


Abstract

Approximate dynamic factor models for mixed frequency data

by

Xin Zhao

Time series observed at di�erent temporal scales cannot be simultane-

ously analyzed by traditional multivariate time series methods. Adjust-

ments must be made to address issues of asynchronous observations. For

example, many macroeconomic time series are published quarterly and

other price series are published monthly or daily. Common solutions to

the analysis of asynchronous time series include data aggregation, mixed

frequency vector autoregressive models, and factor models. In this re-

search, I set up a systematic approach to the analysis of asynchronous

multivariate time series based on an approximate dynamic factor model.

The methodology treats observations of various temporal frequencies as

contemporaneous series. A two-step model estimation and identi�cation

scheme is proposed. This method allows explicit structural restrictions

that account for appropriate temporal ordering of the mixed frequency

data. The methodology consistently estimates the dynamic factors, how-

ever , no prior knowledge on the factors is required. To ensure a com-

putationally e�cient robust algorithm and model speci�cation, I make

use of modern penalized likelihood methodologies. The �tted model cap-

tures the e�ects of temporal relationships across the asynchronous time

series in an interpretable manner. The methodology is studied through



simulation and applied to several examples. The simulations and exam-

ples demonstrate good performance in model speci�cation, estimation and

out-of-sample forecasting.
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Chapter 1

Introduction and background

With the evolution of high e�cient information technology, data sets grow in mas-

sive size and are collected at lower cost. Exploring increasingly large data sets leads

to more accurate analysis and forecast. This phenomenon includes time series data.

However, in time series, there are large amounts of information sampled at various

temporal frequencies in both society and scienti�c research. The need to analyze a

collection of time series recorded at di�erent temporal intervals has been recognized

widely in real world problems, and stimulates the research interests in the mixed tem-

poral frequency models. Time series observed at di�erent temporal scales cannot be

simultaneously analyzed by traditional multivariate time series methods. Therefore,

adjustments must be made to address issues of asynchronous observations.

Mixed frequency time series data studies appear in numerous disciplines. For ex-

ample, a common problem economists face with time-series data is massive volumes

of reports pulled out by government agencies, non-pro�t organizations and private

companies. The data are published at various intervals, such as yearly, monthly,

weekly, and daily. Most social and macroeconomic series are collected and reported

less often, for instance, the U.S. Department of Commerce's Bureau of Economic

Analysis releases the U.S. gross domestic product (GDP) data quarterly. While var-
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Figure 1.1: Example of mixed frequency data

"high frequency" ⇒ monthly

"low frequency" ⇒ quarterly

ious economic indicators are released monthly or weekly. For example, employment

and in�ation rate are updated on a monthly basis. It is important to know that the

pulse on the economy trends are not judged by one single information series, and the

goal is to jointly analyze indicators observed at di�erent temporal scales.

Another example that people are familiar with is the cross-section �nancial time

series. Figure 1.1 plots a collection of two time series, the quarterly (low frequency)

U.S. total gasoline retail sales price, and a monthly (high frequency) OECD consump-

tion change from March 2001 to January 2014. The relationship between di�erent

time series such as the quarterly consumption change and retail sales price is of great

interest.
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1.1 Introduction

In this dissertation, we set up an approximate dynamic factor model to analyze mixed

frequency time series data. The model incorporates the high frequency and low fre-

quency information under the mixed temporal frequency settings. The mixed fre-

quency dynamic factor model captures the e�ects of temporal relationships across

asynchronous time series in an interpretable way. Based on an approximate dynamic

factor framework, the method allows �exibility in the treatment of observations at

various temporal frequencies providing a solution for the analysis similar to contem-

poraneous series. Using this methodology we can seek and explore the e�ects of the

common factors on panel data.

The model estimation and identi�cation is a two-step algorithm. The method-

ology is computationally e�cient, and relies on penalized likelihood methods. The

penalizing term contains information on model speci�cation. In the preliminary es-

timation step, pattern speci�cations focus on the factor loading matrix. While in

second step estimation, the uncovered temporal structure of factors is employed, and

the dynamics among various measured series is incorporated. The estimation process

relies on lasso based methods, and are shown to handle large mixed frequency data

sets e�ciently. The model estimation process delivers insight into the multivariate

time series revealing patterns of temporal dependence among high and low frequency

factors.

Our model is closely related to the work of Ghysels (2011), mixed frequency vector

autoregressive (VAR) models. Ghysels (2011) introduced a simple mixed sampling

frequency VAR model, by mapping the high frequency data onto the low frequency

ones in a stacked form. We employ this stacked form idea, and extend it to the dy-

namic factor model system. However, our method di�ers from the work of Ghysels

(2011) in several important aspects. First, instead of using prior information from
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a Bayesian approach, we take a set of �xed pattern restrictions into account. The

restrictions re�ects the known sampling frequencies. Second, mixed-norm regulariza-

tion based on a mixed l1/l2 norm is introduced as structural constraints.

1.2 Background

1.2.1 Dynamic factor models

Factor models have drawn substantial attention in empirical social and scienti�c re-

search. For instance, a factor structure is often assumed in both �nancial and macroe-

conomic issues. Factor models have many bene�ts over other models in processing

the large data set of cross-sectional time series. Under the factor model framework,

a group of time series data is decomposed into two mutually orthogonal components:

a common component which is driven by a few common factors, and an idiosyncratic

component which is driven by each individual shock. In the case where the common

factors drive all the series at the same time, the model is de�ned as a `static' factor

model, whereas, if the series are driven by the factor at di�erent temporal lags, the

model is `dynamic'.

The formal dynamic factor model is originally introduced by Geweke (1976) and

Sargent et al. (1977). Since then, dynamic factor models have been used to address

di�erent economic phenomena in a wide range of applications. Dynamic factor models

are successfully used for reducing the system's high dimension. Dynamic factor mod-

els are also widely used in analyzing and forecasting large multivariate time series.

Another empirical application of the dynamic factor model is, for example, the work

of Marcellino et al. (2003). They used the model for short-run forecasting of four

Euro-area wide aggregate variables: real GDP, industrial production, price in�ation,

and the unemployment rate. Their model is constructed based on speci�c country
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and Euro-wide factors.

Dynamic factor models can also be used to summarize the information contained

in a large number of time series variables into a small group of unobserved factors ex-

tracted from the set of variables. Forni and Reichlin (1998) utilized such factor models

for macroeconomic behavior research, analyzing the dynamics of a large multivariate

time series. Their empirical results are based on a sample of a large cross-section of

output and productivity for 450 manufacturing sectors in the U.S. from 1958 to 1986.

They developed a method based on the factor model structure to identify and estimate

the contribution of technological and non-technological shocks from those disaggre-

gated data. Shocks were considered as the unobserved factors, and were identi�ed via

a simple factor model structure, with the parameter estimation implemented through

ordinary least squares. The number of common factors in the model was determined

by principal components.

The dynamic factor models were also utilized in the problem of predicting a partic-

ular variable when there are a large number of variables that are potentially relevant.

Researchers have applied this model to deal with the abundant information and com-

pute one step and multistep ahead forecasts using factors and their lags. Stock and

Watson (2002) applied the model to forecast a macroeconomic time series variable

with a large number of predictors. Their data includes measures of real economic

activity and price indices for the United States from 215 predictors in simulated real

time from 1970 through 1998. The predictors were �rst summarized using a small

number of indices constructed by principal component analysis. The approximate

dynamic factor model was introduced as the statistical framework for the estimation

of the indices and construction of the forecasts. Their work constructed 6-month,

12-month, and 24-month ahead forecasts for eight monthly indices. They showed the

DFM based forecasts outperformed univariate autoregressions, small vector autore-
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gressions, and leading indicator models during their sample period. Artis et al. (2005)

built dynamic factor models using a large macroeconomic data set of 80 variables.

They found that six factors were su�cient to explain about 50% of the data varia-

tion. Their factor based forecasts were more accurate for prices and other �nancial

variables, demonstrating improvements in forecast accuracy.

A key advantage of dynamic factor models is that a few unobserved factors are

extracted from a multi-dimensional vector of time-series variables, and are considered

as common indices. One of the primary outputs of DFMs is the latent factor esti-

mation. The dynamic factor model parameters and factors can be estimated using

Bayesian methods, which are based on Markov Chain Monte Carlo methods. An ex-

ample is Bernanke et al. (2004), where Gibbs sampling was used to estimate the DFM

parameters. Their work proposed a combination of strict factor model and standard

structural VAR model, called factor-augmented VAR (FAVAR) model. FAVAR was a

state space modeling framework of a Factor Augmented Vector Autoregression. They

introduced the dimension reduction methodology by imposing a sparse restriction

on the principal components. Their model is estimated under a known exact factor

structure.

Another trend for parametric estimation used the Kalman �lter to compute the

Gaussian likelihood, estimated the parameters by maximum likelihood, then used the

Kalman �ltering and smoothing to obtain e�cient estimates of the latent factors.

This methodology is applied in low-dimensional data settings. For example, Aruoba

et al. (2007) implemented a dynamic factor model with one single dynamic factor.

The model was used in a closely related application to U.S. data, a weekly variable,

four monthly variables, and a quarterly variable to produce an index of economic and

business activity. The generated index was then updated weekly.

With a large number of multivariate time series data, the factor estimation process
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can be accomplished through cross-sectional averaging. The weighted averaging tech-

niques are primarily comprised of principal components and related methods. The

underlying motivation for this weighted averages is that idiosyncratic disturbances

converge to zero by the weak law of large numbers, and the principal components

estimator of the space spanned by factors is consistent ( Stock and Watson (2002)

). The averaging estimators were constructed based on the static representation of

dynamic factor models. The estimators are considered as non-parametric since there

were no parametric model assumptions for the factors. Stock and Watson (2002)

proposed the static principal components estimation. Their static principal compo-

nent estimator was built under an approximate factor modeling framework. They

proved uniform consistency of the factors under conditions of weak serial and cross-

correlation in the idiosyncratic errors. Forni et al. (2000) and Forni and Reichlin

(2001) introduced the dynamic principal components estimators. Their methodology

for estimation by dynamic principal components was based on a two-sided smoothing

technology. They proved the estimated common components by dynamic principal

components are consistent, and provided the convergence rates. Generally, static

principal components provide robust solutions.

Recently, an increasing number of studies have used likelihood based methods to

estimate the factors from large time series data. Doz et al. (2011) proposed max-

imum likelihood based estimation for dynamic approximate factor models. Their

methodology is based on the idea of treating the exact factor model as a misspec-

i�ed approximate model. In their work, they studied the estimator behavior when

the sample size and the variable dimension goes to in�nity, and proved that under

these circumstances, the true probabilistic model is approximated by the exact factor

model. This estimator is essentially a quasi maximum likelihood estimator (QML).
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1.2.2 Mixed frequency models

Mixed frequency models are the framework for variables sampled at di�erent frequen-

cies. A simple approach to asynchronous observations is to utilize the latest value

of the high frequency series and analyze the data as a synchronous time series. An-

other common solution is to aggregate the data to a single temporal frequency. This

aggregation takes di�erent forms depending on the type of observations, de�ned as

stock and �ow variables which are introduced in chapter 2. Aggregation analyzes

the mixed frequency data by averaging the values of high frequency observation to

a common low-frequency. For example, three months data can be summarized to

an average value and analyzed simultaneously with quarterly observations. One may

use any averaging method, for example exponentially weighted moving averages. In

the aggregation process of high frequency to low frequency, intra-period dynamic

information such as the comovement between series is discarded. Although easily im-

plemented, these processes potentially mask important high frequency information.

Alternate approaches to treat mixed frequency time series data are state space

approaches, presenting mixed frequency VAR (MF-VAR) and factor models. The

model of mixed frequency VAR (MF-VAR) has been popularized in the last decade

( Schorfheide and Song (2014) ). The general aim is to analyze multivariate mixed

frequency time series treating all frequencies at the highest frequency level with less

frequently observed series containing regularly missing data. Under the mixed fre-

quency VAR modeling framework, the dynamics of the variable were summarized and

explained by a small number of indicators. The general approach is that of a state

space model with parameters estimated in a Bayesian context or through maximum

likelihood. Kalman �ltering technology was applied to estimate the current latent fac-

tors, and to provide predictions of future observations. For example, Schorfheide and

Song (2014) developed a mixed frequency vector autoregression model for macroeco-
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nomic time series which are observed at quarterly and monthly intervals. The mixed

frequency VAR is written in state space form and estimated with Bayesian inferences

using Markov Chain Monte Carlo methods. mixed frequency VAR forecasts were

generated. Forecasts from VAR model were also calculated as a benchmark. Fore-

casts from MF-VAR were compared to the ones from the benchmark VAR model,

where data was time-aggregated to a quarterly frequency. They showed that the

within-quarter monthly information in MF-VAR greatly improved the short-horizon

forecasting performance. Mariano and Murasawa (2010) estimated the mixed fre-

quency vector autoregression (VAR) and derived a state space model for the observ-

able mixed frequency series. They extracted latent monthly real GDP and other

coincident indicators using maximum likelihood estimation.

Another main trend in modeling data of di�erent frequencies is mixed-data sam-

pling (MIDAS) models. Ghysels et al. (2007) introduced the Mixed-Data Sampling

(MIDAS) to work with data of di�erent frequencies. The mixed data sampling process

is in a form of simple regression models, where the dependent variable is projected

on regressors. Normally the regressors are sampled at a relatively higher-frequency

rate. An example is the monthly sampled regressors versus daily sampled dependent

variables. The MIDAS modeling parameters are tightly de�ned, with the connection

between the dependent variable and the regressors based on distributed lag polyno-

mials (Almon (1965)). They showed, through simulation, that MIDAS in general

leads to parsimonious models that capture the structure better than the traditional

approach of aggregating series to the lower frequency. Several applications of MIDAS

models have been used to forecast quarterly series using monthly or weekly data.

Kuzin et al. (2011) used monthly series to forecast euro-area quarterly GDP. They

compared the MIDAS with mixed frequency VAR (MF-VAR) approaches. They found

that the volume of high dimensional data was a burden of MF-VAR model, while MI-
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DAS regression prevents proliferation of parameters by imposing the lag polynomial

model on the regressor variables. If the parameter restriction imposed by MIDAS is

too restrictive, the results from MF-VAR model will be more favorable. Clements

and Galvão (2008) introduced a MIDAS model with an autoregressive (AR) com-

ponent. Galvão (2013) introduced smooth transition MIDAS (STMIDAS) models,

developing mixed data sampling models for smooth transition regressions. Further

Guérin and Marcellino (2013) developed Markov-Switching MIDAS (MS-MIDAS) re-

gression models, which allow regime switching parameters. They applied their model

to prediction of GDP growth for Europe.

1.2.3 Regularization methods

In the big data era of today, regularization methods have proven a fast and e�cient

methodological tool to discover key patterns. Much of today`s e�ort in data science is

to expand these methodologies. For high dimensional supervised learning problems,

lasso is one of the most widely used innovative methodologies. First introduced by

Tibshirani (1996), this sparse multivariate method is still a mainstay for statistical

learning due to its speed and robustness. A quick search on google scholar in July

of 2015 shows 139,000 papers relying on lasso methodologies. Lasso is proposed for

the usual linear regression framework. It minimizes the sum of squared errors, with

a bound on the sum of the absolute values of the coe�cients. When the number of

predictors is large or the regression variables are multicolinear, ordinary least squares

(OLS) yields estimators with large variance and gives less accurate prediction. Lasso

minimizes the sum of squares of residuals with an l1 norm restriction on the coef-

�cients. It is a process of performing shrinkage, variable selection, and parameter

estimation at the same time. Because of its shrinkage mechanism, lasso generates a

solution with some zero coe�cients. Whereas the ordinary least squares gives nonzero
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estimates to all coe�cients. Since its optimization objective function is convex, lasso

has the nice property of �nding the global optimum, not local minimums. Lasso can

be solved e�ciently using various algorithms. For example, Tibshirani (1996) intro-

duced the quadratic programming for lasso, and Fu (1998) the shooting algorithm.

A number of extensions to lasso have been proposed. Zou (2006) implemented

adaptive lasso penalty for linear regression and for proportional hazards regression.

The appropriate adaptive weights are applied for penalizing di�erent coe�cients in

the l1 norm penalty, for simultaneous estimation and variable selection process. The

adaptive lasso penalty enjoys the oracle properties, i.e., it can achieve variable selec-

tion consistency and reduce the bias of lasso estimates. Similar to the lasso, adaptive

lasso is also shown to be a near-minimax-optimal estimator. Furthermore, the same

e�cient algorithm for solving the lasso can be used to solve the adaptive lasso.

Yuan and Lin (2006) proposed the group lasso for the situation when the predictor

variables belong to prede�ned groups. They have applied the group methods in

ANOVA problems. As sometimes the explanatory factors are represented as groups

of variables, it may be necessary to shrink and select the members of a group together,

and require solutions that are sparse at the group level. This algorithm sets groups of

coe�cients to exactly zero. The group lasso has excellent performance and overall the

method outperforms the traditional stepwise backward elimination method. However,

its solution path in general is not piecewise linear. Hence in large scale situations,

the group lasso requires intensive computation. The regularization term used is the

Euclidean norm. Since the norm equals to zero only when all elements are zeros, this

criterion achieves the sparsity at the group level.

Friedman et al. (2010) considered a sparse group lasso penalty for the linear model,

which identifying sparse structure between group and within group levels. The sparse

group lasso uses a mixed l2 and l1 regularization, resulting in a non-di�erentiable
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penalty. The regularization of mixed norm generates group sparsity and results in

a convex problem. It is noticeable that, in their simulation study, they have shown

that the data group size and group sparsity have a greater e�ect on run time than

overall problem size.

Lozano et al. (2009) proposed the group lasso penalty to obtain a Granger graph-

ical model by averaging the e�ect over time lags. Shojaie and Michailidis (2010)

introduced a truncating lasso for estimation of Granger causal relationships on gene

expression data, which introduced a truncating e�ect to automatically determine the

order of the model. Arnold et al. (2007) applied the lasso-Granger method, or an

algorithm that applies lasso penalties to the graphical models based on the concept

of Granger causality. Their work showed the approach exhibits better performance

compared to the canonical exhaustive Granger method.

1.3 Dissertation organization

In the conclusion of chapter 1, this study sets up a systematic approach to analyze

and solve asynchronous multivariate time series problems. We present background

information in the form of a brief historical literature review. Speci�cally, we cover

areas of factor models, mixed frequency models, and lasso related methodologies.

The rest of this dissertation is organized as follows: in chapter 2, we propose

using a variant of the dynamic factor model to �t the mixed frequency data circum-

stances. The new modeling framework, not only correctly characterizes the dynamic

interaction of in�uential factors and the observable information, but also yields ad-

ditional advantages in handling mixed frequency factors and data. We demonstrate

the bene�ts of the speci�c stacked forms applicability to mixed frequency time series

situations.

In chapter 3, we describe the two-step model identi�cation and estimation method,
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which is a penalized maximized likelihood solution. The preliminary step estimation

is based on a new regularization and automatic variable selection method, which

will further improve the principal component analysis technique under the mixed

frequency data setting. In the second step estimation, we fully explore the temporal

dependence among the factors across di�erent frequencies, and introduce a variant of

the lasso algorithm for mixed frequency dynamic factor models. This regularization

procedure is quite useful due to the fact that it reveals the inherent sparsity over

time.

Simulation studies that describe speci�c applications under various circumstances

are conducted in chapter 4. In chapter 5, we apply the methods on a panel of monthly

oil prices and quarterly econometric indices, which are selected as case study for this

dissertation. Through simulated and empirical data examples, our mixed frequency

dynamic factor model and estimation method are shown to outperform other methods.

The improvements are shown in identi�cation of commonly driven factors, as well as

in prediction accuracy.

Finally, chapter 6 provides a summary of �ndings and directions for future re-

searches.



Chapter 2

Model development

Dynamic factor models (DFMs) were previously introduced as a time-series extension

of factor models for cross-sectional data. Although DFMs have been popular in

empirical studies, there have been very few works speci�cally designed to �t mixed

frequency data. This chapter proposes the mixed frequency dynamic factor models

(MF-DFMs), which are adapted to the asynchronous time series circumstance. The

proposed model structure is quite �exible in �tting multiple frequency data, and o�ers

clarity of interactions between observations and latent factors. In section 2.1, we

review theoretical background on recent DFMs framework, including the exact factor

model and the approximate factor model. Section 2.2 describes the structure of MF-

DFMs, and summarizes restrictions imposed by the model to the mixed frequency

variables. Additionally, the fundamental concepts of MF-DFMs are illustrated with

a simple example in this section. Section 2.3 reviews some of the common predictive

techniques, and presents possible extensions of the predictive methods for mixed

frequency data.
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2.1 Theoretical background

Dynamic factor models (DFMs) have drawn substantial attention in high dimensional

time series studies. We have surveyed several DFMs empirical applications in chapter

1. DFMs gain popularity in large data sets due to the fact that they have signi�cant

advantages over other modeling approaches. For example, when the comovements

among series are not observable or cannot be measured directly, DFMs can detect the

corresponding unobserved counterparts. The generated factors are valuable indices

to researchers who are interested in the joint movement of panel data. Further, the

e�ects from local shocks (idiosyncratic components) can be identi�ed and eliminated.

Moreover, parameter proliferation avoidance can be implemented during the stage of

factor extraction.

2.1.1 Single frequency factor models

The factor model approach was �rst proposed by Geweke (1976); Sargent et al. (1977).

The underlying idea of the factor model is to create a general framework of the data

by latent processes, which is speci�cally described as follows:

yτ = Λfτ + ετ (2.1)

where yτ is the observation vector, fτ is a vector of factors, and ετ represents id-

iosyncratic components. That is to say, in the factor model, the observation yτ is

decomposed as a sum of two unobservable components: fτ , a vector of common com-

ponents that describes the comovement among observations; and the idiosyncratic

component ετ , which captures the local dynamics for each series.

A commonly used form of factor models for single frequency time series is the

vector autoregressive (VAR) framework. The general VAR formed factor model has
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characteristics of both factor dynamics and vector autoregression. The VAR formed

factor models decompose the observations in the same formula as the above equation

(Geweke (1976) and Sargent et al. (1977)). In addition to this, the motion law for

the factors fτ is de�ned by a VAR process. Using the same notation, the VAR formed

factor models can be brie�y described as:

yτ = Λfτ + ετ

A(l)fτ = uτ

where τ is the sample time point, yτ is n × 1 vector covariance stationary process;

fτ is a q × 1 vector of common component which describes the comovement among

observations, with q << n; ετ is a vector of idiosyncratic components; and uτ is a

vector of white noise factor innovations. The lag polynomial matrix A(l) is de�ned

as A(l) = I − A1l − . . .− AP lP , where P is the lag length of the VAR process.

