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ABSTRACT: A new method based on variance spectroscopy has enabled the
determination of absolute absorption cross sections for the first electronic
transition of 12 (n,m) structural species of semiconducting single-walled
carbon nanotubes (SWCNTs). Spectrally resolved measurements of
fluorescence variance in dilute bulk samples provided particle number
concentrations of specific SWCNT species. These values were converted to
carbon concentrations and correlated with resonant components in the
absorbance spectrum to deduce (n,m)-specific absorption cross sections
(absorptivities) for nanotubes ranging in diameter from 0.69 to 1.03 nm. The measured cross sections per atom tend to vary
inversely with nanotube diameter and are slightly greater for structures of mod 1 type than for mod 2. Directly measured and
extrapolated values are now available to support quantitative analysis of SWCNT samples through absorption spectroscopy.
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Single-walled carbon nanotubes (SWCNTs) are a family of
artificial nanomaterials that command interest for their

unusual physical properties and numerous potential applica-
tions. Each SWCNT has well-defined electronic and spectro-
scopic properties determined by its diameter and roll-up
(chiral) angle, which are uniquely specified by its chiral index, a
pair of integers (n,m).1 Because of their distinct physical and
chemical properties, different (n,m) structural species may be
considered separate chemical substances. An important
property for any substance is the strength of its optical
absorptions, quantified as oscillator strength or more
commonly as molar absorptivity (extinction coefficient) or
absorption cross section. This optical parameter is of
fundamental interest because it reflects properties of the
ground and electronically excited wave functions, and it is of
high practical value for sample characterization because it
allows concentrations to be conveniently determined through
simple absorption spectroscopy. This analytical value is greatest
for the lowest transitions (“E11” or “S11”) of semiconducting
SWCNTs, because in mixed samples they are less spectrally
overlapped than higher transitions.
Despite the importance of (n,m)-specific absorption cross

sections, their measurement has been hampered by the
difficulty of sorting as-grown mixtures into structurally pure
fractions and by the challenge of determining absolute SWCNT
concentrations in suspensions that also contain surfactants or
polymer coatings. Nevertheless, there are several published
reports of experimental SWCNT absorption cross sections. In
2004, Islam et al. published the first absorption cross section
report for the second (E22) electronic transition. Their value of
0.17 × 10−17 cm2/C atom was measured in an unsorted
SWCNT mixture and represents an undefined average over

many (n,m) species.2 Attal et al. subsequently reported a
method to determine the overall carbon nanotube concen-
tration in a dispersion using UV−vis absorption spectroscopy.3

However, this method is based on the total mass of dried
supernatant after subtracting a spectrally determined surfactant
mass, so it also provides no structure-resolved information.
Several years later, Schöpper et al. used fluorescence tagging
and concentration determination by atomic force microscopy
to obtain a value of 1.7 × 10−17 cm2/C atom for the S11 peak
cross section of the (6,5) species.4 Berciaud et al. and Oudjedi
et al. measured (6,5)-specific E22 absorption cross section
values of 1 × 10−17 cm2/C atom and 3.2 × 10−17 cm2/C atom
using time-resolved photoluminescence and a metrological
approach, respectively.5,6 A few E22 cross sections have also
been reported for other (n,m) species. Koyama et al. deduced a
value of 0.54 × 10−17 cm2/C atom for (6,4) using femtosecond
transient absorption,7 and Xiao et al. used ultrafast excitation
and stochastic modeling to find values between 0.6 and 1.8 ×
10−17 cm2/C atom for (9,8) and (10,8) SWCNTs,
respectively.8 Strengths of some higher order transitions have
also been studied.9,10 In 2014, Streit et al. introduced a method
that uses short-wave infrared fluorescence microscopy to
directly find particle concentrations of sorted samples by
counting the numbers of nanotubes in a known volume. The
approach was applied to measure absolute S11 and S22 cross
sections for seven semiconducting (n,m) species.11

