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METHODS AND SYSTEMS FOR VIDEO 
COMPRESSIVE SENSING FOR DYNAMIC 

IMAGING 

2 
imaging. However, the success of CS depends on the exis
tence of a suitable nonlinear transformation 109 for recon
structing a high-resolution real space image 107 from the 
sparsely sampled k-space image 105. Furthermore, the pre-

CROSS-REFERENCE TO RELATED 
APPLICATIONS 

This application claims priority under 35 U.S.C. §119(e) 

5 cise k-space measurement strategy used may contribute to 
the numerical robustness and/or computational difficulty of 
the reconstruction routine. The same may be said for CS 
strategies for dynamic imaging in real space, e.g., dynamic 

to U.S. Provisional Patent Application Ser. No. 61/676,212, 
filed on Jul. 26, 2012, which is herein incorporated by 10 

reference in its entirety. 

STATEMENT REGARDING FEDERALLY 
SPONSORED RESEARCH OR DEVELOPMENT 

fluorescence imaging or the like. 
Generally, CS may be summarized mathematically as 

follows. For dynamic imaging, e.g., images of a beating 
heart, a full resolution frame acquisition of the object would 
result in a sequence of full resolution video frames u(t). 
However, in CS u(t) is not directly measured. Rather, the CS 

The invention was made with government support under 
Grant Number CCF-0926127 awarded by the National Sci
ence Foundation. The government has certain rights in the 
invention. 

15 problem may be posed as follows: given compressive mea
surement y(t) obtained by a series of CS measurements, 
recover the full resolution frames u(t) from y(t). In more 
mathematical terms, CS may be expressed by the following 
equations: 

20 

BACKGROUND 

Dynamic imaging may employ one of several medical 
imaging technologies, e.g., dynamic MRI, dynamic CT, 
dynamic optical imaging, and dynamic fluorescence, to 25 

acquire a time sequence of images. One of the primary uses 
of dynamic medical imaging is thus to examine motion, 
which carries with it the biological signature of malfunctions 
for various organs, especially the heart and the lungs. 
Dynamic imaging can also examine brain functions, exem- 30 

plified by perfusion imaging. 
Existing literature mainly employs two specific method

ologies for dynamic imaging of organs such as the heart and 
the lungs. The first method relies on a set of static imaging 
acquisitions while the subject holds their breath, and resorts 35 

to image registration for retrieving the motion. The second 
method tries to capture free-breathing motion by using fast 
imaging techniques, with a trade-off between image resolu
tion and quality. 

FIG. lA shows an example of an MRI imaging technique 40 

using traditional methods. Typically, an MRI image is 
obtained by sampling the object densely in Fourier space to 
obtain a k-space image 101. This acquired k-space image is 
then used to compute a real space image 103 by taking the 
inverse Fourier transform F* of the k-space data. However, 45 

for dynamic MRI applications, the time required to densely 
sample the k-space of the object is long, resulting in slow 
frame rates and motion induced errors. To help alleviate the 
above problems, the technique of compressive sensing (CS) 
has been used. Compressive sensing enables one to sample 50 

well below the Nyquist frequency while attaining accurate 
reconstruction of the original signal, under the assumption 
the signal is sparse in the basis under certain transforms, 
known as sparse transformations. 

The CS process is shown graphically in FIG. lB. In CS, 55 

the goal is to not densely sample the k-space when taking the 
initial image, but rather to sparsely sample the k-space as 
shown by the grey circles in partial k-space image 105. 
Rather than reconstructing the real space image using the 
inverse Fourier transform (a linear operator), CS relies on 60 

the existence of a non-linear sparse transform 109 (IP) to 
map the partial k-space image to a high resolution real space 
image 107. Because only a small fraction of the k-space is 
sampled during the sparse acquisition step, the time required 
to acquire a sparsely sampled k-space image 105 is less than 65 

the time required to acquire a densely sampled k-space 
image. Thus, CS is desirable for fast acquisition dynamic 

For real space: y(t)~<t>(t)·u(t)+e(t), where <l>(t) is the 
measurement matrix taking the value of any 
real number and e(t) is a noise term. 

For Fourier space: y(t)~<t>(t)F(u(t))+e(t) where <l>(t) 
is the measurement matrix taking the value of 
where {0,1} and e(t) is a noise term. 

Thus, the goal of CS is to reconstruct u(t) using the 
knowledge of the measurement y(t) and the measurement 
matrix <I>(t). Note that for CS, the number of measurements 
(M) taken with each compressive acquisition is much less 
than the dimensionality (N) of the full-resolution image 
being sampled, i.e., M<<N. Stated another way, in CS the 
number of pixels in the CS frame is much less than the 
number of pixels in the full-resolution frame. Thus, with the 
use of CS techniques, an estimate to the full-resolution 
image u(t) may be reconstructed from an acquisition y(t) that 
includes only a compressive measurement of the full-reso
lution image. 

SUMMARY 

In general in one aspect, one or more embodiments of the 
invention are directed to a compressive sensing system for 
dynamic video acquisition. The system includes a video 
signal interface including a compressive imager configured 
to acquire compressive sensed video frame data from an 
object, a video processing unit comprising a processor and 
memory. The video processing unit is configured to receive 
the compressive sensed video frame data from the video 
signal interface. The memory includes computer readable 
instructions that when executed by the processor cause the 
processor to generate a motion estimate from the compres
sive sensed video frame data and generate dynamical video 
frame data from the motion estimate and the compressive 
sensed video frame data. The dynamical video frame data 
may be output. 

In general, in one aspect, one or more embodiments of the 
invention are directed to a method for dynamic video 
acquisition. The method includes obtaining frames of com
pressive sensed data for an object, generating motion esti
mates using the frames of compressive sensed data, and 
generating dynamical video frame data using the motion 
estimates and the frames of compressive sensed data by 
solving an optimization problem, the optimization problem 
including a wavelet transformation term and a total variation 
regularization term subject to a compressible optical flow 
constraint. 
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In general in one aspect, one or more embodiments of the 
invention are directed to a method for dynamic video 
acquisition. The method includes acquiring, by a compres
sive imager, frames of compressive sensed data, generating 
motion estimates using the acquired frames of compressive 5 

sensed data, and generating dynamical video frame data 
using the motion estimates and the frames of compressive 
sensed data by solving an optimization problem using an 
alternating direction augmented Lagrangian method. 

Other aspects of the invention will be apparent from the 10 

following description and the appended claims. 

figures. Like elements in the various figures (also referred to 
as FIGs.) are denoted by like reference numerals for con
sistency. 

In the following detailed description of embodiments, 
numerous specific details are set forth in order to provide a 
more thorough understanding of video compressive sensing 
for dynamic imaging However, it will be apparent to one of 
ordinary skill in the art that these embodiments may be 
practiced without these specific details. In other instances, 
well-known features have not been described in detail to 
avoid Uilllecessarily complicating the description. 

In general, embodiments of the invention relate to meth-

BRIEF DESCRIPTION OF DRAWINGS 

15 
FIGS. 1A-1B shows a prior art method of image recon-

ods and systems for reconstructing high resolution video 
frame data, also referred to herein as a high resolution video 
frame data cube, from compressive sensed video frame data, 
also referred to herein as a compressive sensed video frame 

struction. 
FIG. 2 shows a compressive sensing system for dynamic 

imaging in accordance with one or more embodiments. 
FIG. 3 shows a high level description of a method of video 

compressive sensing for dynamic imaging that employs 
motion compensated multi-scale recovery in accordance 
with one or more embodiments. 

FIG. 4 shows a video processing unit for dynamic imag
ing that employs motion compensated multi-scale recovery 
in accordance with one or more embodiments. 

FIG. 5 shows a multi-scale sensing matrix in accordance 
with one or more embodiments that may be used to employ 
compressive sensing in accordance with one or more 
embodiments. 

FIGS. 6A-6C show three types of measurement strategies, 
or trajectories, for imaging sequences that may be employed 
by the signal interface in accordance with one or more 
embodiments. 

FIG. 7 shows a method of video compressive sensing for 
dynamic imaging that employs motion compensated multi
scale recovery in accordance with one or more embodi-
ments. 

data cube. In one or more embodiments, the methods and 
systems employ multi-scale and/or time dependent compres
sive sensing techniques that rely, in part, on multi-scale 

20 and/or time dependent compressive sensing matrices, to 
acquire one or more sparsely sampled image frames, 
referred to herein as compressive sensed video frames, of an 
object being imaged. The frame data may be acquired in 
either Fourier space or real space. Embodiments of the 

25 invention also relate to methods and systems that may 
employ nonlinear numerical image reconstruction tech
niques to reconstruct the high resolution video frame data 
from the compressive sensed video frame data. In one or 
more embodiments, compressible optical flow and/or linear 

30 dynamical system (LDS) models may be used to compute 
motion estimates of the compressed sensed video frame 
data. In accordance with one or more embodiments, these 
motion estimates may then be used in the numerical recon
struction of the high-resolution video frame data from the 

35 compressive sensed video frame data to further improve the 
accuracy of the reconstructions. Furthermore, in accordance 
with one or more embodiments, the numerical reconstruc
tion of the high-resolution video frame data may be effi-

FIG. 8 shows a method of obtaining video frame data by 40 
iteratively solving the alternating direction augmented 
Lagrangian, an iterative method in accordance with one or 
embodiments. 

ciently accomplished by numerically solving an optimiza
tion problem using an alternating direction augmented 
Lagrangian method (ADAL), also known as the alternating 
direction method of multipliers (ADMM). 