The model assumes all the processes are stationary. And the idiosyncratic distur-

bance ετ is assumed to be serially uncorrelated to uτ−k, i.e. E(εi,tu
′
j,s = 0), for all

i = 1, . . . , n, j = 1, . . . , q, and any t, s ∈ T .

The expectation on latent factors fτ is to include most of the common dynamics

from the observations. Even if the sample data are in high dimension, the e�ective

number of common driving forces might be quite small. These latent factors can be

used as business activity indices, or they can be used to calculate the predictive value

of certain variables.

The strict factor model: In VAR formed factor modeling framework, observa-

tions yτ are expressed as a small number of unobserved common factors fτ , plus

an idiosyncratic disturbance ετ . Under the strict (exact) dynamic factor model, the

idiosyncratic disturbances ετ is assumed to be cross-sectional uncorrelated, and mu-
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tually uncorrelated at all leads and lags, that is,

E(εj,tε
′
k,s) = 0

for j 6= k and all s and t.

For the vector of common factors fτ we assume E(fτ ) = 0, implying E(yτ ) is

assumed to be zero. In practice, this assumption is achieved by subtraction of the

sample means of the variables to obtain a vector of theoretically mean zero variables.

Approximate factor model: Recently, several new methods for approximate fac-

tor models have been developed. These advances relax the fairly rigorous assumptions

on idiosyncratic components in the strict factor model. The approximate factor model

was proposed in the work of Stock and Watson (1998); Forni et al. (2000) and others,

with less stringent conditions for the covariance of the idiosyncratic elements. Firstly,

under the approximate factor modeling framework, it is possible to allow weakly se-

rial correlation of the idiosyncratic errors ετ . That is, the idiosyncratic errors ετ can

follow a stationary ARMA process. Secondly, the idiosyncratic errors ετ may be weak

cross-correlated. This allows for �nite (bounded) cross-correlation among the idiosyn-

cratic errors. All eigenvalues of E(ε′τ ετ ) are bounded. It then follows, the true model

is `approximated' by a strict factor model. With the assumption that the number of

variables (cross-sectional dimension) tends to in�nity, the e�ects of misspeci�cation

can be ignored and the generated estimator remains consistent (Stock and Watson

(1998)).
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2.1.2 Single frequency dynamic factor models

The dynamic factor model is given by:

yτ = Λ0gτ + Λ1gτ−1 + . . .+ Λmgτ−m + ετ (2.2)

where yτ is an n× 1 vector of observation, gτ−j is a q × 1 vector of common compo-

nents, and ετ is the idiosyncratic component. As in factor models, the idiosyncratic

component ετ is assumed to be independent (or weakly serially and cross-sectionally

dependent) stationary processes. The dynamic factor loading matrices are given by

Λ0, . . . ,Λm, which are each n× q.

Static form dynamic factor models: For the single frequency data, there have

been many advances and implementation of dynamic factor models. For example,

the above dynamic factor model can be put into the so called `static form'. Let fτ be

`static' latent factors as fτ = [g′τ , . . . ,g
′
τ−s]

′. With this notation, the dynamic factor

model can be cast into the `static form' as follows:

yτ = Λfτ + ετ

where Λ = [Λ0,Λ1, . . . ,Λs], and fτ is a vector of static factors formed of the dynamic

factor gτ and its lags.

Under the condition of a large number of variables, the principal component

method was often applied in the nonparametric estimation process. Stock and Watson

(2002); Marcellino et al. (2003) suggested estimating dynamic factor model param-

eters by `static' principal component analysis. Doz et al. (2012) introduced quasi-

maximum likelihood methods. The basic idea of their work is that an approximate

dynamic factor model can be estimated as a misspeci�ed exact factor model, utilizing
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maximum likelihood and the Kalman �lter. They showed that, for a large sample

size and a large number of variables, the e�ect of misspeci�cation by omitting the

cross-sectional correlation on ετ was negligible.

2.2 mixed frequency DFM

2.2.1 Introduction

In real world applications, problems often arise due to sampling over di�erent time

scales. This is particularly the case in economics and �nance, where macroeconomic

indices are collected on a lower frequency basis, while �nancial data are sampled at

higher frequencies. Generally, including more data in the model will improve the

quality of the analysis and the forecast accuracy. As a consequence, researchers are

increasingly relying on these mixed frequency data for policy analyze. Key examples

include, Kyj (2008), Kyj et al. (2009b), Kyj et al. (2009a) who analyzed the mixed

frequency data by asynchronous covariance estimation. Further, Mariano and Mura-

sawa (2010), Schorfheide and Song (2014) introduced mixed frequency state space

models to treat all frequencies at the highest frequency level with regularly missing

data.

Dynamic factor models have achieved success in single frequency time series stud-

ies. Asynchronously released information, however, cannot be incorporated into the

factor model directly. To accommodate the factor model to mixed frequency informa-

tion, one simple and traditional solution is to aggregate the higher frequency series.

However, such assembled data ignore the higher frequency dynamics.

In this section, we develop a mixed frequency dynamic factor model (MF-DFM),

which bridges the disaggregate intra-period information with the literature on factor

models. This modeling framework is designed to capture comovements among asyn-
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chronous time series, by specifying their dependence on common mixed frequency

factors. The latent factor also comprises mixed frequency information, and follows

vector autoregressions evolving over lower frequency time points.

To accommodate the mixed frequency framework, the MF-DFM is modi�ed from

dynamic factor model, by stacking the observations based on their frequencies. The

stacked vector form is achieved by concatenating the intra-period higher frequency

series with the lower frequency series by their temporal order. Factors are also con-

structed at di�erent frequencies, with regards to the higher and lower frequency of

observations. The higher and lower frequency factors are stacked into a vector in the

same way as the asynchronous observations are stacked.

This adjustment yields signi�cant bene�ts. Because of the stacking modi�cation,

data of di�erent frequencies are put into the factor model at the same time. The

framework does not require any data processing methodology, such as data aggre-

gation or data averaging. Both higher frequency and lower frequency dynamics are

preserved in the system. And the number of factors in the model is essentially lim-

ited to �t the various frequencies of information. Moreover, a direct interpretation

between the observations and factors is achieved.

2.2.2 Notation

For notational simplicity, we assume there are only two sampling frequencies, one

higher frequency and one lower frequency. Sampling frequencies with more than two

categories would lead to more complex notation, yet the concept is similar to the two

frequency scenario.

Let τ represent a sampling point on lower frequency time scale. We assume there

are m higher frequency occurrences between lower frequency points τ − 1 and τ . In

practice, m is often not �xed. For example, if m is the actual days per month, then
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its value varies between 28 and 31. To simplify notation, we ignored this, implicitly

assuming that m is �xed. This assumption can be relaxed easily in the subsequent

model implementation process.

Typical sampling frequencies: m is the the number of high-frequency occur-

rences per observation of the lower frequency period. In a quarterly/annually case,

for example, m is four since one year has four quarters. Some basic examples of m

are:

• m = 3⇒ monthly-quarterly data, where 3 months de�ne a quarter

• m = 5⇒ daily-weekly data, where 5 trading days de�ne a week

• m = 4⇒ weekly-monthly or quarterly-annually data, where 4 weeks(quarters)

de�ne a month(year)

• m = 12⇒ weekly-quarterly or monthly-annually data, where 12 weeks(months)

de�ne a quarter(year)

Further possible mixtures of more than two time frequency categories are:

• m = 20⇒ daily-monthly data, where 20 trading days constitute a month.

• m = 60⇒ daily-quarterly data, where 60 trading days constitute a quarter.

• m = 250⇒ daily-yearly data, where 250 trading days constitute a year.

Notation: Going forward, we use the following notation:

• τ is the lower frequency sampling index, and τ = 1, . . . , T ;

• m is the number of intra-period sampling points, i.e., higher frequency is sam-

pled m times per each lower frequency period;
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• j is the higher frequency sampling index, i.e., within period (τ−1, τ ], the higher

frequency point is τ − (m− j)/m, for j = 1, . . . ,m.

Higher frequency variable: Recall xτ−(m−j)/m denotes the jth high frequency

series sampled during lower frequency period τ −1 to τ . The the vector xτ represents

the higher frequency observation series, with xτ = [x′τ−(m−1)/m, . . . ,x
′
τ−1/m,x

′
τ ]
′ to be

the sets of higher frequency samples at the �rst, second, ..., and mth point during

period (τ − 1, τ ], respectively.

Stock v.s. Flow variable: The key to the proposed mixed frequency dynamic

factor model is to treat intra-period higher frequency series as contemporaneous infor-

mation of lower frequency ones. Lower frequency variables evolve at higher frequency,

however, they are actually not observed at the higher frequency points (τ−(m−j)/m).

It is important to understand how the lower frequency variables interact with their

higher frequency counterparts, even though the relationship is not directly observed.

The relationship between lower frequency variable and its unobserved higher fre-

quency counterpart depends on whether the variable is a stock or �ow variable.

Following the de�nition of Aruoba et al. (2007), the de�nitions for stock and �ow

variables are:

De�nition 1. Stock variable value is a snapshots at the time point τ

wτ =
m∑
j=1

I(j=m)w
(L)
τ−(m−j)/m

where wτ is the observed stock lower frequency series, and w
(L)
τ−(m−j)/m is its unob-

served higher frequency counterpart.

De�nition 2. Flow variable value is an aggregation of values during the period (τ −
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1, τ ]

zτ =
m∑
j=1

z
(L)
τ−(m−j)/m

where zτ is the observed �ow lower frequency series, and z
(L)
τ−(m−j)/m is its unobserved

higher frequency counterpart.

A typical example of a stock variable are price indices. The most notably example

of a �ow variable is gross domestic product (GDP).

To integrate the mixed frequency dynamic factor model, we adopt the following

notation for variables and factors:

• x is the higher frequency observation series;

• w is the stock type lower frequency observation series;

• z is the �ow type lower frequency observation series;

• h is the higher frequency factor;

• g is the lower frequency factor.

2.2.3 Processing mixed frequency information

Analyzing multivariate time series data sampled in mixed frequencies is a challenging

problem. There are di�erent approaches to treat the asynchronous data. Our model

is related to the works of Ghysels (2011); McCracken et al. (2013). Those applications

adopted a stacked vector approach on mixed frequency observations, and implemented

the models under the vector autoregressive (VAR) modeling framework.

Our model is a dynamic factor modeling approach, which contains not only the

mixed frequency observations, but the mixed frequency factors as well. Both the

observation and the factor are stacked in line with the intra-period higher frequency.



24

The advantage of our mixed frequency dynamic factor model is that the framework

provides an e�cient way to incorporate variables from di�erent temporal scales simul-

taneously in the model. Furthermore, the modeling framework presents a full system

describing the temporal relationship between the mixed frequency observations and

factors.

Stacking mixed frequency data: Given the lower frequency sampling point value

τ and the number of intra-period higher frequency occurrences m, one can cast the

mixed frequency series into a stacked vector at the lower frequency rate.

For demonstration simplicity, we present the idea of stacking mixed frequency data

on the condition that there is one lower sampling frequency and one higher sampling

frequency for the multivariate time series.

Let τ denotes the lower frequency time, for τ = 1, . . . , T . Provided that there are

m (m = 3) higher frequency observations during lower frequency period (τ − 1, τ ],

the stacked higher frequency observation vector is denoted as xτ , with xτ = (xτ−2/3,

xτ−1/3, xτ )
′. This can be regarded as the case of monthly and quarterly time se-

ries data. In addition, without loss of generality, we consider a three-variable mixed

frequency system which has one monthly variable, one quarterly stock variable and

one quarterly �ow variable. In particular, variable xτ−(3−j)/3 is the higher frequency

(monthly) variable, variable wτ represents the lower frequency (quarterly) stock vari-

able, and zτ denotes the lower frequency (quarterly) �ow variable. The stacked
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observation vector at lower frequency time point τ is:

yτ =



xτ−2/3

xτ−1/3

xτ

wτ

zτ


This scenario is also consistent with the speci�cation in our empirical application.

The speci�cation of the stacked vector for latent factors is a little di�erent from the

the one for observation variables. For lower frequency observation variables, besides

the value of m, it is also important to identify the lower frequency variable's type: the

�ow or stock type. Factors, on the other hand, are considered as the common driving

forces for the series. Thus, modeling factors solely based on the sampling frequency

will be adequate. In that case, the dimension of the factor vector only depends on

the higher frequency sampling rate m. That is to say there is only one type of lower

frequency latent factor de�ned in the system. Given m, the vector fτ is of dimension

(m+ 1). The corresponding stacked factor vector is:

fτ =



hτ−2/3

hτ−1/3

hτ

gτ


Latent factor fτ is a combination of two stochastic parts. The �rst part (hτ−2/3,

hτ−1/3, hτ )
′ represents the latent higher frequency factors that occur at τ − 2/3, τ −

1/3, and τ respectively, during the lower frequency period (τ−1, τ ]. The second part

gτ corresponds to the latent lower frequency factor at time point τ . The full model to
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clarify the relationship between the mixed frequency observation vector yτ and factor

vector fτ is illustrated in equation 2.4 and 2.5.

As a general rule, for any value of m, the stacked form observation vector is

yτ = (xτ−(m−1)/m, . . . , xτ−1/m, xτ , wτ , zτ )
′, and the corresponding stacked factor vector

is fτ = (hτ−(m−1)/m, . . . , hτ−1/m, hτ , , gτ )
′.

The above notation can be easily extended to the scenario of multiple variables,

for instance, a data set with JH higher frequency variables and JL lower frequency

variables. Consequentially, xτ−(m−j)/m represents the jth higher frequency variable

in lower frequency period τ , where xτ−(m−j)/m = (x
(1)
τ−(m−j)/m, . . . , x

(JH)
τ−(m−t)/m)′, for

j = {1, . . . ,m}. Here zτ represents lower frequency variables at τ , where zτ =

(z
(1)
τ , . . . , z

(JL)
τ ). The stacking vector of mixed frequency variables at τ is de�ned as

yτ = (x′τ−(m−1)/m, . . . ,x
′
τ , z
′
τ )
′. Stacking all of the observations based on the lower

frequency process leads to J = JH ×m+ JL dimensional mixed frequency vector for

time τ , yτ = (x
(1)
τ−(m−1)/m, . . . , x

(JH)
τ−(m−1)/m, . . . , x

(1)
τ , . . . , x

(JH)
τ , . . . , z

(1)
τ , . . . , z

(JL)
τ )′.

2.2.4 Dynamic in model

Given the stacked form observation vector yτ = (xτ−2/3, xτ−1/3, xτ , wτ , zτ )
′, and the

corresponding factor vector fτ = (hτ−2/3, hτ−1/3, hτ , gτ )
′, two sources of dynamic be-

havior are considered in this dissertation.

One source of dynamics is how the higher and lower frequency factors a�ect the

corresponding mixed frequency observations dynamically. Figure 2.1 gives an exam-

ple of mixed frequency time series with m = 3 higher frequency intra-period sampling

points. As an illustration, the dynamics between factor and observation are repre-

sented by solid lines. For example, the �ow type variable zτ is not only in�uenced

by factor hτ and gτ at time point τ , but also in�uenced by the lagged factors hτ−2/3

and hτ−1/3. Similarly, the higher frequency observation xτ−2/3 sampled at τ − 2/3 is
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a�ected by the higher frequency factor hτ−2/3, and the lower frequency factor gτ at

τ .

hτ−2/3

hτ−1/3

hτ

gτ

xτ−2/3

xτ−1/3

xτ

wτ

zτ

Figure 2.1: mixed frequency dynamic factor models with intra-period m = 3

Another source of dynamics is the dynamic from latent factors themselves. An

example is that the latent factor fτ is a vector autoregressive process. Figure 2.2

illustrates the mixed frequency factor vector that follows VAR(1) process, and as

stated previously where intra-period sampling point m = 3. The dynamic properties

of these mixed frequency factors are presented by the dashed lines in the �gure. The

plot provides an overview of all of the possible existence of VAR process parameters,

regardless of the parameters' values (zero or non-zero).
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hτ−1−2/3

hτ−1−1/3

hτ−1

gτ−1

hτ−2/3

hτ−1/3

hτ

gτ

Figure 2.2: mixed frequency dynamic factor models with intra-period m = 3, assum-
ing latent factors follow VAR(1) process

2.2.5 DFM for asynchronous data

In this section we apply the previously introduced stacked mixed frequency vector, and

give a detailed explanation of how to build the dynamic factor model for asynchronous

data.

The proposed dynamic factor model uses the stacked form series where the intra-

period higher frequency variables are treated as a series released concurrently with the

lower frequency ones. The advantages of the stacked form vector are: data at di�erent

frequencies are packed into a bundle, following the higher frequency temporal order.

Thus, one can save the e�ort on asynchronous data manipulations. Furthermore, we

de�ne the factors corresponding to di�erent sampling frequencies, and put them in

the similar stacked form. Hence, the parameter matrices in the system, in particular,

the loading matrix and transition matrix, can be used to analyze variables at di�erent

frequencies simultaneously .
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MF-DFM scheme: We suppose that the stacked observation vector yτ is the sum

of two unobservable components, and our model is cast into an approximate factor

model as:

yτ = Λfτ + ετ

fτ =

Pf∑
l=1

Alfτ−l + uτ

(2.3)

where

• yτ = (x′τ−(m−1)/m, . . . ,x
′
τ−1/m,x

′
τ ,w

′
τ , z
′
τ )
′ is a stacked vector time series;

• fτ = (hτ−(m−1)/m, . . . , hτ−1/m, hτ , , gτ )
′ is a stacked vector of latent factors;

• yτ and fτ are zero-mean stationary process;

• Λ is the loading matrix, with restrictions on some sparsity structures to specify

the interaction between observation and factor;

• Al characterizes factor dynamics, and l ranges from one up to the maximum lag

length Pf .

• uτ is a vector of white noise factor innovations with zero mean and covariance

matrix Q.

• ετ represents idiosyncratic component, which is allowed to be weakly serially

and cross-sectionally correlated;

• uτ is independent of ετ .

Since some form of weak correlation among idiosyncratic components ετ is allowed,

the proposed MF-DFM is an approximate factor model. In practice, this model

o�ers a realistic representation for large data with weakly correlated idiosyncratic
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components, and is more suitable when the mixed frequency time series data is the

object of interest.

In the proposed MF-DFM, idiosyncratic innovations ετ are allowed to have corre-

lation of some unknown form. For strict factor model, ετ is a sequence of independent

normal random variables with mean zero and covariance matrix R. On the condition

of high-dimension settings, the estimation of MF-DFM factors and model coe�cients

can be processed as misspe�cation of the strict factor model. To ensure estimation

consistency, a number of assumptions restrict the moments of factor and idiosyncratic

component (Assumptions A1, A2). The model assumptions are discussed in section

2.2.6. The detail of model identi�cation and estimation is the subject of chapter 3.

The asynchronous data are stacked upon the lower frequency series. The actual

number of intra-period higher frequency sample points m∗ may not be �xed. One can

easily take m = max(m∗), i.e., the maximum of all possible values, and incorporate

it into the model as a �xed value. Under the situation that m∗ < m, the absent

observations can be considered as irregular missing values. It is worth noting that even

though there might exist missing data across the sample set, our proposed estimation

process still generates e�ective estimates by maximum likelihood and the Kalman

�lter.

Speci�cally, the above equations yield a state space model with measurement

equation: 

xτ−2/3

xτ−1/3

xτ

wτ

zτ


︸ ︷︷ ︸

yτ

=



µ1 0 0 α1

0 µ2 0 α2

0 0 µ3 α3

0 0 θ β

ρ1 ρ2 ρ3 γ


︸ ︷︷ ︸

Λ



hτ−2/3

hτ−1/3

hτ

gτ


︸ ︷︷ ︸

fτ

+



εx,τ−2/3

εx,τ−1/3

εx,τ

εw,τ

εz,τ


︸ ︷︷ ︸

ετ

(2.4)
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and the transition equation as follows:



hτ−2/3

hτ−1/3

hτ

gτ


︸ ︷︷ ︸

fτ

=

Lf∑
l=1

Al



hτ−l−2/3

hτ−l−1/3

hτ

gτ−l


︸ ︷︷ ︸

fτ−l

+



uτ−2/3

uτ−1/3

uτ

vτ


︸ ︷︷ ︸

uτ

(2.5)

Figure 2.3 explicitly demonstrates the relationship among observations, latent

factors at the current period, and past periods. The example is described in mixed

frequency dynamic factor models, speci�cally, the intra-period sampling point m = 3,

and the mixed frequency factor vector follows VAR(1) process.

Lagged factors

• hτ−1−2/3

• hτ−1−1/3

• hτ−1

• gτ−1

Factors

• hτ−2/3

• hτ−1/3

• hτ
• gτ

Observations

• xτ−2/3

• xτ−1/3

• xτ
• wτ

• zτ

A Λ

Figure 2.3: mixed frequency dynamic factor model scheme. An example of mixed
frequency factor models with intra-period m = 3, and latent factors follow VAR(1)
process

It is convenient to extend measurement equation 2.4 to the multiple variables

case. We assume there are sequences of higher frequency observations of dimension

JH×1. Then, for each occurrence at higher frequency time point τ−(m−j)/m, {j =

1, . . . ,m}, the corresponding higher frequency observations can be composed as JH×1

vector, xτ−j = (x1,τ−(m−j)/m, x2,τ−(m−j)/m, . . . , xJH ,τ−(m−j)/m)′, which is a collection of

higher frequency observations at τ − j. One can handle the corresponding loading
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on latent factors as (. . . ,0JH×1, . . . , µi, . . . ,0JH×1, . . . , α), where µi = (µ1,i, . . . , µJH ,i)
′

and α = (α1, . . . , αJH )′. A similar approach can be employed on the multiple lower

frequency variables as well.

Loading matrix restrictions: Our objective is to extract common latent factors

from the stacked mixed frequency data. Figure 2.4 presents an example about the

speci�cation structure of the mixed frequency dynamic factor model. A solid line

denotes the corresponding loading in Λ. We assume the latent process is VAR(1), the

dashed line describes the possible connections among factors at lag one.

hτ−1−2/3

hτ−1−1/3

hτ−1

gτ−1

hτ−2/3

hτ−1/3

hτ

gτ

xτ−2/3

xτ−1/3

xτ

wτ

zτ

Figure 2.4: mixed frequency dynamic factor models with intra-period m = 3, and
latent factor follows VAR(1) process

It is readily seen that the underlying law between the observations and the factors

is explicitly describe by factor loading matrix Λ. That being the case, restrictions on

loading matrix Λ are straightforward:

• For each higher frequency observation, there are two loading values: µj and αj,
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which are coe�cients of regressing latent higher frequency factor {hτ−(3−j)/3, j =

1, 2, 3} and lower frequency factor gτ onto the corresponding higher frequency

observations xτ−(3−j)/3 respectively.

