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ABSTRACT 

Optimal Parameters to Determine the Apparent Diffusion Coefficient in 

Diffusion Weighted Imaging via Simulation  

by 

Jayalath Pathirannehelage Dimuthu Nuwan Perera 

 

Diffusion weighted (DW) Imaging is a non-invasive MR technique that 

provides information about the tissue microstructure using the diffusion of water 

molecules. The diffusion is generally characterized by the apparent diffusion 

coefficient (ADC) parametric map. The purpose of this study is to investigate in 

silico how the calculation of ADC is affected by image SNR, b-values, and the true 

tissue ADC. Also, to provide optimal parameter combination depending on the 

percentage accuracy and precision for prostate peripheral region cancer application. 

Moreover, to suggest parameter choices for any type of tissue, while providing the 

expected accuracy and precision. 

In this research DW images were generated assuming a mono-exponential 

signal model at two different b-values and for known true ADC values. Rician noise 

of different levels was added to the DWI images to adjust the image SNR. Using the 

two DWI images, ADC was calculated using a mono-exponential model for each set 

of b-values, SNR, and true ADC. 40,000 ADC data were collected for each parameter 

setting to determine the mean and the standard-deviation of the calculated ADC, as 



 
 

well as the percentage accuracy and precision with respect to the true ADC. The 

accuracy was calculated using the difference between known and calculated ADC. 

The precision was calculated using the standard-deviation of calculated ADC. The 

optimal parameters for a specific study were determined when both the percentage 

accuracy and precision were minimized. In our study, we simulated two true ADCs 

(ADC 0.00102 for tumor and 0.00180 mm2/s for normal prostate peripheral region 

tissue). Image SNR was varied from 2 to 100 and b-values were varied from 0 to 

2000s/mm2. 

The results show that the percentage accuracy and percentage precision 

were minimized with image SNR. To increase SNR, 10 signal-averagings (NEX) were 

used considering the limitation in total scan time. The optimal NEX combination for 

tumor and normal tissue for prostate peripheral region was 1: 9. Also, the minimum 

percentage accuracy and percentage precision were obtained when low b-value is 0 

and high b-value is 800 mm2/s for normal tissue and 1400 mm2/s for tumor tissue. 

Results also showed that for tissues with 1 x 10-3 < ADC < 2.1 x 10-3 mm2/s the 

parameter combination at SNR = 20, b-value pair 0, 800 mm2/s with NEX = 1:9 can 

calculate ADC with a percentage accuracy of less than 2% and percentage precision 

of 6-8%. Also, for tissues with 0.6 x 10-3 < ADC < 1.25 x 10-3 mm2/s the parameter 

combination at SNR = 20, b-value pair 0, 1400 mm2/s with NEX =1:9 can calculate 

ADC with a percentage accuracy of less than 2% and percentage precision of 6-8%. 
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Chapter 1 

Introduction 

Magnetic Resonance Imaging (MRI) is well known for its broad scope in 

differentiating abnormalities in living tissue. Among some of the techniques include; 

proton density, T1, T2- weighted, dynamic contrast enhanced (DCE) and blood 

oxygen level dependent (BOLD). The diffusion-weighted (DW) MRI is one of the 

most widely used MR imaging techniques with broad applications. Even though, at 

the early stages of its application was mainly limited to brain imaging. Later, DW-

MRI has evolved to apply on other areas of the body including abdomen and pelvis. 

It is mainly due to the reason of advancements in fast imaging sequences, strong 

diffusion gradients and MR instrumentation.  

One of the main attributes of cancer is the tendency to unchecked cell 

replication (1). This is because of the abnormalities in tissue which no longer 

responds to the signals of apoptosis. That will lead to increment in cellularity and 

reduction in extracellular volume fraction compared to normal healthy tissue. These 
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changes can be easily identified with DW-MRI, which gives information about tissue 

microstructure. Moreover, being able to detect those changes in tissue is an 

essential part of diagnosis, staging and treatment monitoring in cancer. 

The basis for DW-MRI is the detection of movement of water molecules in the 

tissue. The behavior of water mobility in tissue is a very complicated process and it 

is something that not yet fully understood. However, researchers have proposed 

numerous mathematical models to describe the nature of this process with 

simplifying assumptions.  The most common diffusion model is the mono-

exponential model. In this model, the signal intensity of each image voxel is related 

to tissues in those locations, their spin relaxation times, apparent diffusion 

coefficient and a known experimental parameter, b-value, in a mono-exponential 

relationship.  

The diffusion in the tissue is generally characterized by the ADC parametric 

maps. Therefore, the calculation of precise ADC value is very important in evaluating 

true nature of tissues. The ADC calculation using mono-exponential model is 

dependent on parameters; the choice of b-values, image SNR, true ADC of the tissue, 

the degree of anisotropy in diffusion and the amount of perfusion in the tissue. For 

the simplicity, we assume the diffusion in the tissue is isotropic. Therefore, 

calculating the ADC in one direction will be enough. Also, with the choice of mono-

exponential model, it is assumed that there is no perfusion in the tissue, while 

calculated ADC is merely due to the diffusion. 
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The chapter 2 provides the relevant background for the project including the 

theory in diffusion, basic principles, signal detection and estimation theory and also 

applications of DW-MRI. The chapter 3 describes the methods and techniques that 

have been used in the studies, including generating the DW-MR images and 

calculation of ADC. The results of the studies are provided in chapter 4. The chapters 

5 and 6 are designated to the discussion and conclusions of the study. Finally in 

chapter 7, future directions of the study were discussed. 

Objectives of this study includes 

(a) Identify how parameters: image SNR, choice of b-values and true tissue 

ADC depend on calculation of ADC for mono-exponential model. 

(b) Provide optimal parameter combination depending on the percentage 

accuracy and precision of calculated ADC for the prostate peripheral 

region cancer application. 

(c) Suggest parameter choices for any tissue ADC, while providing the 

expected percentage accuracy and precision. 
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Chapter 2 

Theoretical Background 

2.1. Introduction 

In 1938 the American physicist, Isaac Rabi (2), discovering the nuclear 

magnetic resonance (NMR) was one of the major milestones in the history of 

nuclear physics and chemistry. His discovery earned him a Nobel Prize for Physics 

in 1944. In 1946, independent studies carried out by Felix Bloch (3) and Edward 

Purcell (4) on NMR became the foundation of MR imaging that what we witness 

today. Later, in 1952, Bloch and Purcell won the Nobel Prize in Physics “for their 

development of new methods for nuclear magnetic precision measurements and 

discoveries in connection therewith" (5). However, no one saw the medicinal benefits 

in the NMR concept until in 1973, Paul Lauterbur (6) made a major contribution by 

introducing spatial localization of the signal using gradient fields. This discovery is 

considered as the birth of the magnetic resonance imaging. A few years later, the 
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first MR scanner was developed by Raymond Damadian (7) in 1977 and he was able 

to produce the first human MR image. 

During the last 30 to 40 years MRI has profoundly impacted the diagnosis, 

staging and treatment planning of cancer and became one of the leading diagnostic 

imaging techniques. The reasons behind its success depends on; demonstrating 

superior soft tissue contrast compared to other imaging modalities such as CT and 

X-ray and the ability to image without ionizing radiation, which reduces potential 

health risks. In the next section, a brief summary of the classical and quantum 

mechanical description of NMR is provided for readers who have a background in 

Physics, yet unfamiliar with MRI. 

