the Gaussian 

bending modulus of graphene by utilizing carbon torus, whose topology enables its 

bending energy to be extracted from the coupled in-plane strain energy. 

Furthermore, we report a unique method to locally determine the mechanical 

response of individual covalent junctions between carbon nanotubes. Targeted 

synthesis of desired junction geometries can therefore provide a “structural 

alphabet” for construction of macroscopic carbon nanotube networks with tunable 

mechanical response. 
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Chapter 1 

Introduction and computational methods 

The aim of this chapter is to make a general description of background 

information and computational methods employed in this thesis.  

1.1. Introduction  

Now, we are at the technological and scientific revolution, i.e. the age of 

nanotechnology. Nanotechnology develops cutting edge techniques for innovation in 

materials. There are several ways to classify nanomaterials. A main way that 

differentiates the nanostructures is their dimensionality of the nanoscale 

component with which the material is made, because dimensionality is one of the 

most essential parameters of the materials, that not only determines the atomic 

structure, but also defines the properties significantly. For example, the Zero-

dimensional (0D) class of nanocluster materials and nanodispersions; one-

dimensional (1D) nanomaterials that contains nanofibers, nanotubes and 
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nanoribbons; two-dimensional (2D) nanomaterials are films, plates with nanometer 

thickness; three-dimensional (3D) class of nanoballs and nanocones.  

Recently, 2D materials with monoatomic thickness have gained intense 

research interest as many extra properties can be generated at this unique 

dimensionality. Electrons in 2D materials are free to move in the plane, but their 

motion in the third direction is restricted and governed by quantum mechanics. Due 

to the unique properties, 2D nanostructures are expected to have an important 

impact on a numerous of applications, spreading from electronics to gas storage, 

and catalysis, etc. To date, the 2D materials family includes not just carbon material 

but also Boron nitride, transition metal dichalcogenides (TMDs), and layered metal 

oxides.  

1.1.1. Carbon nanostructures 

Mechanical properties -- Carbon nanomaterials are a leading material in the 

nanotechnology field. Graphene, a monolayer of carbon atoms packed into a 

honeycomb lattice, has undergone a flurry of research activities due to a series of 

outstanding properties and potential applications.1, 2 A topic of broad interests is on 

its superior mechanical properties. A number of experiments and theories have 

marked graphene as the strongest material ever measured, with an in-plane 

stiffness of 1.0 TPa and intrinsic strength of over 100 GPa.3, 4 The excellent 

mechanical performance combined with remarkable electronic properties permits 

graphene a plethora of applications in nanoelectromechanical devices.5-9 On the 

other hand, as a 2D membrane with monatomic thickness, graphene is flexible 
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against out-of-plane deformation and exhibits intrinsic microscopic ripples with 

rich bending modes.10-14 Understanding the bending-related properties of graphene 

is of high significance not only for fundamental interests in this material but also for 

governing its peculiar mechanical and electrical behaviors.15 

3D carbon nanotube junctions -- Carbon nanotubes (CNTs) can be thought of 

as a single graphene sheet rolled into cylinders. Due to the dimensionally confined 

structures, 1D CNT and 2D graphene exhibit strong direction-dependent thermal 

and electrical transport properties with extremely low out-of-plane conductivities. 

It is essential to extend the unique properties of these nanostructures to the critical 

third dimension by assembling nanotubes and graphene sheets to fabricate tunable 

3D architectures. Nanoscale intermolecular junctions between carbon nanotubes 

(CNTs) have been discussed before in the context of various structural and 

electronic applications.16-26 Controlled fabrication of such junctions is fundamental 

for achieving macroscopic 3D carbon architectures with enormous promise for a 

range of applications.27-30 Nanoscale CNT junctions can be designed in a variety of 

approaches such as introducing pentagonal and heptagonal topological defects 

during growth by chemical vapor deposition (CVD),19, 21, 31 cross-linking via solution 

based chemistry,18, 32 local welding-like methods33 etc. Different configurations of 

topological defects join individual nanotubes in different geometries with distinct 

shapes such as “T”, “X”, “Y”, elbow-like “”, etc. These could dictate the mechanical 

and electrical properties of the CNT-based architectures.19, 21, 34, 35 
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Grain boundaries in graphene -- Recently, graphene research has experienced 

limitation owing to a number of issues in delivering its potential into applications.36, 

37 In particular, graphene tends to riddle with a rich variety of defects during 

fabrication by means of different techniques,38-41 resulting in severely degraded 

performance as measured. The most common technique — CVD method —

unavoidably produces polycrystalline graphene samples.42-47 During the course of 

CVD growth, graphene domains are nucleated randomly on substrates; if the 

domains are misoriented with each other, their growth and coalescence result in 

formation of grain boundaries (GBs).48 As topological linear defects, GBs are 

extremely stable and could create long-range stress fields in the two-dimensional 

crystal.49, 50 Not only is the landscape of graphene strongly modified,51 but also its 

mechanical,50, 52-54 electrical55-63 and optical properties59 are significantly impaired 

by the GBs. Thus it is imperative to fully understand the GBs in terms of structures 

and properties. While the GBs in graphene have been confirmed to be strings of 

pear-shaped pentagon-heptagon (5|7) edge dislocations,64, 65 the flexible 

organization of dislocations gives rise to diverse GB shapes, e.g. straight lines, 

loops66 and sinuous shapes. Energetically, identical edge dislocations should favor a 

vertical alignment,51 and the formed GB will bisect the tilt angle of the misoriented 

grains. (see Figure 1.1) The energetically favored bisector GBs are indeed observed 

in highly-oriented pyrolytic graphite as linear periodic superstructures,67-69 in line 

with recent theoretical models.51, 65, 70  
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Figure 1.1 - (a) Simple GB structure in its generic bisector position. (b) A regular GB 

from 5|7 dislocations forms a ridge shape. (Reprinted with permission from Nano 

Letters 2010 10 (6), 2178-2183. Copyright 2010 American Chemical Society.) 

1.1.2. Boron nanostructures 

0D Cluster -- Boron is positioned between beryllium and carbon in periodic 

table and is a critical element that owns chemical features of both metal and non-

metal. Because of this unique nature, a rich variety of bonding can form between 

boron atoms, ranging from normal two center two electron bonds to up to seven 

center two electron bonds. This renders boron much more complicated than other 

light elements, as reflected by its ability to form enormous number of allotropes and 

compounds with most elements. As a result, boron shows unprecedented flexibility in 

forming a wide spectrum of nanostructures. Apart from several bulk (3D) phases,71, 72 

boron can form 0D clusters,73-83 1D nanotubes84-88 and nanowires,89 and 2D 

layers.90-94 In particular, boron sheets of monoatomic thickness have raised interest 

as potential new 2D-material and as a (conceptual) precursor, e.g. so-called α-
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sheet,95 (see Figure 1.2b) from which other boron structures — fullerene cages96-98 

and tubes99, 100 — might be constructed. 0D boron clusters have received special 

attention due to their novel geometric, mechanical, and electronic properties.73, 96, 97, 101-103 

The B80 fullerene,96, 97 an electronic equivalent to C60, was predicted to be highly stable 

with unique structural symmetry and motivated a flurry of research activities of boron 

cage structures. (see Figure 1.2a). 

 

Figure 1.2 - (a) Atoms in the shaded area of the α-sheet (left) are removed and the 

ones on the lines are identified to form pentagonal disclination in B80 (right). The 

figure shows only half of the molecule. (b) Projection of B80 on the α-sheet. 

Numbered facets represent the pentagons in B80. (Reprinted with permission from 

The Journal of Physical Chemistry A 2008 112 (51), 13679-13683. Copyright 2008 

American Chemical Society.) 
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2D monolayer -- It is natural to be curious about if there is a district for 

elemental-boron in the 2D flatland. This question is particularly appealing in light of 

that boron clusters up to tens of atoms favor planar structures and have electronic 

structures similar to aromatic molecules. However, unlike graphene or boron 

nitride that has exclusive honeycomb lattice, 2D boron have been predicted to be 

polymorphic with numerous "faces" near the ground line, resulting from highly 

variable network of hexagon vacancies in a triangular grid. To this end, a number of 

planar boron clusters up to tens of atoms, found in experiments,78-80, 83, 104, 105 appear 

as seeds for extended sheets. The 2D boron is shown to be polymorphic,106 with 

numerous local minima in a narrow energy interval above the ground line, in 

contrast to other 2D materials.  Even more subtle is that 2D boron adopts its 

structure depending on where those atoms land, a behavior never seen in other 2D 

materials. These features render the experimental realization of 2D boron 

challenging.  

1.2. Computational methods 

1.2.1. Density Functional Theory 

Density functional theory (DFT) is one of the quantum mechanical modeling 

method used in computational physics and chemistry for investigating the 

electronic structure of the many body system. It based on Hohenberg-Kohn theorem. 

The main purpose of DFT method is to replace the electronic wave function 

using electronic density. There are 3N spatial variables (N is the number of 
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electrons), and the many-body problem is reduced to a tractable problem of non-

interacting electrons moving in an effective potential. 

�̂�𝛹 = [∑ −
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2 + ∑ 𝑉(𝑟𝑖)

𝑁

𝑖

+ ∑ 𝑈(𝑟𝑖, 𝑟𝑗)

𝑁

𝑖,𝑗,𝑖≠𝑗
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where for the many body system, H is the Hamiltonian, V represents the ion-

electron potential energy, and U is the electron-electron interaction energy. The 

most common framework of DFT is through the Kohn-Sham method. DFT provides a 

systematic method mapping the many body system into a single body system. The 

functions for exchange and correlation are approximated by effective potentials. 

1.2.2. Molecular Dynamics Simulation 

Molecular dynamics (MD) is a computer simulation method of N-body 

simulation. The method simulates the molecular system in motion based mainly on 

Newtonian mechanics. The sample is taken from the ensemble in different states of 

a molecular system, and the trajectories of atoms and molecules in the sample are 

determined by solving the Newton's equations of motion for a system of interacting 

particles. The interactions between particles are implemented with empirical force 

field. 

The accuracy of a MD simulation largely depends on the force field. The 

Adaptive Intermolecular Reactive Empirical Bond Order (AIREBO) potential is used 

force field for carbon system in this thesis.107 It involves three terms:   

http://en.wikipedia.org/wiki/Dynamics_(mechanics)
http://en.wikipedia.org/wiki/Computer_simulation
http://en.wikipedia.org/wiki/N-body_simulation
http://en.wikipedia.org/wiki/N-body_simulation
http://en.wikipedia.org/wiki/Trajectories
http://en.wikipedia.org/wiki/Numerical_integration
http://en.wikipedia.org/wiki/Newton%27s_laws_of_motion
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where EAIREBO is the total potential energy of the system, and the indices i, j, k 

and l denote individual atoms. Here EREBO represents the potential energy stored 

between atoms i and j due to the bond between them, that has the same functional 

form as the REBO potential developed by Brenner. ELJ is the Lennard-Jones potential 

taking into account the non-bonded interactions between atoms. And 

ETORSION  describes the energy from various dihedral angle preferences between 

atoms.  
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Chapter 2 

Structures of boron nanomaterials 

2.1. B40: possible precursor and reactivity 

2.1.1. Motivation 

Since the discovery of buckyball C60 by Kroto et al. in 1985,108 zero-

dimensional (0D) cage-like nanoclusters have attracted extensive research interest 

due to both fundamental reasons and their potential for a wide variety of 

applications. For example, carbon fullerenes not only exhibit high thermal stability, 

high hydrogen storage capacity, strong coordination, unique superconductivity,109-

111 but also can serve as essential building blocks for fabricating novel three 

dimensional (3D) crystalline materials and molecular electronic devices.112 In the 

past decades, a number of theoretical and experimental efforts have been devoted to 

finding the next element capable of making stable hollow cages. While many layered 
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compounds can form cage-like structures, such as boron nitride fullerenes,113 

transition-metal doped Si cage clusters,114 MoS2 fullerene-like particles115 and 

onion-skin [As@Ni12@As20]3– ion,116 little progress is achieved in realizing a homo-

elemental cage structure beyond carbon fullerenes. Boron, the left neighbor of 

carbon in the periodic table, is among the most promising choices. Recently, Zhai et 

al.80 Provided the first experimental evidence, by photoelectron spectroscopy, of an 

all-boron fullerene-like structure, B40, with an extremely low electron-binding 

energy. They further predicted that at neutral state the B40 fullerene-like cage is 

overwhelmingly more stable than any other isomers, whereas a quasi-planar 

structure with two adjacent hexagonal holes is more stable than the fullerene 

structure at the -1 charge state. 

While the stability and atomic structure of the B40 cage has been well 

established, several fundamental questions regarding its chemical properties 

remain: (i) As all nanoclusters are known to be more reactive than the 

corresponding bulk crystals, it is natural to ask what is the reactivity of B40 cages? 

Will they be dimerized? (ii) If yes, how to isolate the cage and what is the possible 

sheath for protection? (iii) Unfolding cage-like structures can usually result in 

planar precursors (e.g., C60 → graphene,117, 118 B80 → α-boron sheet96), which is 

important to understand their formation mechanism. What is the possible precursor 

for the B40 cage is also an interesting question. In this work, we address these issues 

by state-of-the-art first-principles calculations.  
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2.1.2. Possible precursor of the B40 cage 

The B40 cage with D2d symmetry is composed of 16 tetracoordinated and 24 

pentacoordinated boron atoms, with two staggered hexagonal holes (61 and 62) at 

the top and bottom, and four inverted heptagonal holes (71 and 72) evenly 

distributed around the waist, as shown in Figure 2.1b. An interesting element in the 

cage is the heptagon, which induces positive Gaussian curvature, in contrast to the 

common sense that a heptagon results in negative Gaussian curvature in hexagonal 

lattice.119 Such a unique behavior of the B40 cage raises a question as to what will be 

its 2D precursor. The B40 cage can be viewed as a cube, with six facets being the two 

hexagonal holes (blue and purple) at the top and bottom and four heptagonal holes 

(black, green, pink and yellow) on the waist, as shown in Figure 2.1a. 

 

Figure 2.1 - The unfolding process of B40 is an analogue of unfolding a cube. The 

schematic view of the original (a) and unfolded (b) B40 structures along with their 

analogue cubes, respectively. Faces are marked with different colors, which show 
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the correspondence to the unfolded faces. The initial (c) and geometry optimized (d) 

periodic 2D boron sheets formed by repeating (b). 

Hence, the B40 cage can be unfolded into a planar structure (Figure 2.1b) that 

tessellates the plane, forming a 2D planar sheet by repetition simultaneously along 

the orthogonal directions, as displayed in Figure 2.1c. In this process, the eight 

triangular disclinations at the vertices are replaced by rectangles, which are 

required topologically. After geometry optimization, all of the rectangles are 

deformed into parallelograms, and two diagonal atoms in each rectangle approach 

to form a new bond. On the other hand, two vertical bonds in one of the hexagons 

(purple in Figure 2.1c) break, and the hexagon transforms into an octagon (Figure 

2.1d). The formation energy of this sheet is 5.82 eV/atom, higher than 5.78 eV/atom 

of the B40 cage, owing to the eliminated curvature effect. The same trend of 

formation energy exists between the B80 (5.85 eV/atom) and α-boron sheet (6.03 

eV/atom).96 In addition, the atomic density of the unfolded sheet is 0.33 atoms/Å2, 

close to 0.36 atoms/Å2 for boron α-sheet. This sheet can be considered as a 2D 

precursor of B40 cage and may eventually be converted to α-boron sheet by thermal 

annealing. 

