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ABSTRACT 

Nonlinear Geometric and Material Analysis of 

Shell Structures with Particular Emphasis on Tubular Joints 

by 

Rajiv Kamal 

Linear and nonlinear analysis of shell structures are performed using finite elements. Shell 

elements are formulated to capture the linear and nonlinear behavior of shell structures. 

Although general, the elements are specially suited for tubular joints. An automatic geo¬ 

metric modeling and mesh generation procedure for T, K and DT-joints is first developed. 

A set of shell elements are then developed and implemented in a general purpose, research 

oriented finite element analysis program (FEAP) to carry out linear, materially-nonlinear- 

only, geometrically-nonlinear-only and geometric and material nonlinear analyses of thin 

shell structures with special emphasis on tubular joints which represent essential compo¬ 

nents of offshore platforms. A six-degree-of-freedom per node (including a true drilling 

degree of freedom) assembly allows easy modeling of complicated shell structures such as 

tubular joints or stiffened shells. The displacement interpolation is carefully chosen in 

order to avoid shear and membrane locking in linear and nonlinear problems. The curva¬ 

ture effects (initial curvature and changes in curvature due to large displacements and rota¬ 

tions) are incorporated by a simple modification of the flat linear shell element. This 

computationally very inexpensive modification increases the performance of the element 

by several folds. The total corotational formulation, a Lagrangian formulation, is used to 

treat geometric nonlinearity. Each point in the thickness of the shell is considered to be 



under plane stress conditions. Von Mises yield criterion with linear isotropic and kine¬ 

matic hardening and the associated Prandtl-Reuss flow rule is used to model the plastic 

flow behavior of the shell material. The flow rule and hardening law are integrated using 

the return map algorithm. The robustness of the analysis tool developed is demonstrated 

by solving a range of linear and nonlinear problems of shell analysis. It is demonstrated 

through examples and comparison with known analytical or reliable numerical solutions 

that the elements developed are accurate in predicting both displacements and stresses. 

The ultimate test of the predictive ability of the analysis tool developed is performed by 

considering three well documented tubular joint examples (T-, K-, and DT-joints) for 

which experimental results in terms of load deflection curve are available. The prediction 

of the collapse load and load-deflection curve for the T-joint is in excellent agreement with 

the experimental results. This agreement between numerical and experimental results for 

both the K- and DT- joints is also very good considering the complexity of the actual joint 

structure. Finally, a parametric study of tubular T-joints is conducted to study the effects of 

the various geometric parameters on the collapse load. 
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1 

CHAPTER 1 

INTRODUCTION 

1.1 Background and Motivation 

More than 6000 oil platforms have been built on the world’s continental shelves up to date. 

About one third of these existing platforms have already lived through their design life and 

have suffered different kinds of damage. It has been found that more than 30 percent of the 

overall damage to those platforms are fatigue crack related, whereas 31 percent of the 

overall damage is due to dropped objects and collisions. Therefore, work on platform 

assessment for removal, or repair and requalification, will have a considerable impact on 

the petroleum industry. 

One of the most critical components of offshore platforms is the welded tubular joint. It 

attracts high stress concentrations and it is very influential on the overall performance of 

the platform. Hence, the present study focuses on the tubular joint sub-structure and the 

primary objective is to develop a numerical tool that can be used to accurately predict the 

resistance capacity of tubular joints. This tool will represent the foundation which will 

support future studies on (i) stiffness and strength degradation of tubular joints under 

cyclic/dynamic loading conditions, (ii) effects of dents on tubular joint behavior, (iii) 

effects of stiffeners on joint behavior, (iv) reliability analysis of tubular joints, and (v) 

effects of joints nonlinearities on overall dynamic platform response. 

1.2 Objectives and Scope 

The main objective of the present study is to develop a tool for linear and nonlinear 

analysis (geometric and material) of shell structures. Although, the numerical tool will be 
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able to analyze any shell structure, a special emphasis will be placed on the analysis of 

tubular joints. The idea is to efficiently and accurately model the actual behavior of tubular 

joints (intersection of circular cylindrical shells) through the finite element method. For 

this purpose, a set of shell elements were developed and implemented in the general- 

purpose, research oriented, finite element analysis program FEAP developed by Professor 

Robert L. Taylor at the University of California at Berkeley. 

1.2.1 Objectives 

The various objectives are to: 

1. Develop an automatic geometric modeling and mesh generation program for T-, K-, 

and DT-joints freeing completely the analyst from the formidable effort of joint data 

preparation. The input of the program should simply consist of the direction cosines of 

the axis and the radius of the various intersecting circular cylinders while its output 

should be the complete description of the number of nodes, the number of elements, 

the nodal coordinates, the element connectivity, the boundary identification data and 

the nodal forces. The output should also generate an input file which can be used 

directly by the shell finite element analysis program. 

2. Develop and implement a four-noded higher-order flat and curved thin shell element 

with six degrees of freedom per node for linear analysis and study its performance 

(accuracy and efficiency) and robustness by solving a range of benchmark linear shell 

problems. Special attention will be devoted to the shell intersection problems. 

3. Develop and implement a flat and curved shell element for nonlinear-materially-only 

shell analysis. A plasticity model will be selected which is able to represent accurately 
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the sources of material nonlinearity. The performance of the elements developed will 

be investigated through solving benchmark problems of nonlinear material analysis of 

shells. 

4. Develop and implement a curved shell element devoted to the geometrically- 

nonlinear-only analysis of shell structures undergoing large displacements and 

rotations and small strains. Benchmark problems of nonlinear geometric analysis of 

shell will be solved to assess the accuracy of the element developed. 

5. Develop and implement a geometric and material nonlinear curved shell element to 

analyze shell structures undergoing large displacements and rotations, small strains 

and possible plastic flow of the material. The performance of the developed element 

will be investigated through solving benchmark problems of nonlinear geometric and 

material analysis of shell structures. 

6. Carry out the geometric and material nonlinear analysis of a T-, K- and DT- joint and 

compare the numerical results obtained with reliable experimental results. A 

comprehensive parametric study will be conducted to investigate the effects of various 

joint geometric parameters on the joint collapse load and its load-deflection curve. 

1.2.2 Scope 

The above numbered objectives will be accomplished as follows. 

1. Using analytical geometry, the boundary coordinates and the coordinates of the 

intersection of all the cylinders forming the tubular joint are determined. The various 

cylinders are then opened into a plane and subdivided into several sub-domains. 

Convenient, easy to mesh polygons are then chosen for each of these sub-domains. 
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The coordinates of the meshed polygons are then mapped into their respective sub- 

domains using conformal mapping. The various sub-domains are patched together and 

rolled-up to obtain the meshed cylinders. The cylinders are then patched to obtain a 

meshed tubular joint. Such a simple procedure can be used to automatically mesh very 

complex tubular joints with relative ease. 

2. A three-degree-of-freedom per node membrane element (two in-plane translation and 

one in-plane rotation) will be used in conjunction with a three-degree-of-freedom per 

node plate element (one displacement and two rotations) to obtain a six-degree-of- 

freedom shell element. First, the Allman type interpolations will be used with a 

conventional displacement based finite element formulation. The third degree of 

freedom at each node of the membrane element will be introduced as a nodal 

parameter to interpolate the in-plane displacement field. It will be shown that this 

parameter can be interpreted as a rotation. Second, the variational formulation of 

Reissner (1965) and its discrete counterpart by Hughes and Brezzi (1989) will be used 

so that the third parameter of the Allman type interpolations enjoys the definition of 

the true continuum mechanics rotation. The initial curvature effect will be 

incorporated. Benchmark problems of linear shell analysis having an analytical 

solution of a reliable numerical solution will be solved to test the linear shell element 

developed. 

3. Von Mises yield criterion with linear isotropic and kinematic hardening and the 

associated Prandtl-Reuss flow rule will be selected to model the inelastic material 

behavior. In the numerical implementation of the von Mises plasticity model, return 
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map algorithm for plane stress elastoplasticity developed by Simo and Taylor (1985) 

will be used to integrate the flow rule and hardening law. Each point in the thickness of 

the shell will be assumed to be under plane stress conditions and the stresses will be 

integrated numerically (using the Lobatto, the Gauss or the Centroidal mid-point rules) 

across the thickness to obtain the stress and moment resultants. The sixth degree of 

freedom will either be of the Allman type for the displacement based formulation or 

the true drilling degree of freedom for the mixed formulation of Hughes and Brezzi. 

4. Following Jetteur and Frey (1986), a total corotational formulation (a Lagrangian 

formulation) will be used to express the equilibrium of the current deformed 

configuration. An incremental-iterative Newton-Raphson scheme will be used to solve 

the resulting nonlinear algebraic set of equations. Special attention will be devoted on 

how to avoid problems of membrane locking. The stresses will be integrated 

analytically across the thickness to obtain the stress and moment resultants. Several 

benchmark problems will be solved to check the accuracy of the formulation. 

5. The assumption of small strains will allow the straightforward extension of the 

geometrically-nonlinear-only shell element to include material nonlinearity. The 

stresses will be integrated numerically (using Lobatto, Gauss or Centroidal mid-point 

rules) across the thickness to obtain the stress and moment resultants. Several 

benchmark problems were solved to check the accuracy of the formulation. 

6. Finite element models of the three actual T-, K- and DT-joints will be developed using 

the automatic geometric modeling and mesh generation program and analyzed for the 

load-deflection curve and collapse load. The computed load deflection curves will be 
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compared to their experimental counterparts. The effects of the various geometric 

parameters on the collapse load of T-joints will be studied based on the finite element 

load developed. 

1.3 Organization of Text 

The presentation of the work is divided into twelve chapters, the contents of which are 

outlined below: 

Chapter 1 introduces and motivates the work presented here. It also outlines the objectives 

and scope of the work. 

Chapter 2 presents the automatic geometric modeling and mesh generation capability 

developed here for tubular joints. 

Chapter 3 deals with the plate finite elements. It presents the variational formulation, the 

interpolations for the displacement and rotation fields and the strain approximations. 

Chapter 4 deals with the membrane part. It presents the continuous and discrete variational 

formulation for membrane problems, the variational equations and corresponding finite 

element equations. 

Chapter 5 focuses on linear shell analysis using flat and curved shell elements. It also 

contains a set of examples solved to check the accuracy of the formulation. 

Chapter 6 presents in detail elastoplasticity for plane stress conditions and its numerical 

implementation with various application examples. 

Chapter 7 extends the linear shell element of Chapter 6 to include material nonlinearity. 

The displacement and rotation fields are assumed to be small. Several benchmark 

problems are solved to test the accuracy of the formulation. 
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In Chapter 8, the kinematics and statics of deformable bodies is presented in updated, total 

and total corotational Lagrangian formulations. Careful linearization of the equations of 

equilibrium is presented and the incremental-iterative scheme used to solve geometric 

nonlinear problems is described. 

Chapter 9 discusses the formulation used here for geometrically-nonlinear-only shell 

analysis. It also presents a set of examples analyzed to test the accuracy and capabilities of 

the formulation developed to analyze linear elastic shell structures with large 

displacements and rotations. 

Chapter 10 extends the geometrically-nonlinear-only shell element of Chapter 9 to 

include material nonlinearity. Several examples are presented to test the accuracy and 

capability of the formulation to study the geometric and material nonlinear behavior of 

shell structures. 

Chapter 11 contains the simulation results for a T-, K-, and DT-joint and their comparison 

with experimental results. Also, the results of the parametric study of T-joints are 

presented in this chapter. 

Chapter 12 provides a summary of the work completed, a summary of findings obtained 

and a set of recommendations for future research based on these findings. 



8 

CHAPTER 2 

AUTOMATIC MESH GENERATOR 

2.1 Introduction 

The effort of data preparation for the finite element analysis program involves principally 

the discretization of the structure, description of the discretized structure, and the 

description of the loading and the boundary conditions. Discretization of the structure 

consists of drawing the finite element mesh and numbering the nodes and the element for a 

complicated structure such as tubular joints. The construction of a finite element mesh is 

no simple task. Description of the finite element model consists of listing the coordinates 

of all the nodes, the element corner node numbers of all the elements, and the number of 

nodes at which loads and displacement boundary conditions are applied. The result is a 

voluminous amount of work which is manually very difficult to produce and prone to 

error. 

The objective hence, is to write a computer program which would free the analyst from the 

discretization procedure by completely automating the generation and description of the 

finite element model, and which would reduce the specification of the loading and 

boundary condition to a compact form requiring a minimum of data preparation. The 

program was to be written with the capability of generating finite element meshes of 

various levels of mesh refinement. 

2.2 Properties 

To provide a satisfactory model for a tubular joint analysis, the finite element mesh should 

exhibit the following properties: 
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1. Since the highest stress gradients occur in the immediate vicinity of the branch to chord 

junctions, the smallest element should be concentrated in these regions. 

2. Near the ends of the chord and the branches where the stresses are more uniformly 

distributed, the elements may be considerably larger, though not to such an extent that 

the curved surface is poorly described. 

3. The element aspect ratios i.e, the height to width ratios, should nearly be equal to unity. 

Hence, the quadrilaterals should be nearly squares and triangles should be nearly 

equilateral. 

4. The use of triangular elements should be kept to a minimum due to their overstiffness 

property in membrane behavior. They cannot be altogether avoided as the are required 

in the transitions from regions of small elements to regions of large elements. 

2.3 Mesh Generation Algorithm 

The mesh generation algorithm for tubular joint follows a general scheme given as below: 

1. Find the nodal coordinates along the branch-chord intersection. 

2. Develop the cylinder and find the equivalent two dimensional nodal coordinates of the 

branch-chord intersection curve. 

3. Divide the resulting domain into a set of sub-domains or smaller regions. 

4. Mesh these sub-domains using conformal mapping. 

5. Paste the meshed sub-domains to have a consistent node numbers at the boundaries. 

6. Find the coordinates on the cylinder corresponding to those on the plane. 
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2.3.1 Branch-Chord Intersection Coordinates 

The branch chord intersection coordinates are generated using analytical geometry. The 

train of intersection points are determined using the points of intersection between the 

generating lines of the branch and the chord. The generating lines of the branch are 

defined as the lines on the branch circumference parallel to the axis of the branch. Hence 

to form an equation of the generating line, coordinates of two points on branch axis is 

required to fix the direction of the generating line and coordinate of one point on the 

branch cylinder, called the end point, is required for the generating line to lie on the 

circumference of the branch cylinder. A number of 

end points are generated to determine a train of intersection points. A generating line on 

the branch is expressed by the following equation using local coordinate system (x, y, z): 

x-x, y-y, z-z, 
 1 =   L =  L = t (2.1) 
x3 - x2 y3 - y2 z3 - z2 

where, (x^yj.Zj) is the end point of the generating line on the branch cylinder. (x2,y2,z2) 

and (x3,y3,z3) are the local coordinates of two points defining the axis of the branch. Here 

the local coordinate system has the z-axis along the axis of the chord cylinder and the 

other two axis x and y are chosen as lying in the plane perpendicular to the chord axis.The 

equation of the chord cylinder is given in local coordinate system as 

2 2 2 
x +y = r (2.2) 

where, r is the radius of the chord. Using the equations Eq. (2.1) and Eq. (2.2) we get a 

quadratic equation in t as 
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*2{(*3 ~x2^2 + (^3-.V2)2} + 2^{jCj(x3-x2) + y,(y3 - y2)} + *1 + y\ - r2 = 0 (2.3) 

There are two values of t which corresponds to diametrically opposite points on the chord 

cylinder. The required value of t is the one which corresponds to the point on the side of 

the branch. The coordinates of intersection can now be found using this known value of t 

by using the following equations: 

X = t(x3 - X2) + Jt, 

y = r(y3-y2)+ V] (2.4) 

Z = t(z2 — Z2) + Zj 

2.3.2 Mapping Scheme for Coordinates 

The coordinates of the nodal points are established by a conformal mapping procedure 

which can be motivated in the following way. 

Consider the region shown in Fig. 2.1(a) which is to be discretized by a 3 by 3 mesh, with 

the qualitative specifications that all elements should be more or less of the same size and 

as close as possible to a square in shape. An obvious way is to locate the boundary nodes 

so that they are equally spaced along each side, Fig. 2.1(b), and a possible algorithm for 

locating the interior nodes is to join corresponding boundary nodes on the opposite sides 

to give the mesh shown in Fig. 2.1 (c). However, this solution does not meet the 

specifications very well and clearly a better solution is the mesh shown in Fig. 2.1 (d) in 

which the elements are proportioned to be more similar in size and shape to each other. 

Now the Fig. 2.1(a) can be considered as a distorted square and hence we can imagine the 

3 by 3 mesh of Fig. 2.1(d) to become mapping of a square 3 by 3 grid (Fig. 2.1 (e)). 

Conformal mapping has the property that it tends to conserve elementary shapes and 
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therefore it provides the framework for deriving an algorithm which will generate the 

mesh of Fig. 2.1(d). 

To facilitate the discussion of conformal mapping the following notations are introduced. 

The coordinates of the nodes in Fig. 2.1(e) are denoted by u and v and are interpreted as 

the real and imaginary parts of the complex number w = u + iv. Similarly, the 

coordinates of the nodes of the mapped region Fig. 2.1(d) are denoted by x and y and are 

interpreted as the components of the complex number z = x + iy . The mapping of Fig. 

2.1(e) into Fig. 2.1(d) associates z with w through the functional relation 

in which x(u, v) and y(u, v) are two real functions of the real variables u, v. A mapping 

is conformal if it is affected by a regular analytic function. From the theory of conformal 

mapping z = x(u, v) + iy(u, v) is an analytic function of the complex variable 

w = u + iv if x = x(u, v) is a harmonic function and y = y(u, v) is its harmonic 

conjugate. By definition of harmonic conjugate functions, we have: 

Assuming existence of second derivatives, we obtain from the above the well known 

Laplace equations 

z = f(w) - f(u + iv) = x + iy = x(u, v) + iy(u, v) (2.5) 

dx _ dy dy _ dx 

du dv du dv 
(2.6) 

V2X = 0 

V2y = 0 
(2.7) 

d d 
—- + —- .The conformal mapping of Fig. 2.1(e) into Fig. 2.1(d) then, 
du dv2 

in which V2 
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consists of adjoining boundary conditions to equations (2.7) and solving this in the 

domain of Fig. 2.1(e). 

The solution of Eq. (2.7) is carried out by finite differences. Since we are interested in 

mapping only those points of the domain of Fig. 2.1(e) which correspond with the nodes 

of Fig. 2.1(e) we can apply the finite difference technique directly to the grid of Fig. 

2.1(e). 

Using the usual approximation formulae for a square grid, the finite difference forms of 

Eq. (2.7) are respectively 

•Xj+X^ + .Xj + .X^ — 4XQ : 0 
(2.8) 

Y\ + Y2 + Y3 + Y4~4Y0 = 0 

where, the subscripts 0, 1,2, 3, 4 refer to the similarly numbered points in Fig. 2.1(f). The 

boundary conditions are the x, y coordinates of the nodes on the boundary of Fig. 2.1(d). 

Equations can be setup for each of the interior nodes of the mesh to give two sets of 

simultaneous equations which can be solved for the coordinates x and y. 
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► 

U (e) (f) 

Fig. 2.1 An example of conformal mapping 
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With the ideas of meshing by the use of conformal mapping, the different sub-domains can 

easily be meshed. Details of the meshing of certain sub-domains are now presented. 

Let us begin by examining a region of chord a-b-c-d as shown in Fig. 2.2(a). This region is 

first developed in a plane as shown in Fig. 2.2(b). The dots in Fig. 2.2(b) represents the 

boundary coordinates of the region in the two dimensional plane. Fig. 2.2(d) represents the 

conformal mapping of Fig. 2.2(c). This mapping is accomplished by solving the equations 

(2.7) subjected to the boundary conditions supplied as x and y coordinates of the boundary 

nodes shown in Fig. 2.2(b). The next step is to find the coordinates on the cylinder, as 

shown in Fig. 2.2(e), corresponding to those on the plane of Fig. 2.2(d). The meshed 

region a-b-c-d of Fig. 2.2(a) is shown in Fig. 2.2(e). 

The branch can be meshed following the similar scheme as shown in Fig. 2.3(a) through 

Fig. 2.3(e). However, it has to be noted that additional conditions have to be imposed since 

the points corresponding to wt through w8 in the u-v plane, as shown in Fig. 2.3(c), share 

the same coordinates in x-y plane. This can be accomplished by incorporating the 

following additional relations in the solution of equations (2.7). 

f(uJ + ivp = xj + iyj = f(uJ+4 + ivj+4) (2.9) 
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Fig. 2.3 Meshing details of branch 
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2.3.3 Final Mesh and Mesh Generation 

The mesh for all the regions chosen in the joint is meshed, as explained in the previous 

section and are pasted together to get a final mesh of the joint. The degree of fineness of 

the meshing can be controlled easily by changing certain parameters in the input file. 

These set of parameters can be easily manipulated to give coarse, medium fine, fine, or 

extra fine meshes. Also the fineness can be easily achieved in the overall region or at the 

region of the mesh chosen by the user. These parameters assume default values if they are 

not given in the input file. The default parameters of the mesh corresponds to fine mesh. 

Some of the mesh generated are briefly explained without going into the details of the 

parameters affecting them. Fig. 2.4(a) shows an example of a coarse mesh. By changing 

the width of the element one can obtain a fine mesh as shown in Fig. 2.4(b). Here the 

fineness achieved is in the overall sense. Fineness can also be achieved locally as shown in 

Fig. 2.5(a). Here the mesh is fine with an extra fineness near the intersection region. The 

mesh with overall fineness is shown in Fig. 2.5(b). Mesh for K-joints can be obtained 

similar to T-joint. An example of K-joint is shown in Fig. 2.6. 



19 

Fig. 2.4 (b) Fine mesh of a T-joint 
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Fig. 2.5 (b) Overall extra-fine mesh of a T-joint 
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Fig. 2.6 An example of a K-joint 
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CHAPTER 3 

LINEAR BEAM AND PLATE ELEMENTS 

3.1 Introduction 

The approach to the finite element analysis of plates relies either on Kirchhoff thin plate 

theory or Reissner-Mindlin plate theory. The plate finite elements based on Kirchhoff 

plate theory require that the displacements (translations) and their derivatives be 

continuous across element boundaries. This limits the choice of interpolation functions. 

Unlike Kirchhoff plate theory, Reissner-Mindlin plate theory requires only that the 

displacement quantities (translations and rotations of cross-section) be continuous across 

the element boundaries. Therefore, much effort on plate analysis has turned towards 

Reissner-Mindlin plate theory as a starting point. Another reason behind the use of 

Reissner-Mindlin plate theory is that it is able to account for shear deformations. Hence, 

Reissner-Mindlin plate theory becomes important in the analysis of thick plates for which 

Kirchhoff plate theory cannot be used. 

However, the finite element analysis of plates using Reissner-Mindlin theory suffers from 

the shear locking phenomenon in the thin plate limit. It can be shown that the locking 

phenomenon arises due to the inability of the discrete model to capture the limit behavior 

of the thin plate model (Kirchhoff constraint). 

3.2 Timoshenko Beam Elements 

3.2.1 Beam Element with Quadratic Displacement Field 

First a two node Timoshenko beam is considered as shown in Fig. 3.1 

The reference configuration is determined through the following interpolation: 
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x = NlH)xl +N2(£)X2 (3.1) 

where 

^(^ = ^(1-0 N2U) = {-(\ + £); £e[-l, 1] (3.2) 

Fig. 3.1 Timoshenko beam element 

In order to construct the displacement and rotation (of the cross-section) interpolation free 

of shear locking, the ‘Kirchhoff mode’ must be attainable. Therefore, the displacement 

interpolation must be a polynomial one degree higher than the polynomial which 

interpolates the cross-section rotations. Hence, if the assumed rotation field is linear 

9U) = Nl(£)dl+N2({)62 (3.3) 

then the displacement field must be quadratic 

w(£) = Nl(t)wl+N2(€)w2 + N3(£)Aw3 (3.4) 

In Eq. (3.4), as shown in Fig. 3.2, a hierarchical quadratic interpolation is used to define 

the transverse displacement field. The quadratic shape function N3(£) is given by 
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w2 

Fig. 3.2 A hierarchical quadratic displacement interpolation 

The discrete approximation of the generalized bending strain quantity (i.e., curvature) is 

given by 

dd _ dQdt; 
dx d£dx l 

(d2 - 0,), where / = x2 - x, 

and that of the shear strain by 

dw Q y = —~d 
ax 

-(w2-w,) :(0, + 02) + t ^(0, - d2)-~lAw3 

(3.6) 

(3.7) 

in which 6 = 6(x) denotes the rotation of the beam cross-section which is assumed to 

remain plane (unwarped). The static equilibrium of the beam requires that the shear be 

equal to the derivative of the bending moment along the beam axis. If the material and 

beam cross-section properties E, G and I remain constant over the element, then the 
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bending stress-strain relation M{x) = EIK(X) and the shear stress-strain relation 

V(x) = AsGy{x) indicate that the bending moment is constant and the shear force varies 

linearly along the beam axis. Thus, the finite element approximation violates significantly 

the differential (local) equilibrium. If the relative nodal displacements Aw3 is set to zero, 

then all fields (6, w, K, y) are approximated by linear interpolations. In this case it may be 

observed that the linear varying term in the expression for the shear angle y is 

proportional to {d2 - 0j) which represents the relative rotation of the two end cross- 

sections of the element. If we impose 92 - d] = 0 and dw3 = 0, then it is possible to 

have a constant shear strain over the element, however the condition d2 - 6x =0 leads to 

an overly stiff bending response. Accordingly, this formulation does not allow a constant 

shear strain in the presence of bending. 

This phenomenon shows up in a finite element analysis as the “shear locking” of the 

element as thin beams are analyzed. This locking phenomenon may be avoided by 

constraining to zero the coefficient of the linear varying term in Eq. (3.7). This yields the 

following interpolation for the transverse displacement field: 

w = NxU)Wx+N2{t)w2+
l-N^){0x-d2) (3.8) 

The choice of Eqs. (3.3) and (3.8) as interpolations of the cross-section rotation field 6 

and the transverse displacement field w leads to a Timoshenko beam element capable of 

producing a constant shear strain in the presence of bending. 
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3.2.2 Beam Element with Cubic Displacement Field 

To obtain a beam element with cubic transverse displacement interpolation, the rotation 

and displacement field interpolations in Eqs. (3.3) and (3.8) are extended to the following 

hierarchical quadratic interpolation for the rotation field 

6 = NlU)dl+N2U)d2 + N3(i)Ae3 (3.9) 

and the hierarchical cubic interpolations for the transverse displacement field 

w = N](t)w]+N2({)w2 + tN3({)(d,-e2) + N4({)alAe3 (3.10) 

in which 

AW) = £(W2) (3.11) 

The additional rotation parameter A03 is relative to the rotation field given by Eq. (3.3) 

and the parameter a in Eq. (3.10) is yet to be determined. The shear strain along the beam 

element is then given by 

7 = ^-0 = -l(w2-w]) + 2a(\-3{2)A8i-
l-(dl + 82)-(\-£2)Ad3 (3.12) 

The constraint of constant shear strain along the element can be imposed by selecting the 

J2 
value of a which cancels the coefficient of the g term in Eq. (3.12), namely 

a = l (3.13) 

Hence, the hierarchical transverse displacement interpolation in Eq. (3.10) becomes 
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w = N^)w]+N2(i)w2 + ^N3U)(d]-e2) + ^N^)Ad3 (3.14) 

3.3 Reissner-Mindlin Plate Element 

The principle of virtual work for plates can be stated as 

^ SK
T
ChKdA + ^ SyTCsydA = jSwpdA (3.15) 

A A A 

in which the symbol 8 denotes a virtual kinematic quantity, K and y are the bending and 

shear strain vectors, Cb and Cs are the bending and shear strain constitutive matrices and 

p represents the transverse load. The strain vectors and constitutive matrices are defined 

as 

K Wy 
dy 

dy dx 

(3.16) 

r = 
dx Px 

dw 
dy A 

> Px = Py 
(3.17) 

Ch 
Ef 

12(1- v2) 

1 v 

v 1 

0 0 

0 
0 

1 - v 
2 

(3.18) 
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Etk 1 0 
(3.19) 

S 2(l + i') o i 

where 

6X = x- rotation of the plate cross-section perpendicular to the y-axis (accounting for shear 

deformations). 

6y = y-rotation of the plate cross-section perpendicular to the x-axis. 

The sign convention used for rotation is shown in Fig. 3.3. The shear area correction factor 

k in Eq. (3.19) is taken as 5/6 (for a rectangular cross-section) 

o 
A 

Z 

Fig. 3.3 Sign convention used for plate 
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3.3.1 Plate Element with Quadratic Displacement Interpolation 

Consider the four noded quadrilateral plate element shown in Fig. 3.4. The reference 

configuration of the element is defined by the bilinear mapping 

x=^Nl(^,r])xI y=^N1U,V)yl (3.20) 
/ = l / = l 

In Eq. (3.20), x and y are the local coordinates of the element, £ and r| are the natural 

coordinates defined in the interval {-1, 1} and x{, yt are the coordinates of node I. The 

bilinear shape functions Nt are given by 

N,U,v) = ^(1+£/£)( 1 + 7//77), /= 1, 2, 3, 4 (3.21) 

The interpolations for the plate transverse displacement and the cross-section rotation 

fields (w, 0] and d2, respectively) are constructed by generalizing the Timoshenko beam 

interpolations given in Eqs. (3.3) and (3.8). The cross-section rotation fields are 

interpolated as 

4 

= 6 = ^NI(^rj)0[ (3.22) 
/ = l 

in which 

0,(£ V) 

02(£ v) 

(3.23) 
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Fig. 3.4 Plate element with quadratic displacement interpolation 

Similarly, the hierarchical transverse displacement interpolation is obtained as 

4 8 l 
w(£>v)= X NI^^)w,+ £ NL(^7l)YnJK(0J~ 6K) (3.24) 

/ = 1 L = 5 

where nJK and lJK denote, respectively, the unit outward normal vector to and the length 

of the plate element edge between corner nodes J and K, see Fig. 3.4, defined as 
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„ _ C0SaJK 
nJK ~ 

_sm ocJK_ 

l 

lJK = [(%-^)2 + (.^-Vy)2]2 

The corner node numbers J and K are given by 

J - L- 4 and K = mod(L, 4) + 1 for L = 5, 6, 7, 8 

The serendipity shape functions in Eq. (3.24) are given by 

NL(€,ri) = ^(1 - £2)(1 + ?7L77); L = 5, 1 

NL{^,V) = |(1 - T72)(l + L = 6,8 

The interpolation in Eq. (3.24) can be written in a more compact form as 

4 4 

W(£, v) = X ^/(^K+ X Nitt,v)0, 
I = 1 / = 1 

where 

= NM(£,v)lfnl-NLtf,V)-fn*K, I = 1,2, 3, 4 

in which 

7 = mod(I, 4) + 1 

K = I - 1 + 4xmfQj 

L = K + 4 

M = 1 + 4 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

The interpolation for the bending strains are determined by substituting Eq. (3.22) into Eq. 
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(3.16) to yield 

4 

K = X (3.33) 
/ = 1 

where the nodal displacement vector and strain-displacement matrix Bj are given by 

u / 

Wj 

oxi 

*v/_ 

(3.34) 

B,i£,v) = 

Although the beam element hierarchical displacement interpolation in Eq. (3.8) is 

sufficient to alleviate shear locking, the plate element constructed with a similar 

interpolation still suffers from the locking problem. Since the final objective is to analyze 

structures in which the shear deformations can be neglected, the plate element with 

discrete Kirchhoff constraint is considered next. 

3.3.2 Discrete Kirchhoff Plate Element 

The discrete Kirchhoff plate element was derived by Batoz (1982). An alternative 

derivation of the same element, proposed by Ibrahimbegovic (1991), is given here. 

Consider the Timoshenko beam element with cubic transverse displacement interpolation 

in Eq. (3.14) and quadratic rotation interpolation in Eq. (3.9). If a zero shear strain is 

0 
3A(/(^) 

3JC 

aw/(^) 
dy 

dNj(i,v) 

dx dy 

(3.35) 
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imposed in Eq. (3.12), the following condition is obtained for evaluating the hierarchical 

rotation 

403 = ||(w2-Wl)-|(01 + 02) (3.36) 

Substituting A63 from the above equation into Eq. (3.14), gives the following 

interpolation for the transverse displacement field of the beam 

W = f^1(0-X(^)Vl+f^2(0 + ^4(^)V2 + 

V 7 V J (3.37) 

+ g(W3(f) - W4(£))0,~(Ar3(£) + N4({))92 

Imposing the same constraint of vanishing shear strain along each side of the plate 

element between corner nodes J and K, one has 

40JK = 2~i (WK _ ~ ^nJK^J + (3.38) 
J K 

By analogy with Eq. (3.9), the hierarchical quadratic rotation interpolation for the plate 

element takes the form 

e = = JjNlU,v)el + JJ
NL(^v)njKA6 JK (3.39) 

i = l L = 5 

By substituting Eq. (3.38) into Eq. (3.39), the following plate cross-section rotation fields 

are obtained: 

4 8 r 3 3 T 

0= XW/(£-'7)0/+ 2j-nJK{wK-Wj)--njKnjK{ej+eK) 
/ = ! L = 5 JK 

(3.40) 

in which the indices J and K are as given in Eq. (3.27). The terms in Eq. (3.40) can be 
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rearranged into the following expression for the interpolated rotation field: 

4 

0 = ^[MiWj + Njej-N/d,] (3.41) 
/ = l 

in which Nj is a 2 x 2 matrix given by 

Ni = MnIJnIJ + N LnK,nKI) (3.42) 

and 

M< = 5 "LT--NMy-) (3.43) zv f AT/ ^ 

The subscripts J, K, L, M in Eqs. (3.42) and (3.43) were defined in Eq. (3.32). 

The rotation interpolations can finally be written in the following compact form: 

0, = KPP ■ 9y = <P,, (3-44) 

0 0 
where the shape functions N x and Ny are defined as 

) ) ) <
^3

 

)  1
 

N° - 

1—
 ( ( 

<
^3 

( 

<3C> 

( 
1

  

_Nx 1 Nx2 NX3 NX 4_ ’ V L^Vyl Ny2 Ny 3 Ny4j 

in which 

Nxi = eT
xMi(Nj -eT

xNjex) -eT
xN,e)L 

11 

(sf e^M, -elNje^Nj-elN,^.) 

and the unit vectors e x and e are defined as 

(3.45) 

(3.46) 
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1 £ = 0 

0 
V 

1 
(3.47) 

The nodal displacement vector p in Eq. (3.44) has the form 

W1 0*1 ey\ w2 ®x2 ^V2 W3 ® xl> ®y3 WA ^ xA &\A 

T 

(12x1) 
(3.48) 

The interpolation for the transverse displacement field is obtained by extending Eq. (3.14) 

for the plate, namely 

4 8 i 8 i 

w= £ W,(f, v)w,+ 'ZNLU,v)-^nT
m(9J-eK)-l- 'ZMLU,V)^A0JK (3.49) 

7=1 L = 5 L = 5 

where 

MLU, 77) = ^(l-f2)f(l + 77^); L = 5,7 

ML(^,77) = i(l- 772 ) 77(l+^); L = 6,8 

(3.50) 

(3.51) 

are the hierarchical cubic shape functions. The indices J and K in Eq. (3.49) were given in 

Eq. (3.27). After substituting Eq. (3.38) into Eq. (3.49), to impose zero shear strains along 

the edges the following transverse plate displacement field is obtained: 

^n
JK{0j - 0K) + 

(3.52) 

nLf 
4y K JJ 8 

w= Y,Ni^’^wi+ S NL(^v^YnTjK(-0J~ °k) + 

7=1 L = 5 

8 ^ 

+ X MtU,r)) j(wK~wJ^~~o~nJK^J+ OK) 

L - 5 

The interpolation for the transverse plate displacement can be written in a more compact 

form as 
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\7W 
w = N pD (3.53) 

The interpolation matrix Nw, obtained by rearranging the terms in Eq. (3.52) has the form 

N mTW m 7VV « yW N i N2 N2 N4 J(1 x 12) 
(3.54) 

in which 

*7- N, + \(ML ~ Mu) (/V„ - Mu)‘fhJj - {NL + ML)‘Y»TKI 
(3.55) 

(1x3) 

The indices J, K, L and M in the above equation are obtained using Eq. (3.32). 

The interpolated bending strains are determined by substituting Eq. (3.40) into Eq. (3.16) 

to yield 

K (3.56) 
i = l 

where the nodal displacement vector Uj is defined in Eq. (3.34) and the strain- 

displacement matrix is given as 

-eT
yMix 

eT
YMi,y 

ey Nuex 

NLx-eT
xNhex 

[eT
xMi,x - [A^ r + N r,yet - 

V/., + «v V >-*ey 

-eT
xNi,yex 

- Nl v + eT
yNi,yex-e

T
xNi,xex] 

J (3 x 3) 

*?(£•■»7) = (3.57) 
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CHAPTER 4 

LINEAR MEMBRANE ELEMENT WITH 

DRILLING DEGREES OF FREEDOM 

4.1 Introduction 

Recently, there has been a revival of interest in membrane elements with rotational 

degrees of freedom initiated by the novel and independently pursued approaches of 

Allman (1984) and Bergan and Fellipa (1985). The variational framework for this problem 

was proposed by Hughes and Brezzi (1989). In this chapter, first the discrete variational 

formulation of the membrane problem is presented. Then the complete formulation of a 

membrane element with quadratic displacement interpolation is given. 