Although the findings of Streit et al. substantially expanded
secure knowledge of SWCNT absorption cross sections and
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provided a glimpse of their structural trends, it is clearly
necessary to extend cross section measurements to more (n,m)
species. We report here the first use of the recently developed
method of variance spectroscopy to measure (n,m)-specific
nanotube concentrations and thereby find absolute absorption
cross sections. By combining these values with those of Streit et
al., we compile an enlarged database that includes 13 different
(n,m) species, revealing further information on structural trends
and enabling improved quantitative sample analyses.
Variance spectroscopy captures spectra from many small

regions of a dilute nanoparticle sample and analyzes them for
minor differences that reflect statistical variations in composi-
tion.12 Unlike the related method of fluorescence correlation
spectroscopy, it measures changes in spectral content rather
than total emission intensity. Therefore, variance analysis of
mixed SWCNT samples, in which large structural heterogeneity
gives large spectral heterogeneity, can reveal the relative
number concentrations of different (n,m) species. We convert
these particle number concentrations to (n,m)-specific carbon
atom concentrations using mean nanotube lengths found by
LAND measurements. The LAND method uses fluorescence
videomicroscopy to track diffusional trajectories of many
individual SWCNTs in a liquid medium.13 Each trajectory is
analyzed to find its diffusion coefficient,14 which is mapped to
the corresponding SWCNT length and compiled to obtain the
sample’s length distribution. This enables conversion from
particle concentrations to carbon atom concentrations. The
carbon concentrations are then combined with absorbance
analysis of the bulk sample to give relative absorption cross
sections per atom. Finally, the relative cross sections are refined
to absolute values by calibrating with (6,5) SWCNTs, whose
S11 cross section was securely determined previously.11

For a specific (n,m) species, we can express ρC, the number
of carbon atoms per unit sample volume, as ρC

n,m = ρL
n,mkn,m,

where ρL
n,m is the total length of (n,m) nanotubes per unit

volume and kn,m is the number of carbon atoms per unit length
in the (n,m) structural species. Using a suitably dilute sample of
well dispersed SWCNTs, we simultaneously measured the
mean spectrum, I(̅v), and the variance spectrum, σ2(v). For a
spectrally isolated emission feature from species (n,m), the
number of those SWCNTs per unit volume was obtained as
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where Nn,m is the number of (n,m) SWCNTs in effective
probed volume Veff.

12 This volume is limited by our excitation
optics and does not depend on emission wavelength. The
values of mean and variance are evaluated at the peak
wavelength for that species’s emission. The corresponding
length density is the number density multiplied by the ratio of
second to first moment for the sample’s length distribution
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The factor ⟨L2⟩/⟨L⟩, which we evaluated from distributions
measured with the LAND method, accounts for the magnified
contribution of longer nanotubes in variance data. This
expression is based on prior studies of SWCNT length-
dependent photophysics (see detailed derivation in Supporting
Information).15,16 Finally, multiplication by the kn,m factor gives
the following expression for carbon atom density, ρC

n,m

Figure 1. (a) Background-subtracted S11 absorption spectrum of the NDGU (6,5)-enriched sample used to calibrate the effective illuminated volume
(see Supporting Information for subtraction method). Open circles show experimental data points; red and blue traces simulate the (9,1) and (6,5)
components, respectively. (b) Length distribution of the (6,5) species, as determined by LAND analysis of 1358 nanotube trajectories. (c)
Fluorescence mean spectrum and (d) fluorescence variance spectrum used to determine the abundance of (6,5) within the effective illuminated
volume. Symbol and line codes as in frame (a).
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To deduce absolute concentrations from variance spectral
data, the value of Veff must be determined. We performed this
calibration using a sample of known concentration, as is
common in fluorescence fluctuation techniques.17−20 Our
calibration sample was highly enriched in the (6,5) species
through nonlinear density gradient ultracentrifugation
(NDGU).21 The sample’s absorption spectrum, plotted in
Figure 1a, shows minor amounts of (9,1) in addition to (6,5)
SWCNTs. We fit this spectrum using Voigt profiles for all
components and used the (6,5) S11 peak absorbance and the
cross section value of 2.54 × 10−17 cm2/C atom, previously
reported by Streit et al.,11 to determine the sample’s carbon
concentration as 8.03 × 1015 C atoms/cm3. This result was
divided by kn,m (88 400 atoms per μm for a (6,5) SWCNT) to
obtain the sample’s length concentration. Further division by
the mean SWCNT length of 410 nm (Figure 1b) gave a
number concentration, ρN