2.2. Nuclear Magnetic Resonance 

2.2.1.  A Single Nucleus 

Atomic nuclei with an odd number of nucleons possess a net spin angular 

momentum. In the human body about 63% is made of water. The water molecule is 

made of an oxygen atom and two hydrogen atoms. Therefore, living tissue is 

abundant in hydrogen (1H) atoms. Hydrogen nuclei consist of one proton and no 

neutrons. For a hydrogen nucleus, the net magnetic moment (μ) can be written as  

            (2.1) 

The proportionality constant   is known as “gyromagnetic ratio” (For 

hydrogen      is 42.58 MHz/T),   is the reduced plank’s constant and   is the spin 
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angular momentum operator. In tissue, when no external magnetic field is applied 

the magnetic moments will be oriented randomly (Figure 2.1a). Therefore, the net 

magnetic moment as a bulk of tissue will be canceled out. However, when an 

external magnetic field (   ) is present all the spins will be oriented in the direction of 

    (Figure 2.1b), so the net magnetic moment will not be zero. In such case the 

Hamiltonian (H) of a single spin can be written as 

                ,    (2.2) 

where        in the z-direction with a field strength of    (The most clinically 

used    values are 1.5 T and 3.0 T) and    is the spin angular momentum in z-

direction. In general, z-direction is referred as the longitudinal direction and the x-y 

plane is called the transverse direction. 

 

 

 

 

Figure 2.1 – Representation of spin orientations of hydrogen nuclei with and 

without external magnetic field. (a) Randomly oriented spins.  (b) Spins in a 

strong external magnetic field are oriented in equilibrium of parallel and anti-

parallel directions. 
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2.2.1.1. Energy Levels 

The application of an external magnetic field (will be referred as main 

magnetic field from now on) results each spin to produce Zeeman energy in the 

Hamiltonian. The eigenvalues of the Hamiltonian (equation 2.1) is given by 

          ;                       (2.3) 

The hydrogen nucleus has a half spin quantum number. Therefore,     could have 

two values     . This will lead to having two energy levels which are      

         and              .  The two energy states      and       corresponds 

to the spins aligned parallel and antiparallel to the main magnetic field (Figure 2.2). 

The energy difference between the two possible states will be given by 

               (2.4) 

Spins can absorb photon energy and make the transition from lower state to higher 

state. Also, it is possible that spins lose their energy and go to the low energy state. 

 

Figure 2.2 – Zeeman energy levels for spin half system. 
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2.2.1.2.  The Resonance Condition 

An electromagnetic energy which precisely matches with the energy 

difference    is capable of switch the spins to high energy state. Applying exact 

amount of energy to the system is referred as “resonance”. The frequency (  ) of 

the electromagnetic wave carries the energy    is known as the Larmor frequency 

or the resonance frequency of the system. The Larmor frequency of the spins is 

proportional to the applied main magnetic field. From the equation 2.4 and the 

relation; the energy of electromagnetic wave       the Larmor frequency of the 

system can be calculated by 

               (2.5) 

The equation 2.5 is known as the “Larmor equation”. This suggests that to 

satisfy the resonance condition, an electromagnetic wave should be applied with the 

frequency of   (=  ). For a typical MRI scanner at 1.5 T, the value   should be 

approximately 63 MHz. Since this is in the radio frequency (RF) range this process is 

called as “application of RF pulse”. The reason for applying the RF as a pulse because 

it is important to apply it as fast as possible to avoid relaxation (see section 2.2.2.3) 

during the excitation.  

2.2.2. Net magnetization 

In MRI, the understanding of the classical mechanical behavior of spins is 

more important than that of quantum mechanical behavior. The reason is in an 

actual experiment, we cannot observe individual magnetizations of spins in a 
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sample, but the bulk magnetization of spins. The dynamics of bulk of spins can be 

easily understood using the concepts of classical electrodynamics. The spin 

populations of two states are related according to the Boltzmann distribution.  

  

  
   

  

     
     
       (2.6) 

where    and    are number of spins in parallel and antiparallel directions. k is 

Boltzmann constant and T is the absolute temperature. At the body temperature the 

difference in the count is roughly 5 ppm, but when it is compared to Avogadro 

number the excess number of parallel spins is enough to make reasonable net 

magnetization. The excess spins in parallel direction results the net magnetic 

moment ( ) of the sample in z-direction is given by, 

      
           

   
     (2.7) 

where       is the spin density in the sample at the location   . For a given 

temperature (body temperature) and main magnetic field, from equation 2.7 it is 

reasonable to consider the net magnetic moment only depends on the spin density 

     . 

2.2.2.1. Precession 

The magnetic moment of hydrogen atom is not perfectly aligned with main 

magnetic field B. There is a certain angle between the two vectors. As a result, the 

magnetic moment M will experience a torque   from B and it is given by 
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     (2.8) 

where L is the classical angular momentum vector. Multiplying both sides by   will 

give, 

       
  

  
     (2.9) 

The solution to this differential equation leads to precess the vector M about 

the vector B with an angular frequency    given by        . This is the same 

result obtained in equation 2.5.  

 

Figure 2.3 - Orientation of magnetization vector under main magnetic field   . 

(a) Clockwise precession of the magnetization vector about z-direction. (b) 

The longitudinal and transverse components (   and    ) of the net 

magnetization vector M. 
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2.2.2.2. The Rotating Frame 

 

Figure 2.4 - Path of the net magnetization vector in (a) the rotating frame (b) 

the laboratory frame.  

As mentioned in section 2.2.1.2, the purpose of the RF pulse is to flip the 

magnetization vector M from the equilibrium position to the transverse direction. 

When describing the excitation effect of RF pulse, it is much easier to consider 

rotating frame of reference, since M is precessing about the longitudinal direction. 

The rotating frame is defined as the coordinate system [x’, y’, z] which is rotating 

clockwise at a frequency    about the longitudinal direction. In this frame M is 

static, pointing on z-direction. When an RF pulse (      ) is applied along the x’-

direction, M flips towards x’y’ plane with an angle θ, 

                    (2.10) 
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where    is the amplitude of the magnetic field with frequency    and t is the time 

duration of the RF pulse. It is evident from equation 2.10 the flip angle depends on 

the time of RF pulse being applied. Typically in MRI, a flip angle of 900 (90-degrees 

pulse) is used to get the maximum transverse component of the magnetic moment.  

2.2.2.3.  Relaxation 

After the application of RF pulse, the net magnetization vector flips on to the 

transverse plane. As soon as the removal of the RF field, spins will start to return to 

the equilibrium state. The recovery of longitudinal magnetization vector    is called 

T1-relaxation where time constant of the recovery is T1. Also, the decay of transverse 

component of magnetization      is called T2-relaxation with time constant of T2.  

T1-relaxation occurs due to thermal interaction of excited high energy nuclei 

with other close by lattice molecules. As time elapses, the excited nuclei lose their 

energy and go to the equilibrium energy state which recovers original longitudinal 

magnetization. After the time t of removal of RF field, the       can be written as 

                             (2.11) 

Here    is the equilibrium magnetization (equation 2.7). T1-relaxation time 

is depending on the type of the tissue. Therefore, we can characterize tissue types 

according to the T1 times. 

On the other hand, the reason for transverse magnetization to decay is 

magnetic moments of hydrogen nuclei interact with each other and therefore start 

to precess at different frequencies. This will reduce the net transverse 
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magnetization over time. The transverse magnetization,    (t), at time t after the 

RF pulse can be written as 

                             (2.12) 

As same as T1, the T2-relaxation is also another parameter to characterize the 

tissue types. For a given tissue, T2 is shorter than T1. This is because    decay is 

faster than the recovery of   . Typically in clinical applications, T1 is on the order of 

100-1000 ms and T2 is about 40 – 100 ms. 

2.2.2.4. NMR signal 

The transverse magnetization will induce a current in the receiving coil 

(according to the Faraday’s law). This current is an oscillating signal with decaying 

amplitude (Figure 2.5). The signal is referred as the free induction decay (FID). The 

transverse magnetization will generate a FID,  

            
               (2.13) 

The detection of this signal      enables to obtain two orthogonal 

components of    and     in the transverse magnetization of the rotating frame. 