2.1.3. Reactivity of the B40 cage 

It is known that the curvature on the surface usually enhances the reactivity 

of nanostructures. For example, the carbon nanotubes and C60 fullerenes are more 

active than planar graphene. One should be curious about the reactivity of the B40 

cage, whose atoms are all exposed on the surface. The reactivity of the B40 cage is 
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examined by studying the dimerization of two B40 cages. To search for the 

energetically favorable B40 dimer, we enumerate all possible directions along which 

two B40 cages can get close and interact. There are 8 possibilities according to the 

symmetry (see Table 2.1). The stabilities of the B40 dimers with different 

conformers are evaluated by calculating the binding energy (Eb), defined as:  

Eb_dimer = 2EB40 - Edimer (2.1) 

where Eb_dimer, Edimer and EB40 are the binding energy of the B40 dimer, total energies 

of the B40 dimer and a single B40 cage. The system with larger Eb indicates its higher 

stability. The results show that the Eb is always positive, in the range of 0.44 ~ 1.50 

eV, suggesting that the dimerization of two B40 cages is an exothermic process. The 

most stable B40 dimer is shown in Figure 2.2b, with five intermolecular covalent 

bonds identified by analyzing the electron localization function. The binding energy 

of the optimal B40 dimer is 1.50 eV, and all other B40 dimers are at least 0.65 eV less 

stable than this structure (see Figure 2.3). In this structure, two B40 cages are 

formed when a heptagon of one molecule stacks onto an inverted one of another 

(denoted as 71 – 72, with the relative position of 71 – 72 illustrated in Figure 2.1b), 

and connected by five bonds with average length of 1.74 Å, which is shorter than 

those of other dimer structures and therefore represent the strongest chemical 

bonds that can be formed between two B40 cages. To further assess the strength of 

covalent bonds formed between the two B40 cages, we define average bond energy 

as: 

Ebond = (Es - Edimer)/N (2.2) 
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where Es, Edimer and N represent the total energy of two B40 cages rigidly separated 

from the B40 dimer, total energies of the B40 dimer and the number of newly formed 

bonds between two B40 cages, respectively. The calculated average bond energy in 

the optimal B40 dimer is 1.20 eV, which is larger than those of other structures by at 

least 0.23 eV. The optimal B40 dimer has the largest number of the chemical bonds 

due to more reactive sites accessible to each other, giving rise to the highest stability 

among all the B40 dimers. 

Table 2.1 - Number of creative bonds (N), average bond length (L) and energy (Ebond) 

for the new bonds, binding energy of the B40 dimer (Eb) for 8 directions of 

interactions (D) in total according to the types of heptagons and hexagons. 

D N L (Å) Ebond (eV) Eb (eV) 

61 – 61 2 1.96 0.68 0.44 

61 – 62 2 1.89 0.85 0.81 

71 – 71 3 1.87 0.89 0.68 

71 – 72 5 1.74 1.20 1.50 

61 – 71 2 1.84 0.96 0.64 

61 – 72 2 1.84 0.97 0.65 

62 – 71 2 1.86 0.94 0.83 

62 – 72 2 1.86 0.96 0.85 

As the B40 cage has been proved to be a stable molecule, there should be an 

energy barrier for forming the optimal B40 dimer. We thus calculate the minimum 

energy path for the dimerizing process using the nudged elastic band (NEB) method, 

as shown in Figure 2.2a. The two B40 cages are placed 10 Å apart from each other in 

the initial state. When two B40 cages are separated further than 8.85 Å, they have 

little interaction as evidenced by the flat energy profile with distance (Figure 2.2a). 
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As the two B40 cages move closer, the total energy slightly increases, forming an 

energy barrier of around 0.063 eV. We examine the transition state structure, where 

the closest interatomic distance between the two cages is 2.19 Å and the atoms that 

will participate in the bond formation slightly protrude out from the cage wall. 

Therefore, the energy barrier is due to the energy cost of structure deformation at 

the moment just before bond formation. After that, inter-molecule bonds start to 

form and the total energy sharply goes down by 1.56 eV when they continue to 

approach each other, until they reach the optimal dimerized structure (Figure 2.2b) 

at an inter-molecular distance of 7.50 Å (at this distance, the corresponding length 

of the newly formed bond is 1.70 Å). Such a small barrier, combined with the large 

energy gain, supports that the B40 cages are easy to dimerize in reality. 

 

Figure 2.2 - The minimum energy path for the (a) dimerization and the (c) 

trimerization processes of the B40 cages using the nudged elastic band method. The 

“reaction coordinate” d is the distance between the centers of masses of the two 
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reactants. The electron localization function of the most stable B40 dimer (b) and 

trimer (d) structures. The isosurface (blue spheroids) is chosen to be 0.8, which 

represents high degree of electron localization. (e) Electronic spectra of the B40 

single cage, dimer and trimer structures. The energy gaps between the HOMO and 

LUMO levels are indicated.  

 

Figure 2.3 - Four directions of interaction among eight with the largest binding 

energy according to the types of heptagons and hexagons using electron localization 

function. 
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Figure 2.4 - The orthographic view of fused 2D B40 cages. 

It is interesting to further study the reactivity of the B40 dimers to see if the 

aggregation of the B40 cages can proceed. For this purpose, we study the reaction of 

the B40 dimer with an additional B40 cage and consider several directions along 

which the two structures are connected together to form a B40 trimer. Figure 2.2d 

shows the most stable B40 trimer, in which the binding energy of the additional B40 

cage is 1.77 eV. We also calculate the minimum energy path of the process using the 

aforementioned method. Our result shows no energy barrier for the third B40 cage to 

covalently bond to the B40 dimer (Figure 2.2c), indicating a higher reactivity of the 

B40 dimer than the single B40 cage. We thus expect that the formed B40 trimer should 

also be very reactive to the surrounding B40 cages and recursively extend into 

interesting 3D boron structure. It is also possible to form 2D structure if the 
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aggregation of B40 cages can be controlled on certain substrates. A 2D structure 

based on the aggregated B40 cages is proposed and shown in Figure 2.4; this 

structure has a formation energy of 5.94 eV/atom, smaller than that of 6.03eV/atom 

for α-boron sheet. 

 

Figure 2.5 - The HOMO and LUMO pictures of B40 single cage (a,b), dimer (c,d) and 

trimer (e,f) respectively. 

Next, we study the electronic properties of the B40 cage and its derivative 

structures (dimer and trimer). We focus on the HOMO-LUMO gaps (Figure 2.2e), 

which is calculated at the PBE0 level. The energy gap of a single B40 cage is 3.14 eV, 

in excellent agreement with previous work.80 The charge density corresponding to 

the HOMO and LUMO for the single B40 cage is mostly distributed on the vertex 

atoms of the two hexagons as displayed in Figure 2.5. For the optimal B40 dimer, the 

energy gap is reduced to 1.54 eV. The charge density of the LUMO for the B40 dimer 
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is mainly distributed around the newly formed B-B bonds, which should induce 

reactive radical state at higher energy level by breaking the originally conjugated 

orbitals, thus giving rise to the reduced energy gap. Moreover, the distribution of the 

HOMO and LUMO charge densities are more extended than those in the single B40 

cage. For the bigger B40 trimer, the energy gap is further reduced to 1.25 eV, as the 

HOMO and LUMO charge densities are further extended (see Figure 2.5, right). The 

sensitive dependence of the energy gap on the aggregation of the B40 cages opens a 

new way to modulate the electronic and optical properties of the boron clusters. 

2.1.4. Protection of the B40 cage 

Having predicted the reactivity of the B40 cage, one should be compelled to 

find a recipe for protecting the molecule. Considering that carbon nanotubes (CNTs) 

have been widely used as nano-containers to host various molecules and atomic 

chains owing to their chemically inactive tube wall,120-122 we propose to use CNTs as 

sheaths to encapsulate B40 cages so as to prevent any chemical interaction from the 

ambient environment. Two important questions arise in this context. First, what is 

the optimal size for hosting the B40 cage? Second, is there any interaction between 

the CNT and the B40 cage? To address these issues, we choose two sets of achiral 

CNTs with different diameters; one is armchair nanotubes and the other is zigzag 

nanotubes. The stabilities of the B40 cages encapsulated in CNTs are evaluated with 

the binding energies (Eb) defined as: 

Eb = EB40 + ECNT - ECNT+B40 (2.3) 
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where EB40, ECNT and ECNT+B40 are the total energies of the single B40 cage, the CNT, 

and the whole B40 cage protecting system. The system with more positive Eb 

indicates a higher stability. Figure 2.6a presents the binding energy of the B40 cage 

as a function of the radius difference between the CNTs and the B40 cage. We find 

the binding energy reaches maximum at (15,0) for zigzag tubes and (9,9) for 

armchair tubes, respectively. For the optimal CNTs, the differences between the 

radii of the B40 cage and the CNT are around 3 Å, close to the van der Waals distance 

in graphite and hexagonal boron nitride. This result indicates that there is no 

chemical interaction between the B40 cage and the CNT, which justifies the 

utilization of the CNT as an ideal host for the B40 cage. Our ab initio molecular 

dynamics simulation at 800 K further confirms that B40 cage inside the CNT is 

dynamically stable without forming any chemical bond with the tube wall 

throughout 5 ps simulation. Besides 1D CNT, we also test the stabilities of the cages 

in the 0D fullerenes. We obtain the optimal fullerene for hosting the B40 cage as C180, 

with the corresponding inter-wall distance close to that between the optimal CNT 

and the cage.
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Figure 2.6 - (a) The binding energies (Eb) of the B40 cage encapsulated in different 

sizes of armchair CNTs (green line), zigzag CNTs (red line), and fullerenes (blue line) 

as a function of the radius difference between the CNTs (or fullerenes) and the B40 

cage. The sheaths of (9,9) CNT, (15,0) CNT and C180 fullerene give the largest binding 

energies of 3.60, 3.66 and 5.25 eV respectively. (b) The energy of the encapsulating 

system (B40 encapsulated by the (15,0) CNT) as a function of the relative position of 

the B40 cage and the CNT. The farthest point is set to be 0, and x is the coordinate of 

the B40 going towards the CNT. (c) The geometries of the single B40 cage 

encapsulated by the (9,9) armchair CNT, the (15,0) zigzag CNT and the C180 fullerene. 
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To substantiate this recipe, we explore the feasibility of encapsulating a B40 

cage inside a CNT. Previous experiments show that some molecules can be self-

assembled into the CNTs.123, 124 Such self-assembling should be also applicable to the 

B40 cage. For demonstration, the B40 cage is moved at a distance of 11 Å towards the 

(15,0) CNT, and drifts into the tube through the open end. Figure 2.6b shows the 

energy profile of the moving cage. The energy of this system drops rapidly as soon 

as the distance between the cage and the open end of the tube is less than 7 Å. The 

energy reduction is up to 3.43 eV with further moving the cage by 14 Å into the CNT, 

equivalent to a force of 0.442 nN. This indicates that the CNT can strongly absorb 

the B40 cage flying nearby and assemble the B40 cage inside it. The strong driving 

force on the B40 cages renders the open end CNT as a "vacuum cleaner" during the 

self-assembling process. 

2.1.5. Conclusion 

To summarize, we have performed systematical first-principles calculations 

to explore the stability and reactivity of B40 cage and its possible 2D precursor. A 

new two-dimensional boron sheet with six, seven and eight-member rings is 

predicted as its precursor, and shows a lower energy than the B40 cage. The B40 

cages are found highly reactive and can exothermically dimerize or trimerize. Along 

with the aggregation, the HOMO-LUMO gap of the system sharply decreases with 

increasing the number of B40 cages. A recipe is proposed to confine the B40 cage by 

sheathing it within CNTs or carbon fullerenes, showing that B40 cage can be 

adsorbed inside these containers spontaneously. Our results would open a wealth of 
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opportunities for B40-based materials, as well as expected novel properties and 

applications. 

2.2. 2D boron monolayer structures mediated by metal 

substrates 

This work has been published on Angew. Chem. Int. Ed., 2015, 54: 130226.125 

2.2.1. Motivation 

Synthesis of 2D materials is commonly achieved through chemical vapor 

deposition (CVD) on a metal substrate which catalyzes the reactions and supports 

the sample,126, 127 as exemplified by graphene and h-BN sheets. In this respect, the 

2D boron should not be an exception — it must form on a substrate first and then be 

separated by a transfer process. How and to which extent the 2D boron structures 

are predetermined by metal substrates is important for their synthesis, yet this 

connection remains elusive. Previous works have probed the nucleation of boron 

clusters on metals,128, 129 showing that planar clusters are preferred over 3D 

structures owing to lower nucleation barrier and thus suggesting the possibility of 

synthesizing 2D boron on metals. Therefore, it is important to know what structures 

will be favored on metals and what interaction dominates at the boron-substrate 

interface. 

The ground state configurations of freestanding 2D boron have been 

intensively studied by different global minima search methods.90, 106, 130, 131 Including 
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the substrates into such search by most methods will make the computations 

daunting. As a powerful tool for evaluating the stability of alloys, cluster expansion 

(CE) method132 has recently been invoked to explore the stability of various 2D 

materials.106, 133, 134 Here, we go one step further, using the CE to explore the 

structural diversity and stability of 2D boron on metals. The systems are treated as a 

binary "alloy" composed of triangular boron sublattices with hexagon-vacancies, all 

on a metal support. We apply CE method to such alloy system, which enables a 

systematic first-principles study of diverse boron sheets on common metal 

substrates, including Au, Ag and Cu which do not form boride and Ni that does. 

2.2.2. Cluster expansion method 

Graphene and h-BN exclusively adopt a honeycomb lattice independent of 

substrate, while 2D MoS2 shows a little variability yet exists dominantly in a 2H 

phase. We show herein that 2D boron is the first 2D material that does not have its 

own fixed structure but depends on the metal substrate. On weakly interacting Ag 

and Au, 2D boron remains polymorphic as in vacuum but exhibits off-plane buckling. 

In contrast, on more reactive Cu and Ni the configuration energy degeneracy is lifted, 

and a specific planar structure is favored, most likely to emerge from CVD synthesis. 

Interplay between the 2D boron buckling and boron-metal hybridization appears to 

control the preferred structure of 2D boron on metals. A tentative yet intriguing 

observation worth mentioning was that the adhesion to metals may even turn the 

2D boron into promising catalyst for hydrogen evolution reaction. 
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Figure 2.7 - (a) Total energy per atom of all symmetry-inequivalent boron sheets 

calculated by CE-fits in vacuum, on Au and on Cu as a function of vacancy 

concentration v in the B1–v[]v systems. The solid lines with circles represent the 

profiles of ground states from precise DFT calculations. Diamonds show the data 

expanded from a rhombus cell while squares show those expanded from a 

rectangular cell as illustrated in the inset, where the boron sublattice that can be 

either filled or empty is shown in pink and the configurationally inactive sublattice 

plus metal is shown in grey. (b) The slab model used for particle swarm 

optimization (PSO), which consists of three regions: the fixed and relaxed metal, and 

the optimized boron layer. (c) Predicted ground state structures of 2D boron on Cu 

from CE and PSO methods agree with each other. 