FIG. 2 shows a compressive sensing system for dynamic 
imaging in accordance with one or more embodiments of the 
invention. In one or more embodiments of the invention, the 
dynamic imaging system includes a video acquisition sys-

FIGS. 9A-9C show an example of a linear dynamical 
system for a sample video from the dyntex video database. 45 

FIG. 10 shows a video processing unit in accordance with 
one or more embodiments. 

FIG. 11 shows a method of video compressive sensing for 
dynamic imaging that uses linear dynamical systems to 
model the motion manifold and employs joint structured 50 

sparsity on the motion manifold for video reconstruction. 

tem 203, a video display 211, and a user interface 213. The 
video acquisition system 203 is configured to receive a raw 
imaging signal 215 originating from a physical object 200, 
e.g., electromagnetic radiation, perform a compressive mea
surement on the raw imaging signal 215 to obtain compres-
sive sensed video frame data, and to process, by video 
processing unit 207 the compressive sensed video frame 
data to obtain dynamical video frame data. While the video 

FIG. 12 shows a method of obtaining an observation 
matrix by iteratively solving the alternating direction aug
mented Lagrangian, an iterative method in accordance with 
one or more embodiments. 

FIG. 13 shows an example of the original and recon
structed video frames that were reconstructed according to 
the method described in FIGS. 11-12, showing the remark
able accuracy of the method. 

55 acquisition system 203 is shown in FIG. 2 as a logical group, 
the modules shown need not be confined in a single physical 
apparatus. For example, in accordance with one or more 
embodiments, acquisition of the raw imaging signal 215 

FIG. 14 shows a method of system identification m 60 

accordance with one or more embodiments. 

may take place in an MRI or CT machine ( associated with 
video acquisition system 203) and the video processing unit 
203 may be housed in a physically separate computing 

DETAILED DESCRIPTION 

Specific embodiments of methods and systems for video 
compressive sensing for dynamic imaging will now be 
described in detail with reference to the accompanying 

device that, e.g., may include, one or more processors in the 
form of a CPU, GPU, FPGA, ASIC, or the like. 

In accordance with one or more embodiments, the physi-
65 cal object 200 may be any physical object desired to be 

imaged dynamically with video, e.g., in the case of medical 
imaging, the physical object may be an internal organ, an 
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embryo, a human, an animal, a biological sample, or the like. 
Accordingly, the raw imaging signal 215 that is received by 
the video acquisition system 203 may take many different 
forms depending on the imaging system being employed. 
For example if an optical imaging system is being used, the 
raw signal may include electromagnetic radiation in the 
visible spectrum, however any other type of radiation may 
be involved in the imaging process, e.g., infrared (IR), 
ultra-violet (UV), or x-rays may be used for imaging Like
wise, if a magnetic resonance imaging system (MRI) is 
employed, the raw signal may include the radio or micro 
waves that are emitted from the physical object as a result of 
the nuclear magnetic resonance excitation process. 
Examples of other imaging modalities include, dynamic 
MRI, dynamic CT, dynamic optical imaging, dynamic fluo
rescence imaging, and dynamic hyperspectral imaging. The 
video acquisition system 203 is not limited to any particular 
imaging modality. Furthermore, the video acquisition sys
tem 203 may include the computational hardware typically 
used in such systems, one or more computer readable media 
in the form of computer memory and one or more proces
sors, e.g., in the form of a CPU, GPU, ASIC, FPGA, or the 
like. The imaging modalities provided here are provided 
merely for the sake of example. Any dynamic imaging 
modality and/or system may be used without departing from 
the scope of the present disclosure. 

In view of the above, the video acquisition system 203 
may take many forms with respect to the hardware compo
nents used to detect the raw imaging signal 215 from the 
physical object 200. In accordance with one or more 
embodiments, the video acquisition system 203 may include 
a signal interface 205 that includes the signal detection 
hardware. For example, in accordance with one or more 
embodiments, the signal interface 205 may include MRI 
detection coils, an x-ray detector, a digital imaging chip 
(e.g., a CCD detector, CMOS detector, or the like), or a 
single pixel detector. Furthermore, depending on the imag
ing system, the signal interface will detect compressive 
sensed video frame data as real space data (points in real 
space, e.g., (x,y)) or Fourier space data (points ink-space, 
e.g., (kx,k)). As used herein, real space refers to one, two, 
or three dimensional data where the dimensionality of the 
data corresponds to the dimensionality of the object in 
physical space, e.g., a set of (x,y,z) points on the object for 
the case of 3D real space data. As used herein, the term 
k-space is used to refer to imaging systems that acquire data 
in Fourier space (understood as the Fourier transform of the 
real space). Dynamic MRI and dynamic CT fall into the 
Fourier space category, for different reasons. For MRI, the 
image sequences are taken in the Fourier space directly, 
therefore the acquired data is Fourier space data. While 
dynamic CT is acquired in real space, the specific geometry 
of the sampling process leads to the equivalence of the radon 
transformed data with the Fourier space data. On the other 
hand, dynamic optical imaging, dynamic fluorescence imag
ing, and dynamic hyperspectral imaging fall into the cat
egory ofreal space imaging, due to the physical space of the 
acquisition process and sampling pattern. 

6 
the use of a compressive sensor (not shown), may be 
obtained from previously acquired full resolution video 
frame data by down-sampling the full resolution video frame 
data, or may use a specially designed acquisition sequence 

5 to acquire the compressive sensed data. In accordance with 
one or more embodiments, the compressive sensor may be 
a single pixel camera, a flexible voxel camera, or a pro
grammable pixel compressive camera (P2C2), or any other 
camera that relies on the theory of compressive sensing. In 

10 one example, the signal interface 205 may include a spatial
multiplexing camera that acquires random, or coded projec
tions of a scene using, e.g., a digital micro-mirror device 
(DMD) or liquid crystal on silicon (LCOS) spatial light 
modulator in combination with a detector, such as a few, or 

15 single pixel detector, or a full frame multi-pixel detector. In 
accordance with one or more embodiments, e.g., for MRI 
and CT scanners, software instructions stored on the 
memory 209 may program an acquisition sequence that 
results in the sampling of the object 200 according to the 

20 requirements of a CS strategy. 
Video processing unit 207 receives the compressive 

sensed video frame data and generates high resolution video 
frame data from the compressive sensed video frame data. 
Furthermore, in accordance with one or more embodiments, 

25 video processing unit 207 may also generate a low resolu
tion preview of the compressive sensed video frame data in 
addition to generating the high resolution video frame data. 
As used herein, the terms high and low resolution are used 
as descriptive terms to enforce that notion that a high-

30 resolution video frame data includes more pixels per frame 
than a low resolution video frame. The precise number of 
pixels in each type of frame will of course vary with the 
application. In accordance with one or more embodiments, 
the low resolution previews may be output by the video 

35 processing unit 207 in real time to the video display system 
211, as the compressive sensed frames are acquired. Thus, in 
accordance with one or more embodiments, the low reso
lution previews may be optionally inspected by a user and be 
used to guide the data acquisition process and/or sampling 

40 strategy in real time. 
In accordance with one or more embodiments, the video 

acquisition system 203 may include one or more processors 
217 operably coupled to one or more memories 209. The 
processors 217 are included as optional in FIG. 2 to signify 

45 that the processors 217 may be located within the acquisition 
in some way. For example, one or more of the processors 
217 may located as shown, and/or may be located within any 
part of the video acquisition system, e.g., within the signal 
interface 205 and/or within the video processing unit 207. In 

50 accordance with one or more embodiments, the processors 
217 may be any processor known in the art, e.g., a central 
processing unit (CPU), application specific integrated circuit 
(ASIC), a field programmable gate array (FPGA), or the 
like. Further, in accordance with one or more embodiments, 

55 software running on the processor(s) may perform the 
method for reconstructing the high-resolution video frames 
from the compressive sensed video data cube, as described 
in more detail below in reference to FIGS. 7-8 and 11-12. 

Returning to FIG. 2, in accordance with one or more 
embodiments, the signal interface 205 detects the raw imag- 60 

ing signal 215 and outputs compressed video frame data, 
i.e., a time series of compressive sensed video frames, to 
video processing unit 207. Accordingly, in accordance with 
one or more embodiments, the signal interface 205 also 
includes the necessary hardware and/or software to cause the 65 

signal interface 205 to obtain compressive sensed video 
frame data. This data may be obtained directly, e.g., through 

In accordance with one or more embodiments, a time 
series of compressive sensed video frames, referred to herein 
as the compressive sensed video data cube may be accumu
lated in the memory 209 as the frames are acquired by the 
signal interface 205. Furthermore, a portion of, or the whole 
video cube, may be output to the video processing unit 207 
for processing as described in detail below. In accordance 
with one or more embodiments, the video processing unit 
may compute a motion estimate using the compressive 
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sensed video data cube and then reconstruct a high-resolu
tion video data cube 219 from the combination of the 
compressive sensed video data, the measurement matrix, 
and the motion estimate. 

8 
memory 209 of video acquisition system 203, or any other 
suitable memory operably connected to the video processing 
unit 401. Furthermore, the software may be executed by the 
one or more processors of the video acquisition system, e.g., 

In accordance with one or more embodiments, the video 
acquisition unit 203 is operatively connected to a user 
interface 213, e.g., a keyboard, touchscreen, mouse, or the 
like, in order to receive user input. 

5 processors 217 shown in FIG. 2, to perform the video 
reconstruction method in accordance with one or more 
embodiments. 