This is called the quadrature detection of NMR signal. The projection of received 

signal to the x’- and y’-directions gives the     and                respectively. 

Therefore, the transverse magnetization can be written as 

                     (2.14) 
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In the received signal,    is considered as the real channel and    is 

considered as the imaginary channel. 

 

Figure 2.5 – Spin dephasing due to T2* relaxation and the Free Induction 

Decay signal 

2.3. Magnetic Resonance Imaging 

One of the major applications of NMR is NMR spectroscopy. It is a method 

used by chemists to examine physical and chemical properties of matter (8). 

Basically, NMR spectroscopy is done by applying a strong static magnetic field to the 

sample and subjected to another oscillating magnetic field (RF pulse) in the 

orthogonal direction to tip the magnetic moments to the transverse plane. By 

employing RF pulse with a broad spectrum of frequencies all the spins in the sample 
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will be excited. The relaxation of transverse magnetization will generate a FID in the 

receiving coil. The signal will be an ensemble of frequencies related to the molecular 

identity in the sample. The corresponding amplitudes will be related to their 

individual quantities. However, the information regarding the physical location of 

each material in the sample will be destroyed during the process. 

With the idea and the implementation in spatial encoding of NMR signal the 

use of NMR was extended from the NMR spectroscopy to MRI. This section will 

briefly explain the spatial encoding, the Bloch equation, Fourier imaging and spin 

echo sequence as a foundation to the research. 

2.3.1. Gradients and slice selection 

In MR imaging, spatial localization of spins is done by introducing a linear 

gradient of magnetic field on top of the main magnetic field. Typically, the 

magnetization added by the gradient is very small (~ 10 mT/m) compared to the 

strength of the main field. By this way, in the direction where the gradient is applied, 

each location will have a unique magnitude of magnetic field. For example, if the 

gradient    is applied in x-direction, the total magnetic field will be          . 

Here,   is the position in x-direction from the isocenter (center of the bore magnetic 

used in MRI scanners). Since each location experiences a unique magnetic field, each 

spin will precess in a unique angular frequency                 . To localize a 

magnetic vector in 3D, three gradient coils (        ) are used in x, y and z-

directions.  
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Slice selection in the MRI is simply selecting a plane of the body in interest to 

image. This is done by the help of a gradient field (either         ) and the RF pulse. 

The RF pulse contains a spectrum of frequencies (a sinc function). The choice of the 

frequency range depends on the slice we are interested in imaging. If the Larmor 

frequencies within the slice matches with the spectrum of frequencies made of RF 

pulse, only the nuclei in the selected slice will be excited. 

2.3.2. The Bloch equation 

As described in the section 2.2.2 in this thesis, with the help of classical 

electrodynamics it can be shown that the dynamics of net magnetization vector is 

governed by the equation 2.9. This equation was further modified by Felix Bloch 

with the relaxation terms taking in to account. 

  

  
         

         

  
 

   

  
     (2.15) 

This equation is known as the “Bloch equation”. Each individual component 

of M in longitudinal and transverse directions of the above equation can be 

simplified to 

   

  
   

        

  
 

    

  
            

      

  
     (2.16) 
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The solution to the first differential equation will result the equation 2.11 

and x’, y’ components of the magnetization will be given by 

                              

                              (2.17) 

2.3.3. Fourier Imaging 

Joseph Fourier (1768-1830) made an important observation that any 

complex signal can be written as a sum of infinite number of sinusoidal signals. His 

method has a vast number of applications in the area of signal processing, including 

MRI. The Fourier transform helps to study frequency components and their 

respective amplitudes by decomposing a complex signal to a sine and cosine signals. 

In MRI, the signal collected by the receiving coil is an ensemble of individual signals 

from the region of interest (ROI). In order to construct an image the received signal 

should be position dependent. Else it would be impossible to distinguish actual 

features of the tissue structure.  

In MR imaging, spatial position in x-direction is encoded via the precession 

frequency of the spins. This is named as frequency encoding. This technique helps to 

identify the position of spins in x-direction by having a unique Larmor frequency at 

each location. It is usually done by applying a gradient magnetic field (read out 

gradient) at the time of the echo being formed.  

The spatial position in y-direction is encoded by letting phase of spins to 

change depending on location in y direction via applying a gradient magnetic field in 
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y-direction. This is called as phase encoding. It is usually done by introducing a field 

gradient in y-direction (phase encoding gradient) for a short period of time after the 

slice selection, so there will be a position dependent phase change in the y-direction.   

The frequencies and amplitudes encrypted in the signal correspond to the 

spatial positions and relative spin densities. Therefore, by decomposing the signal 

with the help of Fourier transform, it is possible to construct an image.  

The received signal      is from the contributions of all the spins in the 

volume flipped on to transverse plane. Simply, without the relaxation terms it can be 

written as  

                       (2.18) 

Using the equations 2.7 and 2.13 neglecting relaxation terms where    

        
     and considering gradient fields G applied, the signal equation can be 

written as 

                            
 
         (2.19) 

Here        is the net magnetic moment of the selected slice at t=0. Since the spatial 

location is on x- and y-directions the equation 2.19 can be written as 

                                        (2.20) 

Where        
 

  
        

 

 
 and        
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The equation 2.20 is very important and it is referred as the “signal equation”. If we 

closely look at the RHS of signal equation it is simply the 2D Fourier transform 

of       ,  

                                           (2.21) 

With the repeated application of gradients    and    of suitable strengths, it is 

possible to sample all the         points in the “k-space”. When all the k-space 

points are collected simply the inverse Fourier transform (        ) of k-space data 

will give the       , which is the image. 

                            (2.22) 

2.3.4. Spin Eco sequence 

An MRI pulse sequence is a programmed set of varying magnetic field 

gradients. As described in earlier sections after the application of 900 excitation 

pulse, the net magnetization flips on to the transverse plane to form the maximum 

signal. In other words, As soon as excitation pulse is applied all the spins in a voxel 

(ensemble of spins) will be coherent. With time elapses, all the spins will start to 

dephase due to T2 relaxation. However, due to inhomogeneities of the main 

magnetic field and the magnetic susceptibility effects in the patient within the ROI 

dephase occurs much faster. This relaxation time is referred as T2* (tee-two-star) 

relaxation. At a time after TE/2 from excitation, another 1800 pulse (refocusing 

pulse) will be applied causing all the dephased spins flip like a pan cake. After 

another TE/2 time from refocusing pulse all the spins will be coherent again, but in 
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reverse direction (Figure 2.5). Thus, all the magnetic field non-uniformities also 

cancel out at the time TE. This coherence of spins at time TE after first excitation is 

named as an “echo”. Since this echo is formed due to dephasing of spin, it is 

generally called the “Spin-Echo” sequence. As a tribute to Erwin Hahn who 

discovered this pulse sequence, it is also known as Hahn Echo. 

 

Figure 2.6 – Spin-Echo pulse sequence 
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2.4. Diffusion-Weighted MR Imaging 

2.4.1. Introduction 

The random motion of molecules in a fluid or a gas is called Brownian 

motion. It was first observed by Robert Brown in 1817. However, he could not 

provide a scientific explanation for this motion. Later, Albert Einstein on his PhD 

thesis (10) gave the mathematical relationship for the displacement caused by a 

Brownian particle. He proved that this displacement is proportional to the square 

root of time. According the Einstein’s equation the mean squared displacement (in 

3-dimension) is given by 

              (2.22) 

Here, t is the time of displacement,   is called the diffusion coefficient. The 

diffusion coefficient depends on the temperature, size of the particles and the 

viscosity of the medium and it has the units of cm2/s or mm2/s. For example, 

diffusion coefficient of water in water (free-diffusion coefficient of water) at 37oC 

(body temperature) is approximately 3 x 10-3 mm2/s (9). 