The 2D boron sheet can be viewed as a triangular lattice (B) with a pattern of 

vacancies (denoted as []) and formally treated as an alloy B1– v[]v;106 the vacancy 
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concentration is v = m/N, where m is their number in a supercell of N lattice sites.95 

The substrate and sublattice of honeycomb boron framework are configurationally 

inactive, but each triangular sublattice site (the hexagon center) can be either a 

Boron atom or vacancy (Figure 2.7a). The commensurability between the Boron 

sheets and metal (111) surfaces is met by 0.8~2.5% compression/stretching of 

metal lattice. The rhombic 2×2 and rectangular 2×2√3 supercells (Figure 2.7a) are 

initially employed and then also larger supercells are screened, up to 42 Boron 

atoms. We use ATAT (alloy theoretical automated toolkit)135 to determine 

the expansion coefficients Jx by fitting the energies to their direct DFT-computed 

values for all generated structures. The DFT calculations are performed using 

VASP.136, 137 The stability of various 2D boron sheets can be compared in terms of 

their total energy per atom, defined as EB = (Esyst - Emetal)/NB, where Esyst and Emetal 

are total energies of the boron-metal system and metal substrate within the same 

supercell, respectively, and NB is the number of boron atoms. Among ≥300 boron 

structures obtained on each metal, we select 30 structures with the lowest EB for 

more precise energy calculations. The relative positions of the 30 boron sheets on 

substrates are further checked to ensure the structures reach the minima in 2D. 

2.2.3. Ground states of 2D boron on metal 

We start our discussion by showing the CE results for freestanding 2D boron. 

Figure 2.7a presents EB of all symmetry-inequivalent structures calculated by CE-fits. 

The ground states for freestanding 2D boronoron lie within v = 0.1~0.14, including 

not only the previously reported α-, v1/8-, v2/15-sheets106 but also a new v4/33-sheet. 
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All the sheets are planar, with a buckling less than 0.2 Å. The energy difference of 

these structures is within 8 meV/atom. Within the DFT error, the v4/33-sheet is 

almost as stable as the v1/8-sheet (Figure 2.8). We are aware that using hybrid 

functional, such as PBE0,138 may slightly change the energy difference between the 

structures131 but will not qualitatively affect the conclusions. 

 

Figure 2.8 - Configurational energy spectra of 2D boron in freestanding state (left), 

on Au (middle) and Cu (right). The inset in each column illustrates three most stable 

structures. Energy with respect to the ground states and the corresponding v are 

provided below each inset. The boron atoms are shown in pink while the metal 

atoms are illustrated by black balls. 

The results become totally different on metals. On Au, the CE-predicted 

ground state of 2D boron is found at v = 1/9 (Figure 2.7b), while the second and 

third stable structures appear at v = 1/12. The v1/9-sheet is more stable than the two 

v1/12-sheets by only 3 and 6.2 meV/atom, respectively, suggesting that the 2D boron 

on Au remains polymorphic. This is also supported by the glasslike configurational 
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energy spectrum, which displays a great many of local minima within an energy 

window of 10 meV above the ground line (Figure 2.8). The adhesive energy of the 

v1/9-sheet on Au is 77 meV/atom. Despite such weak interaction with substrate, the 

preferred sheets are largely buckled (Figure 2.8, insets), with a magnitude up to 1.1 

Å. The v1/9-sheet has all the vacancies twinned and evenly dispersed, different from 

the α-sheet95 (also v = 1/9) that becomes 59 meV/atom less stable on Au. 

On Cu, all three sheets with lowest EB appear at v = 1/6 (Figure 2.7b) and the 

energy difference between the most and second stable structures is up to 15 

meV/atom. The α-sheet is also reproduced but is at 81 meV/atom above the ground 

line. The three most stable sheets on Cu are rather flat, with undulations <0.3 Å 

(Figure 2.8, insets). We name the most stable boron sheet as v1/6-sheet, which has 

Pmmm symmetry and whose adhesive energy on Cu is 290 meV/atom. The 

configurational energy spectrum (Figure 2.8) at the low energies is much sparser 

than on Au and in vacuum. Especially, there is a large energy interval of 35 

meV/atom, to which only the three most stable sheets fall. Thus, there is a strong 

driving force towards formation of specific planar 2D boron sheets on Cu. Control of 

growth conditions may even enable exclusive formation of the v1/6-sheet. 

For broader picture, we extend our search onto Ag and Ni substrates. The 2D 

boron on Ag is similar to that on Au in terms of the structural buckling and 

polymorphism (Figure 2.8). However, the planar v1/6-sheet on Ag is almost 

isoenergetic to a buckled structure at v = 1/8. In contrast, the results on Ni are 

similar to that on Cu: the low-energy structures are found rather planar and the v1/6-
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sheet is distinctly more stable than other structures by at least 8.4 meV/atom. 

However, structural buckling of the v1/6-sheet is increased to 0.48 Å due to the high 

reactivity of Ni that results in strong adhesion to the 2D boron. These results lead us 

to conclude that reactive metals outperform inert ones in possible synthesis of 

planar 2D boron and that the moderately reactive Cu stands out, favoring the flat 

sheet at the deeper minimum. This important information lacked in previous 

attempts of structure determination,128, 129, 139 when the 2D boron structures were 

simply guessed or picked from the reported earlier, and are notably less stable than 

obtained by comprehensive structural search in present work. 
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Figure 2.9 - Mechanism of metal-dependent 2D boron. (a) Vacancy concentration v 

of ground state boron sheet as a function of metal work function. The dotted line 

stands for the results when the boron-metal distance is fixed at 5 Å. Isosurface plots 

(0.005 e/Å3) of charge redistribution (b) between the v1/9-sheet and Au as well as (c) 

between the v1/6-sheet and Cu. Yellow and blue colors represent the regions of 

electron accumulation and depletion, respectively. Projected density of states (PDOS) 

of the (d) v1/9 sheet on Au and (e) v1/6-sheet on Cu, together with the corresponding 

Boron sheets in vacuum. The Cu and Au projections are rescaled for clarity. 

Having determined the preferred structures of 2D boron on metals, we 

proceed to reveal the underlying mechanism of metal-dependent structures. We 

first consider charge transfer between boron and metal. For 2D boron in vacuum, 

the triangular sublattices act as "donors" while the hexagon vacancies act as 
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"acceptors", which are mixed in a way to compensate the electron deficiency of 

boron.95 Extra electrons transferred to the substrate should increase the number of 

"donors" and result in a boron sheet with lower v. In this sense, the metal work 

function, which determines boron-metal charge transfer, should be a quantity 

dominating the substrate effect. However, the result (Figure 2.9a, solid line) 

suggests that this is not the case. There is no obvious dependence of the optimal v 

on the metal work function. Only when the boron-metal distance is increased 

(artificially) to ~5 Å does the dependence follow the expected monotonic decrease 

(Figure 2.9a, dashed line). This clearly shows that not the electron transfer but 

rather chemical hybridization at the boron-metal interface guides the structure 

choice of 2D boron, as analyzed below. 

Figure 2.9b and c present interface charge redistribution of the preferred 

boron-sheets on Au and Cu. Both systems show significant rearrangement of charge 

density. The notable electron accumulation in the interface region illustrates the 

formation of chemical bonding between boron and metal. This is unusual for Au, 

least reactive towards adsorbates.140 Scrutinizing the plots shows large difference. 

The charge rearrangement occurs uniformly for all atoms of the v1/6-sheet on Cu but 

is highly concentrated on those closer to the metal in the v1/9-sheet on Au. 

Interestingly, this charge rearrangement becomes much weaker for a v1/6-sheet or a 

flattened v1/9-sheet on Au. Therefore, the structural buckling of 2D boron on Au is 

essential: it appears to activate the sheet and enhance the chemical interaction with 
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the inert metal. To shed light on this point, we express the energy of a 2D boron 

sheet on metal as 

EB=Eflat+Ebk+Echem (2.4) 

where Eflat is the energy per atom of a purely flat boron sheet, Ebk is the energy 

change per atom induced by structural buckling and Echem is the chemical energy 

averaged onto each boron atom due to the boron-metal bonding. These energy 

terms for the v1/6-sheet on Cu and the v1/9-sheet on Au are listed in Table 2.2, 

together with those for the v1/6-sheet on Au and the v1/9-sheet on Cu. Indeed, on Au, 

the buckled v1/9-sheet has distinctly higher Echem than the flat v1/6-sheet does. 

Moreover, generating large structural buckling is more operable in a boron sheet 

with small v because of its electron excess.141 The two reasons explain why the 

boron sheet on inert metal is prone to buckling at relatively small v. The result is 

opposite on Cu: the structural buckling of 2D boron now reduces Echem because 

fewer boron atoms will effectively interact with the metal. The boron sheet would 

rather be planar so that all atoms can participate in the interface hybridization, 

which increases the optimal v. The structure of v1/6-sheet particularly matches the 

surface atomic pattern of Cu (111), resulting in a deep global minimum. The 

competition of structural buckling and interface chemical hybridization provides the 

key mechanism of the metal-dependent structures of 2D boron. 

Table 2.2 - Energy decomposition of 2D boron on metals. Eflat, Ebk, Echem are the 

energies of a purely flat sheet, structural buckling and interfacial bonding, 

respectively. EB and Eb are the total and adhesive energies of a boron sheet on metal. 
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All the data are in unit of eV/atom. 

2D boron Eflat Ebk Echem EB Eadh 

on Au 
v1/9 -6.221 0.089 -0.197 -6.337 -0.077 

v1/6 -6.257 0.022 -0.104 -6.302 -0.080 

on Cu 
v1/9-I -6.249 0.099 -0.288 -6.431 -0.181 

v1/6 -6.228 0.034 -0.329 -6.521 -0.293 

2.2.4. Mechanism of 2D boron on metal 

To gain deeper insight into the stability of 2D boron sheets on metals, we 

look into the electronic structure. Figure 2.9d and e present the projected density of 

states (PDOS) of the preferred v1/6-sheet on Cu and the v1/9-sheet on Au, together 

with the results of corresponding freestanding sheets. For a freestanding v1/9 sheet, 

the Fermi level falls in the gap defined by the highest bonding and lowest 

antibonding states derived from in-plane orbitals (px+py) and cuts the out-of-plane 

orbitals (pz), consistent with earlier analysis27 for the α-sheet. On Au, the structural 

buckling in the v1/9 sheet mixes the px+py and pz orbitals, extending the px+py over 

the whole energy window. As a result, not only the boron pz but also the px+py 

considerably participates in hybridizing with the Au 5d orbitals (predominately 

5dxy+5dz2), as evidenced by two resonance peaks in the vicinity of the Fermi level 

(marked by arrows in Figure 2.9d). The interfacial bonding is therefore much 

stronger than that of a planar boron sheet on Au (for a planar sheet, the 

hybridization is solely between the Boron pz and Au 5d). On Cu, the preferred v1/6-

sheet is planar and the interfacial hybridization is predominantly contributed by the 
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boron pz and Cu 5d. Different is that the Cu 5d locates closer to the Fermi level than 

the Au 5d does and overlaps more substantially with the boron pz. Therefore, the 

boron-Cu bonding is strong enough to suppress the buckling of the sheet. Moreover, 

the highest in-plane bonding state is partially occupied for the v1/6-sheet in vacuum 

(arrow in Figure 2.9e) but becomes fully occupied on Cu, implying that the boron-Cu 

charge transfer also contributes in part to stabilize the sheet. 

2.2.5. Conclusion 

We have determined the preferred structures of 2D boron on metals using 

cluster expansion method combined with first-principles calculations, augmented 

by newly developed50 surface structure-search method based on structure swarm 

intelligence and free of any grid constraints. The preferred 2D boron on weakly 

interacting Ag and Au tends to be buckled and remains polymorphic as in vacuum, 

whereas on more reactive Cu and Ni we identify a planar sheet with v=1/6 as 

distinctly more stable than other structures. We further reveal the mechanism 

underlying the structure preference for metal-dependent boron sheets, which opens 

a possibility to guide the formation of 2D boron by tailored boron-metal interaction.  
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Chapter 3 

Grain boundaries in graphene and hybrid 

2D materials 

3.1. Structures of sinuous grain boundaries in graphene 

This work has been published on Adv. Funct. Mater., 2015, 25, 1621.142 

3.1.1. Motivation 

Grain boundaries (GBs) play important roles in the physical properties of 

materials. Straight bisector GBs are energetically favorable in highly-oriented 

pyrolytic graphite. However, the situation becomes quite different in CVD-grown 

graphene, wherein the grain sizes become much smaller than those in exfoliated 

samples and the GB shapes turn into sinuous.42-46 Atomic scale characterizations 

revealed that the sinuous GBs usually cannot bisect the misorientation angle of 

domains over a nanometre length,43, 45 thus belonging to asymmetric (or 
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nonbisector) type. Considering the abundance of asymmetric GBs in CVD-grown 

samples, determining their structures and their influence on electronic behavior is 

hence particularly important for designing graphene devices with desired 

performance. Despite extensive theoretical effort on the nonbisector GBs,53-55, 143, 144 

little is known about their preferred structures and even less about the modification 

of properties. What is more, no physical rule is proposed for elucidating the 

formation mechanism of sinuous grain boundaries prevalent in experimental 

observations.  

Here, we perform an analytical study of asymmetric GBs in graphene and 

reveal a universal rule for reaching their ground state structures. In contrast to the 

commonly used linear models, we find that the nonbisector GBs are preferably 

composed of slant bisector segments that form a sinuous shape, which closely 

resembles recent experimental images. The orientation, geometry and atomic 

structures of the bisector segments in the sinuous GBs (s-GBs) can be well 

quantified by the domains’ matching vectors and are verified by extensive atomistic 

calculations. Further, the s-GBs are distinct in showing enhanced mechanical 

strength and semiconducting transport behavior. These findings not only serve as a 

general guidance for understanding the morphology of GBs in two-dimensional 

atomic crystals but also offer a new insight into their structure-property 

relationships. 
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3.1.2. Phenomenological analysis 

In graphene, a GB acts as an one-dimensional interface stitching two domains 

that are misoriented with each other (Figure 3.1a), with a tilt angle defined as 

θT=θ1+θ2, where θ1 and θ2 are the angles between the crystallographic orientations 

of the two domains and the in-plane normal of the global GB line, respectively. The 

GB with θ1=θ2 belongs to the symmetric or bisector type, while the GB with θ1≠θ2 

belongs to asymmetric or non-bisector type. Following the Read−Shockley model, 

we approximately model the GB as a periodic array of dislocations. The periodicities 

of the domains are defined by their respective matching vectors (n1,m1) and (n2,m2), 

and the corresponding GB is denoted as (n1,m1)|(n2,m2). According to the theory of 

coincidence lattice sites,145 n and m should be prime numbers, by which the GB 

periodicity is minimized and the coincidence sites are maximized at a given 

misorientation of domains. The lengths of the two matching vectors should be equal 

to satisfy the commensurability condition, i.e.  