4.2 Strong Form of Boundary Value Problem in Continuum Mechanics 

Consider first the familiar boundary value problem for non-polar continuum mechanics in 

which the body couples are considered to be absent, which leads to the symmetry of stress 

tensor. In this study, only the static problem is considered. For a body occupying the 

3 
domain flcz R the equilibrium equations, strain-displacement equations and constitutive 

equations (assuming linear elastic material) are given in Eqs. (4.1), (4.2) and (4.3), 

respectively. 

(4.1) 

eij = symm ui j = -(Ujj + Ujj) (4.2) 

17ij ~ CukiHi (4.3) 
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The constitutive tensor Cijkt satisfies the symmetry conditions 

C^ki = Cjikl = Cijlk = Cklij which follow from the symmetry of the stress tensor, the 

symmetry of the strain tensor and the existence of the strain energy density function. Also 

the tensor of constitutive moduli must be positive definite, i.e., 

Cijkl€kl€ij > 0 f0r a11 e
ij = eji * 0 (4‘4) 

The symmetry of the stress tensor is implicit in the classical non-polar continuum 

mechanics. To include in the boundary value problem the infinitesimal rotation tensor if/-, 

it is not a priori assumed that the stress tensor is symmetric. 

value problem under this consideration is stated as 

The statement of the boundary 

"ijj + fi = 0 (4.5) 

skewer- = 0 (4.6) 

if/jj = skewuij = ujJ (4.7) 

symmo-[J = Cijklekl (4.8) 

where Eq. (4.5) is the equation of equilibrium of forces in Xp, x2- and x3- directions. Eq. 

(4.6) is the equation for moment equilibrium in the Xp, x2- and x3- directions, Eq. (4.7) is 

the definition of infinitesimal rotation tensor of the displacement field and Eq. (4.8) are the 

constitutive relations. 
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4.3 Variational Formulation 

The continuous variational principle of the boundary value problem stated in Eqs. (4.5) to 

(4.8) with Dirichlet (displacement) boundary conditions was given by Reissner (1965) as 

where G S, tj/jj G W and G U are the trial variables. The variational principle in 

Eq. (4.9) requires that S and W belong to the space of square integrable functions and U 

belongs to the space of functions whose generalized derivatives belong to the space of 

square integrable functions. In addition, since Dirichlet boundary conditions are 

considered, the space of trial displacements must also satisfy the zero boundary condition. 

The condition of stationarity (satisfied at the solution w(, i/^-, cr^) and integration by parts 

(divergence theorem) yields the Euler-Lagrange variational equations (strong form of the 

problem) that corresponds to the equations of the boundary value problem given in Eqs. 

(4.5) to (4.8). Using the constitutive relation in Eq. (4.8), the variational principle in Eq. 

(4.9) can be transformed as 

(4.9) 

(4.10) 
+ | skew(aij)(skew(ui j) - ii-Jfd{} 

n n 

In deriving Euler-Lagrange equations from the variational principle given in Eq. (4.10) the 

essential and natural boundary conditions to apply are: 

either ui = 0 (essential) or = 0 (natural) 
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4.4 Discrete Variational Formulation 

To establish the variational principle of the boundary value problem suitable for discrete 

approximation, Hughes and Brezzi (1989) included an extra term in Eq. (4.10), i.e., 

ny(uit faj, skewa) = 77(M-, </qy, skewa) - ^ J y 1 skewaskewadfl (4.11) 
1 n 

in which y is the regularization parameter. Taking the variations with respect to the trial 

variables, the same Euler-Lagrange equations as in Eqs. (4.5) to (4.8) are obtained. 

However, use of the discrete form of Eq. (4.11) leads to a stable (regularized1) mixed 

formulation which is not obtained if the discrete form of Eq. (4.10) is used directly 

without any modification. The discretized variational principle is obtained by restricting 

the trial spaces S, U and W to the trial subspaces Sh, Uh and Wh where superscript h 

(finite element mesh parameter) denotes a discrete approximation: 

FI {u\, ijJlj, skewa1) = /7(tq, t/qy, skewa1 1 r -l 
)-- j y 1 skewa"skewa”dfl (4.12) 

fi" 

The matrix notation is now introduced to represent the discrete quantities. In that respect, 

it is assumed that the (x,, x2) plane of the local coordinate system coincides with the 

membrane plane. The symmetric part of the displacement gradient, denoted as 

symm(ui ■) is mapped into the vector: 

1. Regularization is the modification of the mixed formulation in order to preserve its stability, see 
Zienkicwicz and Taylor Vol. I (1988). 
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symm(ui •) —> symm(Vul) = 

du^/dxj 

du2/dx2 

du\/dx2+du2/dx\ 

(4.13) 

Each skew-symmetric tensor is represented via its axial vector1 which in the two 

dimensional case of a membrane has only one non-zero component perpendicular to the 

membrane plane. Thus 

skew(Uj j) —» skew{Vuh) = ]^{du2/dxx - du^dx^ (4.14) 

«hj-skew(ui j) -4 iph (4.15) 

skewia^) -4 skew(ah) (4.16) 

Using Eqs. (4.13) to (4.16), the discrete form of the regularized mixed-type variational 

formulation can be rewritten in matrix and vector form as 

IJ (u\ tj/h, skew&h) = ^ [ (symm(Vu1)) C{symm(Vuk))dO 
' / J 

KJ. 

ff 
. h. + | skewa\skew(Vu‘) - ip ) dfl 

nh 

1 
2 

y 1 skew 

n" 

„ h , „ /z <j skewa dfl - | ulTfdn 

ft'' 

(4.17) 

and the corresponding discretized variational equations are 

J (symm(Vu')) C(symm(V uh))dfl + J skewah{skew{yuh))dfl- J uhTfdfl - 0 
nh nh d 

1. If W is any skew symmetric tensor of order two represented by a matrix then C*> is the axial 

vector of W if W • CL — co X a for any vector a . 
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(4.18) 

| skew a'if/'dfi = 0 (4.19) 

n" 

[ skewa\skew(V u') - iph)d{2 - f y 1 skew a1 skewa' d£l = 0 (4.20) 

nh ri‘ 

4.5 Membrane with Quadratic Displacement Interpolation 

Consider a four-node quadrilateral element with degrees of freedom as shown in Fig. 4.1. 

The element geometry is defined through the standard bilinear mapping, i.e. 

Fig. 4.1 Membrane element with drilling degrees of freedom 
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4 

x\ = xe = ^N,U, r,)Xl (4.21) 
/ = 1 

where the bilinear shape functions are defined as 

= ^(1 + £/£)(! +V!V) ; / = 1,2, 3, 4 (4.22) 

The independent rotation field is also interpolated as a standard bilinear field over each 

element. Accordingly, 

<Al\nr = &e = X 
I = i 

(4.23) 

The interpolation of the in-plane displacement field is derived from the 8-noded parent 

element interpolation written in hierarchical form 

4 8 

= = X Ni(^V)ui + X NL(^V)^UL 
/ = 1 L = 5 

(4.24) 

where AuL the are hierarchical nodal displacement vectors, i.e., displacements relative to 

the four-node bilinear displacement field. In Eq. (4.24), the serendipity shape functions are 

used, namely 

NLU,V) = 1 - f2)( 1 + VLV)\ L = 5, 7 (4.25) 

NL(€,V) = ^d-r/2)(l+^f) ; L = 6,8 (4.26) 

The hierarchical mid-side nodal displacement vectors AuL, L = 1, 2, 3, 4, are expressed 

in the local (n, t) coordinate system, see Fig. 4.1, as 
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T 
Aun = n Au = AMI cos or + Au0sma 

T (4.27) 
Aw, = t Au = -AW[ sin a + AM2COS a 

where n and t denote the outward unit normal vector and the unit tangent vector of the 

corresponding element side, respectively. 

The tangential components of the mid-side displacements AM, are constrained to zero. 

Through this constraint, the compatibility of the tangential component of the displacement 

field is satisfied at the inter-element boundary. Hierarchical displacement components in 

the normal direction, Aw , are eliminated in terms of the nodal rotations ((along the 

same line as in Section 3.2.1 for beam and plate elements), to yield the in-plane 

displacement interpolation 

4 8 l 
u = V/(^,r7)w/+ J4NIU,V)^-(ilJK-iljJ)nJK (4.28) 

/ = 1 L = 5 

where lJK denotes the length of the element side associated with the corner nodes J and K, 

i.e., 

I 
2 2 2 

htc = [(*/n -xj\) + (XK2~XJI) ] > njK = 

In the above, the corner nodes J and K are defined as 

L = 5, 6, 7, 8 

J = L- 4 (4.30) 

K = mocl{L, 4) + 1 

cos a JK 

sin a JK 

(4.29) 

The in-plane displacement interpolation in Eq. (4.28) is the Allman type interpolation (see 
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Allman 1984) and is rewritten in a more convenient form as 

* T W * T u = N pm + N p. (4.31) 

The shape functions Nm and N^' are defined as 

Nm = "tfl 

o
 yv2 o N3 o yv4 o ,7/ 

r- -| 

II yvf N2 N* N* 

1—
 

o
 

o N2 o A3 o A4 

(4.32) 

in which 

.7(// ,, hi* , X1 lKI* 
^i ~ NL g nji + N M g nK] 

(4.33) 

The indices in Eq. (4.33) are given by 

K = mod(I, 4) + 1 

J = I - 1 + 4 x int^j 

L = 7 + 4 

M = 7 + 4 

(4.34) 

The nodal displacement vectors pm and pw are defined as 

Pm = 

m f'y 

T 

Uj Vj U2 V2 w3 V3 M4 V4 Pd, = <Al <A2 ^4 (4.35) 

The skew symmetric stress field is interpolated as a constant over each element, i.e., 

skewer = a 0 (4.36) 

The infinitesimal strain vector is given by 

symm{S/u) = ^ (B'j’uj + Gjijrj) 

l = l 

(4.37) 
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where ul and ipj are respectively the nodal values of the displacement and rotation fields. 

The strain-displacement matrix Bin Eq. (4.37) has the standard form 

B1? = 

dN, 

dN, 

dN, dN, 

dx2 

(4.38) 

The strain-rotation matrix G, in Eq.(4.37) reduces to 

^7 - ^~hl^LnJl + ^KI^MnKI^ (4.39) 

(4.40) 

In Eqs. (4.38) and (4.39), the definition of the indices are given as 

I = 1,2, 3, 4 

7 = 7-1 +4 int{j 

K = mod{l, 4) + 1 

L = 7 + 4 

M = 7 + 4 

The strain-displacement matrix associated with the rotational degrees of freedom is 

purified of the constant strain mode1. That amounts to the modification 

Gj = Gj-—e\ Gjdfl 
n n‘ 

(4.41) 

The strain-displacement relation in Eq. (4.37) can be rewritten in a more compact and 

1. This enables the ability of the element to exhibit the constant strain mode and to satisfy the patch 
test. 
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convenient form as 

e(x,y) = symm(Vu) = Bm(x, y)p/n + (x, y)p. (4.42) 

in which Bm and G^ are defined as 

B. nm nln n'n nm 

\ 
G* = 

~1 T 

G i Gi Gi G4 (4.43) 

Furthermore, the matrix notation for the infinitesimal rotation field is introduced as 

skew(Vuh)-iph = Y,(biui + gI
lf'i) (4-44) 

/ = l 

where 

bi 
dN, dNj 

dx2 

(4.45) 

and 

g{ ~ g[hibLnJi ~ WibMnKi\ ~ (4.46) 

with the indices 7, J, K, L, M are defined as in Eq. (4.40). The relation in Eq. (4.44) can be 

rewritten in a more compact form as 

skew(Vuh) - <//' = bm(x,y)pm + g^/(x,y)plf) (4.47) 

in which matrices bm and are given as 

b m b\ b 2 7> 3 b 4 (4.48) 

and 
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8t/i ~ 81 8 2 8 3 8 4 (4.49) 

Based on the matrix notation used in Eqs.(4.31), (4.36), (4.42) and (4.47) the discrete 

approximation of the continuous mixed-type variational formulation is recast into matrix 

form. Thus, the equation obtained by subtracting variational Eq. (4.19) from variational 

Eq. (4.18) can be expressed in matrix form as: 

Nel 

I J (B,J,„ + G4,p4,)
TC(B,1,pm + G4,p4,m+ j tbmpm + g^,)a0dn' 

e = 1 ^ne ft > 

Nel 
(4.50) 

= X J (*">,„ + > fdn 

<? = i n" 

in which Nel denotes the number of membrane elements used in discretizing the 

membrane domain and where each element is formulated in its local coordinate system 

and ff denotes the domain of the element1. The above discrete variational equation can 

be written in a more compact form as 

1. The domain of the membrane is given by the sum over the domain of all the elements i.e., 

Nel 

O ’ = ^ ff . Also, the variational principle of the membrane is given as the sum 

e = 1 
Nel 

n,! = £ ne. 
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Net f 
T X Pm J BmCB,ndn 

e=\\ \{2‘ 
Pm + PTm \BlcG,dn 

K
O" 

> f 
, -T 

P* +P* | slcBjn 
v/r 

Pm + 

■) f > f > \ 

[alca+dn Pit, + PI J On o + ^
 *<

 

J g^n ^0 
) w ) J 

Nel ( r \ ( \\ 

= I PI J N'"T/dn 
e=A V/2f 

„7 
+ /V J N* fdQ 

(4.51) 

Rearranging the above equation, the following convenient form is obtained 

Net 

I T „r 
Pm P/,_ 

J BT
mcBjn | BI,CG4, in 

a nl 

j GIcBjn j oleoma 
a1 nl 

Nel 

i „7 „7 
Pm Pili_ 

Pm 

?*_ 

TmT 

+ .7 „ 7 
Pil,_ 

J N fdn 

O' 

J N^fdfl 

ne 

J dndn 
(T 

^0 

J Sij,dn 

J}1 

(4.52) 

The above equation can be further reduced as: 

Net 

X 
e = 1 

.7 .7 
PW, P* 

Ke Ke 

mm Am|// 

Ke Ke 

“i//m ^ 

P m 

P*. 

+ 

L.'Vj 

07 

We/ 

= X 
.7 „ 7 
/>,„ P<l, 

(4.53) 

in which the element sub-matrices Kt
mm , K‘m,, K

l. and K\.. are defined as 
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C„ = J slcBjn 
a 

Kn* = jelcG^dn 
a 

*>„ = \olcBmdn 
nr 

K J olcG^dfl 
ne 

The element sub-vectors hc
/n and are given by 

K, = 1 b\ dfl 

nr 

hl = \g4,dn 

n‘ 

and sub-vectors Fe
m and are defined as 

K = J N'nT fdn 
ft 

Fl = \ N<lJTfdn 

ft 

Eq. (4.53) can be rewritten in a more compact form as: 

(4.54) 

(4.55) 

(4.56) 

Net r > Nel 

X {a)Keae + (a)Tha0 = £ {(^) V} (4.57) 

in which the element matrix K is defined as 

r = 
Kl Ke 
A

/H/;I ^ nuj/ 

Kl Ke 
“i/mi A <//»//_ 

(4.58) 
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The element matrix hL is given as 

(4.59) 

II 

Fe 
m e 

; a = 

e 
Pm 

r,e e 

LF*J 1/vJ 

Finally, the equivalent consistent nodal load vector F and nodal displacement vector a 

are given by 

(4.60) 

The third variational equation, Eq. (4.20), is expressed in matrix notation as 

Nel r f 

) 

e = 1 L V/2' 

The above discrete variational equation can be rewritten in a more compact form as: 

J *>mdf2 

\ f 

Pm + *0 
y 

J s4,(10 
\ ( 

P^-v 0 

a 

J y dfl 

^ne 
^0 = 0 (4.61) 

Nel 

E 
e = 1 

CTr K Vi 
Pm 

Pp_ 

-cr0y Oea0 

Nel 

X {^(h'a-y-'O'O-Q)} = 0 (4.62) 
e = 1 

in which O denotes the area of the element. The discrete variational equations in matrix 

notation, Eqs. (4.57) and (4.62), can be grouped together to give the following expression 

of the mixed type formulation: 

Nel 

E 
e = 1 

(« ) 0 
0 (7, 

K 

he -y ne 
(Tr 

Nel 

= I 
e = 1 

(a) 0 

0 a. 

Fe 

0 
(4.63) 
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Since the skew symmetric part of the stress tensor is interpolated independently for each 

element, Eq. (4.62) reduces to: 

he a - y 1 /3e<r0 = 0 (4.64) 

By solving the above equation for crQ and back substituting it in Eq. (4.63), we find: 

Nel r ^ Nel 

y j (a) K a l = y Fe where K = Ke + -^-hche (4.65) 
e = 1 ^ e = 1 £ 

e 
For convenience, the matrix K can be partitioned as, see Eq. (4.58) 

K K mm K mm 

K {f/m K if/ifj 

(4.66) 

Remark 1 

If the second and third terms on the right hand side of Eq. (4.17) are dropped then the 

resulting discrete variational principle becomes a conventional displacement based 

formulation given below 

n(uh) = ^ J {symm(Vuh)) C(symm(Vul))df2- J u'Tfdfl (4.67) 

n" ri’ 

The variational equation takes the following form, see Eqs. (4.18), (4.19) and (4.20) 

f (symm(Vu‘)) C(symm(Vu'))df2 — I‘ u'TfdI7 = 0 (4.68) 

nh nh 

Using the displacement interpolation in Eq. (4.31) and finite element approximation of 

membrane strain in (4.42) the above equation becomes 
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+ py )TC(Bmpm + Gy Py )dfl + N*Py )fdn 

(4.69) 

The above equation further reduces to 

Net Nel 

X {{de)TKeae} = X {(«C)V) 
e = 1 e = 1 

(4.70) 

in which the stiffness matrix KL, the displacement vector a and the load vector Fc are 

defined in Eqs. (4.54), (4.56), (4.58) and (4.60). Note that the above equation is similar to 

y e eT 
Eq. (4.65) but without the term -j-h h 

If Eq. (4.70) is used to solve membrane problems, there will be three degrees of freedom 

per node. Two are inplane nodal displacements and third is a parameter used for higher 

order interpolations. It is noted that the element based on Allman interpolations has a 

spurious rigid body mode corresponding to nodal parameters <A| = *A2 = ^3 = tA^see 

Eq. (4.28). This spurious mode is easily suppressed if (i) all the elements are not in same 

plane (ii) if atleast one nodal parameter if/ is locked. 

Use of Eq. (4.65) to solve the membrane problem has the advantage that there is no 

spurious mode. This is because of the rank one update of the stiffness matrix Kc by the 

y e e T 
term -~-h h , Also, the parameter ip is now a true independent rotation (in weak sense). 
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CHAPTER 5 

FLAT AND CURVED LINEAR SHELL ELEMENTS 

5.1 Introduction 

The efforts for developing shell finite elements have followed mainly three approaches. 

The one that has attracted the most attention is the so-called degenerated solid approach. 

In following this approach, the three-dimensional elasticity equations are integrated 

numerically across the thickness to arrive at the two-dimensional equations. In the second 

approach, the shell element is formulated based on classical shell theory. The governing 

equations in classical shell theory are complicated and lead to several alternative 

formulations depending on the type of approximations used. The only essential difference 

in the above two approaches is that the two-dimensional equations are obtained from the 

three-dimensional ones by integrating numerically in the degenerated solid approach and 

analytically in classical shell theory1. A third approach in computational analysis of shell 

structures gets rid of the difficulties mentioned above, however it does so at the cost of 

introducing yet another approximation. It assumes that the behavior of a continuously 

curved surface can be approximated by the use of a surface made up of flat or curved 

elements. It is intuitively clear that as the size of these elements is reduced the 

approximated surface will tend to the actual one and hence the procedure should converge. 

Indeed, numerical experiments do indicate such convergence. 

In this chapter, the formulation of a linear (both geometric and material) flat shell element 

I. The classical shell theory based on director Cosserat approach makes the hypothesis of a two- 
dimensional surface whereas the three-dimensional approach arrives at the governing shell equa¬ 
tions by analytically integrating the three-dimensional equations across the thickness. Both 
approaches can be shown to yield similar governing equations. 
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is described followed by that of a linear curved shell element. Both elements are four 

noded elements with six degrees of freedom (3 translation and 3 rotation) per node and are 

developed in a local element coordinate system. The matrices in the local coordinate 

system are then transformed into the global coordinate system. The presence of six 

degrees of freedom per node makes it easy to deal with shell intersection problems such as 

tubular joints and other structural problems involving space beam to shell intersections 

(e.g., stiffened shells). 

5.2 Linear Flat Shell Element 

A general curved shell is subjected to external in-plane forces and external out-of-plane 

forces and the internal forces and deformations due to these forces are coupled. In a flat 

element these deformations are uncoupled at the element level provided that 

(a) the middle surface is chosen in representing displacement, rotations 

and stress resultants; 

(b) the material properties are symmetric about the middle surface of the 

shell; and 

(c) the displacements (translations and rotations) are small. 

5.2.1 Strain-Displacement Relationships 

Assuming that plane sections remain plane, the in-plane displacements at any point in the 

shell can be expressed as 

u — UQ + z.0 

'o 

0 ■■ 

V = vn-zd. 
(5.1) 

where u0 and v0 are the in-plane displacements of the middle surface of the shell and 
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6X = x-rotation of the shell cross-section perpendicular to y-axis; 

6y = y-rotation of the shell cross-section perpendicular to x-axis. 

z 

Fig. 5.1 Local reference system in the middle plane of the flat shell element 

A more convenient notation for the cross-section rotations is introduced as follows: 

Px = Oy 

Py = 

(5.2) 

Note that the definitions of (3X and {3y for shells are opposite in sign to those used for pure 

plate bending elements. The displacement components in Eq. (5.1) can be rewritten as 

u = u0 + zfS 
(5.3) 

V = VQ + ZPy 

The displacement field can be written in vector form as 

U = U0 + zfi (5.4) 
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in which 

u = u0 = p = 
Px 

Py 
(5.5) 

The strain vector at any point in the shell due to these displacements are given by 

where 

and 

e = e0 + zx 

‘o 

dx 

dy 
dvQ duQ 

dx dy 

(5.6) 

(5.7) 

Wx 
dx 

*Jy 
dy 

dPy + dPx 

(5.8) 

dx dy 

The principle of virtual work requires a virtual strain vector which can be expressed using 

Eq. (5.6) as 

Se = 8e0 + z8x (5.9) 

in which the symbol 8 denotes virtual. 
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5.2.2 Stress-Strain Relationship 

The first two assumptions in Section 5.2 are relaxed for the moment and in particular 

z = 0 does not necessarily represent the middle surface. Material is taken to be linear 

elastic. The linear stress-strain relationship at any depth z of the shell is given by 

cr = De = D{e0 + zx) (5.10) 

where D is the constitutive matrix for plane stress condition1 at any depth z and is given 

as 

U-*'2) 

In the above equation symbols E and v represent the Young’s modulus and the Poisson 

ratio, respectively. With no added difficulty, the constitutive matrix can also be assumed 

variable across the thickness as will be the case in nonlinear material analysis of shells, see 

Chapter 7. The stress vector a at any depth z is given as 

(5.12) 

The stress resultants are obtained by integrating Eq. (5.10) through the thickness of the 

shell, t, as 

cr 

cr 

cr 
>’.v 

XV 

1 V 0 

v 1 0 
1 - v 

0 0 

(5.11) 

1. In shell analysis, it is assumed that the normal stress component, , across the thickness is 

negligible. Therefore, the shell can be viewed as a multi-layered structure, each layer being in 
plane-stress condition. 
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N = jcrdz. = jD(e0 + zx)dz = (jDdz)e0 +(jDzdz)x = Dme0 + Dmbx (5.13) 

and 

M = Jazdz = jDz(e0 + zx)dz = (jDzdz)e0 +(jDz2dz)x = D
t„beo + DbX (5-14) 

in which N = N N N xx yy xy 
are the internal in-plane normal and shear forces per unit 

length of the shell and M = 
-I T 

Mxx Mvy M„ are the internal moment per unit length of 

the shell. The integrated constitutive matrices Dm, Dh and Dmh known respectively as 

membrane, bending and membrane-bending coupling constitutive matrices are defined as 

Dm ~ \Ddz Dmb = \Dzdz Dh = ^Dz dz (5.15) 

Note that if the middle surface corresponds to z = 0 and the material properties are 

assumed to be constant across the thickness, then Eq. (5.15) reduces to 

D,„ = 
Et 

(1-0 

1 V 0 1 V 0 
V 1 0 Et3 

; Dmb = 0; Dh= 2 
v 1 0 

0 0 - 
1 - V 12(1-0 0 0 - 

1 - V 

2 2 

(5.16) 

This shows that the deformations due to the membrane and bending forces are uncoupled 

in case of the assumptions made in Section 5.2 and for linear elastic materials. 
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5.2.3 Principle of Virtual Work 

The principle of virtual work for shell can be written as 

8W = j^SedV-jf^SudV-j^SwdV = 0 (5.17) 
V V V 

where cr and <5e are defined in Eqs. (5.12) and (5.6), respectively, fm and f are the in¬ 

plane and out-of-plane body forces, u is the displacement field vector as defined in Eq. 

(5.5) and w is the out-of-plane displacement field. The displacement field defined in Eq. 

(5.4) and virtual strain vector given in Eq. (5.9) are used and the integral over the volume 

V is expressed as the integration across the thickness followed by the integration over the 

middle surface area giving 

8W = |<r'r(5e0 + z8\)dzdA - jf^(8u0 + z8p)dzdA - Jjf SwdzdA 
V V V 

arTdz} 8€0dA + JtJ arT zdz} 8 xdA (5.18) 
A A 

_J {§fm dz}8u0dA - | {jf^zdz}8/3dA - J {jfp dz}8wdA 
AAA 

Using the definition of the stress resultant vector given in Eqs. (5.13) and (5.14), the above 

equation further reduces to 

8W = ^NT8e0dA + ^MT8xdA-jnT8u0dA-^mT8pdA-\fp tSwdA (5.19) 
A A A A A 

where n and m represent the external force resultants defined as 

n = \fmdz; m = \fmzdz (5.20) 

The principle of virtual work states that for any small virtual displacement field (which 
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satisfies the displacement boundary conditions) imposed on the deformable body in its 

state of equilibrium, the total internal virtual work, SWj, is equal to the total external 

virtual work, SWE. Thus, 

8W, = 8WE 

8WJ = | NT6e0dA + J MT 8\dA 
A A 

8WE = jnT8uQdA + ^mT8f$dA + jfp tSwclA 

(5.21) 

In the above, N and M are the internal stress resultants in equilibrium with the external 

body force resultants n and m and out-of-plane body force f . The principle of virtual 

work expressed in Eq. (5.21) is an integral form of equilibrium. 

5.2.4 Finite Element Approximation 

The interpolation for the in-plane displacement field in Eq. (4.31) is rewritten as 

*TW *Tl// 
U() = ^ Pm + 

N PiL (5.22) 

in which the shape function matrices Nm and N^ are defined in Eq. (4.32) and the nodal 

displacement vectors pm and p are given by 

Mj Vj «2 
v2 u3 v3 11A v4 

-i T 

p<l, = *Ai <A2 ^3 ^4 (5.23) 

The initial geometry is considered flat. The interpolation of initial geometry is given by 

bilinear map 
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X 0 N2 0 N3 0 N4 0 

y_ 0 *1 0 N2 0 N3 0 N4 

y\ 

Vl 

-y3 

>'4 

(5.24) 

The interpolations for the out-of-plane displacement field w and the rotation fields dx and 

6 were given in Eqs. (3.53) and (3.44), respectively, as 

\7W 

w = N p (5.25) 

and 

0* = KPp ; Oy = NyPp (5.26) 

in which the interpolation matrix N is given in Eq. (3.54). Shape function matrices AT 

and N are defined in Eq. (3.45) and the nodal displacement vector p has the form 

PP = 

~\T 
(5.27) 

_W 1 °x\ Qy\ W2 ®x2 0y2 W3 ® x3 ® y3 W4 ®x4 ^v4 

The interpolations for the rotation fields (3X and /3 are written in a form similar to Eq. 

(5.26) as 

4, = N1PP ; /3, = </>,, (5.28) 

SB 0 0 
where matrices Nx and N\, can be written in terms of Nx and Ny using the relations in 
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Eq. (5.2) as 

ivf = Ny] = -N°x (5.29) 

The membrane strain-displacement relationship in Eq. (4.42) can be rewritten as 

e0(x,y) = Bm{x,y)pm + Glj;{x,y)pil/ (5.30) 

The form of Eq. (5.30) is the one used by Jetteur and Frey (1986) and Taylor (1988). 

Matrices Bm and are defined as 

T - 

*m = »w R;n 

B2 B 3 B4 ; = G l G 2 G 3 G 4 

"I T 
(5.31) 

where B} and G i are as defined in Eqs. (4.38) and (4.41), respectively. Similarly, the 

plate strain-displacement relationship can be written as 

X(x,y) = Bp (x, y)pp (5.32) 

where the matrix B is given in terms of the matrices B1} defined in Eq. (3.57) as 

B 
1 T 

nP nP jyP nP (5.33) 

Since the quantities in the virtual work Eq. (5.21) are scalar, they are equal to their 

transpose. Hence, they can be rewritten as 

Jdel NdA + J 8\TMdA = J 8uJ ndA + J 8(?mdA + J SwTtfp dA (5.34) 

By discretizing the shell region into Nel finite elements, the above integral equation of 

equilibrium takes the following form: 
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Nel Nel 

£ [jAe8e0
TNdA + jAi,8xTMdA = £ ^<80% ndA + mdA + jA§wTtf*dA 

e - 1 e = 1 

(5.35) 

Using the relationships in Eq. (5.13) and (5.14), the above integral equation of equilibrium 

becomes 

Nel r ^ 

1 {.\A.St
a

T(Dme0 + Dmix)dA+\A,6xT(Dmbe!1 + DbX)dA} = 

Nel r >| 

= I j ndA +| SpTmdA +J 8wTtfpdA 1 
(5.36) 

Using the displacement interpolations in Eqs. (5.22) and (5.25), the cross-section rotations 

interpolations in Eq. (5.28), the strain-displacement relationship in Eqs. (5.30) and (5.32), 

Eq. (5.36) becomes 

Nel f f 
r „T, 

-= lV 
I dpi \BT

mDmBmdA pm + 8pT
m J BlDJl^dA P^ + 8pT\\ BT

mDmhBpdA 
V' 

PP 
+ 

srTl I J G>„ + H f J 'Jv/ 

^ J pm + J BT
pDmhG 

i//\ J (// m (// lF*// J </> 
/\*’ ' V' 

T\ r 'r 

A' 
V 44 

X ,uM + h5 
e = 1 

/V?/ 

N?PP 

N>Pr. 

mdA + \8(Nw
Pp)

TIfr dA 

(5.37) 

= X )+ndA)+
N^T ivf ^ )) 

£' = 1 

The above equation can be rewritten in a matrix form as 
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Nel 

e = 1 
SPI, % SP

T 

Nel 

I 
e = I 

jBl*>„BmdA j BT
mDmG4dA \BT

mDmhBpdA 

Ae Ae Ac 

\GT,D BdA \GT.D G ,dA I-GT.D B dA 
J if/ m m J if/ m if/ J if/ m m 

A* A1 A1 

jBlD,uhBmdA \BT
pDmhG4idA \BT

pDhBpdA 

Ae A* 

f Nm ndA 
J Ar 

Pm 
P* 

Spm SPif/ SPp [ N^1ndA 
•M'' 

jJtff N^\mdA +\fTt/pdA 

Eq. (5.38) can be rewritten in a more compact form as 

Nel 

I '°p'„ "/>( '>/>( 

K^ KF A
/n/n mif’/ mj 

<,* < 

Km KP+ < 

7 Pm Nel 

) P* 

II 

) Pp. 
e = 1 

8
PI 

8
P\ 8PTp 

F 

F 

F 

in which 

KF - mm J BT,„D,nBmdA 
A1' 

S 
^

 

II j BT
MD„G^dA 

Av 

II 5 
*

 | BlDmbBpdA 
Ar 

<„ = 10lDmB„dA 
Ae 

= I GXG0<M 

(5.38) 

F 
m 

F
t (5.39) 

F 

PJ , 

(5.40) 
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and 

A* 

II 1 G\DmbB/A 
A1' 

= | BT
pDmbBJA 

A1' 

II 1 BT
pDnbG*dA 

Ae 

11 j BT
rDbBpdA 

(5.40) 

PF
m = \AN"'TndA 

F„ = -l jvf ivfr mdA + [ NwTtfn dA 
JA" P 

(5.41) 

The superscript F on the various terms in the above equations is used as a reminder that 

they are for flat shell elements. 

Finally, the final integral equilibrium equation for linear (geometric and material) analysis 

of shells using flat shell element can be written as 

Net Nel r 

Jd{(8pL)TKF
LpL} = S W)'f 

e = 1 e = 1 ^ 

T„F 

(5.42) 

in which 
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< = 
KF 

KF , Kf~ FF 

mm miff mp m Pm 

KF 
A#! 

KF A <//(// ; Fl = FF 

^ <P ; PL = P + 

KF Kf. KF 
FF fp. 

pm pip PPJ L PJ 

(5.43) 

F F 
Matrices KL, FL and pL are known as the stiffness matrix, the equivalent consistent 

nodal load vector, and the nodal displacement vector for a linear flat shell element in its 

local coordinate system. It is evident, from the definitions of its sub-matrices in Eq. (5.40), 

f 
that the stiffness matrix KL enjoys symmetry owing to the symmetry of constitutive 

matrices Dm ’ Db and Dmb ' ThuS’ we have 

= C; <,n = <4 = 
KZ (5-44) 

Following the assumptions made in Section 5.2, the membrane-bending coupling 

F F constitutive matrix Dmb = 0 and hence the sub-matrices Kmp and K in Eqs. (5.40) 

become 

= KF
np = 0 (5.45) 

implying that membrane and bending behaviors are uncoupled at the element level. 

5.3 Linear Curved Shell Element 

Although simple, shell modeling using flat shell elements requires a large number of 

elements to achieve sufficient accuracy. This makes analysis using flat shell element 

uneconomical. The above disadvantage can be avoided by using shell elements based on 

classical shell theory. However, they lack the simplicity associated with the flat shell 
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element. Moreover, formulating a low order shell element based on classical shell theory, 

devoid of locking and spurious kinematic modes, is a difficult task. This makes the use of 

shallow shell theory very attractive for shell analysis. The initial curvature is dealt with by 

Marguerre’s theory (see Appendix B). Each element is formulated in its own local 

cartesian axes. Choice of a cartesian coordinate system instead of a curvilinear one is 

important for the convergence to the deep shell solution, as shown by Idelson (1981). 

First, a reference plane close to the middle surface of the shell element is defined. Two 

orthogonal axes called local x- and y-axis are chosen to lie in this reference plane. The 

third axis, called local z-axis is defined according to the right hand rule. The shell element 

middle surface equation becomes 

The initial geometry of the element in the out of plane direction is interpolated as 

in which the initial out-of-plane nodal displacement and rotation vector /7, is given in Eq. 

w 
(A.27) and the interpolation matrix N was defined in Eqs. (3.54) and (3.55). 

It is emphasized that contrary to the flat shell element, membrane and bending forces 

effects are coupled at the element level even under the assumptions of Section 5.2. This 

comes from the fact that both the membrane and bending strains depend on the out-of¬ 

m = zm(x,y) (5.46) 

(5.47) 

plane displacement w of the shell. 
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5.3.1 Strain-Displacement Relationship 

Assuming that plane sections remain plane, the in-plane displacement field at any point {x, 

y) and at distance zt above the middle surface of a shallow shell is given by, see Fig. 5.2, 

u{x,y) = uQ(x, y) + z,ft(x, y) (5.48) 

where u , n0 and P are defined in Eq. (5.5). The strains at point (x, y, zt) are given by 

* = 
eo + z,X (5.49) 

which is similar to Eq. (5.6) except that now the membrane strains e0 are defined using 

Marguerre’s theory, see Eq. (B.21), as 

1 

Q
J R o  

i 

dZ/ndw 

dx dx dx 

dVQ + dz,ndw 
dy dy dy 

du 0 dv0 dzmdw ! dzmdw 

_dy + dx dy dx dx dy 

(5.50) 

and the bending strains are given in Eq. (5.8). The virtual work requires the virtual strains 

which can be expressed using Eq. (5.49) as 

Se=8e0 + z,Sx (5.51) 

in which the symbol S denotes virtual. 