6,5, of 2.22 × 1011 cm−3.
We transferred this calibrated sample to our variance

spectrometer and measured mean and variance fluorescence
spectra with 660 nm excitation. The results are shown in Figure
1c,d. We analyzed both spectra as superpositions of asymmetric
Pearson functions for the S11 main components and Voigt
functions for the side bands.22 Independent analyses of three
sets of measured spectra found N6,5 = 1906 ± 60. Combining
this result with the ρN

6,5 value through eq 1, we determined the
value of our effective volume, Veff, to be 14 pL.
With the effective volume parameter known, variance analysis

should also provide a means of measuring (n,m)-resolved
absolute concentrations in unsorted SWCNT samples. To test
this, we prepared a dispersion of CoMoCat SG65i nanotubes
(SouthWest NanoTechnologies) in aqueous 1% sodium
deoxycholate. This material is known to contain several
different small diameter species, including (6,5), (8,3), (7,3),
and (7,5).23,24 We measured absorption and mean and variance
fluorescence spectra for the dispersed sample. To isolate the
contributions of different species, each spectrum was carefully
fit as a superposition of peaks, using Voigt line shapes for
absorption and variance spectra, and Pearson line shapes for the
mean fluorescence spectrum. By comparing the peak
absorbance values with the corresponding carbon atom
concentrations deduced from variance analysis, we determined
absolute S11 absorption cross sections for (6,5) and (8,3)
SWCNTs in this mixed sample. The (6,5) peak cross section
was found to be 2.30 × 10−17 cm2/C atom, only 10% different
from the value used when calibrating Veff. This indicates that
the presence of nearby (8,3) spectral transitions in the unsorted
sample had minimal effect on our analysis. By assuming that
(6,5) and (8,3) SWCNTs in our sample had equivalent length
distributions, we found the (8,3) peak S11 absorption cross
section to be 1.99 × 10−17 cm2/C atom, or ∼13% higher than
the value previously determined from direct counting rather
than variance analysis. This discrepancy is within the estimated
error limits of the determinations. We consider that these
results support the feasibility of using variance spectroscopy to
quantify (n,m)-resolved concentrations in unsorted SWCNT
samples.
When determining absorption cross sections using bulk

samples, it is necessary to know not only species concen-
trations, but also optical absorbance values. Although measure-
ment of a sample’s total absorbance spectrum is simple, it can

be challenging to disentangle the resonant component of one
(n,m) species from the absorptions of other species and from
underlying background absorption.25 For this reason, we used
partially sorted samples to determine cross sections of
additional (n,m) species of interest (see Figures 2 and S2 for

absorption spectra). Two samples were prepared using
NDGU.21 The first was enriched in (7,3), (6,4), and (6,5),
allowing (6,5) to be used as an internal standard for measuring
cross sections of (7,3) and (6,4). The second sample contained
mainly (6,4), (7,3), and (9,1). In this, we used (7,3) as an
internal standard to determine the (9,1) cross section and
check that of (6,4). Length distributions were assumed to be
comparable for SWCNTs prepared through NDGU. We

Figure 2. Absorption spectra after background subtraction for three of
the five additional samples used to determine S11 absorption cross
sections (see Supporting Information for the other two spectra). Black
open circles show experimental data, whereas the red curves are fits
computed as sums of the Voigt functions (colored curves)
representing individual (n,m) peaks.
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prepared two additional samples by gel chromatography,26 a
method that relies on the diameter-dependent binding affinities
of SWCNTs to a gel column packing. The first of these samples
was enriched in several species, including (10,2), (9,4), (8,6),
(9,5), and (8,7). To address the possibility of length
fractionation during gel elution, we applied tip ultrasonication
to this sample for an additional 5 min and then used the LAND
method to measure and compare the final length distributions
of several of the (n,m) species, varying excitation wavelength
and emission filtering to optically select specific species. We
found that the length distributions were in good agreement,
with differences slight enough to be neglected in cross section
determinations. The second gel-prepared sample was enriched
in (8,3), (7,5), and (7,6). Because (8,3) had been separately
studied using the SG65i samples, it was used as an internal
standard to find the (7,5) and (7,6) S11 absorption cross
sections. Length parameters were assumed to match among the
species in this sample. Overall, analyses of the DGU and gel
chromatography samples described above provided ten addi-
tional S11 absorption cross sections beyond the (6,5) and (8,3)
values. These findings (valid for orientationally random bulk
samples) are listed in Table 1, along with corresponding parallel