    2 2 2 2

0 1 1 1 1 0 2 2 2 2a n n m m a n n m m  (3.1) 

where a0 is the lattice constant of graphene. Solving this equation yields either n1=n2 

and m1=m2 or n1≠n2 and m1≠m2; the former is for the bisector GBs while the latter 

for the nonbisector GBs. Compared to the bisector GBs, the nonbisector GBs are 

much more abundant in CVD graphene samples and will be the focus of this work.  
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Figure 3.1 - Illustrative construction of a sinuous grain boundary in graphene. (a) 

Framework for a GB stitching two graphene domains rotated by θ1=25° and θ2=3° 

with respect to the normal of the GB. The periodicity of the two domains are 

described by repeated vectors (9,1) and (6,5), respectively. The supposed linear GB 

(black solid line) can be folded into two bisector segments, each of which has two 

options shown by red and blue solid lines. The green lines denote the 

crystallographic orientations of the domains. (b) Schematic GB units I~IV resulting 

from combinatorics of the bisector segments. The slant angles of bisector segments 

with respect to the black global line are provided as are. (c) γl/γθT as functions of Δθ 

according to Equation (3.4) and (3.5) (dashed lines). The shaded region bounded by 

the solid line is where either Eqation (3.4) or (3.5) is satisfied. 

Our idea is motivated by the classical dislocation theory in solids,146 which 

shows that identical edge dislocations (or clusters) energetically favor an alignment. 

As such, the dislocation cores (or clusters) can have their stress fields maximally 

cancelled out, as supported by the continuum theory based on a disclination dipole 
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model. Therefore, the bisector GBs favor a globally linear shape regardless of the tilt 

angle. Nevertheless, it is impossible for a nonbisector GB to perfectly align all the 

dislocations; instead, all the dislocations are slanted relative to the global GB line 

and one of them is distinctly misoriented owing to the broken lattice coherence 

across the grain boundary. Forcing the randomly oriented dislocations into a 

roughly linear line results in high strain energy and makes the GB unfavorable. Here, 

we propose a way to relieve the residual stress by locally aligning the dislocations 

into bisector segments. As such, a repeat unit of a nonbisector GB can be folded into 

two bisector segments, instead of previously used linear models.54-56 Following this 

idea, we start at the two ends of the repeat unit of an arbitrary nonbisector GB 

shown by thick black line in Figure 3.1a and locally construct bisector segments 

between the two domains. Due to the six-fold lattice symmetry, we can find three 

crystallographic orientations (green lines with arrow) in each domain, with a twist 

angle θT in-between. At the lower end of the repeat unit, taking one crystallographic 

orientation in the left domains (black dotted line), we can principally find three 

crystallographic orientations in the right domains to build up a bisector segment, 

but only two of them (red and blue dotted lines) are usable, because the tilt angle of 

a grain boundary should be less than 60°. Bisecting the angle between the black and 

blue dotted lines determines one possible direction of a bisector segment as shown 

by thick blue solid line. Alternatively, bisecting the angle between the black and red 

dotted lines gives the direction of another bisector segment, shown by thick red 

solid line. Similarly, we can determine the directions of two bisector segments 
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starting at the upper end of the repeat unit (upper blue and red solid lines in Figure 

3.1a). The two sets of bisector segments can joint as they extend toward each other 

and thereby result in four sinuous shaped units I~IV for the GB, as shown in Figure 

3.1b. The two segments of the unit I are both tilted at θT, and slanted by 60°-Δθ/2 

and Δθ/2 (Δθ=θ1-θ2, 0<Δθ<60) with respect to the global GB line, respectively; 

whereas the two of the unit II are tilted at 60°-θT, and slanted by 30°+Δθ/2 and 30°-

Δθ/2, respectively. The units III and IV result from the cross-combination of the 

bisector segments in the units I and II. These units serve as building blocks to make 

up s-GBs by repeating along the direction parallel to the matching vectors. Note that 

we neglect the bisector direction with slant angle exceeding 60° as the over-slanted 

segment is unlikely to result in energetically favorable s-GBs. Then, the same 

process applied to other crystallographic orientations does not produce any new GB 

shape. It is interesting to see that the GB-I and II become bisector GBs at Δθ=0° and 

60°, respectively, consistent with the fact that bisector GBs is energetically the 

optimal at a given tilt angle. 

To verify our assumption, we first analytically compare the energy of the l- 

and s-GBs. For the l-GBs, there is a common feature in their unit structures that one 

dislocation is distinctly misoriented and all other dislocations are slanted by Δθ/2 

from the GB line (see Figure 3.2a, Figure 3.3a and b). Thus the energy of an l-GB can 

be expressed as  

-GB ll kinkL     (3.2) 
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where l  is the energy per unit length of the GB tilted at θT but having dislocations 

all slanted by Δθ/2 from the GB line, kink is the energy of two kinks due to the 

misoriented dislocation and L is length of the repeat unit. At the same tilt, the GB-I 

has two bisector segments tilted at θT and its energy can be written as 

T

'

GB I 1 2 kink
( )L L  


    (3.3) 

where 
T

 is the energy per unit length of the bisector GB tilted at θT, L1 and L2 are 

the lengths of the two segments, respectively, and kink is the energy of two kinks 

formed between the segments. Our calculations tested that both '

kink
  and kink  are 

negligible compared to other terms in the equations. Thus, GB-I < -GBl  can be 

satisfied simply upon 
T 1 2( )L L  < lL . By applying an elementary law of sines to 

the triangle of GB-I in Figure 3.1b, we have L1=Lsin(Δθ/2)/sin(2π/3) and 

L2=Lsin(π/3-Δθ/2)/sin(2π/3). Then, the condition for achieving GB-I < -GBl  

becomes,  

Tθ

2 3
sin( /3 / 2)

3
l


 


    (3.4) 

Similar analysis applied to the GB-II results in another condition, 

o
T60 -θ

2 3
cos( / 2)

3
l





   (3.5) 
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Figure 3.2 - Preferred structure of asymmetric GBs. (a) Atomic structures of linear 

GB (l-GB) and sinuous GB-I, II, III, IV for the (6,5)|(9,1), with θT=28°, Δθ=22°. Energy 

of each s-GB relative to the l-GB is listed below each figure. (b) Simulated scan 

tunneling microscopy image of the most favorable GB-II, with a dislocation 

highlighted in red glided by one step. (c) Experimental ADF-STEM image43 verifies 

the structure in b (Reprinted with permission from Nature 2011 469, 389–392 

Copyright 2011 Nature.)  

Here, we do not account the GB-III and IV as they are unlikely to be more 

stable than the GB-I and II. Clearly, the s-GB will be energetically more favorable 

than the l-GB once either Equation (3.4) or (3.5) is satisfied. To assess such 

likelihood, we plot diagrams of 
T

/l   and o
T60 -

/
l 
  with respect to Δθ in Figure 3.1c, 

where the shaded region is defined by the union set of Equation (3.4) and (3.5). As 
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T
  is the lowest energy for a GB tilted at θT, 

T
/l   must be >1. Thus the shaded 

region is dominant in the diagram and dictates the GB-I as the preferred structure. If 

60°-θT is close to 32o or 22o, at which o
T60 -

 is particularly low, Equation (3.5) will 

be easily satisfied and the GB-II lies at the ground state. Although 
T

/l   >1 is 

obvious, a direct relationship between them is mathematically difficult to derive, 

impeding the strict proof of Equation (3.4) and (3.5). Yet numerical computations 

allows us to roughly test the equations. Finite-long bisector GBs with tilt angles of 9°, 

22°, 32° and 48° were selected for calculating 
T

 . To calculate l , the dislocations 

are realigned via glide to form a GB line slanted by Δθ from the bisecting line. We 

find 
T

/l    for all the GBs fall into the shaded region regardless of Δθ, as shown in 

Figure 3.1c, well corroborating our theory. 
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Figure 3.3 - Favorable structure of nonbisector GBs. (a) Atomic structures of (left: l-

GB) linear and (right: s-GB) sinuous-shaped (5,3)|(7,0), with θT=38° and Δθ=22°. (b) 

Similar to (a) but for the (4,4)|(7,0), with θT=30°, Δθ=30°. The energy of the s-GB 

relative to the l-GB is listed below each figure. The tilt angles of the bisector 

segments in each GB are also provided. 

3.1.3. Atomistic calculations and discussions 

The above analysis allows us to address the atomic structures and compare 

the energy of nonbisector GBs computationally. We first take (6,5)|(9,1) as a model 

system, with Δθ=22° and θT=28°. According to our analysis, four s-GBs, denoted as 

GB-I, GB-II, and GB-III and GB-IV, can be constructed for the (6,5)|(9,1) by using the 

established units I, II and III, respectively, as shown in Figure 3.2a, together with the 

linear GB (l-GB) model.53 All the four s-GBs are found to be more stable than the l-GB. 

The most stable one is the GB-II, which is 0.92 eV/nm lower in energy than the l-GB 
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and will be particularly discussed. The unit of GB-II is composed of two 32° (i.e. 60°-

θT) bisector segments and slanted from the global GB line by 41° (i.e. 30°+Δθ/2) and 

19° (i.e. 30°+Δθ/2), respectively. Compared with other s-GBs, the segments in the 

GB-II show better aligned dislocations with the maximum density, making the stress 

more effectively relieved. The higher stability of the GB-II agrees with our above 

analysis that 60°-θT is just 32° and the bisector segments have a particularly low 

energy.65 The energetic preference of locally ordered GBs should have relevance to 

the GB morphologies observed in experiments. Thus, it is interesting to see what 

contrast the s-GB can generate in scan tunneling microscopy. Figure 3.2b shows the 

simulated tunneling electron microscopy (TEM) image of the GB-II, which 

excellently resembles an atomic-resolution scanning TEM image (see Figure 3.2c) of 

a graphene GB taken by Huang and coworkers.43 The only difference is that the 

experimental image has a dislocation (highlighted in red) glided by one step, 

probably induced by electron beam irradiation from TEM, as also discussed by 

Huang et al.  

We then extend our discussion to the (5,3)|(7,0) and (4,4)|(7,0) GBs, with 

θT=38° and 30° as well as Δθ=22° and 30°, respectively. For the (5,3)|(7,0), the GB-I, 

II and III have the same atomic structure within the periodic boundary condition 

and serve as the ground state (Figure 3.3a), which is 0.46 eV/nm more stable than 

the corresponding l-GB model.55 The units of GB-I and GB-II have the segments tilted 

at 38° and 22°, respectively, while that of GB-III comprises a 38° segment and a 22° 

segment. Thus these structures will be distinguishable if the segment lengths are 
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doubled during structural evolution by, for example, annealing. The same behavior 

holds for the (4,4)|(7,0), whose GB-I, II and III lie at the ground state and are up to 

1.08 eV/nm more stable than its l-GB model (Figure 3.3b). Interestingly, the ground 

state structure of the (4,4)|(7,0) is exactly the same as that predicted by Li and 

coworkers using a global optimization search algorithm,147 which reflects that the 

present analysis is not only much simpler but also rather effective to reach the 

ground state of a GB at a given grain misorientation. 

 

Figure 3.4 - Atomic structures of (left: l-GB) linear and (right: s-GB) sinuous-shaped 

(6,4)|(7,3), with θT=20° and Δθ=6°. 

All the GBs presented above have relatively large Δθ. Now, we turn to 

examine the (6,4)|(7,3) with a small Δθ=6° (and θT=20°). With such small Δθ, one 

bisector segment in the GB-I almost follows the global GB line while the other 

segment is too short to hold any dislocation (Figure 3.4). As a result, the whole GB 

manifests as a faceted shape with misaligned bisector segments. And so does the l-

GB. In contrast, the GB-II has two bisector segments tilted at 40° and appears to be 

more sinuous upon repetition. The GB-I is shown to be ground state as it is more 
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stable than the GB-II by 0.54 eV/nm. The distinct ground state of a GB with a small 

Δθ can be understood by the coincident site lattice theory, which reveals that the GB 

should maximally adopt the optimal GB structure (i.e. bisector) and kinks must be 

embedded to accommodate the small deviation angle from the bisecting line (Figure 

3.4). The kinked structure is in excellent agreement with our recent results for GBs 

in hybrid 2D materials, in which the GBs tend to be asymmetric to lift the lattice 

mismatch and shows the same structures owing to small Δθ.148 It is quite 

encouraging that a recent experiment indeed observed such faceted GBs, formed via 

thermal annealing of CVD graphene samples.149  

Overall, either the GB-I or II can be the ground state of a nonbisector GB 

depending on its tilt angle. At small Δθ the GB-I serves as the ground state while the 

GB-II can be more stable when 60°-θT is close to 32o or 22o. Decomposing any 

nonbisector GBs into bisector segments should follow this criteria, and then our 

derived formula can be used to establish the detailed parameters for the preferred 

sinuous structure. However, a remaining question is how the analysis based on the 

periodically arranged bisector segments can be related to experiments, in which the 

GBs are mostly aperiodic.42-47 This issue can be addressed in two aspects. First, 

during the course of growth, the different units can form concurrently in the same 

GB due to their close energy. This is evidenced in several experimental images of 

aperiodic GBs,44, 150-152 which can be assigned to comprise a series of bisector 

segments with different length and orientation. The adopted orientation of bisector 

segments is particularly flexible in graphene due to the six-fold lattice symmetry, 
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making the periodicity of s-GBs easily broken. Second, in addition to the 

thermodynamics, kinetic effect plays an important role in determining the GB shape, 

and the periodicity can be readily destroyed via dislocation migration or various 

defect reconstructions, which can occur as a by-product of structural 

characterizations with TEM (it unavoidably introduces electron beam irradiation). 

The eventual GB shapes also depend on the nucleation density and the detailed 

process of graphene growth. While further study on the aperiodic GBs is certainly 

needed, the scheme laid out above for building favorable s-GBs is still significant in 

offering a route map for experimental works in this direction. 

3.1.4. Mechanical strength 

To complete the description of s-GBs, we further explore what properties 

these s-GBs can contribute in graphene. It has been predicted that the mechanical 

properties of graphene can be largely degraded by grain boundaries,50, 52-54 yet 

recent experimental measurements showed that the strength of graphene is slightly 

reduced despite the presence of GBs.151, 153 Using empirical molecular dynamics 

simulations, we show in Figure 3.5a the stress-strain curves of the most favorable s-

GBs (i.e. the GB-II) subject to uniaxial strain normal to the grain boundary. 