5.3.2 Stress-Strain Relationship 

The developments in the present section are similar to those in Section 5.2.2. Here it is 

assumed that assumptions (a) and (c) of Section 5.2 are still valid. Assumption (b) is 

relaxed at the moment. In particular, z.t = 0 coincides with the middle surface; however, 
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the stress-strain law is not restricted to be symmetric about the middle surface. The linear 

stress-strain relationship at a point (x, y, Z/) of the shell is given as 

<r = De = D(e0 + z.iX) (5.52) 

where D is the constitutive matrix for plane stress condition at any depth Z/ and is given 

by 

D = 
(i-o 

1 V 0 

v 1 0 

1 - v 
0 0 

(5.53) 

In the above equation, symbols E and v represent Young’s elastic modulus and Poisson’s 

ratio, respectively. With no added difficulty, the constitutive matrix can also be assumed to 

vary across the thickness as will be the case in nonlinear material analysis of shells, see 

Chapter 7. The stress vector tr at any depth Z/ is given as 

(T = 

The stress resultants are obtained by integrating Eq. (5.10) through the thickness of the 

shell as 

N = ja-dz = |D(e0 + z,x)dz = (j£>Jz)e0 + {^Dz,dz)x = 
D,„eo + D

mbX (5.55) 

and 

cr 

(5.54) 

M = j(Tz,dz = jDzi(€0 + z,x)dz = (jDz,dz)e0 + (jDz*dz)x = Dmhe0 + Dhx 

(5.56) 
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The matrices Dm, Dh and Dmb, known respectively as membrane, bending and 

membrane-bending coupling constitutive matrices, were defined in Eqs. (5.15) and (5.16). 

In the case of the flat shell element, Eq. (5.16)2 implied that membrane and bending effects 

are uncoupled at the element level (Section 5.2.4). This uncoupling held because the 

membrane strains in Eq. (5.7) were independent of the out-of-plane displacement field w. 

This is not the case anymore with the Marguerre’s strains used in shallow shell theory. 

Hence, in general the deformations due to membrane and bending forces will be coupled 

at the element level (Section 5.2.4). 

5.3.3 Principle of Virtual Work 

The expression of the principle of virtual work is similar to that for the flat shell element 

presented in Section 5.2.3 and is recalled below as 

j"NTSeQdA + JMT8\dA - jnT8uQdA + jmT8pdA + |tSwdA (5.57) 
A A AAA 

where N and M are the internal stress resultants defined in Eqs. (5.55) and (5.56), n and 

m are the external force resultants defined in Eq. (5.20), f is the out-of-plane body 

force, €Q is the membrane strain vector defined in Eq. (5.50), \ is the bending strain 

vector defined in Eq. (5.8), «0 and f3 are the in-plane displacement and rotation vector 

fields defined in Eq. (5.5), and w is the out-of-plane displacement field. 
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5.3.4 Finite Element Approximation 

The interpolations for the in-plane displacement field u0, the rotation field /? and the out- 

of-plane displacement field w in Eqs. (5.22), (5.28) and (5.25), respectively, can be used to 

construct the finite element matrices for shell analysis, as was done for the flat shell 

element. However, if the out-of-plane displacement field w in Eq. (5.25) is used to 

approximate the Marguerre’s membrane strain vector in Eq. (5.50), it can be shown 

(Stolarski et al. 1984) that the resulting finite element will suffer from the “membrane 

locking” problem. This is due to the element’s inability to represent independent bending 

and membrane states, as is required in solving inextensional bending problems. 

The phenomenon of membrane locking is best explained by considering a curved shallow 

beam as shown in Fig. 5.2 

z, w 

Fig. 5.2 A shallow beam element 

The membrane strain, e0, and bending strain, ;y, of a curved shallow beam are given by 
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e0 
du dzmdw 
dx dx dx 

.2 d w 
(5.58) 

in which u is the axial displacement, zm = zm(x) defines the middle surface, and w is the 

displacement in the z-direction. The interpolation for the axial displacement is chosen to 

be linear, namely 

u = u21i (5.59) 

in which ^ is the normalized coordinate defined as 

£ = y (5-60) 

and w2i is the relative horizontal displacement of the two ends: 

U2l = U2 ~ u\ (5.61) 

The interpolation for the displacement in the z-direction according to Bernoulli beam 

theory, similar to Eq. (3.37), is rewritten as 

w = /(fljN, + e2N2) (5.62) 

and the interpolation for the initial curved geometry is given as 

zm = l(a\N{ + a2N2) (5.63) 

where 6j and d2 are the rotations at end-1 and end-2 and aq and a2 are the angles at 

end-1 and end-2 defining the initial geometry. The interpolation functions Nj and are 

given by 
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iV, = £-2£2 + f3 

N2 = £3-£2 
(5.64) 

It is seen in Eq. (5.58) that the bending strain depends only on the displacement w. In the 

presence of bending strain, and a curved initial shape, zm ^ 0, it is not possible to 

have e0 - 0 for the approximations given in Eqs. (5.59), (5.62) and (5.63) (Stolarski et 

al. 1984). In other words, it is not possible to have an inextensible state in the presence of 

bending strains. This phenomenon is referred to as membrane locking. 

Several methods exist to remedy the membrane locking problem. One of the most 

effective methods is the decomposition technique (Stolarski et al. 1984). According to this 

method, the bending state is required to be free of membrane strain energy. This is 

accomplished, as will be seen later, by using a projection operator which modifies the 

membrane strain energy. Consider a curved shallow beam as an example. First, the 

deformation is decomposed into membrane and bending modes: 

where dh and dm are the nodal deformational degrees of freedom in the bending and 

membrane modes, respectively. During inextensional bending, the chord of the beam will 

undergo an extension which can easily be calculated using Eq. (5.58) as 

m b 
u21 ~ 

U21 + U21 

(5.65) 

du | dzmdw 
dx dx dx 

(5.66) 
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which upon integration along the beam yields 

b b 
U21 — Uj li j — = -J JIdfxdx = e‘{-T5a‘ + Toai)+ eA-T5ai + Toa‘ 1 (5'67) 

This elongation of the chord due to inextensional bending is subtracted from the total 

elongation of the chord to give the elongation of the chord due to membrane action only: 

u21 - U21 U21 

rdzmdw 
u» + )n;Txdx 

0 

(5.68) 

Consequently, the membrane strain is given by 

m U21 
eo = ~r 

21 . 1 fdZmdw “21 i r 
/ /J dx dx 

dx (5.69) 

Notice that from Eq. (5.58) 

l 

= j\eodx (5.70) 

It is seen from the elastic strain energy expression given by: 

U = ]-jElX2dx + L\EA^n‘ dx (5.71) 

that the membrane strain energy will vanish under inextensional bending if the modified 

membrane strain eJT is used. The beam stiffness matrix in terms of the degrees of freedom 

[«2, 6\ 02] is easily obtained through virtual work using Eq. (5.71) and is given as 
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where 

K 

EA * 
— EAk\ EAk- 

EAk, t^ + EAlkf] (^ + EAlk,k 
V l V l 

(4 El 
EAk2[^Y + EAlklk2j . { + EAlk 

1*2 

2 

*' = i5“'-30^ 

^ = -30“' + l5“2 

(5.72) 

(5.73) 

It is emphasized that in the above stiffness matrix, the axial and bending stiffnesses are 

coupled as long as the initial geometry is not flat. 

To extend the decomposition technique from beam to shell problems, the membrane strain 

state within the shell element is represented in terms of a set of independent elongational 

strains as in Eq. (5.69). These elongational strains vanish in the presence of inextensional 

bending. It can be shown (Stolarski et al. 1984) that shell elements based on such 

elongational strains are capable of capturing inextensional bending states of deformations. 

Consider the case of the three noded curved shell element. The part of the membrane 

strain vector due to the in-plane displacements u and v is given as 

eo 

du 

dx 

dv 

dy 

du 3v 
_dy + dx_ 

= 
BP,n (5.74) 
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where B is the strain-displacement matrix for a constant strain triangle ( Bathe 1996) and 

pm is the nodal displacement vector given by 

T 
Pm Uj Vj «2 v2 VJ (5.75) 

There are a total of six in-plane degrees of freedom. Hence, it has six in-plane modes of 

displacements. Among these, three are the rigid body modes. Therefore, three independent 

elongational strains are needed to adequately represent the membrane state of the element. 

The elongational strains of the edges of the triangle (without considering curved geometry 

at the moment) can conveniently be chosen as the three independent elongational strain 

quantities giving 

^ = 
AP,n (5.76) 

in which e is the vector whose components are defined as the elongational strains 

(neglecting curved geometry) of the three edges and A is the elongational strain- 

displacement matrix given by 

_*2i _^21 *2. *21 0 0 
^ 21 

jJ- ^ 21 
L2 
l21 

L2 
l21 

0 0 _*32 _^J2 ^32 *J2 

]J- 
^32 

jJ- 
-^32 

l2 

^32 
J2 

^32 

*13 ^J_3 0 0 _*13 _>J3 

L2 

^13 L2 

^13 
L2 

^13 
jJ- 
^13 

(5.77) 

IN the above equation, L-, X- = Xj - X( and Y- = Yj - T( denote the length, and the 

projections on the local x- and y- axes of side i-j (between nodes i and j) of the vector e 
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into the three noded element, respectively. Next, an operator is found to transform the 

elongational strain ee into the infinitesimal strain vector e0 as 

e0 = Ce (5.78) 

where C is the projection operator which can be expressed in terms of matrices A and B 

already defined above as 

C = BAT{AATfX (5.79) 

The edge elongational strains incorporating the curved shell geometry (assuming a cubic 

interpolation of the out-of-plane displacement field w along the edges, see Eq. (5.67)) can 

now be projected using the same projection matrix C giving the complete Marguerre strain 

vector e0 as 

eo = C(APm + BwPp) = Bpm + CBwPp (5.80) 

where Bw is the edge strain-displacement matrix due to the curved shell geometry (see 

Appendix A) and p is the out-of-plane nodal displacement and rotation vector given by 

PP = 

iT 

W\ dx\ ®y\ W2 ®x2 0\2 W3 ®x3 &y3 
(5.81) 

An equation similar to (5.80) for the membrane strain vector e0 can be obtained for a 

quadrilateral shell element. A quadrilateral membrane shell element can undergo eight 

independent modes of deformation. Among these, three are rigid body modes and the 

other five are independent strain producing modes. Hence, to adequately represent the 

membrane strain state of the element, five independent elongational strain quantities need 
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to be specified. The elongational strains of the four edges represent a convenient choice. 

The fifth independent elongational strain can be chosen as the difference of the 

elongational strains of the two diagonals (Jetteur et al. 1986). 

As in Eq. (5.74) for the triangular element, the part of the membrane strain vector 

depending on the in-plane displacements u and v is given as 

where Bm is the strain-displacement matrix given in Eq. (4.43) and pm is the nodal in¬ 

plane displacement vector given in Eq. (4.35),. As in Eq. (5.76) for the triangular element, 

the vector of five independent elongational strains (due to in-plane displacements only) is 

can be expressed as 

du 
dx 

(5.82) 

du dv 
dy dx 

^ = 
AP,n (5.83) 

in which matrix A is given by 
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_*21 Jit 
*2, 

£21 
0 0 0 0 

A
2 

u2\ 
A
2 

^21 
A 

2 
u 21 

A2 

^21 

0 0 
_X32 *32 ^32 

0 0 
r2 

^32 L32 
A
2 

^32 
r2 

0 0 0 0 
_*43 ^43 *43 ^43 

JJ2 

i-43 
l} 
i-43 

l} 
i-43 

jJ2 

^43 

*1_4 >J_4 
0 0 0 0 

*14 ^14 

]J- 
^14 

l'} 
i-14 l} 

^14 
L2 

^14 

_*31 *42 *42 *31 ^31 _*4_2 ^42 

L2 
^31 L2 

^31 ^42 
L2 

^42 
jJ' 
^31 

jJ2 

^31 
l2 

^42 
A
2 

^42 

€ 
The elongational strain vector e can be converted into the membrane strain vector e0 

using the projection operator C as 

e0 = Ce (5.85) 

where, as in Eq. (5.79), C is given in terms of matrices A and Bm as 

C = BmAT{AAT)~l (5.86) 

The edge strain vector incorporating curved shell geometry, see Eq. (5.69), can now be 

projected using the projection matrix C to give the following approximation for Marguerre 

strain vector defined in Eq. (5.50): 

e0(x, y) = Bm(x,y)pm + GlJ/(x,y)piJ/ +C(x,y)Bwpp (5.87) 

where Bw is the edge strain displacement matrix due to curved shell geometry (see 

Appendix A) and pp is the out-of-plane nodal displacement and rotation vector defined 

in Eq. (3.48). It is noticed that while the projection matrix C is constant for the constant 
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strain triangle, it is not constant over the domain of a quadrilateral element. Furthermore, 

unlike the membrane strain vector for a flat shell element in Eq. (5.30), the membrane 

strain vector in a curved element depends on the out-of-plane nodal displacement pp. The 

membrane strain vector in Eq. (5.87) can be written in a more convenient form as 

e0(x, y) = Bm{x, y)pm + (x, y)P[jl + BJx, y)Bzwpp (5.88) 

where the matrix Bzw, constant over the domain of the quadrilateral element, is given by 

Blw = A
T

{AA
T

)
{

BW (5.89) 

The plate strain-displacement relationship remains the same as for a flat element, namely 

X(x,y) = Bp(x,y)pp (5.90) 

in which the bending strain-displacement matrix Bp (x, y) was defined in Eq. (5.32). The 

principle of virtual work over the domain of the shell is as in Eq. (5.36), namely 

Nel r ^ Nel r 

X | 1 deoT(Dmeo + DmbA)dA = X JSul ndA + JSff mdA + $wTtfp dA 
e = 1 M' e = 1 ^Al A1' Ae 

(5.91) 

Using the displacement interpolations in Eqs. (5.22) and (5.25), the rotation interpolations 

in Eq. (5.28) and the strain-displacement relationship in Eqs. (5.88) and (5.90), the above 

virtual work equation becomes 
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(5.92) 

Nel 

I ?PTm SPl SPTp_ 

KC KC , KC 
mm m ijj trip 

KC KC, KC 
pm /></' PPJ 

Pm 

P* 

Ppj 

Nel 

x 
e = 1 

8pi 8PI SPI 

FC 
m 

FC > 

L /?J j 

(5.93) 

1. Superscripts C and F refer to curved and Oat shell elements respectively. 



83 

in which the submatrices of the element stiffness matrix are given by 

*1 = J BT
mDmBmdA = K 

F 
mm 

KC . = f BT„PmG , dA = KF . 
m iff J m m

 iff m iff 
A 

= J BT
nDmhBpdA + ( } BT

mDmBmdA B,w = BF
mp + KF

mmBzw 

K , ^ \GT.D B dA = K 
iffm J iff m m 

F 
if/m 

c, , = fGT.D G .dA = KF . ifnjf J iff m iff iffiff 
Ae 

/ 
KC, = f GT.D LBndA+ \GT.D B dA 

iffp J iff mb P J iff m m 

4" 
/ 

<„,= \BT
pDmhBmdA+BT

lK \BT
mDmBJA 

B = KF +KF R 
*M* iffp iffm -vv 

V A A 

A" 

,dA 

F T FT 
= Kpm + BzwKmm 

F T FT 
= K , +B:Km, 

plff zw miff 

K<PP = \BT
pDhBpdA + B[w \BlDmhBpdA\ + \\BT

pDmhBmdA BZW + BT
ZW j BFD,,B,/M |R;u, = 

(5.94) 

= Knr + + <„A,, + BT
zwK

F
ppBzn 

It is seen in the above equation that the membrane and bending stiffnesses are coupled at 

the element level due to the non zero matrix K . This coupling is due to the curved 

geometry, represented by matrix KmmB,w, and the unsymmetrical material properties 

about the neutral axis represented by matrix K . The element force vector in Eq. (5.93) 

is defined as 
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FC [ NmTndA 
m 

= f N^ndA 

kl \A{Nf Nf\mdA+\fT,fpdA 

(5.95) 

Finally, the equation for linear (geometric and material) analysis of a shell structure using 

curved shell elements can be written as 

Net Nel 

J^{(SpL)TKC
LpL} = ^{(SPL)'F 

T C 

e — 1 e = 1 

in which 

(5.96) 

*
C
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c c c K K K *^mm ^mi// mp 

c c c jrrV_ rrt, j&r'-' 

11 ipm Aif/p 

c c c jrriwx Jr'-' 

_ pm ^ pijj Appj 

FCL = 

Fc 
m 

F* 

L
F

P. 

PL 

Pm 

P* 

Pp_ 

(5.97) 

c c 
Matrices KL, FL and pL are known as the stiffness matrix, the equivalent consistent 

nodal load vector and the nodal displacement vector, respectively, of the linear curved 

shell element in its local coordinate system. Subscript L in the above equations denotes 

that the element matrix and vector quantities to which it is attached are expressed in the 

local coordinate system of each element. 

5.4 Interpretation of Sixth Degree of Freedom 

The Allman type, (Allman 1988) membrane interpolations used in Sections 5.2 and 5.3 

are based on three parameters per node. Among these, two are in-plane nodal 

displacements and the third is a parameter to used for a higher order interpolation of the 



inplane displacement field as described in Chapter 4. It can be shown that this nodal 

parameter can be interpreted as a rotation with the axial vector perpendicular to the 

membrane plane, see Jetteur and Frey (1986). Consider two flat shell elements 

perpendicular to each other as shown in Fig. 5.3. For the membrane element ABCD, nodal 

parameters uc, coc, uD and (0D produce an average u- displacement along the edge CD 

given by 

M = ^(uc + uD) + j2(C0c~(0l>) (5.98) 

Fig. 5.3 Illustration for interpretation of in-plane rotation a> 

The average out-of-plane displacement along edge CD of plate CDEF using the plate 

displacement interpolation is given by 
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Since 0C and QD are true rotations for plate and since for coc = 0C and coD = 0D the 

average u-displacement of the membrane and plate edge CD is the same, the parameter co 

can be interpreted as an in-plane rotation (i.e., drilling degree of freedom) for the 

membrane. Thus membrane and plate elements, having the same 6 nodal parameters or 

degrees of freedom per node, can be connected and their stiffness matrices and load 

vectors easily assembled. 

The meaning of the nodal kinematic parameter co can also be tied to true in-plane rotation 

if the mixed variational formulation presented in Section 4.4 (see Eq. (4.17)) is used for 

the membrane part. This requires modifying the virtual work Eqs. (5.42) for flat and (5.96) 

for curved shell elements as, see Eq. (4.65), 

Nel 

e = 1 

(SPL)TKF
LPL + SPI 8Pl 

Pm 

Pt 

Nel r i 

x (5.100) 

and 

Nel 

(SPL)
T
K

C
LPL + 

SPI SPl 
y ueueI 

7Thh 
Pm 

P * 

Nel f ^ 

x W)7^ (5.101) 
e = 1 

5.5 Transformation to Global Coordinates and Finite Element Assembly 

The element stiffness matrix and load vector obtained in local coordinates in Eqs. (5.42) 

and (5.96) for the flat and the curved shell element, respectively, are used to obtain the 

stiffness matrix and load vector of the whole shell structure in global coordinates. Let 

matrix R denote the rotation transformation matrix between the element local and global 
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coordinates. The transformation matrix T from the element nodal displacement 

(translations and rotations) vector in local coordinates to the element nodal displacement 

vector in global coordinates is defined as 

Pc = TPL (5-102) 

where pG and pL denote the element nodal displacement vector with components 

expressed in the global coordinate system and in the local coordinate system, respectively, 

and transformation matrix T is easily formed using rotation matrix R : 

T = T(R) 

Substituting Eq. (5.102) in Eqs. (5.42) and (5.96) gives 

(5.103) 

KGPg\ - ^ (Spc) T 
Ate/ r c 

Nel ( Ate/ r ^ Nel 

X\(SPG)
TTTKF

LTPg\ = ][UC)VF[ 
t' = I J £' = 1 J * = 1 >■ J = 1 
Nel , c ,e AW e AW AW 

X (SPG)TTTKLTPG = I (SpG)TTTFL X {^PG)TKGPG) = I (SPC/FG 
<- = 1 1 > e = I 1 J c- = \ , = 1 ( 

(5.104) 

F F 
where KG and FG denote the flat shell element stiffness matrix and equivalent consistent 

nodal load vector, respectively in global coordinates 

T F 
= T KLT 

T F 
= T FL 

(5.105) 

Similarly, the element stiffness matrix and equivalent consistent load vector of the curved 

shell element in global coordinates are given as 

T C 
= T KLT 

T C 
= T FL 

i 

(5.106) 
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The element stiffness matrices and load vectors are assembled to obtain the stiffness 

matrix and load vector of the whole shell structure. Suppose that matrix L (called the 

globalization matrix) of the given shell element is defined as: 

L(j = 1, if the i-th degree of freedom of the element corresponds to the j-th degree of 

freedom of the structure; 

Ljj = 0, otherwise. 

Then 

PG = Lp (5.107) 

where p denotes the displacement vector of the whole shell structure in global 

coordinates. Substituting the above equation in Eq. (5.104) gives 

Nel Nel 
y <~p p (? rT' T f* C 

X {(SP) Ll KcLp} = X {(SP) L Fc} 
€ = 

Nel 

e = 1 

Nel 
(5.108) 

X {(Sp)TLTKG(L
Tp)} = X {(8p)TLTFC

G} 

Since p is the nodal displacement vector of the whole structure, it can be taken out of the 

sum over the elements. Thus, 

(<5P)T 

r Nel -i 

X (LTKcL)e 
-e = 1 

p = ($p)T 

r Nel -| 

X (LTFc)e 
-e = 1 

(Sp)T 

r Nel 

£ (LTKcL)e 

-e = 1 
P = (Sp)T 

r Nel -| 

X (LT
FG)C 

-e = 1 

(5.109) 

As the virtual structure displacement vector Sp is arbitrary, the following equalities must 
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hold: 

F F 
K p = F 
c c 

K p = F 
(5.110) 

Nel Nel 
t* j1 p p j1 p 

in which K = ^ (L KGL)€ and F = ^ (L Fc)e 
are the stiffness matrix and the 

e = 1 e = 1 

nodal load vector of the whole shell structure using flat shell elements. Similarly, 

Nel Nel 

KC = 
—, T C C ^ T C 

= > (L KGL)€ and F = > (L FG)C 
are the stiffness matrix and the nodal 

e = 1 e = 1 

load vector of the whole shell structure using curved shell elements. 



90 

5.6 Examples of Linear Shell Analysis 

This section presents the solutions of several problems in linear shell analysis obtained 

using both flat and curved shell elements presented in previous sections and implemented 

in FEAP. All the examples considered here have been used extensively in the literature as 

benchmarks problems to check the accuracy, performance and robustness of various finite 

element formulations for shell analysis. 

5.6.1 Scordelis-Lo Barrel Roof 

A segment of cylindrical shell of radius R = 25 , thickness t = 0.25 and length L = 50 

subtending an angle 6 = 40° at the center deflects under its own weight of 90 force units 

per unit shell area. All the geometric, static and material parameters are given in consistent 

units. The boundary conditions are described in Fig. 5.4. Only one quadrant of the shell is 

modeled using the appropriate symmetry conditions on the displacements. The two end 

diaphragms are considered rigid in their own plane and completely flexible out of their 

plane. The computed downward deflection at mid-point of the free edge is compared with 

the reference value of w = 0.3024 reported by MacNeal and Harder (1985). Young’s 

g 
modulus and Poisson’s ratio are E = 4.32 x 10 and v = 0, respectively. The 

displacement results are presented and compared to the reference solution in Table 5.1. It 

is observed that both the flat and curved shell element results converge to the reference 

solution. However, for coarse meshes the solution obtained using the curved shell element 

is more accurate than the solution obtained using the flat shell elements. 
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5.6.2 Pinched Cylindrical Shell Without End Diaphragms 

A cylindrical tube of radius R = 4.953, thickness t = 0.01548 and finite length 

L = 10.35 is analyzed when subjected to two equal and opposite concentrated loads 

acting along a diameter of the shell at mid-length as shown in Fig. 5.5. The problem is 

described in consistent units. The ends of the cylinder are free. The cylindrical tube is 

pinched with the point loads and performs with nearly inextensible membrane behavior 

(i.e., membrane strain energy is small compared to the bending strain energy). Thus, this 

benchmark problem provides a good test for the membrane/bending locking behavior of 

the element. Taking advantage of the symmetry conditions on the displacements, only one 

quadrant of the shell is analyzed as shown in Fig. 5.5. Young’s modulus and Poisson’s 

ratio of the material are taken as E = 10.5 x 106 and v - 0.3125, respectively. Results 

for the nodal displacement in the x- direction under the point load are reported in Table 5.2 

and compared to the reference value of 0.02439 given in the literature by MacNeal and 

Harder (1985). It is again observed that the curved shell element performs extremely well 

even for very coarse meshes and that both flat and curved shell element solutions converge 

to the reference solution as the mesh is refined. 

5.6.3 Pinched Cylindrical Shell With End Diaphragms 

A cylindrical tube of radius R = 300, thickness t = 3.0 and a finite length L = 600 is 

analyzed when subjected to two equal and opposite concentrated loads acting along a 

diameter of the shell at mid-length as shown in Fig. 5.5. In this case, the ends of the 

cylinder are restrained by end diaphragms assumed to be rigid in their own plane and 
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completely flexible out of their plane. Again, only one quadrant of the shell is modeled by 

using the appropriate symmetry conditions on the displacements. The Young’s modulus 

and Poisson’s ratio of the material are taken as E = 3.0 x 106 and v = 0.3 , respectively. 

Results for the radial (vertical) displacement under the point load are presented in Table 

-4 
5.3 and compared to a reference value of 0.18248 x 10 reported in the literature by 

MacNeal and Harder (1985). It is observed that the curved shell element performs very 

well for coarse meshes. 

5.6.4 Pinched Hemispherical Shell with Open Cap 

A spherical shell of radius R = 10 and thickness t = 0.04 consists of a hemisphere with 

an 18 degree hole at the top as shown in Fig. 5.6. The boundaries of both the hole and the 

hemisphere are considered free. The shell is loaded along its hemispherical edge in two 

orthogonal directions by two pairs of pinching forces, one directed towards the center and 

the other directed outwards. Each force has a magnitude of 2. Only one quadrant of the 

shell structure is considered for the analysis with appropriate symmetry conditions on the 

displacements (see Fig 5.6). The results obtained for the radial displacement (both inwards 

and outwards) at the point of applications of the point loads are reported in Table 5.4 and 

are compared with the reference value of 0.094 given by MacNeal and Harder (1985). 

This benchmark problem represents a severe test for membrane-bending locking. It is 

noted that the results obtained based on the curved shell element are only marginally 

different from those obtained using the flat shell element. Both sets of results converge to 
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the reference value when the mesh is further refined. 

5.6.5 Box with Holes 

A box structure with two rectangular holes on two opposite faces is subjected to two equal 

and opposite concentrated forces acting at the top and bottom faces of the box as shown in 

Fig. 5.7. The two ends of the box structure are free. Only one eighth shaded portion in Fig. 

5.7 of the structure is analyzed by imposing the appropriate symmetric boundary 

conditions at the interfaces. The following material, geometric and load properties are 

given in consistent units: 

E = 2,100,000 

v = 0.3 

h = 10 

P = 2 

The other geometric dimensions are given in Fig. 5.7. The computed vertical 

displacements under the top load are reported in Table 5.7 where they are compared with 

the results obtained by Clough and Felippa (1982) and Choi and Lee (1996). It is noted 

that the results obtained (using the flat shell element) are in agreement with the ones 

reported in the literature. 

5.6.6 Cone-Cylinder Intersection 

A shell structure is defined by a cylinder welded to a truncated cone as shown in Fig. 5.8. 

A cylinder of height H and radius r intersects a cone the directors of which are subtending 

an angle a with the vertical axis as shown in Figs. 5.8 and 5.9(a). The base of the cone has 

a radius R. The cylinder is free at the top whereas the base of the cone is fixed. An 

axisymmetric load acts along the intersection. The sum total of this axisymmetric load is 
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P. Young’s modulus and Poisson’s ratio of the material of both the cone and the cylinder 

are E and v, respectively. The thickness of both the cone the cylinder is given by h. The 

numerical values of the various geometric, load, and material properties used in the 

present study are given below in consistent units: 

E = 1,000,000 

v = 0.3 

R = 4 

r = 2 

h = 0.06 

a = 60 degrees 

H = 6 

P = 1 

Only one quadrant of the shell structure was analyzed by finite element by taking 

advantage of the symmetric conditions. This quadrant was discretized using 98 curved 

shell elements. Exact analytical solutions were also obtained using linear shell theory and 

various displacement and stress resultant quantities were compared with those obtained 

from the finite element computations. These comparisons are shown in Figs. 5.9(b) 

through 5.9(j). It is noted that the finite element results are in very good agreement with 

their analytical counterparts. 



Table 5.1 Scordelis-Lo Barrel Roof 

Mesh 
Flat Element Curved Element 

displ. wFE/wRef 
displ. wFE/wRef 

2x2 0.420709 1.3912 0.322661 1.0607 

4x4 0.316870 1.0478 0.294557 0.9741 

6x6 0.306754 1.0143 0.296661 0.9810 

8x8 0.303821 1.0047 0.298117 0.9858 

10 x 10 0.302574 1.0005 0.298917 0.9885 

12 x 12 0.301927 0.9984 0.299385 0.9900 

16 x 16 0.301304 0.9964 0.299873 0.9916 

WRef 
0.3024 

Table 5.2 Pinched Cylindrical Shell Without End Diaphragm 

Mesh 
Flat Element Curved Element 

displ. wFE/'wRef 
displ. wFE^WRef 

2x2 0.0217319 0.8903 0.023454 0.9616 

4x4 0.0236012 0.9677 0.024201 0.9923 

5x5 0.0239112 0.9804 0.024327 0.9974 

8x8 0.0243181 0.9971 0.024505 1.0047 

10 x 10 0.0244289 1.0015 0.024556 1.0068 

12 x 12 0.0244940 1.0043 0.024586 1.0080 

16 x 16 0.0245611 1.0070 0.024615 1.0092 

WRef 
0.02439 
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Table 5.3 Pinched Cylindrical Shell With End Diaphragms 

Mesh 

Flat Element Curved Element 

displ. wFE/'wRef 
displ. wFE//wRef 

2x2 1.71194E-6 0.0938 2.96438E-6 0.1625 

4x4 1.16006E-5 0.6357 1.49349E-5 0.8184 

5x5 1.39905E-5 0.7667 1.65142E-5 0.9050 

8x8 1.73614E-5 0.9514 1.86429E-5 1.0216 

10 x 10 1.8111 IE-5 0.9925 1.89683E-5 1.0395 

16 x 16 1.85437E-5 1.0162 1.88828E-5 1.0347 

WRef 
1.8248E-05 

Table 5.4 Pinched Spherical Hemisphere 

Mesh 
Flat Element Curved Element 

displ. WFE/wRef 
displ. 

wFE/wRef 

2x2 0.061785 0.6573 0.066362 0.7061 

4x4 0.086524 0.9205 0.087401 0.9298 

6x6 0.094169 1.0018 0.094216 1.0023 

8x8 0.094154 1.0016 0.094151 1.0016 

12 x 12 0.093679 0.9966 0.093684 0.9966 

16 x 16 0.093501 0.9947 0.093503 0.9947 

WRef 
0.094 
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Table 5.5 Box with Holes 

Number of 
Nodes 

Clough and 
Felippa 
(1982) 

Choi and 
Lee (1996) 

Present 
Study 

(Using flat 
shell 

elements) 

29 0.22347 0.21142 0.237748 

95 0.22922 0.22769 0.230995 

199 0.23111 0.23260 0.229222 

341 - - 0.228497 

521 - - 0.228124 

739 - - 0.227909 
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Fig. 5.5 Pinched cylindrical shell 
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Fig. 5.7 Box with holes 
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Fig. 5.8 Cylinder-cone intersection problem 
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(a) The cone-cylinder intersection problem 

director 

(c) Normal stress resultant N, along cone (d) Normal stress resultant along 

director cone director 

Fig. 5.9 Comparison of analytical and finite element results for cone-cylinder intersection 
problem 
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(e) Moment resultant M ^ along cone (f) Moment resultant Mt along cone 

director director 

(g) Radial displacement along cylinder (h) Normal stress resultant N ^ along 
axis cylinder axis 

Fig. 5.9 (Contd.) Comparison of analytical and finite element results for cone-cylinder 
intersection problem 
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(i) Moment resultant M^ along cylinder 

director 

(j) Moment resultant Mt along cylinder 

director 

Fig. 5.9 (Contd.) Comparison of analytical and finite element 
results for cone-cylinder intersection problem 
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CHAPTER 6 

PLANE STRESS PLASTICITY 

6.1 Introduction 

Design of an engineering structure requires the engineer to evaluate the internal stresses 

and strains acting within the material. The mathematical theory of elasticity undertakes 

such a pursuit. Key to the developments in the mathematical theory of elasticity is the 

assumption that the relationship between stress and strain is linear. This is true if the stress 

at each point in the material of the structure is below a certain critical level called the yield 

limit. Practical and comprehensive design of structures requires the engineer to understand 

the post-yield structural behavior. The theory of plasticity which is an extension of the 

theory of elasticity is concerned with the post-yield behavior of structures. 

6.2 Basics of Plasticity Theory 

The theory of plasticity describes the behavior of the structure in both plastic and elastic 

regions. It first establishes a criterion for yielding. Having defined the yield function, it 

introduces loading and unloading criteria. The strain increments during plastic loading is 

then split into an elastic strain and a plastic strain increment. The corresponding stress 

increments are obtained from the elastic and plastic strain increments and using the linear 

elastic constitutive law. The plastic strain increments are determined using a flow rule. It is 

assumed that during unloading the stress-strain relationship is linear elastic. The various 

ingredients of the theory of plasticity are now briefly reviewed below. 
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6.2.1 Elastic Limit and Yield Function 

The first step in the modeling of the post-yield behavior of a material is the determination 

of the yield limit or a yield criterion. In the simplest case of a uniaxial loading, consider a 

tensile rod which continues to elongate (plastic flow) after a critical stress <J0 has been 

reached. The yield limit is then the stress er0. For a multiaxial state of stress, this limit is 

governed by a function called the yield function, /(cr^, Ky, K2, ...), where cr^ is the stress 

tensor and K/5 K2, etc. represent material properties. The yield function can be interpreted 

geometrically as a surface in the stress space (see Fig. 6.1) defined by the equation 

/(cTy, Ky, K2, ...) = 0 (6.1) 

As long as /(cr^, Ky, K2, ...) < 0 the material is elastic. The elastic limit is reached when 

the stress state is such that /(cr^, Ky, K2, ...) = 0. The state /(cr;y, K;, K2, ...)>0 is 

physically impossible. The parameters K,, K2, ... govern the shape and position of the yield 

surface and they are a functions of the history of deformations. 

For an isotropic solid, the yield function is symmetric in the stress tensor <7); and the yield 

surface in Eq. (6.1) can be written in terms of the principal stresses a,, cr, and cr} as 

/(cr;, cr2, crJ; K;, K2, ...) = 0 (6.2) 

Since the principal stresses can be expressed in terms of the three stress invariants I,, J2 

and the yield surface in Eq. (6.2) can be rewritten in a convenient form as 

f (I/> J2’ ^3’ ^/» ^2’ • • • ) = ^ (6-3) 

in which the stress invariants are defined as 
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I] _ cr.. _ O-JJ + cr22 + a33 

(6.4) 

J 3 ~ jsijsjkski 
1 
^S:iS;.S 

and the deviatoric stress tensor ^ is given by 

(6.5) 

It has been observed experimentally that the yielding in metals is independent of the 

hydrostatic pressure /;. Hence, the pressure independent form of the yield criterion in Eq. 

(6.3) becomes 

The von Mises yield criterion is a special case of Eq. (6.6) and states that yielding begins 

in which the critical value K is the initial uni-axial yield stress, cryQ. Since the stress 

dependence is reduced to the dependence on J2 only, von Mises plasticity model is also 

referred to as the J2 plasticity model. The yield surface in the principal stress space is a 

cylinder centered at the hydrostatic axis and of radius 

1. Here the dummy index notation is used in which the repetition of an index within any term 
implies summation over the range of the index. 

2. An octahedral plane is a plane whose normal subtends equal angles with each of the principle 
stress axes. There are eight such octahedral planes and together they define an octahedron. The 
magnitude of the shear stress on the eight octahedral planes is called the octahedral shearing 

stress and is given by (Chen and Han, 1988): TQCt = J(2/3)J2 . 

f(J2,J3,Kj,K2, ...) = 0 (6.6) 

when the octahedral shearing stress2 reaches a critical value K. i.e, 

(6.7) 
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Plastic flow direction 

6.2.2 Loading and Unloading Conditions 

For plastic deformations to continue, the stress point must remain on the yield surface. 

This condition is termed plastic loading. Geometrically, the plastic loading condition 

means that the stress point atj is on the yield surface and the infinitesimal stress increment 

lies on the tangent hyper-plane to the yield surface (see Fig. 6.1). During an unloading, the 

stress state retracts back below the yield surface. The various material state events can be 

categorized as 
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f <0 and df > 0 : Elastic loading (6.9) 

f = 0 and df <0 : Elastic unloading from plastic state (6.10) 

f = 0 and df = 0 : Continued yielding (6.11) 

f = 0 and df >0 : Physically impossible. (6.12) 

6.2.3 Elastic and Plastic Strain Increments 

The small strain plasticity theory is based on the additive decomposition of the total 

increment of the strain tensor into an elastic and a plastic part, i.e., 

d€u = de-j + de^ (6.13) 

The incremental stress tensor, dak[, is related to the incremental elastic strain tensor, 

de^j, through the material constitutive tensor, C-^ as: 

dcrkl = CijkidAj (6-14) 

The plastic strain increment, de^, is given by the flow rule discussed in the next section. 