The typical time to take a single MR image is approximately 50 – 100 ms (9). 

Therefore, during that period of time the displacement of a free water molecule can 

be calculated to be 30 – 42 μm. This displacement is much greater compared to the 

size of cellular dimensions (11). Therefore, diffusing over 50 ms interval a water 

molecule is most likely to encounter with many cellular impediments like cell 

membranes and macromolecules. These restrictions will reduce the average 
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displacement than that of free water. Ideally, the Einstein’s equation is not 

completely valid under this type of restricted or hindered environment. Therefore, 

this diffusion coefficient is considered as an effective diffusion coefficient and calls it 

apparent diffusion coefficient (ADC). The typical range for ADC values could be any 

number between 0 and 3 x 10-3 mm2/s. However, ADCs less than 1.1 x 10-3 mm2/s is 

generally considered as a restriction (12). These values are completely depend on 

the type of tissue and the pathology. 

2.4.2. Diffusion model 

The most commonly used diffusion-sensitizing MR sequence is the Pulsed 

Gradient Spin Eco (PGSE) sequence. It was first proposed by Stejskal and Tanner in 

1965. Their method worked as an addition to the existing conventional spin-echo 

sequence. The resulting pulse sequence was highly sensitive to diffusion. The PGSE 

is simply placing two identical pulse gradients before and after the 180o pulse in the 

spin-echo sequence with known amplitude (G), for a time duration of δ (each pulse) 

and time Δ in between (Figure 2.7).   
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Figure 2.7 – PGSE pulse sequence 

Soon after the discovery of Hahn’s spin-echo sequence in 1950, Torrey 

extended the Bloch equation with a diffusion term. Utilizing their PGSE sequence, 

Stejskal and Tanner were able to solve the Bloch-Torrey equation and obtained the 

following formula for the isotropic diffusion. This equation is known as the Stajskel-

Tanner equation (13). 

         
              (2.23) 

where  

           
 

 
      (2.24) 

Here b is a very important parameter, which is a measure of diffusion sensitization 

and generally referred as the “b-value”. By providing that the diffusion is isotropic 

the diffusion coefficient becomes invariant of the gradient direction. To make it a 

reasonable assumption, generally, D is calculated in three orthogonal directions (x, 



 24 

y, z) and then take the mean value as the diffusion coefficient. As mentioned earlier 

(section 2.4.1), in tissue the diffusion of water is deviated from the free-diffusion 

due to cellular impediments, so D is referred as ADC. Therefore, at the time of the 

echo the equation 2.23 can be written as 

          
           (2.25) 

Here       
      . Even though the relationship between the signal and ADC is 

highly simplified in the equation 2.25, it is the most commonly used method to 

calculate ADC (9). This signal model of ADC is known as the “mono-exponential” or 

the “simple exponential” model. The main reason for its success is the fast 

computation time compared to other available models.  

According to the signal equation 2.25 above, using two b-values,    and   , 

ADC can be calculated by 

     
          

     
     (2.26) 

Where   and    are the signals acquired with b-values    and         respectively. 

2.4.3. Diffusion Sensitized SS-EPI pulse Sequence 

The most remarkable property of the pulsed gradients is its diversity in 

application with many different acquisition schemes. For example, it can be used 

with conventional spin echo, fast spin-echo and echo planar imaging (EPI) (13). 

Also, it can be applied in all the three gradients; slice-selection (GS), phase encoding 

(GP) and readout (GF) (see Figure 2.8) simultaneously or separately by allowing to 
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choose the direction of diffusion encoding. However, the single-shot EPI pulse 

sequence is the most common method used to acquire DW-MR images. This is 

mainly because of its ability to acquire entire k-space in a single excitation, which 

saves time. Another important advantage of such fast image acquisition is it reduces 

the bulk motion artifacts (14).  

 

Figure 2.8 – Single-Shot Echo Planar Imaging pulse sequence. GS, GP and GF 

are slice selection, phase encoding and readout (frequency encoding) 

gradients. 

2.4.4. Image signal-to-noise ratio 

It is generally assumed that the noise distribution in a MR image is Gaussian 

distributed (15). However, this is not totally correct. Typically, most MR images are 

magnitude images. The reason is phase images are prone to phase artifacts such as 

eddy currents, gradient field distortions, off-resonance and chemical shift effect that 
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lead to image distortions (16). The simplest way to avoid these artifacts is to discard 

phase information by taking only the magnitude images. As described in equations 

2.14 and 2.17 the MR signal is measured over a quadrature detector which results a 

real and imaginary signal channels. Each channel will have the same Gaussian noise 

level (σ), but uncorrelated to each other. Therefore, in DW-MRI signal components 

from each channel at the time TE can be written using equations the 2.17 and 2.25, 

       
                  

         
                    (2.27) 

Here     and     be the real and imaginary channels respectively and  

      is the phase angle. Once the magnitude of two channels was calculated by  

       
     

 , the noise distribution is no longer Gaussian (15). The noise 

distribution in MR magnitude images has a Rician distribution. However, it is very 

important to note two special cases of noise in MR; Rician distribution can be 

approximated to Gaussian in high Signal-to-Noise (SNR) regions while to Rayleigh in 

low SNR regions (15).  

The signal-to-Noise ratio is an important concept in image processing. The 

SNR is given by the equation 

     
                                             

                            
  (2.28) 
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The parameters that the calculated ADC is depending on can be listed as; 

image SNR, the b-values and the calculation method. Higher signal to noise ratio in a 

DW-MR image is always preferred because the fluctuations in signal intensity due to 

noise is small, so the calculated value of ADC more reliable.  In MRI, the image SNR is 

dependent on following parameters; Strength of main field B0, volume of the voxel, 

inverse square root of the read out bandwidth (RBW), the proton density ( ), the 

pulse sequence (f) and square root of the number of signal averagings (NEX). The 

relationship is can be written as mathematically, 

         
                 

    
         (2.29) 

However, among the options above increasing B0 is less preferred because it 

is highly expensive to produce high magnetic fields. Therefore, for a given 

experimental setup for example; DW-MRI, and for a given type of tissue the best way 

to increase image SNR is by increasing the NEX. The NEX, the number of signal 

averaging, is a common digital image processing technique which repeats the same 

image acquisition with the same parameter choice for a given number of times and 

average it. Each time the same image has acquired it incorporates the same random 

noise level to the image. When the statistical averaging is performed on the images, 

if the number of input images is sufficiently large the error portion of the image 

reduced by cancellation. In that way, SNR is improved. (17) 

In digital image processing, there are several ways to calculate image SNR. 

Since, in high signal regions the noise is considered as Gaussian, the image noise 
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level ( ) is directly calculated by the standard deviation of the image intensity of the 

ROI. Therefore, in this project, the image SNR is calculated by, 

     
                                   

                                          
  (2.30) 

2.4.5. Signal Detection and Estimation Theory 

Both signal detection and estimation theory explain techniques to extract 

information from the information-bearing signals with random patterns. Generally, 

they help on decision-making from the observations which are altered due to 

unknown reasons. The theory has its applications in various disciplines such as 

communications and automatic control. More specifically, those techniques are used 

in seismology, sonar, radio astronomy, speech and image processing, optical 

communications and medical image processing (18). 