Compared to the result of l-GB models, the GB strength is remarkably enhanced 

upon taking the sinuous shape. The enhancement is up to 27.3% for (6,5)|(9,1) s-GB 

and 13% for (7,0)|(5,3) s-GB. The normal strengths of the (6,5)|(9,1), (4,4)|(7,0), 

(5,3)|(7,0) s-GBs reach 98, 97 and 96 GPa, respectively, rivaling the strength of 

pristine graphene (~100 GPa) stretched in the armchair direction. The enhanced 
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mechanical strength of s-GBs can be understood by comparing the normal stress 

distributions in the (6,5)|(9,1) l- and s-GBs, as shown in Figure 3.5b. The dislocation-

induced stress field is much stronger in the l-GB than that in the s-GB, echoing the 

latter’s higher stability. Similar to the bisector GBs,50 the highest tensile stress 

resides on the bonds shared by the hexagon and heptagon, which dictate the 

strength of whole GBs. Indeed, the structural failure always starts at the bonds with 

the highest tension (Figure 3.5a inset), and the relieved bond stress in the s-GB leads 

to a strength close to that of perfect graphene. It is also worthwhile to note that the 

strength of s-GBs appears to be proportional to the tilt angle of their bisector 

segments, which are at 22°, 30° and 32° in the (7,0)|(5,3), (7,0)|(4,4) and (6,5)|(9,1), 

respectively, consistent with the trend in bisector GBs. As the GBs used for 

experimental measurements are rarely linear, the simulated mechanical properties 

based on s-GBs should be more relevant to experimental measurements.151 

3.1.5. Conclusion 

To conclude, our phenomenological analysis, combined with quantum 

mechanical calculations, reveals a new type of structures for asymmetric grain 

boundaries that are remarkably more stable than previously used models and 

closely resemble recent experimental observations. We show that dislocations in an 

asymmetric grain boundary can locally form slant bisector segments, resulting in a 

well-defined sinuous shape for the whole boundary. The sinuous shape significantly 

relieves the residual stress in the grain boundaries and endows them with enhanced 

mechanical strength. Our results can also be used as a simple protocol for 
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understanding the grain boundary morphologies in other two-dimensional 

materials, such as boron nitride and transition metal disulfides. 

 

Figure 3.5 - Mechanical properties of asymmetric GBs. (a) Stress-strain curves of the 

(7,0)|(5,3) (black), (6,5)|(9,1) (red) and (4,4)|(7,0) (blue) GB-II subject to tension 

along the in-plane normal of GBs. The insert shows a snapshot of the (6,5)|(9,1) GB-
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II at the initial stage of failure. The dashed lines show the results of the 

corresponding l-GBs. The dot line marks the strength of perfect graphene along 

armchair direction. (b) Maps of normal stress (σxx) in the (left) l- and (right) s-GB for 

the (6,5)|(9,1), with compressive in red and tensile in blue. 

3.2. Grain boundaries in hybrid 2D materials 

This work has been published on J. Mech. Phys. Sol. 2014, 70, 62-70.154 

3.2.1. Motivation 

Graphene is a zero-gap semi-metal, while the h-BN monolayer is electrically 

insulating with a wide band gap ~5.8 eV.155, 156 The distinct properties of the two 

hexagonal isologues have stimulated great interests in fabricating hybridized atomic 

layers composed of graphene and BN domains — a new 2D BNC material with 

properties complementary to those of its constituents.157, 158 Of most interest is that 

varying the ratio of composition could endow the hybrid BNC sheet with tunable 

band gap on-demand, ranging from 0 eV to 5.8 eV.159, 160 Moreover, having BN 

domains patched in otherwise perfect graphene structures leads to appearance of 

edge states localized at the BN/graphene interfaces, enabling the advent of spin-

polarization161 and even possible half-metallicity.162 All these colorful properties, 

however, are closely correlated with the interface between the graphene and BN 

domains, which is at the center of the study of hybrid 2D materials.48 Having a clear 

picture towards understanding the hybrid interface will not only provide essential 

basis for further study of fundamental physics and potential applications but also 
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help understand the growth mechanism of the nanoscale patchworks. Unfortunately, 

limited by related techniques in preparation and characterization, experimental 

images of atomically sharp BNC interfaces remain rather scarce thus far.  

 

Figure 3.6 - Preferred grain boundaries (GB) in 2D materials. (a) Schematic model of 

a bisector GB in a homogenous 2D material, with the left and right domains 

symmetrically rotated by θ. The tilt angle of GB is θT=2θ. (b) Schematic model of a 

GB in a hybrid martial perfectly matching domains 1 and 2, for which only lattice 
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rows are shown. Given a rotation angle θ for the domain 2, there are two alternative 

rotation angles θ+Δθ and -θ-Δθ for the domain 1, as shown by black solid and dotted 

lines. a1 and a2 are the lattice constants of the domains 1 and 2, respectively. 

Applying the scheme shown in (b) into the GB in 2D BNC sheet at tilt angles of (c) 

2θ+Δθ and (d) Δθ. The repeat vectors, denoted by thick solid lines with arrow, are 

(n1,m1) for the domain 1 and (n2,m2) for the domain 2, both having a length L. Dotted 

lines illustrate how the repeat vectors are rotated from the armchair direction. C, B 

and N are distinguished in grey, green and blue, respectively.  

Prior to experimental observation, insightful theoretical study on the hybrid 

interfaces is appealing. All previous theoretical works on the 2D BNC sheets are 

based on epitaxial interfaces, that is the BN and graphene domains are stitched in a 

way that the honeycomb lattice can be continuous across the interfaces, mostly 

manifesting as zigzag- and armchair-shaped interfaces.163 The epitaxial interfaces, 

however, may be far from the real situation in experiments, in view of the following 

two aspects. First, epitaxial interfaces impose significant in-plane strains on all the 

domains due to considerable lattice mismatch between graphene and h-BN. As the 

in-plane strain is non-decaying, the epitaxial interfaces rapidly raise the system 

energy with increasing domain sizes, rendering them unfavorable choice. Second, in 

real process, graphene and BN domains can be nucleated at different sites on 

substrates.164 If the domains are misoriented with each other, their growth and 

coalescence lead to formation of dislocations and grain boundaries (GBs), which are 

found ubiquitous in 2D materials. While GBs have been extensively studied in 

graphene and h-BN,42, 51, 165 they have never been addressed in related hybrid 

materials. Several fundamental questions are raised naturally: Is it possible to lift 
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the lattice mismatch by regulating the GBs in hybrid 2D materials? If that were the 

case, what physical law governs this regulation and what atomic organizations 

emerge with the GBs? 

In homogenous materials, GBs are energetically more favorable when 

bisecting the angle between the crystallographic orientations of the two domains 

(see Figure 3.6a),51 allowing the domains rid of in-plane strain. Bisector GBs for 

hybrid 2D materials will cause additional strain energy, attributed to the lattice 

mismatch. Instead, the GBs have to deviate from the bisector line for realizing the 

optimal match of grains. However, setting up a general law to describe the optimally 

matched GBs in hybrid 2D materials encounters difficulties in combinatorics among 

the lattice orientations, mismatch and periodicity. Toward solving this issue, an 

inspiration comes from a well-known physical phenomenon associated with 

interfaces between two media, through which a ray of light undergoes a change in 

its wave length as well as its refraction angle from incidence. A simple formula, 

known as Snell’s law, describes the relationship among the incidence and refraction 

angles and wave lengths of light.  

3.2.2. Analytical results 

For generality of our analyses, we consider a hybrid 2D material composed of 

domain 1 with lattice constant a1 and domain 2 with lattice constant a2 (Figure 3.6b). 

The corresponding lattice mismatch is ε=(a2-a1)/a1 (a2>a1). The rotation angle 

between the crystallographic orientation and the normal of the boundary line is 
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θ+Δθ for the domain 1, and θ for the domain 2. The atomic arrangement around the 

GB not only depends on its tilt angle θT=2θ+Δθ, but also on Δθ and ε. Since direct 

consideration of numerous possibilities cannot be afforded, a preliminary analysis is 

useful for screening. A prerequisite for the optimal match is that all the lattice rows 

in the hybrid 2D material should continuously cross the GB (Figure 3.6c); otherwise 

additional dislocations or imperfections must be included to accommodate the 

lattice rows disconnected at the GB and raise the system energy. GBs satisfying this 

condition will be in priority and the main choice for detailed analyses. Nevertheless, 

other GBs out of this condition, if formed in the course of growth, can be kinetically 

stabilized and encountered in observations as well. With these provisions, we can 

derive the relation between rotation angles and ε. Figure 3.6b shows a simplified 

model of two stitched domains, with only lattice rows being presented. Perfect 

match of the lattice rows across the GB requires that the projections of two domains' 

lattice constants onto the GB line are equal, so a1/cos(θ+Δθ)= a2/cos(θ), further 

expressed as 

cos
1

cos( + )




 
 


 (3.6) 

Equation (3.6) just resembles the equation of Snell’s law for describing light 

refraction. Solving Equation (3.6) yields two nonequivalent solutions: θ+Δθ versus θ 

and -θ-Δθ versus θ, as shown by the solid and dashed lines in the domain 1, 

respectively (Figure 3.6b). The corresponding GBs have tilt angles θT =2θ+Δθ and Δθ, 

respectively. The two types of GBs can be inter-converted by a 180º flip of the 

domain 1 or 2 around the in-plane normal of the GB (Figure 3.6c and d). As the 
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geometrical analyses of the two groups of GBs are essentially the same, we focus on 

the GBs corresponding to the first solution. To further formulate the 

interdependence of structural parameters in the GBs, we take θ=θT/2-Δθ/2 and 

θ+Δθ=θT/2+Δθ/2; then Equation (3.6) can be rewritten as cos(θT/2-Δθ/2) 

=(1+ε)cos(θT/2+Δθ/2), which results in 

 

 




 T

tan
2 (2 )tan( / 2)

 (3.7) 

Since Δθ/2 is quite small, Equation (3.7) can be further simplified as  




 
 

 T(1 / 2)tan( / 2)
 (3.8) 

Equation (3.8) presents proportionality between Δθ and the lattice mismatch 

ε, indicating that the optimal GB with larger ε will be deviated more from the 

bisector line. In contrast, Δθ increases with decreasing tilt angle θT. There is an 

extreme case at θT=0, at which Δθ has no solution. In this case, the GB becomes an 

epitaxial interface, but dislocations oriented perpendicular to the GB line must be 

embedded to lift the lattice mismatch. The structure of GBs at this extreme will be a 

topic for future study and in this study we focus on common tilt GBs. 

3.2.3. Numerical results 

We then numerically analyze the GBs in hybrid 2D materials with specific 

lattice mismatch. Figure 3.6c presents the graphene and BN domains that are 

misoriented with each other. The GBs in-between the domains break the lattice 

periodicity intrinsic to the pristine materials. The periodicities of the domains 1 and 

2 along GBs now are defined by repeat vectors (n1,m1) and (n2,m2), respectively, 
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which satisfy commensurability condition for reaching perfect match. This is similar 

to the concept of coincidence site lattice for describing GBs in conventional bulk 

materials. For ease of discussion, the GB constructed by repeat vectors (n1,m1) and 

(n2,m2) is tagged as (n1,m1)|(n2,m2). In Figure 3.6c, by applying an elementary law of 

sines to the triangle in the domain 1, we have 

1 1 1 1

o o osin(30 ) sin(30 ) sin120

m a n a L

   
 

     
 (3.9) 

On the other side, from the triangle in the domain 2, we have  

2 2 2 2

o o osin(30 ) sin(30 ) sin120

m a n a L

 
 

 
 (3.10) 

where L is the length of repeat vectors in both the domains. We thus have the 

following relation,  

o
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Figure 3.7 - Structural parameters of the optimal GBs in hybrid 2D materials. (a) 

Residual strain εR in GBs with differently fixed θ in the 2D BNC sheet as functions of 

the periodic length L of GB; all the GBs follow the (n+1,m-1)|(n,m) regime. (b) L and 

(c) Δθ as functions of tilt angle θT in the optimal GBs. The results with filled symbols 

are for GBs constructed by a regime of (n+1,m-1)|(n,m), while those with red hollow 

circles at ε=5% are for GBs by a regime of (n+1,m-2)|(n,m), in which both grains are 

tilted from the zigzag direction. Symbols show numerical results while dark grey 3D 

plots are analytical solutions. 

We actually cannot directly get solution from Equation (3.11), because n1, n2, 

m1 and m2 are discrete integers and the lengths of two repeat vectors are unlikely to 

coincide. Numerical analyses thus become necessary to obtain the optimal match. 
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According to our preceding preliminary analysis, the repeat vectors must satisfy 

n1+m1=n2+m2, which make sure that all the lattice rows can be connected when 

crossing the GB (see Figure 3.6c and d). Given a repeat vector of one domain, 

Equation (3.11) enables us to approximately get the repeat vector of another 

domain and to build up the (n1,m1)|(n2,m2) GB. For the hybrid BNC sheet with 

ε=1.8%, we find that a given (n,m) of the domain 2 is matched most closely by 

(n+1,m-1) of the domain 1, forming a match regime of (n+1,m-1)|(n,m). However, 

the discrete character of (n+1,m-1) and (n,m) results in a residual strain εR=|L2-

L1|/L1 for the GB, where L1 and L2 are lengths of the repeat vectors in the domains 1 

and 2, respectively. At a given rotation angle θ of the domain 2, the residual strain 

changes with varying the periodic length L, taken as (L1+L2)/2, and should 

disappear in the optimal GB with an optimal L. To further clarify this point, we show 

in Figure 3.7a the residual strain εR as functions of L for four groups of BNC GBs with 

differently fixed θ. With varying L, εR can be minimized to nearly zero in all the 

curves; the optimal L for the minimum εR decreases with decreasing θ. The 

corresponding optimal GBs in the 2D BNC sheet turn out to be (4,2)|(3,3), 

(11,4)|(10,5), (19,3)|(18,4) and (29,-1)|(28,0) at θ=30°, 20°, 10°, and 0°, respectively. 

Similar numerical analyses can be applied to determine the optimal GBs at other tilt 

angles as well as at ε=3% and 5%. The interdependence among Δθ, tilt angle θT, and 

periodic length L in the numerically derived optimal GBs are shown by symbols in 

Figure 3.7b and c. The optimal GB with a smaller θT favors a larger Δθ, in good 

agreement with the analytical results from Equation (3.8) (shown by 3D dark grey 



 61 
 

 

plot in Figure 3.7c). In contrast, the periodic length L increases with increasing tilt 

angle θT for all examined ε (Figure 3.7b). By a series of geometrical derivation, we 

also obtain an analytical relationship between L and θT as Lε=a2sin(θT/2)/cos(Δθ/2). 

Since Δθ/2 is very small and cos(Δθ/2)≈1, we have 

L≈a2sin(θT/2)/ε (3.12) 

Again, the analytical results by Equation (3.12) are in excellent agreement with the 

numerical results shown by dark grey 3D plot in Figure 3.7b.  

Interestingly, when the length of repeat vector is below 2 nm, the GB 

switches from the (n+1,m-1)|(n,m) regime to (n-1,m+2)|(n,m) regime at ε=5%, as 

shown by hollow symbols in Figure 3.7b and c, following an increase of L. The (n-

1,m+2)|(n,m) GBs are rotated from zigzag orientation and their tilt angles are thus 

reversed with respect to 60°. The switch of match regime can be understood based 

on Equation (3.8) and (3.12). As the lattice mismatch ε increases and L declines, Δθ 

increases sharply and cannot be afforded by the (n+1,m-1)|(n,m) regime, thus 

resulting in a large residual strain εR at all times. Switching to (n-1,m+2)|(n,m) just 

accommodates the increased Δθ, and then εR can be minimized to nearly zero again 

with increasing L, which now is expressed as √3a2sin(θT/2)/ε. Note that ε=3% 

corresponds to a hybrid graphene/graphane sheet, but ε=5% lacks correspondence 

to real materials, shown here only for information. All the analyses can be applied 

for the (m1,n1)|(n2,m2) GBs corresponding to the second solution of Equation (3.6), 

yielding similar results. 
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3.2.4. Structural details of grain boundaries and first-principles 

verification 

The above analyses have established the framework of optimal GBs in hybrid 

2D materials. Now we turn to explore the details of the GB structures. It has been 

established that GBs in graphene are strings of pentagon-heptagon (5|7) edge 

dislocations. The identical edge dislocations energetically favor a vertical alignment 

to form a bisector GB. Nevertheless, the optimal GB in hybrid 2D materials is 

deviated by Δθ/2 from the corresponding bisector line. As Δθ/2 is quite small (see 

Figure 3.7c), the dislocations will locally form bisector segments and kinks must be 

embedded to accommodate the deviation. This renders the optimal GB as a kinked 

line comprised of a series of misaligned bisector segments, which locally have a tilt 

angle of θT+Δθ. For low-angle GB, the dislocation density in each bisector segment is 

2sin(θT/2+Δθ/2). With these guidelines, we show in Figure 3.8 the atomic 

structures for several typical GBs in the BNC sheet. Each bisector segment just 

stands for a repeat unit of the GBs and increases in length with increasing θT, 

following an increase in dislocation density, in line with our analytical results. 

