


ABSTRACT

Combination of Wavefunction and Density Functional Approximations for

Describing Electronic Correlation

by

Alejandro J. Garza

Perhaps the most important approximations to the electronic structure problem in

quantum chemistry are those based on coupled cluster and density functional theories.

Coupled cluster theory has been called the “gold standard” of quantum chemistry

due to the high accuracy that it achieves for weakly correlated systems. Kohn–

Sham density functionals based on semilocal approximations are, without a doubt,

the most widely used methods in chemistry and material science because of their high

accuracy/cost ratio. The root of the success of coupled cluster and density functionals

is their ability to efficiently describe the dynamic part of the electron correlation.

However, both traditional coupled cluster and density functional approximations may

fail catastrophically when substantial static correlation is present. This severely limits

the applicability of these methods to a plethora of important chemical and physical

problems such as, e.g., the description of bond breaking, transition states, transition

metal-, lanthanide- and actinide-containing compounds, and superconductivity.

In an attempt to tackle this problem, nonstandard (single-reference) coupled

cluster-based techniques that aim to describe static correlation have been recently

developed: pair coupled cluster doubles (pCCD) and singlet-paired coupled cluster

doubles (CCD0). The ability to describe static correlation in pCCD and CCD0 comes,



however, at the expense of important amounts of dynamic correlation so that the high

accuracy of standard coupled cluster becomes unattainable. Thus, the reliable and

efficient description of static and dynamic correlation in a simultaneous manner re-

mains an open problem for quantum chemistry and many-body theory in general.

In this thesis, different ways to combine pCCD and CCD0 with density functionals

in order to describe static and dynamic correlation simultaneously (and efficiently)

are explored. The combination of wavefunction and density functional methods has

a long history in quantum chemistry (practical implementations have appeared in

the literature since the 1970s). However, this kind of techniques have not achieved

widespread use due to problems such as double counting of correlation and the symme-

try dilemma—the fact that wavefunction methods respect the symmetries of Hamilto-

nian, while modern functionals are designed to work with broken symmetry densities.

Here, particular mathematical features of pCCD and CCD0 are exploited to avoid

these problems in an efficient manner. The two resulting families of approximations,

denoted as pCCD+DFT and CCD0+DFT, are shown to be able to describe static

and dynamic correlation in standard benchmark calculations. Furthermore, it is also

shown that CCD0+DFT lends itself to combination with correlation from the direct

random phase approximation (dRPA). Inclusion of dRPA in the long-range via the

technique of range-separation allows for the description of dispersion correlation, the

remaining part of the correlation. Thus, when combined with the dRPA, CCD0+DFT

can account for all three-types of electron correlation that are necessary to accurately

describe molecular systems.

Lastly, applications of CCD0+DFT to actinide chemistry are considered in this

work. The accuracy of CCD0+DFT for predicting equilibrium geometries and vibra-

tional frequencies of actinide molecules and ions is assessed and compared to that of

well-established quantum chemical methods. For this purpose, the f 0 actinyl series

(UO2+
2 , NpO3+

2 , PuO4+
2 ), the isoelectronic NUN, and Thorium (ThO, ThO2+) and

Nobelium (NoO, NoO2) oxides are studied. It is shown that the CCD0+DFT de-



scription of these species agrees with available experimental data and is comparable

with the results given by the highest-level calculations that are possible for such heavy

compounds while being, at least, an order of magnitude lower in computational cost.
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Chapter 1

Introduction

This thesis is concerned mostly with the problem of calculating electronic correla-

tion. Thus, we start by reviewing the definition of electronic correlation commonly

used in quantum chemistry, as well as the different types of correlation. Traditional

approaches to calculate electron are then described; their strengths and weaknesses

analyzed. This analysis shall lead us to the idea of combining wavefunctions with

density functionals, discussed in the last section of this chapter, as an efficient way

to compute electronic correlation.

1.1 Electronic Correlation

The Hartree–Fock (HF) method is the simplest approximation for solving the elec-

tronic Schrödinger equation that obeys the Pauli exclusion principle. It is numerically

exact for one-electron systems: HF converges to the true nonrelativistic electronic

energy in the infinite basis set limit. (In practice, of course, finite basis sets are

used—what mathematicians would call Galerkin discretization—, but extrapolations

can be used to estimate the infinite basis limit.) Historically, the HF method has

been very important in part because of its conceptual appeal and usefulness; e.g., it

provides a numerical basis for molecular orbital theory and the aufbau principle which

are now standard material in the undergraduate chemistry curriculum. However, for

many-electron systems, HF is not suited for quantitative calculations and may also
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provide qualitatively wrong predictions. The reason for this is electron correlation:

According to HF, the probability of finding an electron on a certain point of space

is independent of the position of other electrons. Hence, the electrons’ movement is

uncorrelated, despite their position-dependent Coulomb repulsion (henceforth, I may

refer to electron correlation simply as “correlation”). In quantum chemistry, electron

correlation energy has traditionally been defined as the difference between the exact

and HF energies [1]. It is thus by definition that we are interested in calculating

correlation energies.

Computing electron correlation remains a significant challenge in quantum chem-

istry and many-body theory in general. We know how to do it: For an N -electron

system, build a wavefunction that is a linear combination of a set of N -electron

Slater determinants that span the full Hilbert space and optimize it variationally.

This method is known as full configuration-interaction (FCI) and it is the best, most

flexible wavefunction one can construct. By the variational principle, it yields the ex-

act energy and wavefunction. However, FCI requires the diagonalization of a matrix

that is roughly square combinatorial in size with respect to the number of electrons

and basis functions [2] (i.e., a matrix of dimension

M
N


2

, where M is the number of

basis functions). One quickly finds that FCI calculations on systems of even moderate

size would require an amount of CPU time on the order of the age of the universe

(that is, if one had enough computer memory to store the large matrices required

in order to carry out the calculation in the first place). Thus, approximate methods

are used to compute electron correlation and the development of more efficient and

accurate techniques is an active area of research in quantum chemistry and various

subdisciplines of physics such as, e.g., solid state physics.
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In order to simplify the electronic correlation problem, the correlation energy is

often divided into three types (see, e.g., Ref. [3]):

1. Static correlation (also known as nondynamical or strong). Arises due to exact

or near degeneracies, particularly between frontier orbitals. Hartree–Fock solu-

tions follow the aufbau principle; however, frontier orbital degeneracies imply

that this principle cannot be uniquely satisfied and that more than one configu-

ration (Slater determinant) is necessary to describe the wavefunction. This sort

of correlation is necessary to describe systems such as, e.g., open-shell singlets,

broken or partially broken bonds, Mott insulators, superconductors, as well as

many transition metal, lanthanide, and actinide complexes.

2. Dynamic or short-range weak correlation. A local form of correlation arising

due to instantaneous, short-range electron-electron repulsions. In configuration

space, it corresponds to the mixing of higher energy excited congurations, as

compared to the low-lying mixing involved in static correlation. This type of

correlation is necessary to achieve quantitative accuracy in virtually any type

of calculation.

3. Dispersion correlation. These are long-range electrostatic interactions arising

from instantaneous multipole-multipole interactions between electrons on dif-

ferent centers. Dispersion correlation is necessary to properly describe van der

Waals interactions.

The way in which this classification of the correlation is helpful is through the

design of approximations that aim to capture a particular part of the correlation.

Thus, methods designed for dynamic correlation are used for weakly correlated prob-

lems, methods for static correlation are used for bond-breaking problems, methods
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for dispersion are used for nonbonded interactions, and so on. Some techniques can

describe even more than one type of correlation. Currently, however, there is no

computationally-efficient method capable of describing all types of correlation simul-

taneously. Static correlation is, in particular, very difficult to properly take into

account without relying on high-cost (combinatorial) algorithms.

Recently, however, a number of approached have been developed for handling

static correlation at lower (polynomial) cost. It is the purpose of this thesis to design

new techniques based on the combination of these new methods with efficient ap-

proximations for the dynamic and dispersion correlation, in order to create a family

of methods that can account for all types of correlation simultaneously and at low

cost. For the sake of clarity and perspective, the next section summarizes some of

the most prominent methods for different types of correlation. This will shed light on

the motivation for the combination techniques presented in this work. Then, we shall

discuss the problems that arise when attempting to capture different types of corre-

lation by combination methods. The techniques used here to avoid these problems

will be discussed in the next chapter.

1.2 Traditional Quantum Chemistry Methods for Electronic

Correlation

The following is a brief summary of some of the most successful correlated methods

in quantum chemistry:

1. Multireference methods for static correlation. These techniques incorporate ex-

plicitly a number of different electronic configurations in the wavefunction. Pro-

vided that all the most important determinants are included, this guarantees
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a reasonable description of the static correlation. However, like in the case of

FCI, the cost depends combinatorially on the number of electrons and orbitals

(the active space) that are correlated in the wavefunction. Thus, this methods

are prohibitively expensive for large systems. In addition, typical multireference

techniques are not size-consistent, nor are they size-extensive. In brief terms,

this means that the quality of the calculation deteriorates as the system size

increases (unless one enlarges the active space, increasing the cost further). Fi-

nally, because only a limited number of configurations can be included due to

cost, multireference methods often miss a large part of the dynamic correlation

and fail to describe dispersion forces.

2. Methods for dynamic correlation: perturbation theory, coupled cluster, and den-

sity functionals. If the correlation is purely dynamical, the correction to the

Hartree–Fock determinant is expected to be small and thus perturbation the-

ory can be safely used. Second order Møller–Plesset perturbation theory (MP2)

is probably the most commonly used perturbation technique in calculations on

chemical systems. In quantum chemistry, the coupled cluster (CC) hierarchy

has been particularly successful as a “gold standard” for weakly correlated sys-

tems. Coupled cluster builds correlation on top of a reference via an exponential

parametrization of the wavefunction:

|ΨCC〉 = eT |Φ〉, (1.1)

where |Φ〉 is the reference determinant (typically HF), and T is the cluster

operator

T =
∑
ia

tai c
†
aci︸ ︷︷ ︸

T1

+
∑
ijab

tab
ij c

†
ac

†
bcjci︸ ︷︷ ︸

T2

+
∑

ijkabc

tabc
ijkc

†
ac

†
bc
†
cckcjci︸ ︷︷ ︸

T3

+ · · · , (1.2)
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where abc are indices for virtual orbitals, and ijk are indices for occupied or-

bitals (the operators c†p and cp are standard creation and annihilation operators,

respectively). The CC hierarchy consists on truncating the T operator at dif-

ferent excitation levels: CCD contains only T2 (doubles); CCSD has T1 and T2

(singles and doubles); CCSDT T1, T2, and T3 (singles, doubles and triples); and

so on. The popular CCSD(T) method includes singles and doubles explicitly,

while the triples are incorporated in a perturbative manner. This often leads to

excellent results: CCSD(T) is, in fact, the specific CC approximation that has

been called the gold standard of quantum chemistry.

While very powerful, CC methods still have the disadvantage of being rather

costly. For example, the cost of CCSD is O(N6), the cost of CCSD(T) is O(N7),

and the cost of CCSDT is O(N8). A hugely successful, much less expensive,

alternative to wavefunction methods for dynamic correlation are Kohn–Sham

(KS) density functional theory (DFT) semilocal and hybrid approximations.

KS-DFT owes its popularity to a mean-field-like scaling (typically O(N3)), as

well as the useful accuracy that modern functionals can achieve. The correlation

in DFT is, in general, modeled as

EDFT
c [n] =

∫
d3r n(r)εDFT

c (n), (1.3)

where n(r) is the electron density and εc the correlation energy density. This

latter term is often computed using an approximation such as the local density

approximation (LDA)—or semilocal corrections to the LDA—that is obtained

by parametrizing εc from accurate reference data for a model system such as

the uniform electron gas. The local nature of this sort of density functional

approximations (DFAs) makes them particularly efficient at describing dynamic
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correlation. However, they are unsuitable for capturing long-range van der

Waals forces and may fail badly if substantial static correlation is present (vide

infra).

3. Methods for dispersion correlation: perturbation theory, coupled cluster, and the

random phase approximation. The correlation due to dispersion interactions

is small in magnitude compared to the total energy of a system. Thus, the

methods capable of describing weak correlation that can also capture nonlocal

interactions (i.e., the wavefunction methods, as opposed to local functionals)

such as MP2 and CC can capture dispersion too. In more recent years, the

random phase approximation [4] (RPA) has also gained popularity due to its

correct description of long-range van der Waals forces [5–8]. Nonlocal density

functionals have also been developed to overcome the deficiencies of semilocal

approximations for dispersion interactions.

Of the methods mentioned above, the ones that have had the largest impact in

chemistry and materials science are those for dynamic correlation. The reasons for

this are (1) that the accuracy/cost ratio of these methods for weakly correlated sys-

tems is high enough to be of use in practical applications, and (2) that there are

many systems of interest are only weakly correlated (e.g., most “normal” organic

molecules at equilibrium, typical metals and semiconductors, etc.). However, a great

deal of chemically and physically important phenomena involves strong correlation

(e.g., bond breaking, transition states, superconductors etc.), and it is here where

perturbation theory, CC, and common DFAs cease to work. Traditional CC methods

can fail catastrophically when the correlation is strong [9, 10]. An example of this

can be seen in the dissociation of the nitrogen molecule shown in Figure 1.2.1: as
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Figure 1.2.1 : Dissociation energy profile for the N2 molecule using a cc-pVDZ basis
showing the failure of coupled cluster when the correlation is strong. RHF refers to
the restricted (i.e., symmetry-preserving) Hartree–Fock method. The accurate curve
is from FCI reference data.

the internuclear distance approaches the dissociation limit, the CCSDT correlation

goes to minus infinity. When the N2 bond is stretched, the bonding, σ2p and π2p,

and antibonding, σ∗2p and π∗2p, orbitals become degenerate, leading to large amounts

of static correlation and large cluster amplitudes for the low lying excitations. In

truncated CC, the higher excitation-level amplitudes are approximated as products

of lower ones, leading to catastrophic behavior in the strongly correlated limit. Per-

turbation based approaches like MP2 display unstable behavior similar to coupled

cluster because orbital degeneracies cause instabilities in the perturbative correlation

expression—the energy can become undefined.

Likewise, the correlation functionals of widely used semilocal DFAs capture only

dynamic correlation. Although the exchange part of the functionals can mimic some

static correlation effects in a nonspecific manner [11], DFAs currently in use are
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Figure 1.2.2 : Errors in correlation energy for the beryllium isoelectronic series (i.e.,
X(Z−4)+ ions) showing the failure of semilocal DFAs.

not considered to be reliable for strongly correlated systems [3]. A rather dramatic

example of the failure of semilocal DFAs to describe static correlation is the beryllium

isoelectronic series [12] (i.e., X(Z−4)+ ions). Here, the static correlation due to 2s2 →

2p2 degeneracies increases linearly with the nuclear charge Z. Figure 1.2.2 shows how

a semilocal DFA fails badly to capture this effect; in fact, it is the error for the DFA

that increases linearly with the nuclear charge. Although there are many different

functionals available in the literature, they all show the same behavior for the Be

series; the problem is something more fundamental that cannot be fixed by rather

small corrections or improved parametrizations.

In addition to having trouble with static correlation, semilocal DFAs also have

problems with dispersion correlation, in particular with long-range van der Waals

interactions [13, 14], as mentioned above. This is illustrated in Figure 1.2.3, which

shows the dissociation of a helium dimer. Semilocal approximations fail to bind He2,
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as they cannot capture the subtle long-range correlation responsible for the attraction

between neutral, closed-shell species [13,14].

In summary, there are currently no efficient computational methods that can

describe simultaneously all three types of correlation. The most widely used approxi-

mations, KS-DFT semilocal functionals, fail for the strong and long-range dispersion

correlation. The “gold standard” of quantum chemistry, coupled cluster theory, can

break down completely when there is strong correlation. The methods that do work

for static correlation fail to capture dynamic and dispersion correlations, and are

computationally expensive (combinatorial scaling). In a nutshell, the electronic cor-

relation problem remains unsolved.
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1.3 Combination of Multireference and Density Functional

Approximations

Let us, for now, focus only on how to describe dynamic and static correlation si-

multaneously, since none of the methods discussed so far can do this efficiently and,

furthermore, many important problems involve these two types of correlation. On

the one hand, multireference (MR) techniques can describe static correlation by in-

cluding the most important Slater determinants in the wavefunction; however, they

are broadly inefficient for capturing these since very large determinant expansions

are required to describe the electron correlation cusp. On the other hand, semilo-

cal DFAs are very efficient at capturing dynamic correlation, but can’t describe static

correlation. That is, MR ansätze typically used in quantum chemistry capture mostly

(albeit not exclusively) static correlation, whereas common DFAs provide an efficient

alternative to evaluate the dynamic correlation. This is the premise that motivates

MR+DFT methods: the combination of multireference wavefunctions with density

functionals. Under this premise, one could think of approximating the exact energy

as

EMR+DFT ≈ EMR + EDFA
c [n], (1.4)

where EMR is the MR energy and EDFA
c is a (dynamic) correlation functional of the

density n. Nevertheless, despite the apparent simplicity and soundness of MR+DFT,

these methods have not achieved widespread use even though concrete implementa-

tions have appeared in the literature since circa 1970 [15,16]. This is largely because

of three problems that plague MR+DFT: (1) double counting, (2) the symmetry

dilemma, and (3) the problems of the MR method itself. These problems, and the

many efforts [17–48] that have been done to tackle them, can be (very) briefly reca-
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pitulated as follows:

1. Double counting. This problem arises because, in general, the MR energy con-

tains some dynamical correlation which is also described by the DFA. A raw

implementation of Eq. 1.4 using a standard DFA will therefore often yield too

low energies and unsatisfactory results [17, 18]. Strategies that have been pro-

posed to avoid the double counting include the use of small active spaces and

reparametrized functionals [15,16,19]; scaling the correlation energy density by

factors based on the local density approximation [20–22] (LDA) or on the cusp

condition for the pair density [34]; partition of the electron-electron interaction

to create MR+DFT global [23–25] or range-separated [18,26–29] hybrids; sepa-

ration of the correlation contributions to the single-particle spectrum [30,31]; as

well partitions of the orbital space [32,33] based on embedding schemes [49,50].

None of these solutions is perfect: they either eliminate double counting approx-

imately only, or eliminate it exactly but may neglect some static or dynamic

correlation.

2. The symmetry dilemma. This refers to the fact that typical (e.g., Kohn–

Sham) DFAs tend to break spin symmetry (to significantly lower the energy)

in strongly correlated systems [51], whereas MR methods do not. The dilemma

is therefore the following: One must choose between having physically pos-

sible spin densities and unphysical DFA energies, or improved DFA energies

and unphysical spin densities. Although one may opt on retaining the sym-

metries of the Hamiltonian, this choice results in massive static correlation

errors for common DFAs [52]. Approaches to circumvent this issue include

the use of functionals that take as inputs not only the density but also the



13

local pair density [18, 20, 24, 25, 35], or employing alternative spin densities de-

fined by a transformation of the occupation numbers of the charge density

matrix [19,43,44,47,48]. The former approach is formally justified by the work

of Perdew et al. [51], but can be computationally disadvantageous because com-

puting the pair density usually requires knowledge of the two-particle density

matrix, which can be expensive to evaluate [25, 43, 44]. The latter approach is

an ad hoc solution to the problem of computing the pair density, but suffers

from ambiguity [17, 48] in the possible definitions of the alternative densities

and is, of course, less rigorous.

3. Problems of the MR method itself. Typical MR techniques of quantum chem-

istry have serious limitations. High computational cost and the lack of size-

consistency and size-extensivity are probably the most prominent of these. Of

the three main problems of MR+DFT, this is perhaps the most difficult to

solve as it requires the development of novel, more efficient methods for han-

dling static correlation. Alternative MR methods that have recently been pro-

posed for use in MR+DFT include constrained-pairing mean-field theory [47,53]

(CPMFT), projected Hartree–Fock [17, 48, 54] (PHF), and the density matrix

renormalization group [28,55] (DMRG). While they have afforded some encour-

aging results, none of these alternatives is flawless: CPMFT+DFT often reduces

(energetically) to unrestricted (U)HF+DFT unless DFT exchange is included

in the mixture [47] (which is undesirable as it introduces self-interaction); PHF

lacks size consistency and extensivity [54]; and DMRG still bears some of the

problems of traditional MR techniques (e.g., requires definition of an active

space, and size-consistency can only be guaranteed by enlarging this space).

We should also mention here that attempts have also been made to add dy-
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namic correlation to these nontraditional techniques for static correlation using

approximations other than DFAs (see, e.g., Refs. [56–64]), but, save a few ex-

ceptions [58,59], the increase in cost is non-negligible in these approaches (and

the perturbative ones can also introduce instabilities [63–65]).