6.2.4 Plastic Potential and Flow Rule 

The flow rule relates the plastic strain increment to the stress state. This is done using the 

mathematical concept of a plastic potential1 which is a scalar function, Q, of the stress 

tensor. The plastic flow equation can be written as 

de£ = d\^~ (6.15) J d(J,j 

1. The counterpart of the plastic potential function in the theory of elasticity is the elastic potential 
function or complementary energy density function. The elastic strain tensor is derived by taking 
the derivative of the elastic potential function with respect to the stress tensor 
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where dA is a scalar parameter called plastic consistency parameter. This parameter is zero 

for elastic behavior and positive for plastic behavior. The flow rule in Eq. (6.15) is termed 

an associative flow rule if the plastic potential function, Q, is taken as the yield function, 

namely: 

de\- = dA^— (6.16) 
; d(r,j 

Geometrically, the above flow rule means that the plastic strain increment is orthogonal to 

the yield surface at the stress point (see Fig. 6.1). It can be shown (Chen and Han, 1988) 

that for the von Mises yield condition in Eq. (6.7), the flow rule reduces to 

dep
u = dA^ = dAs,, (6.17) J oo-jj lJ 

6.2.5 Hardening Rule 

The hardening rule controls the change of configuration of the yield surface upon 

subsequent yielding. There are two types of hardening: (a) isotropic hardening, and (b) 

kinematic hardening. In the case of isotropic hardening, the yield surface expands 

uniformly about the origin in the stress space during the plastic deformations. In the case 

of kinematic hardening, the yield surface translates in the stress space preserving its initial 

shape. Von Mises yield condition in Eq. (6.7) can be rewritten in a form incorporating both 

isotropic and kinematic hardening as 

f(Sij, a'ij,ep) = a'ij)(slJ- a'ij)-
1-{K(ep)}2 = 0 (6.18) 

where the evolution of the isotropic hardening parameter k is governed by the following 

linear isotropic hardening law: 



no 

K(ep) = K, + H,sJP (6.19) 

in which Hix„ is an isotropic hardening modulus and ep is the equivalent plastic strain. The 

equivalent plastic strain ep is defined in differential form as: 

dep = 2 , p , p 
3deijdeU 

1/2 
(6.20) 

Geometrically, isotropic hardening corresponds to the expansion of the yield surface with 

increase in the equivalent plastic strain (see Fig. 6.2 (a)). The stress tensor a)j in Eq. 

(6.18) is called the deviatoric back stress tensor and locates the center of the yield surface 

in the deviatoric stress space (see Fig. (b)). 

Fig. 6.2 (a) Pure isotropic hardening Fig. 6.2(b) Pure kinematic hardening 
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The deviatoric back stress tensor is related to the plastic strain increment in the following 

linear kinematic hardening rule defined in differential form: 

kind 

2 u ^ \ df 
T)
MkinClA^ 

"ij 

(6.21) 

In the case of von Mises plasticity with kinematic hardening, the flow rule in Eq. (6.17) 

becomes: 

„ 
d€‘J = = <IMs'i (6'22) 

With Eq. (6.22), Eq. (6.21) reduces to 

da'ij = lHkind^sij-a'ij) (6-23) 

where Hkin is a kinematic hardening modulus. It is evident from Eqs. (6.22) and (6.23) that 

‘><k = dau = 0 (6.24) 

6.3 Numerical Approach to Elastoplastic Analysis 

Suppose that at every point of the body under consideration, the total strain, plastic strain, 

equivalent plastic strain and back stress are known at time tn ’, that is {en, ej’, el’v an} is 

known at tn. Suppose that the incremental displacement field U (= finite increment of the 

displacement field) is given as the result of a Newton-Raphson iteration step on the global 

finite element equilibrium equations. The basic problem is then to find the quantities 

{en + 7, ep
n + j, ep

n + /; an + l} at tn+i. This phase of the calculation is called state 

I. It is emphasized that since the present study deals only with rate independent plasticity models, t 
is only a pseudo-time variable introduced to describe the plasticity as an evolutionary process. 
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determination and consists of determining the true internal resisting stresses or forces for a 

given deformation state. Knowing the state variables {en, ep, ep, an} at time tn, the state 

variables {e„ + ]t e
p
+ y, ep

+ y, an + y} at time tn+ , are determined by integrating the 

rate Eqs. (6.15), (6.20) and (6.21). The return map algorithm provides an efficient and 

robust method to obtain the update of these state variables, (Simo et al. 1986). 

6.4 Return Mapping Algorithm for Plane Stress Elastoplasticity 

The following section deals with the integration algorithm for plane stress elastoplasticity. 

The return mapping algorithm has been widely used as an integration procedure for plane 

strain and three-dimensional classical J2 elastoplasticity. It belongs to the family of elastic 

predictor plastic corrector algorithms and hence it is a two step algorithm. In the first step, 

a purely elastic trial state is applied. If this trial state violates the yield criterion, then a 

plastic corrector is applied such that the final state satisfies the constitutive equation. In the 

following sections, the return mapping algorithm is presented for plane stress 

elastoplasticity. 

6.5 Formulation of Plane Stress Elastoplasticity 

Introducing the vector notation, the stress vector cr and the deviatoric stress vector s for 

the plane stress condition are given by 

cr 

& 13 

a22 

a23 ~ 
a33 ~ 0 

(6.25) 

and 
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S - [/// s22 ^s12_ 

S13 = S23 = 0 

skk = 0 

The stress and deviatoric stress vectors can be related as 

(6.26) 

s = Ptr, P = 
2-10 

-12 0 

0 0 6 

(6.27) 

Similarly, the deviatoric back stress tensor, a^ , in three dimensions with the additional 

constraints for plane stress condition, i.e, a]3 = a23 = cr?? = 0, (see Appendix C), is 

given in vector notation as 

a = 
T 

a n OL22 2a'!2 = Pa where a = 
n T 

all a22 a12 
(6.28) 

Finally, the components of the total and plastic strain tensors in vector form are given as 

€ = 
"I T 

ell e22 2^12 
and €P = 

“I T 
J> J> 7fP ell e22 ze/2 

(6.29) 

In the above aand a denote the total back stress tensor and the total back stress vector, 

respectively. Using the vector notation defined in Eqs. (6.25) to (6.29), the three 

dimensional elastoplastic equations presented in Section 6.2 can be written in vector form. 

The elastoplastic equations for plane stress condition are given in Appendix C in 

component form. The total strain vector is decomposed into elastic and plastic 

components as 

e p 
€ = e + e (6.30) 
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The total stress vector is obtained using the elastic strain vector and the elastic stress-strain 

relationship 

tr = De (6.31) 

where D is the elastic constitutive matrix for plane stress condition given in Eq. (C. 13): 

The flow rule in Eq. (6.17) becomes, see Eqs. (C.21)j, (C.22)b (C.22)2, and (C.22)3, 

dep = dAPrj (6.33) 

in which rj denotes the relative stress vector defined as 

rj = cr- a (6.34) 

The total back stress vector, a, can also be defined in a differential form similar to Eq. 

(6.23) as, 

da = \dAHkini] (6.35) 

The von Mises yield function in Eq. (6.18) becomes, see Eq. (C.20), 

f(V,£P) = (6.36) 

Using the flow rule in Eq. (6.33), the equivalent plastic strain in differential form defined 

in Eq. (6.20) can be expressed in vector form as, see Eq. (C.27) 

1 v 0 

v 1 0 
1-v 

0 0 

(6.32) 
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dep = dX 
2 TP -3v Pr, 

-,1/2 
(6.37) 

6.6 Integration Algorithm 

As explained in Section 6.3, the basic problem in numerical plasticity consists of 

determining the state variables {en + ,, e
p + ;, ep + ,,«„ + /} at time tn+ { by integrating 

the flow rule and hardening law over the time step [t , t + j]. This can be done using an 

implicit integration algorithm as discussed below. Given the total strain vector en at time 

tn and an increment, u, of the displacement vector1, the strain at time step t j is given 

by 

en + / = €n + V U (6.38) 

in which Vsu denotes the vector form of the symmetric part of the displacement gradient, 

i.e., 

Vsu 

du 
dx. 

dv 
dx2 

du dv 
dx2 

(6.39) 

The plastic strain vector ep + j, equivalent plastic strain eP
n + ], and total back stress vector 

an + j can be obtained using a backward Euler implicit method to integrate the flow rule 

1. The incremental nodal displacement vector u is provided as the solution of a linearized step of 
the Newton-Raphson algorithm typically used in solving the global nonlinear equilibrium equa¬ 
tions of the finite element model. 
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' n + 1 = €n + K + l
PVn + 1 (6.40) 

€n + 1 ~ €n + Xn +1 A/jfn + 1 

an + 1 an + 1 + / 

(6.41) 

(6.42) 

where the quantities An + t, rjn + y and /„ + y are defined as follows 

y 1 n 

rln + 1 ~ (Tn + 1~ an + 1 

(6.43) 

(6.44) 

/,» + / = JVn+i PVn + 1 (6.45) 

The parameter An ] defined in Eq. (6.43) is referred to as the discrete consistency 

parameter. The total stress vector crn + y is determined using the total elastic strain vector 

at time t + j and the material constitutive matrix D for plane stress condition, i.e., 

<rn + i = Den + l = D[en + l-en + l] (6.46) 

The state variables updates are found sequentially using Eqs. (6.38) to (6.46) as 

€n + l = en + V « (6.47) 

Vn+I = 
1 ■SiAn + l)[en + l-el^-D~Ian] (6.48) 

^ ki 

+ 1 + "2 ^/? + kin + (6.49) 
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*,, + 1 = rin + l 
+ an + l (

6'5°) 

K + 1 = *n + An+ 1 jjfn + 1 (6-5 1) 

The matrix H(An + y), called the modified algorithmic elastic tangent matrix (Simo and 

Taylor, 1986), is given by 

D 1 + 
A n + 1 

1 + jHkiiAn + 1 

-1 

(6.52) 

The update formulae in Eqs. (6.47) to (6.51) depend on the plastic consistency parameter 

A,j + i which is determined by enforcing the consistency condition at time t + t, namely 

fn + l = ° (6-53) 

where 

/„.,(A„W) = l,ii„ + ;/X, = 0 (6.54) 

The consistency condition furnishes a non-linear algebraic equation which can be solved 

for A;J + j at each integration (Gauss) point of the finite element mesh using the Newton- 

Raphson algorithm for example. 

6.7 Consistent Elastoplastic Tangent Moduli 

The consistent elastoplastic tangent moduli are obtained by linearizing the return map 

algorithm in Eqs. (6.48) to (6.51) after convergence (i.e., after A;!+ | is known). Thus, 

differentiating the stress vector crn + y with respect to the strain vector en + ; in Eq. 

(6.46) and using Eqs. (6.40) and (6.50) yields 
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dtrn+ 1 = Diden + l-
dK+,PVn + 1-K+\P(d^n+l-dan+l)] (6.55) 

Differentiating the equivalent plastic strain in Eq. (6.51) with respect to en + l gives 

d^n + 1 ~ n + ld^n + 1 + \df n + / ] (6.56) 

Taking the differential of the back stress tensor in Eq. (6.49) with respect to en + t and 

using Eq. (6.50) yields 

\»k,n 
dan + l =  ? [dAn + lrjn+i + A,!+1d<r,! + 1] (6.57) 

The quantity f n + j is defined in Eq. (6.45) and dfn + j is obtained by differentiating this 

expression with respect to en + ]. By substituting dan + l in Eq. (6.55) with the 

expression in Eq. (6.57) and after some algebraic manipulations, one obtains 

d cr n + 1 r(An+i) de 
dX n+ 1 PVn n + / o * "in + 

i + -3K + iHkin 

(6.58) 

in which a (An +;) is as defined in Eq. (6.52). Differentiating the consistency condition in 

Eq. (6.54) with respect to en + ; and after using Eqs. (6.45) and (6.56) gives 

2 \ _ _ 2,-2 
df n + I ~ I ^ ~ + 1 K n + 1 )f n + ldf n + 1 ~ 3K n+ \ fn + 1 d^n + 1 = ^ (6.59) 

where K'n + 
3K v/j+ l (K+I) 

de P 
n + / 

. Using the linear isotropic hardening law given in Eq. 

(6.19), the above equation reduces to 
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<V„ + ; = fn + ldfn + 1 ~ lHisofn+ 1 dA.. = 0 (6.60) 

Starting from Eq. (6.59) and using Eqs. (6.44), (6.45), (6.57) and (6.59), the following 

expression is obtained 

dA T „ — 
/!+ 1 Vn + ip~(An+l)den + 1 

y i T 
Wn + lP~ (^,i + 1 )P7ln + /(^ + Pn + y) 

r, = i + |A,I + ]/ytl„ (6.61) 

where 

2 -2 

5 /n + y (^ry + Hkin~y2)7l 

Pn + I f n , x rl ’7^2 ^ j 
(^n + 1 + y 72 

+ l ESY; (6.62) 

Substituting Eq. (6.61) in Eq. (6.58), the infinitesimal increment of the total stress vector, 

d**,i+i’ can be directly related to the infinitesimal incremental increment of the total 

strain vector, den + j, as: 

do- ii + (V )- 

Nn + 1® Nn + y 

1+Pn + 1 
de n + 1 (6.63) 

or 

da 
de 

n + 1 
(An+1) 

Nn + i®Nn + I 

1 + Pn + 1 
(6.64) 

where 

N n + y 
Z(An+[)Pvn + 1 

Jril + ,PBPvn + ! 

(6.65) 

In Eqs. (6.63) and (6.64), the symbol ® denotes the tensor product operator which in 
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the case of two vectors (or first order tensors) is better known as outer vector product. 

6.8 Implementation 

The above algorithm can be implemented for the case of isotropic elasticity (Simo and 

Taylor 1986). In the case of isotropic elasticity, the symmetric constitutive matrix D and 

the symmetric transformation matrix from <r to s , P, have identified eigenvectors and can 

be expressed in terms of their eigenvalue (or spectral) decomposition as: 

D = QADQ
T
, P = QAPQ

T (6.66) 

where the orthogonal eigenmatrix Q (i.e., Q ) is given by 

1 

J2 

1 -1 0 

1 1 0 

0 0 4~2_ 

(6.67) 

and the matrices P and D are defined in Eqs. (6.27) and (6.32). 

The diagonal matrices (containing the eigenvalues of P and D, respectively) Ap and AD 

are given by: 

Ap - 
Loo 

0 1 0 

0 0 2 

AD - 0 

0 

1 + V 

0 

0 

E 
2(1+ v) 

(6.68) 

From Eq. (6.66), it can be seen that PD = DP. It is useful to introduce the vector g 

defined as 
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£ = Q v = hi + V22 V11-V22 

J2 J2 V12 
(6.69) 

To integrate numerically the elastoplastic rate equations, first an elastic trial state { + ;, 

E E ■qn + 1 ar*d £n + 1 } *s calculated as 

<r„ + I = D[en + l-e:] n + I 
J11 
zn - 

E E 
r1n + 1 “ °"n + 1 “ 

F T F 
£n+l = Q Vn + l 

(6.70) 

(6.71) 

(6.72) 

Using Eqs. (6.66) to (6.68), the basic update formula in Eq. (6.48) pre-multiplied by Q 

takes the form 

-,-1 
l + -3K,,Hll„)l + ^^ApADTfntl = r(A„tl)f„E

w (6.73) 
£„♦; = 

in which r(An + ;) is the following diagonal matrix: 

nA„+/) 

1 

•*'w+ 

0 
, +'.777* 

0 

0 

/ 

+ I 

(6.74) 

In terms of £ variables, the consistency condition in Eq. (6.54) becomes 
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/(■»„.,) = 5/2(A„4])-fi2(A„,) (6.75) 

where 

/0„ + ,) 

E 2 
Un> 

+ 

F 2 E 2 
2(f22) +(£%) 

1 + 
E 2 \ l2 2 r 

5,737,+ 5*«.>.J 2l,+ I + v + 3Hkin lA,I + 

(6.76) 

K2O„+1) = (me.))2 (6.77) 

= K + /';,+ 1 Mf(\t |) (6.78) 

In Eqs. (6.75) and (6.77), R(^n + ,) also corresponds to (*j2/2)p where p represents the 

radius of the cylindrical yield surface. 

6.9 Step-by-Step Implementation of the Return Map Algorithm for Plane Stress 

von Mises Plasticity 

(1) Update the total strain tensor and compute the trial elastic state 

zn + 1 

0\ 

E 
Vn+\ 

= €n + V'U 

D[en + l-ep
n] 

/>,£ _ p 
en+ 1 “ 

en 

(2) Check the yield condition: 
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J. E J1 p J 2 P 
if 2^n+l) 

PVn + j - -K (e,^’+ / ) < 0 then trial elastic state represents the true 

solution at tn + and 
da 

~Te 
n +; 

D. Otherwise, proceed with the plastic corrector 

step outlined below. 

(3) Satisfy the consistency condition at tn + ,, i.e., solve f(An + j) = 0 for A n+ 1 

1 
/<A„ + ,) = ^/ (A„,)-/r(A„ + l)S0 

/2(A„ + ,) 

E 2 
(ffl> 

+ 

E ,2
H M 

+ -nkin \ An+ 1 
3(1-^) 3 

1 

2 + 2' 

E 2 E 2 

2(4) +(4) 

«2(A„+i) = ({K(e'\,)}2 

s;;*i =e:. + A„+1./|/(A„^ ,) 
IT, 

(4) Compute the modified (algorithmic) elastic tangent matrix: 

'(A„+1) = 
-l A/i+i 

D + 

^ 3^kin^n + 1 

-1 

(5) Update the stresses and plastic strains at tn + l 

Vn +1 2 
^ ^ + 1Hkin 

H(A„+1)D- 7)n 

+ 1 ^ + 1 Hkin + 



124 

** n +1 Wn + 1 an + 1 

en + 1 ~ 6n + A/}
A

H+ \f(K+ l) 

en + I = en + K+lPvln + l 

(6) Compute the consistent (algorithmic) elastoplastic tangent matrix: 

dtr 
de = H(An+i)- 

n + 1 

[H(A„ + 1)PT7„ + /][H(A„ + 1)PT/„ + /] 

Wn + IP 1=1 ( A/i + 1 }Pr!n + 1 + Pn + I 

— 27\ T 
Pn+\ = 3 — (Hiso7\ +Hk,ny2)rln+\PVn+\ 

2 
y 1 = i + -3K + \Hkin 

2 
72 = 1 - jHiso^n + 1 
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10 Examples in Plane Stress Plasticity 

le plane stress elastoplasticity was implemented in FEAP and two examples were solved 

validate its correctness. The following sections explain the examples considered. 

10.1 Perforated Elastic Perfectly Plastic Plate 

lis example has been used frequently by several authors to assess the correctness, 

curacy and efficiency of various plane stress plasticity algorithms. The finite element 

adies of this were performed by Marcal and King (1966), Zienkiewicz et al. (1969) and 

mo and Taylor (1986). Experimental investigations for this example were carried out by 

leocaris and Marketos (1964). The experimental study by Theocaris and Marketos 

964) was performed on a perforated linear strain-hardening strip of aluminum under 

2 
nsion with initial yield stress oy = 24.3 Kg/mm , Young’s modulus 

= 7000 Kg/mm and isotropic hardening modulus Hiso = 225 Kg/mm . The 

lometrical characteristics of the perforated specimen are shown in Fig. 6.3. The length 

d width of the specimen are L = 36 mm and B =20 mm. The diameter of the 

rforation (located at the center) is given by D =10 mm. A uniform tension stress of 

n/2 acts at the ends of the strip. Hence, om is the mean longitudinal tensile stress at the 

oss-section. Only a quarter of the specimen is analyzed with appropriate symmetric 

tundary conditions at the interfaces. The spread of plasticity based on the J2 plasticity 

odel with linear isotropic hardening is shown in Fig. 6.5 as a function of om/Gy. These 

suits are in very good agreement with the finite element results of Zienkiewicz et. al. 
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(1969) and with the experimental results reported Theocaris et al. (1964). 

6.10.2 Notched Tension Specimen 

The following problem has been solved by several authors analytically and numerically. A 

specimen of length L = 36 mm and width B =20 mm as shown in Fig. 6.4 comprises a 

right angle notch. The material properties are taken as: Young’s Modulus 

2 2 
E = 7,000 Kg/mm , yield stress CTy =24.3 Kg/mm , isotropic and kinematic 

hardening moduli Hiso = Hkin = 0. A uniform stress of om/2 acts at the ends of the 

tension strip. Thus, am is the mean longitudinal stress across the notched section. Only a 

quarter of the specimen is analyzed with appropriate symmetric boundary conditions at 

the interfaces. The spread of plasticity for the elastic perfectly plastic case is shown in Fig. 

6.6 as a function of the stress ratio Gm/a . It is clear that at collapse, we must have 

om/o > 1 by virtue of the lower bound (or static) theorem (Lubliner 1990). These results 

are in excellent agreement with the finite element results reported in the literature (Marcal 

and King 1966, Frey 1978). The stress ratio om/a at the collapse load have been 

evaluated by several authors as shown in Table 6.1. Principal stress trajectories at different 

levels of am/a are also shown in Fig. 6.7. 



Table 6.1: Notched Tension Specimen 

Author 
°m/ay 

Number of 

Unknowns 

Hill3 1.155 - 

Yamada 1.181 -270 

Marcal 0.967 -300 

Nayak 1.186 178 

Nguyen Dang 1.192 170 

Frey 1.165 178 

Present Study 1.176 330 

a. Exact Analytical solution (for notched specimen infinitely 
long) 
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Fig. 6.4 Notched tension strip 
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Elastic Region 

Plastic Region £h>. 
So 

(a) Load step am/ay0 0.59 (b) Load step om/ay0 0.68 

(c) Load step on/oy0 = 0.78 (d) Load step om/oy0 = 0.88 

Pig. 6.5 Spread of plasticity in perforated tension strip at various load levels 



130 

Elastic Region 

(e) Load step om/a 0 = 0.92 (f) Load step am/o 0 = 0.95 

Lig. 6.5 (Contd.) Spread of plasticity in perforated tension strip at various load levels 
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Elastic Region 

(a) Load step om/ay0 = 0.78 (b) Load step om/ay0 = 0.98 

(c) Load step am/ay0 = 1.10 

Lig. 6.6 Spread of plasticity in notched tension strip at various load levels 
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Scale: Kg/mm 
2 

Scale: \ J0-\ Kg/mm2 

Fig. 6.7 Principal stress trajectories at various load levels 



133 

Scale: | [ Kg/mm.2 

Scale Kg/mm 
2 

Fig. 6.7 (Contd.) Principal stress trajectories at various load levels 
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CHAPTER 7 

NONLINEAR MATERIAL ANALYSIS OF SHELL STRUCTURES 

7.1 Introduction 

This chapter presents the method used for nonlinear material analysis of shell structures. 

At present the shell is assumed to be geometrically linear. Each point of the shell is 

assumed to be under plane stress condition1. Hence, plane stress plasticity discussed in 

Chapter 6 can be used in conjunction with the curved linear shell element presented in 

Chapter 5 to develop a materially-nonlinear-only shell element. For the linear curved shell 

element, the constitutive matrices and stress resultants at the Gauss points given in Eqs. 

(5.15), (5.16), (5.55) and (5.56) were obtained by closed-form analytical integration 

through the thickness. Hence, four Gauss points in the middle surface of the shell were 

sufficient to integrate the internal virtual work expression. The stress resultants and 

constitutive matrices in nonlinear material shell analysis are obtained by numerical 

integration through the thickness. Hence, for each Gauss point in the middle surface, 

additional integration points are needed for the purpose of numerical integration through 

the thickness. The history of deformations must be monitored at each of these integration 

points during an incremental-iterative analysis. The details of the above discussion are 

given in the following sections. 

1. Shell theories are based on the assumption that the transverse normal stress a„ = 0. The effects 
of the transverse shear strains are neglected if Kirchhoff hypothesis is made. The linear shell ele¬ 
ment developed in chapter 5 belongs to the class of discrete Kirchhoff elements where the 
Kirchhoff hypotheses of vanishing shear strains are imposed only along the boundary of the ele¬ 
ment. The assumption of plane stress conditions in the interior of the element is an approxima¬ 
tion, since the effects of the transverse shear stresses are neglected. 



135 

7.2 Formulation of the Incremental Equation of Equilibrium 

The basic problem in a nonlinear analysis is to find the state of equilibrium of a body 

corresponding to the applied external loads. In a general nonlinear analysis, equilibrium of 

the deformed configuration of the body is determined by incorporating both the geometric 

and material sources of nonlinearity. However, this chapter is concerned only with 

nonlinear material analysis. Also, the basic principles of nonlinear material analysis are 

outlined for a generic three dimensional body. The concepts remain similar for nonlinear 

material shell analysis. Consider a body subjected to slowly-varying external loads. The 

problem consists of determining the complete history of deformation of the body under 

these loads1. The integral equation of equilibrium of the body of volume V at a particular 

time t is given by 

The left-hand-side of the above equation represents the internal virtual work, while the 

right-hand-side corresponds to the external virtual work defined as 

(7.1) 

(7.2) 

The various quantities in the above equations are defined as 

'a)j: stress tensor at time t\ 

: virtual total strain tensor corresponding to the virtual 

1. For simplicity inertial, viscous and damping effects are neglected. It is also assumed that the 
loads are deformation independent. 
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displacement field Sui; 

5 
Su • : virtual displacement components on the surface A of the body. 

t B 
/f : components of the external body forces per unit volume at time t. 

Vf: components of the external surface tractions per unit surface area at 

time t. 

V: volume of the undeformed configuration. 

A: surface of the undeformed configuration. 

In linear analysis, the stress tensor is path-independent and hence a linear stress-strain 

relationship followed by a linear strain-displacement relationship are used to derive the 

finite element equations with the nodal degrees of freedom1 2 as unknowns. Material 

nonlinear analysis is path dependent, i.e., the stress state at time t depends on the complete 

deformation history prior to time t. Hence, material nonlinear analysis is carried out 

incrementally starting from a known configuration which usually is the unloaded, 

undeformed, initial configuration. Considering that the state variables are known at time f„, 

the integral equation of equilibrium at time tn is given by Eq. (7.1) as 

1. The finite element discretization and the interpolation of the displacement fields prior to the inte¬ 
gration in the virtual work equation is explained in linear analysis of shells (see Chapter 5). 

2. The quantities characterizing the deformation history are called the state variables. These are the 
stress tensor, plastic strain tensor, back stress tensor and equivalent plastic strain. In the rate 

dependent 72 plasticity model considered here, the state variables at time tn+, depend only on 

those at time step tn and the total strain increment during the load step [ t„, f,l+/]. 

(7.3) 
v 
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where the stress tensor at time t,„ V(/, is known. The equilibrium at time tn+! is given by 

j," + 'crij8ejjdV = + 'R (7.4) 

The stress tensor at time tn+h " + lcr-., can be expressed using a Taylor series expansion 

about the stress tensor at time t,„ "cr;i, as 

3" 
A1" cr. = "ai■ ■ H -A"ekl + higher order terms 

3‘"e, 
(7.5) 

-kl 

Linearizing the above expansion yields 

'„ + i t„ 3 " a^ 
(ru= au + ~rjAeki 

(7.6) 
3 "e kl 

Substituting Eq. (7.6) in Eq. (7.4) and subtracting Eq. (7.3) gives the following linearized 

incremental integral equation of equilibrium. 

J '"'MVV
1
' (7.7) 

v 3 "e 

The vector form of the above equation is often used at this stage to ease the finite element 

approximation: 

jS/
d-7?AedV=," + 'R-jSeTt"ordV 

v 3 "e v 
(7.8) 

Using the standard discretization procedure with the nodal displacement vector (for the 

whole structure), a, as unknowns, namely 
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u ~ u = Na 

e = Ba 

in which N is an interpolation matrix and B denotes the strain-displacement matrix, 

the vector form of Eq. (7.8) reduces to 

(7.9) 

B 
T do 

BdV 
.v d "e 

A "a = '" + lR- ^BTt"o-dV (7.10) 

Note that n + lR in Eq. (7.10) represents the consistent nodal load vector at tn+! as opposed 

to ”*'R in Eq. (7.8) which denotes the external virtual work (a scalar quantity) at tn+1. The 

above equation is a global finite element equation which can be solved for unknowns 

A "a . The total nodal displacement vector at time tn+l is found using 

4- 1 ^ n A ^H / r-j 1 ^ \ a = a + A a (7.11) 

The displacements " + 'a in the above equation will however not satisfy the integral 

equation of equilibrium at time tn+I given in Eq. (7.4). This is because of the 

approximations made to arrive at Eq. (7.6) from Eq. (7.5). Hence equilibrium iterations 

are usually made to correct the displacements in order to satisfy Eq. (7.4). In the 

following, the Newton-Raphson method is used to make equilibrium corrections. The 

linearized incremental integral equation of equilibrium (7.10) is rewritten in a familiar 

notation as 

"KK D.Ui) A a R M-D = A R a -1) (7.12) 

in which i denotes the iteration counter for equilibrium corrections, 'K^ denotes the 
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7.3 Incremental Equations for Material Non-Linear Analysis of Shells 

In this section, expressions for the strain-displacement relationship, incremental stress- 

strain relationship, stress resultants and consistent tangent stiffness matrix are developed 

in order to perform an incremental nonlinear material analysis of shell structures. This 

section builds upon the linear shallow shell element presented in Section 5.3 and the 

principles of plane stress elastoplasticity given in Chapter 6. 

Similar to Eq. (7.1), the integral equation of equilibrium of a shell structure at time t is 

given by (see also Eq. (5.21)) 

j'5eQ
TNdA + j'?>xTMdA = lR 

4 A 

(7.15) 
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tangent stiffness matrix, ‘npV-D denotes the internal resisting force vector corresponding 

to the deformed configuration f" + la^ ^ and A/?^ ^ is called the residual force vector or 

vector of unbalanced forces. These quantities are given as 

‘npU- 1) 
(t - 1 ) 

= f BtS-^ BdV l 3V'"'1 

‘„FU- 1) _ ])dV 

V 
II 

1 <
1 

1 

"
f
c
, 

1 

*
 

+ 

(7.13) 

The total nodal displacement vector after i Newton-Raphson iterations in a given load step 

is given by: 

, + i (/) a A'" (!) A'" (0 
<n , X" A A + A + ... + A A — A + ^ A a 

k = 1 

(*) (7.14) 

Iterative nodal displacement corrections A "a'1'* are obtained and the total nodal 

displacement updates at time tn+I are evaluated using Eq. (7.14) until the residual force 

vector in Eq. (7.13)3 reduces to zero within a certain tolerance level. This procedure is 

illustrated in Fig. 7.1 in the uni-dimensional case. A step-by-step implementation of the 

above procedure for performing nonlinear material analysis of shell structures is presented 

in Section 7.4. 
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where the external virtual work on the right-hand-side is given by, see Eqs. (7.2) and 

(5.21), 

!R = ^nT8u0dA + 8(3dA + J fp tSwdA (7.16) 
AAA 

In Eqs. (7.15) and (7.16), Wand lM denote the in-plane and moment stress resultants 

respectively, defined as: 

W = J*crdz 

lM = ^ crzdz. 
(7.17) 

In Eqs. (7.15) and (7.16), e0 represents the membrane strain vector defined in Eq. (5.50), 

X denotes the bending strain vector defined in Eq. (5.8), while 'n and ’m are the external 

force resultants given by 

!n = \'fm dz 

m = \!f,n zdz 
(7.18) 

where fm and f are the in-plane and out-of-plane body forces per unit volume (the 

plane in question being the reference plane of the shallow shell element), u0 represents 

the in-plane displacement vector field as defined in Eq. (5.5), vv is the out-of-plane 

displacement field and /? denotes the cross-section rotation vector field defined in Eq. 

(5.5). 

Similar to Eq. (7.3), the integral equation of equilibrium at time step t„ is given by 
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jS^o ’"NdA + j$xT’"MdA = R (7.19) 
A A 

where the stress resultant vectors, '"N and '"M, are known at time step t„. The equilibrium 

at time step tn+, is expressed as, see Eq. (7.4), 

j’SeJ^’ATM + ^bxT‘" + 'MdA = ‘" + 'R (7.20) 
A /t 

The linearized incremental decomposition of the stress resultant vectors, ‘'’ + 'N and ‘"*'M, 

are given similar to Eq. (7.6) as 

‘"*'N = ‘"N + A^’N = 

+ 'M = ‘"M + A '"M = 

"N + [A "crdz ~ "N + fd a A "edz 
a e 

n 

"M + [A "azdz~ "M + f——A"ezdz 
d'"e 

(7.21) 

The total strain vector, e, is defined in Eq. (5.6) as 

* = *0 + zX (7.22) 

The consistent (algorithmic) elastoplastic tangent matrix, 
t r)^n 

"D - ——, is obtained by 
d‘"e 

linearizing the return map algorithm for plane stress elastoplasticity (see Section 6.7). 

Substituting the incremental decomposition of Eq. (7.22) in Eq. (7.21), the following 

linearized incremental decomposition of the stress resultant vector is obtained 

'" + W * ‘"N + J^Z7(A?',e0 + z.At"x)dz = ‘”N + 

‘n*'M ~‘"M + jl"D(zA"eQ + z2^"x)dz = ‘"M + 

(j^Ddz) A?"e0 + (jz"Ddz.) &'x 

(jznDdz.) A"e0 + (jz.2!"Ddz.) A"x 
(7.23) 
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Using the notation 

>n = \h'Ddz 

‘"Hmb = \z"Ddz. 

t"Db = \z2,”Ddz 

the above stress resultant vectors can be rewritten as 

^'i + l IT r* Jn . tn n Jn N = N+ DmAe0+ D,nh AX 
tn , , [„ 

" = M+ *>mb*Co+ DbAX 

The consistent (algorithmic) constitutive matrices defined in Eq. (7.24) are obtained using 

(centroidal mid-point rule, or Gauss quadrature or Lobatto integration rule) numerical 

integration rule through the thickness. Notice that these consistent constitutive matrices 

are symmetric since, as shown by Eq. (6.64), the consistent constitutive moduli 'D are 

symmetric for plane stress elastoplasticity. 

Lobatto integration rule has the added advantage over Gaussian quadrature that the first 

and last integration points lie on the shell surface. Thus, the numerically integrated 

constitutive matrices are expressed as 

N 

i = 1 

2 N 

'■*>„,» = '"»(?,W?,) (7.26) 
i = 1 

3 N 

‘"Db = J Id 'nD(fi)W(ft) 
i = 1 

(7.24) 

(7.25) 
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in which N denotes the number of integration points, the variables represent the 

normalized positions of the integration points, W(^) are the corresponding weighting 

coefficients, and denotes the consistent tangent matrix at location . Substituting 

Eq. (7.25) in Eq. (7.20) and subtracting Eq. (7.19) from the resulting equation gives the 

following linearized incremental integral equation of equilibrium: 

J A'*«O + '-Dmb A-x)dA + 15+ ''Db^x)dA = 
A A 

= + 'R - J 5 eT
0 '"NdA + J 5/ ‘"MdA 

(7.27) 

4 4 

Now, the finite element approximations are introduced by using the following 

interpolations for the displacement and rotation fields which were given previously in Eqs. 