• The bottom observation zτ , is the lower frequency (quarterly) �ow variable,

which is a calculated value: either the weighted geometric mean or the accu-

mulated sum of three monthly values. Parameter ρj represents the dynamics

between the lower frequency variable z and higher frequency factor hτ−(m−j)/m.

Thus, the values of ρj might be the same across all the subsets of higher fre-

quency latent factors, or vary based on some temporal functions. Parameter

γ is achieved by regressing the latent lower frequency factor gτ onto the �ow

lower frequency observation zτ . This equation is in line with the assumption

that the quarterly is a calculated value based on some latent high frequencies.

• The lower frequency (quarterly) stock observation wτ is an observation mea-

sured at a speci�c time. We assume it is collected at the end of each lower

frequency period. It can be seen as a snapshot of monthly variables with its

value associated to the last month of the quarter, and missing observations for

the �rst two months. Thus, it is natural to expect the relationship between wτ

and the latent factors similar to the ones of the third month observation xτ .

In contrast to structure of Λ, tight constraints were not applied to the parameters

in Al in the modeling framework. The structure of the vector autoregressive coe�cient

matrix will be fully exploited in the proposed estimation process.

Autoregressive integration: The method in the previous section focused on the

temporal dependence information embedded in the original time series data. One

worthwhile possible extension would be to consider including observation's autore-

gressive dynamics to the model. The inclusion of autoregressive dynamics is an



34

important feature of forecasting models, especially for research and applications in

macroeconomic areas.

The autoregressive integrated speci�cation on exogenous variable in the measure-

ment equation consists of two parts: the observations themselves, and the correspond-

ing coe�cient matrices represent the characteristics of the univariate autoregressive

process. In particular,
∑

lDlyτ−l presents the autoregressive component, fτ denotes

the common component, and eτ is the idiosyncratic component. By the same token

of the proposed MF-DFM, all the time series variables are supposed to follow a state

space modeling framework:

yτ =

Py∑
1

Dlyτ−l + Λfτ + ετ

fτ =

Pf∑
1

Alfτ−l + uτ

(2.6)

All notation are de�ned in the same way as in MF-DFM, where series of matrices Dl

for l = 1, . . . , Py de�ne the auto regression of observations onto its lags. This solution

is appealing due to the fact that the matrices series Dl associate each unique time

series with the lags of themselves. Thus, this parameters can be easily treated with the

tools developed for univariate stationary time series, without assuming cross-section

dynamics as vector autoregressive process.

2.2.6 Model assumptions

The proposed mixed frequency dynamic factor model is constructed under approxi-

mate dynamic factor modeling framework. We adopt the same model assumptions as

in the work of Doz et al. (2012), where some form of weak correlation among idiosyn-

cratic components is speci�ed. In particular, given yτ = Λfτ + ετ and E(ετε
′
τ ) = Σε,

our basic modeling assumptions are:
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Assumption A1. Given any matrix A, let λmin(A) and λmax(A) be the smallest and

the largest eigenvalues of a matrix A, then

• liminfn→∞
λmin(Λ′Λ)

n
> 0

• limsupn→∞
λmax(Λ

′Λ)

n
is �nite

• liminfn→∞λmin(Σε) > 0

• limsupn→∞λmax(Σε) is �nite

Assumption A2. There exists a positive constant M such that for all i, j ∈ N

• E(
1√
T

∑T
1 (εi,τ εj,τ − Σε,ij))

2 < M

• E|| 1√
T

∑T
1 fτεj,τ ||2 < M

• E|| 1√
T

∑T
1 (fτ f

′
τ − I)||2 < M

As proved in Doz et al. (2012), the approximate dynamic factor model can be

estimated by a maximum likelihood approach from a misspeci�ed exact factor model

(Doz et al. (2012)):

yτ = Λfτ + ετ , ετ ∼ N(0, R)

where ετ is a non-serially correlated and cross-sectional independent Gaussian white

noise, with diagonal covariance matrix R. The estimator is consistent and is called

quasi-maximum likelihood estimation. These assumptions hold throughout the dis-

sertation and ensure the consistency of the estimates for unknown mixed frequency

dynamic factor model coe�cients calculated in chapter 3 .
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2.3 Forecasts

In this section we present how the mixed frequency dynamic factor model is used to

make forecasts for higher and lower frequency variable. The �rst subsection reviews

the single frequency factor models and discusses their application in forecasting the

variables. It is natural to think that the speci�cation of forecasting formula for

more than one sampling frequency shall be along the same lines. Hence, the second

subsection presents forecasting extensions to larger systems involving lower or higher

frequency variables. In particular, we illustrate the mixed frequency DFM in the

case where one wants to predict one higher frequency variable using the factor and

the variable itself. We also present the case in which one wants to predict one lower

frequency variable, using the higher frequency variable, factor, and its own lags.

2.3.1 Review

The traditional methods to forecast time series data focused on either the univariate

time series model such as autoregressive (AR) model, or, the multivariate time series

model, such as VAR model. The former exploits dynamics of the target variable itself,

whereas the later discovers dynamics among a few variables. Both AR and VAR

forecasts works well for small scale problems. However, they are not computationally

feasible when including large numbers of relevant variables.

Today, with the immediate access of large amounts of relevant data, it is desirable

to include bulk size information into forecasts. It is noted that dynamic factor model

results in a decrease of dimensions; this is where factor models provide promise. The

extracted factors are expected to catch the comovement among various time series,

and there have been numerous studies for forecasting in high dimension problems, for

example, Stock and Watson (1998).

The forecast of future values based on factor models can be accomplished in many
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ways. One approach is to begin with predicting the factors, then generate the fu-

ture values of object variables based on the factor models. Another approach is by

developing computational procedures to generate future values based on the object

variables and estimated factors from past and current periods. This dissertation uti-

lizes the second methodology, and a forecast equation will be derived for the one-step

ahead forecasts and multiple-step ahead forecast, respectively.

One-step ahead forecasts: We consider a situation where a forecaster is interested

in predicting a certain target variable yi,τ at time point τ . When predicting the target

variables with large observation dimension, it is more e�cient to treat the forecasting

equation for yi,τ as a single equation, instead of being a part of the dynamic factor

model system.

The one step ahead forecasts of a variable yi,τ , which may or may not be an

element of yτ used to estimate the factors, can be computed by regressing yi,τ+1 on

itself yi,τ , lags of yi,τ , fτ , and optionally lags of fτ .

ŷi,τ+1 = β(l)fτ + γ(l)yi,τ (2.7)

where ŷi,τ+1 denotes the one-step ahead forecast value of the target variable yi, β(l)

and γ(l) are the lag polynomials of latent factors and the forecast variable itself (such

as, β(l) = β0 + β1l + . . .+ βP l
P , and l is lag operator).

h-step ahead forecasts: A forecast of h-steps (h > 1) ahead forecast is denoted

as yτ+h, where the subscript τ indicates that the forecast is made using data through

date τ , and h is the forecast horizon. In case there are multiple target variables to

be predicted, each individual forecast is denoted as yi,τ+h , where i represents the i
th

variable's forecast.
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Multi-step forecasts can be implemented either using an iterated method or a

direct method. The direct forecast is computed by regressing yi,τ+h onto the estimated

factors and lags of the factors. The multi-step (h-step ahead) forecasts are computed

by direct (not iterated) multi-step forecast method as:

ŷi,τ+h = β(l)fτ + γ(l)yi,τ (2.8)

Similarly as the one-step ahead forecast formula, this is the forecast from regressing

of fτ and yi,τ on ŷi,τ+h.

Alternatively, an h-step ahead forecast can also be obtained by an iterative se-

quence of one-step-ahead forecasts. That means one estimates the one-step ahead

forecast, then iterates the forecast equation forward h times to obtain the h-step

ahead forecast. The iterated forecast method is computed by solving the full dynamic

factor model, then applying the prediction from the Kalman �ltering and smoothing.

2.3.2 Mixed frequency forecasts

Since the mixed frequency dynamic factor model provides a framework that can be

used to extract the hidden factors and underlying dynamics of the asynchronously

observed system, it can also be used for forecast. The forecasts based on MF-DFM is

a natural and convenient extended framework from the above forecasting equation.

Forecasting LF variable: We consider the case where the target variable is one

lower frequency variable zi,τ , construct it's k-steps-ahead forecast, namely ẑi,τ+k. Note

that k is the forecast step based on the lower frequency time scale.

The forecast equation is:

zi,τ+k = β(l)fτ + γ(l)zi,τ
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β(l) denotes the lag operator for stacking form mixed frequency factor. These fac-

tors are obtained directly from the factor estimation result on the proposed mixed

frequency dynamic factor models. In practice, one can use the estimation of factor fτ

for forecasting. Note that with this method:

• the latent factor fτ is treated as exogenous;

• in practice, the value of fτ is substituted by f̂τ , the estimated value of the factor;

• the unknown parameters in the forecasting equation are the lags of variable, the

latent factor, and structure of β(l) and γ(l).

In most forecasting e�orts, it is important to use data available at the time of the

forecast. For example, to predict the k-step-ahead value zi,τ+k, one has a complete

set of historical information from time 1 up to time τ . Yet it is possible during the

period [τ, τ + 1), there are some higher frequency samples observed. Denote this

as τ + (m − j)/m, for 1 ≤ j < m. This information is valuable especially if the

forecast target variable is believed to be in�uenced by some lower frequency calendar

e�ects. Because of the �exibility of MF-DFM, one can bring these relevant higher

frequency observations into the framework. The valuable intra-period information will

be re�ected on the estimates of the factors. We will explain the estimation methods

in detail in chapter 3, but let us, for the moment, simply assume that f̂τ denotes the

vector of estimated factors integrated with intra-period information.

Forecasting HF variable: Now we consider the case where the target variable

is one higher frequency variable xi,τ , and to construct the it's h-steps-ahead forecast

xi,τ+h/m. We assume the lower frequency observations are available through time τ−1,

while the higher frequency observations are available through time τ − h/m, h < m.

It is worth noting that h is the forecast step on the higher frequency scope. This

means the h-step-ahead forecast on the higher frequency scale is actually the h/m-
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step-ahead in the lower frequency domain. The h-step-ahead on the higher frequency

data will always use the forecast horizon less or equal to one lower frequency period.

This is called the intra-period forecast.

To forecast the h-step-ahead higher frequency variable xi,τ , we use the estimated

factors and observations xi,1/m, . . . , xi,τ−h/m. Particularly because the target forecast

is the intra-period forecast, the unstacked factors gτ−1 and hτ−h/m, hτ−(h+1)/m, . . . are

used, instead of the stacked factor fτ .

The intra-period forecast model for the higher frequency variable is:

x̂i,τ = β(l)hτ−h/m + θ(l)gτ−1 + γ(l)xi,τ−h/m (2.9)

Thus to predict the higher frequency observation at τ , we only consider the lags

of the variable itself xi,τ−h/m, lags of the unstacked form estimated higher frequency

factor hτ−h/m and lags of estimated lower frequency factor gτ−1. The advantage

of utilizing the unstacked extracted factor is that the higher frequency forecast is

actually converted to a forecasting model using unstacked form of information. The

terms xi,τ−h/m, hτ−h/m and gτ−1 provide the �exibility to employ the most current

information. It is not necessary to wait till the end of the lower frequency period

to take the information into account. Whenever there is a new higher frequency

occurrence or the estimated factors are available, we immediately bring this piece of

information into the forecast equation.

2.3.3 Evaluation criteria

The forecast performance are evaluated based on forecast error losses, which is root

mean square forecast error (RMSFE). RMSFE is regarded as a measure of the spread

of the forecast error distribution. Comparison is of the forecast error losses obtained
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from factor model forecasts with forecast error losses obtained from some benchmark

models. Emphasis was focused in the analysis on the RMSFE of factor models relative

to the RMSFE of a certain benchmark model.

RMSFE =

√∑T1−h
τ=T0

(ŷτ+h − yτ+h)
2

T1 − T0 − h+ 1
, with h = 1 (2.10)

If the factors and parameters were estimated precisely and the target variable was

correlated with the factors, factor models should have smaller forecast mean squared

errors compared to AR models obtained from information contained in large data

sets.

All forecasts are assumed to be made at the end of the lower frequency period.

The regression data and factors are therefore based on the available data one or h

ahead of the time the forecast is made.

As benchmarks we use fourth order autoregressive models. Denote this comparison

ratio as:

RMSFE

RMSFEAR

2.3.4 Summary

In general, time series forecasting consists of two main approaches. One is to perform

an analysis of latent factors, which are expected to in�uence the series, and construct

the future values based on the extracted factors. Another approach is to predict the

future based on historical data over time. It is possible that both approaches will

lead to valuable forecasts of desired accuracy.

Consider two speci�c scenarios. If the variable of interest varies mainly accord-

ing to an uncommon source, a forecast based on the variable's unique predictive

information will outperform a forecast based on the shared factors. And a forecast

solely based on the compact set of driven factors will lead to a divergence under this
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setting. However, if the variable relies heavily on the comovements among series,

forecasts based on underlying dynamic factors will be more robust.

If the estimated factors precisely summarize the main sources of variation and

covariation among the large dimension data, instead of forecasting by predicted vari-

ables, we could use the estimated dynamic factors. However, forecasting a speci�c

variable is di�erent from aggregating the joint behavior of all series. The time series

forecast depends on the factor estimation method and factor method employed in

prediction. Also, the target variable itself may be in�uenced mainly by the common

driven factors, or closely relevant to its own idiosyncratic parts. Therefore, for the

purpose of forecasting, a distinct integrated set of data may lead to di�erent results.

For the proposed autoregressive integrated MF-DFM, it is clear that the measure-

ment equations involve both the autoregressive components and common components.

Hence it is natural to employ the same idea to derive the forecast, i.e. a predicted

value based on a regression model with the observation's lags and lags of factors as

augmented regressors in the system.

A more general form of forecasting is that one could use the same observable

predictors other than lagged yi,τ as the regressor. For example, some other observable

variable might be valuable for forecasting yi,τ+1. In this paper, however, for simplicity

only the factors and lags of the dependent variable itself are used.



Chapter 3

Model identification and estimation

For mixed frequency dynamic factor models where the parameters are vector or ma-

trix valued, it is appealing to introduce shrinkage and variable selection methods

to maintain sparse structures in parameter matrices. To address this purpose, in

this chapter, we propose a two-step model estimation process. The preliminary step

generates primal factor estimates, with structure restrictions imposed on the loading

matrix. While on the second step estimation, the dynamics of the factors are esti-

mated, with regularization taking into account temporal dependence. The common

factors are then re-estimated according to the approximate model. This two-step

estimation process is shown to be a fast algorithm developed for e�cient learning of

the parameters.

Lagged factors

• hτ−1−2/3

• hτ−1−1/3

• hτ−1

• gτ−1

Factors

• hτ−2/3

• hτ−1/3

• hτ
• gτ

Observations

• xτ−2/3

• xτ−1/3

• xτ
• wτ

• zτ

A

Second
step

estimation

Λ

Preliminary
estimation

Figure 3.1: Model identi�cation and estimation process
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Figure 3.1 demonstrates the two step estimation process for the mixed frequency

data given in chapter 2, where a mixed frequency factor model is constructed with

intra-period m = 3, and VAR(1) latent factors process.

In the following sections, we propose a new estimation technique in more detail.

In section 3.1, we review several other related methods and describe and support our

preliminary PCA estimation. The second step estimation uses penalized MLE and

is developed in section 3.2. We conclude with a summary and possible extensions of

the studies.

3.1 Preliminary estimation

The proposed mixed frequency dynamic factor model provides a framework to treat

asynchronous data simultaneously. However, it increases the dimension of the factor

vector, which greatly increases the overall computation burden.

There are many theories and methods developed for a large number of variables

and dimensional reduction. Principal component analysis (PCA) is a classic approach

for identifying a low-dimensional subspace. In this section, we �rst review the mathe-

matical procedure of principal component analysis. Especially, we will look into PCA

applications under the dynamic factor modeling framework. We then discuss the

method's constraints for mixed frequencies dynamic factor models. A novel principal

component analysis approach for mixed frequency data is proposed. To explain the

algorithm's underlying theory, we cover the ideas of singular-value decomposition,

and analyze the stacking mixed frequency model characteristics. The new algorithm

is a powerful tool in reducing dimensions, and revealing relationships among asyn-

chronous data. Monte Carlo simulation results are presented in chapter 4 to illustrate

the improvements of the introduced algorithm.
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3.1.1 PCA for DFM

Principal component analysis is a long-standing technique in treating high-dimensional

data dimension reduction. As an unsupervised learning method, PCA has been widely

employed in many areas, such as gene expression data analysis, data visualization,

and handwriting detection. The method is also extended to the frequency domain

and factor analysis. This section presents a brief review of the principal component

analysis, and the theory to set up components as estimated factors.

Dynamic factor model: Once again, we start with the general dynamic factor

modeling framework. Although practically, observations can be from diverse families

of distributions. In our mix frequency modeling framework, we assume all observa-

tions are from Gaussian distribution. All series are assumed to be generated from the

same set of factors. And, all series yτ depend on the concurrent factors fτ at τ only.

We then cast the dynamic factor models as in the following model framework:

yτ = Λfτ + ετ

Focusing on the dimension: vector y is n × 1 stationary process, containing the

values of the observable time series at time τ ; vector fτ is also stationary, it is of

dimension q× 1, and represents the value of the common driven factor; Λ is the n× q

factor loading matrix; ετ is n × 1 idiosyncratic innovation between observations and

factors; factor fτ and ετ are two independent process.

Under approximate dynamic factor model setting, we can relax the strict indepen-

dent assumption on ετ , i.e., it is possible to allow for weakly serial and cross-sectional

correlation of the idiosyncratic errors. We have speci�ed these assumptions and other

technical assumptions of fτ and ετ in section 2.2.6.
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DFM estimation by static PCA: The underlying argument of a factor model

is that the high dimension data can be mapped to a small number of factors, where

factors are expected to maximize the explained data variances. The question is how to

identify the hidden factors. One of the popular approaches is from Stock and Watson

(2002), namely as the static principal component. In their work, the dynamic factor

model was written in a static factor framework. Then static principal component

analysis was applied to extract factors from the static modeling form.

Their approach relied on the data covariance matrix Σy to identify the factors.

The static PCA decomposes variance and covariance among multiple observable time

series and summarizes the variations by common factors. Based on the assumption

that fτ and ετ are two mutually orthogonal components, static PCA commences from

an eigenvalue decomposition of covariance matrix of yτ . This matrix is a sum of two

parts: one comes from the common factors fτ , while another comes from ετ :

Σy = ΛΣfΛ
′ +R

As shown in the work of Stock and Watson (2002), the static PCA of a dynamic

factor model is derived from the following least square problem, with an additional

restriction of normalization:

argminΛ

1

T

T∑
τ=1

||yτ − Λfτ ||2

subject to Λ′Λ = I,

where the number of variables n is su�ciently larger than the desired number of factors

q. We assume the eigenvalues of ΛTΛ is O(n) and the eigenvalue of the idiosyncratic

component covariance matrix is O(1). Hence, to identify the estimation of Λ su�ces

to �nd the data's �rst q principal components. The maximum optimization problem
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is transformed into an eigenvalue decomposition. It follows that if the factor loading

matrix Λ is given, the solution of the minimization problem is just f̂τ = (Λ′Λ)−1Λ′yτ .

Inserting f̂τ into the equation, we have

min
1

T

T∑
τ=1

||yτ − Λfτ ||2

= min
1

T

T∑
τ=1

||yτ − Λ(Λ′Λ)−1Λ′yτ ||2

= min
1

T

T∑
τ=1

||(I − Λ(Λ′Λ)−1Λ′)yτ ||2

= min
1

T

T∑
τ=1

y′τ (I − Λ(Λ′Λ)−1Λ′)yτ

∝ max tr((Λ′Λ)−1/2′Λ′ΣyΛ(Λ′Λ)−1/2)

= max Λ′ΣyΛ, subject to Λ′Λ = I

Thus, the solution of the above optimization is similar to the classical principal

component analysis. By setting Λ̂ to be the �rst q eigenvectors of the sample covari-

ance matrix Σy, the estimated factors f̂τ are exactly the �rst q principal components

with f̂τ = Λ̂′yτ . As the optimization problem stated, the unit norm restriction Λ′Λ = I

identi�es the factor and factor loading.

As for simple principal component analysis, the calculated eigenvalues are sorted

by decreasing order according to their contribution of explained variance. The combi-

nation of eigenvectors corresponding to the �rst q eigenvalues is just the factor loading

matrix.

DFM estimation by weighted PCA: An extension of static PCA is to bring in

a weight adjustment. Suppose that ετ is i.i.d. N(0, R) with R known. Correspond-

ing to the minimization of the linear least square problem, Boivin and Ng (2006)

proposed a weighted principal component estimation based on non-linear generalized
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least squares:

argminΛ

1

T

T∑
τ=1

(yτ − Λfτ )
′R−1(yτ − Λfτ )

subject to Λ′Λ = I

In practice, the covariance matrix R is unknown. To accomplish a feasible solu-

tion, Boivin and Ng (2006) proposed a two-step weighted principal component anal-

ysis schema. In the �rst step, the standard PCA was applied to the data with a

relatively large set of factors. The residuals from the �rst step are used to estimate

the covariance matrix, and R̂−1 is substituted for R−1 to attain the weighted principal

components.

We could see a clear connection between the static PCA and the weighted PCA.

As de�ned in the static PCA, data are standardized before performing the princi-

pal component analysis. This means the sample data is demeaned and has variance

one. Following the fact that Σy = Σ−1
y = I, we could transform the static principal

component problem as (yτ − Λfτ )
′Σ−1

y (yτ − Λfτ ). It is obvious that the static prin-

cipal component analysis applies a weighting strategy by the inverse of the sample

covariance, while, the weighted PCA utilizes the inverse of idiosyncratic component

covariance, which is the residual of observable sample and latent factors.

Sparse PCA: Zou et al. (2006) introduced l1 norm lasso and elastic net constraints

on classic principal component analysis, referred to as sparse principal component

analysis (SPCA). The sparse principal component analysis is an unsupervised learning

method which is used in dimension reduction and variable selection as well. The

algorithm is an extension of standard PCA and similarly provides a solution which is

a linear combination of the original variables. The new PCs' elements maximize the

explained variance, while simultaneously constraining the number of nonzeros in the
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loading matrix.

Sparse principal component analysis (Zou et al. (2006)) was de�ned as:

argminAj ,Bj ||Y − Y BjA
T
j ||2 + λ||Bj||2 + α1,j|Bj|,

such that ATA = I

(3.1)

where A = (A1, . . . , Aq) and B = (B1, . . . , Bq).