Hence, despite many efforts, the problems of MR+DFT have not been solved in

a manner that is satisfactory enough for these methods to achieve widespread ap-

plicability. Moreover, the solutions above would still neglect long-range dispersion

correlation which is not capture by neither comment DFT or MR approximations.

In this thesis, a different way to elude the problems of MR+DFT is proposed

via two families of methods: (1) pair coupled cluster doubles (pCCD)+DFT, and (2)

singlet-paired coupled cluster doubles (CCD0)+DFT. The pCCD and CCD0 methods

(discussed in the following two chapters) are recently developed CC-based approaches

that avoid the catastrophic breakdown of standard CC by relinquishing a fraction of

the weak correlation. They have polynomial, rather than combinatorial, cost and are

both size-consistent and size extensive, essentially providing a solution for problem 3

above. In the case of pCCD+DFT, a number of hybridization schemes are used that

eliminate the double counting exactly or approximately, and a family of methods anal-

ogous to KS-DFT hybrids is derived. The symmetry dilemma is avoided rigorously in

pCCD+DFT via the on-top pair density interpretation of KS-DFT; and we shall see

that pCCD is particularly suitable for combinations with DFT in this manner due

to the sparsity of its two-particle density matrix. In contrast, CCD0+DFT avoids

the problems of MR+DFT in a very different manner from pCCD+DFT and other

MR+DFT methods. The double counting is avoided by using the fact that CCD0

has only correlations involving pairs of electrons with opposite spin; we show that

the missing contributions can be added in terms of a multiple of the parallel-spin
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correlation from a density functional. The fact that we compute solely equal-spin

correlation with the DFA allows us then to avoid the typical problems caused by the

symmetry dilemma without resorting to symmetry breaking. Finally, we will show

that CCD0+DFT lends itself to incorporate long-range correlation from direct ran-

dom phase approximation (dRPA) in order to recover the dispersion correlations that

are not captured by pCCD+DFT and typical MR+DFT methods.
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Chapter 2

Combination of Pair Coupled Cluster Doubles

with Density Functionals

The first family of methods that we shall discuss is that based on the combination of

pair coupled cluster doubles with density functional theory (pCCD+DFT). We begin

with a minimal description of pCCD, to then discuss how the problems of MR+DFT

are avoided in pCCD+DFT, and finally benchmark the resulting hybrid methods.

The work presented in this chapter is largely based on the following references:

• A. J. Garza, T. M. Henderson, I. W. Bulik, and G. E. Scuseria, J. Chem. Phys.

142, 044109 (2015).

• A. J. Garza, T. M. Henderson, I. W. Bulik, and G. E. Scuseria, Phys. Chem.

Chem. Phys. 17, 22412 (2015).

Some passages in this chapter have been taken verbatim from the above publications.

2.1 Pair Coupled Cluster Doubles (pCCD)

Let i and a be indices for occupied and virtual orbitals, respectively. The pCCD

ansatz is [60,65–69]

|Ψ〉 = eT̂ |0〉, (2.1)

where |0〉 is an optimized, closed-shell, reference determinant and

T̂ =
∑
ia

tai c
†
a↑c

†
a↓ci↓ci↑. (2.2)
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Thus, pCCD is a simplification of the well-known CCD method that restricts exci-

tations to pair excitations (plus orbital optimization). Despite this, pCCD has been

shown to describe static correlation without symmetry breaking [60, 65–69]. In fact,

it is exact for two-electron systems and its wavefunction closely reproduces that of a

seniority-zero full configuration interaction—an optimal linear combination of all con-

figurations that do not break electron pairs [60] (i.e., all seniority zero configurations;

see Ref. [2] for a detailed explanation of the concept of seniority).

Let us now remark the reasons for which pCCD is especially suitable for MR+DFT [25]:

pCCD is (always) size-extensive and size-consistent (provided that |0〉 be size-consistent);

the equations for the tai amplitudes can be solved in O(N3) time and the orbital opti-

mization can be done efficiently (i.e., low cost); Γrs
pq has a simple structure with only

2N2 nonzero elements in the natural orbital basis [60], and this allows one to use

the on-top pair density interpretation of KS-DFT in practical pCCD+DFT applica-

tions (that is, a practical solution around the symmetry dilemma). For a detailed

description of pCCD and its properties, as well as the formulas for Γrs
pq, see Ref. [60].

One last technical detail regarding pCCD should be mentioned here. Like other

coupled cluster methods, pCCD has a right-hand eigenvector eT̂ |0〉 and left-hand

eigenvector 〈0|(1 + Ẑ)e−T̂ , where Ẑ is defined analogously to T̂ † in Eq. 2.2 (i.e.,

the tai amplitudes are replaced by the za
i amplitudes of the left-hand eigenvector).

In practice, we evaluate operators by weighting the elements of the one- and two-

particle density matrices of pCCD with their corresponding one- and two-electron

integrals, respectively. This is equivalent to saying that we evaluate the expectation

value of an operator Ô as 〈0|(1 + Ẑ)e−T̂ ÔeT̂ |0〉. In what follows, we shall denote

〈0|(1 + Ẑ)e−T̂ ÔeT̂ |0〉 as 〈Ψ|Ô|Ψ〉 whenever |Ψ〉 is the pCCD eT̂ |0〉 wavefunction.
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2.2 Avoiding the Symmetry Dilemma in pCCD+DFT

Kohn–Sham DFT can be reformulated in terms of the total density n(r) and the on-

top pair density P2(r) (the probability of finding two electrons at r), rather than n(r)

and the spin density mz(r). This was pointed out by Perdew, Savin, and Burke [51]

in 1995 and although the original purpose of that work was to provide a justifica-

tion for symmetry breaking in KS-DFT, this interpretation can be used to couple

wavefunction and DFT methods.

Noting that n(r) = n↑(r) + n↓(r), mz(r) = n↑(r) − n↓(r), and—for a Slater

determinant [70, 71] using Löwdin’s normalization [1] for the pair density—P2(r) =

n↑(r)n↓(r), one arrives at the following alternative definition for the spin density

m(r) =
√
n(r)2 − 4P2(r), (2.3)

so that KS-DFT functionals can be redefined in terms of n(r) and P2(r). For MR

wavefunctions, mz(r) 6= m(r) and one obtains spin polarized densities fit for KS-DFT

exchange-correlation functionals [35].

Hence, as in previous works (see Refs. [20, 24, 25, 35]), we define the alternative

spin density as

m(r) =


√
n(r)2 − 4P2(r) if n(r)2 ≥ 4P2(r)

0 if n(r)2 < 4P2(r),
(2.4)

to prevent m(r) in Eq. 2.3 from becoming complex. For generalized gradient approx-

imations (GGAs), we adopt the translated gradient spin density of Ref. [24]

m′(r) =

 n′(r)
√

1− 4P2(r)
n(r)2

if n(r)2 ≥ 4P2(r)

0 if n(r)2 < 4P2(r),
(2.5)

where n′(r) = |∇n(r)|. Eq. 2.5 has already been shown to produce reasonable re-

sults [24].
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In Chapter 1, we mentioned that one may choose to retain the symmetry-adapted

[n,mz] densities of the MR wavefunction. For comparison purposes, we will show

calculations using both the [n,mz] densities and the alternative [n,m] densities. We

note that all benchmarks studied here are singlets and therefore [n,mz] = [n, 0] (i.e.,

because pCCD preserves spin symmetry).

2.3 Supressing Double Counting: Hybrid pCCD+DFT

Starting from a very general hybridization scheme, we can obtain a whole family of

pCCD+DFT methods analogous to KS-DFT hybrids. To do this, we use a combina-

tion of the procedure used by Pollet et al. [26] to derive MR+DFT range-separated

hybrids, and the procedure used by Sharkas et al. [23] to derive MR+DFT global

hybrids. First, let us divide the electron-electron Coulomb operator into short- and

long-range (SR and LR) parts via the screened erf(r12) interaction:∑
i>j

1

rij

=
∑
i>j

erf(µrij)

rij︸ ︷︷ ︸
V lr,µ

ee

+
∑
i>j

1− erf(µrij)

rij︸ ︷︷ ︸
V sr,µ

ee

, (2.6)

where µ is the range-separation parameter. This technique is known as range sep-

aration as has been of great usefulness for developing KS-DFT hybrids capable of

describing certain long-range properties [72–77]. Let now further us split V sr,µ
ee as

V sr,µ
ee = λV sr,µ

ee + (1− λ)V sr,µ
ee , (2.7)

where λ ∈ [0, 1]. If λ is the fraction of SR wavefunction two-body energy included,

then we can write the electronic energy as

E = 〈Ψ|Hcore + V lr,µ
ee + λV sr,µ

ee |Ψ〉+ Ēsr,µ,λ
Hxc [n], (2.8)

where Hcore is the one-electron core Hamiltonian (i.e., kinetic energy plus local ex-

ternal potential), and Ēsr,µ,λ
Hxc [n] is the λ-dependent Hartree-exchange-correlation term
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associated with the (1 − λ)V sr,µ
ee interaction. Note that Eq. 2.8 provides the exact

ground state energy if the exact wavefunction and density functional are used—that

is, there is no double counting of correlation. Let us now manipulate Eq. 2.8 into a

form that is amenable for approximate pCCD+DFT.

Because Esr,µ
Hx is linear on the V sr,µ

ee interaction, the λ-dependent Hartree-exchange

contribution is

Ēsr,µ,λ
Hx [n] = (1− λ)Esr,µ

Hx [n]. (2.9)

The KS-DFT correlation contains corrections to the kinetic energy and is not linear

in λ. However, the correlation correction corresponding to (1 − λ)V sr,µ
ee can still be

written as Ēsr,µ,λ
c [n] = Esr,µ

c [n] − Esr,µ,λ
c [n], where Esr,µ,λ

c [n] is the correlation with a

λV sr,µ
ee interaction. Using the scaling relation [78]

Esr,µ,λ
c [n] = λ2Esr,µ/λ

c [n1/λ] (2.10)

where n1/λ(r) = (1/λ)3n(r/λ), and neglecting the scaling of the density as in Ref. [23],

we obtain

Ēsr,µ,λ
c [n] = Esr,µ

c [n]− λ2Esr,µ/λ
c [n]. (2.11)

We can then get a practical expression for the energy that includes pCCD SR two-

body energy as

E =〈Ψ|Hcore + V lr,µ
ee + λV sr,µ

ee |Ψ〉+ (1− λ)Esr,µ
Hx [n,m] (2.12)

+ Esr,µ
c [n,m]− λ2Esr,µ/λ

c [n,m].

Eq. 2.12 suppresses the double counting in the SR exactly modulo uniform scal-

ing effects. However, the impact of density scaling has been shown to be small for

MR+DFT global hybrids [23] (less than 1 kcal/mol on average errors in thermochem-

istry). Also, although approximate scaling relations such as Ec[n1/λ] = λEc[n] have
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been used to develop functionals [80], benchmark tests showed that using this relation

affords essentially the same results as neglecting the scaling with a slightly different

λ value in the case of pCCD+DFT.

From Eq. 2.12, a whole family of hybrid pCCD+DFT methods can be obtained.

Consider first the case when µ = 0 and λ = 0. The long range vanishes and Eq. 2.12

reduces to

E = 〈Ψ|Hcore|Ψ〉+ EHx[n,m] + Ec[n,m], (2.13)

which is analogous to a (semi)local KS-DFT functional (e.g, the LDA or the Perdew–

Burke–Ernzerhof (PBE) functional), where the full Hartree-exchange-correlation term

is evaluated with the DFA, except that Ψ is a pCCD wavefunction rather than a KS

determinant.

Next, consider the case with µ = 0 and λ 6= 0. The long range also vanishes, but

there is now a fraction of full range pCCD two-body energy in the energy expression:

E = 〈Ψ|Hcore + λVee|Ψ〉+ (1− λ)EHx[n,m] + (1− λ2)Ec[n,m], (2.14)

where Vee is the full-range interelectron Coulomb operator. This energy expression is

analogous to that of KS-DFT global hybrid (e.g., PBE0 or B3LYP), except for the

1 − λ2 prefactor that scales Ec[n,m] in order to avoid double counting of correlaion

with the pCCD 〈Ψ|Hcore + λVee|Ψ〉 term (because Ψ has some dynamic correlation).

Finally, consider µ 6= 0 and λ = 0 in Eq. 2.12. The energy becomes

E = 〈Ψ|Hcore + V lr,µ
ee |Ψ〉+ Esr,µ

Hx [n,m] + Esr,µ
c [n,m], (2.15)

which is analogous to the energy expression for a long-range KS hybrid (e.g., LC-

ωPBE). Here, the range separation alone gets rid of the double counting, as the

ranges over which pCCD and Esr,µ
c [n,m] capture correlation do not overlap. It is
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worth noting that one could invert the ranges, ending up with DFT correlation in the

long range, and wavefunction correlation in the short-range. However, semilocal ap-

proximations are much more accurate in the short range [79], whereas wavefunction

methods satisfy the correct long-range exchange behavior that semilocal function-

als can’t reproduce; hence the motivation for the short-range DFT plus long-range

wavefunction correlation.

2.4 Supressing Double Counting at the LDA level: pCCD+fDFT

The energy expressions above can avoid the double counting exactly via the hybridiza-

tion. However, they pay a price for it: EDFT
Hx needs to be included, which introduces

self-interaction error [81–83] due to the inexact exchange term. One may, however,

choose to pay with a different coin: to exclude EDFT
Hx in exchange for an approximate

elimination of double counting. In this approach, the electronic energy expression

takes the form

E = 〈Ψ|Hcore + Vee|Ψ〉+

∫
d3r n(r)f(r)εDFT

c (n, P2), (2.16)

where is f(r) a local scaling factor and εDFT
c the DFT correlation energy density. The

f(r) used here is an adaptation for pCCD from the one developed for CAS-DFT by

Miehlich et al. [20], analogous to the adaptation for projected Hartree–Fock (PHF)

in the PHF+fDFT method [17] (developed in previous work by the author of this

thesis). To compute f(r), we first construct a reference density

%ref(r) =

nk 6=0∑
k

2|ψk(r)|2, (2.17)

where ψk(r) are the natural orbitals and the sum runs over all ψk(r) with nonzero

occupation numbers nk. A local measure of the size of the active space can then be
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εhom
c (n,∞)

εHOMO

(= εNelec/2)

εref

εhom
c (n, ηref)

Figure 2.4.1 : Types of excitations taken into account by εhom
c (n,∞) and εhom

c (n, ηref).
The latter suppresses contributions to the correlation from excitations that go to
levels higher in energy than those with occupations nk 6= 0.

defined as

ηref(r) =

(
%ref(r)

n(r)

)1/3

, (2.18)

and the scaling factor is

f(n, ηref) = 1− εhom
c (n, ηref)

εhom
c (n,∞)

, (2.19)

where εhom
c (n,∞) is the correlation energy density in the homogeneous electron gas—

the standard LDA energy—, while εhom
c (n, ηref) represents the same term but when

excitations are restricted to the highest energy level of %ref, εref [22, 84]. The types

of excitations taken into account by εhom
c (n,∞) and εhom

c (n, ηref) are illustrated in

Fig. 2.4.1. Thus, the scaling factor is calculated at the LDA level. In practice,

f(n, ηref) is evaluated using the parametrization provided in Ref. [20].

2.5 Summary and Notation for pCCD+DFT methods

For convenience of the reader, all the methods that have been presented so far are

summarized in Table 2.1. The notation that will be used throughout this work is



24

Table 2.1 : Summary and notation for pCCD+DFT methods.

Method Electronic Energy Formula

pCCD+1DFT 〈Ψ|Hcore + V̂ee|Ψ〉+ Ec[n,m]

pCCD+fDFT 〈Ψ|Hcore + V̂ee|Ψ〉+ Ec[n,m, f ]

pCCD-DFT 〈Ψ|Hcore|Ψ〉+ EHx[n,m] + Ec[n,m]

pCCD-λDFT 〈Ψ|Hcore + λVee|Ψ〉+ (1− λ)EHx[n,m]+

(1− λ2)Ec[n,m]

LC-pCCD-DFT 〈Ψ|Hcore + V lr,µ
ee |Ψ〉+ Esr,µ

Hx [n,m]+

Esr,µ
c [n,m]

LC-pCCD-λDFT 〈Ψ|Hcore + V lr,µ
ee + λV sr,µ

ee |Ψ〉+

(1− λ)Esr,µ
Hx [n,m] + Esr,µ

c [n,m]−

λ2E
sr,µ/λ
c [n,m]

also specified in this Table. To analyze the effects of double counting, and additional

method, denoted as pCCD+1DFT, is introduces which adds the full DFA correlation

to the total pCCD energy. It should be noted that For λ = 0 and µ = 0, pCCD-DFT

is analogous to the multiconfiguration pair density functional theory of Li Manni et

al. [24], except that the former uses a pCCD wavefunction while the latter uses a

complete active space (CAS) wavefunction. We also remark that, with λ 6= 0 and

µ 6= 0, the LC-pCCD-λDFT energy formula bears close resemblance with that of

the double hybrid DFT using the Coulomb-attenuating method [74] of Cornaton and

Fromager [29].

The pCCD+DFT combinations in Table 2.1 have up to two parameters: λ and

µ. In this work we utilize λ = 3/4 and µ = 0.4 bohr−1 due to the following reasons:
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(1) these values provide reasonable results for all benchmarks tested here, and (2)

µ = 0.4 au is commonly employed in standard KS-DFT range separated hybrids,

and has been shown—by theoretical and numerical arguments—to be adequate for

methods that combine SR-DFT energy with LR-wavefunciton correlation [85, 86].

Note, however, that the optimal µ value in common LC-KS-DFT approximations

depends on the size of the system [87], and that definition of a locally-dependent

µ(r) is also possible [88,89]. However, a size-dependent µ breaks size consistency and

extensivity [90, 91], whereas implementation and efficiency issues arise in the case of

a locally-dependent µ(r) [89].

2.6 Evaluation of Short-Range DFT Exchange-Correlation

To evaluate Esr,µ
Hx andEsr,µ

c , we need short-range functionals (i.e., functionals parametrized

for the screened, short-range interaction). The range-separated parametrization of the

local density approximation (LDA) by Paziani et al. [92] is employed for this. For

combinations with GGAs, the long-range correction for the exchange by Ikura et

al. [73] (LC-PBE) that is implemented in Gaussian is used, as well as the LC-ωPBE

exchange [76]. Although there are some LC-GGA parametrizations for the correla-

tion [93,94], for simplicity (and possible extension to meta-GGAs; see Chapter 3) an

approximate local scaling is introduced

Esr,µ
c [n,m] =

∫
n(r)

εsr-LDA
c,µ (n,m)

εLDA
c (n,m)

εGGA
c (n,m, n′,m′)d3r (2.20)

where εsr-DFA
c,µ and εDFA

c are short- and full-range correlation energy densities, respec-

tively. As will be shown later, this simple correction works considerably well. We

note, in passing, that Eq. 3.45 can also be used to combine GGAs (or meta-GGAs)

with other types of correlated methods as in, e.g., the LC-ωDFT+dRPA method of
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Janesko et al. [7] which incorporates LR correlation from the direct random phase

approximation (dRPA) in order to describe van der Waals interactions.

2.7 Computational Details

In-house programs are used for the pCCD part of the pCCD+DFT calculations;

the DFT part is carried out in a modified version of Gaussian [95]. For all the

pCCD+DFT combinations presented here, the pCCD wavefunction is determined

self-consistently; the DFT energy is evaluated afterward in a single point calculation

using the n(r) and P2(r) from pCCD. The threshold on nk for an orbital to contribute

to %ref in Eq. 2.17 is set to nk ≤ 1 × 10−12; no appreciable differences in the results

given here are observed when using nk ≤ 1× 10−8. The LDA parametrization used is

the Vosko–Wilk–Nusair (VWN5) for correlation [96] and 2/3 of Slater [97] exchange—

this scaling has been used before in MR+DFT [24] and it helps to reduce the typical

overbinding of LDA. For combinations of pCCD with GGAs, we use both Perdew–

Burke–Ernzerhof (PBE) exchange and correlation [12]. Reference calculations using

standard quantum chemistry methods were either taken from the literature (references

are provided where appropriate) or carried out in Gaussian. All calculations use

cartesian basis functions.

2.8 Benchmarking of pCCD+DFT

2.8.1 Analysis of H2 System and SR-DFT Energy

Although pCCD is exact for two-electron systems, analyzing the dissociation of the

H2 molecule provides valuable insight on the properties of pCCD+DFT methods:

because pCCD+DFT is not exact whereas pCCD is, we can analyze the possible
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sources of error in pCCD+DFT. Figure 2.8.1 shows the dissociation energy curves for

the H2 molecule calculated by different pCCD+DFT methods. Analysis of the results

in this figure reveals that the conditions for good agreement between pCCD+DFT

and the exact curve are:

1. That the double counting be treated appropriately. The pCCD+1DFT method

yields too-low energies due to the fact that it neglects double counting correc-

tions. The scaling factor in pCCD+fDFT heals this issue.