In accordance with one or more embodiments, the high 
resolution video frame data 219 may be reconstructed from 10 

the compressive sensed video frame data by the video 
processing unit 207, using methods and systems that employ 
motion compensated multi-scale recovery, as described in 
detail below in reference to FIGS. 3-8 and/or using methods 
and systems that employ video reconstruction on a motion 15 

manifold under a joint structured sparsity assumption, as 
described in detail in reference to FIGS. 9-13. 

Motion Compensated Multi-Scale Recovery 

In accordance with one or more embodiments, the video 
processing unit 401 includes a low resolution preview 
engine 405, a motion estimation engine 407, a high-resolu
tion video reconstruction engine 409, and an optional user 
interface/input device 411. In accordance with one or more 
embodiments, the low resolution preview engine 405 may 
receive, in real time, compressive sensed video frame data 
403, e.g., the frame data acquired by the signal interface 205 
described above in reference to FIG. 2. In accordance with 
one or more embodiments, the low resolution preview 
engine may acquire and aggregate one or more compressive 

20 sensed frames and then output a low resolution preview 413 
of the frame, or frames, in real time. For example, the low 
resolution preview engine may construct low resolution 
preview(s) 413 of the video frame(s) as described below in 
reference to FIGS. 5 and 7. The low resolution previews 413 

FIG. 3 shows a high level description of a method of video 
compressive sensing for dynamic imaging that employs 
motion compensated multi-scale recovery in accordance 
with one or more embodiments. FIG. 3 shows one possible 
application of the method of dynamic medical imaging of 
the human heart, e.g., using a video acquisition unit in the 
form of a dynamic MRI system. In accordance with one or 
more embodiments, a series ofk-space compressive sensed 
frames 301 are acquired by the video acquisition unit of the 
MRI system, starting at t=O and ending at t=T. The video 30 

processing unit generates low resolution previews 303a-
303c for a subset of the compressive sensed data frames, 
e.g., by inverse Fourier transforming a densely sampled low 
frequency portion of the compressive sensed data frame, 
e.g., as shown graphically in FIG. 5, and described below in 35 

more detail. In accordance with one or more embodiments, 
each low resolution preview frame 303a-303c may be 
computed using an aggregated subset of compressive sensed 
frames located within a predefined time window, e.g., all the 
frames found within the time t and t+kli.t, as shown in FIG. 40 

3. In accordance with one or more embodiments, adjustabil-

25 may be output to a display (not shown) for viewing during 
image acquisition. 

Motion estimation engine 407 is configured to receive the 
low resolution previous from low resolution preview engine 
405 and to generate a motion estimation model based on the 
low resolution previews. For example, using a compressible 
optical flow model, a displacement vector field is computed 
to estimate the motion of the object between two of the low 
resolution preview frames. One example of the method by 
which the motion estimation engine produces a motion 
estimation model is described in more detail below in 
reference to FIG. 7. Motion estimation engine 407 is con
figured to output motion estimation model to the high 
resolution video reconstruction engine 409. In addition the 
high resolution video reconstruction engine 409 is config
ured to receive the compressive sensed video frame data 403 
and the motion estimate model. In accordance with one or 
more embodiments, the compressive sensed video frame 
data 403 may include both the frame data from the com-

ity of the time window by the user allows for the ability to 
choose a window that may produce the best reconstruction 
result and/or facilitate a higher compression rate than frame
by-frame reconstruction. 45 pressive measurement, referred to herein as either y(t) or 

z(t), and the measurement matrix, referred to herein as <I>. 
The high resolution video reconstruction engine 409 may 
then reconstruct frames of high resolution video data 415 

In accordance with one or more embodiments, the video 
processing unit generates motion estimates 305a-305b 
between preview frames, e.g., using a compressive optical 
flow model. These motion estimates may be used to deter
mine a motion constraint to be used for the high-resolution 50 

reconstruction. The video processing unit may reconstruct 
the high-resolution reconstructed frames 307a-307c from 
the compressive sensed data frames using the computed 
motion constraints as the constraints for an optimization 
problem. This optimization based method is described in 55 

further detail below in reference to FIGS. 7-8. 

from the compressive sensed video frame data 403 by 
solving an optimization problem that employs the motion 
estimation model as a constraint. One example of the 
method by which the high resolution video reconstruction 
engine 409 may reconstruct frames of high resolution video 
415 from the compressive sensed video frame data 403 is 
described in more detail below, e.g., in reference to FIGS. 
7-8. In accordance with one or more embodiments, the 
frames of high resolution video may be output for display. 
In accordance with one or more embodiments, the frames of 
the high resolution video data form a video data cube 417. 

FIG. 5 shows a multi-scale sensing matrix 501 in accor-
dance with one or more embodiments that may be used to 
employ CS in accordance with one or more embodiments. 
For example, in accordance with one or more embodiments, 
the signal interface 205 may employ a multi-scale sensing 

FIG. 4 shows a video processing unit for use in the video 
acquisition system in accordance with one or more embodi
ments of the invention. More specifically, FIG. 4 shows a 
video processing unit for dynamic imaging that employs 60 

motion compensated multi-scale recovery, which is a high 
resolution video reconstruction method described in more 
detail below in reference to FIGS. 6-7. One or more embodi
ments of the video processing unit 401 and its components 
may be implemented using hardware, software, or any 
combination thereof. If implemented in software, the soft
ware may be stored on a computer readable medium, e.g., 

65 matrix like the one shown in FIG. 5. For simplicity, FIG. 5 
graphically illustrates a three scale sensing matrix in a two 
dimensional k-space. While a two dimensional measurement 
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space is shown, three dimensional sampling may also be 
employed without departing from the scope of the present 
disclosure. 

For example, a sensor employing a multi-scale sensing 
matrix may be mathematically described as follows: 

yL(t) <l>L(t)F(u(t)) (1) 

yH! (1) q,HI(t)F(u(t)) 

y(t) = yH2(l) q,H2(t)F(u(t)) +e(t) 

yHn(t) q,Hn(t)F(u(t)) 

where y(t) is the compressive sensed frame at time t, e(t) is 
the measurement noise at time t, and u(t) is the full resolu
tion image, i.e., the image that is to be reconstructed based 

10 

15 

10 
the low frequency domain 503. In accordance with one or 
more embodiments, the low resolution preview 507 may be 
computed by taking the inverse Fourier transform (IFFT) of 
the low frequency domain 503. 

FIGS. 6A-6C show three types of measurement strategies, 
or trajectories, for imaging sequences that may be employed 
by the signal interface in accordance with one or more 
embodiments. FIG. 6A illustrates a multi-scale sensing 
matrix in the Cartesian sequence. In this example, as in the 
others, the Fourier domain is shown in 2D for simplicity. 
However, this concept can be extended to 3D and higher 
without departing from the scope of the present disclosure. 
The measurement strategy shown in FIG. 6A may be accom
plished, e.g., using the cine sequence for MRI. The low 
frequency domain is sampled fully, and high frequency 
domain is sampled more sparsely and randomly. FIG. 68 
shows a multi-scale sensing matrix in the polar sequence. 
FIG. 6C illustrates a multi-scale sensing matrix in the spiral 
sequence. In accordance with one or more embodiments, for 

20 the above three sequences, the actual samples can be made 
more random by jittering along the trajectories shown in the 
figures. In addition, the lines in the k-space do not neces
sarily have to be equispaced and the lines are drawn here as 

on the compressive measurement. Stated another way, at 
each time instant, the data acquired, e.g., the compressive 
sensed frame is f(t), and may be described as the inner 
product between the measurement matrix <I>n(t) and the 
Fourier transform F(•) of the full resolution image u(t), plus 
some noise e(t). In this example, the low frequency com
ponent of the multi-scale sensing matrix, denoted by <I>L(t), 25 

is designed to facilitate efficient computation of low-reso
lution previews. The high frequency component of the 
multi-scale sensing matrix, denoted by <JYl(t), is designed to 
randomly sample the high-frequency components of u(t) 
such that, in combination, the low frequency and high 
frequency components may be used to reconstruct the high
resolution video frames. In accordance with one or more 
embodiments, the high-frequency components may be struc
tured randomly sampled. As used herein, structured ran
domly sampled refers to a case where the probability density 
function of the random distribution may follow a certain 
structure, or the random patters may be subject to a trajec
tory constraint posed by the imaging hardware, e.g., the 
sampling pattern may randomly jitter about a defined 
sequence to obtain some randonmess in the acquisition. To 40 

take the case of MRI as an example, the acquisition strategy 
may result in a sampling sequence that jitters about a 
Cartesian sequence, radial sequence, or spiral sequence, as 
described in further detail below in reference to FIGS. 
6A-6C. 

Furthermore, the three scale sampling matrix of this 
example may be extended to multiple scales without depart
ing from the scope of the present disclosure. More specifi
cally, in a multi-scale embodiment, a low-resolution preview 
may be computed using the low frequency component, and 
then samples from the intermediate frequency components 
may be used to compute a median-resolution video. Higher 
frequency samples may be incorporated at each stage to 
obtain higher and higher resolution until the full resolution 
video frames are obtained. 

equispaced merely for the sake of simplicity. 
Furthermore, in a case where the low frequency samples 

are not fully sampled, as described above, the low-resolution 
previews may be efficiently computed by solving an opti
mization problem, as described in more detail below. In 
addition, if the imaging modality employed samples data in 

30 real space, rather than Fourier space, an optimization prob
lem, e.g., least-squares optimization with an Ll , L2, or TV 
regularization may be used to compute the previews. Fur
thermore, in accordance with one or more embodiments, in 
the case of real space sampling, the measurement matrix 

35 may be designed to allow for efficient and accurate compu
tation of the previews, e.g., using a Hadamard matrix as 
described in Sankaranarayanan, et al. "CS-MlNI: Video 
Compressive Sensing for Spatial-Multiplexing Cameras," 
IEEE Intl. Conf. on Comp. Photo., Seattle, Wash. (2012). 