Suppose Y is an n× p data matrix, SPCA sequentially �nds modi�ed q principal

components with sparse loading. The fundamental requirement for SPCA is that

PCA can be written as a optimization problem in regression form, where the lasso

penalty can be directly integrated into the optimization equation. Accordingly, the

l1 norm lasso penalty focuses on individual variable selection, and promotes sparsity

in the solution vector B by forcing some coe�cients exactly to zero.

3.1.2 PCA for MF-DFM

Motivation: Our ultimate goal is to understand the characteristics and the un-

derlying relationship of stacking form MF-DFM. Before we continue to the proposed

sparse group principal component analysis, we will �rst examine some features of the

mixed frequency modeling framework. We expect the estimated factors have certain

functionality. For example, factors should form a small set of common signals for

a large set of multivariate time series. They should capture the series relationships

accurately and reliably, and strengthen the forecast performance.

Because some pitfalls arise when standard PCA is applied, we utilize the unique

characteristics of MF-DFM. For the preliminary estimation step, we proposed a sparse

group principal component analysis technique. This step works well in our case be-

cause the loading matrix structure is well speci�ed in the dynamic factor modeling

framework. This approach leads to the proposed algorithm, namely, sparse group
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principal component analysis for mixed frequency data. The algorithm's solution will

have a few nonzero coe�cients in the principal components corresponding to the load-

ing matrix structure. The generated principal component is not a linear combination

of all the original variables, but is only associated with the corresponding important

variables. This sparse structure in the loading matrix makes the interpretations on

PCs easier and clearer.

The proposed methodology is based on static and weighted PCA. Speci�c modi�-

cations are made in accordance to particular structures in the loading matrix. Both

PCA and weighted PCA techniques are considered here as an intermediate stage cor-

responding to di�erent circumstances. We will use the above algorithm to extract

factors and factor loading as the starting point values for the proposed sparse group

PCA in stage two. The choice between static PCA and weighted PCA relies on the

characteristics of the observed time series. In static PCA estimation, original data

should been standardized to have unit sample variance. Alternatively, use weighted

PCA with weights equivalent to the inverse sample variance, then it is not necessary

to do data standardization.

Sparse group PCA for mixed frequency data: The nonzero coe�cients in

the loading matrix involve both the original dependent observations, and the hidden

explanatory factors. Speci�cally, we examine the observation equation:



xτ−(m−1)/m

...

xτ

zτ


︸ ︷︷ ︸

yτ

=



µ1 0 . . . 0 α1

0
. . . . . . 0

...

0 . . . 0 µm αm

ρ1 ρ2 . . . ρm γ


︸ ︷︷ ︸

Λ



hτ−(m−1)/m

...

hτ

gτ


︸ ︷︷ ︸

fτ

+



εx,τ−(m−1)/m

...

εx,τ

εz,τ


︸ ︷︷ ︸

ετ
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Methodology: One distinguishing fact in mixed frequency learning problems is

that we are interested in not only e�cient dimension reduction, but also identifying

important explanatory factors. The MF-DFM framework gives a nice structure for

the factor loading matrix. It is straightforward in that for most of the columns only a

small number of variables correspond to the factors. Hence, it is convenient to include

only a subset of data for factor estimation. The preliminary estimation step aims to

identify a set of sparse group principal components. These components form a set of

loading vectors that will explain the data variation as much as possible. The loading

matrix will follow the sparse structure as designated.

Matrix form mixed frequency DFM: Let mixed frequency observation vec-

tor be yτ and let the corresponding factor vector be fτ . Putting the observation

equation in matrix form yields

Y = FΛ′ + e,

where

• Y = (y′1, . . . ,y
′
T )′ is T × n dimensional vector;

• F = (f ′1, . . . , f
′
T )′ is T × r dimensional vector;

• T is the total time span from low frequency domain, i.e., the number of total

observations;

• n and r are dimensions of vector yτ and fτ .

To reformulate PCA as a regression-type problem, we will start with standard

principal component analysis, which is closely a�liated to singular value decomposi-

tion (SVD). For a given data matrix Y , the singular value decomposition of Y can

be expressed as:

Y = UDV T
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where U and V are columnwise orthonormal matrices, and D is a diagonal matrix

where singular values are arranged in descending orders. The eigenvectors can be

normalized, such that the eigenvectors of covariance matrix are the same as the right

singular vectors of Y . Thus, the classic PCA combines variables and transforms the

original data space into eigenspace.

Consider the dynamic factor minimization problem (Stock and Watson (2002)),

where Λ represents the eigenvectors of cov(Y ), and F = Y Λ:

argminΛ

1

T

∑
τ

||Y − Y ΛΛT ||2, such that ΛTΛ = I.

The goal of preliminary estimation is to extract q latent factors from mixed frequency

data in MF-DFM. Zou et al. (2006) showed that the above formulation could be

transformed into the following regression-type criterion, for any δ > 0

argminΛ,B||Y − Y BΛT ||2 + δ||B||22, such that ΛTΛ = I.

where B is n× q, with B = [β1, . . . , βq]. The ridge penalty on B is denoted as δ. As

stated in the work of Zou et al. (2006), the penalty value imposes small e�ect on the

output of the loading. For data T > n, we can set it to zero as in this case the solution

is always unique. In the case of T < n, the ridge penalty δ must be non-negative

to ensure the PCA is always unique. They introduced l1 lasso penalty. Zeros in the

loading matrix arise from penalizing individual variables, i.e., all variables are treated

equivalently. The sparse group PCA method allows us to apply the group information

and select variables inside each group.

Preliminary estimation equation: As our primary goal is to analyze mixed

frequency information, the stacking mixed frequency DFM already grants us some
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advantages. The multivariate time series are straightforwardly assorted into groups,

i.e., each collection of high frequency data xτ−j/m, for j = 1, . . . ,m throughout the

low frequency period τ , and the low frequency observation zτ can be treated as a dis-

joint group. In this dissertation, we modify principal component analysis with group

sparse loading, and is adapted by Zou et al. (2006)'s regression approach to PCA. The

methodology is built on a connection between PCA and regression optimization with

ridge constraints. According to the data and model characteristics, the optimization

problem is set to:

argminΛj ,βj
||Y Λj −

∑
i

Y (i)β
(i)
j ||2 + λ1,j||βj||1︸ ︷︷ ︸

within group penalty

+λ2

∑
i

wi||β(i)
j ||2︸ ︷︷ ︸

group penalty

s.t. ΛTΛ = I (3.2)

• the minimization problem is a combination of l1 and l2 norm penalty;

• j is the column index;

• λ1,j and λ2 are the sparse group lasso penalty tuning parameters;

• i is the indicator for groups, normally for �xed frequency data we have i =

1, . . . , q;

• q = m + 1, where m is the number of high frequency variables during one low

frequency period;

• Y (i) is T × ni observations from ith group, where ni is the number of variables

of ith group and ni < n.

• B = [β1, . . . , βq] is orthonormal, and can be decompose into q sub-problems and

q is the number of factors;
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• Λ = [Λ1, . . . ,Λq]

Matrix structure of Λ and groups: The sparse group lasso algorithm, which

�nds solutions that are sparse on the group level of variables and select variables

within each group, is a good candidate for the described mixed frequency DFM

situation. Since the introduced preliminary estimation equation 3.2 is adapted to

MF-DFM framework, it is important to understand the matrix structure of loading

Λ and de�nition of groups.

For a mixed frequency sample, the matching response observation vector at τ (the

lowest frequency point of time) is yτ =
[
xτ−(m−1)/m, . . . , xτ , zτ

]
. Each collection of

high frequency observations at τ−(m−j)/m is a group of observation xτ−(m−1)/m,

and this is the same for the low frequency data collection zτ . There arem+1 groups

in the stacking form mixed frequency observation yτ , wherem is total high frequency

incidents during one low frequency duration.

Accordingly, each element in explanatory factor vector,
[
hτ−(m−1)/m, . . . , hτ , gτ

]
,

represents a group of response variables. The matching between factor and observa-

tion groups is chosen by time and by high-low frequency categories. It is crucial to

incorporate this natural group information into the speci�cation of the regularization

term.

The stacked form mixed frequency vectors on both observations and factors pro-

vide some unique sparse structures on Λ. We examine the matrix under the MF-DFM

framework:

 Λx,h Λx,g

Λz,h Λz,g

 =



µ1 0 . . . 0 α1

0 µ2 . . . 0
...

0
...

. . . 0
...

0 . . . 0 µm αm

ρ1 ρ2 . . . ρm γ


(3.3)



55

The matrix Λ de�nes an explicit computation which maps the observation groups

onto the factor space. The sparse structures in Λ are related to the collection cate-

gories within the data. The matrix Λ can be decomposed into four parts as described

in equation 3.3. There is loading of high frequency observations to high frequency

factors (µj), and loading of the low frequency observations to low frequency factor

(γ). There is also cross-sectional loading of high frequency observations to low fre-

quency factors (αj), and loading of low frequency observations to high frequency

factors (ρj = ρ), for j = 1, . . . ,m.

By investigating the matrix speci�cation by each column, we summarize some

notes on the loading matrix Λ:

• Λx,h corresponds to the loading of between high frequency observations xτ and

high frequency factors hτ .

� it is obvious the �rst m columns have segments of zero coe�cients;

� it contains diagonally block patterns as shown in the dark green areas.

• Λz,h relates the low frequency observations zτ to high frequency factors hτ−(m−j)/m..

• Λz,g contains coe�cients between low frequency observations and low frequency

factors.

• Λx,g also provides an interpretation between the high frequency observation

and low frequency factors.

Apparently, the stacking mixed frequency vector already sorts the data into groups

by temporal order: high frequency and low frequency observations. The structure in

(m + 1)th column is unclear. Although the zero and non-zero characteristic are

not obvious, it has structural group information. High-frequency diagonal elements

should be same, i.e., µ1 = . . . = µm. Each µj is vector of nH × 1, where nH is the
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number of high-frequency variables. Loading matrix columns 1 up tom use a subset

of stacked mixed frequency data.

Tuning parameters and weights: The within group selection is based on the

value of tuning parameter λ1. In practice we set this parameter to be relatively small

since we have no intuition about the sparse structure inside each group. λ2 is the

tuning parameter of the l2 regularization. It's value decides the number of chosen

and declined groups. Subject to mixed frequency DFM de�nition, the sparse form of

loading matrix Λ is already well speci�ed. Therefore, we assign λ2 large enough to

obtain estimates of Λ agreeing with the desired framework. Practically, both tuning

parameters can be chosen by strategies such as cross validation on the MSEs, or the

model information criteria such as AIC, BIC, etc.

Group weights wi vary according to the loading vector 's chronological sequence.

If some speci�c loadings are non-zero for certain part of factors, we will assign no

grouping weight on diagonal groups. The same criterion is employed to the bottom

group of Λ. For other groups, where the block-wise sparse structure in loading matrix

are assumed to occur, thus we assign wi =
√
size of ith group.

Compared with Zou et al. (2006)'s method, we remove the ridge penalty that they

included. This is due to the fact that the ridge term has no in�uence on penalizing the

loading. The term is just to ensure the uniqueness of principal components produced

by the penalty scheme. For T > n it is appropriate to ignore the ridge setting and

set it to zero by default, since we split data and penalize on groups. Thus, in all our

experiments we have sample size T greater than the number of variables per each

group, and the ridge penalty is set to zero. If there were many more variables per

each group compared to the sample size, we include the ridge penalty and express
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the formula as following:

argminΛj ,βj
||Y Λj −

∑
i

Y (i)β
(i)
j ||2 + λ1,j||βj||1 + λ2

∑
i

wi||β(i)
j ||2 + δ||βj||2

such that ΛTΛ = I

3.1.3 Algorithm

Sparse Group PCA: Given a matrix of RT×n, where T rows corresponding to

T observations in a vector of Rn, the sparse group principal component analysis is

to �nd a solution of B ∈ Rn×q and Λ ∈ Rn×q, such that each observation can be

approximated by a linear combination of the q columns vector of B = [βj], with

βj, j ∈ 1, ..., q. Here, Λ is a matrix of decomposition coe�cients.

Notice that we would like both sparsity among groups and within each group. This

is based on the setting of mixed frequency time series. l2 norm regularity promotes

the group-wise sparsity, since it will drop some groups by forcing all coe�cients in

that group to zero. While within each nonzero group, l1 norm regularity selects the

variables which would be identi�ed as particularly valuable.

Targeting an overall block-wise sparse loading matrix, the optimization problem

in equation 3.1 can be solved by an iterative process (Zou et al. (2006)):

Lemma 1. Fix Λ Calculate B: we assume ΛTΛ = I, for Λ = [Λ1, . . . ,Λq]. Λj

and Y are given. Then, for B = [β1, . . . , βq], each βj is the the optimal solution

of the sparse group lasso:

argmin
Λj ,β

(i)
j
||Y −

∑
i

Y (i)β
(i)
j ΛT

j ||
2 + λ2

∑
i

wi||β(i)
j ||2 + λ1,j|βj|
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The above equation has the same solution as:

argmin
Λj ,β

(i)
j
||Y Λj −

∑
i

Y (i)β
(i)
j ||2 + λ2

∑
i

wi||β(i)
j ||2 + λ1,j|βj|.

On the other hand,

Lemma 2. Fix B Calculate Λ: Assume B = [β1, . . . , βq] is �xed, then each Λj is

the the optimal solution of the following:

argmin||Y − Y BΛT ||2,

subject to ΛTΛ = I

The solution is from SVD on (Y TY )B = UDV T , which is UV T .

Sparse Group PCA Algorithm for MF-DFM: Considering the above self-

contained regression optimization, the algorithm of Sparse Group PCA for mixed

frequency data is Algorithm 3.1: One can utilize this information and combine it

with the lasso based PCA methodology. This is based on an iterative procedure to

recognize estimated factors from the mixed frequency data. The following computa-

tion algorithm is for the mixed frequency based on the sparse on the loading matrix

Λ.

The estimated factors and loadings are obtained by this iterative process. The

factor loading is just B, while the factor estimated from the sparse group PCA is

F = Y B. Along with the identi�ed factors, lag polynomial matrix A is attained

by a VAR model. The simple VAR model is the estimated factors regressing on its

own lags. The disturbances between observations and factors are residuals generated

from the sparse group PCA algorithm. Now that all parameters and latent factors

are fully speci�ed. The model is ready to cast into state space model.
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Algorithm 3.1 Sparse Group PCA for mixed frequency data

1: Let q ← m+ 1 be the number of desired principal component loading vectors
2: Initialize Λ = [Λ.1, . . . ,Λ.q] be the loading of the �rst q ordinary principal

components.
3: while not converged do
4: for j = 1, . . . , q − 1, q do
5: Given a �xed ΛH = [Λ.,1, . . . ,Λ.,q−1] solve:
6:

argminΛj ,βj ||Y Λj −
∑
i

Y (i)β
(i)
j ||2 + λ2

∑
i

wi||β(i)
j ||2 + λ1,j||βj||1

with Y = [X(i) Z], if j = 1, . . . ,m

with Y = [X(1), . . . , X(m) Z], if j = q

7: end for
8: Update HF diagonal elements λ = 1/m(

∑m
j=1 λj)

9: for each j, normalize to unit length βj =
βj√
βTj βj

10: For a �xed B = [β1, . . . , βq−1], compute the SVD of Y TY B = UDV T ,
update Λ = UV T

11: end while
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3.1.4 Preliminary estimation: remaining parameters

The above algorithm estimates Λ. Given Λ̂, estimated factors F̂ can be calculated by

Y × Λ̂. The remaining parameters to be identi�ed or estimated are: the covariance

matrix of e = Y − F̂ Λ̂, denoted as R̂, the lag order of factors, and matrices {A,Q}.

For the rest set of the parameters in mixed frequency factor modeling framework, one

can follow the process introduced by Doz et al. (2011). Integrating their process,

preliminary estimates of remaining parameters are described as follows:

• The lag order can be determined using model selection criteria, such as BIC;

• The transition parameter matrices A of the factors can be estimated by a re-

gression of factors onto its lags;

• Given the estimated factors and the lag polynomial matrix Â, one can obtain

the estimated residual û.

• Given the residual u of a factor VAR process, one can calculate the covariance

matrix Σ̂u;

• Given the number of dynamic factors is q

� extract the �rst q eigenvectors and eigenvalues of Σ̂u;

� If the static factor is the same dimension as dynamic factor, then Σ̂u is

the estimation of Q;

� Otherwise, let {P,M} be the matrices containing the �rst largest q eigen-

vectors and eigenvalues;

� The estimated covariance matrix of u is then calculated as P ×M ×P ′.
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Lagged factors

• hτ−1−2/3

• hτ−1−1/3

• hτ−1

• gτ−1

Factors

• hτ−2/3

• hτ−1/3

• hτ
• gτ

Obervations

• xτ−2/3

• xτ−1/3

• xτ
• wτ

• zτ

A

Second
step

estimation

Λ

Preliminary
estimation

X

Figure 3.2: Model identi�cation and estimation process: preliminary estimation step
completed

3.2 Second step estimation

In the application of mixed frequency dynamic factor model, the estimation involves

a rich-data environment. This could arise either from large number of available data

(sample size T ), or, from high dimension data vector (number of variablesN ). Specif-

ically, under the stacking modeling form, N is the product of two parts: the number

of variables, and, the di�erence between the high and low sampling rates.

The preliminary estimation process focuses on estimates of loading matrix Λ. The

second step estimation will concentrate on the transition matrices A. Considering

the stacked form of mixed frequency modeling framework, there are natural de�ned

groups (high and low frequencies) within the latent factors. The hidden factors have

temporally depended on each other either within one low frequency period or cross

multiple low frequency periods. Because of these identi�ed traits, it is important

to employ these unique grouping and temporal characteristics in the second step

estimation process. As another long-standing factor model integrating approach, this

section builds an algorithm based on the EM algorithm for mixed frequency dynamic

factor models, with the general control on parameters.
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3.2.1 Related work and background

Temporal relationship in MIDAS: Ghysels (2011) discussed the temporal rela-

tionship among mixed frequency time series. For mixed frequency VAR model, they

proposed parameter parsimony methodology inspired by MIDAS regressions, with

Bayesian approach estimation procedure. In their work, given a mixed frequency

vector yτ = [xτ−(m−1)/m, . . . , xτ , zτ ]
′, the high frequency process {xτ−j/m} is

assumed to be ARX(1), with a constant impact from low frequency zτ throughout

the period:



xτ−(m−1)/m

...

xτ

zτ


︸ ︷︷ ︸

yτ

=



0 . . . ρ a

... . . .
...

...

0 . . . ρm a(1 +
∑m−1
j=0 ρj)

w(γ)m . . . w(γ)1 α1


︸ ︷︷ ︸

A1



xτ−1−(m−1)/m

...

xτ−1

zτ−1



+
P∑
l=2



0 . . . 0 0

... . . .
...

...

0 . . . 0 0

w(γ)lm . . . w(γ)(l−1)m+1 αl


︸ ︷︷ ︸

A1



xτ−l−(m−1)/m

...

xτ−l

zτ−l


+ ετ

which involves parameters α1, . . . , αP , parameters ρ, a and a MIDAS Ghysels et al.

(2007) polynomial parameter vector γ. We will not impose this speci�cation on the

model. However, this well speci�ed model provides us some insights on the mixed

frequency VAR model structure, e.g. the decay pattern along with the lags. Thus,

some restrictions can be introduced for the sake of tractability of the sparse structure

in A.



63

Lasso in time series analysis: Recently, there is a surge of interest in variable

selection for regression models, such as, lasso. In the literature of analyzing time

series data, there have been numerous studies that apply the lasso methodology to

build models for the stationary data. This kind of regularization method is a practical

approach to �nd a suitable VAR model structure. This section reviews some of the

standard lasso models in the time series domain.

For example, to estimate the autoregressive process, Park and Sakaori (2013) in-

troduced a lag weighted lasso for univariate time series model. Their method imposes

penalty similar to the adaptive lasso, where the penalty weight variations are based

on both the coe�cient size and the time series lags. Their modi�ed adaptive lasso is

as:

wj,l =
1

β̂j,lα(1− α)l

where α ∈ (0, 1) is some tuning parameter that, l represents the lag, and β̂j,l is

the adaptive lasso weight. From these weights, they reported the lag weighted lasso

re�ected properties of time series model: variable e�ect declines geometrically as

the lag increases. They reported that the lag weighted lasso improved forecasting

accuracy and had the capability of correctly selecting the true model.

In the context of multivariate vector autoregressive models, Song and Bickel (2011)

proposed a more integrated method for high dimensional panel of stationary time

series. Their work investigates the application of large VAR for addressing the chal-

lenges coming from high dimensional dependence structure, serial correlation and

moderate sample size. Their method allows individualized weights between lags of

the predicted variable and the lags of others. They introduced the model with three

types of regularization: the universal grouping, no grouping, and segmented grouping.

Their work is based on the belief the more recent lags should provide more reliable

information than the more distant ones, and they introduced the lasso weight in the



64

form of

la, where l represents the lags.

This weight re�ects di�erent regularization for di�erent lags l over time.

Although extensive research of lasso related methodologies have been successfully

applied to AR and VAR models, in the context of mixed frequencies dynamic factor

modeling framework, speci�c requirements rise to accommodate the computational

feasibility and ad-hoc speci�cations.

3.2.2 Motivation

The introduced principal component algorithm in the preliminary estimation step

provides us a good estimation on factor loading matrix. Motivation for this second

step estimation is twofold. First, we seek to set up a maximum likelihood approach

to estimate the mixed frequency dynamic factor model. Given a data set having

missing values, the EM algorithm (Dempster et al. (1977)) is a general method of

�nding the maximum-likelihood estimate of the parameters. Since the proposed MF-

DFM is able to incorporate the most recent high-frequency information, there will be

presence of incomplete data. Hence, we apply the EM algorithm as the basis for our

second stage estimation. The methodology will contribute to a better understanding

of factor dynamics, and will reconstruct the common factors using the preliminary

step estimated factors as initial values.

Second, we aim to examine the vector autoregressive representation of the latent

factors. We focus on the structure of a sequence of matrices A = [A1, . . . , APf ],

where each element Al is a matrix representing the vector autoregressive coe�cient

matrix for factor at lag l, l ranges from 1 to Pf , and Pf is the order of the fac-

tor's VAR process. The factor autoregressive coe�cient matrix Al does not have a

noticeably sparsely structure. Instead, factors in the stacked vector are relevant to
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contemporaneous relationships. Thus, it allows us to examine how di�erent sampling

frequencies are related to themselves and to the others.