2. That the dependence on the on-top pair density be used via the [n,m] densi-

ties. Even if pCCD two-body energy is included in the mixture (as in LC-

pCCD+DFT), the use of the restricted [n, 0] densities results in poor energies

due to error in the exchange and correlation (we will analyze this in more depth

in short).

3. That a fraction of pCCD two-body energy be incorporated in the energy expres-
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sion. Poor results are also given by pCCD-DFT, even when the [n,m] densities

are employed. As we will see in short, this is related to the reduction of the

infamous self-interaction error (SIE) of DFT when a fraction of EDFA
x is replaced

by (SIE-free) wavefunction exchange.

Thanks to the relative simplicity of the H2 system, we can further tell what are

the precise origins of the problems in pCCD+DFT methods that fail to describe this

system, and why other pCCD+DFT fix these issues. To analyze the sources of error

for the hybrid methods in Fig. 2.8.1, we note that all of the error in the case of

H2 comes from the DFA. This error can be divided into two parts: (1) the error in

the exchange, which for singlet H2 is simply Ex + 0.5EH, and (2) the error in the

correlation, which is the total error minus the error in the exchange. These errors

are plotted for various methods in Fig. 2.8.2. For both LC-pCCD-LDA[n, 0] and

pCCD-LDA[n,m] the total error at short bond lengths and near the equilibrium is

dominated by a positive contribution from the error in Ex, which can be interpreted as

SIE. In contrast, at large internuclear distances, the largest contribution to the error

comes from the Ec, because the LDA correlation functional cannot describe static

correlation properly. The effect of the long-range correction is to reduce the SIE,

whereas the use of the alternative spin polarization results in a better cancellation

of error between the exchange and correlation. Thus, LC-pCCD-LDA[n,m] provides

small errors along all the dissociation curve even if the individual errors in Ex or Ec are

large at the dissociation limit. In other words, the use of the [n,m] densities allows for

the exchange functional to describe the static correlation missing in Ec. This explains

the rather disappointing results for strongly correlated systems of previous, similar,

LC-MR+DFT methods that did not employ alternative densities [26]. For example,

the LC-CI-DFT[n, 0] method of Ref. [26] with µ = 0.45 au cannot recover more than
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about 75% of the correlation (with respect to restricted HF) for H2 at RH-H = 3.0 au.

In fact, for this same case, even if one chooses an optimal µ value to be as close as

possible to full configuration interaction (FCI), LC-CI-DFT[n, 0] is not better than

CI alone; the optimal µ values are extremely large [26] (µ ≥ 5.75 au).

The improved description of the H2 dissociation limit by LC-pCCD-DFT when

using the [n,m] densities, rather than [n, 0], can be demonstrated analytically for the

limit of large µ using results from Ref. [79]. There, an asymptotic expansion for the

SR Hartree term in the µ→∞ limit was found to be

Esr,µ
H =

√
πA0

µ2

∫
n(r)2dr −

√
πA2

12µ4

∫
|∇n(r)|2dr + · · · , (2.21)

where Ak = Γ((k + 3)/2). The analogous expression for the LDA exchange is [79,98]

Esr,µ
x = −

√
πA0

2µ2

∫
n(r)2dr +

3
2
3π

11
16A2

20µ4

∫
n(r)

8
3dr + · · · (2.22)

In terms of the n↑ and n↓ densities, the LDA exchange for a spin polarized system is

Ex[n↑, n↓] =
1

2
(Ex[2n↑] + Ex[2n↓]) . (2.23)

At the dissociation limit, P2(r) = 0 and thus the alternative spin polarization is

m = n. When using the alternative densities, 2n↑ = n+m = 2n and 2n↓ = n−m = 0,

so it is readily seen that the dominant (first) terms of the Hartree (Eq. 2.21) and

exchange (Eqs. 2.22, 2.23) energies will cancel each other. In contrast, if no alternative

spin polarization is used, m = 0 and hence n↑ = n↓ = n/2, so that the exchange is

simply Esr,µ
x [n] and the difference is roughly equal to 1

2
Esr,µ

H [n]. This results in too

high energies for the -LDA[n, 0] approach because the LR two-body pCCD energy is

already exact and equal to the full-range two-electron repulsion of 1/RH-H. Although

this error could, in principle, be corrected by the correlation functional, in practice it
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does not because the LDA correlation is too small to account for the relatively large

effects of static correlation (i.e., it is basically weak/dynamic correlation).

Another two results from Ref. [79] that are worth mentioning here are the closed-

shell exact SR expansions in the limit of large µ for the exchange [79,98]

Esr,µ
x,exact =−

√
πA0

2µ2

∫
n(r)2dr +

√
πA2

24µ4

∫
n(r)

×
(
|∇n(r)|2

2n(r)
+ 4τ(r)

)
dr + · · · (2.24)

and correlation [79]

Esr,µ
c,exact =

2
√
πA0

µ2

∫ (
P2(r)− n(r)2/4

)
dr

+
4
√
πA1

3µ3

∫
P2(r)dr + · · · , (2.25)

where τ(r) is the kinetic energy density. The importance of these results is that

they show that, for large µ, the exact SR exchange-correlation energy is a (semi)local

functional of the density and the on-top pair density, which further motivates LC-

MR+DFT hybrids employing the P2(r) formulation of KS-DFT. We note that the

above formulas can be used as a functional for LC-pCCD+DFT, but are not very

practical because large values of µ (∼ 2 au or greater) are required, and this leads to

little change in the energy with respect to pure pCCD.

2.8.2 Molecular Dissociations

Actual applications of MR+DFT methods are most likely to be concerned with sit-

uations where both dynamic and static correlations are important. Molecular dis-

sociations provide perhaps the most paradigmatic examples of such situations. In

a typical dissociation, dynamic correlations are the most prominent at equilibrium

bond length (orbitals overlap and more electrons are closer to each other), whereas
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static correlations dominate at dissociation (electrons become entangled). Thus, the

quantitative description of said phenomenon demands the inclusion of both types of

correlation, making it a fitting test for MR+DFT methods.

Figure 2.8.3 shows the energy profiles for the symmetric dissociation of an H4

chain, an H6 chain (both linear), and the water molecule [with a bond angle ](HOH)

= 104.474◦ (experimental)] calculated by pCCD+DFT global hybrid methods. Of

course, pCCD is no longer exact for these systems so we provide reference data from

unrestricted coupled cluster singles, doubles and perturbative triples [99] [UCCSD(T)]

calculations, and (when available) full configuration interaction [102, 103] (FCI) and

experimental data from the literature [100, 101, 146]. It must be stressed, however,

that the FCI data for water [102] are not directly comparable to our results here

because they use a spherical basis and a different HOH angle (110.6◦); they should

be taken only as a complementary guide. Likewise, experimental data do not include

zero-point corrections so it should also be regarded only as a reference.

In the total energy plots, pCCD-λLDA and pCCD-0LDA data are not shown

because the energies for these methods are too high as a result of the LDA ex-

change. However, pCCD-λLDA provides satisfactory relative energies and bond

lengths; it is significantly better than pCCD-0LDA, which systematically overesti-

mates bond lengths. The improvement of pCCD-λPBE and pCCD+fPBE over pCCD

is clear from Figure 2.8.3. The two schemes are in good agreement with UCCSD(T),

and available FCI and experimental data, in terms of both total and relative ener-

gies. It is also notable that the hybrid and scaling factor approaches appear to be

largely effective for suppressing double counting. Indeed, excluding these corrections

(pCCD+1PBE curves) results in significant overbinding and total energies that are

well below those of UCCSD(T) and FCI. It can be appreciated also that the effect
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of double counting is more severe the more electrons are in the system, and that the

gobal hybrid and scaling approaches work well at getting rid of this problem.

Results for the range separated hybrids are shown in Figure 2.8.4. Only results for

hybrid methods using the [n,m] densities and incorporating a fraction of pCCD two-

body energy are shown because, as discussed above, these two factors are important

for describing static correlation and suppressing the SIE, respectively; the problems

of LC-pCCD-DFT[n, 0] and pCCD-DFT[n,m] analyzed in the previous section for H2

persist in other systems. The panels on the left of Fig. 2.8.3 display data for LDA-

based hybrids, while those on the right do so for PBE-based methods. Dissociation

curves from UCCSD(T) are also provided as reference. The best agreement with

UCCSD(T) and available experimental data is given by the LC-pCCD-λLDA and -

λPBE methods, whereas hybrids that do not include SR pCCD two-body energy tend

to overbind (although results are still much better than the raw addition of EDFT
c to

pCCD in the +1DFT methods). Comparison of LC-pCCD-λDFT data with pCCD

and pCCD+1DFT indicates that the former is effective at adding dynamic correlation

to pCCD while avoiding double counting. It is worth noting that the results of LC-

pCCD-λLDA and -λPBE are very similar to those from the globa hybrid pCCD-

λPBE. However, for the global hybrids the use of a GGA improves results upon LDA

significantly [25], while for range-separated hybrids LDA and PBE provide similar

results. This can be rationalized by the fact that the LDA exchange and correlation

terms are more accurate in the short range, as can be deduced from the exact SR

expansions for these terms in Eqs. 2.24 and 3.28. In fact, LDA and PBE become

equivalent at very large µ. Hence, the long-range correction has a more dramatic effect

for LDA hybrids, because it takes out the part of the LDA which is most inaccurate

and that is (to a certain extent) better described by semilocal approximations.
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Figure 2.8.6 : Dissociation energy profiles for the CO bond in formaldehyde [r(HC)
= 1.110 Å, HCO angle = 122.33◦] and the nitrogen molecule. Hybrid methods use
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The breaking of the multiple bonds in formaldehyde and N2 is studied for pCCD+DFT

global hybrids in Fig. 2.8.5. Analogous trends to those appearing in Fig. 2.8.3

are observed. Again, the raw addition of DFT dynamical correlation to pCCD

(pCCD+1PBE) leads to substantial overcorrelation due to double counting. The

schemes to avoid the double count improve significantly upon both pCCD and also

pCCD+1PBE. One important difference though is that, at the dissociation limit, the

pCCD wavefunction seems to be less suited for describing the strong correlations than

in the previous cases of Fig. 2.8.3. This results in too-high energies at large bond

lengths for all pCCD-based methods, specially in the case of N2. Indeed, for N2 at

large bond lengths the pCCD energy is higher than that of unrestricted Hartree–Fock

(UHF limit). The most likely reason for this problem is the restricted determinant

underlying the pCCD wavefunction.

The use of range separation does not alleviate the issue of overbinding in multiple

bonds. This is illustrated in Fig. 2.8.6, which shows the dissociation energy profiles
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Figure 2.8.7 : Types of excitations taken into account by different methods. The scal-
ing factor eliminates the double counting but may also suppress dynamic correlation
missing in pCCD, resulting in underestimation of the correlation energy.

for the same formaldehyde N2 systems with range-separated pCCD+DFT hybrids.

Only results by LDA-based combinations are shown in the Figure, but results with

PBE combinations are very similar. Both LC-pCCD-DFT and -λDFT overestimate

the the bond energies, although the overestimation by the latter is much smaller.

A possible way to mitigate this overbinding is to use an unrestricted pCCD for-

malism (UpCCD). UpCCD methods are currently under investigation in our research

group; preliminary tests suggest that they improve upon pCCD when the correlations

are very strong and when pCCD displays largest errors, while having much less spin

contamination than typical mean-field unrestricted approximations.

Something that can also be noted from the results presented here is a slight ten-

dency of pCCD+fPBE to underestimate the correlation energy. This can be un-

derstood as a feature of the scaling factor: if the MR wavefunction does not fully

correlate the orbitals with nk 6= 0 and which hence contribute to %ref(r) in Eq. 2.17,

then the missing correlations should ideally be incorporated from DFT but are sup-

pressed by the scaling factor. This situation is illustrated in Fig. 2.8.7. The problem
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affects pCCD+fDFT because pCCD excludes correlations of the active orbitals that

break electron pairs [60]. This issue of the scaling factor holds for other MR+fDFT

methods (albeit for different reasons), such as CAS+fDFT and PHF+fDFT, where

it typically is related to core orbitals with nk ≈ 2 [17,22]. In pCCD+fDFT, orbitals

with small nk may also be affected given that it is unlikely to get occupations numbers

that are exactly zero due to the structure of the pCCD density matrix (although exact

zeros by symmetry are possible). To see this, we note that the occupation numbers

in pCCD are

ni = 2− 2
∑

a

tai z
i
a (2.26)

for occupied orbitals, and

na = 2
∑

i

tai z
i
a (2.27)

for virtual ones, where the z amplitudes come from the left-hand eigenvector of the

transformed Hamiltonian e−T̂ ĤeT̂ , 〈0|(1 + Ẑ), and Ẑ is defined analogously to T̂

in Eq. 2.2 [60]. In most of our calculations, we observed a large number of, rather

small, nonzero occupations with magnitudes of about 1 × 10−3 to 1 × 10−6. Thus,

most orbitals contribute to %ref(r) which can be expected to lead to exaggeration of

the scaling and hence underestimation of the DFT correlation. It is likely that, for

calculations employing very large basis sets, higher thresholds on nk than the ones

used here be required to avoid a too-large artificial scaling of EDFA
c . Nevertheless, we

note that despite this issue our results for pCCD+fPBE are rather satisfactory, sug-

gesting that the effect of this problem is not too dramatic. In addition, this problem

can be alleviated by simply relaxing the threshold on nk for orbitals to contribute to

%ref(r), or by the various corrections to the scaling factor that have been proposed

in the literature [17, 21, 22]. Finally, let us recall also that the pCCD-λDFT hybrids

also provide good results here and eliminate double counting exactly (disregarding
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uniform density scaling, which is not considered in usual hybrid approximations [23]).

2.8.3 The Beryllium Isoelectronic Series

Apart from molecular dissociations, a common benchmark for MR+DFT methods is

the Beryllium isoelectronic series (i.e., X(Z−4)+ ions). Be and its isoelectronic ions

are difficult to describe by regular KS-DFT methods because of the static s2 → p2

correlation which increases linearly with the nuclear charge Z. The double ionization

potentials (IPs) given by various methods for this series are summarized in Table 3.8.

These data are compared with accurate IPs calculated from total energies reported

in Refs. [165, 166]. For these calculations we use a Cartesian cc-pCVTZ(-f) basis, as

we observed this basis set was accurate enough for our purpose: while total energies

for the Helium isoelectronic X(Z−2)+ ions go down by about 30 milihartrees when

going from the cc-pVTZ(-f) basis to the cc-pCVTZ(-f) basis, the double IPs change

no more than 1.7 milihartrees. In other words, the basis set incompleteness error due

to the limited amount of core-polarization functions is canceled when taking energy

differences between the X(Z−2)+ and X(Z−4)+ ions.

Because it misses dynamic correlation in the X(Z−4)+ ions, pCCD tends to un-

derestimate the IPs in Table 3.8 by, in average, 15.4 milihartree. Standard KS LDA

fails dramtically and has the largest mean absolute error (MAE) of all the methods in

Table 3.8 (30.2 milihartree). It also has the largest nonparallelity error (NPE)—the

difference between the maximum and minimum errors—as the quality of the LDA

deteriorates badly with increasing charge. The pCCD-λLDA and LC-pCCD-LDA

combinations do not really provide improvement upon pCCD; however, LC-pCCD-

λLDA does improve upon its component methods (MAE = 3.9 milihartree). Com-

pared to pCCD, LC-pCCD-PBE reduces the MAE but increases the NPE, whereas
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Table 2.2 : Double ionization potentials for the Be isoelectronic series. The errors are
in milihartrees; ME is the mean error, MAE the mean absolute error, and NPE the
nonparallelity error. Hybrid pCCD+DFT calculations use λ = 0.75, µ = 0.4, and the
[n,m] densities. The calculations use a Cartesian cc-pCVTZ(−f) basis. The accurate
data are from Refs. [165,166].

Errors (milihartrees)

Ionization Accurate pCCD LDA pCCD LC-pCCD LC-pCCD PBE pCCD LC-pCCD LC-pCCD LC-pCCD LC-pCCD

IP (au) -λLDA -LDA -λLDA -λPBE -PBE -ωPBE -λPBE -λωPBE

Be → Be2+ 1.0118 -7.9 23.4 17.2 11.4 4.3 -1.4 0.8 8.0 9.1 0.1 0.4

B1+ → B3+ 2.3188 -12.0 11.2 15.3 12.6 5.3 -7.4 -1.2 8.8 13.5 -1.4 -0.2

C2+ → C4+ 4.1289 -13.7 -2.1 14.3 8.0 5.3 -12.1 -1.5 6.4 16.5 -2.5 0.0

N3+ → N5+ 6.4418 -15.7 -17.7 12.0 -1.7 3.3 -17.8 -2.5 1.0 16.8 -5.0 -1.0

O4+ → O6+ 9.2560 -18.0 -34.8 9.0 -13.9 0.1 -23.9 -3.9 -5.2 16.3 -7.9 -2.5

F5+ → F7+ 12.5703 -19.5 -52.2 6.4 -26.8 -2.9 -29.5 -4.6 -10.6 16.1 -10.0 -3.3

Ne6+ → Ne8+ 16.3851 -20.8 -70.4 3.5 -40.5 -6.2 -35.4 -5.3 -15.6 15.9 -12.0 -4.2

ME -15.4 -20.4 11.1 -7.3 1.3 -18.2 -2.6 -1.0 14.9 -5.5 -1.6

MAE 15.4 30.2 11.1 16.4 3.9 18.2 2.8 7.9 14.9 5.5 1.7

NPE 12.9 93.7 13.7 53.1 11.5 34.0 6.1 24.3 7.7 12.1 4.5

LC-pCCD-ωPBE has a similar MAE and a lower NPE; both methods are still much

better than standard PBE. The best results are given by pCCD-λPBE (MAE = 2.8

milihartree) and LC-pCCD-λωPBE (MAE = 1.7 milihartree). It is worth noting that

LC-pCCD-λωPBE yields results that are significantly better than LC-pCCD-λPBE,

and that the latter does not improve upon its LDA variant. This can be explained

by the fact that the LC-PBE exchange goes back to the LDA for large µ, whereas

LC-ωPBE preserves the gradient corrections [167]. Nevertheless, like in the cases

of bond breaking above, the inclusion of a fraction of short-range pCCD two-body

energy appears to be important for obtaining good results. Also, we note again that

the long-range correction with a fraction of SR pCCD two-body energy provides great

improvement for LDA combinations, but not as much for PBE-based hybrids.
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2.8.4 The H4 Model System

As a last benchmark, we consider the H4 model with the DZP basis of Paldus et

al. [104–106]. This model is shown schematically in Figure 2.8.8; it consists of four

hydrogen atoms in a trapezoidal configuration of C2v symmetry; the nearest neigh-

bor H-H distance is fixed at 2 au—this slight stretching enhances degeneracies—and

therefore the geometry is uniquely determined by the H1H2H3 bond angle, which is

defined in terms of the parameter α as ∠ H1H2H3 = (0.5 + α)π radians. That is,

the geometry is square at α = 0 and linear at α = 1/2. The (gaussian) DZP basis

used consists of 5s primitves contracted to two basis functions with exponents (coef-

ficients) of 33.6444 (0.025374), 5.05796 (0.1896829), 1.1468 (0.8529303) for the first

function and 0.321144 (0.6068852), 0.101309 (0.4490200) for the second one, plus a

polarization function with an exponent of 0.93 [104,106].

(0.5+α)πH

H H

H

2 au

Figure 2.8.8 : The H4 model system. All bond lengths are fixed at 2 au and the model
a has mirror symmetry such that the parameter α uniquely determines the geometry.