polarized oscillator strengths for the S11 transition. Because it is
also often useful to express absorption strengths in chemical
units, Table 2 shows our results converted into (base 10)
absorptivities for carbon molar concentrations and for carbon
mass concentrations. Note that the columns showing integrated
values apply to spectra plotted vs cm−1, not wavelength.
S11 absorption cross sections for (7,5), (7,6), (8,6), and (8,7)

were previously measured using the fluorescence microscopy
direct counting method in toluene/poly(9,9-di-n-octylfluorenyl-
2,7-diyl) (PFO) dispersions.11 In contrast to a typical PFO
dispersion of SWCNTs, which shows only a few well resolved
absorption peaks,27 the spectrum of our gel chromatography
sample contains more features and is subject to larger potential
errors in absorption fitting. Nevertheless, three of our four new
peak cross sections agree with those previously reported values
within 10%, and the largest deviation is ∼19%, for the (8,6)

species. Integrated absorption cross section values, however,
show larger discrepancies between the two methods for the
(8,6) and (8,7) species. We attribute this to complications in
analyzing strongly overlapped peaks in the longer wavelength
region, where there are greater uncertainties from sidebands
and minor (n,m) impurities, and from the possibility that S11
peak widths may be misestimated from photoluminescence
excitation spectra if nonemissive aggregates are present. In the
future, access to better sorted samples of the larger diameter
SWCNTs should help check whether integrated absorption
cross sections are independent of environment.
To examine the dependence of absorption strength on

SWCNT structure, we plot in Figure 3a our values of peak S11
cross sections vs nanotube diameter. There is a general inverse
relationship between nanotube diameter and peak cross section.
Semiconducting SWCNTs can be classified by their value of
mod(n − m,3), which can equal 1 (“mod 1”) or 2 (“mod 2”). In
agreement with previous reports,11,28 we find that mod 1 peak
or integrated absorption cross sections tend to exceed mod 2
values in plots against S11 transition frequency (see Figure S12).
However, such mod differences are reduced for our largest
diameter nanotubes (near 1.0 nm), whose cross section values
are the smallest and vary most weakly with frequency. This
convergence seems consistent with the results of Liu et al., who
found diameter-independent integrated absorption cross
sections for higher order transitions of SWCNTs having still
larger diameters, between 2 and 4 nm.29 Our peak cross section
values may also be examined for dependence on roll-up angle θ.
As shown in Figure 3b, a plot versus q cos(3θ), where q equals
1 for mod 1 SWCNTs and −1 for mod 2, shows no apparent
pattern. This result contrasts with the angle-dependence in E22
absorption cross sections deduced by Vialla et al. through an
indirect method involving energy transfer from porphyrins to
SWCNTs.30 Plots of our integrated cross sections vs SWCNT
diameter and q cos(3θ) are shown in Figure S13.
Quantitative analysis of SWCNT samples by absorption

spectroscopy requires absorptivity data for as many (n,m)
structural species as possible. The current findings plus those
measured previously through the direct counting method
provide 13 specific S11 cross sections that include many species
of common research interest. To aid the practical application of
these results for characterizing samples, we present in Tables 3
and S1 our best estimates of peak and integrated absorptivities
for all 13 species, with values from the two methods
appropriately averaged. In addition, our structure-dependent
findings suggest that absorption cross sections for SWCNTs
not measured to date can be adequately modeled as a smooth
function of diameter (see Figure 3 caption), with only minor
deviations arising from roll-up angle and mod value. Thus, the
tabulated absorptivities measured for smaller SWCNTs
combined with estimated values for larger diameter species
provide a set of parameters precise enough to support practical
quantitative analysis by absorption spectroscopy.
The main remaining challenge to such quantitative analysis