(5.22), (5.25) and (5.28): 

«0 = 
N Pm + 

N P* 

\7W 

w = N p (7.28) 

Px = KPp; Py = N>p 

The finite element approximations for the membrane strain vector, e0, in Eq. (5.88) and 

the bending strain vector, in Eq. (5.90) are given as 

e0(x, y) = Bm(x, y)pm + (x, y)p^ + Bm(x, y)BzwPp (7.29) 

X(x,y) = Bp(x,y)pp (7.30) 

The linearized incremental integral equation of equilibrium similar to Eq. (7.12) is 

obtained by substituting Eqs. (7.29) and (7.30) in Eq. (7.27): 
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Nel Nel Nel 

X i&t'a*KAt'a} = £ - V]}* = £ {8'"aA*}‘ 
e = 1 

in which, see Eq. 5.93, 

e = 1 * = 1 

c / c t„ c 
Kmm Km* "Kmp 

- C !„ C r C 
"Kfm Kh, K*P 

(„ c t„ c 
Kpm KP* KPP\ 

J»Je) A a 

A "pm 

A !n 

A /?«/, 

A 1 n 

A /d 

The stiffness terms of the element consistent tangent stiffness matrix, 

defined in Eq. (5.94) with the elastic constitutive matrices Dm, Dmh and Dh 

the consistent (algorithmic) shell constitutive matrices 'Dmb and "D 

(7.31) 

(7.32) 

v{e) K , are as 

replaced by 

'b defined in 

Eq. (7.26): 
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',„fcV
M + I I Bl'"Dn,BmdA B^w — Kmp + KmmB, 

r_ C C T*n fn F 
Kmm ~ J Bm DmBmdA — Kmm 

A1 

nKm ip = } Brn "DmG ,J,dA = "Kml// 
Ar 

r„ C f rt„ 

*»/> = J< 

'"4™ = j GT^DmBJA = 

'"4<A = JG^XV^ = 
Ac 

'"X = J GT^DmhBpdA + [ j G J'-DB Bm<M VW = 'X + '"4»AH. 
V’ 

r„ C 
'*/”» = \BT

p'DmhBmdA+BT
zw \BT

m*DmB, M 
F T t FT 

ipm + Bzw nKmm 

t.C 
”<«A = J<XGX = 'X+Xx,V 

r'„, 

A
1 

/„ F FT 

/„ c 

A \4 
F T F F T /„ F 

= KpP + Bzw Kmp + KpmBzw + Bzw KppBz 

\ 

+ 
( ^ 

J BTp"D>ntB,ndA 
T 

B:W + B'ZW 

/ 

(7.33) 

1 < AVM |B;h, = 

The consistent external nodal force (vector) ,n + 1/? and the internal resisting force vector 

'"F in Eq. (7.31) are defined using Eqs. (5.95), (7.19), (7.29) and (7.30) as 
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tn+lg(e) 

J i{Nm}T," + 'ndA 

iA, Ttn + ndA 

L < jvf 

l W*} ■M 

‘n + 'mdA + f NwTt”*'fn dA 
JA" 

J
P 

triple) 

j K, •NdA 
A1' 

| Gl'-NdA 
A1' 

j («> + *,>)<M 

At this stage, the Newton-Raphson iterative procedure can be used to solve the global 

nonlinear equations of equilibrium: 

(7.34) 

Net f , Nel Net 

X|sV"JC(,'"1V"fl( 1 = X = ]T {8'"a(A/?('"1))}<’ (7.35) 
- = l ■ = I 

7.4 Step-by-Step Implementation of Material Nonlinear Analysis of Shell 

Structure 

(A) Knowing the global nodal displacement vectors U = "u , (total incremental), the 

Cauchy stress vector cr, the internal resisting force vector at the last converged/ 

saved step and the state variables { e|’, e|’, an } 

(A. 1) Obtain the nodal displacement vector of element e as 

U„ = L‘U 

»:*> = LTy> 
(7.36) 
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where Le denotes the localization matrix of element e. 

(B) Integrate the flow rule and hardening law at each integration point of each finite 

element of shell using the return map algorithm described in Section 6.9. 

(B.l) Evaluate the trial elastic state, see Eq. (7.21) 

'■V*)£ = V^ + DAV*’ 

where 

AV*> = A'-^'+ZAV*’ 

A*n (^) wy (£) , (k) . wy wy k*n (k) A C0 = BmA Pn: +f;»A Pi, + A P,, 

AV‘> = B„ A'vf 

E t»+UL(k)E 
<T - a„ 

-P,E 
€n + 1 = 

(B.2) Check the yield condition: if + ,) Pr^n + , - {e^t) < 0, then the 

(k) tn + 1 —(k) trial elastic state represents the true solution at tn + { and D = D. 

Otherwise, proceed with the plastic corrector step outlined below. 

(B.3) Satisfy the consistency condition at time tn + [: solve /(AfI+ {) = 0 for 

An + | (It is a nonlinear algebraic equation and can be solved efficiently 

using Newton-Raphson iterative scheme). 

/(A„tl) = (/(A„ + l)-^(A„+l).0 



where 

/ (A„+1) 
E 2 

Un) 

H 
£ 4H„,Vi.!]

2 3(l-i/) 3 kin 

yE 2 F 2 

1 2(^22) + (f 12) 

M'dlfH""")2-.,]2 

«2(A„tl) = U2^*,) 

Cl = < + A„+IJ=/(A„+1) 
27/ 

(B.4) Compute the modified algorithmic elastic tangent matrix 

r(An + i) = D + 
vn + 1 

1 + 2HkinXn+l 

(B.5) Update the stress and plastic strain vector at tn 

Vn + \ = 
+ 3A/!+ \Hkin 

HKtl)D-'vL 

an + 1 an 3 A/i + 1Hkin + 1 

'„ + i (k) 
<r = Vn + 1 + an + 1 

C/ = + J|A„*I7(A„+1) 

*« + / = + + / 

(B.6) Compute the consistent elastoplastic tangent matrix 
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''"DW [3(An+0Pvn + I][S(Xll + QPv,l + l]
T 

vl+iPS(\n+l)
pvn + I^A + i 

2 
y 1 ~ ^ \ ^kin 

r2 = '-jAA*. 

27\ T 
Pn+ \ = ^-(H^y^Hk.n^Vn+lPVn+l 

J < 2 

(C) For each element e , evaluate the consistent tangent stiffness matrix and consistent 

nodal load vector: 

(C.l) Evaluate the element tangent stiffness matrix, ‘"K^, in the local coordinate 

system associated with the element using Eq. (7.32); 

(C.2) Evaluate the equivalent nodal load vector, + 5 due to the external forces 

using Eq. (7.34) j; 

(C.4) Evaluate the element internal resisting force vector, " + l/r^^ due to the 

internal stresses, t" + l
(T

(-k'> 5 using Eq. (7.34)2; 

(C.5) Evaluate the element nodal residual load vector 

AR(k)(e) = _t„ + [F(k)(e) 

(D) Transform to global coordinate system. 

(D.l) Transform the element consistent tangent stiffness matrix and nodal residual 

load vector to the global coordinate system to yield the consistent tangent 
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stiffness matrix and nodal residual load vector of shell element e in global 

coordinates. 

(E) Perform the direct stiffness assembly and solve the linearized incremental equations of 

equilibrium for the linearized incremental displacement vector. 

(E.l) Assemble the element consistent tangent stiffness matrix and residual load 

vector obtained in step (D. 1) in order to obtain the consistent tangent 

stiffness matrix and residual load vector of the whole shell structure. The 

global linearized incremental equations of equilibrium are then solved for 

the global incremental nodal displacements at the ith iteration of the load 

increment [tn, tn + l]. 

(F) Check for convergence. 

(F.l) Check if the residual or energy norm* is bounded by a pre-specified 

tolerance, if not converged then, 

(1) Update the total incremental displacement vector in global 

coordinates, i.e., A a = a + A a 

(2) Go to step (A) 

Else (if converged), 

(1) Increment the global external load vector. 

1. Both the residual and energy norms can be used as a convergence criteria. The convergence cri¬ 

terion based on the residual norm is given as||A/?^|| < £|| " + 'R\/ 100, where "+l^ is the 

vector of external forces and £ is a percentage tolerance (say 0.1-1 per cent). The energy norm 

convergence criterion is expressed as (A R (k 
■>)V' a (*) < £ (A/^^AVI /100. 
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(2) Replace the nodal displacement vector at time tn (last converged and/ 

or saved configuration) with the nodal displacement vector at the end 

of the last iteration of thecurrent step/increment. 

(3) Initialize the Newton-Raphson iteration counter to k - 0 and go to 

step (A). 
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7.6 Examples in Nonlinear Material Analysis of Shells 

7.6.1 Uniformly Loaded Plate 

A uniformly loaded square steel plate suffers plastic deformations, see Fig. 7.1. The plate 

is simply supported along its four boundaries. The material of the plate is modeled as 

elastic-perfectly plastic. Only a quarter of the plate is analyzed by imposing symmetric 

boundary conditions along the axes of symmetry. The linear elastic solution exists in the 

form of a series solution (Timoshenko 1959). Upper and lower bounds for the collapse 

load can be obtained by limit analysis (Lubliner 1993). If F is the total load (= load per 

unit area multiplied by the total area) acting on the plate then it can be shown that the 

collapse load, F , for a square plate and von Mises yield criterion is bounded as follows 

(Lubliner 1993): 

in which Mu is the ultimate moment (or plastic moment) per unit length of the plate of 

M„ = a'j (7.38) 

Consider a plate with the following geometric and material properties 

(7.37) 

Side length : a = 100 cm 

Thickness : t = 1 cm 

Young’s Modulus : E = 2,100,000 kg/cm2 

Poisson’s ratio : v = 0.3 

Yield stress : ay = 2,500 kg/cm2 
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Total number of elements : 25 

Total number of nodes : 36 

Number of integration points across the thickness : 5 ( centroidal rule) 

The nonlinear finite element solution for the above plate problem was obtained and plotted 

in Fig. 7.2. The figure also shows the linear elastic analytical solution and the upper and 

lower bounds of the collapse load obtained using Eq. (7.37). It is observed that the initial 

load-deflection curve perfectly agrees with the linear elastic solution. Also, the limit load 

obtained using finite element is bounded by the upper and lower bounds given by limit 

analysis. 

The spread of plasticity through the thickness corresponding to point A on the curve in 

Fig. 7.2 is shown in Fig. 7.3. The nonlinear material shell element developed during the 

course of this study is able to capture the spread of plasticity through the thickness. It is 

noticed that since the in-plane stress resultants N are absent in this small deformation plate 

problem, the spreads of plasticity in layers symmetric with respect to the middle surface 

are identical as shown in Figs. 7.3(a) and 7.3(b). While the top-most layer yields in 

compression, the bottom-most layer yields in tension. As we move inside the thickness of 

the plate, the size of the plastic region decreases as shown in Figs. 7.3(a) and 7.3(b). 

7.6.2 Elastoplastic Analysis of Pinched Cylindrical Shell With End Diaphragm 

A cylindrical tube of radius R = 300, thickness t = 3.0 and a finite length L = 180 is 

analyzed when subjected to two equal and opposite loads applied along a diameter of the 

shell at its mid length as shown in Fig. 7.4. The ends of the cylinder are restrained by a 

diaphragm assumed completely rigid in its own plane and completely flexible out-of - 
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plane. Only one quadrant of the shell is analyzed by using the appropriate symmetry 

conditions on the displacements. The J2 plasticity model is used to represent the material 

behavior. The modulus of elasticity and the Poisson’s ratio for the material are taken as 

E = 3.0 x 106 and v = 0.3, respectively. The yield stress of the material is given by 

<5y = 700 and the isotropic hardening modulus is Hiso = 0.032E. Zero kinematic 

hardening is assumed. The load-deflection curves obtained by the finite element analysis 

for the elastic, elastic-perfectly plastic and isotropic hardening cases are given in Fig. 7.5. 

It is verified that the linear elastic load-deflection curve is tangent to the elastoplastic load 

-deflection curve at the origin. 

7.6.3 Elastoplastic Analysis of Pinched Hemispherical Shell with Open Cap 

A spherical shell of radius R = 10 and thickness t = 0.04 consists of a hemisphere with 

an 18° hole at the top. The boundaries of both the hole and the hemisphere are considered 

free. The shell is loaded along its hemispherical edge in two orthogonal directions by two 

pairs of pinching forces, one directed towards the center and another directed outwards. 

Each force has magnitude 2F. The modulus of elasticity, Poisson’s ratio and yield stress 

for the material of the shell are taken as E = 68.25 x 106, v = 0.3 and crv = 3000, 

respectively. Only one quadrant of the shell structure is considered for the analysis by 

using the appropriate symmetry conditions on the displacements (see Fig 7.6). Load- 

deflection curves obtained by finite element analysis for the elastic and elastic-perfectly 

plastic cases are shown in Fig. 7.7. The deformed shapes (scaled up) of the pinched 
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hemispherical shell is plotted in Fig. 7.8. The spread of plasticity with increasing loads is 

shown in Fig. 7.9 for loads F = 0.8, F = 0.9, F = 1.1 and F = 1.2. Note that 

yielding initiates at the concentrated loads and spreads symmetrically (about vertical plane 

at 45° with respect to x- and y-axes, see Fig. 7.6) although the two loads are opposite in 

direction. Also the load-radial deflection curves are the same for both loads (but with 

opposite signs). This symmetry is due to the geometric linearity. 

7.6.4 Elastoplastic Analysis of Cone-Cylinder Intersection Problem 

The cone-cylinder intersection problem was first discussed in Chapter 5 in the context of 

linear elastic analysis. A closed-form analytical solution exists for the linear elastic case 

and it compares very well with the linear elastic finite element solution. An elastoplastic 

finite element solution is performed in this section. The geometric characteristics of the 

problem are the same as in Section 5.5.5. The material is assumed to follow the J2 

plasticity model with zero isotropic and kinematic hardening. 

Young’s Modulus : E = 2,100,000 kg/cm2 

Poisson’s ratio : v = 0.3 

Yield stress : Gy = 2,500 kg/cm2 

The total axisymmetric vertical load plotted against the axisymmetric radial deflection at 

the intersection of the conical and cylindrical shells given in Fig. 7.11. Also shown on the 

plot is the linear elastic solution which agrees perfectly with the elastoplastic load- 

deflection curve prior to yielding. The spreads of plasticity at the top-most layer for loads 

P = 750, P = 850, P = 900 and P = 950 are shown in Fig. 7.12. The yielding 
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initiates at the intersection and spreads axisymmetrically both towards the top of the 

cylinder and the bottom of the cone with increasing load level. 

7.6.5 Elastoplastic Analysis of a T-Shaped Tabular Joint 

A tubular T-joint consists of two cylinders welded at right angle as shown in Fig. 7.13. A 

tubular T-joint with the following geometric characteristics is considered: 

Chord diameter: D = 838 mm 

Chord thickness: T = 25.4 mm 

Chord length: L = 3000 mm 

Brace diameter: d = 406.4 mm 

Brace thickness: t = 10 mm 

Brace length: 1 = 1200 mm 

To simulate simple boundary conditions for the chord in the finite element analysis, all the 

nodes at both ends of the chord are restrained against vertical displacements only. The J2 

material characteristics of the steel tubular joint are taken as: 

5 2 Modulus of elasticity: E = 2.1 x 10 N/mm 

Poisson’s ratio: v = 0.3 

2 
Yield stress: Gy = 306 N/mm 

Isotropic hardening modulus: Hiso = 0.009143E 

A geometric and material nonlinear analysis of this problem was performed by van der 

Valk (1984) and the results obtained were compared with experimental results. The load- 

deflection curve obtained in the present study is shown in Fig. 7.14. Although the present 
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solution considers only material nonlinearity, the peak load is captured with in 10% 

compared to the above referred published experimental and finite element results. 

SIMPLY SUPPORTED 

Fig. 7.1 A simply supported square plate subjected to a uniformly distributed load 

Fig. 7.2 Load deflection curve for uniformly loaded plate 
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(a) Spread of plasticity at the top and bottom most layer 

(b) Spread of plasticity at the second layer from the top and bottom 

Fig. 7.3 Spreads of plasticity in the uniformly loaded plate 
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Fig. 7.5 Load-deflection curve for restrained pinched cylinder 
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A z 

Fig. 7.6 Pinched Spherical Shell 
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(a) Undeformed hemispherical shell (Top view) 

(b) Scaled deformed hemispherical shell (Top view) 

Fig. 7.8 Deformed shape of a hemispherical shell 
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(b) Spread of plasticity at load F = 0.9 

Fig. 7.9 Spread of plasticity at the top-most layer of pinched 
hemispherical shell 
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Fig. 7.9 (contd.) Spread of plasticity at top-most layer of pinched 
hemispherical shell 
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Fig. 7.11 Load deflection curve for cone-cylinder intersection problem 
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(a) Spread of plasticity at P = 750 (b) Spread of plasticity at P = 850 

(c) Spread of plasticity at P = 900 (d) Spread of plasticity at P = 950 

Fig. 7.12 Spread of plasticity for cone-cylinder intersection problem 
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CHAPTER 8 

NONLINEAR GEOMETRIC STATIC ANALYSIS OF STRUCTURES 

8.1 Introduction 

The purpose of this chapter is to define the principle of virtual work in Lagrangian and 

corotational Lagrangian descriptions. The equilibrium will be expressed in the deformed 

configuration of the structure using these descriptions. Incremental equations of 

equilibrium will be developed which express the structure equilibrium in an unknown 

deformed configuration from a known deformed or undeformed configuration. Conjugate 

stress and strain pairs will arise from the formulation of the internal virtual work. 

8.2 Kinematics 

8.2.1 Lagrangian Description 

In Lagrangian description, the equilibrium of an unknown deformed configuration is 

expressed with respect to a known configuration called the reference configuration. 

Although there are many choices for the reference configuration, two have been used very 

often. When the equilibrium of an unknown deformed configuration is expressed with 

respect to the initial undeformed configuration, then the description is called the total 

Lagrangian (T.L.) description. Alternatively, if the equilibrium at any time is expressed 

with respect to the current (unknown) configuration itself, then the description is called the 

updated Lagrangian (U.L.) description. 

Thus, in total Lagrangian description, the equilibrium of the current deformed 

configuration y (see Fig. 8.1) is expressed in the initial undeformed configuration r0. In 

updated Lagrangian description, the unknown current deformed configuration y itself is 
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used as reference configuration. 

y: current deformed configuration 

As shown in Fig. 8.1, the coordinates of a same material point (particle) of the body in its 

undeformed initial configuration r0 intermediate deformed configuration y\ and current 

deformed configuration y are denoted by X;, x,’ and x,, respectively. The displacement of 

the material point from its initial position X to its current position x can be defined by the 

following mapping equations: 
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x = x(X) 
xi = xi{X],X 2, X3) 

(8.1) 

Let U(X) be the displacement vector of the material point at position X in F0. The current 

coordinates x of this material point can be expressed as 

x = X + U(X) 

= X,.+ £/.(*„ X2,X3) 
(8.2) 

The deformation gradient referred to the undeformed initial configuration is denoted by F. 

It is defined as a tensor which operates on an arbitrary infinitesimal material vector dX at 

X to associate with it a vector dx at x as follows: 

dx = FdX 

dx■ = F--dX 1 v J 

(8.3) 

in which 

F... = 

3X; 

'' dX; 

Using Eqs. (8.2) and (8.4), the deformation gradient can be written as 

(8.4) 

(8.5) 

where in Eq. (8.5), 8y denotes the Kronecker delta function and I is the unit tensor of order 

2 (unit matrix of order 3). 

The Green-Lagrange strain tensor E is defined such that it gives the change in the squared 

length of the material vector dX as follows: 
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ds2 - dS2 = dXidxt - dXtdX= lE^dX^Xj (8.6) 

The Green -Lagrange strain tensor can also be expressed in terms of the deformation 

gradient as 

E = l-(FTF-I) 

Ea = 5WVV 
(8.7) 

The Green deformation tensor, C, and the Cauchy deformation tensor, B'1, are closely 

related to the Green-Lagrange strain tensor E (Malvern 1969). Instead of the change in the 

squared length of vector dX, the Green deformation tensor C, referred to the undeformed 

configuration, gives the new squared length ds2 of the line element into which the given 

line element dX is deformed. While the Cauchy deformation tensor B'1 gives the initial 

squared length dS2 of an element dx identified in the deformed configuration. Thus, 

ds2 = dXTCdX 

dS2 = dxTB~xdx 

ds = dXf.ijd.Xj 

dS2 = dxAB l)ijdx: 
(8.8) 

Comparing Eq. (8.6) with Eq. (8.8), the relationship between the Green-Lagrange strain 

tensor and the Green deformation tensor can be obtained as: 

(8.9) 

Using the definition of the displacement vector in Eq. (8.2), the deformation gradient in 

Eq. (8.5) and Eq. (8.7), the Green-Lagrange can also be expressed as 
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E = \{FTF-1) = 

_ uac/, dUj dukduk\ 
y 2{dXj dXi dX'dXj) 

(8.10) 

The relation governing the change of the line element dX into the line element dx is 

dxj = 
dxj 

dXk 
dXk (8.11) 

while the inverse relationship is given as 

dXi 
dX{ = ^dxk (8.12) 

dxk 

Consider the material coordinates as curvilinear coordinates in the deformed configuration 

(The material points on the plane coordinate surface Xx = constant in the undeformed 

initial configuration occupy the curved surface Xx = constant in the deformed 

configuration). The deformation equation (8.1), JC = x(X), then represents the change of 

coordinates between the curvilinear coordinates X- and the cartesian coordinates JC- . From 

calculus, any integral over the volume v of the deformed configuration can be expressed 

as an integral over the initial undeformed configuration T0 by performing a simple change 

of variables. Thus, 

jf(x)dxxdx2dx2 = J f[x(X)]JdXxdX2dX2 (8.13) 

in which J which expresses the infinitesimal volume ratio 
dv 

dV0 
is given by the Jacobian of 
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the deformation gradient: 

J = -fir = det[F] dV0 

dxr dxs dxt 
(8.14) 

j 

in which elmn is the permutation symbol1. The determinant in Eq. (8.14)] is evaluated 

using the permutation symbol2. The inverse relationship of Eq. (8.14) is given by 

dv 

dX,dX^X„ 
(8.15) 

The expression for the change between the infinitesimal area dA in ro and the 

corresponding infinitesimal area da in y can be derived as follows. Consider two 

infinitesimal line elements dX and 8X in the initial undeformed configuration T0. The 

area dA of the infinitesimal parallelogram in ro with the two edges defined by the 

infinitesimal line elements, dX and 8X, is given by 

L The symbol e is called the permutation symbol and is defined as: e = 0 when any two 

indices are equal; €-^=1 when i, j and k are 1, 2, 3, respectively, or any even permutation of 1, 

2, 3; e-^ =-l when i, j and k correspond to an odd permutation of 1,2, 3. Thus, 

e123 “ e23\ ~ e312 “ 1 ; e 132 “ e2\3 ~ e32\ ~ and 

eU2 = e\22 = e222 = 0- 

2. The determinant of a matrix with components amn can be expanded using the permutation 

symbol as 

mn 

e ijk^e^amn^ erst^riasj^tk (8.39) 
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dA, = (dA)Nj = elmndXJX„ 
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(8.16) 

where N is a vector perpendicular to the surface of the parallelogram. Similarly, the area 

of the parallelogram composed of sides dx and 8x in the deformed configuration y is 

given by 

(da)n = dxxdx 

da, = (da)n,= e,jkdxjdxk 

Employing the relationship in Eq. (8.12), Eq. (8.16) can be rewritten as 

dA, = (dA)N, = elmndXmhXn 

dX?X„ 
€lmn dx, dXs6x‘ 

(8.17) 

(8.18) 

dx. 
Multiplying both side of Eq.(8.18) by and using Eq. (8.15) gives 

dx, 

dxr 

dX, 
(dA,) = r^—(dA)N, = J erstdxsbxt 

Substituting Eq. (8.17) in the above equation leads to 

dx, 
da

r = J^{dA,) 

(8.19) 

(8.20) 

The above equation is referred to as Nanson’s formula. 

8.2.2 Corotational Lagrangian Description 

In corotational Lagrangian description, the reference configuration is a rigidly rotated and 

translated undeformed configuration f0 as shown in Fig. 8.2. 
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As seen in Fig. 8.2, the new reference axes are identified by an overline, i.e, Xj, xj. 

Similarly, the reference configuration in this system is r0. The choice of the reference 

configuration r0 is arbitrary; however, in practice it is chosen close to the current 

configuration y. The description is termed total corotational Lagrangian description 

(T.C.L.) if the equilibrium of configuration y is expressed with respect to the reference 

configuration r0 (using the coordinate axes Xj), and updated Lagrangian corotational if 

the equilibrium of y is expressed in the reference configuration y using the coordinate axes 

xi- 
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To illustrate the corotational formulation, consider a two-dimensional beam with the local 

axes of the undeformed beam along e1 and e2 ■ Let the corotated axes be along <?j and e2 

and have undergone a rigid body translation of UQ and a rigid body rotation 0 as shown in 

Fig. 8.3. 

The coordinates Xj in the configuration yean be defined as 

x = X + U (8.21) 

x = UQ + x (8.22) 
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where 

x = X + U (8.23) 

It may be noted in Fig. 8.3 that vectors x, U0 and x can be represented in terms of their 

respective coordinate basis vectors. The terms in Eq. (8.22) can be written in component 

form as 

^2> = U0l
e
i + xl(XuX2, X3)et (8.24) 

Let R be the transformation between the orthonormal basis vectors ei and e ■, i.e, 

h = Ruet (8-25) 

It may be noted that the tensor R is a rotation tensor and has the following property 

RijRik = RjlRkl = &jk (8.26) 

Substituting Eq. (8.25) in Eq. (8.24) yields 

xi{Xx,X2,X3)el = [U0i + xk(XhX2,X3)Rki\ei (8.27) 

Hence, the coordinates Xj of the deformed beam (configuration y) in current configuration 

can be obtained in terms of the translation, rotation transformation tensor of the corotated 

axes and the coordinates Xj as follows 

x|.(X„X2,X3) = U0i + xk(XuX2,X3)Rki (8.28) 

Solving Eq. (8.28) for Xj gives 

^(X], X2, X3) = [^.(Xj, X2, X3) - U0i]Rki (8.29) 

It can be seen easily from Fig. 8.3 that 
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Xt = x; (8.30) 

Using Eq. (8.29) and the definition of the deformation gradient tensor in Eq. (8.3), the 

deformation gradient in corotated axes can be obtained as 

Fkl = 
dx,, dxr  2        17 f? 

aF, “ a*/ “ il ki (8.31) 

where the deformation gradient F in corotated axes is defined as a tensor which operates 

on an arbitrary infinitesimal material vector dX (= dX) at X to associate with it a vector dx 

at x. It can be seen that the deformation gradient in the corotated system is independent of 

the rigid translation U0j. The inverse relation of Eq. (8.31) can be obtained as 

Fn = FklRki (8.32) 

Using Eq. (8.23) and (8.30), the deformation gradient in corotated axes can be rewritten as 

F = 

Fn = 

, dU 
/ + S 

X JV‘ 
(8.33) 

Using Eq. (8.32), the deformation gradient F can be obtained as 

F«= 
(8.34) 

It can be seen from Eq. (8.34) that the deformation gradient can be decomposed into a 

product of two tensors. The term inside brackets produces strains while the second tensor 

is an orthogonal rotation tensor which does not produce any strains. 

It is intuitively clear that the change in squared length should be independent of the choice 
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of reference axes. Using Eqs. (8.23), (8.30) and (8.33), the change of squared length of a 

line element can be expressed as 

ds2 - dS2 = dx:dx: -dXidX: = 2EudXsdX, l l l l lJ l J (8.35) 

where in Eq. (8.35), the Green-Lagrange strain tensor in corotated coordinates is given by 

1 fdUi dUj dukduk 
ij 2 [dXj

+ ax.+ ax. dXj 
(8.36) 

Similar to Eq. (8.7), the Green-Lagrange strain tensor can be written in terms of the 

deformation gradient as 

E = ]-(FTF-I) 

E,j = t(P4l.Fy-8y) 

(8.37) 

Using Eqs. (8.31), (8.34) and (8.26) in Eq.( 8.37) the Green-Lagrange strain tensor in 

corotated coordinates can be expressed as 

Ei, = \(FriE,jRlrRt,-S,i) = ^ErtF,jb„-By) - \(FtiFir StJ) (8.38) 

Comparing Eqs. (8.10) and (8.38), it can be seen that E- and EtJ are identical. Hence, the 

Green-Lagrange strains are invariant to a rigid body motion, i.e., 

Eu = EtJ (8.39) 

Eqs. (8.6), (8.35), and (8.39) express that the change in squared length of a line element is 

independent of a rigid body motion. 

The expressions for change in infinitesimal area and volume in corotational Lagrangian 

description can be derived as in the Lagrangian description. To aid the derivation of these 
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quantities, the following expressions are introduced. The Jacobian determinant defined in 

Eq. (8.14) is recalled below. 

elmnJ = eijkFilFjmFkn (8-4<>) 

The Jacobian determinant J is the determinant of the deformation gradient F defined in 

Eq. (8.31): 

elmnJ e ijkF ilF jmF kn (8.41) 

Also, the determinant of rotation matrix R defined in Eq. (8.26) gives 

elmn^e^Frs^ elmn e ijkFilF jmFkn (8.42) 

The line element dx can be expressed as: 

d*/ = ditk
dXk = Fikdxk (8.43) 

Substituting Eq. (8.31) into the above equation gives 

dxi = FikdXk = F ikRtidXk = Rijdxj (8.44) 

Substituting Eq. (8.31) into Eq. (8.41) and using Eqs. (8.40) and (8.42) gives 

'lmnJ elmnd ' eijkFrlFsmFtnFirFjsFkt erstFrlFsmFtn 

J = J 
(8.45) 

It is seen that 

dai = da n- = daRiknk = dakRik (8.46) 

Starting from Eq. (8.20) and using Eqs. (8.46), (8.32), (8.26) and (8.45), the following 

expression is obtained 
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_dXk 
dai = J-^-rdA 

1 OX; 
(8.47) 

Inverting the above relation gives 

dA, 1 A- 

Jdxk
dai 

1 

J 
Fikda: (8.48) 

Since the volume of an infinitesimal volume element remains invariant under rigid body 

motions, it follows that: 

dv = JdV = dv = JdV = JdV (8.49) 

8.3 Stresses 

The purpose of this section is to introduce the concept of stresses. At this stage no 

distinction will be made for the stresses in total or updated lagrangian descriptions. 

Stresses for the corotational description are also described and their relationships with the 

stresses in the Lagrangian descriptions are obtained. 

8.3.1 Lagrangian Description 

8.3.1.1 True Stresses in Deformed Configuration - Cauchy Stresses 

The Cauchy or true stress tensor field is defined as a function of the spatial point x in the 

current deformed configuration. Consider an infinitesimal tetrahedral element in the 

current configuration y. Three faces of this tetrahedron are perpendicular to the axes Xj, x2, 

and X3 (see Fig. 8.4). Let h be a unit vector perpendicular to the inclined face of the 

tetrahedron and t° be the stress vector acting on this plane. The components of the stress 

vectors on the other three faces are given by a-. The conditions of translational 
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equilibrium (balance of linear momentum equations) of this infinitesimal tetrahedral 

element give 

t° = (8-50) 

where 

t*ej = ta and niei = h (8.51) 

The stresses are called true stresses, or Euler stresses, or Cauchy stresses. The notion 

of true internal force df is introduced by the relation 

df = t°da (8.52) 

in which da is the area of the inclined face of the tetrahedron. The force vector df is the 

internal force acting on the inclined surface of the tetrahedral element to balance the force 

vectors due to the internal stresses o- on the other faces of the tetrahedron. Using Eq. 

8.50, Eq. (8.52) can be rewritten as 

df; = t °;da = Gi;n-da = o^da- (8.53) 
' J J v 1 v 1 

where dat is the area of the face of the tetrahedron perpendicular to the coordinate axis 

jct-. Eq. (8.53) expresses that the components of the Cauchy stress tensor balance the 

internal force vector transmitted through the inclined facet of the tetrahedron in the 
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deformed configuration. 

Fig. 8.4 Stress Representations in the Current and Reference Configurations 

8.3.1.2 Stresses in Reference Configuration - Piola-Kirchhoff Stresses 

As noted in Section 8.3.1.1, the Cauchy stresses are the true stresses acting in the current 

configuration and are a function of the spatial point x. The Cauchy stress tensor is 

symmetric in nonpolar mechanics (which assumes no couple stresses or assigned body 
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couples). When the strain is defined as a function of the material point X in a reference 

configuration other than the current configuration, then the stress is also expressed as a 

function of the material point X and the local equation of equilibrium is expressed in the 

reference configuration. The basic ideas behind the definition of the two Piola-Kirchhoff 

stress tensors are discussed below. 

First Piola-Kirchhoff Stresses - Lagrangian Stress Tensor. 

The first Piola-Kirchhoff stress tensor is simple to introduce. Referring to Fig. 8.4, the 

internal force vector df, associated with the current deformed configuration, is translated 

to the reference configuration TQ. It is denoted dF to emphasize that it is the image of df 

in the reference configuration T0. Thus, 

dF = df (8.54) 

The stress vector 7^ is related to vector dF as 

dF = TLdA (8.55) 

where 

T- = LjjNj (8.56) 

The components of the Lagrange stress tensor L- are the stress components in the 

undeformed configuration which are in equilibrium with the force vector dF = df. Using 

Eqs. (8.53), (8.54), (8.55) and (8.56), the following equation is obtained 

dFj = T LjdA = LijdAi = csijdai = dfj (8.57) 

Using Eq. (8.20) in Eq. (8.57), the Cauchy stress tensor is related to the first Piola- 
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°ij = \FikLkj (8-58) 

Knowing that the Cauchy stress tensor is symmetric (atJ = ajl, in the absence of couple 

stresses or assigned couples) it is seen that the first Piola-Kirchhoff stress tensor is not 

symmetric. 

Second Piola-Kirchhoff Stress Tensor - Kirchhoff-Trefftz Stress Tensor 

The second Piola-Kirchhoff stress tensor S is introduced somewhat differently. Instead of 

translating vector dF to ro, the inverse of the deformation mapping is applied to it. Thus, 

similar to the relation between dx and dX expressed in Eq. (8.3), df and dF are related 

as (see Fig. 8.5): 

dfi = FijdFj <8-59) 

s Hence if a stress vector T associated with dF is considered, then 

dF = TSdA (8.60) 

and if a stress tensor S- is introduced such that 

Tj = SijNi (8.61) 

the stress tensor S^ known as the second Piola-Kirchhoff stress tensor also known as 

Kirchhoff-Trefftz stress tensor. The components dFj are balanced by the stresses S- 

acting on the facets dA • in the reference configuration r0. Thus, 
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dF: = TS-dA = SjjNjdA = S^dA- 
J J v 1 lJ 1 (8.62) 

From Eqs. (8.57), (8.59) and (8.62) the relationship between the first and second Piola- 

Kirchhoff stress tensors can be obtained: 

dFj = LijdAi = FjkSlkdAt (8.63) 
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ij ~ FjkSik (8.64) 

The expression for L- in Eq. (8.57) and o- in Eq. (8.53) can now be used together with 

Eqs. (8.64) and (8.20) to obtain the relation between the second Piola-Kirchhoff stresses 

and Cauchy stresses 

Examination of Eq. (8.66) shows that the second Piola-Kirchhoff stress tensor is 

symmetric. 

8.3.2 Corotational Description 

8.3.2.1 True Stresses 

The stresses used in the corotational description can be introduced in a manner similar to 

that in the Lagrangian description.The only difference lies in that the axes of reference and 

the undeformed initial configuration have undergone a rigid body translation and rotation. 

The state of the current configuration is defined in the axes X, and all the quantities with 

an overline are defined in these axes. 

The internal force dft, identical to dft, is balanced by the true stress components 

dfj = <5ijdai = FjlSkldAk = -FnSklFikdai (8.65) 

- jrjl°klrik (8.66) 

acting on the facets dat. Thus, the following is obtained 
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df = dfjij 

df = dfj ej (8.67) 

df =df => df e = dfj ej 

Fig. 8.6 True Stresses in Corotational Description 

Using the transformation between the orthonormal basis vectors ej and e ■, i.e, 



Eq. (8.67)3 can be rewritten as 

dfjRjiei = dfiei (8.69) 

The conditions of equilibrium of the infinitesimal tetrahedron give 

df, = t; da = Cf;in;da = c;ida, 
11 “ ' ' (8.70) 

df: = t; da = G:;h;da = G;;da; J J J IJ l IJ 1 

The relation between stresses <3- and a- is obtained by substituting Eq. (8.70) in Eq. 

(8.69): 

OijRjidai = Gildai 

Using the definition of infinitesimal area dai in Eq. (8.46), i.e, 

dai = R-da j 

(8.71) 

(8.72) 

the following equation is obtained 

Rik<3ijRjl ~ Gkl 

Using Eq. (8.26), the inverse relation of Eq. (8.73) can be obtained as 

= Rik°kl
Rjl 

(8.73) 

(8.74) 

It can be seen that the transformation between the true stresses are done by simple pre- and 

post-multiplication of a(or ) by a rotation tensor. 
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8.3.2.2 Stresses in Reference Configuration- Piola-Kirchhoff Stresses 

First Piola Kirchhoff Stresses - Lagrangian Stress Tensor. 

The Lagrangian stress tensor in corotational formulation is denoted by . The reasoning 

behind defining and understanding Ltj and its relationship with L^ is very similar to that 

used in Section 8.3.2.1. The internal force vector of surface traction df is translated into 

the reference configuration TQ and is marked as dF. Thus, 

dF = df (8.75) 

The stress vector TL associated to dF is 

dF = TLdA (8.76) 

The stresses in equilibrium with the stress vector T^ satisfy the equilibrium 

conditions, see Fig. 8.7, 

f) = LtjNi (8.77) 

As in Section 8.3.2.1, the following relation is easily obtained 

LjjdAj = oijdai (8.78) 

which gives, using Eq. (8.48), 

°tj = -/Aj (8.79) 

Using Eqs. (8.74), (8.58), (8.31), (8.79) and (8.45)2 , the following relation between 
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and L- is obtained lJ 

¥»y;l = FkmFml 

FikFnmFinFmjFjl ~ FkmFml 

and with Eq. (8.26) 

F kmFmjFjl = F kmF ml 

FmjFjl = Fml 

Fmn = FmlFnl 

(8.80) 

(8.81) 

—L 
If the vectors e are the unit vectors defined by Eq. (8.25), then the stress vectors T 

acting on the facets dAm of the configuration TQ can be written with Eq. (8.81) and (8.25) 

" Lmn^n FmlFnlFnk^ k (8.82) 

and finally using Eq. (8.26) 

“ Fmkek (8.83) 

This last relation shows that Ljj and L- are components of the same vector but defined 

following different directions <? • and ej, respectively (see Fig. 8.7). 