Furthermore, without departing from the scope of the 
present disclosure, any number of different types sampling 
strategies may be used. For example, for dynamic medical 
imaging applications, further tuning of the measurement 
matrix towards the physical constraints of the sequence is 

45 desirable, e.g., for the case of CT imaging, compressive 
sensing results in a set of angular measurements, where only 
a few angles in the gantry rotation are used for acquisition 
as opposed to taking all angles as is the case with non
compressive CT imaging. In addition, the sampling matrix 

50 may be adaptable in that, it may be modifies in real time 
based on real time low-resolution previews. 

FIG. 7 shows a flow chart describing a method in accor
dance with one or more embodiments of the invention. More 
specifically, FIG. 7 shows a method of video compressive 

55 sensing for dynamic imaging that employs motion compen
sated multi-scale recovery in accordance with one or more 
embodiments. 

In accordance with one or more embodiments, and as 
already described, low-resolution previews, e.g., previews 
303a-303b shown in FIG. 3 and/or previews 413 shown in 
FIG. 4 may be computed using subset of the compressive 
sensed data frames. This process, for one frame, is shown 60 

graphically in FIG. 5, where the low frequency domain 503 

In step 701, frames of compressive sensed data are 
acquired by a compressive sensor. For example, the frames 
of compressive sensed data may be acquired using a com
pressive sensor that employs a multi-scale sensing matrix 

is sampled fully, and the high frequency domains 505a and 
505b are sampled more sparsely. As used herein a fully 
sampled domain refers to a domain sampled on a grid 
wherein all the points of the domain grid are sampled. The 65 

low-resolution preview 507 may be efficiently and accu
rately computed based on the low-frequency samples from 

embodied in hardware and/or software as described above in 
reference to FIGS. 2-6. In accordance with one or more 
embodiments, a multi-scale Fourier matrix, like those shown 
in FIGS. 5-6, may be used to allow for efficient estimation 
of low-resolution previews from the frames of compressive 
sensed data. As used herein, a multi-scale sensing matrix 
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refers to the hardware and/or software associated with a 
compressive sensor, e.g., a spatial light modulator, or, in 
some embodiments, may be associated with the software 
that determines an acquisition sequence of a dynamic imag
ing device that employs a CS acquisition strategy. For 5 

example, a dynamic video acquisition sequence of a 
dynamic MRI system that causes the excitation coil and 
measurement coils to sample low-frequency samples in the 
k-space fully on a Cartesian grid, and also samples randomly 
the high-frequency samples where the random pattern may 10 

or may not change with time. 
In step 703, low-resolution previews are computed based 

on a subset of compressive sensed video frames. In accor
dance with one or more embodiments, when the low
frequency components are sampled fully, the low-resolution 15 

previews may be computed via inverse Fourier transform, 
essentially in closed-form solution. For example, this pro
cess, for one frame is shown graphically and described 
above in reference to FIG. 5. In accordance with one or more 
embodiments, the method of using inverse Fourier transform 20 

may apply to random Fourier undersampling on a uniform 
grid and also to the Cartesian sampling sequence, e.g., 
shown in FIG. 6A. In accordance with one or more embodi
ments, if the low frequency samples in the Fourier space are 
not sampled fully, the low-resolution previews may still be 25 

computed in step 703 using some form of regularized 
reconstruction. For example, the low-resolution previews 
may be obtained by solving a constrained optimization 
problem. For example, in the case ofreal space sampling the 
following optimization problem may be solved to obtain the 30 

low resolution preview uL: 

(3) 

35 

where R(u) is a regularization term. 
For Fourier space sampling, the following optimization 

problem may be solved to obtain the low resolution preview 40 
UL: 

(4) 

12 
t, the frame at a different time t+ot may be modeled as 
u(x+q(x), t+ot), where q denotes the velocity field, q:Q-Rd. 

(8) 

where Q c Rd is defined to be a rectangular domain whose 
points are denoted by x=(x1 , x2 , ... , xd)EQ. In accordance 
with one or more embodiments, a conservation of mass 
assumption, as opposed to the traditional constant brightness 
assumption, is used to determined the velocity field q from 
the low resolution previews. The conservation of mass 
assumption used in accordance with one or more embodi
ments may be written as 

fgu(x,t)dF·gu(x+q(x),t+Ot)dx (9) 

Differentiation and linearization of the above equation 
leads to the continuity equation 

au 
7ii + V · (qu) = 0 

(10) 

which is equivalent to 

au 
7ii + q ·Vu + uV · q = 0 

(11) 

where V· is the divergence operator. Note that the continuity 
equation above differs from the traditional constant bright
ness optical flow model by the third term. This can be seen 
by noting that one recovers the (constant brightness) optical 
flow equation by assuming that the velocity field is diver
gence free, 

V·q~O for u>O (12) 

In other words, standard optical flow assumes that the flow 
is incompressible. However, for many medical imaging 
applications, compressibility is inherent to many of the 
biological samples being observed, therefore the compres-
sive optical flow model disclosed herein may be a more 
reliable model than standard (i.e., incompressible, constant 
brightness) optical flow models for use in certain dynamic uL .- argmin~ IIYL - q,L F(u)II~ + AR(u) 

2 u 45 medical imaging applications. 

where R(u) is a regularization term. 
Depending on the nature of the image and sampling 

pattern, the regularization term R(u) may be chosen to be 
any appropriate type of regularization, e.g., L2, Ll, TV 
regularization, or the like, which may be written as follows: 

(5) 

Returning to step 705, based on the compressible optical 
flow model set forth above, the velocity field q may be 
determined by solving an optimization problem. For 
example, in accordance with one or more embodiments, a 

50 global approach may use global minimization of an energy 
function that includes a fidelity term and a regularization 
term. On the other hand, a local approach may estimate the 
displacement vector field at a certain pixel by only using L2 regularization R(u)~llull/ 

Ll regularization R(u)~llull 1 (6) 55 

information within the local neighbors N(x) c Q of each 
pixel in the reference image. In accordance with one or more 
embodiments, a combined local and global approach may be 

TV regularization R(u)~TV(u) (7) 

where the total variation TV() is defined and discussed in 
more detail below in the section titled Total Variation. 

Returning to FIG. 7, in step 705, a motion estimate is 
computed using the low-resolution preview. In accordance 
with one or more embodiments, the motion estimate is based 
on a compressible optical flow model. Generally speaking, 
optical flow models represent a class of non-parametric 
methods to model motion by estimating the velocity vector 
field of pixels between consecutive frames of an image 
sequence. In other words, ifu(x,t) represents a frame at time 

employed that leverages the advantages of the local and 
global methods: noise robustness of the local method and the 
dense velocity field of the global method. In accordance with 

60 one embodiment, the optimization problem used to deter
mine q is deemed the combined compressible local global 
(CCLG) mass flow and may be stated as 

65 min ( ( Oa-(X, y)(a,u(y)+q(x)·Vu(y) +u(y)V ·q(x))2dxdy+ 
q JnJn 

(13) 
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-continued 

14 
where W(•) denotes the wavelet transform and J(•) denotes 

the TV regularization. Of note is the nonlinear form of the 
above constraints. While the above optimization problems 
may be solved subject to the nonlinear form of the con-

5 straints, one or more embodiments may alternatively employ 
a linearization of the constraint as follows. Starting from the 
integrated form of mass continuity equation, 

where 1\, denotes a Gaussian patch centered at x with a 
standard deviation a, thereby defining the local neighbor
hood N(x). In accordance with one or more embodiments, 
Eq. (13) may be solved using ADAL or primal-dual method. 
However, any other method may be used without departing 10 

from the scope of the present disclosure. 

u(x+q,t+Ot)~u(x,t)e-V·q(x,t) 

the equation may be rewritten as 

u(x1+q1, x2+q2, ... , x"'qd,t+Ot)~u(x1, x2, ... , xd,t) 
k(x,t) 

(17) 

(18) 

In accordance with one or more embodiments, when 
dealing with large displacements, the CCLG approach may 
be replaced by a mass preserving warping approach. 

In the mass preserving warping method, the following 
functional may be minimized: 

15 where k(x,t)=e-V·q(x.t)_ Then defining x,=x,+q,, with i=l, 
2, . . . , d, leads to the following equation for the linear 

(14) 
20 

where the mapping is between two video frames u, and ui' 

and the corresponding density maps as m, and mJ" Further
more uo T=T(u), where the mapping between the two image 25 

domains is defined as T:Q1 ----;,Q1. 

Numerical details for how to solve Eq. (14) and its 
variants may be found for example in, Haker et al., "Optimal 
mass transport for registration and warping," International 
Journal of Computer Vision, 60(3), pp. 225-240 (2004) and 30 

Gigengack et al., "Motion correction in dual gated cardiac 
PET using mass-preserving image registration," IEEE Trans 
Medical Imaging, 31(3), pp. 698-712 (2012). 