of unsorted SWCNT samples is then extracting (n,m)-specific
components from congested experimental spectra. Because our
tabulated cross section values describe resonant absorption
features, the first step in spectral fitting is estimating and
subtracting broad background absorption. For this we trans-
form the spectrum from wavelength to frequency and use a
two-step process that assumes an exponential background
shape in the S11 region (see Supporting Information). We then
recommend fitting the background-corrected spectrum as a

Table 1. S11 Absorption Cross Sections and Oscillator
Strengths for Twelve (n,m) Species Found Using Variance
Spectroscopy for Concentration Calibration

(n,m)
peak σ11

(10−17 cm2/C atom)a
∫ σ11 dv

(10−15 cm/C atom)b f11
c

(6,4) 2.0 7.9 0.027
(7,3) 2.5 8.6 0.029
(6,5) 2.5d/2.3e 8.7 0.029
(9,1) 2.9 10.2 0.035
(8,3) 2.0 6.0 0.020
(7,5) 1.8 4.7 0.016
(10,2) 1.31 3.3 0.011
(9,4) 1.37 3.3 0.011
(7,6) 2.2 5.7 0.019
(8,6) 1.12 2.8 0.0093
(9,5) 1.11 2.8 0.0096
(8,7) 1.37 3.8 0.013

aPeak absorption spectrum per carbon atom for an orientationally
random sample, excluding background component. bIntegral of the
absorption cross-section spectrum versus frequency in cm−1, excluding
background component. cOscillator strengths for transitions polarized
parallel to SWCNT axis. dValue used for calibration. eValue obtained
by analyzing a SG65i sample.
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sum of Voigt functions, to account for the mixed Gaussian and
Lorentzian character of individual (n,m) peaks. Initial
parameters for the position, width, and shape of each Voigt
peak can be estimated by simulating the sample’s fluorescence
spectra, which are background-free, less congested, and more
easily interpreted than absorption spectra. The absorption data
are then carefully fit by varying the amplitude of each (n,m)
component and allowing small adjustments to the initial peak
parameters. The result is a set of peak absorbance values for

those (n,m) species abundant enough to give significant
absorption. Each deduced absorbance value is then divided by
the optical path length and its ε11 value (listed in Table 3) to
obtain species-specific absolute concentrations of semiconduct-
ing SWCNTs.
As with any method, it is necessary to identify and estimate

possible errors. Our cross section determinations made with
incompletely sorted samples contain uncertainties due to
spectral overlaps and background absorptions. We estimate
that relative uncertainties in spectral fitting range from ∼10%
for the smaller diameter SWCNTs with well-resolved S11
transitions, to ∼20% for those with more spectrally congested
features. Additional uncertainties arise in determining absolute
carbon concentrations from variance data. For example, the
absolute carbon concentration for each (n,m) species was
calculated from triplicate determinations that showed relative
deviations of 3 to 8%. The poorer precision was for species,
such as (6,4), that gave relatively small emission signals because
of low abundance or inefficient excitation by our 660 nm laser.

Table 2. Molar Absorptivity and Mass Attenuation Coefficient Values Determined for Twelve (n,m) Species

(n,m) peak ε11 (MC
−1 cm−1) peak ε11 ((μg/mL)−1 cm−1) ∫ ε11 dv (106 MC

−1 cm−2) ∫ ε11 dv ((μg/mL)−1 cm−2)

(6,4) 5200 0.43 2.1 170
(7,3) 6600 0.55 2.3 190
(6,5)a 6000 0.50 2.3 190
(9,1) 7700 0.64 2.7 220
(8,3) 5200 0.43 1.56 130
(7,5) 4700 0.39 1.23 103
(10,2) 3400 0.29 0.86 71
(9,4) 3600 0.30 0.87 72
(7,6) 5600 0.47 1.49 124
(8,6) 2900 0.24 0.73 61
(9,5) 2900 0.24 0.73 61
(8,7) 3600 0.30 1.00 83

aPeak values determined from SG65i sample; integrated values from (6,5) DGU-sorted calibration sample.