For example, in medical imaging when a MR image is examined to find 

tumors, it is not straight forward to differentiate between tumor regions and normal 

healthy regions. This is because the original signal is contaminated by noise, so that 

there is an uncertainty in image intensities. In that case the detection theory gives a 

way to make a decision to differentiate two signals with some probability. On the 

other hand, the estimation theory is trying to estimate the true signal from a noisy 

signal. In this context, estimation theory involves after determining the tumor is 

present with some degree of probability and then to estimate parameter values 

incorporated within the signal.  
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In detection theory, there are four feasible outcomes; hit, miss, false alarm 

(FA) and correct rejection (see Table 2.1).  A hit means for example when tumor is 

actually present and the radiologist identified it as tumor. It is also called sensitivity. 

A miss is when tumor is actually present, but identified it as healthy. FA is when 

there is no tumor, but falsely identified as tumor. Finally, correct rejection is when 

the radiologist correctly identified as no tumor when actually no tumor present. It is 

also called as specificity. Moreover, in decision process misses and FAs are 

considered as errors. 

There are two parts to determine the outcome from the experimental data. 

The first is information acquisition. The signal intensity of a MR image contains 

information. The normal healthy tissue has characteristic relative image intensity so 

that any abnormality in tissue would have different intensity. The second part is 

called criterion or criterion response. The criterion is expressed in terms of a 

threshold. It is very important when making a decision where the signal intensity is 

larger than the predefined threshold value; it is identified as the presence of tumor 

(see Figure 2.9 Right). The most common way to set the location of the threshold is 

called ideal observer. That is when probabilities of misses and FAs are minimized. 

The ideal observer is placed at the average of the means of two signal distributions.  

 YES NO 

Signal Present Hit Miss 

Signal Absent False Alarm Correct Rejection 

Table 2.1 Four types of responses in Signal Detection Theory 
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2.9 Internal response curves for 

(Left) healthy and tumor tissues (Right) with criterion response (19)  

Out of all four outcomes high probabilities of hits and correct rejections are 

always preferred. However, when the probability of hits increases by using lower 

criterion, FAs are also increases. Also, the probability of correct rejections increases 

with higher criterion, but misses increases along with.  Therefore, there is a tradeoff 

between desired and undesired outcomes.  

 Additionally, hits and misses are related that they are adding up to one, so as 

the FA and correct rejections. Therefore, all the information can be represented by 

probabilities of hit and FA. In order to calculate those probabilities it is required to 

know how the noise behaves. Typically, noise follows a normal distribution. For 

example, we can consider two hypotheses related to real-valued observation X: 

            
      

            
        (2.31) 
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Here N is normal distribution with a mean and variance of µ and 

   respectively. In the two hypotheses    and    are representing two locations 

where the observations are distributed.  The random variable N has a probability 

density function (   ) 

 

    
                  where       (2.32) 

Therefore, the likelihood ratio is given by 

     
     

     
 

 

    
           

      

 

    
           

      
     

     

      
     

 
    (2.33) 

When          or  
     

      
     

 
        the hypothesis    is accepted over   . 

Here   is the predefined threshold and   is the signal intensity. 

However, the signal detection cannot be applied directly to the model 

problem used in this project. This is because the received signals are not directly 

used to differentiate tumor from healthy normal tissue. The signal intensities are 

used to estimate the ADC so that tumor and normal tissue can be differentiated by 

ADC values. Therefore, to find detection statistics it is important to derive the     of 

the ADC distribution. 

The model problem can be rewrite from the equation 2.26 mathematically as 

given in equation 2.35. Let    be a random variable that follows a Rician distribution, 

ADC is replaced by random variable   and  (>0) is a constant equals to          . 

                  (2.34) 



 32 

For high SNR regions we can assume the noise distribution to be Gaussian, so 

that    can be approximated by Gaussian probability density function.  In order to 

find the    of random variable  , the cumulative distribution function (   ) can be 

used as follows. 

Let                     = ratio distribution of   and   . 

    of   :               

                 

              

             

Therefore, the     of   can be found by 

          
      

  
     (2.35) 

                
 

 
     ;   is     of Gaussian ratio 

distribution 

The Gaussian ratio distribution    in the absence of correlation (20) is given 

by 

       
         

     

 

     
   

    

    
     

    

    
   

 

         
  

 
  

where 
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and       
 

 
       

 

  
  ;     is the error function 

 However, the    of ADC as derived in equation 2.35 has a very complicated 

form. Therefore, the characteristics of such distribution are difficult to find 

analytically. In order to understand the behavior of the model problem numerical 

methods such as a computer simulation study is beneficial. A numerical method 

does not provide a representation that is as accurate as an analytical solution. Even 

though, it has the advantage of prototyping the system to study the results rather 

quickly. Also it is much inexpensive than performing actual experiments especially 

in MRI.  

In this project, the ADC values of the tumor tissue and normal healthy tissues 

were directly calculated using the model equation 2.26.  To calculate ADC using 

mono-exponential model having two unknown parameters two signals were used. 

Therefore, use of common estimation techniques in estimation theory such as least 

squares, maximum-likelihood and Bayesian was not required.   

 

2.4.6. Applications 

Since the 1990s, the diffusion weighted imaging has recognized as the best 

technique in early detection of strokes (21-25). Recently, with the technical 

development of MR imaging in the areas of imaging sequences and gradient coils, 
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the amount of time required to image other areas of the body has decreased 

profoundly. As a result, DW- image sequences were welcomed in the MR protocols 

without affecting much on the overall scan time. Now, DW-MRI has its applications 

in oncology for the detection, staging and treatment follow up (26) not only in brain, 

but also in breast (27), liver (28), pancreas (29), prostate (30) as well as the whole 

body (31). 

As mentioned earlier, the most common application of DW-imaging is the 

early assessment of stroke. A stroke origins with a sudden interruption of the 

oxygen-rich blood flow to a part of the brain. It is a serious condition as the blood 

flow has blocked, in few minutes brain cells begins to die. This will result very 

serious conditions such as long term disability, brain damage and even death. The 

most common type of stroke is ischemic, which is the blockage of blood flow. The 

other one is the hemorrhagic type, which occurs when an artery in the brain leaks 

(32). DW-imaging is capable of determining the Brownian movement of water 

molecules in the tissue. In terms stroke or cancer detection, unlike other 

conventional MRI methods DW-MRI is capable of detecting restrictions in water 

mobility in tissue. T1-weighted, T2-weighted or proton density weighted imaging 

only provide the tissue contrast within the ROI, but cannot detect the restriction in 

water mobility.   
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Chapter 3 

Methods 

The computer simulations were carried out using MATLAB software 

program (R2013a version). MATLAB provides a great user interface for image 

processing and statistical analysis which was essential for this project.  

The DW signal intensity images were generated using mono-exponential 

model with two different b-values and known true ADC values. For the first study, 

image SNR was varied with the application of Rician noise of different noise levels. 

The image SNR was varied from 2 to 100. Then the ADC was calculated for a fixed 

pair of b-values and for two fixed true ADCs. For the second study, b-values were 

varied from 0 to 2000 s/mm2 with 100 s/mm2 increments. The ADC was calculated 

for every two b-value combination within the selected range. Here, the image SNR 

for un-weighted diffusion image was fixed for the known two true ADCs. For the 

first and second studies, two known ADC values were chosen in Prostate Peripheral 

region (see Figure 3.1). One being the normal tissue with true ADC of 1.80 ± 0.27 × 
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10−3 mm2/s and the second being the tumor tissue with 1.02 ± 0.25 × 10−3 mm2/s 

(33). For the third study, the true ADC values were varied over the range                     

0 to 3 × 10−3 mm2/s to represent different types of tissue and ADC was calculated 

for fixed image SNR and pair of b-values. 

  

Figure 3.1 – An illustration of tumor region in the prostate peripheral region. 

The red square is the ROI selected to contain white region of tumor tissue.  

To evaluate parameter dependence on ADC calculations, the percentage 

accuracy and precision were calculated in each study. In the following sections, 

detailed relevant information is provided on methods of each study.  