Once the motion estimate q is determined in step 705, the 
high-resolution reconstruction may commence. In step 707, 35 
the high-resolution reconstructed frames are obtained using 
the motion estimate q, the compressed sensed data frames 
y(t), and the measurement matrix <I>(t). More specifically, in 
accordance with one or more embodiments, given the 
motion constraints q, all the high-resolution video frames 

40 may be reconstructed by solving a convex optimization 
problem with a mixture of wavelet sparsity as well as total 
variation (TV), along with two fidelity terms. The fidelity 
terms (a) enforce the consistency of compressive measure
ments using L2 square loss, and (b) impose the estimated 
flow between consecutive frames. In the case of compress- 45 

ible optical flow, the convex optimization problem solved in 
step 707 may be stated as follows: 

For real space: 

50 
~n,l.J(u) + µll'Jl(u)ll1 (15) 

constraint: 

u(x1 , x 2, ... , xd, t+6t) =u(x1 ,x2, ... , xd, t)k(x, t), (19) 

where 

0 0 q1 Xj X ! (20) 

0 0 q2 X2 X2 

0 0 qd xd xd 

0 0 0 

Returning to the form of the optimization problem solved 
in step 707, for the case of mass preserving warping, the 
convex optimization problem may be stated as follows: 

For real space: 

~n,l.J(u) + µll'Jl(u)ll1 (21) 

where T, is the mass preserving mapping. 
For Fourier space: 

~n,l.J(u) + µll'Jl(u)ll1 (22) 

where T, is the mass preserving mapping. s.t. LT L(<l>·u-y)2dxdtso 

a,u+q· Vu+uV ·q = 0 

In accordance with one or more embodiments, all the 

55 above forms of the optimization problems of step 707 may 
be solved by way of an alternating direction augmented 
Lagrangian method (ADAL), formulated as follows: 

For Fourier space: 

~n,l.J(u) + µll'Jl(u)ll1 

s.t. LT L(<l>·Fu-y)2dxdtso 

a,u+q· Vu+uV ·q = 0 

60 
(16) 

65 

For compressible optical flow: 

~n,l.J(u) + µll'Jl(u)ll1 + (23) 

where <I>(u) denotes the wavelet transform on u, and J(u) 
denotes the total variation of u. 
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For mass preserving warping: 

~nV(u) + µll'Jl(u)ll1 + (24) 

LT L (<l>(t) · F(u(t)) - y(t))2dxdt + f3 LT (u(t + 1) - T(t)u(t))dt 

where <I>(u) denotes the wavelet transform on u, and J(u) 
denotes the total variation of u. 10 

In what follows, the sum of the last two fidelity terms is 
denoted by H(u,y,q) such that Eq. (23) and (24) may both be 
written compactly as 

~nV(u) + µll'Jl(u)ll1 + H(u, y, q) (25) 

15 

Because the energy between the wavelet sparsity and TV 
20 

regularization term is coupled, additional variables and their 
associated proximal terms may be introduced to decouple 
the energy by way of the ADAL. Accordingly by introducing 
the new variables w=Du and v=<I>(u), where Dis the discrete 
gradient operator of u at index i, the original optimization 25 

problem Eqn. (25) becomes 

16 
-continued 

s1(x, i) =max{lxl-i, o}osgn(x) 
(28b) 

and D denotes the component-wise product. Likewise, for 
p=2, 

,,;+1 = s (D,1 + b' '.'..) 2 , /3 
(28c) 

where 

s2(x, i) =max{llxll2-i, 0}0
11
;

12 

(28d) 

and D denotes the component-wise product. Other tech
niques may also be used to solve the W-problem without 
departing from the scope of the present disclosure. 

In step 805, the V-subproblem is solved. For example, in 
accordance with one or more embodiments, the V-subprob
lem may be stated as 

(29) 

~nµll'Jl(u)ll1 + Al(u) + H(u, y, q) 
(26) In accordance with one or more embodiments, the V-sub-

s.t. w= Du 

V = 'Jiu 

30 problem may be solved using gradient projection. For 
example, 

and the augmented Lagrangian becomes 

minJ.llwllp + µllvll1 + H(u, y, q) + 
w,v,u 

(27) 

35 

(29a) 

With S 1 as defined above. Other techniques may also be used 
to solve the V-problem without departing from the scope of 
the present disclosure. 

/3 2 /3 2 

2 llw - Du - bll2 + 2 llv - 'Jl(u) - dll2 40 In step 807, the U-subproblem is solved. For example, in 

In accordance with one or more embodiments, the aug
mented Lagrangian of Eq. (27) may be efficiently solved by 
first splitting the problem into the W, V, and U sub-problems. 45 

FIG. 8 shows a flow chart for iteratively solving the 
augmented Lagrangian ofEq. (27) in accordance with one or 
embodiments. In step 801, the variables are initialized for 
k=O, e.g., by setting all initial values to zero. 

In step 803, the W-subproblem is solved. For example, in 50 

accordance with one or more embodiments, the W-subprob
lem may be stated as 

(28) 55 

In accordance with one or more embodiments, the W-sub
problem may be solved numerically using gradient projec-

60 
tion. For example, for p=l, 

(28a) 

65 
where 

accordance with one or more embodiments, the U-subprob
lem may be stated as 

,1+i '- ~nH(u, y, q) + 11,,;+i - Du - b'II~ + 11v'+1 - 'Jl(u) - d' II~ (30J 

In accordance with one or more embodiments, the U-sub
problem may be solved using preconditioned conjugate 
gradient descent, Newton's method, or any other appropriate 
method. 

In step 809, a convergence criteria is tested to see if 
convergence has occurred. For example, one possible con
vergence criteria may be stated as follows: 

(30a) 

Where to! is a user defined small constant, e.g., 10-6
• 

If convergence has not occurred, the method proceeds to 
step 811 and Lagrange multipliers b and dare updated, e.g., 
using a Bregman update, according to the following rules: 

(31) 

(32) 
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In step 813, k is iterated according to k=k+l and then the 
method returns to step 803. The method thus continues to 
iterate consecutively through the W, V, and U, subproblems 
until the convergence criteria is met. When the convergence 
criteria is met, the method ends, and U is output as the 5 

frames of reconstructed high-resolution video. 

nents, a time invariant component <Ii" and a time-variant 
component <I>,. Accordingly, the compressive sensed frames 
may be written as 

( z,) ( <l>F ) 
(38) 

Reconstruction of Video on Motion Manifold Assuming 
Joint Structured Sparsity 

Zt = Zr = <DrF Yt 

In accordance with one or more embodiments, the full 
resolution video frames are reconstructed from the compres- 10 

sive sensed video frames utilizing an assumption of joint 
structured sparsity on the motion manifold. Furthermore, in 
accordance with one or more embodiments, a linear dynami-

where <Ii" is the time-invariant component that is designed to 
facilitate estimation for the state sequence and <I>, is the 
time-variant component to allow innovation during the 
acquisition process, due to the ephemeral nature of videos, 
i.e., the fact that the scene changes during the measurement cal systems (LDS) approach is used to model the motion 

manifold. In what follows, a general description of LDS is 15 

provided in reference to FIG. 9 as an aid to understanding 
one or more embodiments of the invention. 

process and additional measurements of an event may not be 
made after the event occurs. 

In accordance with one or more embodiments, the time
invariant component <Ii" satisfies the observability condition 
for LDS. In the Fourier domain, the low frequency contents 
of the video frames change marginally, while the high
frequency contents change more drastically from frame to 
frame. Thus, in accordance with one or more embodiments, 
the low frequency domain may be sampled more densely. 

According to the LDS model, the original video frame at 
time t, denoted as y ,, may be represented as a linear 
combination of states x,, corrupted by noise. In other words, 20 

LDS assumes the following 

Furthermore, in accordance with one or more embodi
ments, the states x, may evolve according to a first order 
Markov process corrupted by process noise. In the case 
where the dimensionality d of the hidden states x, is much 
less than the dimensionality of the original frames n, or 
d<<n, the use of LDS is an effective way to reduce the 
high-dimensional (nxl dimensional) video cube Y into a 
low-dimensional (dxl) representation based on the state 
sequence X. 

FIGS. 9A-9C show an example of an LDS for a sample 
video from the dyntex video database. FIG. 9A shows a 
sequence of the original (full-resolution) video frames y,, 
where t=l, 2, ... , l; FIG. 98 shows the columns (where, d=9 
for this particular LDS) of the observation matrix C; and 
FIG. 9C shows the state sequence x,. 

In view of the above general description, the method in 
accordance with one or more embodiments of the invention 
works in a manner that is, loosely speaking, the inverse of 
the LDS process described above. That is to say rather than 
using the full frame video cube Y to determine the LDS 
characterized by C and X, CS based on LDS seeks to acquire 
enough sparsely sampled data frames to numerically gener
ate C and X, and then use the generated C and X to 
numerically reconstruct the full frame video cube Y. The 
LDS of CS in accordance with one or more embodiments 
may be written (for CS in Fourier space) as 

z ,~<t> ,FCx,+w, w,-N(O, Q) 

x,.1 ~Ax,+v, v ,-N(O,R) 

(35) 

(36) 

25 Furthermore, in accordance with one or more embodiments, 
the time-variant component <I>, is designed to satisfy the 
incoherence assumptions for compressive sensing, promot
ing randomness of the Fourier samples in the temporal 
domain. For example, within each frame, the Fourier space 

30 may be sampled according to the theoretical results obtained 
by Krahmer et al. "Beyond incoherence: stable and robust 
sampling strategies" Tech. Rep., arXiV 1210.2380v2 (2012). 
In one example, <I>, is designed to sample k-space randomly, 
according to a particular probability distribution function 

35 P(k). Furthermore, in accordance with one or more embodi
ments, the time dependence may be created by generating a 
new set of points according to the same or different prob
ability distribution function at each point in time. For the 
time invariant component <Ii", the k-space sampling strategy 

40 is also determined using a probability distribution but the set 
of random points is generated only once and used for all 
times. Examples of probability distributions that may be 
used for both the time-invariant and time-variant compo
nents include: uniform distribution (probability of sampling 

45 is uniform in k-space, e.g., P(ki,k2 )=C, where C is a 
constant), distance distribution (probability of sampling falls 
off as the inverse of the squared distance to the k-space 
center, e.g., P(k1 ,k2 )cx(k/+k/f1

), as the inverse squared 
hyperbolic distribution (probability of sampling falls off as 

50 a hyperbolic function ink-space P(k1 ,k2)cx(k/+k/+lf1
). 