According to Equation (3.7) and (3.12), the lateral deviation by the kink is 

Lsin(Δθ/2)=a2/(2+ε), the minimum a dislocation can laterally shift from a bisector 

GB (see Figure 3.8).  
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Figure 3.8 - Ground state atomic structures of optimal GBs in hybrid BNC sheet. 

Atomic structures of the (4,2)|(3,3), (6,3)|(5,4), (7,3)|(6,4) and (8,3)|(7,4) GBs. The 

GBs manifest as a kinked line consisting of misaligned bisector segments, and each 

segment is just the repeat unit of the GB and tilted by Δθ/2 from the whole GB 

direction (along red line). C, B and N are distinguished in grey, green and blue, 

respectively. 

To verify the ground states of the GB structures, we perform density 

functional theory calculations as implemented in VASP code. We focus on the 2D 

BNC sheets in view of the extensive experimental interests. As shown above, the 

length of repeat vectors increases with increasing tilt of the optimal GB, so we can 

only afford the computations on GBs with small tilt angles. First, we investigate the 

preferred chemical stoichiometry of dislocations composed of B, N and C atoms. The 

atomic stoichiometry of dislocations is adjusted by transversely shifting the 
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interface through the dislocations, so as to vary the composition of dislocations from 

full BN to full carbon. We define a distance d between the interface and the 

dislocation center to characterize the composition variation (see insert in Figure 

3.9b). Taking the (4,2)|(3,3) GB as an example, we compare the formation energies 

of the GBs with changing the chemical compositions. The formation energy is 

defined as,  

Ef = Ex - E0 + NBNμBN - NCμBN (3.13) 

where Ex and E0 are the energies of examined and referenced structures (the 

reference structure is set as the one with minimum Ef), respectively, μBN and μC are 

the chemical potentials of BN atomic pair and C atom, NBN is the difference of BN 

pairs between the examined and referenced structures and NC is the corresponding 

difference of C atoms. The μBN and μC are chosen as the energies of BN pair and C 

atom in the single-layered h-BN sheet and graphene, respectively. The results show 

that the formation energies of both the B-rich and N-rich GBs show a sharp 

minimum with varying the chemical compositions (Figure 3.9b). At the minimum, 

the interface in B-rich GB shifts by ~0.2 nm toward the graphene side while that in 

N-rich GB shifts in an opposite way (see inserts in Figure 3.9a). The two types of 

most favorable GBs have a common feature in that the dislocations are composed of 

N-rich pentagon and B-rich heptagon. This is because the radius of N atom is smaller 

than that of C atom and could alleviate compressive stress in pentagon while the 

larger B atom releases the tensile stress in heptagon. Meanwhile, we find that the 

length of interface between BN and graphene domains should be minimized for 



 65 
 

 

reaching an optimal GB; in this sense, any separation of B and N atoms from the BN 

domain or separation of C atoms from the graphene domain leads to much higher 

formation energy. The revealed optimal stoichiometry of dislocations are used in all 

the following calculations. Second, we examine the interaction between the GB and 

the epitaxial interface where the graphene and BN domains joint together. For this 

purpose, we shift the (4,2)|(3,3) GB relative to the epitaxial interface by gliding all 

dislocations and find that the total energy sharply increases as the dislocations 

become farther from the interface (Figure 3.9b). Therefore, the dislocations and 

interface are attractively coupled and tend to be superimposed. The underlying 

reason is that the dislocations can have the stress field relieved to a higher extent 

when locating at the interface, where the bonds are weaker than those in bulk 

lattices. Third, we perturb the (7,3)|(6,4) GB by gliding a dislocation near the kink, 

and find the formation energy of GB is increased at least by 1.36 eV/supercell; 

pseudo-climbing the dislocation in the "5" direction by removal of C2 or a BN dimer 

also causes energy increase up to 1.71 eV. Finally, we considered several wiggly-

shaped (7,3)|(6,4) GBs, which are found much less stable than the optimal GBs due 

to the increase of both the amount of dislocations and the length of BN-C interface 

(not shown).  
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Figure 3.9 - (a) Formation energy of the (4,2)|(3,3) GB as a function of distance 

between the BN-C interface and the dislocation center line, as illustrated by the 

inserts. The left and right inserts show the most favorable structures for 

dislocations in N-rich and B-rich GBs, respectively. (b) Relative energy of the 

(4,2)|(3,3) GB as a function of the distance d between the BN-C interface and the 

gliding dislocations (dash dot line, see insert). 



 67 
 

 

 

Figure 3.10 - Energy of optimal (solid line) and bisector (dashed line) GBs in the 2D 

BNC sheet as functions of tilt angle θT. Solid line with hollow circles is for (m-

1,n+1)|(n,m) GBs while that with filled circles is for (n+1,m-1)|(n,m) GBs. The inserts 

show the relaxed structures of a (6,3)|(5,4) optimal GB and a (5,4)|(5,4) bisector GB.  

Can the optimal GBs be more favorable than commonly supposed bisector 

structures? Figure 3.10 summarizes the energies for a set of (n+1,m-1)|(n,m) and 

(m-1, n+1)|(n,m) optimal GBs in the 2D BNC sheet, together with (n,m)|(n,m) and 

(n+1,m-1)|(n+1,m-1) bisector GBs with tilts from 0° to 30°. Both types of optimal 

GBs are distinctly more favorable than the bisector counterparts, by up to 0.3 

eV/nm within our limited model size. The optimal GBs are also featured by the 
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suppressed warping with amplitude of merely ~0.2 Å in both the graphene and BN 

domains (Figure 3.10, left inset), signifying that the in-plane strains have been 

eliminated and the GB energy is dominated by the 5|7 dislocations, i.e. EGB= E5|7s. 

Once the GB is decoupled from its neighbors, its energy does not change with 

further increasing domain size. In contrast, in the bisector GB the BN domain 

displays remarkable warping with amplitude up to 1.1 Å due to interface-imposed 

compressive strain (Figure 3.10, right inset); the warping amplitude near the GBs is 

also enhanced due to synergic effect of mismatch strain and dislocations. Since the 

deformation in graphene and BN domains is dominated by stretching and warping, 

respectively, the energy of a bisector GB can be analytically approximated as 

GB |= 2 2

5 7

1 1

2 2
   s gr gr gr BN BN BNE E A E A  (3.14) 

where Egr is the Young's modulus of graphene (normalized over thickness), κBN is 

the bending stiffness of BN sheet, εgr is the tensile strain in graphene domain, ρBN is 

the averaged warping curvature in BN domain, and Agr and ABN are the 

corresponding domain areas. Equation (3.14) displays that the energy gain by 

forming the optimal GBs will rise even higher with increasing domain size, without 

saturation effect due to the non-decaying feature of εgr and ρBN. Moreover, as both εgr 

and ρBN are proportional to lattice mismatch ε, the energy gain increases 

quadratically with ε; and the optimal GBs in the corresponding 2D materials will be 

much more beneficial. 
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3.2.5. Conclusion 

In summary, our intensive theoretical analyses have revealed a new 

paradigm of grain boundaries in hybrid 2D materials that lifts the lattice mismatch 

and releases the in-plane strain. In contrast to the bisector grain boundaries 

preferred in homogenous 2D materials, the optimally matched grain boundaries in 

hybrid materials will deviate from the bisector line. We have derived a general 

formula to describe the interdependence of structural parameters for the optimal 

grain boundaries, showing that a larger tilt grain boundary tends to have longer 

periodic length but smaller deviation angle from the bisector line; increasing the 

lattice mismatch shortens the periodic length yet enlarges the deviation angle. The 

ground state structures of the optimal grain boundaries are proved to be a series of 

misaligned bisector segments that laterally shift one-by-one by half lattice constant, 

which are further confirmed by first-principles calculations. Furthermore, the 

dislocations in grain boundaries tend to locate at the hybrid interface as a result of 

strong attractive interaction in-between, and they are likely to be composed of N-

rich pentagon and B-rich heptagon in the case of 2D BNC sheets. These results not 

only enrich the knowledge of grain boundaries but also serve an essential step-stone 

for further exploring applications of various hybrid 2D materials. 
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Chapter 4 

Mechanical properties of carbon 

nanostructures 

4.1. Determining the Gaussian bending modulus of graphene 

4.1.1. Motivation 

A critical physical parameter determining the bending properties of 

graphene is the bending stiffness, which is independent of the in-plane stiffness. 

When a graphene sheet is rolled into for example a carbon nanotube (CNT) (Figure 

4.1a), the bending stiffness, κM, can be derived from the bending energy as a function 

of tube curvature. However, the ubiquitous ripples in realistic graphene samples are 

usually subject to two principal curvatures k1 and k2, with mean curvature H = 

(k1+k2)/2 and whose product is the Gaussian curvature, Κ = k1k2. The Gaussian 

bending modulus, κG, is another important parameter for defining the curvature in 
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graphene and the bending energy thereof, yet its determination becomes much 

more complicated, as are hindered by several issues. First, the Gaussian curvature in 

graphene can hardly be uniform and unavoidably couples to strong, complex in-

plane strain that is intrinsic to crumpled graphene (Figure 4.1c), rendering it a 

challenge to extract the bending energy. Second, realizing a physical entity with 

well-defined Gaussian curvature and pure elastic deformation is also an intractable 

task, in particular for the rigid graphene, in which the Gaussian curvature is often 

correlated to topological defects and plasticity.166, 167 While there have been 

previous attempts to calculate κG by employing carbon structures of spherical shape 

and neglecting the in-plane strain energy, the results are far from reaching a 

consensus.168, 169 
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Figure 4.1 - (a) A carbon nanotube can be defined with only one curvature 1/r, r is 

the tube radius. (b) A carbon torus (CT) whose surface curvature is dictated by two 

parameters, 1/r and 1/R, R is the torus radius. (c) A typical configuration of 

crumpled graphene due to thermal fluctuations. The in-plane strain in the torus and 

crumpled graphene is mapped out by colors, with stretching in red and compressive 

in blue.  

Here, we propose an approach for calculating the Gaussian bending modulus 

of graphene by employing genus-one surface: the carbon torus (CT). A remarkable 

advantage of torus over other carbon structures is that both the Gaussian curvature 

and the in-plane strain field at each point are well defined. Specifically, we separate 

the torus into two segments according to sgn(K), between which the energy 
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difference is dominated by the contribution of κG. 

4.1.2. Analytical model 

A CT is formed by purely bending a finite-length CNT until its two ends are 

perfectly stitched. The geometry can be fully characterized by the radius r of the 

CNT and the radius R from the center of CT to the center of CNT cross-section, as 

illustrated in Figure 4.1b and Figure 4.2a. Following the convention, we use a pair of 

chirality indices (n,m) to define a CNT. Then, a CT made of a (n,m) CNT can be 

denoted as R×(n,m). The map of in-plane strain in a CT induced by bending 

deformation is illustrated by mapping the C-C bonds in different colors, which show 

that the inner half of the CT is compressed while the outer half is stretched. Here, R 

is carefully selected for each CT to ensure that all C–C bonds are not overstrained, 

and the average in-plane strain over the whole CT is <0.1%. Between the stretched 

and compressed regions, we indeed can identify a strain-free neutral surface, 

consistent with the picture in macroscopic bent plates. Since the elastic energy of a 

2D membrane can be expressed in terms of bending and strain energies,170 the total 

energy of a CT can be written as 

Etorus = Egr + Eben + Est (4.1) 

where Egr is energy of the graphene sheet unfolded from the carbon torus; Eben is the 

bending energy and Est is the in-plane strain energy. 
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Figure 4.2 - (a) Geometrical description of a CT; u is the angle defining the position 

of the circular cross-section in the CT, and φ is the angle defining the point position 

on the circle of a cross-section. (b) Map of the Gaussian curvature K on the CT 

surface as well as its splitting into two segments according to sgn(K). Highest 

positive and lowest negative Gaussian curvatures are distinguished in green and 

purple regions. 

To obtain Eben, we employ the Helfrich Hamiltonian, by which the bending 

energy of a symmetric membrane embedding in three dimensions can be expressed 

as171, 172 
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 2

ben M G2
S

E H K dS    (4.2) 

where S is the area of membrane surface. The validity of applying the Helfrich 

Hamiltonian for describing the energy of graphene structures has been 

demonstrated by several groups.170, 173-175 In Helfrich Hamiltonian, the integral is 

supposed to be over the deformed area, in particular for lipid membranes, in which 

the strain can be eliminated by exchange of molecular with solution. In contrast, 

graphene is much stiffer and the strain will prevail in the CTs, making the 

undeformed area a better choice for the energy integral, i.e. the Lagrange regime. An 

issue arises in that the integral of K over the torus surface is no longer zero, yet it 

can be circumvented by extrapolating the results to the CT with infinite radius 

because the difference between using deformed and undeformed areas is a higher 

order correction. Especially, the difference between the integrals of K over the inner 

and outer halves of a CT almost equals the value derived from the Gauss-Bonnet 

theorem, as shown later.  

Given that the local strain in carbon tori is beyond the linear regime, we take 

into account the nonlinear term for calculating Est, which is expressed as 

2 2 3 3

st 2 3

cos cos
+

2 2

  
  

 

S

Cr Dr
E dS

R R
 (4.3) 

where C and D are second and third-order elastic modulus of graphene,3, 176 

respectively. Here, we neglect other third-order terms resulting from the coupling of 

strain and curvature, which will be justified by subsequent numerical analyses. 
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4.1.3. Determining of Gaussian stiffness 

The total energies of CTs are calculated using the DF-TB method as 

implemented in the DFTB+ code in conjunction with the associated Slater–Koster 

parameters.177, 178 The CNTs are relaxed and bent into perfect carbon tori; thus a CT 

can be regarded as a series of CNT pieces of different axial strains that are 

assembled along the tube circumference. For convenience of analysis, we do not 

relax the CTs to avoid structural deformation that will much complicate the analysis 

of the system energy. Instead, the perfect geometry of CTs is an advantage that 

allows us to fully formulate their energies, and to connect with atomistic 

calculations by using Equation (4.1) (i.e. any deformed energy is amenable to 

analysis). Moreover, the Gaussian modulus will be calculated by extrapolating the 

energy to infinite large CTs, at which the relaxation effect will be eliminated. We also 

employ deflected CNTs to estimate κG (see discussion later), and the excellent 

agreement across these different approaches gives us confidence on our conclusion.  
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Figure 4.3 - (a) Bending energy per atom in single-walled zigzag (black circles) and 

armchair (red squares) CNTs as a function of r-2, with r being tube radius. The linear 

fitting yields κM=1.5 eV for both types of CNTs. (b) Energy value of the left hand side 

of Equation (4.6) for the (circle) R×(9,0), (square) R×(11,0) and (triangle) R×(13,0) 

CTs as a function of R-2. Symbols and solid lines represent DF-TB results and 

analytical fitting, respectively. The fitting results in κG≈-2.4 eV. 