3.1. Generating images and ADC calculation 

DW signal intensity images were generated according to the signal equation 

2.27.  Representing a ROI, two 200x200 matrices were generated with an arbitrary 
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intensity level. Then those images were subjected to exponential decay due to 

diffusion depending on the choice of b-values (b1 and b2) and a known true tissue 

ADC (normal or tumor tissue ADC). After that both images were contaminated by 

the Rician noise with the same noise level (The Gaussian noise was added to each 

real and imaginary channel using the MATLAB function “normrnd” and when the 

magnitude image is created the noise distribution becomes Rician). The Rician noise 

added magnitude is illustrated in the Figure 3.2 (Right). From the noise added two 

images, the pixelwise calculation was done and a map of ADC was created. The ADC 

calculation was performed pixel wise according to the equation given in 2.26. As a 

results, ADC map was also a 200x200 matrix with 40,000 pixels. This enabled us to 

generate 40,000 ADC measurements for a given set of b-values, SNR and true ADC. 

As a result, a distribution of calculated ADC was obtained.  

 

 

 

 

 

Figure 3.2 - The simulated images with normal and tumor regions before 

(Left) and after (Right) the noise being added. 
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A quick test was performed to determine how Rician noise level behaves 

with the number of pixels. It revealed that the Rician noise level got converged to a 

value beyond 40,000 pixels, resulting a stable level of noise (more details on this 

test was provided in Appendix A.7). Therefore, having an ADC map at least with 

200x200 dimensions helps to have a large enough data set to calculate ADC.  

 Using the distribution of ADC the mean and the standard deviation were 

computed using MATLAB default functions “mean” and “std”. The statistical 

interpretation of these functions are as follows, 

                        
        

 

 
     (3.1) 

and 

                  
                     

 

 
    (3.2) 

Here n is the number of simulations and   is the index. For each parameter choice 

these computed mean and SD were further used to calculate the percentage 

accuracy and the percentage precision of ADCs. Throughout this project the optimal 

parameters were determined by where percentage accuracy and precision were 

minimized. They were defined by 

                      
                    

        
        (3.3) 

Percentage             
    

         
          (3.4)  
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3.2. ADC calculation dependence on Image SNR, b-value and true 

ADC  

In the first study, the effect of image SNR on the calculation of ADC was 

determined. Using the method as described in the section 3.1 the DW-MR images 

were generated for a fixed pair of b-values (0 and 800 s/mm2) for the normal and 

tumor tissue regions. The image SNR of b = 0 image was varied from 2 to 100 by 

changing the Gaussian noise level of each channel. However, image SNR was 

calculated using the image information as describes in 2.4.4 section by disregarding 

already known Gaussian noise level information.  

According to the equation 2.30, the image SNR is the ratio between mean 

signal intensity and the standard deviation of signal intensity of the image. To 

calculate the image SNR, the mean and the SD was calculated from the b = 0 image. It 

was done by performing Matlab functions mean and std on the noise added first b-

value image. Then the image SNR was calculated using the equation 2.30. 

The total scan time is directly proportional to the number of signal averaging. 

Therefore, the sum of signal averaging of both b-values were fixed to 10 to preserve 

total scan time to be feasible in an imaging protocol. So the total number of NEX 

were distributed to first and second b-value images. First part of the first study, 

results were generated with 9 signal averaging is applied to second b-value image 

(NEX = 1: 9). As the second part of the first study, all the possible NEX combinations 

between two images were attempted to find the optimal combination in terms of the 
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percentage accuracy and the precision. The tables 3.2, 3.3, and 3.4 show the 

parameter selection for each study. 

SNR From 2 to 100 (at un-weighted image) 

NEX Combinations (NEX at b1, NEX at b2) are 1:9, 2:8, 3:7, 4:6, 5:5, 6:4, 7:3, 8:2, 

9:1  

b-values 0 and 800 s/mm2  

True ADC Normal tissue 0.00180 mm2/s, Tumor tissue 0.00102 mm2/s 

Table 3.1 – Parameter selection for image SNR dependence on ADC calculation 

The second study was to determine the dependence of the choice of two b-

values effect on the percentage accuracy and precision of the ADC calculations. For 

this purpose, the image SNR of un-weighted image was fixed to 20 and NEX = 1. 

(However, NEX combination was later modified depending on the results obtained 

from the first study). The b-values from 0 to 2000 s/mm2 with an increment of 100 

s/mm2 were examined for normal and tumor tissue types. All the b-value 

combinations within the range were studied for the minimum percentage accuracy 

and precision.  

After determining the b-value combination which provides the minimum 

errors for two types of tissues, re-simulated the first study to decide the optimal 

NEX combinations. 
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SNR 20 (at un-weighted image) 

NEX 1:9 

b-values All combinations from 0 and 2000 s/mm2 with 100 s/mm2 increments 

True ADC Normal tissue 0.00180 mm2/s, Tumor tissue 0.00102 mm2/s 

Table 3.2 – Parameter selection for b-value dependence on ADC calculation 

In third study, the true ADC values were varied from 0 to 4 × 10−3 mm2/s to 

represent different types of tissue. ADC was calculated for a fixed image SNR of 20 at 

un-weighted (b = 0) image with NEX = 1:1. Different pairs of b-values were used to 

examine the percentage accuracy and precision within the complete range of 

possible true ADCs. 

SNR 20 (at un-weighted image) 

NEX Combination chosen after first and second studies depending on minimum 

errors. 

b-values Choice was made after the second study favoring minimum errors for 

tumor and normal tissue types. 

True ADC from 0 to 0.003 mm2/s 

Table 3.3 - Parameter selection for true ADC dependence on ADC calculation 
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Chapter 4 

Results 

4.1. ADC calculation dependence on Image SNR  

Three simulation studied were implemented to ascertain the parameter 

dependence on ADC calculation. As described in the methods the percentage 

accuracy and the precision were calculated with respect to the image SNR range 2 to 

100 at un-weighted image with one signal averaging. The results obtained from the 

first simulation study showed that both percentage accuracy and precision of ADC 

were decreased exponentially over the increase in image SNR. The figure 4.1 shows 

the percentage accuracy (a) and precision (b) of the calculated ADC vs image SNR. 

According to the figure 4.1a, when image SNR decreases from high to low values 

percentage accuracy of tumor tissue ADC stayed less than 5% until SNR = 7. Even 

though, for normal tissue it was up until SNR = 12. At lower SNR regions the error 

started to increase exponentially. This is because for a given pair of b-values and for 

a fixed SNR value, the error of ADC is exponentially proportional to true ADC value 
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(see calculation in Appendix A.1). Since tumor tissue ADC is less than normal tissue 

ADC, tumor ADC gives smaller error than normal ADC. This was further clear from 

the result shown in Appendix A.2.  

(a)  

(b)  

Figure 4.1 – (a) Percentage accuracy and (b) precision of calculated ADC 
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 As shown in the figure 4.1b, the percentage precision of calculated ADC is 

smaller for normal tissue than that of tumor tissue throughout the range. Between 

the range from SNR 10 to 20, the normal tissue ADC shows 10 – 6 % of uncertainty. 

While for tumor tissue it is around 15 – 8 %. 