1. The subscript m in T^ is enclosed within parentheses to indicate that T(m) is a traction vec¬ 

tor acting on the face of the tetrahedron perpendicular to axis Xm. 
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Fig. 8.7 Lagrangian Stresses in Corotational Formulation 
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Second Piola-Kirchhoff Stresses - Kirchhoff Trefftz Stresses 

The only change from the discussion of second Piola-Kirchhoff stresses in Lagrangian 

formulation is that in corotational formulation the reference configuration is r0. Applying 

the inverse of the deformation mapping to dfi the following is obtained 

dfi = FikdFk (8.84) 

The stress tensor Sjj is introduced to balance the force dFk and the stress vector acting on 

the inclined plane of the tetrahedron in corotated configuration (configuration T0 and 

axes Xj) is denoted by TSj. Thus, 

dFj = TSjdA = SijN^A = SijdAj (8.85) 

FkjdFj = F bjSijdAj = dfk = dfk 

dfk ” LikdAi 

^ik Fkj$ij ^ ” Ly — FjkSjk 

^ij ~ FjkSjk 

(8.86) 

Eqs. (8.75), (8.76), (8.85) and (8.86) give 

a-. = ^FtkSuFji (8.87) 

The relation between SVj and is derived by using Eqs. (8.86), (8.81), (8.64) and (8.31) 

as 

(8.88) 

This important result indicates that the second Piola-Kirchhoff stress tensor, as the Green - 
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Lagrange strain tensor (see Eq. 8.39), is invariant under rigid body motion. 

Fig. 8.8 Piola-Kirchhoff stresses in Corotational Formulation 
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8.3.3 Summary of Stress Tensors 

The stress quantities in Lagrangian description and in corotational Lagrangian description 

are summarized below. In Lagrangian description: 

dfj = a^tifda = oijdai (8.89) 

= JF
itLkj (8.90) 

<*,j = JFAFJ, (8.91) 

In corotational description 

dfj = Gijd“i (8.92) 

a(>. = jFiklkj (8.93) 

Gij = jFikSuFjt (8.94) 

The stress quantities defined in Lagrangian and corotational Lagrangian descriptions are 

related as: 

°ij ~ RikcklRji 

>kl = Rik° R 
u jl 

- RmlRnl 

= LmjRji 

(8.95) 

(8.96) 

(8.97) 
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8.4 Formulation of Equilibrium Equations in Integral Form 

This section describes the principal of virtual work in Lagrangian description and in 

corotational description. The notion of updated and total description is introduced. It is 

important to emphasize at the start that the equilibrium of the current deformed 

configuration is sought. Since the volume of the body in the current configuration is 

unknown, the integral equation of equilibrium is transformed through a change of 

variables in order to perform the integration on a known (deformed or undeformed) 

reference configuration of the body. Depending on the choice of the reference 

configuration, stress and strain pairs which produce real work in the transformed integral 

equations are identified. These are called conjugate pairs and the various conjugate pairs 

of stress and strain measures have already been defined in Sections 8.2 and 8.3. 

8.4.1 Updated Lagrangian Description 

In updated Lagrangian description, the reference configuration is the current deformed 

configuration y. The principal of virtual work is stated as 

in which v is the volume of the body in deformed configuration y, a is the portion of the 

surface of y on which the surface tractions are imposed, / ■ are the body forces imposed 

on the volume v of y, a- are the true or Cauchy stresses, 8e- are the virtual infinitesimal 

strains and SM; are the components of the kinematically compatible virtual displacement 

(8.98) 
V V a 

field. 

The above equation expresses that the internal virtual work (left hand side of Eq. 8.98) is 
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equal to the external virtual work (right hand side of Eq. 8.98) produced in and on the 

body with volume v in configuration y by the virtual kinematic fields. 

The virtual displacement field is arbitrary and infinitesimally small by definition. The 

relation in Eq. (8.98) shows that the true stresses a^- and the usual engineering strains, e^, 

form a conjugate pair. The engineering strains e- and the virtual strains 8e^ are given by 

8.4.2 Total Lagrangian Description 

The purpose of this section is to formulate the integral equation of equilibrium of the 

current deformed configuration y in the initial undeformed reference configuration T0 

through a change of variables. From calculus, an integral over the deformed configuration 

with volume v can be transformed into an integral over the initial undeformed 

configuration with volume V by 

(8.99) 

jf(x)dv = \f(x(X))JdV 
V 

(8.100) 

where J is the Jacobian of the deformation mapping x(X) defined in Eq. (8.14). Using 

the transformation in Eq. (8.100), the integral expressions in Eq. (8.98) are expressed in 

the initial undeformed configuration T0 with volume V. The virtual strains in Eq. (8.99) 
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are first transformed using the chain rule of differentiation as 

l^ddu- d8u^ j/d8uldXm d8ujdXm 

9 = = 2laxm dxj + dxm dx (8.101) 

The integral on the volume of the deformed configuration in the left-hand side of Eq. 

(8.98) becomes after applying the change of coordinates using Eqs. (8.100), (8.101) and 

(8.66) 

C_ s„ j r 1 dxi c 
dxj 1 (d5uidxm , d8ujdXn JdV (8.102) 

Observing that 

dxjdXm _ S 
dXt dXj lm 

- s 
dX, dX; km 

(8.103) 

The right hand side of Eq. (8.102) is rewritten using Eq. (8.5) as 

r 1 1 ,,X, _ S&UjSXm).,v 

123x, + 3X„ 3*; y
av 

■ 
V 

■ 

du^dbu^ dUj^dbUj 
hik + dtk)dx 

-6, + 5,+ /mTl^7T dX,)dXm"km_ dV 

'd8uk dhul dUid8ui 0t/,08M,~|^ 

.0X7 + dX~k 
+ dXk 

dXl + dXl dXk ^ 

(8.104) 

From calculus of variations, the following equality holds: 

8M- = 617, (8.105) 

Using the above equality and the definition of the Green strain tensor, Et-, given in Eq. 

(8.10)2, the internal virtual work in Eq. (8.104) can be reduced to a simpler expression: 
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K-8e,/v = jSifiEijdV (8.106) 
v V 

The right hand side of Eq. (8.98) is also transformed and the integrations are performed on 

the undeformed volume V and surface area A as 

J/(-8M(-G?V + jtfiiijda = jFfiUjdV + jTfiUjdA (8.107) 

where 

F = f.J = f — 1 J‘ J,dV 
(8.108) 

Using Eqs. (8.106) and (8.107), the principal of virtual work in Eq. (8.98) becomes in total 

Lagrangian description 

jSij&EydV = jFfiUjdV + jTfiUtdA (8.109) 

The above formulation of the principle of virtual work shows that the second Piola- 

Kirchhoff stresses are conjugate with the Green-Lagrange strains EtJ. The Green- 

Lagrange strain tensor is given in Eq. (8.10) and is recalled below. 

i/at/,. dUj dukdut 
t>i 2Ux, ax, ax.ax, 

J * 
1 J 

(8.110) 

The virtual Green strain tensor 8-Ej is given by 

SE. _ 1 (^U{ BSUj dUkdSUk dUkdSU, 0 v dXj + azf + azf dXj + dXj az. (8.111) 



200 

8.4.3 Total Corotational Description 

The principle of virtual work in total corotational description is obtained readily starting 

from its definition in total Lagrangian description in Eq. (8.109). The simple rigid body 

displacement between axes Xi and X, and configurations T0 and TQ implies that 

V = V. Also, according to Eqs. (8.39) and (8.88), E- = E^ and S- = S^. Hence, the 

left hand side of Eq. (8.109) can be rewritten as 

It is easily shown from Fig. 8.9 that the following equalities hold for the virtual 

displacement vectors 

(8.112) 

6a = 5(7 = 5 U (8.113) 

Using Eq. (8.25), the above equation can be rewritten in component form as 

6 U = efiUi = RikekWi = ekhUk = 6 U 

Wk = RikW, 
(8.114) 

The first term on the right hand side of Eq. (8.109) is given as 

(8.115) 

where 

(8.116) 

Similarly, the second term on the right hand side of Eq. (8.109) becomes 
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jTfiUtdA = J T kdA = 

A A A 

(8.117) 

Fig. 8.9 Vectors of virtual displacements imposed on configuration y 



202 

in which 

(8.118) 

Using Eqs. (8.112), (8.115) and (8.117) in Eq. (8.109), the principal of virtual work is 

established in total corotational description as 

The relation in Eq. (8.119) shows that the second Piola-Kirchhoff stresses and the 

Green strains Ejj are conjugate. 

8.5 Incremental Principle of Virtual Work and Linearization 

The principal of virtual work established in Section 8.4 expresses, in integral form, the 

equilibrium of a structure in its deformed configuration y. Since equilibrium is expressed 

in the unknown deformed configuration, these equations are nonlinear and require an 

iterative solution procedure. Typically in nonlinear analysis, the load-deformation path is 

sought, thus requiring an incremental procedure, it is assumed that the current deformed 

configuration y is known. Mathematically, it means that in the current configuration y of 

the structure, the alternative integral equations (8.98), (8.109) or (8.119) are satisfied. As 

an increment of external load is applied, the corresponding deformed configuration y^ is 

sought. The integral equation of equilibrium in configuration y^ is nonlinear in the 

incremental displacements (displacements from y to y^). The integral equation of 

equilibrium in configuration y^ is first linearized about the configuration y using the 

concept of consistent linearization explained in Appendix E. The integral equation of 

(8.119) 
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equilibrium in configuration y is then subtracted from this linearized equation yielding an 

incremental linearized integral equation of equilibrium. The new configuration y obtained 

by incrementing configuration y with the solution of the linearized incremental principle is 

not in equilibrium with the incremented external load. The methods used to obtain the 

equilibrium state y^ will be described in Section 8.6. 

8.5.1 Updated Lagrangian Description 

In updated Lagrangian description, the reference configuration is the current configuration 

y which is used to express the equilibrium of both y and y^. To simplify, only the body 

forces are taken into account in the following derivation. The integral equation of 

equilibrium for the configuration y are given in Eq. (8.98) recalled below. 

joijteijdv = \flhuidv (8.120) 
V V 

where a- and ey- denote the Cauchy stress tensor and the infinitesimal strain tensor in 

configuration y, and /( refer to the external body force components per unit volume of the 

deformed configuration y acting in the reference configuration y. Note that here, it is 

assumed that configuration y is known. The integral equation of equilibrium of 

configuration y4 with reference to configuration y is given as 

js'fieydv = (8.121) 

V V 

where sf - denotes the second Piola-Kirchhoff stress tensor which is a function of the 

Green strain tensor: 
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sij = siMkl) (8.122) 

The Green strain tensor, e-, of configuration 'f with respect to the reference configuration 

y is defined as, see Eq. (8.10): 

\fdUi duj dukduk\ „/ 
e 'li 2UXj 

+ dx, + dx, dxj + (8.123) 

in which u{ are the components of the displacement field from y to y given by 

ll ■ = X- — X- l l l (8.124) 

and 

\fdui du A 
&iJ = iVdl + dl) 

nl 1 (Ac Ac 

lydxjdxj 

(8.125) 

The virtual Green strain tensor, 8e/;, is derived as: 

\i'ddui dbuj dbukduk dukdhuk 

2\ dxj dxi dxi dxj dxi dxj 
nl c» c* ni 

= K * K (8.126) 

where 

1fdhU; BbU; 
bEij = Adi: + ~dI7 

e nl 1 sd8ukduk dukdbuk 

2v dx: dx: + dx- dx 1 J 1 J 

(8.127) 

The body force components, /( , are acting in configuration y* per unit volume of 

configuration y. In the general case, these forces are deformation-dependent. However, 
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only deformation-independent1 loads are considered here, a very important form of which 

is given by concentrated forces whose direction and intensities are independent of the 

structural response. Thus, deformation-independent loading can be specified prior to the 

incremental analysis. The incremental decomposition is given by 

ft = /f + A/f (8.128) 

Note that in the above, the incremental body force components, A/(, are considered to be 

known. The integral Eq. (8.121) is nonlinear in the incremental displacement components 

. In the following, the integral equilibrium equation (8.121) will be linearized about 

configuration y leading to an integral equation linear in the incremental displacement M- . 

The linearized incremental principle of virtual work will then be obtained by subtracting 

Eq. (8.120) from the linearized version of Eq. (8.121). The incremental displacement 

obtained as a solution of the linearized incremental equilibrium equation will be denoted 

by Au-t as illustrated in Fig. 8.10. 

Linearization of the left hand side of Eq. (8.121) about configuration y gives, using Eq. 

(E.14), 

'[fvV,iv| = = J{Utf]TL[8e,5]Y + I.[^r[5CiJ]r-U,75etf]v}dv 
V J V V 

(8.129) 

The following terms of the above equation are simply identified as 

1. Examples of deformation dependent loading are fluid pressure or a tip loaded cantilever with a 
follower force. 
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[8e«;]Y = 5e0 (8-130) 

Mgy] y = 

where E^ denotes the infinitesimal (engineering, small) strains and refers to the 

virtual infinitesimal strains defined in Eq. (8.123). The term L[8e(-y]y denotes the 

linearization of 5e-; and is obtained using Eqs. (8.126), (E.10) and (E.l 1) as 

i[8e,y]r = L[6e,y + 6e"']y = i[Se,,y]Y + i[5e'}']y 

Z.[8E,7]7 = [5e,y]y = 8etf 

L[8e"']y = [8E"']7 + i 
ddukdAuk dA ukdduk 

dx- dx■ dx; dx- 1 } ‘J 

1 rddukdAuk 3A ukd8uk 

2^ dx- dx- dx,- dxz 1 J 

(8.131) 

The term L[s-] denotes the linearization of the second Piola-Kirchhoff stress tensor L yJY 

about configuration y. This linearized term is given in Eq. (E.45) which is recalled below. 

L[su]y = [a.-]y + dijklEkl = CTi7 + dijktEkl (8.132) 

in which o-j is the Cauchy stress tensor in y, dijkl is the (tangent) material constitutive 

tensor and Ekl is given by 

\(dAuk dA U[ 
Ekl 2y dxt 

+ dxk 
(8.133) 

Substituting Eqs. (8.130), (8.131) and (8.132) in Eq. (8.129) gives 
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s-he-dv 
ij ij 

= J{o0.(8e0. + 8e?/) + (oy + dyWew)8e,7 - o^e^dv 
V 

= J (dijkfikfcj + o0-8ej' + a^e..) Jv 
V 

(8.134) 

Since only deformation-independent loading is considered, the term on the right hand side 

of Eq. (8.121) remains constant during the incremental displacement ui and with Eq. 

(8.128) is rewritten as 

J/?8K ;dV jL[/f8«f]/v = J(/. + A/,.)6Mi.dv 
V V 

(8.135) 

Substituting Eqs. (8.134) and (8.135) in Eq. (8.121) gives the linearized principle of 

virtual work in updated Lagrangian formulation: 

J (dijklEkfiEij + °(7
6e<7 + a

ijbeij^>dv = J(/« + Afi)&uidv (8-136> 
V V 

Finally, subtracting Eq. (8.120) from the above equation yields the linearized incremental 

principle of virtual work in updated Lagrangian formulation: 

J(dijklEkfiEij + )dv JA/.SM,, (8.137) 

The above integral equilibrium equation is linear in the displacement components AM; . 

Incrementing configuration y with displacements AM- produces configuration y shown in 

Fig. (8.9). Notice that configuration y is not in equilibrium with the external body force 

The second Piola-Kirchhoff stresses in configuration y with respect to configuration y 
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are denoted as s^ and are given by 

Asij = dijkieki(Aui) = 
dA uk dAut dAumdAum (8.138) 

dx[ dxk dx[ dxk 

The Cauchy stresses in configuration y can be found by using Eq. (8.66): 

1dx■ dx ■ 
* i A J 

(8.139) 

where the Jacobian J is given as 

dv 
dv 

(8.140) 

The net out-of-balance virtual work in configuration y is denoted here simply as an error, 

\|/, and is given as: 

Methods used to resolve the error, \|t, are discussed in Section 8.6 

8.5.2 Total Lagrangian Description 

The incremental virtual work principle in total Lagrangian formulation is obtained using 

the same concepts as in the previous section for the updated Lagrangian formulation. 

Here, the reference configuration is the undeformed configuration ro which is used to 

(8.141) 
V V 

in which 

(8.142) 



209 

express the equilibrium of both y and y^. 

intermediate 
linearized solution 

Fig. 8.10 Displacement vectors in updated Lagrangian formulation 

The integral equation of equilibrium of configuration y is written with the initial 

undeformed configuration T0 as reference configuration as, see Eq. (8.109), 

[S^E'jdV = jF.8£/.JV (8.143) 
v v 

Equilibrium of configuration y 
A 

is given, using the same reference configuration T0, as 
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jsfjSEfjdV = jFfbUidV (8.144) 
v v 

In Eq. (8.139), 5f - and Et] denote the second Piola-Kirchhoff stress tensor and the Green 

strain tensor, respectively, in configuration y with configuration r0 as reference 

configuration, and Fi refer to the body forces in configuration y per unit volume of 

configuration r0. The corresponding quantities in configuration yA are represented with a 
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A superscript in Eq. (8.140). The volume of the body in configuration T0 is denoted by 

V. 

The Green strain tensor and the virtual Green strain tensor in configuration y are obtained 

from Eqs. (8.10) and (8.111) as 

*EiJ 

_ 1(31/. dUj dUkdUk 

y 2 [dXj dXi dXiBXj. 

1 (38C/,. 35 Uj dukd&uk dukd§uk 

(8.145) 

2y dXj dx, ax. dXj ax,, ax,. 
J 

1 

in which Ui are the components of the displacement field from configuration r0 to 

configuration y: 

Ut = (8.146) 

Similarly, the Green strain tensor and virtual Green strain tensor in configuration y are 

given by 

2 

rduf 3(7? dU?dUA^ 
dXj 

+ ax. + ax,, ax,.. 1 J J 

fd8Ui 35 Uj dUkdSUk dUkdbUk^ 

ax. ax.. ax. dXj dXj dx{ 

(8.147) 

A ttA in which the total displacement field from ro to y , Ui , can be expressed as the sum of 

the displacement field from T0 to y, Ui, and the displacement field from y to y , ut, as 

ur = (8.148) 

In the following, the integral equilibrium Eq. (8.144) will be linearized about the 
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configuration y leading to an integral equation linearized with respect to the 

displacements «(. The linearized incremental virtual work principle in total Lagrangian 

formulation is then obtained by substracting Eq. (8.143) from the linearized version of Eq. 

(8.144). The incremental displacements obtained as solution of the linearized incremental 

equilibrium equations will be denoted as AM- and are illustrated in Fig. 8.11. 

Linearization of the left hand side of Eq. (8.144) gives 

(8.149) 

Applying Eq. (E.14) to the integrand of the above equation gives 

(8.150) 

The following terms of the above equation are simply identified as 

(8.151) 

The term L[8Efj]y denotes the linearization of 8£^- about configuration y and is obtained 

using Eqs. (8.147), (E.10) and (E.l 1) as 

L[8^]y = 
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(8.152) 

in which is defined as 

r.pnl _ 1 /'dAukd5Uk dAukddUk 

y " 21 ax,. ax,. + ax,, ax, 1
 J J 

1 
(8.153) 

The term L[S^]y denotes the linearization of the second Piola-Kirchhoff stress tensor 

about configuration y. This linearization is given in Eq. (E.41) recalled below as 

LIS^ = [S% + DljklE
L

kl = Sij + DljklE
L

kl (8.154) 

where D-kl denotes the material constitutive tensor and Ek[ refers to the linearized 

incremental Green strain tensor given in Eq. (E.31) recalled here: 

L _ 1 fdAuk dAut dUmdAum dUmdAur 
kl 2\ ax, + axt 

+ ax, axfr axt ax. (8.155) 

Substituting Eqs. (8.151), (8.152) and (8.154) in Eq. (8.150) gives 

= Sf,(5£,,+ 5£j') + (S0 + D,y«4)8£„-VE„' 

= (.DvXfiEij + Whl + WEii) 

(8.156) 

Hence, using the above results, the linearized left hand side of Eq. (8.144) is given by: 

ft 
L\ I SpEfjdV = + + (8.157) 

-,L c* ^ c* 
uijkiL 

"y v 

It is assumed that the loading is deformation-independent. Thus, loading can be specified 

before knowing the deformed configuration and its incremental decomposition is given by 

F = F + AF I I I (8.158) 
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The right hand side of Eq. (8.144) is independent of the incremental displacement M( and 

using Eq. (8.158) its linearization is written as 

jFfiU^V = jUFfol.ri.^V = J (F(- + AFJ&UjdV 
V V 

(8.159) 

Thus the linearized version of Eq. (8.144) about configuration y becomes using Eqs. 

(8.157) and (8.159): 

j(D0uEj;l5E,J + S05E^ + Sij5Eu)dV = J(F, + AF,.)5(;,dV (8.160) 
V V 

Finally, substracting Eq. (8.143) from the above equation yields the linearized incremental 

principle of virtual work in total Lagrangian description, namely 

J(0,)«45E,V + 5,/F"VV = jAFfiU,dV 
V V 

(8.161) 

The above equation is linear in the displacement components Aur Incrementing 

configuration y with the displacement field AM- produces the deformed configuration y 

shown in Fig. 8.11. Note that configuration y is not in equilibrium with the external body 

forces Ff. 

The second Piola-Kirchhoff stresses corresponding to this configuration are obtained by 

incrementing the second Piola-Kirchhoff stresses corresponding to configuration y as 
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$ij ~ $ij + AS ij 

= S^DJEI-E],) 

l fdAuk dAuj dUmdAum dUmdAum dAu dA 
+ + Sij + 2Dijki{ dx, ' dxk ' dx, dxk ' dxk dX, ' dxk dx 

(8.162) 

The out-of-balance virtual work, \jr, in configuration y is given by 

\|f = JF^8U ,dV - JSifiEijdV (8.163) 

in which 

§ Etj 
IfdbU, d8 U: d(Uk + Auk)d8Uk d(Uk + Auk)d8U, 
2{dx. + dx, + axf ax. dX- dx,- 

J 1 

(8.164) 

8.5.3 Total Corotational Formulation 
The linearized incremental principle of virtual work in total corotational formulation can 

be obtained following the same procedure as in total Lagrangian description. The system 

of axes and the reference configuration are X,-, x, and r0, respectively, as shown in Fig. 

8.12. Using Eq. (8.119), the principle of virtual work is written for the configuration y in 

the reference configuration r0 as 

jSijdEijdV = J F,8U,dV (8.165) 
v v 

Similarly, the equilibrium of configuration yA is expressed, using the same reference 

configuration To, as 

fsfjSEydV = fF?SU?dV 
V V 

(8.166) 
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The various terms in the above equation are very similar to their counterparts in the total 

Lagrangian description. The Green strain tensor in total corotational description, E^, is 

defined in Eq. (8.36) and recalled below as 

_ ifdUt dUj dukduk 
ij 2[dXj dxi dxt dXj 

(8.167) 

where 67, denote the components of the displacement field from configuration TQ to 

configuration y as illustrated in Fig. 8.12, namely 

Ut = (8.168) 

The virtual Green strain tensor, 8E,,, is defined as 

_ _ \rdhUi dSUj dUkdbUk dUkd§Uk 
Eij ~ 2V dX+ dX/ + dX: 3X.- + dXj~dX~ 

J 1 1 J J 1 

(8.169) 

Similarly, the Green strain tensor and the virtual Green strain tensor in configuration y 

are given by 

Ea-]- 
^ 2 

rduf dUA dufdU^ 
+ _2.+ k k 

dXj ax. dxi dxj j 

s ~4 
ifas U; d&Uj dutd8Uk dukdbuk^ 

2 dx. + ax. + ax. ax, + ax. ax. 
\ J 1 1 J J 1 J 

(8.170) 

— A 
in which Z7, denote the components of the displacement field from configuration T0 to 

configuration y as illustrated in Fig. 8.12, namely 

Uf = Ui + u, (8.171) 



Xt,Xi 

Fig. 8.12 Displacement vectors in total corotational formulation 
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In the following, the integral equilibrium equation (8.166) is linearized about 

configuration y leading to an integral equation linear in the displacements ui. Next, Eq. 

(8.165) is subtracted from the linearized version of Eq. (8.166) to yield the linearized 

incremental principle of virtual work in total corotational formulation. The incremental 

displacements obtained as a solution of the linearized incremental equations of 

equilibrium are denoted as AM- and are illustrated in Fig. 8.12. 

Linearization of the left hand side of Eq. (8.166) gives 

(8.172) 

Applying Eq. (E. 14) to the integrand of the above equation gives 

L[st^Etj]y = [st^LtfEt^ + Listj^dEtj^-CstjSEtj^ 
-A„-A 

(8.173) 

The following terms of the above equation are simply identified as 

[6 E% = 5 Eij 

istj^uh = 

(8.174) 

The term L[8Efj]y denotes the linearization of 8£^ about configuration y and is obtained 

using Eqs. (8.170), (E. 10) and (E. 11) as 
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L[8Efj]y = 

16E^+1 
dbU i dbU; d(Um +£Aum)dbUm d{Um +£Aum)d$Un 

dXj ax,. dX; dxj *Xj ax; 
£ = 0 

_ sP , ]('3AB„38£/„ SAum3&um\ 
~ iJ 21 3X, 3X, 3X, 3Z, J 1

 J J 
1 

= bEij + SEfj 

(8.175) 

where bE^ is defined as 

ni \fdAumdWm dAumdhUm 
ij 21 dx,. ax,. + ax,, ax,. 1

 J J 
1 

(8.176) 

The term L[sfj]y denotes the linearization of the corotational second Piola-Kirchhoff 

stress tensor about configuration y. Similar to Eq. (E.41), this linearization is given as 

= [Sij]y + DijkiEki = Sij + D[jklEkl (8.177) 

where D^i is the material constitutive tensor given by 

Dijkl = 
dSy 

dEki 

(8.178) 

Recalling the equalities Etj = EL] and S{j = StJ fromEqs. (8.39) and (8.88), respectively, 

gives 

Dijkl ~ 
aSy r3Vi 
dEkl_ 

y 
-d^kl- 

= D ijkl (8.179) 
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-L . 
As in Eq. (E.31), the linearized incremental Green strain tensor, Eki, is given as 

L _ lfdAuk _ 3Aut _ dUmdAum _ dUmdAun kl ~ 2\Jx^ + + dx, dxk 
+ dxk dx, 

Substituting Eqs. (8.174), (8.175), (8.177) and (8.179) in Eq. (8.173) yields 

LisffiE?^ = SijibEii + ^ + iSij + D^^SEii-SijbEij 

= (DljklE
L

klbEtJ + SjjdE"j + SjjdE'j) 

Hence, the left hand side of Eq. (8.166) is linearized as 

{P L\ \S?jbE?jdV = J (D^EifiEij + SijdE-j + ~SljhEij)dV 
7 V 

(8.180) 

(8.181) 

(8.182) 

It is assumed that the loading is deformation-independent1 . Thus, loading can be specified 

before knowing the deformed configuration and its incremental decomposition is given by 

F? = F; + A F, (8.183) 

where the body forces F, are given in Eq. (8.116) as 

Fi - FkRik 

Fi = F^ik 

(8.184) 

The right hand side of Eq. (8.166) is independent of the incremental displacement AM- and 

using Eq. (8.183) is rewritten as 

LUF?5UidV = \L[FfbUi]ydV = J(Ff + AFf)8tffdV LrAc'” 
“y v v 

Thus, the linearized version of Eq. (8.166) becomes using Eqs. (8.182) and (8.185): 

(8.185) 

1. Examples of deformation-dependent loads are follower forces such as fluid pressure, etc. 
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j(DijklE
L

kfiEij + SijSE'!] + SijbEij)dV = j (F t + AF ^dU {dV (8.186) 
v 

Finally, substracting Eq. (8.165) from the above equation yields the linearized incremental 

principle of virtual work in total corotational formulation, i.e., 

The above equation is linear in the linearized incremental displacements AM( . The 

solution of Eq. (8.187) gives a deformed configuration y which is not in equilibrium with 

the imposed external loads. To study the out-of-balance virtual work associated with this 

configuration, a new system of axes, Xi,xi, a new reference configuration, To, and a 

deformed rotated configuration, y, are ascribed to configuration y. The axes X,, x, and 

— A 

configurations To and y are obtained by a rigid body translation and rotation of axes 

Xb xt and configurations r0 and y as shown in Fig. 8.13. Since y and y differ only by a 

rigid body displacement, the (nonlinear) incremental Green strain tensor from y to y can 

be derived as: 

(8.187) 

Also, the rigid body displacement from y to y implies that: 

Sij - StJ - S- 

(8.189) 
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where Eij and Sij denote the Green strain tensor and second Piola-Kirchhoff stress tensor 

of the deformed configuration y in reference configuration To; Etj and denote the 

Green strain tensor and second Piola-Kirchhoff stress tensor of deformed configuration y 

in reference configuration r0; and Et- and S(J refer to the Green strain tensor and second 

Piola-Kirchhoff stress tensor of deformed configuration y in reference configuration ro. 

The results in Eq. (8.189) imply that 

Dijkl - Dijkl - Djju (8.190) 

The second Piola-Kirchhoff stress tensor, Sij, of configuration y in reference 

configuration TQ are finally obtained as: 

Sij - Sjj + Dljkl{E]j - E]t) 

= 
sa + \D 

1

 2 ijkl 

u' 

/ A A * A A A, ^ \ 

oAtik oAuj dUmuAum dUmdAum oAumoAum 

dX, dxk dxk dxt dxk dx 

(8.191) 

8.6 Incremental-Iterative Procedure for Nonlinear Static Analysis of Structures 

The aim of a nonlinear analysis is to determine the load-deformation path of the body 

acted upon by external forces or actions (temperature changes, support settlements, etc.). 

For this purpose, it is necessary to employ an incremental formulation in which a dummy 

time variable is used to conveniently describe the loading and change of configuration of 

the body. Consider the motion of a general body and assume that it can undergo large 

displacements. The aim is to evaluate the equilibrium of the body at the discrete times 
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0, At, 2At, 3 At,..., where At is a fixed time increment. 

Fig. 8.13 Incremental decomposition of displacement vectors in corotational formulation 

To develop the solution strategy, it is assumed that the configuration of the body at all 

discrete times before 
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*».+ l='n + A' (8.192) 

is known and the equilibrium configuration at time tn+l is sought. 

In order to describe the various quantities in the presentation of continuum and structural 

mechanics relations for general large deformation analysis, use of an effective notation 

system is essential. The notation adopted here follows closely the one defined and used in 

(Bathe 1995). The configuration at any generic time t is denoted by Tf. In particular, the 

configurations at times 0, r and tn , are referred to as rn = T, , y = T, and yA = T. 

respectively (see Fig. 8.14). The coordinates of a generic material point in the deformed 

configuration at time t are denoted by x,, x2, ‘x3, where the left superscript refers to the 

configuration of the body and the right subscript refers to the coordinate axis. In particular, 

the coordinates at times 0, tn and tn + ( are also referred to as X ^ X2, X3; x,, x2, x3 and 

xf, x2, xf, respectively. The notation for the displacements is similar to that used for the 

coordinates. Thus, the total displacement field (measured from the initial undeformed 

configuration) of the body at time t is given by its components tu], ‘u2 and *M3 . Therefore, 

we have 

t o t 
X- = X- + U- 

ln + I 0 + | 
X; = X; + W; 

(8.193) 

In particular, the total displacement components at tn are denoted as Ui = ‘"ui. The 

incremental displacement components from tn to tn + j are denoted as 
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ui = u{- ut , i = 1,2,3 (8.194) 

During the change of configuration of the body, its volume, surface, mass density, stresses 

and strains are changing continuously. The specific mass, area and volume of the body at 

times 0, tn and tn+i are referred to as °p/"p, ,n + 1p; °A,tnA,tn + lA; and 

V = °V, v = ‘"V, tn + 'V, respectively. Similarly, °SU,'"Su, ‘" + 'SU and °Sf, tnSf, ‘" + lSf denote 

the time varying parts of the surface of the body subjected to displacement boundary 

conditions and external surface tractions, respectively. Since the configuration of the body 

at time f + j is unknown, the corresponding applied forces, stresses, and strains will be 

referred to a known configuration. The left superscript of a kinematic or static quantity 

(body force, surface traction, stress, etc.) indicates the configuration to which this quantity 

belongs. The left subscript indicates the reference configuration in which the quantity is 

defined. For example, the surface and body forces in configuration at tn + f, but measured 

in the initial undeformed configuration r0, are denoted as ‘"
+

Qff, i = 1, 2, 3. In 

particular, = |"/f, ff = ^'/f, F{ = ‘^ff and Ff = . In the particular case of the 

second Piola-Kirchhoff stress tensor at tn and tn+,, the following abbreviation of the 

formal notation is used for the sake of brevity: 5^-= Q5^ and , respectively. 

Similarly, for the Green strains, the following abbreviations are made: = Qand 

eij = tn*tEij. If the quantity occurs in the same configuration as the one in which it is 
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measured, then the left subscript is omitted. Hence, for the Cauchy or true stresses, 

+1 K +1 
G;; — , CT •• lJ * n + 1 

lJ 
(8.195) 

For the spatial derivatives of the displacements and coordinates, the subscript following 

the comma denotes the coordinate with respect to which the quantity is differentiated. The 

left subscript denoting time indicates the configuration in which this coordinate is 

measured. For example, 

r ui 
0 ui,j = ■\0 

dxj 

o X; 

(8.196) 

In Section 8.5, the principle of virtual work expressing equilibrium of the deformed 

configuration yA was linearized about configuration y to obtain a linear equation in the 

incremental displacement components ui. The equilibrium equation of configuration y 

was used in the derivation of the linearized incremental virtual work principle. The 

displacements obtained as a solution of the linearized incremental equations were denoted 

by Au{. Incrementing the deformed configuration y with displacement field Aui leads to a 

configuration y. Due to linearization, it was noted that y is not in equilibrium with the 

imposed external loads. The out-of-balance virtual work in configuration y was simply 

referred to as an error term. The Newton-Raphson iteration scheme is used in the present 

study to resolve this error. A geometric sketch of this 
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Fig. 8.14 Description of quantities in nonlinear analysis 

method is shown in Fig. 8.15. The Newton-Raphson iteration procedure is explained 

below in the context of the total Lagrangian formulation. Curve c in Fig. 8.15 depicts the 

nonlinear load-deflection path of the body along which external virtual work is balanced 
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exactly by internal virtual work. At the particular point B of curve c, see Fig. 8.15, the 

principle of virtual work expressing equilibrium is written as: 

jSybEfjdV = jFfdUidV (8.197) 
v v 

Linearization of the above equation about M- = 0 (i.e., about configuration y) is written 

as: 

=L [FfbUjdV 
v y 

J 
V 

(8.198) 

The solution AM ■ of this linearized equation corresponds to point C in Fig. 8.15, namely 

the intersection of tangent line /, to curve c at M- = 0 with horizontal line BC. 

Incrementing configuration y with AM( (the solution of the above linearized equation) 

produces a configuration y with an out-of-balance virtual work, V[/ , as depicted in Fig. 

8.15. In the Newton-Raphson scheme, configuration y represents the updated deformed 

configuration after the first iteration. Several iterations are necessary to reduce the error 

term i|/. It is convenient to introduce a right superscript in parentheses to keep track of the 

Newton-Raphson iteration number within a given increment. In particular, we use s- and 

(k) e); to denote the second Piola-Kirchhoff stress tensor and Green strain tensor, 
V 

respectively, of configuration yA with reference to configuration y^. Also the 

coordinates and volume of configuration y'k^ are denoted as x\k) and v(k), respectively. 

All other notations are self explanatory. The iterative problem can be conveniently stated 
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as: knowing configuration yW and the quantities, u\k\ "+os\j \ Ff, associated with y(*\ 

find the incremental displacements Auf + 1 ^ and the updates u\k + 1), y(* + 1 ^, ” +j$\k + 1) 

and \jr <*+i) 

0 u{l) = Au{l) u™ = AM
(1) + A«(2) 

l * 

Fig. 8.15 Geometric sketch of Newton-Raphson iteration scheme 

The linearized incremental displacements, Au\k+l\ are determined by solving Eq. 

(8.197) linearized about yW: 
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i[K5£H = ^FfSUidv] _ 

The total incremental displacements are updated as follows: 

(k+\) (*) A (* + 1) .,0 „ 
u) = u) + AM• with M; = 0 

(8.199) 

(8.200) 

The second Piola-Kirchhoff stress tensor corresponding to configuration y^+1 ^ is 

obtained by incrementing the second P-K stress tensor corresponding to configuration y 

as: 

CF/7 
1 ^ + I o 

- (>V2"- ax. 