The above sampling distributions are disclosed merely for 
the sake of example and thus any suitable sampling distri
bution may be used without departing from the scope of the 
present disclosure. 

FIG. 10 shows a video processing unit in accordance with 
one or more embodiments of the invention. More specifi
cally, FIG. 10 shows a video processing unit for dynamic 
image reconstruction that employs joint structured sparsity 
on a motion manifold using LDS, as introduced above. Such 

where z, are the compressed sensed frames, and Cx, are the 
full resolution frames that are desired to be reconstructed, F 55 

is the multi-dimensional Fourier transform in the image 
domain Q, and <I>,ElR mxn is the time dependent compressive 
measurement matrix that determines precisely where in 
k-space the sampling is done during the image acquisition 
process. Thus, with the problem formulated as shown in Eqs. 
(35)-(36), the full resolution video frames may reconstructed 

60 a processing unit may be employed within a compressive 
sensing system for dynamic imaging in accordance with one 
or more embodiments, e.g., as shown and described above in 
reference to FIG. 2. One or more embodiments of the video 
processing unit and its components may be implemented 

using 

(37) 

In accordance with one or more embodiments, a two 
component sampling strategy may be employed that splits 
the compressive measurement matrix <I>, into two compo-

65 using hardware, software, or any combination thereof. If 
implemented in software, the software may be stored on a 
computer readable medium, e.g., memory 209 of video 
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Any suitable measurement matrix may be used, e.g., as 
described above in reference to Eq. (38). Furthermore, the 
compressive sensed data may be acquired using software 
and/or hardware that is identical or similar to that described 

acquisition system 203, or any other suitable memory oper
ably connected to the video processing unit 1001. Further
more, the software may be executed by the one or more 
processors of the video acquisition system, e.g., processors 
217 shown in FIG. 2, to perform the video reconstruction 
method in accordance with one or more embodiments. 

5 above in reference to FIG. 2. 

The video processing unit 1001 includes a state sequence 
estimation engine 1005, an observation matrix reconstruc
tion engine 1007, a high-resolution video reconstruction 
engine 1009, and an optional user interface/input device 10 

1011. In accordance with one or more embodiments, state 
sequence estimation engine 1005 receives compressive 
sensed video frame data 1003, e.g., the frame data acquired 
by the signal interface 205 described above in reference to 
FIG. 2. In accordance with one or more embodiments, the 15 

compressive sensed video frame data 1003 may be in the 
form of a compressive sensed video data cube, as shown. In 
accordance with one or more embodiments, the compressive 
sensed video frame data 1003 may include both the frame 
data from the compressive measurement, referred to herein 20 

as either y(t) or z(t), and the measurement matrix, referred 

25 

to herein as <I>. In accordance with one or more embodi
ments, state sequence estimation engine 1005 may compute 
the state sequence X associated with a linear dynamical 
system (LDS) model of the compressive sensed video frame 
data. This process is described in more detail below in 
reference to FIGS. 11-12. The state sequence X is then 
output to both the observation matrix reconstruction engine 
1007 and the high resolution video reconstruction engine 
1009. In accordance with one or more embodiments, the 30 

observation matrix construction engine 1007 may construct 

In step 1103, the state sequence X is estimated based on 
the time invariant component of the frames of compressive 
sensed data. For example, in accordance with one or more 
embodiments, the time invariant component of the compres
sive sensed frames, denoted by z, is given by 

z,=<l>FCx,+w, w,-N(O,Q) 

x,.1 =Ax,+v, v,-N(O,R) 

(39) 

(40) 

In accordance with one or more embodiments, the state 
sequence may be obtained by performing a singular value 
decomposition (SYD) on the block-Hankel matrix Hiz) 
formed using the set of measured z,, which may be written 
as 

71 72 Zt-d+l (41) 

72 73 Zt-d+2 
Hd(Z) = 

Zd Zd+l 71 

where d is a user defined parameter that not only defines the 
size of the Hankel matrix but also determines how many 
eigensystems to take from the SYD, as discussed below. 
However, in accordance with one or more embodiments, the 
index d may be decoupled from the number of eigensystems 

an observation matrix C associated with the LDS of com
pressive sensed video data using both the state sequence X 
and the compressive sensed video data cube Z. Generally 
speaking, in accordance with one or more embodiments, the 
observation matrix construction engine may determine the 
observation matrix C by solving an optimization problem 
employing joint structured sparsity on the motion manifold. 
In accordance with one or more embodiments, the optimi
zation problem may be solved using ADAL. The observation 
matrix construction process is described in more detail 
below in reference to FIGS. 11-12. Observation matrix 
construction engine 1007 is configured to output the obser
vation matrix to the high resolution video reconstruction 
engine 1009. The high resolution video reconstruction 
engine 1009 is configured to receive both the state sequence 

eventually used. More specifically, the SYD ofHiz) results 
in the matrix decomposition ofH£z)=illYr. Taking the first 
d eigensystems from the decomposition yields the sub-

35 matrices U d, ~d, Yd· In accordance with one or more 
embodiments, the number of eigensystems used for estimat
ing the state sequence may be chosen by the user to ensure 
an accurate representation, e.g., the eigensystems having the 
m largest eigenvalues may be chosen, independent of the 

40 original size of the Hankel matrix. In other examples, for 
simplicity, the number of eigensystems chosen and the size 
of the Hankel matrix may be both determined by the index 
d. The state sequence estimate X is then obtained from the 
sub-matrices by the following formula 

45 
(42) 

X and the observation matrix C and compute the recon
structed frames Y of high resolution video 1013 from the 
state sequence X and observation matrix C. In accordance 
with one or more embodiments, the process executed by the 50 

high resolution video reconstruction engine 1009 is 
described in more detail below in reference to FIGS. 11-12. 

It should be noted that the estimated state sequence X 
obtained by factorizing the block-Hankel matrix is not 
unique, but defined only up to a linear transformation. In 
other words, there is no unique solution for the state 
sequence estimation. In accordance with one or more 
embodiments, this ambiguity is resolved by a joint sparsity 
assumption, as described below in reference to Eq. (43). In 
addition, while SYD is used to identify the subspace in this 

In accordance with one or more embodiments, the frames of 
high resolution video y, may be output for display. In 
accordance with one or more embodiments, the frames of 
the high resolution video y, form a video data cube Y. 

FIG. 11 shows a flow chart describing a method in 
accordance with one or more embodiments of the invention. 
More specifically, FIG. 11 shows a method of video com
pressive sensing for dynamic imaging that uses linear 
dynamical systems to model the motion manifold and 
employs joint structured sparsity on the motion manifold for 
video reconstruction. Furthermore, in accordance with one 
or more embodiments, the method may employ ADAL. 

In step 1101, frames of compressive sensed data are 
acquired using a compressive measurement matrix having a 
time-invariant component and a time-variant component. 

55 example, any classical subspace identification method may 
be employed without departing from the scope of the present 
disclosure, e.g., principal component analysis (PCA), 
unweighted PCA, canonical variate analysis (CYA), numeri
cal algorithms for subspace identification (N4SID), and 

60 multivariate output error state space (MOESP), or the like. 
Furthermore, one of ordinary skill will appreciate that other 
less computationally intensive methods may also be 
employed without departing from the scope of the present 
disclosure. In accordance with one or more embodiments, an 

65 example of a less computationally intensive method for 
sequence identification is described in more detail below in 
reference to FIG. 14. 
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where Vis the gradient operator, p=l for anisotropic TV; and 
p=2 for isotropic TV. The new variables are W, V, and U, 
where WERnxd, VERrxd, and UERnxd to denote the matrix 
form. The respective colunm vectors are denoted by w C/)' 

In step 1105, the observation matrix C is constructed from 
the estimated state sequence X and the frames of compres
sive sensed data z, obtained from the time independent 
sensing matrix <Ii" by solving a convex optimization problem 
based on joint structured sparsity. Let c i, c2 , ... , en be the 
rows of the observation matrix C, and let cc1), cc2 ), ... , cCdJ 
be the colunms of the observation matrix C. Then the 
construction problem takes the following form: 

5 v C/)' indexed by j= 1, 2, ... , d, and u, is a row vector indexed 
by i=l, 2, ... , n. 