The question arises on how to combine the technique for least square variable

selection to the time series domains. The section is organized as follow. We �rst

present the temporal dependency between the high and low frequency factors under

the approximate dynamic factor modeling framework. Then we explain how this

relationship is used for exploring the structure of matrix Al among factors. This

leads to further discussion of the proposed lasso type of regularization. We then

describe the EM algorithm combined with Kalman smoothing technique.

Factors temporal dependence: The VAR model of order P is a generalization

of univariate AR process that is used to model the dynamics of stationary latent

factor vector. The temporal dependence of the latent factors is determined by the

transition matrix Al. By checking the structure of the stacked mixed frequency data,

Al contains block diagonal restrictions, and the matrix is sparse.

The transition matrix {Al} is important, as this sequence of matrices contains

information about the temporal dynamics and the high to low frequency aggregation

information on the unobserved states. Even if the number of factors are small com-

pared with the number of variables, the total dimension of A could still be a large

number. When there is big di�erence in sampling rates between the high and low

frequency, dynamic factor dimension could increase to a considerably large number.

For example, in daily and monthly time series, since there are at least 20 business

days each month, resulting in a high dimension for each square matrix Al.

Matrix Al also describes the comovements among factors. The framework e�ec-

tively melds the joint dynamics among various factors together, and is an e�cient and

�exible structure for the analysis of multivariate factors. The second step estimation

is concentrated on discovering the structure of Al, and the proposed approach will:
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• impose factor driven restrictions on A between di�erent temporal frequencies;

• promoted by insights on the mixed frequency VAR model structure, e.g. the

decay pattern along with the lags.;

• introduce some restrictions for the sake of tractability of the sparse structure in

A;

• utilize partial cross correlation function (PCCF) Φ(l), which is calculated based

on the stacked mixed frequency factors.

De�nition of partial cross correlation function (PCCF) Φ(l) and details on applying

the function during estimation process are presented in section 3.2.3.

3.2.3 Methodology

The factors in mixed frequency DFM follow a VAR(P ) process.

fτ =
P∑
l=1

A1fτ−l + ετ

where fτ is fτ =
[
hτ−(m−1)/m, . . . , hτ−1/m, hτ , gτ

]′
, with dimension q × 1, and

q = m+ 1.

Despite the potential estimation complexity in VAR model, one noticeable fact is,

for the latent factor fτ per each period τ , high frequency factors are stacked upon low

frequency factors. In a mixed frequency time series withm+1 factors, the last one is

the latent low frequency factor, andm is the number of the latent high frequency fac-

tors. Similar to the stacked observations, the latent factor vector fτ is the stacked form

of a mixed frequency which is de�ned as fτ =
[
hτ−(m−1)/m, . . . , hτ−1/m, hτ , gτ

]′
.

Thus, it is reasonable to believe for each low frequency period, the high frequency
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factors present a repeating parameter structure, or a structure depending on the high

frequency lag information, across all m intrastate periods.

In static form MF-DFM, static factor Fτ consists of current factor fτ and its

lagged values. Assuming fτ is (m+ 1)× 1 vector, there are (m+ 1)×P values in

static factor Fτ . To put the transition equation into matrix form, we have:



fτ

fτ−1

...

fτ−P+1


︸ ︷︷ ︸

Fτ

=



fτ−1

fτ−2,

...

fτ−P


︸ ︷︷ ︸
Fτ−1



A′1 I 0 0 0

... 0 I 0 0

...
...

... 0 0

︸︷︷︸
A′

A′P 0 0 I 0


+


uτ

0

...


︸ ︷︷ ︸

U′

(3.4)

We are using the compact matrix notation for mixed frequency factor dynamic

function:

F = AG+ U

where

• q is the number of latent factors. For example, in case of one high frequency

and one low �ow frequency, the dynamic factor dimension q = m+ 1, withm

intra-period sampling points.

• F = (Fτ ) is the matrix of dimension T × (P × q), and the static factor Fτ is

T × P × (m+ 1), for τ = 1, . . . , T.

• We denote Fi. be the i
th row of F, F.j be the j

th column of F.

• G =


fP . . . fT−1

...
...

...

f1 . . . fT−P

 is of dimension (Pq)× (T − P ).
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• A = (A1, . . . , AP ) is matrix of dimension q × (P × q). Given A =

(A1, . . . , AP ), which denotes the latent factor autoregressive parameter ma-

trix, Al,jk represents the lth lag, jth row and kth column. Accordingly, Al,j.

denotes the jth row, and Al,.k represents the k
th column of matrix Al.

It is clear that there is no obvious de�nition on the lag interaction and inference

between the two frequencies. Per each lag l, elements Al,m+1,m+1 correspond to LF

autoregressive coe�cient. The entries in the diagonal block (Al,i,j) where (i, j) ∈

{1, . . . ,m} are coe�cients corresponding to the HF factors, they represent the seri-

ally or cross-sectional relationship among the high frequency factors themselves. The

column vector [Al,1,m+1, . . . , Al,m,m+1]′ and row vector [Al,m+1,1, . . . , Al,m+1,m]

represents the relationships between the high frequency and low frequency factors at

di�erent lags.

Instead of regularization based on speci�c lag values, we seek for some values that

are computational feasible and loosely de�ne the temporal causal relationship within

and between the various frequency scopes, the value from partial cross correlation

function (PCCF) Φ(l).

Partial cross correlation function (PCCF): In the case of the lag related

weights employed, the underlying assumption is that the dependency decreases in a

geometric fashion. The objective of our proposed lasso methodology is to examine the

mixed frequency latent factors as a jointly stationary vector autoregressive process.

However, one distinct characteristic of mixed frequency data is: there is no clear

de�nition on the interaction and inference between the two frequencies. The low

frequency one is either stock type, which is a snapshot value sampled at the end of

a low frequency period, or �ow type, which is a calculated value based on all high

frequency samples during that period. Thus, penalizing based on lag information,

whether the intra-period high frequency lags or low frequency lags, will lose these
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interaction relationship.

Instead of building lag weights based on this assumption, we utilize the infor-

mation from the partial autocorrelation function as it describes characteristics of

the temporal cross-correlation. We investigate the partial auto-correlation (PACF)

within each frequency factor themselves and the conditional correlation between com-

ponents by the partial cross correlation (PCCF)(Wei (1994)) to analyze the factor

process structure.

Given error vector from forward and backward autoregression on factor vector Fτ ,

de�ned as

ul,τ = Fτ −
l−1∑
j=1

ψj,l−1Fτ−j

u∗l,τ−l = Fτ−l −
l−1∑
j=1

ψ∗j,l−1Fτ−l+j

the PCCF at lag l can be de�ned as:

Φ(l) = Corr(ul,τ , u
∗
l,τ−l)

= V
∗−1/2
l E[u∗l,τ−lu

′
l,τ ]V

−1/2
l

(3.5)

where V ∗l and Vl are the diagonal matrices whose diagonal elements are from the

covariance matrices Cov(u∗l,τ−l) and Cov(ul,τ ).

Lasso for mixed frequency factors: The second step estimation process is a

proposed lasso estimation concentrating on mixed frequency factors. The estimation
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is presented in equation 3.6.

argminA||F −AG||22 + λ1

P∑
l=1

q∑
i=1

q∑
j=1

||w1(l, i, j)Al,i,j||1︸ ︷︷ ︸
within group penalty

+ λ2

P∑
l=1

q∑
i=1

q∑
j=1

||w2(l, i, j)Al,i,j||2︸ ︷︷ ︸
group penalty

(3.6)

where

• λ1 is the l1 penalty parameter and λ2 is the l2 penalty parameter;

• two weights w1(l, i, j) and w2(l, i, j) tune the penalties on the norm one and

norm two regularization terms respectively;

• the weights' de�nition relies on the common belief that the more recent lags

should provide more reliable information than the more distant ones. Thus as

a result, more shrinkage should apply on the more distant lags, whereas smaller

shrinkage should apply on the more recent ones.

• Al,i,j represents the ith row and jth column elements at lag l in transition

matrix Al.

As described in the mixed frequency dynamic factor modeling framework, the

latent factors follow a vector autoregressive (VAR) process. However, factor dynamics

( the form for matrix Al ) is left vague. This is because the mixed frequency dynamic

factors are declared to be VAR process with a large number of parameters. Hence, it

may be di�cult to interpret due to complex interactions between the factors.

Most of the lasso related algorithms in time series domain either ignore the serial

dependence between the time series or select weights based on the lag orderings. We
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propose a shrinkage method that aims to build a bridge between the least square

regularization and mixed frequency time series factor model. The method is capable

of incorporating the distinct structure of the mixed frequency model, and the unique

temporal dependency between one factor itself and across di�erent factors.

We will illustrate the idea of the proposed lasso, and introduce an information

weight function based on the partial cross correlation function. Once introduced, we

examine the penalty terms, and describe it's temporal related pattern in detail.

l1 regularization weight: With the aid of the high-frequency lag operator, we

can understand the relationship between the high-frequency's own lags and interaction

between a speci�c high frequency to low frequency. By examining each elements in

matrix Al, we could leverage the temporal information from the structural modeling.

Without the loss of generality, we examine the lag one parameter matrix A1.

w1(l, i, j) =


1∑P

l

∑i
1 |Φi,j(l)|a

if i, j ∈ {1, . . . ,m}

1∑P
l |Φi,j(l)|a

otherwise

where

• Φi,j(l) is the element of ith row and jth column in partial cross correlation

matrix at lag l;

• a > 0 is some tuning parameter;

• w1(l, i, j) increases as l increases;

• l1 penalties imposed on Al monotonically increases as l increases from 1 to P ;

• small lag tends to be included in the model, where large lag tends to be dropped

out.
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A1,1 A1,2 A1,3 A1,4

A2,1 A2,2 A2,3 A2,4

A3,1 A3,2 A3,3 A3,4

A4,1 A4,2 A4,3 A4,4


Figure 3.3: Example of l1 norm penalty weight on transition matrix A1, for mixed
frequency where m = 3 and factors follow a VAR(1) process

The l1 norm penalty utilizes the partial cross correlation Φi,j(l) information,

corresponding to the element ith row and jth column elements at lag l. The weights

are selected in line with the mixed frequency temporal dependence scenarios. One

noticeable fact for l1 norm weights w1(l, i, j) is the summation of PCCF value

re�ects the logic of decayed temporal dependence. This is in line with the fact that

in general the in�uence decreases as the lag order increases.

Figure 3.3 explains how the values of weights vary according to the lag and high

frequency intra-period index. The �gure demonstrates an example of l1 norm penalty

weight on transition matrix A1, for mixed frequency where m = 3 and factors

follow a VAR(1) process. Obviously, l denotes the lag value from the low frequency

domain, and i represents high frequency index per intra-period. The high frequency

factor relationship is given by the green area. As the l1 norm weights are de�ned

as the inverse of sums based on i and l, it is clear that, the darker the color is, the

smaller the values of the weights. As the relationship among mixed frequency is not

straightforward, l1 weights are calculated from lag l only (gray area).

l2 regularization weight: The objective of l2 norm regularization is to auto-

matically choose the lag order of the VAR model. The factor vector autoregressive

process has order P , and the order is in the low frequency scope. The high frequency
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is assumed to be sampled m times often than the low frequency. To determine the

value of P , the trigger is set to be based on the values from partial cross correlation

Φi,m+1(l).

w2(l, i, j) =



1∑P
l |Φ1,m(l)|b

if i, j = 1, . . . ,m

1∑P
l |Φ̃.,m+1(l)|b

if i = 1, . . . ,m

1∑P
l |Φ̃m+1,.(l)|b

if j = 1, . . . ,m

1∑P
l |Φi,j(l)|b

if i, j = m+ 1

• w2(l, i, j) aims to penalize on groups, here we consider the HF is one group,

while other elements are grouped by itself;

• b > 0 is some tuning parameter

• there are four groups set within the matrix, the high to high frequency, the high

to low frequency, the low to high frequency and the low to low frequency group,

respectively.

• Φi,j(l) is the PCCF as the element of ith row and jth column in partial cross

correlation matrix at lag l;

• Φ̃.,m+1(l) is the maximum value of Φi,m+1(l) for i = 1, . . . ,m; similarly,

Φ̃i,m+1(l) is the maximum value of Φm+1,.(l) for j = 1, . . . ,m

The penalty increases as the low-frequency domain lag gets bigger, which re�ects

the common belief that the most recent event has more in�uence than the one that

happened long time ago. Because penalty on || . . . ||2 can not be di�erentiated on 0,

some lag (groups) will have zero parameters on every element within the group, and

thus, it encourages the group-wise sparsity in the parameter matrix.
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A1,1 A1,2 A1,3 A1,4

A2,1 A2,2 A2,3 A2,4

A3,1 A3,2 A3,3 A3,4

A4,1 A4,2 A4,3 A4,4


Figure 3.4: Example of l2 norm penalty weight on transition matrix A1, for mixed
frequency where m = 3 and factors are VAR(1) process

Figure 3.4 gives a clear illustration on how the penalized terms are calculated

based on the lag information. Assuming the recent event has greater in�uence on the

current than occurrences long ago, we apply the weights on the l2 penalty based on

a decreasing structure of low-frequency lag order information. This is re�ected on

the summation from lag l up to the last high frequency sampling point p during the

period, and it ensures that the latest occurrence receives less penalization than the

earlier ones.

Summarizing the second step estimation,

• we use the most convenient functional form, the partial cross-correlation coe�-

cients, in the penalty weights;

• the cut-o� property of PCCF allow us to select the VAR process order auto-

matically;

• we utilize the information between di�erent temporal frequencies;

• this logic works well under the mixed frequency circumstances, as there is no

explicit impact formulated between di�erent frequencies;

• the weights are selected in line with the mixed frequency scenarios.
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Choice of Tuning Parameters: Considering the sparsity structure that exits

on parameter matrices for latent factors, we impose penalties for the estimation ofAl.

The performance of the method critically depends on the values of the parameters.

The tuning parameters are λ1, and λ2, which are the l1 and l2 norm lasso penalty

tuning parameters. The penalty parameter λ controls the sparsity of the model by

allowing us set the sparsity among groups and within groups. Thus, λ controls the

balance between model sparsity and model �tting, and the value should be carefully

selected. Intuitively, larger shrinkage entails the danger of dropping important pre-

dictors. On the other hand, smaller shrinkage might lead to computation complexity

and inaccurate prediction.

Penalty λ1 is the l1 penalty, which determines the number of variables selected

within each group, and λ2 is the l2 penalty, which determines the sparsity of group

selection. Larger value of λ1 implies more shrinkage on each individual parameters

which will result in fewer variables within the group being selected.

Similarly, the larger value of λ2 implies more shrinkage towards group parameters,

thus consequentially fewer groups are selected. In the stage of estimating the coe�-

cient matrix, we �rst set the order of the model to be a considerable large number, we

then utilize the l2 regularization term to force all the estimates A on lag P and lags

after(greater) than P to zero. Thus, the order of the mixed frequency VAR model is

automatically determined.

The tuning parameters a and b with a ≥ 0 and b ≥ 0 are some selected �xed

constant. Here we apply the most commonly used form - the polynomial functions

as the weight functions, and a, b are the polynomial order values. Other suggested

forms of functions are, e.g. log(.)a, exp(.)a. To simplify the computation, we only

consider the power function (.)a.
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3.2.4 Algorithm

With the introduction of the above lasso based methodology, the sparse structure of

matrix Al is taken into account, thus an e�cient estimator of A can be produced.

Since direct maximization of likelihood is not computationally feasible, we im-

plement the Expectation - Maximization(EM) algorithm (Dempster et al. (1977)) to

overcome the circumstances. The EM algorithm has been widely used when there

is missing data and latent variables. Speci�cally under the context of the dynamic

factor model, Shumway and Sto�er (1982) introduced an approach to deal with latent

variables and missing data when the factor loading matrix was known, and Ba«bura

and Modugno (2014) proposed an EM approach with arbitrary pattern of missing

data.

Under the model formula (2.4) and (2.5), the objective function is the likelihood

function:

−2log(Y, F ; θ) ∝ log|Σ0|+
1

2
µ′0Σ−1

0 µ0

+ T log|Q|+
[
T∑
τ=1

(
fτ −

P∑
l=1

Alfτ−l

)′
Q−1

(
fτ −

P∑
l=1

Alfτ−l

)]

+ T log|R|+
[
T∑
τ=1

(yτ − Λfτ )
′R−1 (yτ − Λfτ )

]
(3.7)

• θ = [Λ, Al, Q,R] represents the vector of parameters of the model;

• initial state vector f0 is assumed to have µ0 = E(f0) and Σ0 = Cov(f0);

• If both the observations yτ and latent factors fτ are available, we could consider

Y, F as complete data;

• the joint log-likelihood equation of yτ and fτ is under Gaussian errors for t =
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1, . . . , T , and ignores constants.

The EM algorithm e�ciently generates the maximum likelihood estimation, based

on the above likelihood equation: the E-step repeatedly constructs a lower-bound on

the posterior distribution, and then the M-step optimizes that lower bound, thereby

improving the estimate for the unknowns. Iteratively carrying out these two steps

gives us the EM algorithm, which is described in appendix F. In the E-step, Kalman

�ltering and Kalman smoothing are used to calculate the corresponding conditional

moments.

Overall, the second step estimation process is:

• The preliminary estimation is used as initial values;

• Then we calculate the MLE using the EM algorithm;

• E-step, we re-estimate the factors by Kalman smoothing and related statistics;

• M-step, from the new extracted factors, we estimate:

� factor dynamics A by the above proposed method;

� set of other parameters {Λ, Q,R}.

• In turn, these estimates can then be used to reestimate the common factors and

so on.

Second step estimation algorithm: The unknown parameter matrices are θ =

{Λ, Al, Q,R}, and the procedure to obtain the maximum likelihood estimator of θ

is summarized in Algorithm 3.2:
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Algorithm 3.2 Second step estimation

1: Set initial values θ(0) = {Λ, Al, Q,R} as preliminary estimations.
2: while the log likelihood has not converged do
3: E-step, Kalman �ltering and smoothing to get re�ned factors and related statis-

tics
4: M-step, the parameters are re-estimated as θ(i+1) through the maximization

of the expected log likelihood calculated from E-step.

argminAE(||F −AG||22) + λ1

P∑
l=1

q∑
i=1

q∑
j=1

||w1(l, i, j)Al,i,j||1

+ λ2

P∑
l=1

q∑
i=1

q∑
j=1

||w2(l, i, j)Al,i,j||2

Update other parameters Λ, Q,R
5: Collect new estimates θ(i+ 1).
6: end while

3.2.5 Computation

Kalman �lter for E-step: Let µτ |s = E[Fτ |Y1, . . . , Ys], Στ |s = Cov(Fτ |Y1, . . . , Ys),

and Στ,τ−1|s = Cov(Fτ , Fτ−1|Y1, . . . , Ys), the prediction, �ltering and smoothing

are calculated recursively following formulas:

Prediction :

µτ |τ−1 = Bµτ−1|τ−1

Στ |τ−1 = BΣτ−1
τ−1B′ + Q

Filtering :

µτ |τ = µτ |τ−1 +Kτ (yτ − Cµτ |τ−1),

Στ |τ = (I −KτC)Στ |τ−1,

with Kalman gain Kτ = Στ |τ−1C′(CΣn|n−1C′ +R)−1

Smoothing : using backward recursions
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µτ |T = µτ |τ + Jτ (µτ+1|T − µτ |τ ),

Στ |T = Στ |τ + Jτ (Στ+1|T − Στ+1|t)J
′
τ ,

Στ,τ−1|T = Στ |τJ
′
τ−1 + Jτ (Στ+1,τ |T − BΣτ |τ )J

′
τ−1,

with Jτ = Στ |τB
′Σ−1

τ+1|τ

and initial ΣT,T−1|T = (I −KTC)BΣT−1|T−1

The components µτ |T , µτ |T ,Στ |T ,Στ−1|T , and Στ,τ−1|T are computed as in Kalman

�ltering process, and the following expectations are required in M-step for parameter

estimation:

S00 =
T∑
τ=1

{µτ |Tµ′τ−1|T + Στ−1|T}

S11 =
T∑
τ=1

{µτ |Tµ′τ |T + Στ |T}

S10 =
T∑
τ=1

{µτ |Tµ′τ−1|T + Στ,τ−1|T}

(3.8)

and the latent factor smoother values are calculated under the value of parameters

θ(i) at each iterations.

Constraints on other parameter matrices: The proposed lasso methodology

restricts the sparseness of the coe�cient matrix Al from the latent factors VAR(P )

process. Whereas in the mixed frequency dynamic factor modeling framework, other

parameter matrices are also well de�ned and are potentially sparse. In this section, we

are interested in estimating the other parameters of the model over observed mixed

frequency variables Y and latent variables F . As described under the speci�c model,

we quantify the constraints on these parameters, and demonstrate how to incorporate

these constraints into the EM algorithm.
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Based on the proposed model, there are several linear constraints that de�ne the

stacking mixed frequency properties within the model space. We employ a commonly

used technique to emphasize these constraints: vectorization, which is a linear trans-

formation that converts the matrix into a column vector, thus reducing the compu-

tational time and computational di�culties of high-dimensional spaces. Each model

parameter, R,Q,Λ is written as a vectorized linear model, vfixed+D×vfree, where

vfixed andD are fully-known, and vfree is a column vector of the estimates elements

of the parameter matrix. Vector vfree is calculated by the function vec, vectoriza-

tion transformation function. The corresponding constrained model parameters can

be written as:

vec(R) = vfixed,R +DR × vfree,R

vec(Q) = vfixed,Q +DQ × vfree,Q

vec(Λ) = vfixed,Λ +DΛ × vfree,Λ

(3.9)

For example, there are linear constraints on the parameter matrices, where ele-

ments of the matrix are �xed to speci�c numeric value or speci�ed as a linear com-

bination of values. Again, considering our example of three variable mixed frequency

system, one monthly variable xτ = [xτ−2/3, xτ−1/3, xτ ]
′, one quarterly stock vari-

able wτ and one quarterly �ow variables zτ only. τ is the low-frequency (quar-

terly) time, τ = 1, . . . , T . Let the stacking form of the mixed frequency vector be
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yτ =
[
xτ−2/3, xτ−1/3, xτ , wτ , zτ

]′
. The parameter matrix Λ is:



λ1 0 0 α

0 λ2 0 α

0 0 λ3 α

0 0 θ β

ρ ρ ρ γ


︸ ︷︷ ︸

Λ

. (3.10)

Thus, each element in Λ can be written as a linear combination of the following

estimated values λi, i = {1, 2, 3}, α, θ, β, ρ, and γ.