We first determine the bending stiffness of graphene by calculating the 

bending energy in straight CNTs, which have a developable surface with k2 ≡ 0. 

Thus Eben in Equation (4.2) can be further simplified as Eben = ScκMr-2/2, where Sc is 

the surface area of the CNT unit. Figure 4.3a presents the bending energy of a CNT 

as a function of r-2. By fitting the DF-TB results, we obtain κM = 1.5 eV for both zigzag 

and armchair CNTs, in line with previous DFT-level values ranging from 1.4 to 1.52 

eV.168, 169, 179-182 Knowing κM, we next separate the CT into two segments according 

to sgn(K), in order to diminish the effect of strain and highlight the contribution of 

κG, see Figure 4.2b. The two segments are separated by the neutral surface and have 

equal atomic numbers as well as well-defined geometry, again enabling us precisely 
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calculate their energy difference both analytically and computationally. Note that 

the difference of Gaussian curvature integral between the inner and outer halves of 

each CT is very close to 8π (with error <1%), a value complying with the Gauss-

Bonnet theorem. Thus, the bending energy difference between the segment with 

positive curvature and that with negative curvature can be expressed as 

/ 2 3 / 22 2

ben G2 2

- / 2 / 2

( 2 cos ) ( 2 cos )
= 8

( cos ) ( cos )
M

R R r R R r
E d d

r R r r R r

 

 

 
   

 

  
   

  
   (4.4) 

Note that Egr and the linear term in Est have canceled out in the total energy 

difference between the two segments. The remaining question is how to calculate 

ΔEben. For this purpose, we analyze the energies of the two segments, between 

which the total energy difference becomes 

ΔE = ΔEben + ΔEnl (4.5) 

where ΔEnl is the corresponding strain energy difference due to the nonlinear term. 

ΔE can be obtained by directly projecting the total energy of torus onto each 

segment without creating edges. For ΔEnl, we temporarily take it as f(R-1) since the 

nonlinear contribution is proportional to R-2 at given r. This not only circumvents 

the error due to the uncertainty in the third-order strain terms but also simplifies 

the analysis. By combining Equation (4.4) and (4.5), we further obtain 
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   (4.6) 

The right hand side of Equation (4.6) is f(R-1) plus a constant while ΔE on the 

left hand side can be calculated by DF-TB, and determining κG becomes feasible by 

fitting to this equation.  
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Table 4.1 - Calculated κG, analytical slope (AS) and fitting slope (FS) of f(R-1) and the 

corresponding fitting standard deviation (SD) by using different carbon tori (CT). 

CT κG (eV) AS (eV nm2) FS (eV nm2) SD 

R×(9,0) -2.36 -863.7 -862.3 0.2 

R×(11,0) -2.36 -1948.5 -1959.5 1.4 

R×(13,0) -2.39 -3822.0 -3846.4 1.3 

Calculated results for the left hand side of Equation (4.6) are shown in Figure 

4.3b and display a perfect linear dependence on R-2. Fitting the linear function by the 

right hand side of Equation (4.6) gives an intercept of 8πκG, from which κG can be 

easily extracted. Table I summarizes the calculated κG by using R×(9,0), R×(11,0) 

and R×(13,0) CTs, respectively, all showing a good agreement at κG = -2.4 eV. The 

accuracy of our method can be further verified by calculating f(R-1), which 

analytically is 8πDr4/3R2. With D = -1.05 TPa nm according to previous 

calculations,173 the analytical f(R-1) perfectly matches the corresponding fitting 

results for the three CT ensembles, as compared in Table 4.1. These numerical 

analyses signify that Equation (4.3) is rather accurate in describing the in-plane 

strain energy in CTs. To our knowledge, this method is the first to consider the local 

in-plane strain and position dependence of Gaussian curvature for calculating the 

Gaussian bending modulus. Without taking into account the in-plane strain energy, 

the bending energy is likely to be overestimated and the resulted κG will be less 

negative. This is indeed the case happened in previous studies,15, 167 where κG is 

reported to be much smaller in magnitude than our value. Another critically 
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important point is that the employed torus does not involve any defect to form the 

Gaussian curvature, thus without sharp stress concentration in the geometry. 

Conversely, in prior works, the used carbon structures include topological defects 

that can screen the stress and complicate the distribution of curvatures, making the 

proper evolution of κG unlikely.  

4.1.4. Conclusion 

In summary, we have determined the Gaussian bending modulus of graphene 

to be κG=-2.4 eV by combining the density functional-based tight-binding 

calculations for the energy of carbon tori with the Helfrich Hamiltonian for their 

bending energy. This value is much larger in magnitude than graphene's bending 

stiffness, in contrast to common assumptions in continuum. 

4.2. Energetics in graphene origami 

4.2.1. Motivation 

Recently, an experimental work shows that graphene can act as a paper, suitable 

for origami, which allows the use of graphene to build 3D microscopic structures with 

tunable mechanical properties and designed functionalities.183 In the produced origami 

structures, graphene unavoidably undergoes various deformations, such as stretching and 

bending. In particular, the bending deformations have a rich variety of forms and are 

crucial to the stability of graphene origami. First, folding graphene inevitably needs to 

overcome the bending energy. The stabilization of such folded graphene is by energy 
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gain from VDW interaction in the stacking region. Since the VDW interaction energy is 

proportional to the folded area, there should exist a critical size of graphene above which 

the folded structures can be thermodynamically favorable. To our best knowledge, what 

is the critical size remains unanswered. Second, the construction of more complicated 

origami structures often requires more than one folding of graphene. A double folded 

graphene involves much more mechanical problems when forming, there will be an 

additional energy cost for the folding corner (red circle in Figure 4.4b), which is critical 

to stabilize the double folding structure. A question arises as what is the energy value of 

this corner? To shed light on this issue, it is imperative to perform intensive energy 

analysis on the folded graphene structure and construct a comprehensive map of the size 

dependent folding. Here we combine atomistic computation with continuum model to 

evaluate the feasibility of folding a graphene sheet. Our result shows that the single 

folding even is not favorable when the size is below 67 Å, and only when the size is over 

210 Å, the double folding is more favorable. 

4.2.2. Models 

Our origami structures are constructed based on a square shaped graphene 

sheet as shown in Figure 4.4a. We define the edge in the armchair direction to be 

along x axis, and that in the zigzag direction to be along y axis. Note that in reality, x, 

y can be along random directions, as long as they are orthogonal to each other, 

because graphene is an isotropic material. The edge along y has a length of L = 5na, 

and that along x direction is set to be 3√3na, which is equal to 1.04L. Here n is the 

number of repeated units along the x or y direction, and a = 2.42 Å is the lattice 
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constant of graphene. By folding this graphene sheet in half along the middle line in 

y direction, and then further folding it at the middle along x direction (see Figure 

4.4a), we obtain the double folded origami structure (Figure 4.4b). The double 

folded origami consists of four layers, with four edges that have highly different 

morphologies and terminations. Two edges are free, and the other two edges are 

folded. The energy optimal geometry of double folded graphene is shown in Figure 

4.4b. We can see that the two free edges are not straight as expected. One of the 

edges have the two middle layers protruded outward with respect to the two top 

and bottom layers; whereas the opposite effect occurs for the other free edge, where 

the two middle layers appear to be constricted inward. This is due to the 

asymmetrical edge condition, especially the double folded edge and two single 

folded edges. As for the two folded edges, one can be viewed to be created from a 

folded bilayer origami (Figure 4.4b, bottom), yet the bending along this edge is 

coupled by a little structural buckling attributed to the compressive strain in the 

inner graphene layer; the other is actually two folded single layer graphene stacked 

together (Figure 4.4b, right). 

Our single folded origami structures are constructed base on the same set of 

graphene sheets. By folding the graphene sheet in half along the middle line in y 

direction, we obtain the single folded origami structure. The single folded graphene 

consists of two layers and four edges. Three edges are free, and the other edge is 

folded. The energy optimal geometry of double folded graphene is shown in Figure 

4.6a. 
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Figure 4.4 - (a) The schematic figure of the unfolded square shaped graphene used 

to construct the origami structure. The x and y directions are along armchair and 

zigzag edges. 3n means the number of units in x direction. a is lattice constant of 

graphene. I and II stand for the folding sequence. (b)The optimized atomic structure 

of double folded origami from top view (upper left), side view from x direction 

(right) and side view from y direction (bottom) respectively. r1 (r2) represents the 

curvature radius of the bent single layer graphene edge (the middle plane of the 

bent bilayer graphene edge). The red circle labels the folding corner. 

4.2.3. Results and discussion 

The deformation energy of double folded origami has three contribution. One 

is the bending energy from the two folded edges, which manifests as two folded 

single layer graphene stacked together, and one folded bilayer graphene, 

respectively. Apparently, the bending energy should be proportional to L. Another 

term is the energy gain due to VDW interaction between layers, which is a function 

of the stacked surface area, thus scaling as L2. The third one is the energy cost of 
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forming the folding corner (red circle in Figure 4.4b), which should be a constant. 

Putting these terms together, the deformation energy can be temporary written as a 

quadratic function of L, i.e. 

𝐸𝑑𝑒𝑓𝑜𝑟𝑚 = 𝑎𝐿2 + 𝑏𝐿 + 𝑐 (4.7) 

Calculated results for the left hand side of equation (4.7) are shown in Figure 

2b and display a parabolic dependence on L. Using the quadratic function can 

excellently fit the computation result. Based on the fitting, we get a = -0.0157, b = 

1.88, c = 7.9. When L scales to 0, equation (4.7) should give us the energy cost of the 

folding corner, i.e. 7.9 eV. This value is equivalent to the energy of a covalent carbon-

carbon triple bond and seems to be optimistic for fabricating double folded origami 

structures. 

To verify the numerical results, we perform further analysis on Edeform. 

Analytically, the deformation energy of a double-folded graphene origami can be 

written as 

𝐸𝑑𝑒𝑓𝑜𝑟𝑚
𝑎𝑛𝑎 = 𝐸ben1 + 𝐸ben2 + 𝐸VDW + 𝐸0 (4.8) 

Where Eben1 is the bending energy of the stacked two folded single layer 

graphene, Eben2 is the bending energy corresponding to the folded bilayer graphene 

edge, EVDW is the overall interfacial energy due to VDW interaction between layers, 

and E0 is the energy of the folding corner. Eben1 can be expressed as 
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 𝐸ben1 =
1

2
∙ 𝜅b ∙ 𝑟1

−2 ∙ 𝑆 (4.9) 

Where κb is the bending stiffness of graphene that can be determined by 

calculating the bending energy in straight CNTs. Figure 4.5a presents the bending 

energy of a CNT as a function of r-2. By fitting the LAMMPS results, we obtain κb = 

0.95 eV for both zigzag and armchair CNTs, very close to previous empirical 

potential level values ranging from 0.83 eV to 1.17 eV.184-186 S is the equivalent area 

of the bending section at the edge. Specifically, we take this area as two 3/4 cylinder 

surfaces with curvature radius of r1 ≈ 5 Å and length of L/2 (Figure 4.4b). Thus S can 

be expressed as 𝑆 ≈
3

4
∙ 2π ∙ 𝑟1 ∙ 𝐿. Similarly, Eben2 can be expressed as 

𝐸ben2 =
1

2
∙ 𝑘𝑏

′ ∙ 𝑟2
−2 ∙ 𝑆′ (4.10) 

Where κb’ is the bending stiffness of the folded bilayer graphene, the value of 

which cannot be written immediately but can be obtained later by comparing with 

fitting. S’ here is the area of 3/4 cylinder surface. Here we take the curvature radius 

r2 ≈ 8.5 Å as the value in the middle plane of the bent bilayer graphene, and the 

length of S’ is equal to 1.04L/2 (Figure 4.4b). Thus 𝑆′ ≈
3

4
∙ 2π ∙ 𝑟2 ∙

1.04

2
𝐿. On the 

other hand, there are stacked four layers of square graphene with the size of 
𝐿

2
×

1.04𝐿

2
. Edge corrections need to be considered due to aforementioned protrusion of 

the two middle layers with respect to the two outer layers. The area of the 

protruded bilayers is in the shape of an acute isosceles triangle with about 5° apex 

angle. Therefore, the overall interfacial energy can be expressed as 
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𝐸VDW = [3 ×
𝐿

2
×

1.04𝐿

2
+ 2 × (

1.04𝐿

2
)

2

× sin 5°] × γ (4.11) 

 

Figure 4.5 - (a) The bending energy per area of graphene as a function of the 

curvature radius. (b) The deformation energy of double folded origami structures as 

a function of the size L. 

Where γ is per unit area interfacial energy, which is -18.65 meV/Å2 by our 

calculation. By plugging (4.9)~(4.11) into (4.8), we analytically obtain the 

deformation energy of double folded origami structure as 

𝐸𝑑𝑒𝑓𝑜𝑟𝑚
𝑎𝑛𝑎 = −0.0154𝐿2 + (0.448 + 0.144𝑘𝑏

′ ) + 𝐸0 (4.12) 

The coefficient of the quadratic term (-0.0154) agrees very well with the 

fitting result (a = -0.0157), supporting the validity of the aforementioned fitting. If 

we assume the same coefficient of the linear term and the constant term, i.e. 0.448 +

0.144𝑘𝑏
′ = 1.88, we would even obtain κb’ = 9.94 eV and E0 = 7.9 eV. The calculated 
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κb’ is about 10 times higher than κb. It is reasonable because κb’ is supposed to be 

larger than κb because of the increased thickness, but small than the bending 

stiffness of bilayer graphene (~ 100 times of κb)186 since the two layers have relative 

slip. 

 

Figure 4.6 - (a) The optimized single folded origami structure. L stands for the 

length in y direction, and r’ represents curvature radius of the bent single folded 

edge. (b) The deformation energy of single folded origami structures as a function of 

the size L. 

Besides the double folded origami structure, we have also studied the 

energetics of single folded origami structures for comparison purpose. Similarly, the 

energy cost comes from the bending energy of the folded edge, and the energy gain 
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originates from the VDW interaction between two layers. Again, the deformation 

energy of single folded origami can be written as 

𝐸𝑑𝑒𝑓𝑜𝑟𝑚
′ = 𝑎′𝐿2 + 𝑏′𝐿 + 𝑐′ (4.13) 

Calculated results for the left hand side of equation (4.13) are shown in 

Figure 3b and display a parabolic dependence on L. Fitting using the quadratic 

function as the right hand side of equation (4.13) gives a’ = -0.0097, b’ = 0.69 and c’ 

= -3.5. This negative value of intercept implies that the edge curls spontaneously 

when the size becomes very small.  