In accordance with one or more embodiments, this con
strained optimization problem may then be re-formulated 
into an unconstrained optimization problem using the aug-

10 mented Lagrangian method, 

d d ~~ 

1na: ~ TV(cui) + /3~ ll'Jl(cuilll 1 + 
j=l j=l 

n l ) 

y ~ llc;ll2 + ~ 211z, -<l>,FCx,11~ 15 
1=1 t=l 

The first two regularization terms concern the structured 
sparsity within each colunm of the observation matrix. More 

20 
precisely, each column of the observation matrix c(f) is 
piecewise smooth on the motion manifold, thus this varia
tional property is modeled via total variation (TV), and c(f) 
is demanded to be sparse under wavelet transform 1.jJ(•). The 
third term is the joint sparsity regularization, IIClb 1 =: 25 

~,~tllc,lb, which forces all colunms of the observation 
matrix to share the same support. In accordance with one or 
more embodiments, the joint sparsity is advantageous to the 
success of the construction, due to the ambiguity introduced 
by the non-uniqueness for state sequence estimation (LDS 30 

determines X only up to a linear transformation). 
It can be seen from inspection of Eq. (43) that the 

optimization problem has several terms whose energies are 
coupled. Moreover, there is no closed-form for computing 
the adjoint operator for the TV term and the joint sparsity 35 

term also makes the problem relatively complicated. How
ever, without the TV term, the optimization problem can be 
solved using several off-the-shell algorithms, such as spec
tral projected gradient method (SPGLl), accelerated gradi
ent method (SLEP), block-coordinate descent algorithm, 

40 
and SpaRSA. However, none of these off the shelf algo
rithms exploits the structure of the Fourier operator, as is 
done in accordance with one or more embodiments of the 
invention. In accordance with one or more embodiments, 
solving the optimization problem using ADAL facilitates the 
exploitation of the structure of the Fourier operator. In what 45 

follows, the optimization problem including a TV term is 
solved. However, the optimization problem stated without 
the TV term may also be solved in accordance with one or 
more embodiments without departing from the scope of the 
present disclosure. 50 

Returning to FIG. 11, in step 1105, the observation matrix 
C is obtained using ADAL in accordance with one or more 
embodiments. ADAL proceeds as follows: First, additional 
variables are introduced to split the energy between different 
regularization terms, which results in the following con- 55 
strained optimization, 

d d 

min CY~ llwuill + /3~ llvuil1 1 + 
W,V,U,C j=l P j=l 

(44) 

60 

n l ) 

y ~ llu;ll2 + ~ 2 llz, - <l>,FCx,11~ 
1=1 t=l 

d d n 

min CY'\' llwuill + f3" llvuil1 1 +y '\' lludl2 + 
W,V,U,C fj_ P fj_ ~ 

(45) 

, 1 2 CYµ d 2 
~ 211z, -<l>,FCx,112 + 2 ~ llwui -Vc(J) - euill2 + 
i=l ~· 

J3 d n 

; ~ llvui - 'Jlc(J) - kill~+~~ llu; - c; - g;II~ 
j=l i=l 

where e(f), f(f), and g, are the Lagrange multipliers. Thus, in 
step 1105, the observation matrix C is obtained by solving 
the above equation by alternating directions among W, V, U, 
and C as described in more detail in reference to FIG. 12 
below. 

In step 1107, the LDS, i.e., the constructed X and C 
obtained in steps 1103 and 1105, respectively are then used 
to reconstruct the high-resolution video frames y, using the 
relation 

(46) 

FIG. 12 shows the sub-steps involved to construct the 
observation matrix C from the estimated state sequence X 
and the frames of compressive sensed data, i.e., the sub
steps involved in step 1105 above. In accordance with one 
or more embodiments, FIG. 12 shows the steps of the 
ADAL. In step 1201, the variables are initialized. For 
example, all initial values may be set to zero. 

In step 1203, the W-subproblem is solved. In accordance 
with one or more embodiments, the W-subproblem may be 
stated as follows: 

In accordance with one or more embodiments, the W-sub
problem may be solved using the gradient projection 
method, where the projection operator is defined by the 
shrinkage operator. 

In step 1205, the V-subproblem is solved. In accordance 
with one or more embodiments, the V-subproblem may be 
stated as follows: 

d d 

yk+I <-1n /3~ llvuil11 + /3; ~ llvui - '¥ciJ1 - .fc)ill~ 
j=l j=l 

(48) 

s.t. wu1 = V (cuil vui = 'Jl(cuil u, = c;/3 
In accordance with one or more embodiments, the V-sub-

65 problem may be solved using the gradient projection 
method, where the projection operator is defined by the 
shrinkage operator. 
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In step 1207, the U-subproblem is solved. In accordance 
with one or more embodiments, the U-subproblem may be 
stated as follows: 

(49) 

-continued 

I ~11z, -<t>,txt.JF(ccu1lll

2 

t=l J l 2 

In accordance with one or more embodiments, the C-sub
problem may be solved using the spectral method in a 
manner that is similar to that laid out below for the case of 

10 no TV term where 
In accordance with one or more embodiments, the U-sub
problem may be solved using the gradient projection 
method, where the projection operator is defined by the 
shrinkage operator. 

In step 1209, the C-subproblem is solved. In accordance 15 

with one or more embodiments, the U-subproblem may be 
stated as follows: 

d 

(:'+l <-~n °'; ~ llwui - V cul - e(J)II; + 
j=l 

/3µ d 2 

2 ~ llvui - 'Jlcui - k1ll2 + 
j=l 

yµ n k+ 1 k 2 l l A 2 

2 ~ llu; - c; - g, 11 2 + ~ 2 llz, - <t>,FCx,112 
i=l t=l 

(50) 20 

25 

30 
In accordance with one or more embodiments, the linearity 
property of the Fourier transform may be exploited to 
rewrite the 

, 1 
~ 2 llz, - <t>,Fcx,11~ 
t=l 

35 

term of the C-subproblem as follows, so that all terms of the 40 
C-subproblem operate in the colunm space of the observa
tion matrix C: 

I ~llz, -<t>, txuF(ccu1lll

2 

t=l J l 2 

(51) 45 

and 

R =aµD( w u/+1 _ei ")+i31P (vu/+1 _fu1"J+yµ(uu/•1 _ 
gu1"l+ · · · 

(53a) 

(53b) 

In step 1211, a convergence criteria is tested to see if 
convergence has occurred. For example, one possible form 
for the convergence criteria is 

_11_c'_+_1 ~-_c_'_II s to! 
max(IIC', 111) 

Where to! is a small user defined parameter, e.g., 10-6
• 

If the convergence criteria is not met, the Lagrange 
multipliers e, f, and g are updated according to the following 
rules: 

(54) 

In step 1215, k is iterated according to k=k+ 1 and then the 
method returns to step 1203. The method thus continues to 
iterate consecutively through the W, V, U, and C, subprob
lems until the convergence criteria is met. When the con-
vergence criteria is met, the method ends, and C is output as 
the constructed observation matrix. 

FIG. 13 shows an example of the original and recon
structed video frames that were reconstructed according to 
the method described in FIGS. 11-12, showing the remark
able accuracy of the method. 

and further noting that the third term 

As alluded to above, the optimization problem used to 
find C may be solved without the use of the TV term, in 

50 which case it takes the form of: 

n n 

~ 110+! - C; -g/11; = ~ 11"1J)1 
- C(j) -g/Jill~ 

(52) 

i=l i=l 

Allows the new form of the objective function to be written 
as 

(53) 

J3µ d k+l k 2 n +l k 2 
2 ~ llv(j) - 'JIC(j) - fc1ill2 + ~ 11"1J) - C(j) - g(j)ll2 + 

j=l i=l 

d n l l 
1nf3~ ll'Jl(cuilll 1 +y ~ llcdl2 + ~ 211z, -<t>,FCx,)11~ 

j=l i=l t=l 

(55) 

55 

In this case, the method for solving Eq. ( 55) using ADAL 
proceeds nearly identically to that described above in ref
erence to FIG. 12 except that the W-subproblem is no longer 

60 present and that the C-subproblem is simplified to the 
following form: 

(56) 
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-continued 

yµ n +l k 2 l l A 2 
2 ~ 110 - C; - g, 112 + ~ ::;: llz, - <t>,FCx,112 

i=l t=l 

Furthermore, exploiting the linearity property of the Fou
rier transform in addition to the orthonormality property of 
both the Fourier transform operator (FrF=I) and the wavelet 
transform (WrW=I) reveals that each colunm of the C matrix 
may be obtained from the following closed form solution 10 

cu>=F 1(FRIL) 

where R is given by 

(57) 

26 
In step 1415, the residual ratio y(w) 1s computed as 

follows: 

y( w )-IIM-C .( w )X.( w )IIJ0'11M-CA]IF 

In step 1417 the value of y(w) is tested to determine if 
y(w);;,;l. If yes, the method proceeds to step 1429, where w 
is set to 1 and then the method returns to step 1407. Ify(w)<l 
then the method proceed so step 1419 where C,X and Mare 
updated. 

In step 1423, y(w) is tested against y1. Ify(w);;,;y1 then the 
method proceeds to step 1425 where o is set to max(o,0.25 
(w-1)) and w is set to min(w+o,D). Then at step 1427, the 
convergence criteria are tested. If the convergence is 
detected, then the method ends. If the method has not 

15 converged then the method returns to step 1407. 

l l I (i. FT <I>'{' <l>rFXr,):r,jC )') +~FT <I>'{' ZtXt,j 

t=l J *-J 

and where L is given by 

l 

L = /3µ! + yµI + ~ x;,1<t>; <t>, 
t=l 

(58) 

20 

(59) 25 

Returning to step 1423, if y( w )<y 1 then the method pro
ceeds to step 1431 where the convergence criteria are tested. 
If convergence is detected then the method ends, otherwise 
the method returns to step 1407. 