One can use the vectorization function vec, which turns any matrix into a column

vector by stacking the columns on top of each other. Then, the parameter matrix

then can be written as:

vec(Λ) = DΛ ×



λ1

λ2

λ3

α

θ

β

ρ

γ


︸ ︷︷ ︸
vfree,Λ

(3.11)

Similarly, the parameter matrix R is also linear constrained, and can be expressed

as vec(R) = DR × vfree,R, and vec(Q) = DQ × vfree,Q, with in our case where

all the �xed parameters vectors vfixed,R, vfixed,Q and vfixed,Λ are zeros.



82

Stopping rule: For the stopping criteria, we follow rules from Doz et al. (2011),

c(i) = l(Y ;θ(i))−l(Y ;θ(i−1))

[|l(Y ;θ(i))|+|l(Y ;θ(i−1))|]/2 , where l(Y ; θ(i)) is the joint log-likelihood condi-

tioned on the parameter θ of the iteration i. We say that the EM algorithm converges

when c(i) is below the threshold 10−4

Rolling Window Forecast: The values of λ1 and λ2 are selected over a grid of all

possible combinations of the two parameters instead of the speci�c ratio. To simulate

the real-time experiment, the selection criteria of the tuning parameters is based on

the concept of minimizing the out-of-sample forecast error, based on a `rolling window'

data scheme. We record the h-step-ahead forecast, and calculate the RMSE.

The rolling-window forecast scheme can be described in the following way:

1. We start from providing a wide range of values for both λ1 and λ2.

2. Split a subset of historical time series data into an estimation set and a predic-

tion set of size h.

3. Solve the truncating sparse group lasso using the estimation sample, by applying

all combinations of λ1 and λ2 on the grids of λ1 − λ2 from step one.

4. Obtain the estimation of coe�cient matrix Â from truncating sparse group lasso

using for one combination of λ1 and λ2.

5. Compute the h-step ahead predictions for the estimation sample.

6. Since the data from predictions sample are observed, an h-step ahead prediction

errors can be formed as ŷt+h − yt+h.

7. We then roll the estimation sample and prediction sample ahead at a speci�c

step of increments. We do the calculation on the truncating sparse group lasso,
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compute the h-step prediction based on the new estimation and attain the

prediction error again.

8. Repeat the process until reaching the last time series observation time point.

9. Summarize all of the consecutive forecast errors as

RMSFE =

√∑T1−h
τ=T0

(ŷτ+h − yτ+h)
2

T1 − T0 − h+ 1
, with h = 1. (3.12)

10. The parameter combination with the minimum forecast error will be selected.

3.3 Summary

The second step estimation is completed. It is notable that the preliminary step

provides good starting points, resulting in very few iterations needed in step two.

Thus, the two-step estimation process is completed (Figure 3.5).

Lagged factors

• hτ−1−2/3

• hτ−1−1/3

• hτ−1

• gτ−1

Factors

• hτ−2/3

• hτ−1/3

• hτ
• gτ

Obervations

• xτ−2/3

• xτ−1/3

• xτ
• wτ

• zτ

A

Second
step

estimation
X

Λ

Preliminary
estimation

X

Figure 3.5: Model identi�cation and estimation process: preliminary estimation step
completed



Chapter 4

Simulation Study

This chapter will use some simulated data to investigate the extent that we can recover

the parameters and factors given speci�ed restrictions, demonstrating the e�ective-

ness of the proposed estimation methodology. We will explore various situations, for

example, high dimension, small and large, idiosyncratic components weakly serially

or cross-sectionally correlated.

4.1 Data generating process

The data generating process follows the mixed frequency dynamic factor modeling

frame work:

yτ = Λfτ + ετ

fτ =
∑

Alfτ−l + uτ

Following the de�nition in chapter 2 on situation of mixed frequency time series,

we assume there are two frequencies involved. Within low frequency periods, there

are m times high frequency sample points. Observation vector yτ = (xτ−(m−1)/m,

. . . , xτ , zτ ), where {xτ−(m−j)/m, j = 1, . . . ,m} is the high-frequency data, and
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{zτ} is the low-frequency data at time τ . Each high frequency observation vector

xτ−(m−j)/m is JH × 1 and low frequency observation vector is JL× 1. Accordingly,

the dynamic factor vector is denoted as fτ = [hτ−(m−1)/m, . . . , hτ , gτ ]
′, where

hτ−(m−j)/m is high frequency latent factor and gτ is the �ow low frequency latent

factor at time τ .

The simulation experiment is constructed with mixed frequency factors generated

from a lag one VAR model, fτ = A1fτ−1 + uτ .

The structure introduced in work of Ghysels (2011) is de�ned as:



hτ−(m−1)/m

...

hτ

gτ


︸ ︷︷ ︸

fτ

=



0 . . . ρ 0

... . . .
...

...

0 . . . ρm 0

w(θ)m . . . w(θ)1 δ


︸ ︷︷ ︸

A1



hτ−1−(m−1)/m

...

hτ−1

gτ−1


︸ ︷︷ ︸

fτ−1

+uτ

where

• ρ and δ are selected within scope (0, 1);

• w(θ)j is low dimensional MIDAS polynomial parameter (Ghysels et al. (2007)),

de�ned as

w(θ)j =
exp(θ × j)∑m
1 exp(θ × j)

,

with 0 < θ < 1, for j = 1, . . . ,m;

• θ corresponds to the two-dimensional exponential Almon lag polynomial with

the second parameter set to zero (see Appendix C for details);

• the innovation uτ is a white noise process with zero mean and covariance matrix

I, i.e. uτ
i.i.d.∼ (0m+1×1, σ

2Im+1).
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Also in the data generating process, we set additional 200 factors for the initialization

purpose.

The multivariate mixed frequency observation data yτ are generated by

yτ = Λfτ + ετ ,

where each high frequency observation is formed by

xτ−(m−j)/m = µjhτ−(m−j)/m + αgτ + εx,τ−(m−j)/m

and the low frequency observation is given by

zτ =
∑
j

ρjhτ−(m−j)/m + γgτ + εz,τ

The factor loading parameters {µj, α, ρj, γ} are randomly generated from standard

normal distribution.

Note that in order to demonstrate the consistency for the proposed misspeci�ed

estimators, instantaneous cross-correlation between the idiosyncratic elements in the

simulation experiment is allowed. The process follows formulas from Stock and Wat-

son (2002), and the details are in appendix G.

4.2 Simulations

To keep the illustration simple, we restrict our mixed frequency model to two fre-

quency category indicators: one high frequency factor, and one low frequency �ow

factor. The low frequency one is de�ned as the weighted aggregation values.

To reconstruct the graphical models from time series observations, several sim-

ulations with di�erent settings of parameters and di�erent network structures are
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performed.

• the number of high observation variables is selected from JHF = {5, 20, 40};

• the low frequency observation variables are selected to be JLF = {10};

• the simulated sample size is set to be T = 60 observations;

The experiments are based on 100 replications, with each replication generating

new pseudo observations. At each replication, the observation parameter matrix

and transition matrix are estimated. All replications have the same lag polynomial

parameter matrix A and factor loading matrix Λ. Also, the noise items are produced

from the same Gaussian distribution.

The high and low frequency sampling rate di�erence is selected as m = 3 in

simulation.

4.2.1 Description

The study discussed here was performed in Matlab. In this experiment, we will ex-

amine the proposed modeling framework and estimation process for mixed frequency

data, where the di�erence between the high frequency and low frequency ones is

small. We assume the high frequency are sampledm times more often than the lower

frequency ones, while, in this simulation, m is set to be three.

For comparison purpose, we �rst look at the performance under well de�ned cir-

cumstances, namely, exact factor models. In this study, we simulated data using

the introduced mixed frequency dynamic factor model. The idiosyncratic elements

were limited to a well speci�ed assumption, which is no serial nor cross-sectional

correlation.

We then proceed with the data generating process, where idiosyncratic innovations

are weakly serially and cross-sectional correlated over the time span τ . Speci�cally,
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the idiosyncratic error ετ is set to follow an AR(1) process with AR coe�cient d set

as 0.5, and correlation t is 0.5 between each other. The experiment results will be

used to compare with the previous simulated data, where idiosyncratic components

are serially and cross sectional independent.

We estimate the common factors by

• preliminary estimations (MF1)

• second step estimations (MF2)

A key to evaluate our algorithm is selecting and interpreting of measures. To

review the performance and characteristics of the proposed estimation methodology,

we select the quantities below to verify its validity.

4.2.2 E�ciency

Since the proposed estimates are generated by an iterative process, we evaluate the

e�ciency by computation time (in seconds), and the number of iterations. The ex-

periments are performed on a generated mixed frequency data, with the respect to

di�erent number of high and low frequency variables.

Table 4.1 presents summary result on the algorithms computational expense. The

purpose of the experiment is to provide a measure on computation complexity. The

results are presented for explaining the average calculation time and number of iter-

ations according to number of variables. Based on the results from the table, it is

noted that the proposed estimation process is e�cient and the computational cost is

low. Also, the computation time for convergence does not change radically with the

number of variables. The algorithm performs well regardless of the dimension and

the correlation among idiosyncratic components.
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Table 4.1: Simulation I: E�ciency

ετ mutually uncorrelated: d = 0 and t = 0

Computation
Time (sec)

5 HF, 10 LF 20 HF, 10 LF 40 HF, 10 LF

MF1 7.1199 13.3328 15.8227
MF2 5.3256 6.2907 8.9864

Number of it-
erations

MF1 6 5 4
MF2 5 4 4

ετ weakly correlated: d = 0.5 and t = 0.5

Computation
Time (sec)

5 HF, 10 LF 20 HF, 10 LF 40 HF, 10 LF

MF1 9.8197 10.2244 17.4202
MF2 6.0837 7.9376 8.3404

Number of it-
erations

MF1 6 5 5
MF2 5 4 3

Notes: Entries are averages based on 100 Monte Carlo simulations, each with

a sample size T = 60, and m = 3. ετ is the idiosyncratic component, either

mutually uncorrelated, or weekly correlated by an AR(1) process with AR

coe�cient d and correlation t. HF stands for high frequency variable number,

LF is denoted as number of low frequency variables. MF1 is the preliminary

estimation, and MF2 represents the second step estimation.
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4.2.3 Sparsity of loading matrix Λ

Next we examine the promoted block-wise sparsity in estimated loading matrix Λ̂,

which is generated in the preliminary estimation step. It is reasonable to look thor-

oughly on each column in loading matrix, and to compare with the true loading

matrix Λ. We utilize an aggregated value of column-based quantity to estimate the

sparse: percentage of number of nonzero loadings.

It is obvious that our scheme is a trade-o� solution between the regular PCA and

sparse factor loading components. In addition to the group sparsity, we would like

to have the produced principal components explain as much of the data variation as

possible. The regular PCA is simply a linear transformation from original data space

into the eigenspace. The objective is to �nd the top rank-q subspace projection which

is directly the explained percentage of variance. The preliminary step estimator of

Λ, however, didn't impose the uncorrelated restriction between the produced compo-

nents. Thus, instead of applying the PCs to calculate the variances directly, we utilize

the value of adjusted variance. The concept was introduced in Zou et al. (2006), which

removed the correlations among factors. De�nition details are in appendix H. The

sparsity of Λ̂ is controlled by the value of tuning parameters. The values are selected

with the restriction that the adjusted variance value should be greater than 40%.

Table 4.2 compares the percentage of non-zero loadings in Λ̂ to the true loading

matrix. At each repetition, we apply the principal component algorithms on data to

get the initial values as the starting point. Under the restriction, we compare the

total percentage of non-zero loadings on Λ̂ and Λ. The preliminary step estimation

tends to the true percentage number of nonzero loading as the number of variables

increases.
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Table 4.2: Simulation I: Sparsity of Λ̂

ετ mutually uncorrelated: d = 0 and t = 0

Total Number
of Non-zeros
(%) in Λ

5 HF, 10 LF 20 HF, 10 LF 40 HF, 10 LF

Λ 43.7500 57.1429 53.8462
MF1 68.9900 57.1457 53.8462

ετ weakly correlated: d = 0.5 and t = 0.5

Total Number
of Non-zeros
(%) in Λ

5 HF, 10 LF 20 HF, 10 LF 40 HF, 10 LF

Λ 43.7500 57.1429 53.8462
MF1 63.4700 57.1714 53.7885

Notes: Entries are averages based on 100 Monte Carlo simulations, each with

a sample size T = 60, and m = 3. ετ is the idiosyncratic component, either

mutually uncorrelated, or weekly correlated by an AR(1) process with AR

coe�cient d and correlation t. HF stands for high frequency variable number,

LF is denoted as number of low frequency variables. Λ is the true structure of

loading matrix, MF1 is the preliminary estimation.
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Figure 4.1: Simulation I: Sparsity of Â.
Notes: (top) second step estimation, (bottom) lasso estimation. Averages based on
100 Monte Carlo simulations, each with a sample size T = 60, and m = 3, 20 HF
variables and 10 LF variables. Both estimations are based on VAR process up to lag
order P = 2. Plots on the right correspond to the true structure of A, while plots on
the left are the estimates of lag 2 and lag 1. In each panel of matrix, red represents
negative value, and green represents positive value, and black represent zero.

4.2.4 Sparsity of transition matrix Al

To investigate the sparsity on matrix Âl ( which in this experiment l = 1), it is

helpful to examine the graph of estimated transition matrix. Figure 4.1 provides this

information. The �gure compares the estimatedA based on the proposed second step

estimation and lasso estimation. The true transition matrix is only one lag, which is

A. As normally the true value of lag is unknown, �gure 4.1 presents estimated tran-

sition matrix as [Â2, Â1]. This allows us to examine the capability of the proposed

methodology to select the order of lags correctly.

As it shows, the second step estimate captures the true block-wise sparsity in A,

and selects the lag order as one correctly (pixels in Â2 are all black, which means

zeros). Lasso estimates, however, fail to capture the true sparse structure of A,

including more lags than the true lag order (a clear green pixel appears in Â2). The

second step estimator of A improves the discovery of the sparse structure and lag
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order selection.

4.2.5 Measures of Estimation Accuracy

To explore the estimation accuracy under the suggested algorithm, a trace function r

(de�ned by 4.1) is considered as the evaluation measure. A value closer to one suggests

better estimates of true factors. Comparing the results across these experiments,

the function r highlights the usefulness of the proposed estimation methodology in

identifying speci�c sparse structure, and in improving estimation of persistence.

The statistic r is generally used as a measure of goodness-of-�t. It is a multivariate

version of R2 of the regression between true factors and estimated factors, and is

de�ned as:

r =
tr(F ′F̂ (F̂ ′F̂ )−1F̂ ′F )

tr(F ′F )
. (4.1)

This metric re�ects the correlation between the estimator and the truth. It is in matrix

trace form, and is attained directly by regressions of true factors on the estimators.

Similar to the R2 measures in regression, a value of r close to one suggests the

closeness of the estimator to the true value (Doz et al. (2011)).

When evaluating the estimation, we also include the same quantities for standard

PCA for comparison purpose. A ratio is applied here:

r̃ =
r.

rPCA

where r. corresponds to r from speci�c estimation methodology, in our case, the

preliminary and second step estimation respectively, and rPCA represents the measure

from the PCA estimator. The closer the value of r̃ is to one, the better the estimation

is compared to a PCA estimator.
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Table 4.3: Simulation I: Estimation Accuracy

from the Estimation for d = 0 and t = 0

r̃ 5 HF, 10 LF 20 HF, 10 LF 40 HF, 10 LF

MF1 1.0564 1.0531 1.0412
MF2 1.0925 1.0864 1.0522

from the Estimation for d = 0.5 and t = 0.5

r̃ 5 HF, 10 LF 20 HF, 10 LF 40 HF, 10 LF
MF1 1.0731 1.0412 1.0365
MF2 1.1286 1.0973 1.0667

Notes: Entries are averages based on 100 Monte Carlo simulations, each with

a sample size T = 60, and m = 3. ετ is the idiosyncratic component, either

mutually uncorrelated, or weekly correlated by an AR(1) process with AR

coe�cient d and correlation t. HF stands for high frequency variable number,

LF is denoted as number of low frequency variables. MF1 is the preliminary

estimation, and MF2 represents the second step estimation. The values of r̃
is relative ratio of r, values greater than one represents better estimation than

PCA.
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4.3 Summary

Conclusions from the simulation study are as follows:

• Under the circumstances where the idiosyncratic components are weakly corre-

lated, r̃ di�erence is so small and is negligible.

• The precision of the estimated common factors, the proposed two steps esti-

mation method always prevails over the standard principal components. This

bene�ts from using the added regulations for recovering the total accuracy of

sparse pattern. The result clearly explains the precision achieved.

• Generally, the estimation accuracy is improved as the variable dimension in-

creases. It is interesting to see that, in the 40 high frequency and 10 low

frequency case, the estimation is a little less accurate than the 20 high fre-

quency and 10 low frequency scenario. However, the lasso principal component

approach consistently increases with the cross section numbers. This suggests

that the lasso principal components approach has higher estimation precision

as more data is available.

• Overall, the estimation precision increases sequentially along with the data di-

mensions, once the number of variables is closer or larger than the sample size.



Chapter 5

Empirical Study

Does our mixed frequency dynamic factor model methodology help us understand

the macroeconomic impact of the U.S. oil and natural gas market? In this chapter

we examine this question by identifying common signals over cross-market data. Our

study period includes the recent economic crisis. The forecast performance of various

gasoline prices and economic indicators is evaluated, toward the goal of improved

prediction accuracy by integrating higher frequency observations into our analysis.

5.1 Background

We examine the U.S. gasoline market and some related indicators. Because gasoline

acts an essential role in nation's economy, it is crucial to detect the energy market

behavior and forecast gasoline price volatility. In recent years, the dramatic up and

down surge in gasoline prices captivates more attention from the public and generates

anxiety among consumers. Figure 5.1 displays the monthly U.S. gasoline retail sales

price in dollars per gallon (left), and volatility (right) for di�erent regions. According

to the data from the Energy Information Administration (EIA), monthly average

prices for sales of re�ned gasoline by re�ners increased in May 2013. The average
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retail sales price for motor gasoline rose from 8.5 cents to $3.187 per gallon, while the

average wholesale price climbed from 9.7 cents to $2.950 per gallon.
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Figure 5.1: Monthly U.S. Gasoline Retail Sales and Volatility by All Sellers (Dollars
per Gallon), plots are based on the data from Energy Information Administration
(EIA)

Figure 5.2 is from the Energy Information Administration (EIA), as it shows, the

price of crude oil is a major determinant force of regular gasoline price. Other factors

a�ecting gasoline prices include: re�nery capacity, in�ation, federal and state taxes,

distribution and marketing. Although it is commonly understood that factors such

as demand also has impact on the price of gas, we didn't include these data in our

model. Over the short term, even when the gasoline prices rise or fall dramatically,

people will only make small changes in their consuming behavior. The demand tends
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to be relatively inelastic compared with the dramatic volatility in price.

Figure 5.2: What we pay for in a gallon of regular gasoline, Source: U.S. Energy
Information Administration Energy Information Administration EIA

Our approach is to explore and to analyze the potential common driving indicators.

The mixed frequency data refers to the following de�nition:

• `high frequency' denotes the monthly frequency.

• `low frequency' denotes the quarterly frequency.

We focus on the decade from January 1994 through December 2013. A broad

collection of time series information sampled in monthly and quarterly frequencies is

included:

• The high frequency monthly indicators consist of a set of `U.S. total gasoline

retail sales' Energy Information Administration EIA to end-users. The sale in-

formation includes not only the sales through retail outlets, but also all direct

sales that were not made through company-operated retail outlets. Some ex-
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amples are: sales to agricultural customers, commercial sales, and industrial

sales.

• Other high frequency monthly indicators are: NYMEX futures' prices on crude

oil, U.S. total oil supply, and U.S. prime supplier sales volumes of petroleum

products.

• We also include a set of low frequency quarterly indicators in the sample. These

are cross-country �nancial and economic information, which consists of gross

domestic product (GDP) from country or areas, such as, US, Euro area, United

Kingdom, and Japan, etc.

• The span on the number of variables is broad, which consists of nearly forty

monthly variables, and twenty quarterly variables.

Details of the data source, collecting frequency, and descriptions are presented in

Appendix A.1.

Because the model has a stationary requirement, most of the series are transformed

by taking logarithms and/or di�erentiating. We detrend data rather than estimating

trend parameters in the model. For each of the quarterly (low frequency) series, we

assume information is released at the end of each quarter.

The data contain a wide array of macroeconomic and gasoline market related

indices, and the information is incomplete. The unbalancedness of data set occurs

for a variety of reasons. Some regions may not be able to publish the information.

Certain period may fail to yield the speci�c economic measurement. Released date

delays cause missing values for some of the variables. Information may be released

on di�erent schedules such that they are not observable at the same time points.

When data are missing at random, the proposed two step estimation process can

accommodate the missing data, and construct factor estimates based on the observed
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data only. When the data are unobserved because of di�erent sampling frequency,

the proposed mixed frequency dynamic factor model is a convenient framework to

incorporate the data's regular unbalance pattern in a systematic way.

5.2 Model identi�cation and estimation

We employ the proposed mixed frequency dynamic factor model:

yτ = Λfτ + ετ

fτ =

Pf∑
l=1

Alfτ−l + uτ

The mixed frequency stacking vector yτ is constructed as yτ = (x′τ−2/3, x
′
τ−1/3, x

′
τ ,

z′τ )
′. There are two parts inside the stacking vector: {xτ−(m−j)/m, j = 1, 2, 3} is a

vector of the monthly observations sampled at τ − (m− j)/m, and zτ is a vector

of quarterly observations on quarter τ . There are thirty-seven monthly variables and

ten quarterly variables, which lead to a system of over one hundred variables stacked

into a vector.

Based on the model, it is clear that the observations are decomposed as a sum

of two unobservable components: fτ , a vector of latent common dynamic factors,

and, ετ , which is the idiosyncratic components. Common components fτ are of a

stationary VAR process with coe�cient matrix Al for l = 1, . . . , Lf .

Assumptions: We follow the same model assumptions which are described in pre-

vious section 2.2.6. Innovation uτ is from the normal distribution, denotedN(0, Q).

The dimension of the latent factor is much smaller than the dimension of the observa-

tion variables. By theory of approximate factor model in (Doz et al. (2012)), in case

where the idiosyncratic error ετ is weakly serially and cross-correlated, the maximum
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likelihood analysis of the above model could be under di�erent sources of misspeci-

�cation, and the e�ects of these misspeci�cation are negligible for high-dimensional

sample data. It means that both cross-sectional correlation of the idiosyncratic com-

ponents and observation's serial correlation can be omitted in our current scenario.

With assumption that the number of variables is large and restrictions ετ ∼ N(0,Φ),

this allows us to estimate the mixed frequency dynamic factor model with maximum

likelihood and Kalman �ltering/smoothing as a misspeci�ed strict factor model.