The total energies for the H4/DZP model as a function of α predicted by pCCD and

pCCD+PBE hybrids are compared with FCI data from Ref. [105] in Fig. 2.8.9. LC-

pCCD-λωPBE and pCCD-λPBE are both similar and provide very good agreement

with the FCI data from α = 0.01 to α = 0.5. In this region, pCCD recovers about

70–80% of the total correlation energy; at α = 0 pCCD captures only 46% of the total

correlation and the quality of LC-pCCD-λωPBE and pCCD-λPBE deteriorates too,

although they still improve over pCCD. Interestingly though, methods incorporating

lower amounts of pCCD two-body energy like LC-pCCD-ωPBE and pCCD-λPBE
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Figure 2.8.9 : Total energies for the H4 model as a function of α with a DZP basis.
Unless otherwise indicated, hybrid methods use λ = 0.75 and µ = 0.4 au.

itself but with λ = 0.25, seem to yield too low energies in the α = 0.05–0.5 range, but

improve the agreement with FCI at smaller values of α, inlcuding α = 0. This suggests

that, as occurs for KS global and range separated hybrids [87,89], the optimal amount

of wavefunction energy is dependent on the system (even if only the geometry is varied,

as in this case). Locally range-separated hybrids—where µ is itself a local functional

of the density—have been suggested to overcome this defficiency of standard KS LC-

DFT [88, 89], and this methodology can be extended to LC-pCCD+DFT without

any formal difficulty. The practical disadvantage is that, as mentioned before, local

range-separated hybrids are rather impractical: they are hard to implement and much

more expensive to evaluate than hybrids with fixed µ [89]. It is also likely that, just

as in the case of dissociated N2, employing the UpCCD formalism mentioned above

will as well improve results at α = 0 because restricted pCCD misses a large fraction

of the correlation at this point and UpCCD would provide a better baseline for the

addition of DFA dynamic correlation.
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2.9 Summary and Conclusions

One can construct hybrids of pCCD and DFT (see Table 2.1) which are analogous to

commonly used KS-DFT hybrids, except for a correction factor to EDFA
c that accounts

for double counting. These pCCD+DFT combinations can tackle the main problems

of commonly used DFT approximations: the inclusion of substantial amounts of two-

body wavefunction energy sharply decreases the SIE, whereas the use of a multiref-

erence wavefunction and the on-top pair density interpretation of KS-DFT address

static correlation. The use of the alternative [n.m] densities is very important for

the latter (even in range-separated hybrids), and this is the reason for which previ-

ous, similar, MR+DFT hybrids using MR densities directly provided unsatisfactory

results for strongly correlated systems [26]. Among the range-separated schemes pre-

sented here, LC-pCCD-λLDA, -λPBE, and -λωPBE are the most recommendable;

the inclusion of a fraction of SR pCCD two-electron energy is important to obtain

good results. Overall, the quality of these schemes is similar to that of our previous

pCCD-λPBE global hybrid (although LC-pCCD-λLDA is substantially better that its

global hybrid counterpart). It is also worth noting that it is straightforward to adapt

the LC-pCCD+DFT methods presented here to create short-range hybrids analogous

to, e.g., the Heyd–Scuseria–Ernzerhof [107] (HSE) functional (i.e., by just switching

the ranges in Eq. 2.12). This opens the possibility to develop affordable short-range

pCCD+DFT methods for describing static and dynamic correlations in solids. Like-

wise, extension to middle-range hybrids [108], to achieve the accuracy of LR hybrids

while preserving the computational advantages of SR hybrids, is also straightforward.

Moreoever, middle-range pCCD+DFT hybrids can be used to describe long-range

weak interactions by using pCCD in the middle range and specialized van der Waals

functionals [109–112] in the long-range.
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Finally, it should be noted that the formulas in Table 2.1 can be (and some

have, indeed, already been) used to combine other MR methods with DFT. However,

pCCD has many features that make it more suitable for blending with DFT than tra-

ditional MR techniques of quantum chemistry: pCCD is black-box, has low scaling,

is size-consistent and size-extensive, and its two-particle density matrix has only 2N2

nonzero elements. This last feature, the sparsity of the two-particle density matrix,

allows for a computationally efficient use of the on-top pair density interpretation of

KS-DFT, which we have seen here to be necessary to describe static correlation via

MR+DFT (at least when commonly used density functional approximations are em-

ployed). All of this can stimulate the further development of pCCD+DFT methods.
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Chapter 3

Combination of Singlet-Paired Coupled Cluster

with Density Functionals and the Random Phase

Approximation

Like in the previous chapter, we shall begin with a description of the wavefunction

method emplyed, singlet-paired coupled cluster doubles (CCD0). This description is

important for understanding the motivation behind CCD0+DFT, as the way in which

double counting is avoided in CCD0+DFT depends specifically on the CCD0 ansatz,

in contrast to what was done in pCCD+DFT, where more general approches are used.

As we will see, this leads to certain advantages of CCD0+DFT over pCCD+DFT,

including the elimination of the self-interaction error. The work presented in this

chapter is largely based on the following reference:

• A. J. Garza, I. W. Bulik, A. G. Sousa Alencar, J. Sun, J. P. Perdew, and G. E.

Scuseria, Mol. Phys. DOI: 10.1080/00268976.2015.1123315.

Some passages in this chapter have been taken verbatim from this publication.

3.1 Singlet-Paired Coupled Cluster Doubles (CCD0)

Like pCCD and other coupled cluster (CC) methods, singlet-paired coupled cluster

doubles (CCD0) starts from an exponential ansatz [10]

|ΨCCD0〉 = eT
[0]
2 |ΦRHF〉, (3.1)
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where |ΦRHF〉 is a restricted Hartree–Fock (RHF) reference determinant and the T
[0]
2

operator contains only the singlet-paired component of the double excitations; i.e., if

we let i and a be indices for occupied and virtual orbitals, respectively, T
[0]
2 is

T
[0]
2 =

1

2

∑
ijab

σab
ij P

†
abPij (3.2)

with

Pij =
1√
2

(cj↑ci↓ + ci↑cj↓) (3.3)

=
1√
2

(cj↑ci↓ − cj↓ci↑) .

To shed light on the idea behind CCD0 (and this is helpful for understanding the

justification for our CCD0+DFT combinations), it is instructive to consider stan-

dard CCD. The full double excitations cluster operator T2 used in the latter can be

expressed as [119–121]

T2 = T
[0]
2 + T

[1]
2 , (3.4)

where T
[0]
2 is defined above and

T
[1]
2 =

1

2

∑
ijab

πab
ij Q

†
ab ·Qij (3.5)

where Qij may be written as a vector Qij = (Q+
ij, Q

0
ij, Q

−
ij)

t whose components are

Q+
ij = cj↑ci↑, Q−

ij = cj↓ci↓, (3.6)

Q0
ij =

1√
2

(cj↑ci↓ − ci↑cj↓) (3.7)

=
1√
2

(cj↑ci↓ + cj↓ci↑) .

Note that P †
ij acting on an empty state | 〉 gives a singlet wavefunction (hence the

name of singlet-paired coupled cluster), whereas Q†
ij| 〉 yields pure triplet components
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with different m. We see then that CCD incorporates contributions from both the

singlet- and triplet-paired components of T2. Thus, more correlation is taken into

account in CCD as compared to CCD0. However, it is the combination of the singlet-

and triplet-paired components that causes the failure of CCD (and other common

CC approximations) in strongly correlated systems, which results in the correlation

becoming too large or even complex [10]. By removing T
[1]
2 from T2, CCD0 relinquishes

a fraction of the correlation in exchange for safeguard against this breakdown. One

may also choose to retain only the triplet-paired component in order to avoid the

breakdown, but this alternative recovers less correlation than CCD0 [10].

Just as CCD can be improved by using (approximate) Brueckner orbitals in the

Brueckner doubles method [113–115] (BD), CCD0 has an analogous extension in

singlet-paired BD (BD0). Recall that the exact Brueckner orbitals are those that make

the coefficients of singly-substituted determinants in the full configuration interaction

(FCI) wavefunction vanish [116]. The BD0 ansatz is thus very similar to that of

Eq. 3.1

|ΨBD0〉 = eT
[0]
2 |ΦBD〉, (3.8)

except that the RHF reference is replaced by a determinant with approximate Brueck-

ner orbitals |ΦBD〉 which zero out the amplitudes of single substitutions in a subspace

of single and double substitutions. We remark that a singlet-paired CCSD method

(CCSD0) is possible too [10], but (just as it happens for BD and CCSD [117]) results

from CCSD0 are not significantly different from those of BD0.

The CCD0 and BD0 methods have certain advantages over traditional MR tech-

niques. Both algorithms scale as O(N6); the cost of CCD0 is identical to that of

CCD and the same holds for BD0 and BD. While not precisely inexpensive, it is

certainly better than the combinatorial scaling of typical MR techniques and, as CC-
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based methods, CCD0 and BD0 may be able to take advantage of recently developed

approaches [118] to decrease the cost of coupled cluster calculations. In addition,

the use of exponential wavefunctions (Eqs. 3.1 and 3.8) guarantees size extensivity.

Size consistency is also satisfied by the exponential ansatz provided that the reference

determinant be size consistent. Lastly, it is easy to modify existing CCD and BD sub-

routines to implement CCD0 and BD0, respectively. Basically, most restricted CCD

codes use as fundamental variables the ta↑b↓i↑j↓ amplitudes of the full double excitations

cluster operator T2, which may be expressed as a sum of singlet- and triplet-pairing

terms [119]

T2 =
1

2

∑
ijab

ta↑b↓i↑j↓

∑
αβ

c†aαc
†
bβcjβciα, (3.9)

and, because the singlet-paired (triplet-paired) component of T2 is symmetric (anti-

symmetric) with respect to the interchange of i and j, the σab
ij amplitudes (Eq. 3.2)

of the singlet-paired component obey the following relations

σab
ij = σba

ij = σab
ji = σba

ji =
ta↑b↓i↑j↓ + tb↑a↓i↑j↓

2
, (3.10)

which implies that we can implement CCD0 by replacing ta↑b↓i↑j↓ by 1/2(ta↑b↓i↑j↓ + tb↑a↓i↑j↓ ) at

each iteration in a CCD code. Analogous remarks apply for the implementation of

BD0 starting from BD subroutines.

The above discussion regarding CCD0 and BD0 suffices for the purposes of this

work. The interested reader may found further details about singlet-paired coupled

cluster in Ref. [10].
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3.2 An Intuitive Derivation of CCD0+DFT Based on Spin

Resolution of the Correlation

Here, an intuitive derivation of CCD0+DFT methods is provided based on breaking

down the correlation in terms of its spin components. In the next section, an alter-

native, rigorous derivation is provided based on exact Levy–Lieb type functionals,

which also provides insight in the specific approximations used in CCD0+DFT. How-

ever, the presentation of CCD0+DFT here is also useful for understanding the more

rigorous derivation.

To combine CCD0 and BD0 with density functionals while avoiding double count-

ing, we first note that the CCD0 wavefunction can be expanded as

eT
[0]
2 |ΦRHF〉 = |ΦRHF〉+ T

[0]
2 |ΦRHF〉+

T
[0]
2 T

[0]
2

2!
|ΦRHF〉+ · · · (3.11)

= |ΦRHF〉+
∑
ijab

σab
ij c

†
a↑c

†
b↓cj↓ci↑|ΦRHF〉+ · · · ,

and that the CCD0 correlation energy is

ECCD0
c =

∑
ijab

σab
ij v

a↑b↓
i↑j↓ , (3.12)

where vab
ij = 〈ij|ab〉 is a two-electron integral in the Dirac notation. It is clear from

these expressions that CCD0 neglects contributions to the correlation from equal-

spin excitations: only integrals involving pairs of opposite-spin electrons in occupied

or virtual orbitals are weighted in the correlation energy. The same applies to BD0

except, of course, that the orbitals i, j, a, and b would be (approximate) Brueckner,

rather than RHF. One can thus think of adding equal spin correlation to CCD0 using

a density functional; the correlation of the parallel-spin density given by a functional

contains, in principle, contributions from all excitations involving same-spin electrons
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only. Hence, we may, in the spirit of Eq. 1.4, write

ECCD0+pDFT
c = ECCD0

c + EDFA
c ↑↑ [n↑, n↓] + EDFA

c ↓↓ [n↑, n↓], (3.13)

where the “p” in pDFT is for “parallel-spin” and EDFA
c αα is the correlation of the spin-α

density computed by a DFA. To evaluate EDFA
c αα , we can use the exchange-like spin

resolution of the correlation by Stoll et al. [122]

EDFA
c ↑↑ [n↑, n↓] + EDFA

c ↓↓ [n↑, n↓] = EDFA
c [n↑, 0] + EDFA

c [0, n↓]. (3.14)

Also, because CCD0 and BD0 do not break spin symmetry and we will be working

only with closed shells, the total CCD0+pDFT energy simplifies to

ECCD0+pDFT
total = ECCD0 + 2EDFA

c [n↑, 0], (3.15)

and likewise for BD0.

Now, looking back at the triplet-paired component of T2 that is excluded in CCD0

(Eqs. 3.5, 3.6, and 3.7), we realize that, apart from the same-spin correlation, CCD0

misses opposite-spin contributions from the m = 0 component of T
[1]
2 (Q0

ij in Eq. 3.7).

However, for a closed shell, the m = +1, m = 0, and m = −1 channels of T
[1]
2

contribute all equally to the energy. In other words, the spin-up correlation associated

with the m = +1 element of T
[1]
2 is, by symmetry, identical to the opposite-spin

correlation of the m = 0 part. We may therefore incorporate the opposite-spin energy

that is missing in CCD0+pDFT by adding EDFA
c [n↑, 0] once more to the total energy:

ECCD0+tDFT
total = ECCD0 + 3EDFA

c [n↑, 0], (3.16)

where the “t” in tDFT indicates that the full contributions from the triplet-paired

component of T2 are being taken into account. Again, the above analysis applies to

BD0 too.
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In other types of MR+DFT combinations that avoid double counting, double hy-

brids [23] and range-separated hybrids [26, 39, 79] in specific, a rigorous formalism

to obtain the exact energy can be established via Levy–Lieb-type constrained search

functionals [123, 124]. This is attractive from a formal point of view and a similar

formulation for singlet-paired coupled cluster (CC0)+DFT is also possible; the de-

tails are given in the next section, which also provides an alternative derivation of

CC0+DFT and clarifies the assumptions made by the model from a different point

of view.

In this work, we employ Eqs. 3.15 and 3.16 in a non-self-consistent manner: after

a self-consistent CCD0 (BD0) calculation, the equal spin correlation is obtained in a

single-shot evaluation of a DFA using the densities from the reference RHF (Brueck-

ner) determinant. This is a reasonable assumption because, when adding DFA dy-

namic correlation to MR wavefunctions, the error in the approximate functional is

often larger than the error due to lack of self-consistency [125]. We benchmark both

CC0+pDFT and CC0+tDFT with CC0 referring to both CCD0 and BD0. The mo-

tivation for testing both CC0+pDFT and CC0+tDFT is that if the σab
ij amplitudes

are close to those of the full configuration-interaction (FCI), and the same-spin DFA

correlation is fairly accurate, then we would anticipate CC0+tDFT to outperform

CC0+pDFT. However, if it is not the case that the σab
ij amplitudes of CC0 are similar

to the exact ones, then CC0+tDFT may overcorrelate and not necessarily be better

than CC0+pDFT. Similarly, we study both CCD0+DFT and BD0+DFT because,

the effect of the Brueckner orbitals depends on the case [126] (and is larger in strongly

correlated systems), and the impact of using these orbitals in singlet-paired coupled

cluster has not been established. Furthermore, BD0 has the advantage of being exact

for any two-electron system, which is not true for CCD0. Thus, from a formal point
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of view, BD0+DFT is preferable to CCD0+DFT.

3.3 A Derivation of CCD0+DFT Based on Exact Levy–Lieb-

type Functionals

After the discussion above, we now focus on obtaining a formally exact singlet-paired

coupled cluster (CC0)+DFT-like energy expression and an alternative derivation of

the approximate CCD0+DFT and BD0+DFT methods developed in this work.

If we denote by Xn the set of antisymmetric wavefunctions that have density n,

the Levy–Lieb universal functional is [123,124]

Q[n] = min {〈Ψ|T + Vee|Ψ〉,Ψ ∈ Xn} , (3.17)

where T and Vee are the kinetic and interelectron Coulomb operators, respectively.

Like T2, Vee is a two-electron operator and can be written as a sum of two independent

singlet- and triplet-pairing components

Vee = V [0]
ee + V [1]

ee , (3.18)

where (assuming restricted closed-shell orbitals)

V [0]
ee =

1

2

∑
µνκλ

[
(µκ|νλ) + (νκ|µλ)

2

]
P †

µνPκλ (3.19)

is identified as the singlet-pairing part of Vee, and

V [1]
ee =

1

2

∑
µνκλ

[
(µκ|νλ)− (νκ|µλ)

2

]
Q†

µν ·Qκλ (3.20)

as its triplet-pairing part. In the above equations, (µν|κλ) is a spatial two-electron

integral in chemists’ notation and in an orthogonalized atomic orbital basis. Pµν and

Qµν are defined in the same way as in Section 3.1 (Eqs. 3.3, 3.6, and 3.7). The



54

singlet- and triplet-pairing pieces of the two-body potential are uniquely defined and

basis set independent. This is true too for any totally symmetric two-body operator

(e.g., T2 in CCD). We can now formulate a universal functional for the singlet-pairing

interaction as

Q[0][n] = min
{
〈Ψ|T + V [0]

ee |Ψ〉,Ψ ∈ Xn

}
(3.21)

and its triplet-pairing complement as Q[1][n] = Q[n] − Q[0][n]. Let AN be the set

of admissible N -electron densities. The exact ground state energy for an N -electron

system in an external potential v(r) can then be obtained variationally in terms of

the singlet and triplet-pairing interaction functionals

E[v,N ] = min

{
Q[0][n] +Q[1][n] +

∫
R3

nv, n ∈ AN

}
= 〈Ψ′|T + V [0]

ee |Ψ′〉+Q[1][nΨ′ ] +

∫
R3

nΨ′v. (3.22)

Here, nΨ′ is the density of the wavefunction Ψ′ which is given by the Schrödinger-like

equation

(T + V [0]
ee + v′)|Ψ′〉 = E ′|Ψ′〉 (3.23)

with

v′ = v +
δQ[1][nΨ′ ]

δn(r)
. (3.24)

That is, Ψ′ is the exact ground state of a partially interacting system with interaction

V
[0]
ee and a v′(r) external potential. The Hohenberg–Kohn theorem implies that v′(r)

is a unique potential that guarantees nΨ′ to be identical to the ground state density

of the fully-interacting system, n = nΨ′ .

Because Q[1] contains only Hartree–exchange–correlation energy we may decom-

pose it as

Q[1][n] = E
[1]
Hx[n] + E[1]

c [n]. (3.25)
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If we use as a reference the exact Kohn–Sham determinant Φn that has density n and

evaluate the exchange at the Hartree–Fock level we get for a closed shell

E
[1]
Hx[n] = 〈Φn|V [1]

ee |Φn〉 = 3E↑↑
Hx[n], (3.26)

where E↑↑
Hx is the standard Hartree–exchange energy of Φn computed from the density

of spin-up electrons and using HF exchange. E
[1]
c is therefore E

[1]
c = Q[1]−3E↑↑

Hx. The

calculation to obtain Ψ′ can build correlation atop the Φn reference; the reference is

unimportant because excitations to all levels are included explicitly. For example, Ψ′

can be expressed by a coupled cluster ansatz of the form

|Ψ′〉 = eT |Φn〉 (3.27)

with T being a cluster operator including excitations to all levels explicitly. The

energy expression of Eq. 3.22 can thus be written as

E = 〈Φn|T + Vee|Φn〉+ E ′
c + E[1]

c [n] +

∫
R3

nv, (3.28)

where E ′
c = 〈Ψ′|T + V

[0]
ee |Ψ′〉 − 〈Φn|T + V

[0]
ee |Φn〉.

To make a clearer connection with CC0+DFT, we apply the spin resolution of

Stoll et al. [122] on the Levy–Lieb universal functional

Q↑↑[n] = Q[n↑], Q↓↓[n] = Q[n↓], (3.29)

and Q↑↓[n] = Q[n]−Q[n↑]−Q[n↓] (with n = n↑+n↓). Using a similar spin resolution

for E
[1]
c [n] we find

E
[1]
c ↑↑[n] = Q[n↑]−Q[0][n↑]− EHx[n↑]

= Q[n↑]− 〈Φn|T↑ + V ↑↑
ee |Φn〉 (3.30)

= E↑↑
c [n],
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where T↑ and V ↑↑
ee are the spin-up components of T and Vee, respectively. The equality

Q[0][n↑] = 〈Φn|T↑|Φn〉 comes from the facts that V
[0]
ee has no V ↑↑

ee component and that,

for a given density, the Kohn–Sham determinant minimizes the kinetic energy [127].