Total Variation 
The following section includes a general description of 

the total variation (TV) to aid in the understanding of the 
invention. Considering the space only TV for simplicity first, 
total variation of u, is equipped with the BV seminorm 

(60) 

and the space of functions with bounded total variation is 

BV(Q):={ uEL 1(Q) ITV(u)<oo} (61) 

FIG. 14 shows a method for system identification using a 
low rank Hankel matrix in accordance with one or more 
embodiments of the invention. In this example, the system 
identification problem is formulated as follows: 

30 TV regularization may take the anisotropic form or isotropic 
form. 

Anisotropic TV 

C, X = argminllCX - MIi} 
c.x 

35 
J(u) :=LIIV ull1 dx = ~ IIDu;ll1 

O iEO 

(62) 

s.t. M = H1.1.1(z)rank(CX) = d 

where a low rank-factorization is sought, resulting in spatial 
factor CERnxd and temporal factor XERdxz. Such an approach 

where Du,EDd is the discrete gradient of x at index i, with 
40 dE{2, 3} and iEQ. 

is designed to alleviate the possible corruption of noise, 
which can increase the rank of the block Hankel matrix. FIG. 
14 shows one example of a low rank factorization algorithm 
based on nonlinear successive over-relaxation, in accor- 45 

dance with one or more embodiments. This low rank fac
torization algorithm avoids the computational burden of 
SYD and obtains an estimation for both the observation 
matrix C and the state sequence X. 

In step 1401, the simplest black Hankel matrix is formu- 50 

lated: 

H 1, 1,,(z)=lzi, z,, ... , z,, , z1j. 

In step 1403, all variables are initialized. For example, 
k=O; C0 ERnxd; X0ERdxl; w=l, D>l; o>O; Y1E(O,l). In step 55 

1405, (C,X,M) is set to (C\X\M1. 
In step 1407, M"' is computed as follows: 

Mw -wM"+(l-w )Ckx" 

In step 1409 C+(w) is computed as follows: 60 

c.(w)-MJT(XXT)t 

In step 1411, X+Cw) is computed as follows: 

X.(w)-(C.(w)TC.(w))'(C.(w)TMw) 

In step 1413, M+Cw) is computed as follows: 
65 

If d=2 for instance, the TV becomes 

J(u) = ~ IDx1U; + Dx2u;I 
iEO 

Similarly, with d=3 the TV becomes 

J(u) = ~ IDx1U; + Dx2U; + Dx3U;I 
iEO 

Isotropic TV 

J(u) :=LIIV ull2 dx = ~ IIDu;ll2 
O iEO 

If d=2, this is equivalent to 

J(u) = ~ ~ (Dx1u;) 2 + (Dx2u;)2 

iEO 

(63) 

(64) 

(65) 

(66) 
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Likewise, if d=3 the isotropic TV becomes 

J(u) = ~ ,/ (Dx1u;) 2 + (Dx2u;)2 + (Dx3U;)2 

iEO 

(67) 

The boundary conditions for u can be periodic or Neu
mann. In accordance with one or more embodiments, 
numerical method framework can deal with both boundary 10 
conditions. Depending on the type of wavelet employed, 
different optimization strategies may be coupled with u's 
preferred boundary condition for numerical efficiency. One 
or more embodiments of the invention deal with both types 
of TV regularization, and have different treatment for the 15 
projection operator. 

When dealing with spatial temporal data as is the case for 
dynamical imaging, the definition of TV may be generalized 
as follows: 

2D Space+ Time 20 

When Q c R 2 is considered, both wavelet transform and 
TV regularization are functionals defined on Qx[O,T]----;, R, 
resulting in a 3D regularization of the form 

(68) 

25 
where sE[l,2]. Note that when s=l, this is equivalent to 

TV in 3D, 

J(u)~fwx[o,1/l;\uldx (69) 

where °\\:=(,\i,clx2,a,), and x:=(x1,X2,t)EQ·[O,T]. 
3D Space+ Time 
When Q c R3 is considered, a 4D wavelet transform in 

spatial and temporal domain is defined. There are several 
ways to define 4D regularization for the TV term on Qx[O, 
T]----;,R. Similarly to the 2D image sequence above 

(70) 

where sE[l,2]. 
While the embodiments have been described with respect 

30 

35 

to a limited number of embodiments, those skilled in the art, 
having benefit of this disclosure, will appreciate that other 40 

embodiments may be devised which do not depart from the 
scope of the embodiments as disclosed herein. Accordingly, 
the scope of the embodiments should be limited only by the 
attached claims. 

What is claimed is: 
1. A compressive sensing system for dynamic video 

acquisition, comprising: 

45 

a video signal interface comprising a compressive imager 
configured to acquire compressive sensed video frame 
data from an object, wherein the compressive sensed 50 

frame data is generated by sampling a signal associated 
with the object at rate below a Nyquist frequency of the 
signal; 

a video processing unit comprising a processor and 
memory, 55 

wherein the video processing unit is configured to receive 
the compressive sensed video frame data from the 
video signal interface, 

wherein the memory comprises computer readable 
instructions that when executed by the processor cause 60 

the processor to: 
generate a motion estimate from the compressive 

sensed video frame data; 
generate dynamical video frame data from the motion 

estimate and the compressive sensed video frame 65 

data; 
output the dynamical video frame data, 

28 
wherein the motion estimate is based on, at least in part, 

a velocity field, 
wherein the velocity field is determined based on preview 

frames that are generated from a low frequency domain 
of a subset of the frames of the compressive sensed 
video frame data. 

2. The compressive sensing system of claim 1, wherein 
the motion estimate is obtained by solving an optimization 
problem comprising a compressible optical flow constraint. 

3. The compressive sensing system of claim 2, wherein 
the compressible optical flow constraint enforces the fol
lowing condition: 

a,u+q·Vu+uV·q~O 

where u represents a dynamical video frame at time t, and 
q(x) represents the velocity field. 

4. The compressive sensing system of claim 1, wherein 
the compressive sensed video frame data comprises: 

a first frame that specifies a scene at a first time, wherein 
the scene at the first time comprises the object at a first 
location within the scene; and 

a second frame that specifies the scene at a second time, 
wherein the scene at the second time comprises the 
object at a second location within the scene, 

wherein the first location and the second location are 
different locations within the scene. 

5. A method for dynamic video acquisition, comprising: 
obtaining frames of compressive sensed data for an 

object, wherein the compressive sensed data is gener
ated by sampling a signal associated with the object at 
rate below a Nyquist frequency of the signal; 

generating motion estimates using the frames of compres
sive sensed data; and 

generating dynamical video frame data using the motion 
estimates and the frames of compressive sensed data by 
solving an optimization problem, the optimization 
problem comprising a wavelet transformation term and 
a total variation regularization term subject to a com
pressible optical flow constraint, 

wherein the motion estimates are based on, at least in part, 
a velocity field, 

wherein the velocity field is determined based on preview 
frames that are generated from a low frequency domain 
of a subset of the frames of the frames of compressive 
sensed data. 

6. The method of claim 5, wherein the compressible 
optical flow constraint requires solving the optimization 
problem such that: 

a,u+q·Vu+uV·q~O 

where u represents a decompressed dynamical video frame 
at time t, and q represents the velocity field that quantifies 
the motion estimate. 

7. The method of claim 5, further comprising: 
generating preview frames from the frames of compres

sive sensed data using a multi-scale sensing matrix; 
wherein the motion estimate is generated using the pre

view frames. 
8. A method for dynamic video acquisition, comprising: 
acquiring, by a compressive imager, frames of compres

sive sensed data, wherein the compressive sensed data 
is generated by sampling a signal associated with an 
object at rate below a Nyquist frequency of the signal; 

generating motion estimates using the acquired frames of 
compressive sensed data; and 

generating dynamical video frame data using the motion 
estimates and the frames of compressive sensed data by 
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solving an optimization problem using an alternating 
direction augmented Lagrangian method, 

wherein the motion estimates are based on, at least in part, 
a velocity field, 

wherein the velocity field is determined based on preview s 
frames that are generated from a low frequency domain 
of a subset of the frames of compressive sensed data. 

9. A non-transitory computer readable medium compris
ing instructions that, when executed by a processor cause the 
processor to: 

generate motion estimates using acquired frames of com
pressive sensed data, wherein the compressive sensed 
data is generated by sampling a signal associated with 
an object at rate below a Nyquist frequency of the 
signal; and 

generate dynamical video frame data using the motion 
estimates and the frames of compressive sensed data by 
solving an optimization problem, the optimization 
problem comprising a wavelet transformation term and 

10 

15 

a total variation regularization term subject to a com- 20 

pressible optical flow constraint, 
wherein the motion estimates are based on, at least in part, 

a velocity field, 
wherein the velocity field is determined based on preview 

frames that are generated from a low frequency domain 
of a subset of the frames of compressive sensed data. 

30 
10. The non-transitory computer readable medium of 

claim 9, further comprising instructions that, when executed 
by a processor cause the processor to: 

generate preview frames from the frames of compressive 
sensed data using a multi-scale sensing matrix; 

wherein the motion estimate is generated using the pre
view frames. 

11. Anon-transitory computer readable medium compris
ing instructions that, when executed by a processor cause the 
processor to: 

generate motion estimates using acquired frames of com
pressive sensed data, wherein the compressive sensed 
data is generated by sampling a signal associated with 
an object at rate below a Nyquist frequency of the 
signal; and 

generate dynamical video frame data using the motion 
estimates and the frames of compressive sensed data by 
solving an optimization problem using an alternating 
direction augmented Lagrangian method, 

wherein the motion estimates are based on, at least in part, 
a velocity field, 

wherein the velocity field is determined based on preview 
frames that are generated from a low frequency domain 
of a subset of the frames of compressive sensed data. 

* * * * * 