Vector dimension of factors: The values associated with the vector dimension

of factors are: the number of intra-period sampling points m, the number of high-

frequency factors, and the number of low-frequency factors.

For simplicity, we specify the number of factors in the model as one high-frequency

factor and one low-frequency factor. Thus the model is constructed following exactly

the same form as the one illustrated in chapter 2. Generally, the number of factors,

which are necessary to represent the correlation among variables, is usually unknown.

It is worth noting that the possibility exists that more dynamic factors are needed. If

necessary, the above model with single high frequency and low frequency factors can

be easily extended with additional factors. There were a number of criteria suggested

to determine the number of factors, such as information criteria introduced in the

work of Bai and Ng (2002).

The value of m de�nes how many high-frequency replicas are needed to put into

the stacked form mixed frequency factor fτ . For example, given the monthly and

quarterly time series, the intra-period high frequency sample m is three. We con-

sider the single high-frequency factor and single low-frequency factor scenario. The

dimension is then m + 1, which corresponds to m high frequency and one low fre-

quency. This is in line with the characteristics of the experimental data set, since the

included low frequency data are of �ow variable type. Thus, the factor vector fτ is
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fτ = (hτ−2/3, hτ−1/3, hτ , gτ )
′, i.e., three latent factors depicting the monthly latent

factor for the current quarter, and one latent quarterly variable.

Selecting tuning parameters: In the process of model identi�cation and estima-

tion, both preliminary step and second step estimation need to specify the values of

penalty parameters.

In the preliminary step estimation, the factors are extracted by a primarily princi-

pal components related method, and the tuning parameters control the sparse struc-

ture of loading matrix Λ. We use the Bayesian information criterion (BIC) to select

tuning parameters, which is

BIC(p) = −2 log L̂+ p logn.

The degrees of freedom p are set to be the rank of the nonzero coe�cient matrix.

Recall for mixed frequency dynamic factor model, the factor follows a VAR pro-

cess:

fτ =

Pf∑
l=1

Alfτ−l + uτ

In the second step estimation, tuning parameters a�ect the structure of matrix A =

[A1, . . . , APf ]. To select the tuning parameters for second step estimation, we use the

performance based criteria. Speci�cally, the one commonly used performance based

criteria: cross-validation on the root mean square forecast error, which is explained

in equation 2.10.

Setting initial lag order for factors: In the stage of second step estimation,

an initial lag order is required to specify the factors' vector autoregressive process.

Setting the initial value Pf to some number big enough, the proposed second step

estimation algorithm described in chapter 2 employs sparse structure on the series of
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matrices Al. Consequentially, some Al at lag l and after may be forced to be zero

matrices, and the true lag order is identi�ed automatically during the estimation pro-

cedure. For this purpose, we consider an initial value for Pf as Pf = 6. Practically,

the lag lengths are often small, normally no bigger than four lags. Therefore, this

initial selection is considered to be appropriate for most of the cases.

5.3 Evaluation

In chapter 4, the simulation experiments, latent factors are generated through the

designed data generating process. Under the speci�c circumstances, the true values

of factors are ready to use. Therefore, one speci�c statistic function, r (4.1), has been

used to measure the estimation accuracy under the suggested algorithm.

In the real world scenario, however, factors are normally latent components. The

factors are extracted or summarized from several observable time series, yet the true

values of factors are not available to observe. The statistic r is a measure calculated

based on the estimated and true values of factors, therefore, it is necessary to consider

an empirical measure to evaluate the proposed model.

Criteria: The empirical experiment evaluation focuses on the forecast performance.

Since the panel of time series information is available, one can apply the proposed

model and estimation process to generate the latent factors. Then factors, together

with the historical time series data, are ready to be used to generate future values

on certain series. The comparison between predicted values and true values re�ects

whether factors correctly capture the common movement over bundle data. It also

shows the capability to forecast the future values.

To analyze the forecast ability, the out-of-sample forecast is evaluated on the

rolling window scheme. The sample data are split into an estimation sample and an
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evaluation one. Per each estimation process, the sample size is �xed based on the

rolling window size over time. In this data set, the estimation sample is using the data

between January 1994 to February 2014. We assume all quarterly data are collected

at the last month of each quarter, and we want to examine the forecast for monthly

series and quarterly ones as well.

To evaluate the forecast performance, we consider root mean square forecast error,

which is de�ned in equation 2.10. It is a popular to use the relative mean squared

forecast error as

RRMSFE =
RMSFEmdl

RMSFEAR

where RMSFEmdl corresponds to the root mean squared forecast error by a speci�c

model. RRMSFE < 1 indicates the model forecast outperform the AR benchmark

model.

Benchmarks: The forecasting of the model (MF-DFM) will be compared with

the forecast reported by some benchmark models. We measure the relative forecast

performance to the univariate AR model, which represents the single series model.

In addition, we measure the vector autoregressive (VAR) model in the same way,

with the relative forecast performance RRMSFE to AR model. The VAR model is

a widely used multivariate model for time series data. The smaller the RRMSFE is,

the better the forecasts compared to AR. Both AR and VAR models are applied here

as benchmark models. Although the model form is very simple, they still produced

accurate forecasts.

The order of the AR model is selected by BIC. The order of the VAR model is

set to six. This is the same value as the initial lag order selected for the proposed

methodology.

For comparison purpose and implication feasibility, we construct the VAR bench-
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mark model in the same stacked form of mixed frequency data. With the proposed

mixed frequency dynamic factor model, we include a wide variety of variables in the

model, as the estimation process of the extracted factors reduce the problem's di-

mension in an e�ective way. For VAR model, however, incorporating all variables in

the model will increase the problem dimension dramatically. Hence, as we evaluate

the forecast performance, we randomly select a small number of variables. When we

construct the VAR model, we utilize the same selected variables, not all variables.

Thus, the variables are a subset of the original variables, which are the same group

used for forecast evaluation report on the factor models.

To forecast the objective variables, one can use the factors produced by the pro-

posed model and employ forecast combination or forecast selection methods. For each

objective forecast quarterly variable, there are three forecasts (two intra-quarter and

one quarterly variable) based on di�erent information availability. As noted, the com-

parison of the forecast is measured by root mean squared forecast error (RMSFE).

Multiple-step ahead forecast is generated by direct method. The relative root mean

squared forecast error is reported as the measure of performance, and all models are

compared to the AR model.

5.4 Results

Forecast scheme: For each quarter, we want to forecast based on di�erent hori-

zons. For example, to forecast the quarterly series values on March 1995, the esti-

mation sample is set to be up to December 1994, January 1995, and February 1995

accordingly. This allows us to examine whether intra-quarter monthly information

enhances the forecast accuracy or not.



106

5.4.1 Forecasting quarterly Personal Consumption Expendi-

tures

The premise of mixed frequency dynamic factor model is the availability of between

high frequency information during each low frequency period. These high frequency

occurrences are considered to be additional information. Thus, they can be used as

good sources to re�ect the most recent trends or indexes. Also, they provide good

reference to predict the following low frequency value before the true low frequency

series are released.

The mixed frequency dynamic factor model includes the high frequency variables

together with low frequency ones. Hence, it is natural to think that this will produce

more favorable forecasts.

To �nd whether utilization of intra-quarterly information will bene�t the forecast

for quarterly basis variables, we compare the one, two and three monthly ahead

forecasts. Since the forecast horizon is set to be the end of each quarter, the one-step

and two-step ahead forecasts are all within one quarter. Hence, the forecasts are

recognized as intra-quarterly forecasts.

Among the several quarterly variables included in the model, we select Personal

Consumption Expenditures (PCE) to demonstrate the bene�ts of bringing in the

intra-period high frequency information. PCE measures the spending on goods and

services in personal sector in the U.S. economy (of Economic Analysis). It accounts

for about two-thirds of domestic �nal spending, and thus is one of the major drivers

on future economic growth.

One application of the PCE price index is to investigate the elasticity of consump-

tion on certain goods. Price elasticity indicates that demand would decrease as price

increases, by the same token, inelasticity indicates demand remains stable regardless

of price changes. PCE provides valuable information with which to show the shopping
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Figure 5.3: Personal Consumption Expenditures: intra-quarterly forecast

Comparison of within one quarter forecast.
The top row are forecasts based on the proposed mixed frequency dynamic factor
model (MFDFM), the bottom row are forecasts based on the mixed frequency VAR
model of selected variables. The charts, from left to right, are: three months ahead
(3M), two months ahead (2M) and one month ahead (1M) forecast, respectively.

patterns change with respect to price surges. It is a valuable tool to understand the

trends in certain sorts of goods and services bought by households, such as, gasoline

products.

Figure 5.3 presents a direct comparison for the performance of multi-step ahead

forecasts of the same time series. There are two rows in the �gure: the top row

depicts the forecasts generated from the proposed mixed frequency dynamic factor

model (MFDFM), while the bottom row plots the forecasts produced by the stacked

form mixed frequency VAR model (MFVAR). Grey lines denote the original series

(labeled as `Act' in Figure 5.3), with forecasts appended in orange colored lines. We

also include the univariate model forecasts (AR) in each panel plot, as the blue colored

lines.

Forecasts are one-month ahead (1M), two-months ahead (2M) and three-months
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ahead (3M) forecasts. All forecasts are generated following the mixed frequency

forecast formula proposed previously in section 2.3, along with the error covariance,

whose entries are the forecast mean squared errors (MSEs). Error bounds based on

the square root of these MSEs are depicted on the plots.

Comparing the plots by each column: the top mixed frequency dynamic factor

model forecasts in Figure 5.3 provides more accurate predictions according to trends,

whereas the bottom multivariate VAR (MFVAR) forecasts are shown to be less accu-

rate. Also, for MFVAR, the con�dence intervals are wider than that of the MF-DFMs.

To contrast with simple univariate model, we depict the forecast from an ARmodel

with order 9 in blue. We choose a high-order AR model to capture information from

the missing cross-sectional series. The MF-DFM forecasts have superior performance,

especially for multi-step ahead forecasts. Demonstrating that incorporating high-

frequency information improves the forecast accuracy.

5.4.2 Forecast accuracy

We also evaluate the forecast accuracy of the di�erent approaches in comparison to

the mixed frequency dynamic factor models. Speci�cally, the prediction accuracy of

the di�erent models is presented as a ratio of their out of sample RMSFE to the out

of sample RMSFE of a univariate autoregressive benchmark model (AR).

One can claim the model outperforms or underperforms the AR benchmark pro-

cess, if it's out of sample RMSFE is smaller or bigger than one, respectively. The

measure is called relative RMFSE (RRMFSE). Thus, for each series, the RRMFSE

gives the relative accuracy of the particular model to the AR benchmark.

Table 5.1 explores the consequences of forecast performance by employing the

mixed frequency dynamic factor model. The table summarizes forecasts of di�erent

models at one-step, two-step and three-step horizons. In addition to the PCE price
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Relative RMSFE to AR

z1,LF z2,LF z3,LF z4,LF

h = 1
MFVAR 2.4539 1.0252 1.0375 1.0832
MFDFM 0.9203 0.9595 0.8619 0.8822

h = 2
MFVAR 1.6648 0.9685 1.2488 0.9791
MFDFM 0.8108 0.8773 0.9127 1.0089

h = 3
MFVAR 2.2662 1.4347 1.3811 1.2529
MFDFM 0.7967 0.8862 0.9576 1.0577

Table 5.1: Low frequency variables forecast performance:
h represent the forecast step in month, i.e., h = 1 is the one-month ahead forecast,
and h = 3 is the three-months ahead forecast; z1,LF Imports OECD Asia and
Oceania; z2,LF Imports Europe; z3,LF Personal Consumption Expenditures; z4,LF

GDP Change Mexico;

index discussed from the previous section, other variables are randomly selected from

the low-frequency variables in the MF-DFM. This allows us to make a detailed exam-

ination on the e�orts and values of bringing in high-frequency data into the model.

Firstly, most of the RRMFSE generated from the mixed frequency DFM (MFDFM)

are smaller than one, indicating that the MF-DFM outperforms the univariate AR

model. It is interesting to check the forecast values of z4,LF , the GDP Change Mexico,

which is a quarterly sampled data. Its one-month ahead forecast is better than the

forecast based on an univariate AR model. However, for multi-step ahead forecast,

the performance is not superior for the MF-DFMs. One can think this is reasonable,

because z4,LF is GDP Change Mexico. Because most of the high-frequency variables

in MF-DFM model are gasoline related product prices for the U.S., the high-frequency

variables have less information to contribute in our understanding of Mexico GDP

change.

Similarly, Table 5.2 reported a pseudo out-of-sample RRMSFE of high-frequency
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(monthly) variables. Results in the table provide us an insight on the forecasts im-

provement based on the combination of variables and latent factors together. Again,

most of the results show that the MF-DFM enhances the forecast performance over

the single variable alone. Also, it is interesting to see that, for both the low-frequency

variables and high-frequency variable cases, the forecasts generated from multivariate

mixed frequency are less favorable compared to the forecasts generated by univariate

AR model. Compared with the results of MF-DFM, this highlights that the poor

forecast performance of the mixed frequency VAR model relative to the AR model.

Comparing to MF-DFM, mixed frequency VAR model uses information contained in

the randomly selected a few variables. Hence the MF-VAR model seems insu�cient

to capture the complex economic relations, and to forecast the future values. One

should consider to optimize the number of variables and variables selection before

constructing the VAR model. Then, it may be that a MF-VAR forecasts would be an

improvement on single variable. However, for comparison purpose, we use the same

variables selected in the forecast evaluation for MF-DFM models.
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Relative RMSFE to AR

Model x1,HF x2,HF x3,HF x4,HF

h = 1
MFVAR 1.9976 1.4845 0.9972 1.0769
MFDFM 0.9132 0.9840 0.9668 0.9863

h = 2
MFVAR 1.5253 1.2182 1.0736 1.2402
MFDFM 0.9897 0.9506 0.9680 0.9903

h = 3
MFVAR 1.2719 1.5274 1.3198 1.1275
MFDFM 0.9178 0.9182 0.9836 1.0824

Table 5.2: High frequency variables forecast performance:
x1,HF U.S. Kerosene-Type Jet Fuel Retail Sales by Re�ners; x2,HF U.S. No 2 Dis-
tillate Retail Sales by Re�ners; x3,HF U.S. No 2 Distillate Wholesale/Resale Price;
x4,HF U.S. Aviation Gasoline Wholesale/Resale Price by Re�ners.



Chapter 6

Discussion and Conclusion

In previous chapters, a systematic approach to the analysis of asynchronous multi-

variate time series based on an approximate dynamic factor model was set up. The

methodology, named as mixed frequency dynamic factor models (MF-DFMs), treats

the observations of various temporal frequencies as the contemporaneous series. The

methodology can e�ciently handle large amounts of information, and consistently

estimate the dynamic factors. Therefore, it helps to improve the forecasting perfor-

mance.

A two-step model estimation and identi�cation scheme is proposed. This method

allows explicit structural restrictions that account for appropriate temporal ordering

of mixed frequency data. The methodology consistently estimates the latent dynamic

factors. To ensure a computationally e�cient and robust algorithm, this dissertation

makes use of modern penalized likelihood methodologies. The �tted model captures

the e�ects of temporal relationships across the asynchronous time series in an in-

terpretable manner. The methodology is studied through simulation and applied to

several examples. Simulations and empirical examples demonstrate good performance

in model speci�cation, model estimation, and out-of-sample forecasting.

It is worth mentioning that we consider only the case with a single high frequency
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factor and a low frequency factor vector, i.e. we use a �xed number of factors. The

lag order of factors is chosen during the process of maximum likelihood estimation,

however, the number of dynamic factors is prede�ned. Under high dimension circum-

stances with panels of time series data, it is worthwhile to conduct identi�cation steps

to determine the number of dynamic factors, and this should be carried out before

running the proposed method.

Both the �rst stage principal component estimation and the second stage max-

imum likelihood estimation depend on regularization terms. The process requires

selection of optimal tuning parameters. The second step estimation process is even

more complex, due to the inclusion of the additional weighting parameters. To se-

lect suitable values for regularization parts in the approximate dynamic factor model,

we rely on Bayesian Information Criterion (BIC) in the preliminary step estimation.

There are other criteria which could serve for the parameter selection purpose, while

cross validation is one of those commonly used approaches. However, in our ex-

periment, we apply the BIC criterion only. This is due to the fact that the cross

validation is computationally expensive. Further studies can be extended on how to

search the optimal values of weights and tuning parameters, and, what criteria should

be employed.
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Appendix A

Empirical data description

Data Frequency Source

U.S. Total Gasoline Retail Sales

by Re�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Aviation Gasoline Retail

Sales by Re�ners (Dollars per Gal-

lon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Kerosene-Type Jet Fuel Re-

tail Sales by Re�ners (Dollars per

Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Propane Retail Sales by Re-

�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Kerosene Retail Sales by Re-

�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. No 1 Distillate Retail Sales

by Re�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)
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U.S. No 2 Distillate Retail Sales

by Re�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. No 2 Diesel Retail Sales by

Re�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. No. 2 Fuel Oil Retail Sales

by Re�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Residual Fuel Oil Retail Sales

by Re�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Residual Fuel Oil Sulfur Less

Than or Equal to 1% Retail Sales

by Re�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Residual Fuel Oil Sulfur

Greater Than 1% Retail Sales by

Re�ners (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Total Gasoline Whole-

sale/Resale Price by Re�ners

(Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Aviation Gasoline Whole-

sale/Resale Price by Re�ners

(Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Kerosene-Type Jet Fuel

Wholesale/Resale Price by Re�n-

ers (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)
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U.S. Propane Wholesale/Resale

Price by Re�ners (Dollars per Gal-

lon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Kerosene Wholesale/Resale

Price by Re�ners (Dollars per Gal-

lon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. No 1 Distillate Whole-

sale/Resale Price by Re�ners

(Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. No 2 Distillate Whole-

sale/Resale Price by Re�ners

(Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. No 2 Diesel Wholesale/Re-

sale Price by Re�ners (Dollars per

Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. No. 2 Fuel Oil Whole-

sale/Resale Price by Re�ners

(Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Residual Fuel Oil Whole-

sale/Resale Price by Re�ners

(Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)

U.S. Residual Fuel Oil Sulfur

Less Than or Equal to 1%

Wholesale/Resale Price by Re�n-

ers (Dollars per Gallon)

Monthly U.S. Energy Information

Administration (EIA)
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U.S. Residual Fuel Oil Sulfur

Greater Than 1% Wholesale/Re-

sale Price by Re�ners (Dollars per

Gallon)

Monthly U.S. Energy Information

Administration (EIA)

Cushing, OK Crude Oil Future

Contract 1 (Dollars per Barrel)

Monthly U.S. Energy Information

Administration (EIA)

Cushing, OK Crude Oil Future

Contract 2 (Dollars per Barrel)

Monthly U.S. Energy Information

Administration (EIA)

Cushing, OK Crude Oil Future

Contract 3 (Dollars per Barrel)

Monthly U.S. Energy Information

Administration (EIA)

Cushing, OK Crude Oil Future

Contract 4 (Dollars per Barrel)

Monthly U.S. Energy Information

Administration (EIA)

OECD Asia & Oceania Total Oil

Net Imports (Thousand Barrels

Per Day)

Monthly U.S. Energy Information

Administration (EIA)

OECD Europe Total Oil Net Im-

ports (Thousand Barrels Per Day)

Monthly U.S. Energy Information

Administration (EIA)

United States Real Personal Con-

sumption Expenditures

Quarterly U.S. Department of Com-

merce: Bureau of Eco-

nomic Analysis

United States Corporate Prof-

its After Tax (without IVA and

CCAdj)

Quarterly U.S. Department of Com-

merce: Bureau of Eco-

nomic Analysis
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United States Change in Private

Inventories

Quarterly U.S. Department of Com-

merce: Bureau of Eco-

nomic Analysis

United States Government total

expenditures

Quarterly U.S. Department of Com-

merce: Bureau of Eco-

nomic Analysis

United States Personal Consump-

tion Expenditures

Quarterly U.S. Department of Com-

merce: Bureau of Eco-

nomic Analysis

Other Foreign Assets in the U.S. Quarterly U.S. Department of Com-

merce: Bureau of Eco-

nomic Analysis

United States Gross domestic

product: Terms of trade index

Quarterly U.S. Department of Com-

merce: Bureau of Eco-

nomic Analysis

United States Gross Domestic

Product: Implicit Price De�ator

Quarterly U.S. Department of Com-

merce: Bureau of Eco-

nomic Analysis

United States Nonfarm Business

Sector: Unit Labor Cost

Quarterly U.S. Department of La-

bor: Bureau of Labor

Statistics

Gross Fixed Capital Formation in

United States

Quarterly The Organisation for

Economic Co-operation

and Development

(OECD)
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United States GDP Growth rate

compared to previous quarter,

seasonally adjusted

Quarterly The Organisation for

Economic Co-operation

and Development

(OECD)

Canada GDP Growth rate com-

pared to previous quarter, season-

ally adjusted

Quarterly The Organisation for

Economic Co-operation

and Development

(OECD)

Germany GDP Growth rate com-

pared to previous quarter, season-

ally adjusted

Quarterly The Organisation for

Economic Co-operation

and Development

(OECD)

Japan GDP Growth rate com-

pared to previous quarter, season-

ally adjusted

Quarterly The Organisation for

Economic Co-operation

and Development

(OECD)

Korea GDP Growth rate com-

pared to previous quarter, season-

ally adjusted

Quarterly The Organisation for

Economic Co-operation

and Development

(OECD)

Mexico GDP Growth rate com-

pared to previous quarter, season-

ally adjusted

Quarterly The Organisation for

Economic Co-operation

and Development

(OECD)
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Brazil GDP Growth rate com-

pared to previous quarter, season-

ally adjusted

Quarterly The Organisation for

Economic Co-operation

and Development

(OECD)

Russian Federation GDP Growth

rate compared to previous quar-

ter, seasonally adjusted

Quarterly The Organisation for

Economic Co-operation

and Development

(OECD)

Table A.1: Empirical Data Description



Appendix B

Code

1 f unc t i on B = SGpca(X, J , q , PCAlam, maxSteps ,

convergenceCr i t e r i on , verbose , B0 , ngrp , grpSize , gWght)

2 % Sparse group PCA;

3

4 [ n p ] = s i z e (X) ;

5 K = min ( [ q p n−1]) ;

6 [FOO, S , L ] = svd (X, ' econ ' ) ;

7 D = diag (S) .^2/n ; % PCA var i ance s

8

9 % % a l l o c a t e space f o r l oad ing paths

10 % setup SPCA matr i ce s A and B

11 A = L ( : , 1 :K) ;

12 B = B0 ; %ze ro s ( s i z e (A) ) ;

13

14 % SGPCA loop f o r each HF component

15 f o r k = 1 :K % Fix LF load ings , spa r s e HF load ing s

16 i f k<q %HF SGPCA
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17 gWeight=[0 gWght (2 ) ] ;

18 nGrp=ngrp ; GrpSize=grpS i ze ;

19 s indx =[(k−1)∗J (1 ) +1:k∗J (1 ) p−J (2 ) +1:p ] ;

20 e l s e %LF SGPCA

21 nGrp=ngrp ; GrpSize=[ grpS i ze (1 ) ∗(q−1) grpS i ze (2 ) ] ;

22 gWeight=[gWght (1 ) ∗ s q r t (q−1) 0 ] ; s indx=1:p ;

23 end

24

25 lambda1=PCAlam(1) ;

26 lambda2=gWeight∗PCAlam(2) ;

27

28 s tep = 0 ; % cur rent a lgor i thm i t e r a t i o n number

29 converged = f a l s e ;

30 i f verbose

31 di sp ( [ ' Est imating component ' num2str ( k ) ] ) ;

32 end

33 whi le ~converged && step < maxSteps

34 s tep = step + 1 ;

35 Bk_old = B( : , k ) ;

36

37 y = X( : , s indx )∗A( sindx , k ) ;

38

39 i f s t ep==1

40 B( : , k )=B0 ( : , k ) ;

41 end

42
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43 funObj1 = @(w) objFun (w,X( : , s indx ) , y ) ;

44 funObj2 = @(w)RegFun(w,X( : , s indx ) ,nGrp , GrpSize , lambda1 ,

lambda2 ) ;

45 funProx1 = @(w, alpha , lambda1 ) s i gn (w) .∗max( abs (w)−lambda1

∗alpha , 0 ) ;

46 funProj = @(w, alpha ) ProjFun ( funProx1 (w, alpha , lambda1 ) ,

alpha ,X( : , s indx ) ,nGrp , GrpSize , lambda2 ) ;

47 B( sindx , k )=minConf_QNST( funObj1 , funObj2 ,B( sindx , k ) ,

funProj ) ;

48

49 % Normalize c o e f f i c i e n t s such that l oad ing s has Eucl idean

length 1

50 B_norm = sq r t (B( : , k ) '∗B( : , k ) ) ;

51 i f B_norm == 0

52 B_norm = 1 ;

53 end

54 B( : , k ) = B( : , k ) /B_norm;

55

56 % converged ?