Thus, with the above definitions, the spin-up correlation of Q[1][n] is equal to the

spin-up correlation of the universal functional Q[n]. An analogous relationship holds

for the spin-down correlation with E↑↑
c = E↓↓

c for a closed shell. Thus, Eq. 3.28 is

equivalent to

E = 〈Φn|T + Vee|Φn〉+ E ′
c + 2E↑↑

c [n] + E
[1]
c ↑↓[n] +

∫
R3

nv. (3.31)

Hence, we have derived an exact energy formula which looks very similar to the

CC0+DFT energy expression. From here, CC0+DFT can be obtained by making

certain approximations which are necessary anyway because Φn, E ′
c, E

↑↑
c , and E

[1]
c ↑↓ are

unknown. CC0+DFT makes E ′
c = ECC0

c which is reasonable since E ′
c is the correlation

for a singlet-paired interaction, and ECC0
c contains correlation from singlet-paired

excitations only. In CC0+tDFT, we assume E
[1]
c ↑↓ ≈ E↑↑

c , which is also reasonable

given the symmetry of the triplet-pairing interaction (although it is not clear if this

holds exactly for the definitions used above); in CC0+pDFT, E
[1]
c ↑↓ is neglected. (Note

that, for typical physical systems, E
[1]
c ↑↓ represents the smallest contribution to the

energy of all the terms in Eq. 3.31. This explains why CC0+pDFT and CC0+tDFT

can both provide sensible results.) If we approximate Φn with ΦRHF, and E ′
c with

ECCD0
c we obtain CCD0+DFT; if we approximate Φn with ΦBD, and E ′

c with EBD0
c

we obtain BD0+DFT. The combinations presented in this work use meta-GGAs with

approximate spin resolutions to estimate E↑↑
c [n].
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3.4 Eluding the Symmetry Dilemma and Selecting an Ade-

quate Density Functional

So far we have identified the advantages of CCD0 over traditional MR techniques, and

the derivation of CCD0+DFT above explains how double counting is avoided. Thus,

we are just left to deal with the symmetry dilemma. To illustrate how this issue can

be avoided, consider the paradigm for static correlation in quantum chemistry: the

H2 singlet molecule at the dissociation limit [52]. For the exact, symmetry-adapted,

wavefunction, n↑ and n↓ are distributed equally in each atom, but the probability of

finding both electrons at the same atom is zero. That is, the correlation is purely static

and there is no dynamic correlation because the electrons are never close to each other.

However, with symmetry-adapted densities, common DFAs yield a nonzero EDFA
c that

is caused (largely or completely) by the fact that semilocal approximations depending

on the density and its gradients “see” the densities of two different electrons on top

of each other; they do not know that the local pair density is zero everywhere. This

problem is normally alleviated by breaking spin symmetry in a way that localizes an

electron of a certain spin around a specific nucleus—so that the functional won’t see

the densities of different electrons overlapping—or by introducing functionals that

depend not only on the density, but also on the local pair density [51].

Because we evaluate the residual correlation in terms of parallel-spin correlation

only (see Eqs. 3.15 and 3.16), the spurious opposite-spin correlation due to the use

of symmetry-adapted densities when describing the dissociation limit of H2 (and

stretched bonds in general) disappears in CCD0+DFT. Therefore, there is no need

for symmetry breaking or using the local pair density. Nonetheless, we should still

consider the problem of self-interaction in approximate functionals, which produces
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artificial self-correlation and is present in the local density approximation (LDA) and

generalized gradient approximations (GGAs). One can get rid of this issue, at least

in the case of two-electron systems, by using meta-GGA functionals: DFAs that de-

pend on the density, its gradient, and the kinetic energy density. We have therefore

chosen to test here combinations of CCD0 with two meta-GGAs: the Tao–Perdew–

Staroverov–Scuseria [128] (TPSS) functional, and the recently developed strongly

constrained and appropriately normed (SCAN) functional of Sun et al. [129]. These

functionals were selected based on the facts that (1) they are nonempirical; (2) they

are free of one-electron self-interaction error, so that they yield no same-spin corre-

lation for two-electron singlets and both BD0+TPSS and BD0+SCAN will be exact

for these systems; and (3) that despite these similarities, TPSS and SCAN are quite

different because they were designed based on different paradigms. Specifically, TPSS

respects the paradigms of describing correctly one- or two-electron densities and slowly

varying densities [128], whereas SCAN obeys all the 17 known exact constrains that

a meta-GGA can obey, and is exact or near exact for a set of rare-gas atoms and

certain nonbonded interactions [129] (the so-called “appropriate norms”).

3.5 Improving the Spin Resolution of the SCAN correlation

In Section 3.2 we used the spin resolution of EDFA
c by Stoll et al. [122] (EDFA

c ↑↑ [n↑, n↓] =

EDFA
c [n↑, 0]) to extract the parallel-spin correlation. However, this decomposition is

correct only for fully spin-polarized densities and in the high-density limit of the

uniform electron gas [130]. In other regimes of the uniform gas, it exaggerates the

equal-spin correlation. It is possible, however, because of how the correlation is

composed in SCAN, to formulate a better educated guess for the spin resolution of

this functional.
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The dependence on the kinetic energy density, τ(r) =
∑occ

i (1/2)|∇ ψi(r)|2, is

introduced in SCAN via the dimensionless variable α [129]:

α = (τ − τW )/τunif > 0, (3.32)

where τW = |∇n|2/8n is the single-orbital limit of τ , and τunif is the uniform den-

sity limit. SCAN constructs the correlation energy density εc by interpolation and

extrapolation from the α = 0 (ε0
c) and α = 1 (ε1

c) limits. It is therefore natural to

build its spin resolution in the same way:

ε↑↑c = ε1 ↑↑
c + fc(α)

[
ε0 ↑↑

c − ε1 ↑↑
c

]
, (3.33)

where fc(α) (which is given in the Supporting Information of Ref. [129]) satisfies

fc(0) = 1, fc(1) = 0, and fc(∞) = −0.70, and likewise for the spin-down component.

We note that ε0 ↑↑
c = ε0 ↓↓

c = 0, since there is no parallel-spin correlation for two

electrons in the same spatial orbital. Thus, the fraction of same-spin correlation in

SCAN depends only on the fraction of same-spin correlation in the uniform density

limit, ε1 ↑↑
c + ε1 ↓↓

c = (1 − F↑↓)ε
1
c . The total parallel-spin correlation energy density

thus becomes

ε↑↑c + ε↓↓c = (1− fc(α)) (1− F↑↓) ε
1
c . (3.34)

All of the terms in the above equation are already determined in the original SCAN

functional except for F↑↓, the fraction of opposite-spin correlation density in the uni-

form density limit. Gori-Giorgi and Perdew [130] have worked out the spin resolution

for the uniform electron gas: they determined fractions Fσσ′ such that εσσ′
c = εcFσσ′

in terms of the local Wigner–Seitz radius rs = (4πn/3)−1/3 and the spin polarization

ζ = (n↑ − n↓)/n. Therefore, we calculate F↑↓(rs, ζ) using Equation 9 of Ref. [130],

which is an interpolation between exact results for the high (rs → 0) and low (rs →∞)
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density limits that agrees with available quantum Monte Carlo data [131] in the range

0.8 ≤ rs ≤ 10 with ζ = 0.

Note that integrating Eq. 3.34 yields all the SCAN correlation that needs to be

added in CC0+pDFT; for CC0+tDFT, this energy should be multiplied by 3/2 (see

Section 3.2). Also, Eq. 3.34 gives no correlation for two-electron singlets because,

for these systems, α = 0 and fc(0) = 1. Thus, BD0+SCAN remains exact for two-

electron systems when the parallel-spin correlation is resolved using Eq. 3.34.

3.6 Modeling Long-Range Correlation with the Random Phase

Approximation

As could be deduced from the discussion in Chapter 1, adding residual correlation

to CCD0 via semilocal DFAs has the following pitfall: Semilocal functionals can’t

capture the long-range part of the correlation in van der Waals interactions [13, 14].

Therefore, the description of these forces in CCD0+DFT is essentially the same as

that of CCD0. Because van der Waals forces are very sensitive to dynamic correlation,

and CCD0 misses a substantial part of it (the triplet pairing channel, to be precise),

CCD0+DFT may be inadequate for simulating this sort of interactions.

This problem can be solved by one of the techniques employed in Chapter 2:

range-separation [72–77]. The interelectron Coulomb operator r−1
12 is divided into a

short-range (SR) component and its long-range (LR) complement

1

r12
=

1− erf(µr12)

r12︸ ︷︷ ︸
SR

+
erf(µr12)

r12︸ ︷︷ ︸
LR

, (3.35)

where erf is the error function and µ a parameter defining the range separation.

(Other partitions of r−1
12 are possible, but the above choice is most convenient as it

has been used to parametrize screened functionals and also facilitates the evaluation
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of two-electron integrals.) We can then evaluate the DFA correlation with the SR

interaction only; the LR complement should be computed with an approximation

capable of describing the long-range part of the van der Waals forces in a way that

does not add double counting to CCD0 (and, desirably, that won’t increase the cost).

As we shall explain shortly, a suitable approach that satisfies all of these requirements

consists in applying the direct random phase approximation (dRPA) in a manner

similar to that by Janesko et al. [7].

For the sake of clarity, let us consider how the RPA models correlation. The RPA

requires the solution of an eigenvalue equation of the form [7,132,133] A B

−B −A


X Y

Y X

 =

X Y

Y X


ω 0

0 −ω

 , (3.36)

where A, B, X, and Y are all of dimension ov × ov, with o and v being the number

of occupied and virtual spinorbitals, respectively. In the full RPA, the elements of A

and B are

Aia,jb = (εa − εi)δijδab + 〈ib||aj〉, (3.37)

Bia,jb = 〈ij||ab〉. (3.38)

Equations 3.36–3.38 are used for the calculation of excited states. To obtain the

ground state correlation energy, one notes that the Tamm–Dancoff approximation

(also known as configuration interaction singles) also computes excited states with

Eq. 3.36 but setting B = 0 (i.e., it solves for AZ = Zν). While this approximation

contains only excitation operators, the RPA also includes de-excitation operators that

can be thought of as correlating the ground state. Thus, the RPA correlation energy

for the ground state is normally written as [4, 132]

ERPA
c =

1

2
Tr(ω −A). (3.39)
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In the dRPA, the correlation is given by the same expression, except the the exchange

contributions are neglected [7,132,133] (i.e., 〈pq||rs〉 is replaced by 〈pq|rs〉 in Eqs. 3.37

and 3.38). The dRPA has been most useful for incorporating correlation in methods

that already contain exchange (see, e.g., Refs. [7, 132, 134] and references therein).

Direct RPA also has the enormous advantage that the correlation is guaranteed to be

real if the orbitals obey the aufbau principle, which is not true for the full RPA [135].

As a matter of fact, the full RPA correlation becomes complex in the presence of an

RHF instability [136, 137] (negative eigenvalue in the Hessian). The dRPA does not

suffer any of the instability problems discussed above for full RPA or CCD because

of the neglect of exchange. This minimalist description of the RPA correlation is

sufficient for our purposes here; the interested reader is referred to reviews on the

subject [4, 133] for further details.

From this explanation, and the analysis in Section 3.2, it is straightforward to see

how long-range dRPA correlation may be added to CCD0 without double counting.

The correlation is still expressed by Eq. 3.39; only the elements of A and B need to

be altered:

Aia,jb = (εa − εi)δijδab + 〈ib|vlr
ee|aj〉, (3.40)

Bia,jb = δσiσj
〈ij|vlr

ee|ab〉, (3.41)

where δσiσj
= 1 if the spin functions of the spinorbitals χi(x) and χj(x) are identical

and δσiσj
= 0 otherwise, and 〈ij|vlr

ee|ab〉 indicates that the two-electron integral be

evaluated with the long-range interaction

〈ij|vlr
ee|ab〉 =

∫
dx1dx2χ

∗
i (x1)χ

∗
j(x2)

erf(µr12)

r12
χa(x1)χb(x2). (3.42)

By calculating the dRPA correlation with the A and B matrices as defined in Eqs. 3.40

and 3.41, only parallel spin correlation that does not overlap with the CCD0 correla-



63

tion is obtained. This is the same strategy that we utilized in Section 3.2 to avoid the

double counting between DFT and CCD0. Therefore, the same considerations dis-

cussed in Section 3.2 apply; one can add to CCD0 only the parallel-spin correlation,

or the full triplet-paired component contributions by multiplying the total equal-spin

correlation by 3/2.

The RPA correlation describes correctly dispersion and van der Waals interac-

tions [5, 6], and is exact for long-range correlations [138]. In addition, Scuseria et

al. [132] have shown that solving the RPA eigenvalue problem of Eq. 3.36 is equiva-

lent to solving for T = YX−1 in a Riccati CCD equation

B + AT + TA + TBT = 0, (3.43)

and that ERPA
c in Eq. 3.39 can also be expressed as

ERPA
c =

1

2
Tr(BT). (3.44)

Using the Cholesky decomposition of A and B, Equation 3.43 can be solved in O(N4)

computational effort [7,132], where N is the number of basis functions. This does not

exceed the cost of CCD0. Hence, the dRPA correlation fulfills all of the requirements

that we were looking for: it can be added to CCD0 without double counting or

increase in scaling, and it describes properly long-range interactions. As we do for

EDFA
c , the dRPA correlation is obtained from a single-shot, post-SCF, calculation

using the RHF or BD orbitals and added to the CCD0 energy.

As mentioned above, EDFA
c needs to be evaluated with the SR interaction only, in

order to avoid double counting with the dRPA correlation. Here, we use an approxi-

mate local scaling based on the parametrization of Paziani et al. [92] to estimate the
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SR meta-GGA same-spin correlation as

Esr,µ
c ↑↑ [n] =

∫
n↑(r)

εsr-LDA
c,µ (n↑, 0)

εLDA
c (n↑, 0)

εMGGA
c ↑↑ (n,∇n, τ)d3r, (3.45)

where εsr-DFA
c,µ and εDFA

c are short- and full-range DFA correlation energy densities,

respectively, taking spin densities as inputs. This is basically an extension of the

range-separation technique for correlation used in Chapter 2 (where it was shown to

produce reasonable results) to meta-GGAs. Note that we have used the decomposition

by Stoll et al. [122] (Eq. 3.14) for determining the effect of considering only parallel

spin correlation on the scaling factor; the Gori-Giorgi–Perdew [130] spin resolution

can’t be used for this because the Fσσ′ fractions (see Section 3.5) are independent of

µ. Nonetheless, εMGGA
c ↑↑ may still be evaluated with the spin resolution of Eq. 3.34

for the SCAN functional. Also, both εsr-LDA
c,µ (n↑, 0) and εLDA

c (n↑, 0) are expected to

exaggerate equal-spin correlation, resulting in error cancellation on the ratio that

defines the scaling. Lastly, Eq. 3.45 maintains the Esr,µ
c ↑↑ = 0 condition for two-

electron singlets as long as εMGGA
c ↑↑ be evaluated with an adequate meta-GGA. It is

also worth mentioning that Goll et al. [139] have parametrized a short-range TPSS-

like functional that could be used to compute the scaling factor at a meta-GGA level,

instead of the local approximation used here.

The separation of the electron-electron interaction with Eq. 3.35 also requires one

to define a range-separation parameter µ. In the case of standard LC-KS-DFT, where

Eq. 3.35 is used to divide the exchange interaction only, the optimal µ is highly system

and property dependent [87,91,140–142]. However, here we are interested in splitting

the correlation in SR and LR, and in this case µ is more universal: Fromager et al. [85,

86] have demonstrated, based on physical arguments and numerical experiments, that

the optimal µ for evaluating the SR correlation with semilocal DFAs is in the vicinity

of µ ≈ 0.4 au. Therefore, µ is set to 0.4 au in all calculations (note that this value is
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widely used in LC-KS-DFT functionals such as, e.g., LC-ωPBE [76]). Additionally, by

fixing µ, size consistency and extensivity are preserved; system-dependent definitions

of µ not all can guarantee this [90, 91]. We note that it is also possible to define a

physically-motivated local µ(r), but this has the caveat that locally-range separated

hybrids are difficult and expensive to evaluate [88,89].

It is worth discussing briefly how the CCD0-DFT-RPA scheme in this work differs

from previous DFT-RPA methods such as those of Refs. [7, 8]. In previous works,

a self-consistent SR-KS-DFT calculation is carried out and LR-RPA correlation is

computed a posteriori using the converged SR-KS-DFT orbitals. The correlation in

the long range is all from RPA, and the exchange-correlation in the short range is

all from DFT. Here, we use RHF/BD orbitals for calculating the parallel-spin LR-

RPA correlation. Furthermore, the full-range exchange is from CCD0, the long-range

correlation is in part from CCD0 and in part from RPA, and the short-range corre-

lation is in part from CCD0 and in part from DFT. One could also think of another

combination: LR-CCD0 combined with LR-RPA and short-range DFT exchange-

correlation, in the spirit of traditional multideterminant range-separated DFT ap-

proaches. However, compared to this idea, the current scheme has the advantage of

avoiding self-interaction.

Lastly, we remark that range separation using long-range dRPA correlation is one

way to introduce the long-range part of the van der Waals interaction in CCD0+DFT;

other approaches are possible. For example, specialized van der Waals functionals

of varying degree of empiricism have been developed by various groups (see, e.g.,

Refs. [109–112] and references therein). These can be used in CCD0+DFT as long

as meaningful spin resolution for the correlation of the functional exist (and not all

DFAs have a meaningful spin resolution: the Lee–Yang–Parr [143] (LYP) functional,
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for example, models all correlation as being opposite spin).

3.7 Summary of Methods, Notation, and Computational De-

tails

The possible CCD0+DFT combinations presented here and their corresponding closed-

shell energy expressions are summarized in Table 3.1 (in this work, we deal only with

closed shells). All these methods have been implemented in a development version

of Gaussian [95] and the convergence of CCD0 and BD0 was aided by extrapola-

tion of the cluster amplitudes [144]. A variant called CCD0+EDFT
c is also introduced

where the full EDFA
c [n↑, n↓] is added to the CCD0 energy. The purpose of including

CCD0+EDFT
c is to assess the effects of double counting, and how well do improved

CCD0+DFT combinations eliminate this problem. The explanation of the notation

for the rest of the methods is as follows: A “p” before the functional name indicates

that only parallel spin correlation from the DFA—and dRPA, for the methods that

include it—is added to CCD0; the “t” that the full triplet-component of T2 is added

(see Section 2.2). The variant of SCAN called “rSCAN” uses the spin resolution from

Eq. 3.34, rather than that of Eq. 3.14. Finally, the “LC-” prefix (which stands for

“long-range corrected”) specifies that the short- and long-range correlation terms are

evaluated with the DFA and the dRPA, respectively. The long-range correction used

here should not be confused with the one used in standard LC-KS-DFT; the former

affects only the correlation, while the latter affects only the exchange. The exchange

does not need corrections in CCD0+DFT as it is calculated with the wavefunction

method. The CCD0+DFT calculations are all carried out in a non-self-consistent,

post-CCD0 manner.
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Table 3.1 : Summary of the CC0+DFT methods tested here. The notation, closed-
shell energy formulas, and relevant equations are given; CC0 can refer to CCD0
or BD0 and the densities are from the RHF or Brueckner reference determinants,
respectively; the “p” in pDFT is for parallel spin; the “t” in tDFT is for triplet-
pairing component ; Esr-rSCAN

c ↑↑ is the spin-up short-range SCAN correlation using the

spin resolution of Section 2.4; Elr-dRPA
c ↑↑ is the spin-up long-range dRPA correlation;

and the rest of the notation is given in the text.

Method Energy Formula Relevant Eqs.

CC0+EDFT
c ECC0 + EDFA

c [n↑, n↓] See Section 3.7

CC0+pDFT ECC0 + 2EDFA
c [n↑, 0] 3.13, 3.14

CC0+tDFT ECC0 + 3EDFA
c [n↑, 0] 3.14, 3.16

CC0+prSCAN ECC0 + 2ErSCAN
c ↑↑ [n↑, n↓] 3.13, 3.34

CC0+trSCAN ECC0 + 3ErSCAN
c ↑↑ [n↑, n↓] 3.16, 3.34

LC-CC0+pDFT ECC0 + 2Esr-DFA
c [n↑, 0] + 2Elr-dRPA

c ↑↑ 3.13, 3.14, 25–31

LC-CC0+tDFT ECC0 + 3Esr-DFA
c [n↑, 0] + 3Elr-dRPA

c ↑↑ 3.16, 3.14, 25–31

LC-CC0+prSCAN ECC0 + 2Esr-rSCAN
c ↑↑ [n↑, n↓] + 2Elr-dRPA

c ↑↑ 3.13, 3.34, 25–31

LC-CC0+trSCAN ECC0 + 3Esr-rSCAN
c ↑↑ [n↑, n↓] + 3Elr-dRPA

c ↑↑ 3.16, 3.34, 25–31
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3.8 Benchmarking of CCD0+DFT

3.8.1 Description of short-range dynamic correlation

For testing the CC0+DFT description of short-range dynamic correlation, we consider

the equilibrium distances (Re) and harmonic vibrational frequencies (ωe) of a set of

ten first- and second-row diatomics that has been studied in previous MR+DFT

works [19, 145]. These molecules are listed in Table 3.2; they comprise well-known

examples of single- and multiple-bonds, homonuclear and heteronuclear diatomics;

accurate experimental data are available from established databases [146, 147]. The

motivation for studying Re and ωe is as follows: EDFA
c increases in magnitude as the

interatomic distance is reduced, increasing the bond strength. Because CC0+EDFT
c

is deliberately constructed to have double counting from EDFA
c , this approach should

predict too short bond lengths and too high frequencies. If the rest of the CC0+DFT

combinations in Table 2.1 really work, then these problems should disappear and

improvement over CC0 be observed.