As the second part of the study, for all the other signal averaging 

combinations, percentage accuracy and precision graphs were generated for tumor 

and normal tissue ADC (Figure 4.2). 
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(a)  

(b)  

Figure 4.2 - (a) Percentage accuracy and (b) precision of calculated tumor ADC 

for different combinations of NEX 

The percentage accuracy for different combinations of NEX showed an 

exponential decrease with increasing SNR. In tumor at SNR of 10, all the 

combinations showed percentage accuracy less than 17% and it was decreased until 
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a little less than 3% when NEX of second b-value increased. Also, at SNR 20 the 

percentage accuracy was dropped from 3% to less than 1%. The results show that 

every time the SNR at second b-value image was increased the percentage accuracy 

of ADC decreased. For SNRs above 35 the percentage accuracy was less dependent 

(accuracy error < 1%) on choice of NEX combination. The second b-value image 

reduces its signal intensity due to diffusion, so its SNR is lower compared to first b-

value image. When there is low SNR, fluctuations in signal intensity is larger. 

Therefore, ADC calculations get deviated from the true ADC value. This effect is 

much prominent in very low SNR images and less affected in very high SNR images. 

Therefore, using signal averaging to increase second b-value SNR is much effective 

to improve overall accuracy of ADC calculation. According to the results minimum 

percentage accuracy was observed by the NEX = 1: 9 combination. 

In terms of percentage precision (Figure 4.2b), the minimum was also 

observed when NEX =1: 9. That also agrees with the previous result’s reasoning. For 

interested readers more detailed representation of the figure 4.2 was given in 

Appendix A.3 by focusing only to the SNR range from 10 to 20. 
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(a)    

   (b)  

Figure 4.3 - (a) Percentage accuracy and (b) precision of calculated normal 

ADC for different combinations of NEX 

As shown in the Figure 4.3, such as tumor tissue, a similar trend was 

demonstrated in percentage accuracy and precision vs SNR for normal tissue ADC. 
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Both the minimum percentage precision and accuracy were obtained at the NEX 

combination 1, 9. (Also see Appendix A.4). 

4.2. ADC calculation dependence on b-value  

The figure 4.4 presents the percentage accuracy and precision of calculated 

tumor ADC as a function of b-value pairs. The x- axis of the plot represents the high 

b-value among the pair. The legend of the plot shows low b-value choice. For 

example, blue-colored-circle marked curve represents low b value = 0 and high b-

value range from 100 to 2000 s/mm2 with 100 s/mm2 increments. According to the 

results, the minimum percentage accuracy and precision were both obtained when 

low b-value is 0.  

The figure 4.4b presents percentage precision of ADC as a function of b-value 

pairs. When the high b-value increased from 100 to 2000 s/mm2, the percentage 

precision minimizes at a certain value depends on the choice of low b-value. For the 

range selected, the minimum was observed when b-values pair is 0-1400 s/mm2. 

For blue-colored-circle marked curve, as the high b-value increases over the 

full range, the percentage accuracy stayed less than 1.5% for high b-value from 100 

to 1500 s/mm2. (Figure 4.4a). For the b-values selection 0 and 1400 s/mm2 the 

percentage accuracy was observed 1.4% approximately. 
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(a)  

(b)   

Figure 4.4 - (a) Percentage accuracy and (b) precision of calculated tumor ADC 

for different combinations of b-values 

 

Moreover, the results obtained for normal tissue ADC demonstrated a similar 

trend with respect to different b-value pairs. According to the figure 4.5b, for every 
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low b-value selection percentage precision was minimized at a certain high b-value. 

This value depends on the choice of low b-values. Among all the data points, the 

minimum was obtained at the pair b=0, 800 s/mm2. 

(a)  

 

 

 

 

 

 

(b) 

Figure 4.5 - (a) Percentage accuracy and (b) precision of calculated normal 

ADC for different combinations of b-values 
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4.3. ADC calculation dependence on True tissue ADC  

Theoretically, true tissue ADC should have a value between 0 as there is no 

diffusion and 3 x 10-3 mm2/s where free diffusion of water at body temperature. 

Therefore, simulations were carried out over the full range of true ADCs that is 

possible in tissues. The figure 4.6 presents the plots of percentage accuracy and 

precision of calculated ADC for different true tissue ADCs.  The optimal parameters 

obtained from the previous two studies for tumor and normal tissue types were 

used for this study. 

The blue curve in figure 4.6a shows the percentage accuracy for the 

parameter set b = 0-1400 s/mm2 and NEX = 1: 9 and red curve for parameter set b = 

0-800 s/mm2 and NEX = 1: 9. According to the figure, at ADC values closer to zero 

percentage accuracy increases rapidly. This is because when ADC goes to zero the 

signal intensity at the second b-value image converges to b = 0 image signal 

intensity. This causes the calculated ADC increase to a large value (equation 2.26). 

Moreover, at larger ADC values the percentage accuracy increases exponentially. 

This is because when true ADC is larger signal intensity drop due to diffusion is 

larger, so the SNR at second b-value becomes low and therefore, accuracy decreases. 

When larger b-values were used signal decay gets much faster, therefore blue curve 

has a rapid error increase at larger true ADC values than the red curve. In order to 

get 2% or less error blue parameter combination should be used for tissue types 

that has ADCs less than roughly 1.25 x 10-3 mm2/s. However, red parameter 
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combination has a longer span of compatibility for ADCs less than about 2.1 x 10-3 

mm2/s. 

The corresponding percentage precision curve showed in figure 4.6b as the 

red curve suggests that error minimizes at around 1.8 x 10-3 mm2/s. Also, the blue 

curve confirms the percentage precision minimizes at around 1 x 10-3 mm2/s ADC. 

For both parameter sets the percentage precision was within 6-8% over the range of 

true tissue ADCs 1-3 x 10-3 mm2/s. 
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(a)  

      (b)  

Figure 4.6 - (a) Percentage accuracy and (b) precision of calculated ADC for 

the range of true tissue ADCs  
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Chapter 5 

Discussion 

The percentage accuracy showed a promising value less than 1% for image 

SNR greater than 12, while the percentage precision was still high around 30% 

mark (see Figure 4.1). Overall, over the typical SNR range between 10 and 20 the 

percentage precision was 30% and 15% respectively. This is not quite acceptable 

value as a representation of true tissue ADC.  

The first part of the study was used as a starting point to the assessment. For 

low SNR regime (SNR <10) as evident from the figure 4.1 the percentage accuracy 

and precision were rapidly increasing. Therefore, it is clear that calculations made 

from the images taken from low SNR images are highly unreliable. However, more 

importantly percentage accuracy and precision were decreased exponentially as the 

image SNR increases. Therefore, utilizing the methods to improve image SNR was 

needed to reduce the percentage precision. 
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The second part of the first study was dedicated to improve the image SNR 

by introducing signal averaging to the image. Thus, it was expected to decrease the 

percentage accuracy and precision of calculated ADC. For tumor tissue ADC, the 

percentage precision was minimized at the NEX combination 1: 9. The percentage 

precision was dropped to 15% at SNR =10 and to 7.5 % at SNR =20 from the initial 

study. On the other hand, for normal tissue ADC, the percentage precision was also 

minimized at 1: 9 combination. However, the drop at SNR =10 was to 11% and to 

6% at SNR =20. 

Another important result worth mentioning was improving SNR on second b-

value image gives better precision than improving the first image. This is reasonable 

because among the choices of b-values only the second b-value was subjected to 

signal decrease due to diffusion. Therefore, the SNR was lower to begin with at 

second b-value.  

Overall, this study showed that higher image SNR improves the accuracy and 

precision of calculated ADC. For prostate peripheral region application the best NEX 

combinations in terms of minimum percentage accuracy and precision were given 

by 1:9 for both tumor and normal tissue.  

The results of the second study indicated how the choice of b-values depends 

on percentage accuracy and precision of tumor and normal tissue types. According 

to the figures 4.4 and 4.5, the minimum percentage accuracy and precision were 

always obtained when the low b-value is 0. The minimum percentage precision of 

around 6% for tumor tissue was achieved when the high b-value is 1400 s/mm2.  
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For normal tissue this was at high b-value is 800 s/mm2 and the minimum was also 

around 6%.   