57 c r i t e r i o n = sum( ( Bk_old − B( : , k ) ) .^2) ;

58 i f verbose && ~mod( step , 10)

59 di sp ( [ ' I t e r a t i o n : ' num2str ( s tep ) ' , convergence

c r i t e r i o n : ' num2str ( c r i t e r i o n ) ] ) ;

60 end

61 converged = c r i t e r i o n < conve rgenceCr i t e r i on ;

62
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63 B( abs (B( : , k ) )<convergenceCr i t e r i on , k )=0;

64

65 % % Update A

66 t = X'∗X∗B( : , k ) ;

67 [U, ~ , V] = svd ( t , ' econ ' ) ;

68 S = U∗V' ;

69 A( : , k )=sq r t (p)∗S/ sq r t (S '∗S) ;

70 end

71

72 i f verbose

73 di sp ( [ ' I t e r a t i o n : ' num2str ( s tep ) ' , convergence

c r i t e r i o n : ' num2str ( c r i t e r i o n ) ] ) ;

74 end

75

76 end

77

78 %% Print in fo rmat ion

79 i f verbose

80

81 f p r i n t f ( ' \nNumber o f nonzero l oad ing s : ' ) ;

82 di sp (sum( abs (B) > 0) ) ;

83 end

84

85

86 f unc t i on [ f , g ] = objFun (w,X, y )

87 r e s=X∗w−y ;
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88 f=norm( r e s )^2/ s i z e (X, 1 ) ;

89 g = 2∗(X. '∗ r e s ) / s i z e (X, 1 ) ;

90

91 f unc t i on f = RegFun(w,X, nGrp , GrpSize , lambda1 , lambda2 )

92 L2Reg=ze ro s (1 , nGrp) ;

93 s t a r t =1;

94 f o r g=1:nGrp

95 gind=s t a r t : s t a r t+GrpSize ( g )−1;

96 L2Reg ( g )=lambda2 ( g )∗norm(w( gind ) ) ;

97 s t a r t=s t a r t+GrpSize ( g ) ;

98 end

99 f=sum(L2Reg )+lambda1∗norm(w, 1 ) ;

100

101 f unc t i on [w] = ProjFun (w, alpha ,X, nGrp , GrpSize , lambda2 )

102 reg=ze ro s (nGrp , 1 ) ;

103 s t a r t =1;

104 f o r g=1:nGrp

105 i f lambda2 ( g )~=0 %non−zero weighted groups only

106 gind=s t a r t : s t a r t+GrpSize ( g )−1;

107 reg ( g )=norm(X( : , gind )∗w( gind ) ) ;

108 i f reg ( g )~=0

109 w( gind )=w( gind ) /norm(w( gind ) )∗max(0 , norm(w( gind ) )

−lambda2 ( g )∗alpha ) ;

110 end

111 end

112 s t a r t=s t a r t+GrpSize ( g ) ;
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113 end



Appendix C

Univariate MIDAS regression polynomial

Mixed-data sampling (MIDAS) regressions allow to estimate time series data sam-

pled at di�erent frequencies. We present some of the most commonly used MIDAS

regression polynomials, and more details can be found in work of Ghysels et al. (2007)

• Exponential Almon lag (Almon (1965)) polynomial (normalized):

w(γ1, γ2)j =
exp(γ1 × j + γ2 × j2)∑m
1 exp(γ1 × j + γ2 × j2)

and

w(γ)j = w(γ1, 0)j

• Beta formulation

w(γ1, γ2)j =
jγ1−1(1− j)γ2−1Γ(γ1 + γ2)

Γ(γ1)Γ(γ2)
(C.1)



132

• Almon lag polynomial of order P



w0

w1

...

wN


=



1 0 0 . . . 0

1 1 1 . . . 1

...
...

... . . .
...

1 N N2 . . . NP





γ0

γ1

...

γP


(C.2)



Appendix D

Autocorrelation and Partial Autocorrelation

Function

Both the Auto-correlation (ACF) and Partial Auto-correlation Function (PACF) play

as important roles in univariate autoregressive time series analysis.

The auto-correlation function (Box et al. (2011)) is a set of statistical measures

between the series and lags of itself over time, and it is used to study how a time

series at certain time τ relates to some lag before this time point. The lag l ACF of

time series xτ is a function of lag l and de�ned as:

ρl =
cov(xτ , xτ−l)

στστ−l

In addition, if the series are weakly stationary with sample mean x̄, the corresponding

sample auto-correlation function (ACF) can be calculated as:

ρ̂l =

∑
(xτ − x̄)(xτ−l − x̄)∑

(xτ − x̄)2

In application, the process of identi�cation of an AR model order is often done

with the aid of partial auto-correlation function (PACF). The partial auto-correlation
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function of a stationary time series are de�ned by the correlation between the variable

and its certain lag after adjusting for the correlations with other lags in between. It

is a correlation function between xτ and xτ−l, conditional on xτ−l+1, . . . , xτ−1, the

set of observations that come between the time points τ and τ − l. The PACF values

can be computed recursively by:

• The 1st partial auto-correlation equals to the 1st lag auto-correlation.

• The 2nd partial auto-correlation is de�ned as

φ(2) =
cov(xτ , xτ−2|xτ−1)√

(var(xτ |xτ−1)var(xτ−2|xτ−1))

• And so on, for any lag.

The partial auto-correlation function holds some nice properties for stationary time

series data. For example, in an AR model,

• The pacf φ(l) represents the additional contribution of lag xτ−l to xτ from an

AR(l-1) model.

• For AR(P ) model, the pacf φ(l) will close to zero for all l > P .

• The asymptotic variance of φ̂(l) is 1/T for all l > P .

• The sample pacf φ̂(l)→ φ(l) as the sample size T →∞



Appendix E

Cross Correlation and Partial Cross

Correlation Functions

In the multivariate vector autoregressive modeling, the vector processes have cross

correlation functions (CCFs) and partial cross correlation functions (PCCFs).

Given a stationary multivariate time series Xτ , the cross covariance matrices are

Γ(l) = E[(Xτ − µ)(Xτ−l − µ)′]

where µ = E(Xτ ). The sample cross covariance matrix can be computed by

Γ̂(l) =
1

T

∑
(Xτ − X̄)Xτ−l − X̄)′

The Cross Correlations between two stationary series Xa and Xk are de�ned

ρjk(l) =
E[(Xj,τ − µj)(Xk,τ−l − µk)]√

V ar(Xj,τ )V ar(Xk,τ )

or in matrix form as:

ρ(l) = D−1Γ(l)D−1
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whereD is a diagonal matrix. Each element on the diagonal is the standard deviations

from the corresponding components. And the sample correlations can be obtained

by:

ρ̂jk(l) =
γ̂jk(l)√

γ̂jj(0)γ̂kk(0)

where γ̂jk(l) is the estimated {a, b}th element from the sample cross covariance

matrix Γ̂(l).

Similarly, partial correlations are de�ned as a function of the correlation between

Xa,τ and Xb,τ−l while removing the e�ects for Xb,τ−1, . . . , Xb,τ−(l−1).

Partial Correlation Function Considering the error vector from forward autore-

gression

ul,τ = Xτ −
l−1∑
j=1

ψj,l−1Xτ−j

and similarly the backward autoregression

u∗l,τ−l = Xτ−l −
l−1∑
j=1

ψ∗j,l−1Xτ−l+j

The Partial Cross correlations at lag l can be de�ned as Reinsel (2003):

Φ(l) = Corr(ul,τ , u
∗
l,τ−l)

= V
∗−1/2
l E[u∗l,τ−lu

′
l,τ ]V

−1/2
l

where V ∗l and Vl are the diagonal matrices whose diagonal elements are from the

covariance matrices Cov(u∗l,τ−l) and Cov(ul,τ ).

Unlike auto correlations of univariate time series, the cross correlation functions

are not symmetric. The partial cross correlation matrix Φ(l) represents the cross-

correlation betweenXτ andXτ−l after eliminating the dependence on any in between



137

values Xτ−(l−1), . . . , Xτ−1. By looking at the matrix in detail, it is obvious to see

that each element of matrix Φ(l) is partial cross correlation. For example, the j, kth

element in Φ(l) represents the partial correlation between Xj,τ−l and Xk,τ while

adjusting after the values of Xτ−(l−1), . . . , Xτ−1.



Appendix F

EM Algorithm

The objective function is the likelihood function. Under the model formula (2.4) and

(2.5), we use θ = [Λ, Al, Q,R] to represent the vector of parameters of the model,

with initial state vector f0 is assume to have µ0 = E(f0) and Σ0 = Cov(f0). If

we can observe both the observations Y = [Y1, . . . , yτ ] and latent factors F =

[f1, . . . , fτ ], we could consider Y,F as complete data, and we can write the joint log-

likelihood of yτ and fτ under Gaussian errors for t = 1, . . . , T , ignoring a constant,

as

−2log(Y, F ; θ) ∝ log|Σ0|+
1

2
µ′0Σ−1

0 µ0

+ T log|Q|+
[
T∑
τ=1

(
fτ −

P∑
l=1

Alfτ−l

)′
Q−1

(
fτ −

P∑
l=1

Alfτ−l

)]

+ T log|R|+
[
T∑
τ=1

(yτ − Λfτ )
′R−1 (yτ − Λfτ )

]
(F.1)

Under the above setting, the EM algorithm gives an e�cient method for maximum

likelihood estimation: the E-step repeatedly constructs a lower-bound on the posterior

distribution, and then the M-step optimizes that lower bound, thereby improving the
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estimate for the unknowns. Iteratively carrying out these two steps gives us the EM

algorithm, which is as follows:

E-step To implement the EM algorithm, we can write, at iteration i, i =

1, 2, . . . the expectation step

E[−2log(Y, F ; θ)] ∝ log|Σ0|+
1

2
µ′0Σ−1

0 µ0

+ Eθ

[
T∑
τ=1

(
fτ −

P∑
l=1

Alfτ−l

)′
Q−1

(
fτ −

P∑
l=1

Alfτ−l

)]

+ Eθ

[
T∑
τ=1

(yτ − Λfτ )
′R−1 (yτ − Λfτ )

]

+ T log|Q|+ T log|R|

(F.2)

The corresponding conditional moments in (F.2) can be obtained by Kalman

�ltering on the following state space model:

yτ = [Λ, 0, . . . , 0]︸ ︷︷ ︸
C


fτ
...

fτ−p+1


︸ ︷︷ ︸

fτ

+ετ , ετ ∼ N(0, R) (F.3a)


fτ
...

fτ−p+1


︸ ︷︷ ︸

fτ

=



A1 A2 . . . AP

Ir 0 . . . 0

...
. . . . . .

...

0 . . . Ir 0


︸ ︷︷ ︸

B


fτ−1

...

fτ−p


︸ ︷︷ ︸
Ft−1

+uτ , uτ ∼ N


0,



Q 0 . . . 0

0 0 . . . 0

...
. . . . . .

...

0 . . . 0 0


︸ ︷︷ ︸

Q


(F.3b)
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Some notation for Kalman �lter in E-step: let µτ |s = E[fτ |y1, , . . . , ys], Στ |s =

Cov(fτ |y1, . . . , ys), and Στ,τ−1|s = Cov(fτ , Fτ−1|y1, . . . , ys), the prediction, �l-

tering and smoothing are calculated recursively.

The components µτ |T , µτ |T ,Στ |T ,Στ−1|T , and Στ,τ−1|T are computed as in Kalman

�ltering process, and the following expectations are required in M-step for parameter

estimation:

S00 =
T∑
τ=1

{µτ |Tµ′τ−1|T + Στ−1|T}

S11 =
T∑
τ=1

{µτ |Tµ′τ |T + Στ |T}

S10 =
T∑
τ=1

{µτ |Tµ′τ−1|T + Στ,τ−1|T}

(F.4)

and the latent factor smoother values are calculated under the value of parameters

θ(i) at each iterations.

Thus, at iteration i, i = 1, 2, . . . the expectation step

E[−2log(Y, F ; θ)] ∝ log|Σ0|+ µ′0Σ−1
0 µ0

+ tr
[
Q−1 (S11 − S10A′ − AS10 + AS00A′)

]
+ tr{R−1

T∑
τ=1

[(
yτ − Λµτ |T

) (
yτ − Λµτ |T

)′
+ ΛΣτ |TΛ′

]
}

+ T log|Q|+ T log|R|

(F.5)

Let Ω represent the information available up to time T . In the model, there are

constraints on parameters related to Λ, Q,R, sparsity structure on matrix A(L),

and missing data on observations yτ .
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M-step In this section, we derive the algorithm for �nding the maximum-

likelihood estimate of latent factors and their OLS regressing parameters given a

set of observed mixed frequency observations. One speci�c step is to apply Lasso on

latent factor parameter matrices.

With the aid of vectorize transformation, we describe the approximate dynamic

factor model for the mixed frequency data as:

yτ = (f ′τ ⊗ I)vec(Λ) + ετ

= (f ′τ ⊗ I)DΛvfree,Λ + ετ

A(L)fτ = uτ

(F.6)

And ετ ∼ N(0, R), and uτ ∼ N(0, Q). Thus, the parameters that need to be

estimated now are vfree,R, vfree,Q, and vfree,Λ.

The expected log-likelihood function is now written as:

E[− 2log(Y, F ; θ)] ∝ log|Σ0|+ µ′0Σ−1
0 µ0

+ tr
[
Q−1 (S11 − S10A′ − AS10 + AS00A′)

]
+ T log|R|+ T log|Q|

+ tr

{
R−1

T∑
τ=1

[(
yτ − (µ′τ |T ⊗ I)DΛvfree,Λ

) (
yτ − (µ′τ |T ⊗ I)DΛvfree,Λ

)′
+ ΛΣτ |TΛ′

]}
(F.7)
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By di�erentiating equation above with respect to vfree,Λ we get

∂l(Y, F ; θ)

∂Λ
= −

1

2

∂tr
[
R−1

∑T
t=1 (yτ − Λfτ ) (yτ − Λfτ )

′
]

∂Λ

= −R−1

[
T∑
t=1

(
yτ f
′
τ − Λfτ f

′
τ

)] (F.8)

Taking expectations

T∑
t=1

[
Eθ(yτ f

′
τ |Y )− ΛEθ(fτ f

′
τ |Y )

]
= 0 (F.9)

We have

Λ =
T∑
t=1

yτEθ(f
′
τ |Y )

T∑
t=1

(Eθ(fτ f
′
τ |Y ))−1 (F.10)

In case when yτ containing the missing data, we can re-write yτ as yτ = [yobsτ , y ¯ons
τ ],

where yobsτ denotes the non-missing elements, and y ¯ons
τ represents missing entries in

yτ . So we can decompose yτ = Wτyτ + (I−Wτ )yτ , withWτ is a diagonal matrix

with ones corresponding to the non-missing entries and 0 otherwise.

Thus we have the achieved optimization at

vec(Λ) =

(
T∑
t=1

Eθ[fτ f
′
τ |Y ]⊗Wτ

)−1

vec

(
T∑
t=1

yobsτ Eθ[f
′
τ |Y ]

)
(F.11)

For a common state space model:

fτ = Aft−1 + uτ , uτ ∼ N(0, Q)

yτ = Λfτ + ετ , ετ ∼ N(0, R)
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Then we can refomulate the above in vec form:

fτ = (f ′τ−1 ⊗ I)vec(A) + uτ , uτ ∼ N(0, Q)

yτ = Λfτ + ε, ε ∼ N(0, R)

In M-step, the calculation on the estimates of maximization are

vec(Λ(i+ 1)) =

(
T∑
τ=1

Eθ(i)[fτ f
′
τ |Y ]⊗Wτ

)−1

vec

(
T∑
τ=1

yobsτ Eθ(i)[f
′
τ |Y ]

)

R(i+ 1) = diag
( 1

T

T∑
τ=1

(
yobsτ yobs

′

τ − yobsτ Eθ(i)[f
′
τ |Y ]Λ(i+ 1)′Wτ

−WτΛ(i+ 1)Eθ(i)[fτ |Y ]yobs
′

τ

+WτΛ(i+ 1)Eθ(i)[fτ f
′
τ |Y ]Λ(i+ 1)′Wτ

+ (I −Wτ )R(i)(I −Wτ )
))

A(i+ 1) = argminAE(||F −AG||22)

+ λ1

P∑
l=1

q∑
i=1

q∑
j=1

||w1(l, i, j)Al,i,j||1

+ λ2

P∑
l=1

q∑
i=1

q∑
j=1

||w2(l, i, j)Al,i,j||2

Q(i+ 1) =
1

T

(
T∑
t=1

Eθ(i)[FτF
′
τ |Y ]−A(i+ 1)

T∑
τ=1

Eθ(i)[Fτ−1F
′
τ |Y ]

)

For optimizing this sum of a costly objective function, we apply a general technique

called Quasi-Newton Soft Threshold (QNST) algorithm, the algorithm details are in

Schmidt (2010)

As in our dynamic factor model, the relationships between observations and latent

factors are with some linear constraints. To accommodate these constraints, we can
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rewrite the observation equation with vec operator:

yτ = (f ′τ ⊗ I)vec(Λ) + ετ , with ετ ∼MVN(0, R)

The parameters with linear constraints can be written in the form of: vec(Λ) =

fλ + Dλλfree and vec(R) = fR + DRrfree, with f. represent the �xed part and

.free represent the free part.

The general Λ update equation for �xed and free values is:

λfree =

(
T∑
τ=1

(D′λ(E[fτ f
′
τ |Y ]⊗R−1)Dλ)

)−1( T∑
τ=1

D′λ(vec(R
−1yτ (E(fτ |Y )′)

)

With the extraction matrix Dλ, the updated matrix Λ is Dλ × λfree

The general R update equation is

rfree =
1

T

(
D′rDr

)−1
D′rvec

(
T∑
t=1

(yτ − ΛE(fτ |Y ))

(yτ − ΛE(fτ |Y ))′ + ΛΣt|TΛ′
)

With the extraction matrix DR, the updated matrix R is R = DR × rfree



Appendix G

Cross-correlation between the idiosyncratic

elements

To demonstrate the consistency for the proposed misspeci�ed estimators, during the

simulation experiment data generating process, we would allow for instantaneous

cross-correlation between the idiosyncratic elements in the simulation experiment.

The process from which we simulate is standard in the literature, as in Stock and

Watson (2002).

D(L)ετ = vτ with vτ ∼ i.i.d.N(0, T)

where the elements of D(L) : di,j(L) =


1− dL, if i = j

0, if i 6= j

and the elements of Ti,j =
√
qiqjt|i−j|(1− d2),

qi =
ri

1− ri

21∑
k=1

λ2
i,j, with

(G.1)

Here T is a Toeplitz matrix so that the cross-correlation among idiosyncratic

elements is limited and it is easily seen that convergence assumption is satis�ed. ri is
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called the noise-to-signal ratio. It is the relative variance ratio between the variance

of the idiosyncratic component ετ and the variance of observation data yτ . In our

simulation experiment, ri is uniformly distributed with an average of 1/2 for all the

cross-sections. di,j is the autoregression parameter on the idiosyncratic components,

and was set to 0.1 on our simulation. The coe�cient t controls the amount of cross-

correlation, which is constructed with cross-correlation equals to 0.95. Note that the

exact factor model t = 0.



Appendix H

Adjusted variance

Adjusted variance is introduced in sparse PCA (Zou et al. (2006)).

Assuming the factors generating from the sparse PCA schema (Zou et al. (2006))

are F̂ , which are not necessary uncorrelated. The adjusted variance removes the

correlations among F = (f1, . . . , fT )′ so that the percentage of variation explained

is not that arti�cially in�ated. Taking advantage of the natural decreasing order when

the principal components are produced, the linear dependence between correlated

components F is eliminated by regressing to other PCs. Let fj, j = 1, . . . , be the

sparse group principle components. Regressing the jth PCs by PC f1, . . . , fj−1, we

then have the residual

rj = fj −
j−1∑
l=1

Blfl

The variance explained by the fj is then de�ned as ||rj||2 and the total explained

variance is de�ned as the sum of the �rst q sparse group PCAs, which is
∑
j ||rj||2

With the QR decomposition [f1, . . . , fq] equals to QR, where Q is orthonormal and

R is upper triangular, then ||rj||2 = R2
j and

Adjusted Total Explained Variance =
∑
j

R2
j
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