The bond lengths predicted by BD0 and BD0+DFT are compared with accurate

data in Table 3.2; results by CCD0 and CCD0+DFT are highly similar to those of

their corresponding BD0 counterparts. Likewise, LC-CC0+DFT and CC0+DFT are

not significantly different in this case. Note that the H2 molecule, for which BD0

is exact, is included among the benchmark set. The accurate data are from experi-

ments [146, 147] and the difference with BD0 for H2 (0.001 Å) may be considered as

an estimate of the effects of basis set incompleteness (and, in principle, also the Born–

Oppenheimer approximation). As expected from the discussion above, BD0+EDFT
c

consistently underestimates the bond lengths (mean error, ME = −0.015 Å), while

the BD0+DFT methods that avoid double counting do not do this and furthermore
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Table 3.2 : Accurate [146,147] equilibrium distances (Re, in Å) for a set of diatomics
and the deviations (calculated − accurate, in miliangstroms) from these distances for
BD0 and BD0+DFT methods using a Cartesian 6-311++G(2df,2p) basis. ME is the
mean error and MAE the mean absolute error. Results from CCD0 and CCD0+DFT
are very similar.

BD0+

Molecule Accurate BD0 ETPSS
c ESCAN

c pTPSS pSCAN prSCAN trSCAN

H2 0.741 1 -2 0 1 1 1 1

LiH 1.596 6 -10 -12 3 -2 1 -5

HF 0.917 1 -10 -5 -5 -1 -1 -2

HCl 1.275 7 -7 -2 0 3 4 2

Li2 2.673 -28 -28 -50 -2 -20 -11 -28

C2 1.243 4 -9 -6 -1 0 0 -2

N2 1.098 1 -8 -5 -2 -1 -1 -2

F2 1.412 15 -34 -26 -14 -6 -2 -11

Cl2 1.988 41 -19 -9 2 12 20 9

ClF 1.628 25 -19 -8 0 8 12 5

ME 7 -15 -12 -2 -1 2 -3

MAE 13 15 12 3 5 5 7
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improve upon BD0: the mean absolute errors (MAEs) of the different BD0+DFT

combinations are 2–4 times smaller than the MAE of BD0 (0.013 Å), all providing

very good results. Thus, the CC0+DFT methods appear to be working as intended

in the prediction of equilibrium distances. Perhaps the only unexpected result is that

there does not appear to be much difference between the different spin resolutions of

SCAN (pSCAN and prSCAN), or between adding only parallel spin correlation or the

full triplet component of T2 (prSCAN and trSCAN). We also note that most of the

largest errors occur in Li2. This diatomic is somewhat challenging to describe because,

even at equilibrium, there may be some static correlation present [26]. Nevertheless,

the errors for the Re of Li2 obtained here are much smaller than those reported for

MCSCF (error = 0.258 Å) and MCSCF+DFT (error ≈ 0.150 Å) in Ref. [19].

General observations are mostly similar for the harmonic vibrational frequencies

shown in Table 3.3. Again, we exclude LC-CC0+DFT data because the effect of the

long-range correction with dRPA correlation is negligible on the calculated frequen-

cies. A difference though is that there is more variation between BD0+DFT and

CCD0+DFT, and hence we include data for both in this Table. The effect of dou-

ble counting is as expected and CC0+EDFT
c consistently overestimates the frequencies

(ME = MAE ≈ 70–80 cm−1 with TPSS, 40–60 cm−1 with SCAN). Results from CCD0

and BD0 are close to each other (MAE = 22 cm−1 for both), but adding pTPSS to

the former worsens results (MAE = 42 cm−1) while it does not for the latter (MAE

= 25 cm−1). Adding pSCAN, prSCAN, or trSCAN to CCD0 gives similar or slightly

worse results than CCD0; for BD0, predictions become similar or better. The densi-

ties from the approximate Brueckner orbitals may therefore be more adequate inputs

for EDFA
c than the RHF densities. This observation may be related to the assertions

about the physical relevance of Brueckner orbitals—connections to DFT [148] and
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Table 3.3 : Accurate [146, 147] harmonic vibrational frequencies (ωe, in cm−1) for a
set of diatomics and the deviations (calculated − exact) from these values for CC0
and CC0+DFT methods using a Cartesian 6-311++G(2df,2p) basis. ME is the mean
error and MAE the mean absolute error.

CCD0+/BD0+

Molecule Accurate CCD0/BD0 ETPSS
c ESCAN

c pTPSS pSCAN prSCAN trSCAN

H2 4401 23/11 65/60 42/23 23/11 23/11 23/11 23/11

LiH 1406 -6/-3 32/30 39/31 0/4 0/3 -3/-11 9/0

HF 4138 36/19 160/156 103/84 102/84 22/24 44/24 58/38

HCl 2991 -38/-38 70/65 35/21 7/21 -22/-21 -32/-47 -17/-29

Li2 351 -3/32 19/18 11/10 9/7 9/26 2/16 12/5

C2 1855 22/12 106/87 77/58 89/51 40/29 40/26 50/36

N2 2359 36/19 108/87 77/54 63/40 37/25 44/21 51/29

F2 917 17/-31 132/87 110/65 81/8 64/9 52/0 76/22

Cl2 560 -19/-19 45/41 32/27 22/17 7/10 -2/-6 10/5

ClF 786 -24/-34 54/41 36/18 20/6 7/0 -4/-15 12/-4

ME 4/-3 79/67 56/39 42/25 19/11 16/2 28/11

MAE 22/22 79/67 56/39 42/25 23/16 25/18 32/18

even the Kohn–Sham orbitals [149] have been suggested in the literature. Note also

that the exact Brueckner determinant can be defined as the Slater determinant having

the largest overlap with FCI, and thus the densities can be presumed to be of better

quality than those from RHF. Overall, all of the combinations of CCD0 or BD0 with

SCAN give satisfactory results for both bond lengths and frequencies; mixtures with

TPSS are also reliable for these properties except for CCD0+pTPSS, which tends to

overestimate the frequencies.

As noted above, it is rather surprising that different spin resolutions, or whether
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one uses pDFT or tDFT, have little effect on the calculated bond lengths and frequen-

cies. However, these properties depend on relative energies only; total energies are

certain to be affected by factors such as the incorporation of parallel spin vs. triplet

pairing channel correlation (i.e., pDFT vs. tDFT). It is then logical to ask which

of the different flavors of CC0+DFT provides more accurate total energies. Table

3.4 compares the accurate [150] energy for the Neon atom with BD0 and BD0+DFT

estimates; results from CCD0 and CCD0+DFT differ by less than 1 milihartree from

their BD0 analogues. The correlation missed by BD0 in Ne is substantial (120 mil-

ihartrees). If raw EDFT
c [n↑, n↓] is added, results are worsened due to overcorrelation

(error ≈ −225 milihartrees). In contrast, adding only parallel spin correlation im-

proves the total energy, although underestimating it (errors = 41 and 20 milihartrees

for pTPSS and pSCAN, respectively). The best agreement with the accurate energy

is obtained when the correlation from the full triplet pairing channel is added to BD0

and using the spin resolution of Eq. 3.34 (errors = 2 and −10 milihartrees for tTPSS,

and trSCAN, respectively), but there is overcorrelation if the spin resolution of Stoll

et al. [122] is used with SCAN (error = −29 milihartrees for tSCAN). These obser-

vations are in line with the theoretical arguments from Sections 3.2 and 3.5; i.e.,

that BD0 misses the full triplet component of T2, and that the resolution by Stoll et

al. [122] exaggerates same-spin correlation in most regimes of the uniform electron

gas.

An advantage of CC0+DFT over traditional coupled cluster is the smaller basis

set dependence of the former. As an example, in the case of the Ne atom, the basis set

dependence of CCD0+DFT is 10–20% smaller than that of CCSD: using Cartesian

cc-pwCVnZ basis sets and going from n = 2–5, the CCSD energies decrease by 170,

45, and 10 milihartrees, whereas these values are 143, 39, and 8 milihartrees for both
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Table 3.4 : Accurate [150] total energy for the Neon atom (Hartrees) and deviations
(calculated − exact, in milihartrees) from this value for BD0 and BD0+DFT methods
using a Cartesian cc-pwCV5Z basis. Results from CCD0 and CCD0+DFT differ by
less than 1 milihartree from their BD0 counterparts.

BD0+

Accurate BD0 ETPSS
c ESCAN

c pTPSS tTPSS pSCAN tSCAN prSCAN trSCAN

-128.938 120 -229 -224 41 2 20 -29 33 -10

CCD0 and CCD0+DFT (different functionals have negligible effect on this). Note,

however, that CCD0 does have a somewhat slow basis convergence (similar to CCSD

in terms of percentage of basis set limit correlation, considering that CCD0 has less

correlation than CCSD). This is due to the fact that CCD0 treats a large portion

of the same-spin correlation in the same way as traditional coupled cluster. The

reduced basis set dependence of CCD0+DFT as compared to CCSD is thus due to

the lesser amounts of dynamic correlation in CCD0 and the treatment of the triplet-

pairing correlation with density functionals which have small basis set dependence.

CCD0+DFT also has a somewhat faster basis set convergence due to the fact that

part of the total correlation is computed with density functionals.

Another test for dynamic correlation based on relative energies, but more sensi-

tive than the bond lengths and frequencies above, is the description of proton affini-

ties. When a proton is added to a neutral molecule, the density is redistributed

and dynamic correlation changes subtly. This effect is reasonably well described

by density functionals, which have average errors of about 1–3 kcal/mol in small

molecules [151, 152]. Table 3.5 compares the experimental (ZPE-corrected) pro-

ton affinities of eight molecules with those calculated by TPSS, SCAN, BD0, and



74

BD0+DFT. The geometries (which are optimized at the MP2/6-31G(2df,p) level)

and reference data were taken from Ref. [152]; the effects of geometric relaxation

are known to be negligible [151]. Again, we focus on BD0+DFT methods because

CCD0+DFT results are very similar and the long-range correction of LC-BD0+DFT

has little effect on the proton affinities. Pure BD0 tends to overestimate the pro-

ton affinities (ME = 2.58 kcal/mol) and has the largest MAE of all methods (2.69

kcal/mol). TPSS results are similar (ME = MAE = 2.65 kcal/mol), but SCAN is

considerably better (MAE = 1.01 kcal/mol). Previous works noted that TPSS did

not improve upon its Perdew–Kurth–Zupan–Blaha [153] predecessor in the predic-

tion of proton affinities [151]. The fact that SCAN is better than TPSS at describing

the effect of protonization is reflected in BD0+DFT: the BD0+TPSS errors (MAE

≈ 2.3 kcal/mol) are 2–3 times larger than the BD0+SCAN errors. The best results

are obtained when the full triplet-pairing component of T2 is added to BD0 using

the spin resolution of Section 3.5 (BD0+trSCAN, MAE = 0.66 kcal/mol). The ob-

servations here point toward a relationship between the accuracies of the DFA and

BD0+DFA for a given property. Note, however, that not any functional can be uti-

lized in CC0+DFT. For example, the Lee–Yang–Parr [143] (LYP) functional models

all correlation as being opposite-spin [154], so that there is no parallel-spin correlation

that can be extracted from LYP.

3.8.2 Description of long-range dynamic correlation

In all the benchmarks that we have hitherto discussed, the use of LC-CC0+DFT

over CC0+DFT has negligible impact on the results. However, the effect of the long-

range, dRPA-based, correction can be dramatic on the description of van der Waals

interactions. One such example, the dissociation of a Helium dimer, is shown in
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Table 3.5 : Accurate proton affinities (PA = E(M) − E(MH+), in kcal/mol) for
eight molecules and deviations (calculated − exact, in kcal/mol) from these values
for TPSS, SCAN, BD0, and BD0+DFT using a Cartesian MG3S basis. The TPSS
and accurate data are from Ref. [152]. Results from CCD0 and CCD0+DFT are very
similar to those from their BD0 counterparts.

BD0+

Molecule Accurate TPSS SCAN BD0 pTPSS tTPSS pSCAN tSCAN prSCAN trSCAN

NH3 211.90 1.70 0.72 2.84 3.53 3.88 1.22 0.41 1.70 1.13

H2O 171.80 0.40 0.24 1.44 2.43 2.93 0.39 -0.14 0.69 0.31

C2H2 156.60 4.60 3.83 2.89 4.01 4.56 0.95 -0.02 1.30 0.50

SiH4 156.50 3.10 -0.34 2.75 0.46 -0.68 0.24 -1.01 0.84 -0.12

PH3 193.10 2.60 -0.02 4.55 1.04 -0.71 -0.26 -2.66 1.09 -0.65

H2S 173.70 3.30 1.45 3.72 2.74 2.24 1.04 -0.30 1.79 0.83

HCl 137.10 3.10 1.50 2.92 3.18 3.31 1.42 0.68 1.83 1.29

H2 105.90 2.40 -0.01 -0.44 -0.44 -0.44 -0.44 -0.44 -0.44 -0.44

ME 2.65 0.92 2.58 2.12 1.89 0.57 -0.43 1.11 0.36

MAE 2.65 1.01 2.69 2.23 2.34 0.75 0.71 1.22 0.66
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Figure 3.8.1 : Counterpoise-corrected dissociation energy profiles for the He-
lium dimer calculated by various methods using a Cartesian aug-cc-pVQZ ba-
sis. LC-BD0+trSCAN uses µ = 0.4 au.; BD0+tSCAN has the same behavior as
BD0+trSCAN. The curve marked as LC-BD0+trSCAN* uses the semiempirical pref-
actor of 1.5 on the dRPA correlation of Ref. [7]. The accurate data are from Ref. [155].

Figure 3.8.1. The accurate data shown there is from experiment and has been taken

from Ref. [155]. Standard Brueckner doubles (BD) correctly describes the dissociation

profile of He2. The correlation present in BD but not in BD0 is crucial in this case; the

latter is repulsive in the region near the correct minimum. The reason for the failure

of BD0 for long-range interactions can be explained as follows: BD0 misses equal-spin

correlation (plus an identical-in-magnitude m = 0 component of T
[1]
2 ) which, in the

short-range, is generally much smaller than the opposite-spin contributions because

same-spin electrons avoid each other due to the Pauli principle (antisymmetry of the

wavefunction). In the long-range, however, electrons are far apart from each other and

their spin is no longer relevant on their dynamic correlation. Hence, the correlation

missing in BD0 becomes more important in the long range.

From Figure 3.8.1 we also see that BD0+TPSS adds a negligible contribution to
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the BD0 description of the He2 dissociation; the same-spin TPSS correlation is practi-

cally zero along the whole curve. Surprisingly, BD+SCAN is radically different from

BD0+TPSS, but fails badly in an opposite way: SCAN exaggerates the long-range

parallel-spin correlation and leads to far too much binding. This wrong behavior is

corrected when the DFA correlation is evaluated in the short-range only and com-

plemented with dRPA correlation in the long range. The LC-BD0+trSCAN and BD

curves are close to each other, indicating that adding the full triplet component of

T2 via our SR-SCAN/LR-dRPA model correctly incorporates the correlation that is

missing in BD0. It is worth pointing out that Janesko et al. [7] found that using

an empirical scaling of 1.5 on the dRPA correlation improves the agreement of LC-

LDA+dRPA with accurate data for noble gas dimers, and that here too we observe

improvement if this factor is used (LC-BD0+trSCAN* curve). Note also that data for

all possible method combinations are not shown in Figure 3.8.1, but the performance

of the techniques not shown can be inferred by the reader due to the fact that many

BD0+DFT variants differ only by a multiplicative factor on the correlation added to

BD0. For example, the LC-BD0+prSCAN curve (not shown in Figure 3.8.1) would be

qualitatively similar to the LC-BD0+trSCAN one, but less accurate in quantitative

terms.

On Table 3.6 the binding energies of the Neon dimer calculated by BD and

BD0+DFT at the experimental equilibrium distance of 5.841 au are compared with

accurate estimates from standard databases [158]. Once more, BD0 fails to bind the

noble gas dimer, and so do BD0+pTPSS and BD0+tTPSS. Remarkably though, all

combinations of BD0 with SCAN bind Ne2, showing best agreement with the reference

energy when the full triplet-pairing component of T2 is included. When the long-range

DFA correlation is replaced by dRPA correlation, variants using TPSS and SCAN all
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Table 3.6 : Accurate binding energy for the Neon dimer compared with counterpoise-
corrected calculations by BD0 and BD0+DFT methods at the experimental equilib-
rium distance of 5.841 au using a Cartesian aug-cc-pVQZ basis. The geometries and
accurate binding energy were taken from Ref. [158]. All energies are in kcal/mol.

Method Binding Energy

Accurate 0.08

BD0 -0.03

BD0+pTPSS -0.03

BD0+tTPSS -0.02

BD0+pSCAN 0.03

BD0+tSCAN 0.06

BD0+prSCAN 0.01

BD0+trSCAN 0.03

LC-BD0+pTPSS 0.00

LC-BD0+tTPSS 0.02

LC-BD0+prSCAN 0.01

LC-BD0+trSCAN 0.03

LC-BD0+tTPSS∗ 0.05

LC-BD0+trSCAN∗ 0.05

∗Using the semiempirical prefactor of 1.5 on the

dRPA correlation of determined on Ref. [7].
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bind the dimer, but tSCAN-based methods are most accurate. LC-BD0+pTPSS pro-

vides the smallest binding energy (0.004 kcal/mol) and LC-BD0+trSCAN the largest

one (0.03 kcal/mol). As occurs for He2, if the semiempirical factor of 1.5 determined

on Ref. [7] is used to scale EdRPA
c the agreement between LC-BD0+tDFT and exper-

iment is improved.

It should also be mentioned that there are some types of weak interactions that

are captured by semilocal functionals, as these can describe the intermediate-range

part of the van der Waals interaction [129,156,157]. As an example, we consider the

π-π interactions in ethylene and acetylene dimers with geometries from a standard

dataset [158]. Accurate data for the binding energies of these species are compared

with BD0 and BD0+DFT predictions on Table 3.7. At the accurate equilibrium

distance, BD0 significantly underestimates the binding energies for both dimers and

predicts only the acetylene dimer to be bound. All of the BD0 combinations with

DFT improve the former’s results and bind both dimers, but the best agreement

with the reference data is given by BD0+tSCAN and BD0+trSCAN. It was noted on

Ref. [129] that SCAN was more accurate than TPSS for describing weak interactions;

a consequence, most likely, of the appropriate norming of SCAN. Hence, we observe

again a correlation between the adequacy of the DFA for a given property, and that

of BD0+DFA methods for the same type of calculation.

In this Section, we have focused on BD0+DFT results; CCD0+DFT results

have been omitted. The reason for this is that, in our experience, BD0+DFT and

CCD0+DFT are largely similar when describing problems dominated by dynamic

correlation (with BD0 being slightly better). Thus, the observations for CCD0-based

methods are analogous to those of their BD0 counterparts and discussion about the

former has been left out to avoid repetitiveness and long-windedness. Nevertheless,
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Table 3.7 : Accurate binding energies for ethylene (C2H4) and acetylene (C2H2) dimers
compared with counterpoise-corrected calculations by BD0 and BD0+DFT methods
using a Cartesian MG3S basis. The geometries and accurate data were taken from
Ref. [158]. All energies are in kcal/mol.

Binding Energy

Method (C2H2)2 (C2H4)2

Accurate 1.34 1.42

BD0 0.38 -0.42

BD0+pTPSS 0.64 0.07

BD0+tTPSS 0.76 0.31

BD0+pSCAN 1.13 1.03

BD0+tSCAN 1.50 1.76

BD0+prSCAN 0.95 0.23

BD0+trSCAN 1.24 0.56
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as we discuss next, there can be important differences between CCD0 and BD0 when

static correlation is involved.