Percentage accuracy was monotonically increasing with the increasing high 

b-value. However, for tumor tissue the error was still less than 2% until a large high 

b-value of 1700 s/mm2. A similar trend was observed for normal tissue, but the 

error was less than 2% until high b-value is 900 s/mm2. This indicates in accuracy 

wise, choosing a pair of b-values has some freedom, but precision wise it is a bit 

tight.  In this project tumor and normal tissues were simulated individually, but 

clinically both tissues are imaged together. In that case the precision is much 

important when differentiate the two types of tissue ADCs. Therefore, considering 

both percentage accuracy and precision is important when deciding the parameter 

combination. 

The third and final study was to determine true tissue ADC dependence on 

calculated ADC. For this, the parameters resulted from previous two studies were 

involved. As figure 4.6 shows two parameter sets were used where a fixed SNR of 

20, a NEX combination of 1:9 and b-value pairs 0-800 s/mm2 and 0-1400 s/mm2. As 

expected from previous two studies the percentage precision was minimized at 

around tumor ADC and normal tissue ADC (see Figure 4.6b).   

Furthermore, figure 4.6 reveals an important outcome for prostate 

peripheral region cancer application. Since the typical tumor tissue in peripheral 

region ADCs are at around 1 x 10-3 mm2/s, large b-value such as 1400 s/mm2 is 

more suitable to minimize the errors. On the other hand, for normal tissues in the 
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region have true ADCs around 2 x 10-3 mm2/s, hence small b-value like 800 s/mm2 is 

more appropriate.  

Overall, another important outcome which can be drown from the figure is 

the blue curve parameter combination might be more suitable for tumor type of 

tissue ADCs because tumors usually have smaller ADC values. However, red curve 

parameter combination covers wider range of ADCs, so it might be suitable for both 

normal and tumor tissue ADCs which has true ADCs greater than 1 x 10-3 mm2/s.  
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Chapter 6 

Conclusion 

In summary, the results from three simulation studies to ascertain optimal 

parameter choices to determine the ADC using two-b-value mono exponential 

model for DW-MRI prostate peripheral region cancer application are as follows; 

1) Increase in image SNR plays a very important role in accurate and precise 

ADC calculation. For a given scanner and a pulse sequence, an easy way to 

increase image SNR is by averaging the signal number of times. Our 

studies showed using a computer simulation that when image SNR is 

increased both percentage accuracy and precision was decreased. Also, 

optimal NEX combination for both tumor and normal tissue at prostate 

peripheral region is NEX = 1 at first b-value and NEX = 9 for second b-

value image. It is provided that total number of NEX is fixed to 10 under 

the limitation of total scan time. It also suggest that improving second b-
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value image SNR gives better accuracy and precision for both normal and 

tumor tissues. 

2) When calculating ADC using mono exponential model only three 

parameters are affecting on the final value of ADC. They are image SNR, 

choice of b-values and the true ADC of the region being imaged. Our 

second study was to determine the optimal b-value pair for the stated 

application. We fixed the image SNR of un-weighted MR image to a 

typically observed value (10 to 20) of 20. Among the all the b-value pair 

combinations between 0 and 2000 s/mm2 with 100 increments the 

optimal combination was determined according to the percentage 

accuracy and precision. Results showed that tumor in prostate peripheral 

regions with around 1 x 10-3 mm2/s true ADC, minimize the errors in 

calculated ADC at the b-value pair 0 and 1400 s/mm2. On the other hand, 

normal tissues in the region with around 1.8 x 10-3 mm2/s true ADCs 

errors minimizes when b-values are 0 and 800 s/mm2.  

3) For tissue types with 1 x 10-3 < ADC < 2.1 x 10-3 mm2/s the parameter 

combination at SNR = 20, b-value pair 0, 800 mm2/s with NEX =1:9 can 

calculate ADC with a percentage accuracy of less than 2% and percentage 

precision of 6-8%. Depending on the cancer being imaged this range 

might include both tumor and normal tissue. 

4) For tissue types with 0.6 x 10-3 < ADC < 1.25 x 10-3 mm2/s the parameter 

combination at SNR = 20, b-value pair 0, 1400 mm2/s with NEX =1:9 can 

calculate ADC with a percentage accuracy of less than 2% and percentage 
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precision of 6-8%. Depending on the cancer being imaged this range may 

mostly include tumor tissue. 
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Chapter 7 

Future Directions 

In diffusion weighted MR imaging, the primary goal is to correctly represent 

the water diffusion in tissue using an ADC parametric map. This quest is typically 

limited by the complexity of the diffusion process in the tissue. We can simplify this 

process by introducing some assumptions, so that it becomes more mathematically 

manageable problem. The trade off in this case will be ADC we calculate may not 

truly represent the actual tissue ADC. The simplest mathematical model (which is 

mono exponential model) is much common in this task, but its true representation 

of ADC is questionable. As an extension to the current study, one can investigate 

parameter dependence on ADC calculation in more complex diffusion model such as 

the bi-exponential model. The major benefit of bi-exponential model is it separates 

the perfusion in the capillaries from the water diffusion. By doing this it provides 

more reliable ADC values than the mono exponential model for diffusion. The major 
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drawback of the method is its complexity, so that calculations are more time 

consuming and more parameters are occupied. 

Moreover, by employing more b-values in the scan it is also expected to 

improve the reliability of ADC estimation. Having more b-values in a scan increases 

the total scan time. In a clinical situation it is not recommended due to patient 

discomfort and potential bulk motion artifacts. However, it is common to use three 

b-values for mono exponential model and four b-values for bi-exponential model 

without much trade off with scan time. It is also possible to investigate parameter 

dependence on ADC estimate for different calculation and compare methods such as 

direct ADC calculation (already done in the project), least squares estimation and 

Bayesian shrinkage prior estimation.  

Also one may extend this simulation study to a phantom and in-vivo study, so 

that the results obtained from simulations can be verified. By doing so it is expected 

to give a comprehensive idea for MR technicians and researchers how parameters 

should be selected for a prostate peripheral region cancer application. Hence, the 

methods can be applied to any other cancer application as needed. 
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Appendix A 

A.1 

Starting from mono-exponential model signal equation (equation 2.25), derivation 

of error in ADC calculation due to the noise is given. This is error is proportional to 

the percentage accuracy defined in the thesis. 
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A.2 

 

Comparison of Tumor tissue ADC and Normal tissue ADC percentage accuracy over 

image SNR. Here b-values 0, 800 s/mm2, and NEX = 1:9. Percentage Accuracy in 

tumor tissue is smaller than that of normal tissue over the SNR range. 
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A.3 

 

 

Tumor, b-values 0, 800 s/mm2, zoomed version of the figure 4.2 to improve 

visibility of individual graphs. 
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A.4 

 

 

Normal, b-values 0, 800 s/mm2, zoomed version of the figure 4.3 to improve 

visibility of individual graphs. 
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A.5 

 

The complete plot of figure 4.4 which was zoomed in the text to see the details.  

 

 

A.6 
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The complete plot of figure 4.5 which was zoomed in the text to see the details. In 

the second graph data beyond high b-value of 1500 s/mm2 was excluded because 

low SNR at those values yielded unrealistic results such as extremely high errors. 

A.7 
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The graph shows the Rician Noise level vs number of simulations. The Rician noise 

level is determined by calculating the standard deviation of a data set. This data set 

is made of pixels of rician noise added image. The size of the data set changes with 

the number of simulations. It is clear from the graph when the number of 

simulations (or size of the data set) increases the Rician noise level converges to a 

value.  The noise level is more stable beyond 40,000 simulations. Therefore, Rician 

noise level can be considered independent from number of simulations or the 

number of pixels in the sample. 

 