(t+1) at/ (k+ 1) dU ^du 
(Jfc+IK (*+lK OMm OMw 

ax. ax„ ax, ax., ax. ax. ax. (8.201) 

The out-of-balance virtual work in configuration y^ + 1 •* is given by 

(fc+i) r,» + 'e,(*+ 1)x
f”+lfr(A:+ >) JT/ fi7AsrrjT/ 

V =J oSu 5 oEij dV - j Fi 5UjdV (8.202) 

The Newton-Raphson iterations are continued until the out-of-balance virtual work, 

k + 1 \|/ , reaches zero within a pre-specified tolerance. In the following, the detailed 

iterative equations are briefly outlined for the updated Lagrangian, total Lagrangian and 

total corotational formulations. After convergence of N-R scheme is achieved in step 

[tn, tn + j ], the total displacement field from configurations T0 to yA is updated as: 

t/Si+i) = '-t/i+<y+i> (8.203) 
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8.6.1 Updated Lagrangian Formulation 

Knowing ujk\ ” and ff, the incremental displacements A«i-* + are determined by 

solving the linearized form of an equation similar to (8.121): 

Uk) 
\j 8 = L J /?8“«' dv (k) 

_ .* 
y 

(8.204) 

According to the linearized principle of virtual work in Eq. (8.137), the above equation 

reduces to: 

1 (rfyr,e« 8e//+ ay Ky >dv = J /,5mA - J Oy Se(/v
v (8.205) 

v(*> -<*) -(*) 

in which 

#) _ I 
" “ 2 

^Au{k+]) dAu(k + ^ 

dx (k) 
+ 

3x (*) 
(8.206) 

§£(k) = - Ufc'7 ? 

^38M- 38M ^ 
+ 

3*<A) a#} y 
(8.207) 

5s'A (^) 1 

Hi =2 
1 fd8umdAu dAu(k+1) 

m m . v m d8uS\ 
(k) ^,(k) + 

dxr dx J 
dx{k) dx[k) 

J 
(8.208) 

The total incremental displacement updates are obtained using Eq. (8.200). The Cauchy 

stress tensor in configuration y('k + ^ is found as, see Eqs. (8.138) and (8.139), 

tn +1 ~ (k + 1) 
au 

1 
dxi „(*+i )dxj  

j(k+1) dxm 
S>nl dxf 

(8.209) 

in which 
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= V+AS'**
11 A

IJ °y + my 

As (*+l) 1 fdu(k + l) 3~(*+1) n..<*+1>a..<* + 1h 
2^ijrs 

du ^,XK + ‘O,,1 
aum dum 

dx. dxr dxr dxs } 

y{k+1) 
det 

fdxjk+1)) 

dx_ 

(8.210) 

The out-of-balance virtual work in y^+ ^ becomes 

V = J fiSuidvK J <5^ 5e(- ’dvK 

-<* +1) .<* +1) 
(8.211) 

8.6.2 Total Lagrangian Formulation 

(k) ?n+ i *(k) A (k + 1 ) 
Knowing u] , o$ij and Fi , the displacements Aw- are determined by solving the 

linearized form of an equation similar to (8.144), namely 

{J‘ 
V 

L\ I sfjSEfjdV 
_ -(*) Y 

= 
l[$f‘ 

?SU;dV (8.212) 
_ ~(t) r 

According to the linearized principle of virtual work in Eq. (8.161), the above equation 

reduces to 

f/nWr^St-W , fz7AXjVJT/ fI'>+lftWS£,W „J /O T|-3\ J (DijrsErs vEy + 0% )dV — J Fg oUjdV J o$ij (8.213) 

in which Ers^ is derived, similar to Eq. (8.155), as 

-Mk) 1 Wfc+1) 3A U 

+ 
(**■) a,,, 3(t/„ + «L‘>)3AuL*tl)'' 3(^ + “„ )3A« 

ax. ax. ax. ax. ax. 

(8.214) 
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The terms 8and 8isj"w are derived, similar to Eqs. (8.145)2 and (8.153), as 
^nl(k) 

38V, 38U, S{U„ + u^)dSUm 3(t/„, + <')36(/ 
(*k 

dXj dxi dX; dx, (8.215) 

and 

8 E 
nl(k) 3A«L‘tl,38C/m . dAu^*')3Wm 

ax. ax7- + ax; ax,. (8.216) 

- w 
The material constitutive tensor, Dijrs, is given by 

D(k) = a-yijrs 
a ok; 
d 0Ers 

JY 
M 

(8.217) 

The updates for the total incremental displacements are obtained using Eq. (8.200). The 

second Piola-Kirchhoff stress tensor is updated by incrementing the second P-K stress 

tensor corresponding to configuration y as 

tn+\^(k+ 1) t„ tn + \f?(k+\) t„ 

0>ij ~ Or ij + ^ijr.d 0^rs ~ 0^rs> 

U 
'"C + Ir"n 
<rij + 2 uVrs 

/ (^ + 1 ) (k + l) ^TT -\ (^+1) TT (k + 1 ) ~V (k + 1)*\ (^ + 1 )\ 
+a^ | dumdum < ac/maM/w < aMm a« 

axr dxs dxr dxr dxs axr axs j 

(8.218) 

The out-of-balance virtual work in configuration y^ + 1 ^ is given by 

(*+l) frAj., ,,, + + \)J* + \fXk+ 1) 
V = JF, dUfdV- J oSij 8 oEij dV (8.219) 
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8.6.3 Total Corotational Formulation 

A(k) t« + i-(k) ±(/t+l) 
Knowing M,- , oSij and Fi , the displacements AM, are determined by solving 

the linearized form of an equation similar to (8.166): 

v 
L Fi oil) dV 

;(*) (I ~(k) 
7 

(8.220) 

According to the linearized principle of virtual work in Eq. (8.186), the above equation 

reduces to 

/■/ —(k) ^LL(k)^dL(k) t„ + ] *(k) f K » -2.1 K \ ?Ln+\-i K) _ — {K\ 

J \DijrsErs bEij + 0 Sij bEij JdV = JF, bUi dV - j o Sij bEij dV (8.221) 
i-A(fc) -(*) r‘n + i~{k) ~{k) 

— L(k) 
in which Ers is derived similar to Eq. (8.166), as 

£*■<*) 
Ers 

OAM,- dAM,y +d(Um + um )dAum + d{Um + um )dAum 

dX„ dX„ dX, dX„ dXr dX„ 
y 

(8.222) 

^ (/c) *nl(k) 
The terms §Zs*y and olsi/ are derived similar to Eqs. (8.169) and (8.176), as 

8Eij} 
rdbuT dbuf] d(U{m +u£))dbUm) d(Um] + Um)dbUik}^ 

+ -.J + 
3X, dX dx; dXj 

+ 
f tn 

dXj dX; 
(8.223) 

and 

8 E» = 2 

,{k+ l)„fT(t) «(* + n *(*)■ 
dAiifji dbUm dAum dbU, 

dxax.. ax,. ax,. (8.224) 

The material constitutive tensor, Dijrs> is given by 
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nik) - LJijrs — 

a oErs J 

(8.225) 
=(*) 
Y 

The update for the total incremental displacements, is obtained as follows, see 

Fig. 8.16. The displacement components Au\k + ^ are first obtained as a solution of Eq. 

(8.221). The displacement vector u('k+ ^ is then obtained using the following equation, 

see Fig. 8.16: 

~(k +1) _(*) £(k) j-Sk) -(*) .-(*+1) T? r, -(*+1) /0 x — uQ + X + U + u + A u — X + U + u (8.226) 

Z-(k + 1) *(k+ 1) ^(k + 1) 
A new system of axes, Xi , x, , a new reference configuration, To , and a 

deformed rotated configuration, y^ + ' \ are ascribed to configuration y^ + 1 ^. The axes 

-2-(*+ 1) ~(k + 1) -(k+l) ~(k+ 1) 
Xi , Xi and configurations To and y are obtained through a rigid body 

translation and rotation of axes Xi,xi and configurations r0 and y. Finally, the 

z(k + 1) 
displacement components w, are obtained using the following equation: 

_<*+!) _(*+!) ^(^+1) ^-(*+1) -(*+1) = &}) ’ + X +U +u =X+U+u ~(k+ 1) (8.227) 

Since y and y^ + ^ differ only by a rigid body displacement, the (nonlinear) incremental 

Green strain tensor from y(* + ') to the deformed configuration y'k + can be derived as: 

*(Jt +1) a(*+D ~y p _ 1 
Eij -Eij - - 

/^-(*+i) -.-(* +1) _£.(*+iu-(ft+i) ~(*+iK~(* +1) -*(*+iK-(*+i)\ 
uUj +oUj +uUtn dum +o(Jm ^ OM m dum 

ax7 ax, ax7 ax,. ax,. ax7 ax,. ax;. y 
(8.228) 
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Fig. 8.16 Updating of incremental displacement vectors in total corotational formulation 

-(* + 1) . 
Also, the rigid body displacement from y to y implies that: 

£(*+i) -(*+i) (k +1) 
tij - &ij - 

s(*+D _ e(^+1) _ o(* + 1) 
Jij ~ ^ii ~ 

(8.229) 
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The results in the above equation imply that 

^(*+i) _ -(* + 1) 
Uijrs - L'ijrs nik+\) 

uijrs 

t„ + ^(k+l) 
The second Piola-Kirchhoff stresses, oSij , are finally obtained as 

'.♦.=<* +1> /-*“♦” if'**1’- 
0Sij =Sij + DijjErs -Ers 

= su+iD- J £ ijrs 

014.r ^ OMy ^ oUm ^ u (Jm Steffi uMftj uUn 

ax, ax, axr ax, ax, ax. ax, ax.. 

The out-of-balance virtual work in configuration y^ * ^ is given by 

¥ .(*+i) f„+i-(ifc +1) f„+i-(*+1) 

(8.230) 

(8.231) 

(8.232) 



238 

CHAPTER 9 

NONLINEAR GEOMETRIC ANALYSIS OF SHELL STRUCTURES 

9.1 Introduction 

This chapter describes the total corotational formulation for nonlinear geometric static 

analysis of shell structures. The linear curved shell element which will be extended here 

for nonlinear geometry was presented in Chapter 5. It used the linearized version of the 

thin shallow shell theory proposed by Marguerre and outlined in Appendix B. The 

nonlinear Marguerre theory is used in this chapter to analyze geometrically nonlinear shell 

structures. The chapter is structured as follows. The Marguerre theory for thin nonlinear 

shell is presented first. The principle of virtual work for shell structures is then stated in 

continuum form. Consequently, the principle of virtual work is approximated (discretized) 

using the finite element approximation. The finite element matrices are obtained at the 

element level and the assembly procedure to obtain the global finite element matrices is 

explained. Finally, a step-by-step algorithm is given to analyze nonlinear geometric shell 

structures. 

9.2 Marguerre Theory for Thin Shallow Shells 

This section presents Marguerre’s theory for thin shallow shells. The elements of 

Marguerre theory pertinent for nonlinear analysis of thin shallow shells will be recalled 

from Appendix B, see Fig. B.l. Consider an undeformed curved shallow shell 

configuration denoted by y0. A planar reference configuration T0 and a system of axes, 

(X,Y,Z), are ascribed to y0. Note that F0 is contained in the plane X, Y. In the 
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coordinate axes (X, Y, Z), the configuration y0 is denoted by y0, see Fig. 9.1. The middle 

surface of the shell in the undeformed (initial) configuration y0 is given in Eq. (B.l) 

recalled below. 

Zm = Zm(X,Y) (9.1) 

The deformed configuration of the shell is represented by y and the components of the 

displacement field from configuration y0 to y are given by 

U = U(X, Y) 

V = V{X, Y) (9.2) 

W = W(X, Y) 

The Marguerre strain components in configuration y referred to configuration TQ are 

given by, see Eq. (B.20), 

Exx 

EYy 

EXY 

dU { dZmdW | JfdW 
dX + dX dX + 

2 ^d2w 
dx2 

dv dz^dw IfdW 
df + d? dY + 2{d? 

d2W 
l _2 
dY 

ijdu_ avv i(dz>ndw + dz^dw\ + /rawawA_^ d2w 
2laF + dx) + 2V dx dY + dY dXJ + 2VdX dY J ldXdY 

(9.3) 

Assuming linear elastic constitutive equations in terms of second Piola-Kirchhoff (PK2) 

stresses and Green-Lagrange strains, the PK2 stress components are obtained as: 
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$XX = 

>YY 

 ?-(EXX + VEYY) 
(1-v2) 

-(VEXX + EYY) 
(9.4) 

(1-0 

SXy = 2 GEXY 

The problem of a thin shallow shell is stated as follows. The external forces are prescribed 

-A 
per unit area of the (X, Y) plane and their X-, Y-, and Z-components are denoted by Fx, 

FY and Fz , respectively. The side of the boundary generated by the envelope of normals 

drawn perpendicular to the middle surface divides into two parts, Su and . External 

-/ — f —f —f 
forces per unit area are prescribed on S , with components Fx, FY and Fz, while 

geometrical boundary conditions are prescribed on SU. The principal of virtual work for 

shallow shells can be stated as follows: 

J"(SXX$EXX + SyyftEYY 4" 2SXy&EXY^dXdYdZ — 

V 

= j(FxW + FybV + Fz5W)dXdY 9 5 

A 

+ J V-Z^j * F((5V - Z,f!) + Ff
ziwysdz 

sf 

In the following, it is assumed for simplicity that only displacement boundary conditions 

are specified along the shell boundary. Thus, the principle of virtual displacements reduces 

to: 
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J(■£xx^Exx "*■ SYY ^SXY^E xy^^XdYdZ = 
v 

= j(Fx§U + FySV + Fz§W)dXdY 
A 

(9.6) 

Fig. 9.1 System of axes, reference configuration and displacement 
vectors in total corotational formulation 
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9.3 Matrix Form of Shallow Shell Equations 

To ease the presentation of finite element discretization, the matrix form of the integral 

equilibrium equations is now introduced. The Marguerre’s strains in Eq. (9.3) can be 

written in vector form as 

E = 
Exx 

EYY 

2EXY 

EQ + ZIX (9.7) 

in which EQ and x are called the membrane and bending strain vectors, respectively, and 

are defined as: 

dU | dZmdW | IfdWV 
ax+ dX dX + 2{dx) 

dy | dZmdw | IfdWV 
d? + a? aF +2la?J 

dV dv ^mdw_ dZmdw dwdw 
a? dx dx d? aF dx dx aF 

and 

X = - 

d2w 

dx2 

d2w 

df2 

2 _aV 
axay 

(9.9) 

The membrane strain vector is alternatively represented as 
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EQ = e0 + em + Em (9.10) 

in which 

dU dZmdw 

dx dX dx 

dv 
? ^ m 

dZmdW 
dY 

til 

dY d? 

dV + dV dZmdW dZmdW 
dY dX _dX dY ' dY dX_ 

E„ 

l_(BW]2 

AdX) 

IfdW]2 

2\dY J 
(9.11) 

dWdW 
dX dY 

Note that in the above equation e0, em and Em denote the strain vector corresponding to 

small displacement theory, the strain vector due to initial curved geometry effects and the 

strain vector due to nonlinear strain displacement effects, respectively. The components of 

the second Piola-Kirchhoff stress tensor define the following stress vector: 

S = 
Sxx 

SYy 

SXY 

The stress-strain relationship in Eq. (9.4) can thus be expressed as: 

S = DE 

in which the constitutive matrix, D, is given by 

E Ev 

(1 - V2) (1-v2) 

Ev E 

(1-v2) (1-v2) 

0 

0 

0 0 G 

(9.12) 

(9.13) 

D = (9.14) 
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The vector of external surface traction is given by: 

F = (9.15) 

Hence, the principal of virtual work in total corotational formulation becomes, in matrix 

form, 

j(STdE)dXdYdZ = j(FT6U)dXdY (9.16) 
V A 

in which U denotes the displacement vector given by 

U(X, Y) 
U(X, Y) 

V(X, Y) 

W(X, ?)_ 

(9.17) 

9.4 Incremental-Iterative Equations for Geometric Nonlinear Analysis of Shell 

Structures 

The incremental-iterative equations for shell structures are developed as follows, see 

-(it) 
Section 8.6.3. Knowing u 

/„+ i-(Jt) ^A(it) 
oS and F , the linearized incremental displacements 

A u (*+i) are determined by solving: 

, ^(/t) T ^L(k) JLnl(k) 7-?„ + ,-(*) _ _ _ 
U(8£ ) DE +(6E ) oS [dXdYdZ 
v ( ' 

= Jj(8lT ) F [dXdY-jUbE ) 0S \dXdYdZ 

(9.18) 
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—L(k) 
In the above equation, E denotes the linearized incremental approximate Green 

(Marguerre’s) strain vector. According to Eq. (9.7), it can be decomposed as: 

£*■(*) i*Uk) £(*)_!,(*) 
E = EQ +ZI X (9.19) 

—L(k) 
The linearized incremental membrane strain vector, EQ , takes the following form, see 

Eq. (9.8), 

jjUk) 
EQ 

dX 
(k) 

+ 

ax'*’ 
.(k) ^(k) 1) 

9Av( ^ d(Zm + w )9Aw1' 
+ 

3?“' 3Pm 

^ -(*+1) ^ ~(*+l) , -(k).^ A ^(k+ 1) -wAW , A ^(k+ 1) 
dAu 3Av +o(Zm + w )3Aw + o(Zi + w )3Aw 

■Z-(k) 
dY dx 

(k) ^-(k) 
dx 

k) 
dY 

k) 
dY dx 

(k) 

(9.20) 

— L(k) 
It is noted that the linearized bending strain vector, \ , is linear in the displacement 

field component w. The linearized incremental bending strain vector, \ is derived as 

-v2A -.(*+1) 
d Aw 

IF3- 

-.2 . ^(k+ 1) 
d Aw 

^{k)2 
dY 

-.2 . k + 1) 
0d Aw 
z~Z7k7~Mk) 
dx dY 

(9.21) 
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The virtual strain vector bE in Eq. (9.18) is given by, see Eqs. (8.223), (9.7), (9.8) and 

(9.9), 

5E(i> = sir + SiV*’ (9.22) 

in which 

~w 
dEo 

95 U d(Zm +w +w )9SW . +   

dx 
(k) 

d%(k) a*® 

96V,(*) aCZm5 + + w(t))95WW 

■ +   

ay(t) 3P(t) 9?W 

d&U 35V 

a Y 
(k) 

dx 
(k) 

3(2® ♦ W® + (S®)3SW® 3(2® + W® ♦ »®)3S0® 
’ +   

a*'*1 ^(k) 
dY 3?W 9 *(t) 

(9.23) 

and 

S5^.W 
S* = 

32S#“’ 

3r>2 

d2bw 

3?(t)2 

sWk> 

dX dY 

(9.24) 

±.nl{k) 
The virtual strain quantity bE in Eq. (9.18) becomes, see Eqs. (8.176), (8.224) and 

(9.11)3 
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8E 
nl(k) 

3Awk*l)aswm 

aj(i) 3fW 

3A*“t,)36 #'*> 

3?W 3PW 

3A#itl,38#(‘) 3A^*I)38W(‘> 

ax ay 
+ 

-—(k) -(Jfc) ay ax 

(9.25) 

i(*+1) 
The update for the total incremental displacement vector, « , is obtained as follows, 

~(£+i) 
see Fig. 8.16. The displacement vector AM is first obtained as a solution of Eq. 

(9.18). The displacement vector, u^k + 1 \ is then obtained from the following equation, see 

Fig. 8.16: 

_(*) $(*) Mk) «(*) ~(k +1) - - _(*+i) 
MQ + X + U + M + AM — X + U + u (9.26) 

. „ , $(*+D -(*+1) , , f(* + ‘) ,-(* + >) 
A new system of axes, Xi , xi , new ref erence configurations, To and yo 

~(k+ 1) ~(k) 
and a deformed rotated configuration, y (i. e., y rotated into the new system of 

*.(k + 1) — k +1 *k + 1 
axes), are ascribed to configuration y . The axes X, , xt and configurations 

^.(/t+l) ~(£+l) ~(/t+l) 
To , yo and y are obtained through a rigid body translation and rotation of 

axes X/, xi and configurations f0, y0 and y, see Fig. 8.16. Finally, the total incremental 

-(£+ 1) 
displacement vector, u , is obtained through the following equation: 

_(*+l) $(k+ >) fT(k+ 1) ~(k+l) - - _(k+ 1) 
MQ +X +U +U =X+U + U (9.27) 



248 

Since y and y(* + ^ differ only by a rigid body displacement, the (nonlinear) incremental 

Marguerre strain vector from y(* + 1 ^ to y^ + 1 ^ can be derived as, see Eq. (8.228), 

E -E 

as ?(*+o a(llf+1) + w(/c+1)^--(*+l) ,^.<*+nv )dw 
+1) 

dX 
^-(k+ 1) ax dx 

f,(* + I) + 2 
3w 

Vaf (* + l) J 

5v o(Zm + W )3w 1 
,f,(*+ l) + 1) 1) + 2 

r-.^(*+DA2 aw 

dY 

f^(k+1) ->=- 
aw dv 

dY dY 

-“<*+1> 3(iL*+l) + #(*+l)'-'"(*+1) 

VdF 

)dw 

fF(*+l) 
/ 

^(*+1) -(*+!) 
dY dX 

^(* + i) 
dx 

k+ 1) 
dr 

d$+n + Wlk + l))dwik + " dwik+l)dwk+]) 

+  T, 77 71 77 + - Mk+ 1) 
dY aF+1) ax £(*+n f,(*+l) 

dY 

Mk+l) 
-Zi 

^2Mk+\) 
d w 

TTcITTn 
Hx ) 

1) a w 
~ Mk+l) 2 
3(K ') 

-v2-(*+l) d w 

(9.28) 

Also, the rigid body displacement from y to y 
(*+1) 

implies that1, see Eq. (8.189), 

-(*+ l) 
S 

E(k+X) 

s{k + X) 

_ £;^ + I) 

= s(k + 0 

The results in the above equations imply that: 

Mk+\) —(*+l) 
D = D = D 

(k+ l) 

(9.29) 

(9.30) 

t„ + l~(k+l) 
The second Piola-Kirchhoff stress vector, oS , is finally obtained as: 

£(*+l) . r „(*+l) _ . f(* + i) 
1 .E : Marguerre strain vector of configuration J with respect to configuration IQ 

=(*+1) *(k+ 1) . # ^ - 
E : Marguerre strain vector of configuration J with respect to configuration IQ 

E^ + ^ : Marguerre strain vector of configuration ^ with respect to configuration 1^ 



249 

/„ + ,£(*+!) 
oS '^ + D\ 

^S + D 

du 
(t+1) 3(iL*+1)+#(*+1,^"(i+,) 

)di 
/-.-(*+ l)\2 

avv 

dX (*+D -(* + 1) ax af(i+,) 2 KdX 
f,(*+ I) y 

9P(* + 1) 3(Z* 
-<-(* +1) + ’ ay 

(i+l) + w(*+1)^-(*+1) 
)Bw 

~ (Jt + 1) ar a? 
I 

f.(* + 1) + 2 

/ ^(* + 1 )\2 

^Mk+ I) var 

^+,) ap(i+,) a(£f+1) + w(*+,W* + ‘> 
+ r.—r: + r,—r; n—rr + ~(* + 1) ^-{k+ 1) ar ax -(*+1) ax ap(*+n 

a(zr
i) + #(‘+1Wt+1) aw t+1)aw*+l) 

+  —r: rr—r: + * 
dt{k+]) ax ^(k+l) ~ (* + !)-(* + I) ax ar 

^(*+i> -Zi 

~J2^.(k + 1) d vv 
^ JL(*+ 1) 2 
a(xl J) 

~,2j^(k + 1) 
O W 

^(* + 1) 2 
3(r ;) 

~J2^(k + l) 
o w 

sF*'’?'**1’ 

(9.31) 

9.5 Finite Element Approximation 

In this section, the continuum total corotational formulation for nonlinear geometric 

analysis of shells presented in Section 9.4 will be discretized in space using the finite 

element method. The shell theory in presented in Section 9.4 can be used to analyze shell 

structures provided that the whole structure is shallow. Such a solution can be obtained by 

expanding the displacement field in terms of a harmonic series or any other suitable 

functions. Using the finite element method it is possible to analyze deep shell structures 

using a shallow shell theory.This is done by subdividing the whole shell structure into 

small regions each of which can be treated as a shallow shell. Note that Em in Eq. (9.10) is 

the only nonlinear term in the Marguerre’s strains. Except for this nonlinear term in the 

Marguerre strains, all other finite element approximations (interpolations) for 

displacement and strain quantities have been derived in Chapter 5 in the context of linear 

finite element analysis of shells (in which the reference configuration remains unchanged 

throughout the analysis). Thus, before treating this nonlinear term, the relevant matrices 
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corresponding to the linear terms are briefly recalled below in the context of nonlinear 

analysis. It is important to remember that the incremental-iterative equations (see Eq. 

*(k) 
9.18) are obtained by linearizing about configuration yo the principal of virtual work 

expressing the equilibrium of configuration yA. After presenting the finite element 

interpolations for the various displacement fields Marguerre strain vector, the finite 

element discretization of the incremental-iterative Eq. 9.18 will be derived. The finite 

Mk) :=.(*) 
element interpolation of the in-plane displacement field, u (X , Y ), from 

configuration yo ^ to configuration yA is given in Eq. (4.31) and is rewritten as 

= N' (X ,Y ) pm +N*(X ,Y ) Pif, (9.32) 

— ) 

In Eq. (9.32), the coordinate axes X and Y are local to the element in configuration 

z(k) 
yo (they are in the reference plane of the element) as defined in Appendix D. The 

tn+,±(k) —(k) —(k) 
components of the displacement vector u (X ,Y ) in the coordinate system 

^(k) —(k) 
(X , Y ) are given as: 

tn^-(k),^k) Mk) 
u (X ,Y ) = 

‘n+lz(k) $(k) £(*) 
u (X , Y ) (9.33) 

Also, the shape function or interpolation matrices Nm and are defined in Eq. (4.32)1 

and the nodal displacement vectors ”*'pm and ” + 'p^ are given by: 
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t„ + iz.(k) 
Pm + l^(^) ^n+l *(k) ^n+l*(k) ^n+\*(k) ^n+\^{k) + I^(^) ^n+\±.{k'} ln + li(^) 

M[ V] M2 V2 M3 V3 M4 V4 

1 r 

'»+I*J(*) 
/V '„ + i.£.(*) '„ + i^(fc) l„ + i^(/t) t, 

lp\ lfJ2 if/ 3 

"I 
!■*(*) 
lf/4 _ 

(9.34) 

The finite element interpolations for the out-of-plane displacement fields (w, 0^, 0V) from 

£(jfc) 
configuration yo to configuration y 

A 
are given in Eqs. (3.44) and (3.53), respectively, as: 

w = N 
w ^ + 1 —{k) 

PP (9.35) 

and 

r„+ i^(A) liX*) 
/V 1 'e(y} = N: 

■ i.W 
(9.36) 

« w 
in which the interpolation matrix ./V is given in Eq. (3.54). Interpolation matrices N 

and ivf are defined in Eq. (3.45) and the nodal out-of-plane displacement vector "+ p^ 

has the form: 

PP - W\ ni(i) 
0x\ 

1 Mk) 
Ox l 

i~.m 
w2 

.1 ~m 
0x2 

IMk) 
0x2 

1 .=.(*) '« 
W3 

n:(i) 0y3 ► !-(*) '« 
W4 

ir 
^4 

(9.37) 

The nodal displacement vectors in the above equation can be decomposed as: 

- _ 
1. Note that the components of position vectors X and X are equal, i. e., X = 

— tnMk) 
Y = Y Hence, the following equality holds 

tnMk) 
X and 

N (X, Y) = N i X , Y 

KlW \7™ m TV J A similar equality holds for shape function matrices IS/ , IS! , IS and IS! 
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'„+!£_(*) '„£_(*) £_(*) £.(*+1) 
Pm = Pm +Pm + Pm 

'„+l£_(*) '„£_(*) £_(*) £.(*+1) 

/V = H +P4> +P4> 
'n+l Z.(k) '„£_(*) £_(*) £.(*+]) 

= Pp +PP +Pp 

(9.38) 

i "CAK) n —\K 

where pm , p,p 

_ , -W 0_(k) £_(k) £_(*) , . , 
to configuration y , pm , p^ and pp are the nodal displacement vectors from 

configuration y to configuration y ; and pm , p^ and pp are the nodal 

displacement vectors from configuration y^ to configuration yA. Note that all these 

—(k) ~(k) 
nodal displacement vectors are defined in the corotated coordinate system (X , Y ). 

Next, the finite element approximation of the Marguerre strain vector in configuration yA 

£(*) . 
with respect to the reference configuration yo is presented. The Marguerre strain vector 

is recalled below from Eqs. (9.7) and (9.10). 

—A(&) ^.A(k) -(k)^A(k) AA (k) ±A(k) ^A (k) ~(k)^A(k) 
E = Eo + Zi \ = e0 + €m + Em + Zi \ (9.39) 

The finite element approximation for the membrane strain vector corresponding to small 

AA (k) 
displacement theory, £Q , in Eq. (4.42) is rewritten as: 

.A (k) 
^0 = 

■ i cdk) 
Pm + G, i d,k) 

/ty (9.40) 

The form of Eq. (9.40) is the one used by Jetteur and Frey (1986) and Taylor (1988). Small 

strain-displacement matrices Bm and are defined in Eq. (4.43) and are recalled below. 
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Bm = 
"I T 

nm nm nm nm 
t*l **2> "4 

G+ = 
~[T 

G 1 G 2 G 3 G 4 
(9.41) 

where and G/ are as defined in Eqs. (4.38) and (4.41). The finite element 

approximations for the membrane strain vectors due to initial curved geometry effects and 

^A(k) —A(£) 
nonlinear strain displacement effects, em and Em , are given by Eqs. (A.23) and 

(A.30), respectively, as: 

-AW 
€m = c 

, -{k\Tv 
(Pz ) Fi 

iPz) F2 

A (k) T 
( Pz ) F3 

, z.(k) T 

(Pz ) F4 

- (A-) 7" 
(^z ) ^5 

+ 1 -(*) 
= BmTBz Pp (9.42) 

and 

^A (k) 1 
Em =-2C (9.43) 

Mk) 
where matrices Bz and Bw are defined as: 



254 

— (k) 
Bz 

(PZYF, 
‘* + id,k\T 
( Pp) Fi 

(PZYF2 

f‘- + idlk\T 
( PP) F 2 

(PZYF3 

+ i—(k) 
; Bw = 

( Pp) F3 

(PZ)
T
F4 ( Pp ) F 4 

(PZYF5_ 
‘,*id,k)T 

j PP ) 

(9.44) 

In Eqs. (9.42) and (9.43), C, Fi (/ = 1, ..., 5), and T are as defined in Appendix A and 

remain fixed for all iterations. The finite element approximation for the bending strain 

A , -(/t) 
vector, x ■> in configuration y with respect to the reference configuration yo is 

recalled below from Eq. (5.32). 

-A (*) 

X = B, 
i_(k) 
Pp (9.45) 

where the bending strain-displacement matrix Bp is given in terms of the matrices B^ 

defined in Eq. (3.57) as: 

= 
1 T 

nP nP nP nP 
**\ **2 "3 "4 

(9.46) 

This completes the presentation of displacement interpolations and finite element 

approximations of the various terms of the Marguerre strain vector of configuration yA 

with reference configuration yo . 

— 

From Eqs. (9.10) and (9.22), it follows that the virtual Marguerre strain vector, oE ,in 

(k) *(k) 
configuration y with respect to reference configuration yo is given as: 
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«.£(*) zi?ik)
 L h x-W si(‘) , s*(*) , K5(*> 7 s-W 5Z? = 0E0 + Zib\ = oeo + oem + oEm + Zfox (9.47) 

The corresponding finite element approximation is given by, see Eqs. (9.38), (9.40), (9.42) 

and (9.43), 

.£(*) £(*) £(*).«.£(*) £(*), 
5E = BmbPm + G*5P* + £mr(flz + flw)8PP +Z/ B 5Py 

;(*) 
(9.48) 

, • £(*) where matrix /J w is defined as: 

Mk) 
M$W 

,'nd.k) 
( Pp 

T 

) F l 
,‘nd.k) 
( Pp 

^(*V 
+ Pp ) 

/^(*) 
( Pp 

~(k) T 
+ PP) F 

( 
‘nd,k) 

PP 
S-(*\J 

+ ) 

/»^-(*) <!■(*)/„ 
( Pp +Pp ) Ft 

(9.49) 

Next, the finite element approximation of the virtual Marguerre strain vector, bE , in 

Eq. (9.25) is derived. It is noted that the only nonlinear contribution to the Marguerre 

membrane strain vector in Eq. (9.10) comes from the term Em given in Eq. (9.43). Thus 

SLtil(k) 
the virtual strain vector bE can be expressed as, see Eqs. (9.25) and (9.43), 
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5 E 
nl(k) 

/A^k+\)T 
(ApP ) F1 

fAidk+\)T 
(APp ) -P^2 

(A i>p+]))TF3 

(A^+1))rF4 

(A Ppk+]YF5 

„-(k) 
bpP 

_ _ , $-(k+ 1) Mk) 
F mT ABW &Pp (9.50) 

Mk+ 1) 
in which matrix ABw in the above equation is defined as: 

—(k + 1) 
ABW 

c-(k+ \) T 
(APp ) F1 

,Adtk+\)T 
(ApP ) F2 

,.^(k+\)T 
(APp ) F3 

~(k+ 1) T 
(APp ’) F4 

fAdik+\)T 
(ApP ) F5 

(9.51) 

Following Eqs. (9.10) and (9.19), the finite element approximation for the linearized 

^L(k) 
incremental approximate Green (Marguerre’s) strain vector, E , is given by 

±.L{k) ^L(k) ± ,L(k) ~L(k) ~L{k) ^L(k) ,L(k) 
E = E 0 + Zl\ — 6o + C/n + Em + Zi\ (9.52) 

The finite element approximations of the various terms in the above equation are obtained 

using Eqs. (9.40), (9.42), (9.43) and (9.45): 

^L(k) _ A *-(*+!)_ A 1) 
eo = BmA Pm +G4,Aflp (9.53) 
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±L(k) 
= BmT 

(PZ)
T
F2 

(MVF3 

A dLk+l) 
A PP SJfizV + 1) 

, d,k)T 
(Pz) FA 

, ~{k\Tv 
(Pz ) F< 

(9.54) 

Hm = c 

('nd,k) *_(*)/ 
( P/7 +Pp ) F1 

( Pp +Pp ) F2 

( Pp +Pp ) F3 

( P/7 + P/7 ) 

( P/7 +Pp ) F5 

. 2.(*+ U 
AP/7 

„ „,£(*) 4 ;_(*+ 1) 
BmTBw A Pp (9.55) 

and 

» A-(^+1) 
BnAPp (9.56) 

Hence, from the above the finite element approximation for the linearized incremental 

Marguerre strain vector in Eq. (9.52) becomes 

;_(*+l) 2_(fc+l) —(k) ?_(k+ 1) —W . cdik +1) - ?_(k+ 1) 
= BmApm 

; + +BmTBz App + BmTBw App + Z,BpApp 

= -®/«AP77i +G^Ap^, +BmT(Bz + Bw )App +Zi BpApp 

(9-57) 

The finite element interpolation of the displacement field and the finite element 

approximations of the various component vectors of the Marguerre strain vector presented 
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above are used to derive the finite element discretization of the linearized incremental 

principle of virtual work expressed in Eq. (9.18). 