Figure 3. (a) Peak S11 absorption cross sections plotted against
SWCNT diameter. Red, closed triangles represent mod 1 species and
blue, open circles represent mod 2 species. The black curve shows the

empirical expression σ = + −⎡⎣ ⎤⎦0.92 0.81exp d
11
peak 0.85

0.158
. This approx-

imates the diameter-dependent trend for the full data set, including
asymptotic behavior suggested by Figure S12, but disregarding
possible mod differences. (b) The same peak S11 absorption cross
sections plotted against a parameter that includes roll-up (chiral) angle
and mod type. Armchair structures fall on the central dashed line,
whereas zigzag structures have x-axis values of −1 or +1.

Table 3. Recommended Parameters for Absorption Analysis
of Semiconducting SWCNT Species, Based On Combined
Results from This Work and the Prior Direct Counting
Study

(n,m) peak ε11 (MC
−1 cm−1)a peak ε11

m ((μg/mL)−1 cm−1)b

(6,4) 5200 0.43
(7,3) 6600 0.55
(6,5) 6700 0.55
(9,1) 7700 0.64
(8,3) 4900 0.43
(7,5) 4500 0.39
(10,2) 3400 0.29
(9,4) 3600 0.30
(7,6) 5500 0.47
(8,6) 3400 0.28
(9,5) 2900 0.24
(8,7) 3500 0.29
(9,7) 2800 0.24

aFor (n,m) species that are not listed and have diameters larger than
1.0 nm, the following approximate expressions are suggested (with

diameter d in nanometers): peak ε = + −⎡⎣ ⎤⎦2210 1950exp d
11

0.85
0.158

, in

MC
−1 cm−1 (base 10) bFor (n,m) species that are not listed and have

diameters larger than 1.0 nm, the following approximate expressions
are suggested (with diameter d in nanometers): peak ε11

m = 0.183 +
−⎡⎣ ⎤⎦0.163exp d0.85

0.158
, in (μg/mL)−1 cm−1 (base 10)
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In the future, the use of additional laser wavelengths for
variance measurements may address such problems. Another
potential source of error, still under study, is possible
misestimation of SWCNT abundances for species excited
with on-resonance excitation intense enough to give a nonlinear
fluorescence response. There may also be errors in carbon atom
concentrations related to our SWCNT length measurements
and the moments of those distributions. Because each LAND
analysis involves a large number of individual diffusional
trajectories, the random statistical errors are estimated to be
smaller than systematic errors such as (n,m)-dependent length
distributions. To check for such dependence, we performed
LAND analyses on three (n,m) species in a sample that had
been deliberately shortened by excess sonication to give typical
lengths below 300 nm. We found their length parameters to
differ by less 10%, suggesting that the SWCNT mean lengths
within such samples can be described by a single value within
10% uncertainty. Combining contributions from the separate
error sources, we estimate relative statistical uncertainties for
the deduced S11 absorption cross sections of ∼15% to ∼25%,
with larger error limits for the larger diameter SWCNTs. As
better sorted samples become available, the variance method
should be able to determine absolute absorption cross sections
more precisely and for a wider range of SWCNT species.
In summary, we have applied a new experimental method to

measure absorption cross sections for the first (S11) electronic
transition of 12 (n,m) species of semiconducting single-walled
carbon nanotubes. Our approach uses variance spectroscopy in
bulk samples to find structure-resolved particle concentrations,
which are then correlated with absorption spectra to determine
cross sections and molar absorptivities. Measured cross sections
per carbon atom show a weak inverse dependence on SWCNT
diameter, with structure-specific variations among small
diameter species and apparent convergence to an asymptotic
value at larger diameters. Combined with the values determined
previously through a direct particle counting approach, the
results presented here provide a route for practical measure-
ments of absolute (n,m) concentrations through simple
absorption spectroscopy.
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