3.8.3 Simultaneous description of static and dynamic correlation

As noted in previous chapters, molecular dissociations are one of the paradigms of

static correlation in quantum chemistry. Dynamic correlation is also always present if

multielectron atoms are involved. Figure 3.8.2 shows the dissociation energy curves for

boron hydride calculated by various standard and CC0+rSCAN methods; CC0+TPSS

and CC0+SCAN variants are similar but slightly higher and lower, respectively, in

energy than CC0+rSCAN. The UCCSD(T) (unrestricted CCSD with perturbative

triples) data in this Figure may be considered as an accurate reference, as this tech-

nique is considerably parallel to FCI for this system [159] (nonparallelity error ≈ 2

kcal/mol). Note, however, that restricted CCSD(T) experiences a breakdown at B–H

distances greater than about 5.5 au. As noted in the previous sections, CCD0- and

BD0-based methods are highly similar when the problem is dominated by dynamic

correlation (in this case, near equilibrium, although the existence of a UHF solution

slightly lower in energy than RHF suggests the presence of some static correlation too;

similar observations have been noted by Pollet et al. [26]). However, this is no longer

true at large bond lengths, where CCD0 becomes significantly higher in energy than

BD0. In general, the BD0 description of bond breaking is significantly better than

that of CCD0. This is easily understood by considering the dissociation of H2: BD0 is

exact but CCD0 is not because, in order to be exact for two-electron systems, singles

contributions must be included either explicitly or via the Brueckner orbitals. As the

total correlation increases when the bond is extended beyond the Coulson–Fischer

point, the singles contributions that are missing in CCD0 become more important.
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Figure 3.8.2 : Dissociation energy profiles for boron hydride calculated by various
methods using a Cartesian cc-pVTZ basis.

This analysis extends to other chemical bonds in general.

Although the BD0+trSCAN curve in Fig. 3.8.2 provides a very good description of

the BH dissociation (and without resorting to symmetry breaking, like UCCSD(T)),

LC-BD0+trSCAN exhibits wrong behavior at large bond lengths. The dRPA corre-

lation increases too much beyond RB–H ≈ 6 au, resulting in a “bump”, similar to that

of RCCSD(T), characteristic of common perturbative and RPA-based approaches.

In the case of LC-CCD0+trSCAN, the substantial dRPA correlation actually helps

to correct, to a certain extent, the too-high dissociation limit of CCD0+trSCAN.

When breaking multiple bonds, coupled cluster methods for strong correlation—

CCD0, BD0, and pCCD—all tend to a too-high energy limit (sometimes higher than

UHF, e.g., in N2; see Figure 3.8.3). Thus, adding dRPA correlation in a manner

similar to the one done here may provide a route to alleviate this problem of singlet-

paired coupled cluster techniques. In the case of the dissociation of N2 shown in

Figure 3.8.3, there also appears to be an improvement of the too-high dissociation

energy limit of CCD0 by the long-range dRPA correlation. LC-CCD0+trSCAN is

quite close energetically to UCCSD and binding energies are no longer exaggerated,
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Figure 3.8.3 : Dissociation energy profiles for the N2 molecule calculated by various
methods using a Cartesian cc-pVDZ basis.

although it presents a bump at long bond lengths. The BD0+DFT curves are above

LC-CCD0+DFT at large internuclear distances, but LC-BD0+DFT (not shown) leads

to too much correlation at dissociation and a pronounced bump similar to that seen

in boron hydride. Thus, for dissociations, BD0+DFT and LC-CCD0+DFT appear to

be preferable over LC-BD0+DFT because the large dRPA correlation at long bond

lengths helps to correct the too-high limit of CCD0, but this correction is too large for

BD0 (which alone gives a better description of dissociation than CCD0). Note also

that although this is one of the cases in which BD0 goes to a too high limit, CCSD

and CCSDT fail very badly while BD0+DFT provides a reasonable description of

the dissociation (and is also accurate near equilibrium, as evidenced by the data in

Tables 3.2 and 3.3).

Another problem for which traditional coupled cluster fails badly is the defor-

mation of H4 from a rectangular to a square geometry [10]. Figure 3.8.4 shows this

model (which has been studied extensively [160–164]) schematically. The H atoms

are confined to a circle of radius 3.284 au and preserve D2h symmetry, so that the

geometry depends on a single parameter: the angle Θ that bisects two lines connect-
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Figure 3.8.4 : Geometry of H4 on a circle with a radius of 3.284 au. Dependence of
the total energy on the angle Θ for various methods using a Dunning DZP basis. The
FCI data are from Ref. [164].

ing opposing H atoms. This Figure also shows the dependence of the energy on Θ for

various methods, including FCI data from Ref. [164]. It is seen that CCSD predicts a

trend that is opposite to that of FCI, with a minimum at Θ = 90◦ (square geometry),

where it overcorrelates the most. In contrast, BD0 and BD0+DFT methods have

good qualitative and quantitative agreement with FCI, albeit they exhibit a discon-

tinuity in the first derivative of the energy with respect to Θ at Θ = 90◦ that is not

present in the FCI curve. Of the BD0+DFT methods, only BD0+rSCAN data are

shown in Figure 3.8.4, but using TPSS gives very similar results, while BD0+SCAN

yields slightly lower total energies.

A benchmark for which KS-DFT methods fail catastrophically is the Beryllium iso-

electronic series (i.e.,X(Z−4)+ ions). In this system, the angular s2 → p2 static correla-

tion increases linearly with increasing nuclear charge Z; this effect is poorly described

by common DFAs (even if one tries to break spin symmetry, because the X(Z−4)+ ions

are RHF → UHF stable). Table 3.8 compares the accurate energies [165] for this se-
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ries with energies from TPSS, SCAN, BD0, and their combinations; CCD0+DFT

and BD0+DFT results are not significantly different in this case. The nonparallelity

errors (NPE)—the difference between the maximum and minimum errors—are also

provided as an estimate of how well is the linear trend of the correlation described.

As expected, TPSS and SCAN fail badly to capture this trend with NPEs of 40.6

and 87.9 milihartrees, respectively. Much better results are given by BD0 (NPE =

5.2 milihartrees), although there is underestimation of the energy due to the missing

same-spin correlation (ME = MAE = 7.1 milihartrees). All of the BD0+DFT com-

binations capture correctly the dependence of the energy with respect to Z, and are

similar or better than BD0 with NPEs in the range of 2.0–7.3 milihartrees. The best

results are given by BD0+pTPSS (ME, MAE, and NPE of −2.5, 2.5, and 1.2 mili-

hartrees, respectively). The BD0+DFT methods tend to overestimate the correlation,

which may be a result of the approximate functional and/or of the resolution of the

equal-spin correlation. Indeed, the latter appears to be a factor because BD0+SCAN

overcorrelates more than BD0+rSCAN. It is also possible that the overcorrelation in

+tDFT methods for the X(Z−4)+ ions be in part an artifact of the small size of the

system; total energies for the isovalent Mg atom (Table 3.9) are most accurate with

BD0+tTPSS and BD0+trSCAN and trends are similar to those observed for the Ne

atom on Table 3.4, with BD0+DFT providing great improvement over BD0.

In the tests for static correlation thus far analyzed, CC0 is able to provide a

qualitatively correct description of the problem at hand. A challenging benchmark for

which this is not the case is the dissociation of the Beryllium dimer. This dissociation

is chemically different from the breaking of typical bonds discussed above: Be2 has

a formal (MO-theory) bond order of zero; it is weakly bound (≈ 2 kcal/mol) but

not by dispersive van der Waals forces, but by a mixture of dynamic and static
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Table 3.8 : Accurate [165] total energies (in Hartrees) for the Beryllium isoelectronic
series and deviations (calculated − exact, in milihartrees) from these values for TPSS,
SCAN, BD0, and BD0+DFT using a Cartesian cc-pCVQZ basis. Results from CCD0
and CCD0+DFT are very similar to those from their BD0 counterparts.

BD0+

Species Accurate TPSS SCAN BD0 pTPSS tTPSS pSCAN tSCAN prSCAN trSCAN

Be -14.6674 -4.2 17.3 4.0 -2.7 -6.0 6.0 -11.1 -3.7 -7.5

B+ -24.3498 3.0 31.8 6.0 -2.4 -6.5 -6.8 -13.2 -4.2 -9.3

C2+ -36.5352 8.8 45.2 6.2 -3.2 -7.9 -8.4 -15.7 -5.8 -11.7

N3+ -51.2234 15.6 59.9 7.1 -3.0 -8.0 -8.8 -16.7 -6.2 -12.9

O4+ -68.4128 22.8 75.4 8.3 -2.3 -7.5 -8.5 -17.0 -6.1 -13.3

F5+ -88.1022 29.5 90.2 8.7 -2.2 -7.7 -8.9 -17.7 -6.6 -14.2

Ne6+ -110.2921 36.4 105.1 9.2 -2.0 -7.6 -9.0 -18.1 -6.8 -14.8

ME 16.0 60.7 7.1 -2.5 -7.3 -8.1 -15.6 -5.6 -12.0

MAE 17.2 60.7 7.1 2.5 7.3 8.1 15.6 5.6 12.0

NPE 40.6 87.9 5.2 1.2 2.0 3.0 7.1 3.1 7.3

Table 3.9 : Accurate [150] total energy for the Magnesium atom (Hartrees) and devi-
ations (calculated − exact, in milihartrees) from this value for BD0 and BD0+DFT
methods using a Cartesian cc-pwCV5Z basis.

BD0+

Accurate BD0 pTPSS tTPSS pSCAN tSCAN prSCAN trSCAN

-200.053 143 48 1 24 -36 38 -15
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correlation [168]. Because of this, common coupled cluster and perturbation methods

fail for this system; multireference wavefunctions may or may not work depending

on the size of the active space and on how dynamic correlation is treated [168–

170]. Figure 3.8.5 shows that BD0 also fails badly for Be2; the potential energy

curve is repulsive near the accurate equilibrium distance (determined by an explicitly

correlated MR wavefunction, which agrees with experiment [169, 170]). In contrast,

BD0+DFT methods bind the Be dimer, with BD0+tTPSS giving particularly good

qualitative and quantitative agreement with the accurate reference data. In this

case, BD0- and CCD0-based provide similar results. LC-BD0+tTPSS affords a good

description of the dissociation when the semiempirical prefactor of 1.5 on the dRPA

correlation of Ref. [7] is used; otherwise the relative energy at the equilibrium distance

may be too high (albeit there is still substantial improvement over BD0). It has been

noted that connected triples are needed to obtain sizable bonding [171]; the ability

of BD0+DFT to do this is thus a good indicative that the way in which the methods

are mixed is adequate. The dissociation of Be2 is an example of the importance of the

correlation missing in CC0 for obtaining qualitatively correct results in difficult cases

where a simultaneous, balanced description of both static and dynamic correlation is

necessary.

3.9 Conclusions and Possible Improvements

We have analyzed techniques to incorporate the correlation that is missing in singlet-

paired coupled cluster via density functionals or combinations of these with the dRPA.

These methods are nonemprical and physically motivated, and the benchmarks stud-

ied here demonstrate that they are capable of describing static and dynamic corre-

lation (including long-range weak interactions) without symmetry breaking. Typ-
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Figure 3.8.5 : Dissociation energy profiles for the Beryllium dimer calculated by vari-
ous methods using an uncontracted Cartesian aug-cc-pVTZ basis. The accurate data
are from explicitly correlated r12MRCI calculations from Ref. [170]. The CCSD data
are from Ref. [169]. The curve marked as LC-BD0+tTPSS* uses the semiempirical
prefactor of 1.5 on the dRPA correlation of Ref. [7].

ical problems of MR+DFT methods such as double counting and the symmetry

dilemma are avoided in CC0+DFT. In general, CCD0- and BD0-based methods pro-

vide similar results for weakly correlated systems, but BD0+DFT is preferable for

problems with static correlation such as bond breaking. Similarly, both CC0+TPSS

and CC0+SCAN yield good overall results, although SCAN is better at capturing

long-range weak interactions. Addition of the full triplet-pairing component of T2

to CC0 (+tDFT) is frequently better than adding just the parallel-spin correlation

(+pDFT), in agreement with theoretical arguments outlined in Section 2.2.

It is often said of traditional coupled cluster methods that they give “the right

answer for the right reason.” Yet, these approximations fail in the presence of strong

correlation. Here, LC-CCD0+DFT, for example, can be considered as an attempt

to avoid this failure while obtaining the right answer for the right reason via a dif-

ferent route: CCD0 correctly describes most of the opposite spin correlation without

breaking down in the strong correlation regime; DFAs are most accurate in the short-
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range [79], while RPA is most accurate in the long-range [5, 6, 138]; and we add

specifically the correlation absent in CCD0 from these last two. Nonetheless, more

extensive benchmark studies may be required to determine what type of CC0+DFT

combinations are better for different cases. For example, adding the LR-dRPA is

physically motivated but did not always improve results in the tests studied here.

Furthermore, there is room for improvement over the techniques presented here:

• The major drawback of CCD0 and BD0 is theirO(N6) scaling, which determines

the cost of the combinations presented here. Additionally, the DFA correlation

added to CCD0/BD0 is evaluated in terms of a multiple of the same-spin corre-

lation. This has the disadvantage that resolutions for the parallel-spin correla-

tion are imperfect, and also that same-spin correlation typically makes up for a

larger fraction of the total correlation in the uniform electron gas as compared

to molecules [22,122], which may result in too low total energies in CC0+DFT.

Both of these problems can be fixed by appropriate combinations of DFT with

pCCD, rather than BD0 and CCD0. The scaling of pCCD is only O(N3) (ne-

glecting the basis transformation of the two-body interaction [60]). Although

pCCD misses more dynamic correlation than CCD0, the intrapair correlation

is described almost exactly; pCCD closely reproduces seniority-zero FCI—an

optimal linear combination of all configurations that preserve electron pairs [60]

(i.e., all seniority zero configurations; see Ref. [2] for a detailed explanation of

the concept of seniority). Hence, following the philosophy of the present work,

we can add the correlation missing in pCCD by switching the discussion from

the singlet/triplet-pairing components of CC0 to intra/inter-pair correlation.

Ways of extracting intra/inter-pair correlation from DFAs have been discussed

by Savin et al. [172]. Likewise, adding dRPA correlation to pCCD without



90

double counting can be done with a similar strategy to the one done here by

including only integrals that “break” electron pairs (seniority nonzero) in the

B matrix of dRPA.

• Here, the DFA correlation is added to CC0 in a non-self-consistent manner. Al-

though the effect of self-consistency is often small when adding dynamic DFA

correlation to a wavefunction [125], it is possible that self-consistency can im-

prove CC0+DFT. In particular, it would be possible to make the singlet- and

triplet-pairing components of T2 to “talk” to each other—and without intro-

ducing the risk of breakdown in strongly correlated systems—by including an

effective one-body potential from the DFA in the core Hamiltonian of CC0 (see

Section 3.3). Note that CC0+DFT still avoids double counting when done self-

consistently. The reason for this is that, even if done self consistently, CC0

alone cannot capture the triplet-pairing correlation energy.

• We have relied here on educated guesses for extracting the parallel spin and

short-range correlation from existing functionals. Thus, our CC0+DFT meth-

ods can be refined by parametrizing a parallel spin correlation functional com-

plementary to CC0, and doing a rigorous parametrization of said functional for

the range separation. Related to this, LC-CC0+DFT may also benefit from a

finer tuning of the range separation parameter.

Thus, it is likely that the already good results obtained here can be improved further,

and that the cost of CC0+DFT be reduced by using pCCD+DFT combinations.

Indeed, many other CC0+DFT (or CC0+RPA) mixtures can be developed following

the general strategies used here. CC0-based methods may also be extended for excited

states via coupled cluster response theory [173].
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Chapter 4

Applications of CCD0+DFT to Actinide

Chemistry

In this last “results” chapter, we shall focus on applications of CCD0+DFT to actinide

chemistry. Before going into the results, we begin with a brief introduction explaining

the motivation for studying actinide-containing compounds with CCD0+DFT, as well

as a few technical details regarding this type of calculations. The work presented in

this chapter is largely based on the following reference:

• A. J. Garza, A. G. Sousa Alencar, and G. E. Scuseria, J. Chem. Phys. 143,

244106 (2015).

Some passages in this chapter have been taken verbatim from this publication.

4.1 Introduction

Actinide chemistry represents a challenge for experimental approaches due to the

high toxicity and radioactivity of actinide compounds. Accurate computational mod-

els are therefore particularly valuable in this area of chemistry. An example of this

was the theoretical prediction of NUO+ [174] and its subsequent discovery by mass

spectroscopy [175]. However, actinide chemistry is also challenging for common quan-

tum chemical approximations: The presence of multiple degenerate, partially filled f

orbitals leads to substantial static correlation. This represents a serious problem be-

cause, as noted in previous chapters, typical techniques for handling static correlation
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have severe limitations such as lack of size-consistency and size-extensivity and, most

restrictively, a combinatorial increase in computational cost with system size. Fur-

thermore, many of these approaches may miss important dynamic correlation. Other

popular methods of quantum chemistry such as Kohn–Sham density functional the-

ory (KS-DFT) or single-reference coupled cluster (CC) are unreliable when static

correlation is present [10] (common CC methods may even diverge or yield com-

plex correlation energies; see Chapter 1). Recent advances in computational actinide

chemistry have been reviewed in Refs. [176,177].

In this chapter, we assess the accuracy of some of the methods discussed in

Chapter 3, CCD0 and CCD0+DFT (and their BD0 variants), as compared to well-

established quantum chemical methods for describing ground-state properties of sin-

glet actinide molecules. For this purpose, the f 0 actinyl series (UO2+
2 , NpO2+

2 ,

PuO2+
2 ), the isoelectronic NUN, and Thorium (ThO, ThO2+) and Nobelium (NoO,

NoO2) oxides are studied. By comparing to experimental and high-level ab initio

calculations data, it will be shown that CCD0+DFT is an adequate technique for

studying this type of actinide compounds.

4.2 Computational Details

All calculations were carried out using a development version of Gaussian [95] in

which the CCD0 and CCD0+DFT methods have been implemented. As in the previ-

ous chapters and our related work [25], CCD0+DFT calculations are done in a non-

self-consistent manner: the DFA correlation is evaluated in a single-shot, post-CCD0

calculation with the densities from the reference determinant. CCD0+DFT geometry

optimizations and harmonic vibrational frequencies were computed numerically using

a convergence threshold of 1×10−9 Hartrees on the CCD0 energy and the largest of the
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preset grids in Gaussian for integrating the density functional (Integral=SuperFine

keyword). CCD0 geometries and frequencies were evaluated analytically, and we ver-

ified that the numerical procedure for determining these properties with CCD0+DFT

agreed with analytical results for CCD0. These same specifications were followed in

BD0 and BD0+DFT calculations. Unless otherwise indicated, all calculations employ

the Stuttgart relativistic small-core effective core potential [178–180] (RSC ECP) ba-

sis for actinide atoms, and the aug-cc-pVDZ basis for the light atoms. These basis

sets have been shown to be adequate for the type of calculations carried out here [182].

Spin-orbit coupling effects are neglected as they are not important for the closed-shell

species studied in this work [86, 176]. The results reported here are all in gas phase

media.

4.3 Uranyl Cation (UO2+
2 )

The uranyl ion UO2+
2 is considered the most important of the actinyls due to its

ubiquity: In practical applications, nuclear reactors usually rely on uranium to fuel

nuclear chain reactions, and UO2+
2 is the most common form of uranium in aqueous

solution. UO2+
2 is highly toxic and its study is motivated by the need for knowledge

regarding soluble actinide complexes, which are important for nuclear waste disposal

and environmental transport [176]. The “bare” UO2+
2 ion has also been observed

experimentally via mass-spectrometric techniques [181]. The uranyl cation has there-

fore been studied extensively [86, 176, 182, 184–186] using theoretical methods. Here,

we study this species in the gas phase due to the availability of data from high-level

calculations to compare with, as the accuracy of CCD0 and CCD0+DFT for actinide

compounds has not yet been established. To the best of out knowledge, there is no

experimental data for the properties of UO2+
2 here calculated.
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Table 4.1 : Bond lengths (Re in Å) and harmonic vibrational frequencies (ωe in cm−1)
for UO2+

2 (D∞h) calculated by various methods. Results computed in this work appear
in the top part of the table; results compiled from the literature at the bottom. To
the best of our knowledge, no experimental data is available for this species.