To verify the numerical results, we perform further analysis on Edeform’. The 

deformation energy of a single folded graphene origami can be analytically 

expressed as 

𝐸𝑑𝑒𝑓𝑜𝑟𝑚
𝑎𝑛𝑎′ = 𝐸𝑏𝑒𝑛

′ + 𝐸𝑉𝐷𝑊
′ + 𝐸0

′  (4.14) 

Where Eben’ is the bending energy of the folded single layer graphene, EVDW’ is 

the overall interfacial energy due to VDW interaction between layers, and E0’ is the 

energy result from the coupling of bending to the edge stress. Eben can be expressed 

as 

𝐸ben1 =
1

2
∙ 𝜅b ∙ 𝑟′−2

∙ 𝑆′ (4.15) 

Where κb = 0.95 eV, r’ ≈ 3.5 Å and 𝑆′ ≈  
3

4
∙ 2π ∙ 3.5L = 0.64L by simple 

geometry analysis. The interfacial energy by VDW interaction can be written as 



 89 
 

 

𝐸𝑉𝐷𝑊
′ = 𝐿 ×

1.04𝐿

2
× γ (4.16) 

Hence the deformation energy can be expressed as 

𝐸𝑑𝑒𝑓𝑜𝑟𝑚
𝑎𝑛𝑎′ = −0.0097𝐿2 + 0.64𝐿 + 𝐸0

′  (4.17) 

The coefficient of the quadratic term (-0.0097) and the linear term (0.64) 

agrees perfectly with the fitting result (a’ = -0.0097, b’ = 0.69). Apparently, E0’ = -3.5 

eV. 

 

Figure 4.7 - Phase diagram of the deformation energy as a function of size L. No 

origami can from in the dark gray region; single folded origami is energetically 

favorable in the middle gray region; double folded origami can exit in the light gray 

region. 
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Combining the energy analysis of double folded and single folded graphene 

structure together, we are able to construct a phase diagram as shown in Figure 4.7. 

The red curve and the blue curve are the fitted deformation energies for double 

folded and single folded origami respectively. This diagram reveals as strong size 

dependent of graphene folding. We find that all the graphene origami with different 

folding times are affordable only when the size of graphene sheet is larger than the 

critical value. When L > 210 Å, double folded origami structure is the most 

energetically favorable. While 67 Å < L < 210 Å, single folded origami structure is 

most desirable. For L < 67 Å, no origami structure can form. 

In summary, we have determined the threshold size for forming single and 

double folded graphene origami structures by large-scale simulations using AIREBO 

potential. In particular, the additional energy cost for the folding corner in double 

folded origami is predicted to be 7.9 eV. This value, is nearly the energy of a covalent 

carbon-carbon triple bond. The revealed size-dependent graphene origami opens a 

possibility to guide the formation of origami structures in experiment. 

4.3. Indentation tests reveal geometry-regulated stiffening of 

CNT junctions 

This work has been published on Nano Lett., 2016, 16, 232–236.187 
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4.3.1. Motivation 

Creating nanoscale intermolecular junctions between individual carbon 

nanotubes (CNTs) play an important role in their physical and chemical properties. 

Until now, several studies have focused on the mechanical properties of individual 

CNTs using in situ transmission electron microscope (TEM) and atomic force 

microscope (AFM), but experimental studies of the mechanical properties of 

individual CNT junctions are still lacking.188, 189 

 

Figure 4.8 - (a) Nanoindentation setup integrated within a field emission gun (FEG) 

SEM. (b) Low magnification bright field TEM image of the nanotubes used in the 

present work. (c) Representative image of a multi-walled CNT. (d) Non-

interconnected tubular CNT structures where one tube lies over another ( 

junctions). (e) X junction. (f) Y junction. (g) Elbow-like  junction. (h) 

Abundance/distribution of branching angles β (marked in (f) for the Y junction as an 

example) for the observed junction types in the as-grown sample. 
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Here we report the mechanical properties of individual CNT junctions using 

in situ picoindentation inside a scanning electron microscope (SEM) as shown in 

Figure 4.8a. The indentation setup, consisting of a transducer based on a three-plate 

capacitor system, is used for high-fidelity force and displacement measurements. 

The current technique allows for simultaneous identification of the junction and its 

deformation, thereby providing proper mechanical characterization of the 

individual junctions in terms of load F vs depth h curves. Complementary fully 

atomistic reactive molecular dynamics simulations are used to gain insights into the 

deformation and nano-mechanical response of individual CNT junctions. 

4.3.2. Indentation setup in experiment 

Interconnected CNTs were fabricated using CVD on a silica substrate, as 

described in our previous reports.19 TEM images of interconnected and non-

interconnected CNTs are shown in Figure 4.8b. The Raman spectra of the CNTs 

exhibit a disorder mode (D-band) and graphitic mode (G-band) at 1327 cm-1 and 

1582 cm-1, respectively. The intensity ratio between the D- and G-band of the 

interconnected CNTs is ID/IG = 1.12. The ID/IG ratio of the interconnected CNTs is 

higher than that of non-interconnected tubes because of the pentagon and heptagon 

topological defects in the junction areas. Figure 4.8c–g shows TEM images of 

different kinds of nanoscale junctions found within the interconnected CNTs solid 

blocks. Additionally, tubular structure of CNTs, as well as and nanotubes that are 

lying on each other are shown in Figure 4.8c and g. Here, for the ease of referencing, 

we label the junction by means of single letters—“I”, “X”, “Y”, “” and “”—chosen 
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so that their glyphs are reminiscent of the actual system geometries. The bright field 

images also show that these nanotubes are multi-walled (50–80 nm, with 5–8 walls) 

and free from any amorphous carbon. Both TEM and SEM images are used to 

measure the angles between the nanotubes “branches” at a junction and the 

corresponding distribution is plotted in Figure 4.8h. For the straight nanotube with 

no junction, there is no branching and therefore the angle β  0. For the elbow 

junction (Λ), the angle varies in the range β  10°–35°, 40°–55° for Y-, and 55°–75° 

for X-junction. 

 

Figure 4.9 - (a) Load versus indentation depth h for a MWCNT in (b) and the 

individual junctions shown in (c)–(f). 

Nano-mechanical compression (indentation) tests on individual CNT 

junctions were conducted using an in situ SEM instrument, PI 85 PicoIndenter 

(Hysitron, USA). The current system is based on a double three-plate capacitance 

actuation and capable of sensing with active feedback electronics is utilized for 
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indentation. The setup details have been described in previous reports of the 

instrumentations.190  Initially, the CNTs are dispersed on Si substrate from solution. 

The junctions are located in the SEM and then locally indented using diamond tip in 

load-control mode with a loading rate of 5 µN/s to peak load of 20 µN. In all the tests, 

the load-displacement data and the real-time video of deformation were captured 

simultaneously and synchronized to aid the post-experimental analysis. A low 

compressive load is applied and pulled in opposite direction using the indenter in 

order to identify the junction from well-oriented stacking artifacts. The real-time 

video along with load vs displacement measurements characterizes the mechanical 

response of the individual junctions. Before testing the CNTs, the load and strain is 

calibrated over the range a wide range (10micoN to 100mN) involving the 

measurements. Figure 4.9a displays typical loading-unloading curves of all 

structures considered at peak indentation load of 20 µN, and actual tube- or 

junction-piconindenter configurations are shown in Figure 4.9b–f. The stiffness of 

these structures were determined from the unloading curves using the simple 

relation k = F/δ, where F is the force applied on the structure and δ is the 

displacement resulting from the applied force. It can be seen in Figure 4.9a that the 

highest stiffness measured is 4.4 µN/nm and is attributed to the X-junction, whereas 

the straight tubular structure of nanotube has the lowest stiffness of 2.9 µN/nm. The 

stiffness is higher for X followed by Y junction as compared to CNT. On the other 

hand, the stiffness is lower for and .191, 192 The load and displacement curve 

clearly resolves a drastic difference in loading and unloading curve for different 
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junctions, which clearly indicated difference in deformation behavior. But due to 

limitation of resolution we cannot get insight of such behavior. 

4.3.3. Molecular dynamics simulation and mechanism 

 

Figure 4.10 - Simulated indentation of TWCNT junctions: (a)–(d) atomistic models with 

all pentagonal and heptagonal rings shaded. For clarity, each wall is rendered in lighter 

color with increasing diameter. (e) Illustration of the computational setup for the example 

of the Y junction in (c) along with the definition of the indentation depth h. The dashed 

arc is the initial/reference position of the indenter surface; (f) Corresponding force-depth 

curves. The insets show the distribution of the per-atom mean stress ~ Tr σ for the Y 

junction (min: blue, max: red), only for atoms in contact with the spherical indenter. The 

h values are given in the bottom right corners. 

To better understand the observed behavior in Figure 4.9a, we performed 

atomistic molecular dynamics simulations that have proven valuable in 

understanding radial indentation tests of MWCNT.193 The X-, Y-, -, and -junctions 

are represented by custom-designed triple-walled CNT (TWCNT) junctions as 
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shown in Figure 4.10a–d. A zigzag TWCNT (32,0)/(23,0)/(14,0) is used as a main 

“trunk” in all cases. As side “branches” that form the X- and Y-junctions, we have 

used armchair TWCNT (17,17)/(12,12)/(7,7). These are labeled I0,1 in the inset of 

Figure 4.10e. Topologically, the connection of I1 to I0 requires six heptagons per wall. 

The -junction in Figure 4.10b is formed by connecting the I0 tube with the chiral 

TWCNT (19,17)/(14,12)/(9,7) using a single pentagon and a heptagon per wall 

resulting in kink of 36° bending angle.194 Additionally, a 60-junction of 60° bending 

angle was also constructed (not shown in Figure 4.10) by connecting two I0 tubes 

via a more complex grain boundary. Finally, a non-covalent -junction is 

represented by stacking two I0 tubes under right angle as shown in Figure 4.10d.195 

For all junctions the outer- to inner-wall tube diameters ratio is approximately 

dout/din 2.3. 

All indentation tests were carried out using the LAMMPS simulator and the 

AIREBO potential for the inter-atomic interactions.107, 196 Open edges were 

hydrogen-passivated and all systems are initially supported and relaxed on a 9-3 

Lennard-Jones wall. Radial indentation is performed as illustrated in Figure 4.10e 

using a spherical indenter of radius 60 Å, moving at constant velocity vz = 0.01 Å/ps 

against the junction, normal to the support. The resulting total normal force exerted 

on the indenter versus the vertical displacement h (“depth”) for each system is 

shown in Figure 4.10f, where I0,1 label the curves for the two individual TWCNTs as 

mentioned above, in analogy to the configuration in Figure 4.9b. 
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Comparing the simulated, Figure 4.10f, and the observed force-depth curves, 

Figure 4.9a, it is apparent that the computational setup provides an excellent 

qualitative agreement in the initial loading regime: the stiffness is highest for the X- 

and Y-junctions, while the -junction is softest. The latter case can be easily 

understood in the linear-elastic regime considering the response of the -junction 

as that of two I0 TWCNTs connected in series through a van der Waals contact. The 

effective radial force constant of the -junction is then k ~ kI0/2 which is the case 

for the “” and “I0” curves in Figure 4.10f. The actual force versus indentation 

scaling in experiments on both single/multi-walled CNTs,193, 197-199 and boron-

nitride nanotubes200 is typically interpreted in terms of the Hertzian contact 

model201 where the force ~ h3/2. Complexity of the junctions (presence of 

topological defects, nontrivial contact area, etc.) considered here precludes simple 

analytical treatment, however, the power-law scaling is well expressed, const × h, 

with 1–1.5 obtained from least-square fits to the simulated force–extension 

curves, Figure 4.10f. 

 

Figure 4.11 - (a) Junction stiffening mechanism. Force versus indentation curves for 

the single-walled CNT junctions shown in (b); labels indicate the corresponding 
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bending angles, for the middle (23, 0) tube of I0, and for the same tube cut by a plane 

at  β = 30 inclination angle (inset). The color coding in the bottom inset image shows 

the stress distribution at maximum indentation depth (min: blue, max: red). (c) Full 

force-indentation curves for one loading-unloading cycle (direction indicated by 

arrows) of the I0 tube and the Y junction. The inset shows a close-up of the Y 

junction at maximum indentation. The region where crosslinks between the 

nanotube walls are formed is highlighted. 

To explain the considerably higher stiffness for the X- and Y-junctions 

relative to the regular tubes I0,1, we note that for the latter the deformation upon 

indentation is essentially governed by the soft graphene-wall bending mode 

(bending stiffness ~ 1.5 eV).202, 203 The stiffening of the X- and Y-junctions must 

therefore involve local stretching of the rigid graphene walls with overall nano-

mechanical response controlled by the junction geometry. Such a general hypothesis 

can be corroborated by purely geometric arguments. Consider the simplest case of a 

continuum -like junction, with bending angle . It can be formed by joining two 

diameter-d cylinders cut by planes at angle of inclination  as shown in the top 

inset image in Figure 4.11a, where  = 30°, with resultant kink geometries shown 

in Figure 4.11b. The cylinder–plane cross section is elliptical. Normal indentation in 

this simple picture can be seen as flattening an ellipse from a circular cylinder onto a 

plane.204 The resulting line is ~ sin(s), where s is the length along the standard 

circular circumference of the cylinder, 0 ≤ s ≤ d/2, with amplitude ~d × tan(). 

Thus, the two branches of the -like junction can remain “sealed” upon flattening 

only if locally stretched which translates into more rigid CNT junction. This is 

illustrated in Figure 4.11a for the (23,0) CNT, which is the middle wall of the I0 
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MWCNT. The bottom inset image in Figure 4.11a, inset, corresponds to maximum 

indentation with clear sine-like outline. As expected, using the same protocol as that 

for the TWCNT junctions in Figure 4.10, the -junctions are found to be stiffer for 

larger bending angle , and the same mechanism should account for the stiffening of 

the X- and Y-junctions.  

The molecular dynamics simulations of a full loading-unloading cycle reveal 

another qualitative difference between the CNT junctions and the straight tubes (I) 

or those forming only a van der Waals junction (). While the indentation cycle 

curves of I and  represent completely elastic behavior, practically for all covalent 

junctions (X, Y, ) the deformation upon loading is not fully recovered during 

unloading, leading to a small hysteresis in the force-depth curves. This behavior is 

exemplified in Figure 4.11c for the I0 and Y systems. The steep force increase for h > 

0.8 nm is completely dominated by the strong inter-wall short-range repulsion in 

the largely deformed indented domain. At maximum depth, however, considerable 

cross-linking takes place between practically all walls of the Y-junction, with local 

geometry resembling, e.g., the screw-dislocation cores in MWCNTs.205 This cross-

linked region, highlighted in the inset of Figure 4.11c, essentially does not recover 

upon unloading. 

4.3.4. Conclusion 

To conclude, we have demonstrated the nanomechanical response of 

individual CNT junction via picoindentation integrated in a SEM setting, allowing for 
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precise mapping between junction geometry and mechanical behavior. Molecular 

dynamics simulations using large-scale atomistic models of experimentally 

observed junctions show that the mechanical response/stiffness is controlled by the 

geometry of the junction with dominant contribution from the CNT walls stretching 

at the junction upon indentation. Such features suggest that targeted synthesis of 

desired junction geometries, e.g., X, Y, Λ, T, L…, and possibly many others, can 

provide a structural “LEGO-alphabet” for construction of macroscopic networks with 

tunable mechanical response. 
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