This Work

Method Re ωas ωs ωβ

CCD0 1.698 1129 1053 541

CCD0+pTPSS 1.681 1162 1091 508

CCD0+pSCAN 1.686 1143 1073 230

CCD0+prSCAN 1.687 1148 1078 223

CCD0+trSCAN 1.683 1157 1086 226

BD0 1.700 1143 1049 253

BD0+pTPSS 1.685 1130 1061 379

BD0+pSCAN 1.694 1112 1044 226

BD0+prSCAN 1.693 1121 1052 220

BD0+trSCAN 1.689 1126 1057 381

CCSD 1.696 1151 1059 202

CCSD(T) 1.702 1113 1025 192

HF 1.648 1293 1220 267

PBE 1.715 1086 985 123

PBEh 1.684 1175 1082 187

LC-ωPBE 1.674 1213 1125 192

Literature

Method Re ωas ωs ωβ

pCCDa 1.669 — 1060 —

CCSD(T)b 1.690 1120 1035 178

MP2a 1.745 — 854 —

MP2c 1.724 1052 941 277

CASSCF(10,10)a 1.694 — 1085 —

CASSCF(12,12)a 1.707 — 1034 —

CAS-srPBE(12,12)d 1.684 — —- —

CAS-srLDA(12,12)d 1.684 — —- —

CASPT2(12,12)e 1.714 1153 1043 —

CASPT2(12,12)f 1.705 1066 959 —

aFrom Ref. [183] using the cc-pVDZ basis on O. bFrom Ref. [184]; RSC+3g on U and aug-cc-pVQZ on O.

cFrom Ref. [185]; RSC+2g on U and aug-cc-pVDZ on O. dFrom Ref. [86]; RECP (14s13p10d8f6g)/[6s6p5d4f3g] on U and

(4s5p1d)/[2s3p1d] on O.

eFrom Ref. [186]; RSC on U and 4s3p2d ANO-S on O. fFrom Ref. [186]; RSC on U and 4s3p2d1f ANO-L on O.
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Table 4.1 compiles predictions by various methods for the bond lengths (Re) and

harmonic vibrational frequencies (ωe) of UO2+
2 . Some of these data have been taken

from the literature and not all calculations use the same basis set; however, the results

should be roughly comparable because the bases are all of similar, good quality. The

highest level methods in this Table are CCSD(T) and CASPT2(12,12) (complete

active space of twelve electrons in twelve orbitals with second order perturbation

theory). CCSD(T) results are considered to be reliable for uranyl [176, 184, 185].

CCD0 is in good agreement with CCSD(T) except for a large overestimation of the

bending frequency ωβ. This problem persists in CCD0+pTPSS, but is alleviated by

combinations of CCD0 with SCAN. Compared to CCD0, BD0 provides a much better

estimate of ωβ. Whereas BD0+pTPSS tends to give a too short Re and too large

frequencies, BD0+SCAN methods are, overall, in excellent agreement with CCSD(T).

It is worth noting that the trends for the UO2+
2 frequencies are the same as those

observed for a set of ten first- and second-row diatomics in Chapter 3 (see also the

related publication, Ref. [25]): CCD0+pTPSS overestimates the frequencies, while

CCD0+SCAN combinations improve results. The trend is similar for BD0+DFT

methods, which are more accurate than their CCD0+DFT counterparts.

CCD0, BD0, and their combinations with DFT (in particular those with SCAN)

fare well against other methods. Results from HF and KS-DFT methods in Table 4.1

suggest that the description of UO2+
2 is dependent on the amount of HF exchange

in the functional: more HF exchange leads to shorter bond lengths and higher fre-

quencies. This dependence can make common hybrids unreliable for high accuracy

work. The “cousin” of CCD0, pCCD, underestimates Re more than all other methods

except HF. In pCCD, a singlet pairing scheme is also employed, but only the diag-

onal (optimized) terms are retained. A better performance of CCD0 as compared



96

to pCCD could be expected because the former contains more contributions in the

cluster operator: recall that the the T operator of pCCD is (see Chapter 2)

TpCCD =
∑
ia

tai c
†
a↑c

†
a↓ci↓ci↑, (4.1)

which is only a part of the T [0] of CCD0. Although pCCD normally compensates

for the missing terms via an orbital optimization, this optimization is nontrivial and

can have multiple solutions. Nonetheless, pCCD has the advantage of having lower

scaling. The cost of CCD0 is determined by the cost of solving the CCD0 equations

with symmetrized amplitudes. Thus, the scaling of CCD0 is the same as that of CCD,

O(N6). For pCCD, the cost of solving the pertinent CC equations is a remarkably

low O(N3), although a O(N5) basis transformation transformation is required for the

orbital optimization (and this is important for achieving good results and ensuring

size consistency). Compared to the traditional, “gold-standard” CCSD(T), CCD0

and CCD0+DFT are an order of magnitude lower in cost, while providing similar

results and being more reliable for static correlation [10].

Table 4.1 also shows CAS-srDFT results from Ref. [86]. These methods belong to

a class of techniques that complement long-range wavefunction two-body energy with

short-range DFT Hartree–exchange–correlation. The idea is to capture the dynamic

correlation, which is short-range, with DFT and avoid double counting by range

separation; an approach to avoid double counting that is very different from that used

in CCD0+DFT (see Chapter 2 for a discussion on the technique of range-separation).

The CAS-srDFT bond lengths are comparable to those of CCD0+DFT, although

the latter has the advantage that it does not neglect effects of static correlation in

the short-range. CASSCF and CASPT results are also comparable to those from

CCD0/BD0 (and their +DFT combinations), whereas MP2 gives too large bond
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lengths.

4.4 Neptunyl and Plutonyl (NpO3+
2 and PuO4+

2 )

The increased charge in neptunyl and plutonyl (NpO3+
2 and PuO4+

2 ) as compared

to the isoelectronic uranyl enhances degeneracies, bolstering static correlation. This

makes these ions more challenging to describe than UO2+
2 . In fact, CCSD(T) results

reported in the literature for these systems come with a warning: The T1 diagnostics

for neptunyl and plutonyl are 0.22 and 0.35, respectively [185]. Empirically, CCSD(T)

predictions are considered unreliable when T1 > 0.2 [187] (although the norm of T2

is probably a more reliable and better indicator of static correlation [10], we did not

find these data in the literature).

Table 4.2 shows Re and ωe results for NpO3+
2 . The methods for which results

are shown in this table all predict a linear geometry for neptunyl. The prediction of

a linear geometry can be considered a success for CCD0+DFT methods because it

has been shown that a correct description of both exchange and correlation is nec-

essary for this [86]. Other MR+DFT that avoid double counting typically do so at

the cost of introducing some (inexact) DFT exchange. Popular KS-DFT functionals

like LDA, PBE, and B3LYP predict bent geometries for neptunyl [86]. As a result,

MR+DFT combinations having substantial semilocal DFT exchange also tend to-

ward bent geometries [86]. We also note that CCSD(T) gives results comparable to

CASSCF, BD0, and BD0+DFT. Considering this and the fact that the T1 diagnostic

of CCSD(T) [185] (T1 = 0.22) is close to the limit of what is considered reliable [187]

(0.20), it seems like the CCSD(T) results are salvageable for NpO3+
2 . MP2 is not

reliable for the f 0 actinyl series isoelectronic to uranyl beyond uranyl itself; the bond

lengths in neptunyl appear to be largely overestimated, while the frequencies are
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Table 4.2 : Bond lengths (Re in Å) and harmonic vibrational frequencies (ωe in cm−1)
for the neptunyl ion NpO3+

2 (D∞h) calculated by various methods. To the best of our
knowledge, no experimental data is available for this species.

This Work

Method Re ωas ωs ωβ

CCD0 1.662 1183 1076 217

CCD0+pTPSS 1.645 1188 1121 221

CCD0+pSCAN 1.654 1157 1092 216

CCD0+prSCAN 1.656 1150 1085 216

CCD0+trSCAN 1.652 1161 1095 215

BD0 1.671 1142 1021 205

BD0+pTPSS 1.653 1135 1071 201

BD0+pSCAN 1.664 1095 1033 190

BD0+prSCAN 1.665 1091 1030 191

BD0+trSCAN 1.663 1095 1033 191

Literature

Method Re ωas ωs ωβ

CCSD(T)a 1.682 1106 990 141

MP2a 1.757 900 879 106

CASSCF(12,12)a 1.678 – – –

CASSCF(12,16)a 1.685 – – –

aFrom Ref. [185]; RSC+2g on Np and aug-cc-pVDZ on O.
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underestimated.

In the case of PuO4+
2 , the CCD0 and BD0 geometry optimizations resulted in linear

structures but with imaginary bending frequencies of 149 and 227 cm−1, respectively.

Attempts to optimize the structure starting from a bond angle of about 160◦ (a

minimum at a fixed bond length) resulted in the geometry going back to linear with

an extended bond length without achieving convergence after many iterations. Straka

et al. [185] reported that CAS(12,16) predicts the PuO4+
2 system to disintegrate and

that CCSD(T) results are highly unreliable (T1 = 0.35). Plutonium has four common

oxidation states Pu(III), Pu(IV), Pu(V), and Pu(VI); the highest known oxidation

state of Pu in aqueous solution is VII and is only stable in strong alkaline medium.

However, the formal oxidation state of plutonium in PuO4+
2 is VIII. The too-high

charge of Pu in PuO4+
2 brings the actinide’s low-lying f orbitals closer to the atom

and makes them less suitable for bonding. Considering all this, it seems very likely

that PuO4+
2 is not a stable gas phase species. Nevertheless, Tsushima [188] has

theorized a possible synthesis for PuO5OH3− in strong alkaline solution, and Huang

et al. [189] have recently reported theoretical evidence for the stability of a PuO2F4

complex.

4.5 Uranium Dinitride (NUN)

The linear NUN molecule has been studied theoretically and and observed experimen-

tally [186, 190–193]. The interest in this compound stems mostly from its similarity

to the important uranyl ion, to which it is isoelectronic. Results for Re and ωe com-

puted by various methods here and in previous works are listed on Table 4.3. General

trends are similar to those observed for uranyl: CCD0 and CCD0+DFT methods

are in good agreement with available CASPT2 and CCSD(T) methods, although the
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Table 4.3 : Bond lengths (Re in Å) and harmonic vibrational frequencies (ωe in cm−1)
for the NUN molecule (D∞h) calculated by various methods.

This Work

Method Re ωas ωs ωβ

CCD0 1.735 1098 1059 188

CCD0+pTPSS 1.717 1165 1102 119

CCD0+pSCAN 1.724 1140 1079 198

CCD0+prSCAN 1.724 1151 1089 114

CCD0+trSCAN 1.719 1162 1100 117

BD0 1.736 1109 1067 239

BD0+pTPSS 1.721 1142 1080 109

BD0+pSCAN 1.730 1111 1051 205

BD0+prSCAN 1.729 1129 1067 113

BD0+trSCAN 1.725 1136 1074 118

CCSD 1.733 1119 1050 155

PBE 1.738 1085 1032 37i

PBEh 1.713 1154 1113 118

LC-ωPBE 1.701 1200 1166 129

Literature

Method Re ωas ωs ωβ

HFa 1.640 — — —

CCSD(T)a 1.722 — — —

MP2a 1.721 — — —

CAS-srLDAa 1.710 — — —

CAS-srPBEa 1.710 — — —

CASPT2(12,12)b 1.735 1031 969 —

Expt.c — 1077 — —

Expt.d — 1051 1008 —

Expt.e — 1051 — —

aFrom Ref. [86]; RECP (14s13p10d8f6g)/[6s6p5d4f3g] on U and (4s5p1d)/[2s3p1d] on O.

bFrom Ref. [186]; RSC on U and 4s3p2d1f ANO-L on O. cFrom Ref. [190]. dFrom Ref. [191]. eFrom Ref. [192].
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CASPT2 vibrational frequencies are somewhat lower than those predicted by coupled

cluster methods. Results by KS-DFT methods depend on the amount of exchange,

with the bond length being reduced as more exchange is incorporated. In addition,

PBEh and LC-ωPBE yield a linear geometry but PBE shows an imaginary bending

frequency for the linear structure. Again, HF gives bond lengths that are too-short,

although MP2 appears to give more reasonable bond lengths for this species.

4.6 Thorium Oxides ThO and ThO2+

ThO is the most studied (experimentally and theoretically) of the actinide monox-

ides [176]. ThO2+ is also of interest because Th(IV) is the most common oxidation

state for thorium. The bonding in ThO2+ is furthermore peculiar: it forms a triple

bond and leaves the lone-pair orbital on the thorium empty (see Fig. 4.6.1), as oc-

curs in the “isovalent” TiC [194]. Interest in thorium chemistry arises mainly from

potential applications of the thorium fuel cycle—the transmutation of the abundant

232Th into artificial 233U, which is the actual fuel in the nuclear chain reaction. In

fact, thorium has been touted as potential “wonder fuel” [195] due to certain advan-

tages over uranium like greater abundance and better resistance to nuclear weapons

proliferation, albeit the latter advantage has been contended [195].

Table 4.4 compares the Re and ωe for ThO and ThO2+ obtained by various meth-

ods. The data from CCD0, BD0, and their combinations with DFT are all very close

to available CASPT2 and experimental data from the literature. Once more, combi-

nations using the SCAN functional tend to be closer to the reference CASPT2 values,

though all the combinations presented here provide satisfactory results. The trend

of DFT methods to shorten the bond length as more Fock exchange is incorporated

that was observed in the previous cases is also present here.
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π (HOMO − 2) π (HOMO − 1)

σ (HOMO) σ∗ (LUMO)

Figure 4.6.1 : Highest three occupied and lowest unoccupied (Hartree–Fock) molec-
ular orbitals of ThO2+.
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Table 4.4 : Bond lengths (Re in Å) and harmonic vibrational frequencies (ωe in cm−1)
for ThO and ThO2+ calculated by various methods.

ThO ThO2+

Method Re ωe Re ωe

CCD0 1.869 880 1.792 1000

CCD0+pTPSS 1.847 906 1.774 1030

CCD0+pSCAN 1.856 890 1.781 979

CCD0+prSCAN 1.859 887 1.783 1009

CCD0+trSCAN 1.853 893 1.778 1016

BD0 1.871 879 1.795 999

BD0+pTPSS 1.849 901 1.776 990

BD0+pSCAN 1.859 884 1.784 970

BD0+prSCAN 1.861 881 1.786 1000

BD0+trSCAN 1.856 886 1.781 1007

CCSD 1.856 891 1.791 1008

PBE 1.841 896 1.776 1008

PBEh 1.828 928 1.760 1052

LC-ωPBE 1.821 946 1.752 1080

CASPT2a 1.863 879 1.792 988

Expt.b 1.840 895 — —

aFrom Refs. [176,196]; using all-electron basis set.

bFrom Refs. [176,197–199]
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4.7 Nobelium Oxides NoO and NoO2

The chemistry of Nobelium is largely uncharacterized, which offers a possibility for

theoretical methods to provide unique insight into it. Table 4.5 shows bond lengths

and harmonic frequencies for NoO and NoO2 computed by BD0, BD0+DFT, and

some standard coupled cluster and KS-DFT methods. The ωe for NoO is omitted

because the floppy (long and rather weak) bond of this molecule lead to somewhat

large errors in the fitting procedure to obtain the force constants; however, they are

consistently estimated to be around 550 cm−1. Likewise, CCSD(T) data for NoO2

is absent due to the difficulty in converging these calculations. To the best of our

knowledge, there are no accurate reference data for these compounds in the literature.

Ref. [176] reports, based on B3LYP calculations, that the ground states of NoO and

NoO2 are singlet, and we carried out the calculations for singlet states only because

of this and the current limitations of applying CCD0 to open shell systems.

The most noticeable feature of Table 4.5 is that BD0, BD0+DFT, and CCSD

predict a linear geometry for NoO2, whereas KS-DFT methods yield bent geometries.

The bonds in the nobelium compounds are considerably larger than for the f 0 actinide

oxides because the 5f orbitals are completely filled in the former. The effect of

dynamic correlation is also much larger: addition of DFT correlation to BD0 leads

to decrease in bond lengths of about 0.02–0.05 Å, compared to changes the more

modest changes (rarely more than 0.02 Å) observed above. Based on the results for

the previous actinide compounds, we could expect BD0+pSCAN and BD0+prSCAN

to provide accurate estimates for the bond lengths and frequencies for the nobelium

oxides. In the case of NoO, CCSD(T), BD0+pSCAN, and BD0+prSCAN results are

highly similar.
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Table 4.5 : Bond lengths (Re in Å) and harmonic vibrational frequencies (ωe in
cm−1) for NoO and NoO2 calculated by various methods. For methods that predict
geometries that deviate from linearity in NoO2, the bond angle is shown in parenthesis.

NoO NoO2

Method Re Re ωas ωs ωβ

BD0 2.008 1.868 703 583 256

BD0+pTPSS 1.948 1.828 665 628 193

BD0+pSCAN 1.972 1.844 636 600 183

BD0+prSCAN 1.979 1.849 666 630 181

BD0+trSCAN 1.966 1.840 682 645 184

CCSD 1.923 1.832 756 660 173

CCSD(T) 1.983 — — — —

PBE 1.911 2.045(125◦) 523 465 149

PBEh 1.903 2.036(129◦) 516 467 142

LC-ωPBE 1.879 1.974(131◦) 613 542 150
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4.8 Conclusions

Singlet-paired coupled cluster and its combinations with DFT can provide accu-

rate estimates for properties of actinide compounds such as geometries and vibra-

tional frequencies. Compared to the data from the most accurate estimates avail-

able (CASPT2, CCSD(T), experiment), typical deviations of CCD0 and CCD0+DFT

methods are around 0.01 Å for bond lengths and 20 cm−1 for harmonic vibrational

frequencies. These deviations are similar to the ones computed for simple first- and

second-row diatomics in Chapter 3 (see also our previous work in Ref. [25]), indicating

the wide applicability and generality of the approach. The CCD0 and CCD0+DFT

results presented here reinforce predictions by other methods (e.g., CCSD(T) or

CASSCF) for species for which no experimental data are available (e.g., the important

UO2+
2 cation), including the instability of the PuO4+

2 ion. The BD0 and BD0+DFT

results for NoO and NoO2 are probably the most reliable estimates available so far, as

previous reports (see Ref. [176]) utilized KS-DFT functionals which, according also

to the results here, are not consistently reliable for actinide compounds.

For most of the molecules studied here, CCSD(T) appears to provide reliable

results. CCD0+DFT can provide data of similar quality to CCSD(T) while being a

order in magnitude lower in cost and much more robust for handling static correlation.

The CCD0 and CCD0+DFT methods are seen to be more accurate than pCCD

for UO2+
2 . Because pCCD has lower cost than CCD0 and misses mostly dynamic

correlation, the results here suggest that pCCD+DFT combinations analogous to

CCD0+DFT (such as those suggested in Refs. [18, 25, 200] and in Chapter 2 of this

thesis) may be very promising for actinide chemistry. Possible future work includes

the use of some of these pCCD+DFT combinations and on extensions of CCD0 for

treating open-shells, which would greatly increase the applicability of CCD0-based
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techniques to actinide chemistry.
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Chapter 5

Summary and General Conclusions

The simultaneous, accurate description of static and dynamic correlation is major

challenge in quantum chemistry. On the one hand, traditional coupled cluster (CC)

and KS-DFT methods are effective at modeling dynamic correlation, but may fail

dramatically when static correlation is present. On the other hand, multireference

(MR) methods can model static correlation, but miss most of the dynamic one and

furthermore are expensive and (in general) lack size-consistency and size-extensivity.

This motivated the development of MR+DFT methods for static and dynamic corre-

lation. However, these methods suffer from their own problems: (1) double counting,

(2) the symmetry dilemma, and (3) the problems of the MR method itself. Solving

these issues is not an easy task, and MR+DFT methods based on traditional MR

wavefunctions did not achieve widespread use.

We have analyzed in this thesis a number of ways to avoid the problems of

MR+DFT using novel CC-based techniques for static correlation instead of tradi-

tional MR anzätze. This resulted in two families of methods: the pCCD+DFT

hybrid-based methods, and the CCD0+DFT spin-resolution-based methods. Both

families provide a way—albeit different for each one—of avoiding all three major

problems of MR+DFT. The test calculations carried out here for pCCD+DFT and

CCD0+DFT on standard benchmarks demonstrate that these techniques can de-

scribe static and dynamic correlation simultaneously. Furthermore, CCD0+DFT can

be combined with the direct random phase approximation (dRPA) in order to cap-
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ture also the long-range dispersion correlation which semilocal density functionals

are incapable of describing. Other combinations (apart from using dRPA) are also

possible for describing the long-range dispersion correlation. Thus, CCD0+DFT is

capable of capturing all three types of correlation that are necessary to fully describe

multielectron systems.

Lastly, CCD0+DFT has been used to study actinide compounds. The results from

CCD0+DFT agree with results from highest-level calculations that are feasible for

these sort of heavy atom compounds (and agree also with experimental data, when

available). CCD0+DFT is, however, much less expensive than the aforementioned

techniques. The fact that CCD0+DFT yields good results for both simple first-

and second-row compounds as well as the heavy and challenging actinide systems is

evidence of the broad applicability of the method.
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