The first term in the integrand on the left-hand side of Eq. (9.18) represents the initial 

displacement (curvature) effects and is obtained using Eqs. (9.48) and (9.57) as: 

, f Mk) T 
N(8£ ) DE \dV = ^(k) T z.(k) T -(£) T 

(5Pm ) (5/V ) (SPp ) 

^(k) Mk) Mk) 
Kmm Km* Kmp 

Mk) —(k) Mk) 
Kijm Kw Kfp 
Mk) Mk) SL(k) 

_KPm Kp,A Kpp] 

. dik + \) 
A pm 

. dik+l) 
A P4, 
. + l) 

A pP 

where the various sub-matrices of the middle matrix are given below. 

tZ = \{BT
mDBm}dV = j{BT

mDmBJdA = 
V A 

IC% = \\BT
mDG^dV = \\fT

mDMG^dA = KF
mij/ 

= f J {BT
mDmBm}dA)T(%T + BZ) + \{BT

mDmhBp}dA 
KA A 

F Mk) 
+ K F 

mp 

= K F 
tf/m 

g(t) 
tiz.w + K F 

# 

(9.58) 

(9.59) 
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—(k) c n(fc) —(k) T j T — ^j . 
Kpm = J((BZ + BW ) T BmDBm + Z/ B‘,DBm)dV 

-(k) j 
^ 3 1 

P 

£-(k) —(k) T j/ » <T \ f T 
= (Bz + BW ) TT[\{BT

mDmBm}dA) + \{BT
pDmhBm}dA 

^-(k) T p p 
= (Bzw) K„m + K„m 

—(k) f( —(k) —(k) T j j c.{k) T , 

= Jf<** +B» ) T BIDG^ + Z, BpDG^ )dV 

^(k) Mk) T T (Bz +BW ) T \WmDmG.\dA +\BT
pDmhG dA 

2L(£) T p F 
= (Bzw) K , + K . v y miff piff 

(9.59) 

.=.<*) r f -(.k) Mk) r T T -W r Mk) -M -W 1 
KPP = J|((*z + BW ) rB„ + Z, Bp)D(BmT(Bz + Bw ) + Zi Bp)jdV 

^(k) ^(k) T T( t T \ Mk) -(k) 
= (Bz + BW ) T,ij{Bl

mDmBJdAjT(Bz + Bw ) + 

4L(A) —(k) T jf r T \ /f T A —(A) —(A) # 7* 
+ (BZ +BW) T,lj{B,

mDmhBp}dA\ + U{B,
pDmhBm}dA\T(Bz + BW ) +j{B'pDbBp}dA 

—(k) T F —(k) —<k) T p F —(*) F 
= (»*w) KF

mmBtw+{Bzw) KF
mp + KF

pmBzw+KF
pp 

—(k) 

In Eq. (9.59), matrix B zw is defined as 

Mk) -(k) —(k) 
Bzw = T(BZ +BW ) (9.60) 

Also, the stiffness matrices with a superscript F are identical to those for the flat linear 

shell element given in Eq. (5.40). The membrane, bending and membrane-bending 

coupling constitutive matrices are denoted by Dm, Db and Dmb, respectively, and have 

been defined in Eq. (5.15). Equation (9.58) can be written in a more compact form as 

follows: 

Mk) T 
(6E ) DE \dV ~(fc) T -(*) T -(*) T 

(8Pm ) (5P* ) (dPp ) 
Rm 

. dik+l) 
&Pm 

. cdk+\) 

l) 

(9.61) 
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—VA-/ 
in which matrix K represents the initial displacement contribution to the element 

tangent stiffness matrix at the k-th Newton-Raphson iteration and is given as: 

—(k) Mk) Mk) 
Kmm Km* Kmp 

Mk) Mk) Mk) 
K*m K,p,p K*p 
Mk) Mk) Mk) 
Kpm Kpi// Kpp 

(9.62) 

The second term in the integrand on the left-hand side of Eq. (9.18) represents the initial 

stress effects and is obtained using Eq. (9.50) as: 

Jj(6£ ) os yv 
—(k) T 

m ) 

, A —1ik + 1 )^T j-, (APp ) F\ 

rA-(k+\) T 
(APp ) F2 

fAdik+l)T 
(App ) F3 

(A Ppk+X))FA 

(A^ 
+ 1)

)
T
F5 

T
T
\B 

Ttn +1 ±(k) 
oS dV (9.63) 

Note that in the above equation, the term in the integral on the right-hand side represents 

the equivalent (consistent) nodal loads due to the internal stresses evaluated using small 

displacement theory and is represented by: 

Fin = JX 0S dV (9.64) 

Pre-multiplying the above equation by T gives the following (5x1) vector: 

Mk) 
G = Mk) Mk) Mk) Mk) Mk) 

G\ Gl G3 G4 G5 
T~(k) 

= T Fm (9.65) 

Using Eqs. (9.64) and (9.65), the integral in Eq. (9.63) becomes: 
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f „±nl(k) Tt„ + i£.(k) I 
Jj(8F ) o S \dV = 

0^.(fc) T 

(SPP ) Mk) -ik) Mk) —(k) Mk) 
FjG i + F2G2 +F3G3 + F4GA +FsGs 

Adik+\) 
&PP (9.66) 

<,-(*) T 

= (8f»P ) 

5 

S ^ 
Vi= 1 

A-(^ + 1) ,*b{k\T i>(k)
 A -(*+>) = (5F/j ) FG A/>P 

y 

-(*) 
where FG is called the element geometric stiffness matrix at the k-th Newton-Raphson 

iteration; it represents the initial stress contribution to the element tangent stiffness matrix 

and is given by: 

F(/° V c 7*(k) 

KG =2^ Ffii (9.67) 
1 = 1 

Note that since matrices F- are symmetric, the element geometric stiffness matrix is also 

symmetric. The first term on the right-hand side of Eq. (9.18) represents the virtual work 

due to external forces and is obtained by using Eqs. (9.32) and (9.35) as: 

r JL(k) T^A(k) 
N(8G )F \dXdY = 

, f m ^(k) ./. ^(k) T ^A(k) w k) T - A(*)l 
= (iV SP,n + N*5P* ) Fm +(N SPp ) Fw \dXdY 

k) T ±(k) T ~(k) T 
{bPm ) (5P4, ) (5Pp ) 

A 

(N ) Fm 
<h T^A(k) 

(AT) Fm 
w T^A(k) 

(N ) Fw 

k) T k) T ~(k) T 
(8Fm ) (8F^/ ) (bPp ) 

£(*) 
FF 

(9.68) 

dXdY 
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in which FF is the equivalent (or consistent) nodal load vector due to the external 

forces and is given as: 

& - J 
A 

Finally, the second term on the right-hand side of Eq. (9.18) gives the virtual work due to 

*(k) 
the internal stresses in the linearization configuration y and is given using Eq. (9.48) as: 

(N ) Fm 

(AT) Fm 

w T^A(k) 
(N ) Fw 

dXdY (9.69) 

H(8£ ) o5 \dXdYdZ = 

,(k) , , Mk) ±(k) -(*) ?-{k) Tt„ + i ~(fc) 
= U{Bj>Pm +G^8/V + BmT(Bz +Bw)5Pp +Zi BphPP ) oS \dXdYdZ 

^(k) T -(*) T ^(k) T 
(bPm ) (S/ty ) (8Pp ) 

-1 V 

Tln + l-(k) 
Bm oS 

jh+ \—(k) 
o; os 

T T^n + I ■£■(&) —(k) T*n + l—(k) 

BT„BI 0S +Z, »; aS 

dXdYdZ 

■[. 
ZL(k) T —(k) T ^(k) T 

(SPm ) (8P* ) (§Pp ) 

(9.70) 

-(k) 
in which matrix Fs is the equivalent (or consistent) nodal load vector due to the internal 

(k) 
stresses in configuration y (also called the internal resisting force vector) and is given 

by: 
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Ttn^l±(k) 
Bm o S 

G; os 

T ptn + i±(k) — (k) p^n^\±.(k) 
<X o5 +Zi B‘ oS _ 

\dXdYdZ (9.71) 

Substituting Eqs. (9.61), (9.66), (9.68) and (9.70) in Eq. (9.18) gives the finite element 

approximation of the linearized incremental principle of virtual work: 

k) T ~(k) T -(*) T 
(5Pm ) (5/V ) (SPp ) 

Jk) 
K 

. i.(*+1) 
A Pm 

. -_(* + 1) 
A p# 
. elk + 1) 

A PP 

+ (8Pp ) KG App 

(9.72) 

ZL(k) T —(k) T —(k) T 
{hPm ) (5Pfi ) (5Pp ) 

Mk) 
FF ~(k) T ^(k) T ~(k) 

(5Pm ) (8/fy ) (5Pp ) 

The above equation can be rewritten in the following more compact form. 

n(jfc) T ^(k) T -(*) r 
(8Fm ) (8/> ) (8PP ) AS 

. £.(*+1) 
A Pm 

.=.(*+ 1) 
A p# 

~(k+ 1) 
&Pp 

-(it) T ^(k) T ^(k) 
(8Pm ) (5/V ) (8/V ) 

(9.73) 

in which matrix KL, e is called the element tangent stiffness matrix and is given as: 

£(*) Mk) £(*) 
M\mp 

~(k) Mk) 
Ai//m K</ip 

-Ak) 4-Ak) 4,(k). 
K pm KP$ (Kpp +KG ) 

(9.74) 
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Mk) 
and vector FR, e is called the residual force vector given as: 

Mk) Mk) Mk) 
FR'C = FF-FS (9.75) 

The tangent stiffness matrix in Eq. (9.74) is obtained for each element of the shell 

Mk) Mk) Mk) 
structure in the rotated coordinate system (X ,Y , Z ), are transformed into the 

global reference system (X, Y, Z), and then are assembled into the global tangent 

stiffness matrix and global residual force vector of the whole shell structure using the 

direct stiffness approach as explained in Section 5.5. The element tangent stiffness matrix 

Mk) Mk) Mk) ^(k) Mk) 
and residual force vector in local coordinates (X ,Y ,Z ), KR e and FR e , 

respectively, are transformed into their counterparts in global coordinates (X, Y, Z), Kj 
(k) 

Mk) 
and FG e , respectively, as (see Eq. (5.105)): 

Mk) Mk) T — (k) Mk) 
KT,C = (T ) KLeT 

Mk) Mk)TMk) 
FG,e - (J ) FR, e 

(9.76) 

Mk) 
In the above equation, the transformation matrix T denotes the transformation from the 

element nodal displacement vector in global coordinates (X, Y, Z) to the element nodal 

Mk) Mk) Mk) 
displacement vector in local coordinates (X , Y ,Z ). It can be obtained directly 

— v ^ ) 

from the rotation matrix, R , between the element local coordinate system and the 

global coordinate system, see Eq. (5.103), 



265 

— (k) ■£-(&) 
= T (R ) (9.77) 

Hence, the finite element approximation of the linearized incremental principle of virtual 

work applied to the whole shell structure becomes, see Eq. (5.109), 

~(£) T 
(SP ) 

Nel 
T—(k) 

(VKT L)e 

■e = 1 

. dik + 1) 
A P 

Mk) T 
(SP ) 

r Nel 
T—(k) 

(L1FG )e 

■e = 1 

(9.78) 

T in which the globalization matrix L (transpose of localization matrix L ) is defined in Eq. 

ilk+\) 
(5.107) and Ap denotes the vector of linearized incremental nodal displacements of 

the whole shell structure in global coordinates. 

The virtual displacement vector, SP , in Eq. (9.78) is arbitrary and hence can be 

cancelled on both sides. The resulting linearized incremental equation of equilibrium for 

the whole shell structure can be written in a more compact form as: 

£(*) «(*+i) £(*) 
KT Ap = F (9.79) 

Mk) Mk) 
In the above equation of equilibrium, KT and F denote the tangent stiffness matrix 

and residual force vector of the whole shell structure and are given by: 

Net 
— (k) „ T — (k) 
KT = X KT L)C 

e = 1 

Mk) ^ T-(k) 
F = X (L F

0 )e 

(9.80) 

The solution of the linear system of equations in Eq. (9.79) gives the linearized 

i_(k+ 1) 
incremental displacement vector Ap 
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In order to evaluate, in local coordinates, the element internal resisting force vector, Fs , 

(Jc) 
in Eq. (9.71) due to the internal stress vector oS in configuration y , the internal 

stress vector needs to be evaluated . The total incremental Marguerre strain vector from 

configuration y^ (rotated last converged/saved configuration y) to configuration y^ 

(deformed configuration at the end of iteration k) is first evaluated in reference 

— (k) 
configuration ED as, using Eqs. (9.39), (9.40), (9.42), (9.43) and (9.45), 

/f.) -(k) ±.y 
E1 -E = 

B. 
dk) dk) t„±Jk) -<_(*) I dk)^_(k) £(*) dik) 
Pm +Gl[,P>l/ + BmTy Bz + Bw jPp +-BmTBw pp +Zi Bppp 

(9.81) 

t„dk) tr.dk) dk) 
in which matrices Bz , Bw and Bw are given as: 

‘%k) 

( Pi ) F i 

( Pi ) F2 

*n~(k) T 

( Pi ) F 3 
<„ -(it) T 

( Pi ) FA 

'»-(*) T 

( Pi ) Fs 

'■nik) - 
tfw — 

*«-(*) T 

( PP) F} 

T 

( Pp ) F2 

rn~(k) T 

( Pp ) Fy 

( Pp ) F4 

( Pp ) F, 

Bw'1 

(PPVFI 

CP(P))F1 

* (k) T 
(PP ) 

(Pp ) F4 

(Pp ) F5 

(9.82) 

i-(Jk) 
Finally, the second Piola-Kirchhoff (PK-2) stress vector, oS , of deformed 

(k) —(k) 
configuration y referred to reference configuration IQ is obtained by updating the 

PK-2 stress vector in configuration y as: 

1. In the literature, this problem is often referred to as state determination. 
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tn + \*(k) t- f 2.yk 

o 5 = & + D \E -E = 

’"c r>(n D rrf1" 5W £-<*) >D £(*) £_(*) <>S + +Gl//p,p + Z?m7^ JBZ + Bw jPp +-BmTBw pp +Zi Bppp 

(9.83) 

The various steps of the iterative-incremental finite element procedure to analyze shell 

structures in total corotational formulation are summarized below, see Section 9.4. 

t (fa) (fc) 
(A) Knowing the global nodal displacement vectors U="u,u and AH , the PK-2 

stress vector oS, the nodal rotation pseudovectors t"rji and rff'* of each element and 

the global external load vector FA. 

(A.l) Obtain the nodal translation vector of element e as: 

ue = L; U 

uf = LT
tu

{k) 
(9.84) 

where the components of the localization matrix Lt are defined such 

that ltj = 1 when the ith translational degree of freedom of element e 

corresponds to the jth global displacement degree of freedom and l~ = 0 

otherwise. Note that in practical code implementation, the matrix 

multiplication in Eq. (9.84) is not carried out explicitly. 

(A.2) Obtain the linearized incremental nodal rotation vector of element e in the 

(k) 
last Newton-Raphson iteration, A<p , as: 
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A (*) ^<Pe = (&<pf)T (A<pf) (A<(>f) (A<4*,)r 
~\T 

TTA (*) = Lr Au 

where the components ltj of the localization matrix Lr are defined such 

that: = 1 when the ith rotational degree of freedom of element e 

corresponds to the jth global displacement degree of freedom and = 0 

(k) otherwise. Furthermore, A <pt denotes the rotation pseudovector 

associated with node i in the last Newton-Raphson iteration. 

(B) For each element e : 

Mk) 
(B.l) Form the element local-to-global transformation matrices R and R 

using Eqs. (D.10) and (D.16) 

(k) (B.2) Obtain the linearized incremental nodal rotation pseudovector Acai in the 

last Newton-Raphson iteration using Eq. (D.30) as: 

A = 2 tan K!‘>h A^’ 

A*>; (*) 

_ 1 ) 
(B.3) Increment the nodal rotation pseudovector rji by the corresponding 

(k) 
linearized increment Aa>i using Eq. (D.38) recalled below. 
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i!*’- 
f’FJ'-i Vi 

(k-l) 
2 (k-1) 1 (Jfc-1) . (k) 

+ v) -~v) XA«;' 

x 

1 + 4 
A to 

(k) 

x sign V 
(*-D 2 1 (k- 1) . (*)' 

-Aw,. ) 

/V ^fCj 
(B.4) Evaluate the total incremental rotation pseudovector, <pe , needed to 

evaluate the total incremental Marguerre strain vector from configuration 

y{k) to . To accomplish this, the rotation pseudovector is first 

k) 
evaluated as explained in Section D.3.2. The rotation pseudovector <pe is 

then obtained from Eq. (D.30) as: 

<Pe = 2atan 

Sk) 
(Dj 

(9.85) 
V ) 

The above rotation pseudovector then defines the rotation components of 

~_(k) 
the total incremental displacement vector p in Eq. (9.83). 

t„Mk) ~(k) 
(B.5) Evaluate the incremental nodal translations vectors Ue and ue using 

Eqs. (D.l 1) and (D.17). 

(C) For each element e, evaluate the tangent stiffness matrix and load vector. 

— V'W 
(C. 1) Evaluate the element tangent stiffness matrix, Ki,e, in the local coordinate 

system associated with the element in configuration y using Eq. (9.74). 

±A(k) 
(C.2) Evaluate the equivalent nodal load vector, FF , due to external forces using 
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Eq. (9.69). 

t„ + i *(*) 
(C.3) Evaluate the second Piola-Kirchhoff stress vector, oS , in configuration 

*(k) —(b) 
y referred to reference configuration 1^ using Eq. (9.83). 

JLA (k) 

(C.4) Evaluate the internal resisting force vector, Fs , due to internal stresses, 

t„ + i~(k) ^ (k) 
oS , in configuration y using Eq. (9.71). 

~{k) 
(C.5) Evaluate the nodal residual load vector FR, e using Eq. (9.75). 

(D) Transformation to global coordinate system. 

(D.l) Transform the element tangent stiffness matrix and nodal residual load 

vector to the global coordinate system using Eq. (9.76) to yield the tangent 

— (k) Mk) 
stiffness matrix KT, e and nodal residual load vector FG, e of shell element 

e in global coordinates. 

(E) Direct stiffness assembly. 

(E. 1) Assemble the element tangent stiffness matrix and residual load vector 

Mk) 
obtained in step (D.l) to yield the tangent stiffness matrix KT and 

residual load vector F of the whole shell structure using Eq. (9.80). 

(F) Check for convergence. 

(F.l) Check if residual norm1 is bounded by a pre-specified tolerance, 

if not converged then: 

(1) Update the total incremental displacement vector in global coordinates. 
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(2) Go to step (A). 

Else (if converged): 

(1) Increment the global load vector F . 

(2) Replace the nodal rotation pseudovectors ‘"rfi and the PK-2 stress 

vector for each element in configuration ‘"y (last converged/saved 

configuration) with the corresponding total nodal rotation 

pseudovectors and PK-2 stress vector at the end of the last iteration 

of the current step/increment (in configuration + ly). 

(3) Replace the nodal displacement vector in configuration tny (last 

converged/saved configuration) with the nodal displacement vector at 

the end of the last iteration of the current step/increment. 

(4) Initialize the Newton-Raphson iteration counter to k = 0 and go to 

step (A). 

1. Both residual and energy norms can be used as convergence criteria. The convergence criterion 

.2.(0) 
/ 100, where F is the vector of 

incremental external forces. The convergence criterion based on the energy norm is expressed as 

£(0) 
based on the residual norm is given as F < s F 

(F ) Ap <8 (F ) p 
c_(k+ 1) 

/100, where Ap is the last incremental nodal 

displacement vector. 
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9.6 Examples of Geometric Nonlinear Shell Structures 

The following section presents the examples of geometrically nonlinear shell structures. 

The material is assumed to be linear elastic. The results are checked against either 

analytical solutions, or experimental results, or other reliable numerical results reported in 

the literature by other researchers. 

9.6.1 The Elastica 

A cantilever of length L is subjected to a load P. The geometric and material 

characteristics of the cantilever column are given in Fig. 9.2. The above column can be 

modeled using shell elements by keeping only two displacements, axial and transverse, 

and one rotation per node as active degrees of freedom and restraining all other degrees of 

freedom to zero. The cantilever undergoes large translation and rotations and small strains. 

The analytical solution for this problem is available in the literature (Timoshenko et. al. 

1959). The horizontal displacement Ah, and the vertical displacement Av normalized with 

respect to the length L of the cantilever and the rotation 6 are plotted in Figs. 9.3, 9.4 and 

9.5, respectively, as a function of the load P normalized by the critical buckling load Pcr 

The critical buckling load is the Euler buckling load based on linear stability analysis, 

namely Pcr = 7t EI/{AL ). The finite element solution obtained compares very well 

with the analytical solution even for large displacements and rotations. 
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e 

Length: L = 10.0 

Thickness: t = 0.1 

Width: b= 1.0 

Area: A = 0.1 

Moment of inertia: I = 8.33 x 10 5 

Youngs modulus: E = 1.2 x 106 

Poissons ratio: v = 0.0 

Critical buckling load: Per = 2.467 

Number of elements: Nel = 10 

Number of nodes = 22 

The Elastica Problem 

Fig. 9.3 Normalized load-deflection relationship for the horizontal displacement, Ah, 
of the tip of the cantilever 
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Fig. 9.4 Load-deflection relationship for the vertical displacement, Av, of the cantilever 

Fig. 9.5 Load-rotation relationship for the rotation of the tip of the cantilever 
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9.6.2 Large Deflection of Cantilever Beam Subjected to End Moment 

In this example, a built-in cantilever is bent into circular form by an end bending moment. 

The geometric and material properties of the cantilever are shown in Fig. 9.6. The 

analytical solution for this problem can be obtained easily. For an end moment Myy as 

shown in Fig. 9.6, the cantilever bends into a circular arc with radius of curvature R given 

by (Argyris 1977): 

FI 
R =  (9.86) 

M( 1-v ) 
The load-deflection curves for the displacement components U and W in the X- and Y- 

direction, respectively, are shown in Fig. 9.7 along with the analytical solutions. There is a 

very good agreement between the finite element and the analytical solutions. The deflected 

shapes of the cantilever at moment load increments of M max/10 are displayed in Fig. 

9.8. Note that the cantilever closes into a perfect circle when the moment load reaches 

Myy max’ which is the theoretical moment required to deform the cantilever into a full 

circle. 

Ya 

in 
c-4 1 

t M 22 

100 cm 

Thickness t = 0.5 cm 

Young’s Modulus 
Poisson’s Ratio 
Number of Elements 

Moment of Inertia 

M ilyy.max 

E= 2.1 x 106 kp/cm2 

v = 0 
50 

Iyy = 0.0260 cm4 

—^n (El) = 3430.619 kp-cm 
L(l-v2) 

Fig. 9.6 Cantilever beam subjected to end moment 
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Fig. 9.8 Deflected shapes of cantilever subjected to end moment 
(Plotted at moment load increments of Mmax /10 ) 
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9.6.3 Finite Deflection of Fixed-Hinged Beam-Column 

A beam-column hinged at one end and fixed at the other end substends an angle a with the 

horizontal (see Fig. 9.9). The fixed end is supported on a roller and is free to move in the 

vertical direction only. Load P acts on the fixed end in the vertical direction. The material 

and geometric properties of the fixed-hinged beam-column are given in Fig 9.9. The load- 

deflection curves corresponding to various angles a are shown in Fig. 9.10. In the load- 

deflection curves, the load is normalized with respect to the Euler elastic buckling load Pcr 

for a = 90° and the deflection is normalized with respect to the length L of the beam. 

on0 • • u D u2eI ^El = 90 is given by Pcr = —— =   . 
L]ff (0.7 L)2 

= 50 

= 75.38 

= 490.08 

= 5.2 x 103 

= 0 

Fig. 9.9 Fixed-hinged beam-column subjected to load P and undergoing large 
displacements 

Notice that the deflection A at the critical buckling load decrease with the angle a. A 

sequence of unsealed deflected shapes is plotted in Fig. 9.8 for a = 90° and a = 30°. The 

sequence corresponds to the points marked along the load deflection curves for a = 90° 

The Euler elastic buckling load for a 

Length: L 

Area: A 

Moment of inertia: I 

Young’s modulus: E 

Poisson ratio: v 
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and a = 30° in Fig. 9.10. 

Fig. 9.10 Normalized load-deflection curves for various angles a of fixed-hinged 
beam-column 

Fig. 9.11 Sequence of .deflected shapes of fixed-hinged beam-column 
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9.6.4 Snap-Through of a Hinged Cylindrical Panel 

A cylindrical shell is subjected to a central load P, see Fig. 9.12. Two cases of radius-to- 

thickness ratio, namely R/t = 200 and R/t = 400, are considered. The two opposite 

ends of the panel along the circumferential direction are hinged while the other two ends 

are free. Due to the double symmetry, only a quarter of the panel is analyzed as shown in 

Fig. 9.12. The following geometric and material parameters describe the shell: 

R 

L 

t 

0 

E 

v 

Number of elements: 

= 2540 mm 

= 254 mm 

= 12.7 mm / 6.35 mm 

= 0.1 rad 

= 3102.75 N/mm2 

= 0.3 

16 

Number of degrees of freedom: 150 

The load-deflection curve at the center of the shell is shown in Fig. 9.13 for the case 

R/t = 200. For the case of R/t = 400, load-deflection curves are given in Fig. 9.14 for 

both the center point and the middle point of any of the free edges. The deflected shapes 

corresponding to points A to F marked on the load-deflection curves in Fig. 9.14 are 

plotted in Fig. 9.15. Note that the vertical deflection at the center (under the concentrated 

load) is large compared to that at the middle of the free edge until point B. The snap- 

through of the panel after point B leads to a larger deflection at the middle of the free edge 

(as compared to deflection under the load). Notice that the load-deflection curve at the 

center point kicks in the neighborhood of point D. After reaching point E, the deflection of 



280 

the free edge mid-point remains the same, while the deflection at the center point again 

overtakes it. 

Free 

Fig. 9.12 Cylindrical panel subjected to concentrated load 

The results shown in Figs. 9.13 and 9.14 are in good agreement with those reported in the 

literature by Simo and co-workers (1992). 



P 
[k

N
] 
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Fig. 9.14 Load-deflection curves at the center and edge of the cylindrical panel 
for R /1 = 400 
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1 

Middle point of 
the free edge 

Deflected shape at A Deflected shape at B 

Deflected shape at C Deflected shape at D 

Fig. 9.15 Sequence of deflected shapes of a quarter of a cylindrical panel 
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9.6.5 Finite Deflection of a Hinged Spherical Shell 

A spherical shell segment of radius R, hinged at the edges, substends an angle 0 at the 

center as shown in Fig. 9.16. A concentrated load P acts on the center of the shell. Due to 

symmetry, only a quarter of the shell is analyzed and symmetric boundary conditions are 

imposed on the planes of symmetry. The geometric and material parameters are in 

consistent units: 

E = 10000 

v = 0.3 

R = 100 

a = 30.9017 

t = 3.9154 

0 =36 degrees 

Number of elements: 100 

Number of nodes: 121 

The load deflection curve obtained is given in Fig. 9.17. The results are plotted for ten and 

twenty load steps and are in very good agreement with the analytical results of Leicester 

(1968) and the numerical results obtained by Jetteur and Frey (1986). 
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P,A 

Fig. 9.17 Load-deflection curve at the center of the hinged spherical shell 
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9.6.6 Collapse of a Rubber Spherical Shell 

The collapse of a clamped hemispherical shell, see Fig. 9.18, is analyzed and the results 

obtained are compared with those reported by Simo et al. (1992) and Taber (1982). Due to 

symmetry, only a quarter of the shell is analyzed. The geometric and material parameters 

describing the shell are as follows: 

E = 4000 KPa 

v =0.5 

R = 26.3 mm 

t = 4.4 mm 

Number of elements: 243 

Number of nodes: 271 

The load P is increased until the apex of the sphere suffers a vertical displacement equal to 

the radius of the sphere. The load deflection curve is shown in Fig. 9.19. The final 

deformed mesh of the rubber spherical shell is shown in Fig. 9.20. Note that the low 

radius-to-thickness ratio — = 5.97 implies that the rubber sphere is a thick shell in which 

shear deformations may be important. 
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t, 

Fig. 9.18 Collapse of a rubber spherical shell 

Fig. 9.19 Load-deflection curve for collapse of a rubber spherical shell 
1 
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Fig. 9.20 Final deformed shape of rubber spherical 
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CHAPTER 10 

NONLINEAR GEOMETRIC AND MATERIAL ANALYSIS 

OF SHELL STRUCTURES 

10.1 Introduction 

This chapter presents the method used for nonlinear geometric and material analysis of 

shell structures undergoing large displacements but small strains. Materially-nonlinear- 

only analysis of shells was presented in Chapter 7 in which plane stress plasticity (Chapter 

6) was used in conjunction with the curved linear shell element discussed in Chapter 5 to 

develop a nonlinear material shell element. In this chapter, the geometric nonlinear shell 

element developed in Chapter 9 will be extended for material nonlinearity. Each point of 

the shell is assumed to be under plane stress condition. Under the assumption of small 

tn+\ZL(k) *(k) 
strains, the second Piola-Kirchhoff stress vector, oS , of deformed configuration y 

~(k) 
with respect to the rotated undeformed configuration 1^ is approximately equal to the 

/n+i_*_(&) *(k) —(k) —(k) £-(k) 
Cauchy stress vector, cr , of configuration y in corotated axes X , Y , Z , i.e., 

0 S = O’ (10.1) 

The above approximation can be justified as follows. The nonlinear Marguerre strains of 

(k) -W 
configuration y with respect to configuration Ijj are given in Eqs. (9.7), (9.8), (9.9), 

— ; 

(9.10) and (9.11). Under the assumption of small strains, the term Em reduces to zero. 

Hence, the strains are approximately equal to the degenerated Marguerre strains given in 
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Eqs. (5.49), (5.50) and (5.51), namely small strains accounting for shallow initial 

curvature. Using the constitutive relations given in Eq. (5.52), the approximation in Eq. 

(10.1) is obtained. 

The steps involved in analyzing the nonlinear geometric and material behavior of shell 

structures are presented in the following section. As compared to geometrically-nonlinear- 

only analysis, the key additional step required to incorporate plasticity is material state 

determination at every global Newton-Raphson iteration. This consists of finding the 

th 
plastic strain vector, equivalent plastic strain and back stress vector at the k iteration of 

corresponding state, { €P, ep, an}, at the end of the previous time/load increment, the 

In other words, the state determination phase consists of determining the true internal 

restoring (resisting) stresses or forces for a given deformation state. Knowing the state 

time , are determined by integrating the rate constitutive equations (6.16), (6.20) and 

(6.21). The return map algorithm provides an efficient and robust method to obtain the 

the time/load increment knowing the 

(k) (k) 
total incremental displacement field u and the last displacement field increment Au 

variables {ep
n, ep, an} at time tn, the state variables 

update of these state variables. 



10.2 Step-by-Step Implementation of Geometric and Material Nonlinear 

Analysis of Shells 

(A) Knowing the global nodal displacement vectors U = l"u, u^ and A, the second 

Piola-Kirchhoff stress vector QS , the nodal rotation pseudo vectors ij\k 1 ^ and "rji 

of each element, the global external load vector F and the state variables 

{ep
n,e

p
n, an}: 

(A.l) Obtain the nodal_translation vector of element e as: 

Ue = L\ U 

uf = Ly
k) (10.2) 

T 
where the components of the localization matrix Lt are defined as: 

l.j = 1 when the ith translational degree of freedom of element e 

corresponds to the jth global displacement degree of freedom and 

l.j - 0 otherwise. Note that in practice, the matrix multiplication in 

Eq. (10.2) is not carried out explicitly. 

(A.2) Obtain the linearized incremental nodal_rotation vector of element e, 

(k) 
A<pe , in the last Newton-Raphson iteration as: 
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T where the components l- of the localization matrix Lr are defined as: 

ltj = 1 when the ith rotational degree of freedom of element e 

corresponds to the jth global displacement degree of freedom and 

(k) l- = 0 otherwise. Furthermore, A <p) denotes the rotation 

pseudovector associated with node i in the last Newton-Raphson 

iteration. 

(B) For each element e : 

t„- k) 
(B.l) Form the element local-to-global transformation matrices R and R 

using Eqs. (D.10) and (D.16). 

(B.2) Obtain the linearized incremental nodal rotation pseudovector Atoi in 

the last Newton-Raphson iteration, Eq. (D.30), 

A = 2tan 
A (p W 

(k-l) 
(B.3) Update the nodal rotation pseudovector, rji , using the 

(■k) corresponding linearized incremental rotation pseudovector A to) as 

in Eq. (D.38), i.e., 
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(*) 
Vi = 

A to 
(k) 

>4 V 
(*-1) 2 (ifc-1) 1 (*-1) . (*) 

+ ^ xAw J 

1 + Atw- (*) 

x sign Vi 
(*-1) 1/ (*-i) A (*)," 

(B.4) Evaluate the total incremental rotation pseudovector, (f>e , needed to 

evaluate the total incremental Marguerre strain vector from 

-(£) *(k) 
configuration y to y . To accomplish this, the rotation 

pseudovector <w, is first evaluated as explained in Section D.3.2. 

— (k) 
Then the rotation pseudovector <f>e is obtained from Eq. (D.30) as 

Mk) 
€pe — ,±ik) T »(*)/ -(*)/ 

(<P\ ) (<P2 ) (<P3 ) (<P4 ) 

where 

Mk) 
<Pi = 2atan 

A^ik) \ 
Oil 

2 
) 

where 

(10.3) 

The above rotation pseudovector then defines the rotation components 

~_(k) 
of the total incremental displacement vector p in Eq. (9.83). 

t„Mk) *(k) 
(B.5) Evaluate the incremental nodal translation vectors Ue and ue using 

Eqs. (D.17). 
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(C) Integrate the flow rule and hardening law at each integration point of each element 

using the return map algorithm summarized in Section 6.9. 

(C.l) Evaluate the trial elastic state, see Section 6.9 and Eq. (9.83), as: 

t„+\±_{k)Trial 
(T 

t„+i~(k)Trial 

0 S = + D(E
? - E1 

Trial ln + \_^_{k)Trial 
Vn + \ = tr 

-p, Trial -p 
en+\ = €n 

(C.2) Check the yield condition: 

1 , Trials T . 
< 0, then the trial elastic state 

{k) + 
represents the true solution at tn + j and D = D. Otherwise, 

proceed with the plastic corrector step outlined below. 

(k) 
(C.3) Satisfy the consistency condition at tn + j : 

(k) 
solve the following scalar nonlinear algebraic equation /(An + j) = 0 

(k) 
for \n + j using a local Newton-Raphson scheme. 

/(A®,) = (/2(A<‘i,)-*2(A^1) = 0 

where 



\ _ 1 

2 f(Kl.) 
(fnal)2 

3Ms<rb) 

«, JTrial2 JTriaL2 

1 2(f22 ) +(f12 ) 
£ 2, 

"
2
MTT; *i"*» 

D2, .(*) . 1 2.,-p (k) 
R (A«+i) = 3* («+i) ) 

(-pP \{k) - -Pr + \{k) rf(A(k) ) 
yen+ l) - en+An+lJ2J^An+l) 

(C.4) Compute the modified algorithmic elastic tangent matrix 

kAn + 1' “ D + 

Ak) 
ln+ 1 

i , Ak) 1 + 2nkinAn+ 1 

(k) 
(C.5) Update the stress and plastic strain vectors at tn + 

n{k) rln+ 1 
1 

1 +2AW H 1 + 3An+ \nkin 

+*,Ak) NFv-l Trial 
~(K+0

D v„ + i 

(k) 2.(it) rr (t) 
+ 1 — 'i An + 1 ^kin *ln + 1 

Jn+l^(t) (it) (it) 
" = »l„+l +«„+! 

(*«+/)'' = 
(*) -r’ , pfr Ak) \ 

€n + j3An+\JyAn + l) 

(ep )W 
ken + 1> 

CP , XW »_(*) 
®n A/i + 1 1 

(C.6) Compute the consistent elastoplastic tangent moduli: 
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n+\£-(k) _ ^ [~v*« + \)PWn+ \)^Vn + ll 
U ~ ~V*„+i) — f — — 77T  

(Vnl/rBUnlOPVnll+fin' + 1 

Jk) - 1 ±2-\{k) H 7/ 2^n+\™kin 

yf 1 — f/ 1 ~ J"IsoAn+ 1 

(k) 
75W _ 27/ (k) „ (k)., (k) T w 
Pn+ 1 o (k)^H ‘soy I H kiny 2 ^(*ln+l^ ^>rin + 

72 

(D) For each element e, evaluate the consistent (or algorithmic) tangent stiffness matrix, 

the internal resisting force vector, and the residual load vector. 

— (k) 
(D.l) Evaluate the element tangent stiffness matrix, Kh,e, in the local 

yv ( k ) 
coordinate system associated with the element in configuration y 

using Eq. (9.74). 

(it) 
(D.2) Evaluate the equivalent nodal load vector, FF , due to the external 

forces using Eq. (9.69). 

(D.3) Instead of evaluating the second Piola-Kirchhoff stress vector, 0S 

(k) — w 
in configuration y referred to reference configuration IQ using Eq. 

(9.83), as in geometrically-nonlinear-only analysis, the PK-2 stress 

vector is obtained from the results of the state determination in step 

(C.5), i. e., <T 
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(D.4) Evaluate the internal resisting force vector, Fs , due to the internal 

fn+I-(k) (ft) 
stresses oS in configuration y using Eq. (9.71). 

-W 
(D.5) Evaluate the nodal residual load vector FR, e using Eq. (9.75). 

(E) Transform to global coordinates. 

(E.l) Transform the element consistent tangent stiffness matrix and nodal 

residual load vector to global coordinates using Eq. (9.76) to obtain the 

-(*) 
consistent tangent stiffness matrix Kr,e and nodal residual load vector 

FG, e of shell element e in global coordinates. 

(F) Perform direct stiffness assembly. 

(F.l) Assemble the element tangent stiffness matrix and residual load vector 

Mk) 
obtained in step (D.l) into the tangent stiffness matrix KT and 

residual load vector F of the whole shell structure using Eq. (9.80). 

(G) Check for convergence. 

(G.l) Check if residual norm and/or energy norm is bounded by a pre¬ 

specified tolerance, see footnote on p. 271 

If not converged then: 

(1) Update the total incremental displacement vector in global 

coordinates. 

(2) Go to step (A). 
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Else if converged then: 

SLA 

(1) Increment the global load vector F . 

(2) Replace the nodal rotation pseudovectors t"r]i and second Piola- 

Kirchhoff stress vector, $, for each element in configuration ‘"y 

(last converged/saved configuration) with the corresponding total 

nodal rotation pseudovectors and total PK-2 stress vector at the 

end of the last iteration of the current step/increment (in 

configuration ,n + 1y). 

(3) Replace the nodal total displacement vector in configuration ‘"y 

(last converged/saved configuration) with the nodal total 

displacement vector at the end of the last iteration of the current 

step/increment. 

(4) Replace the state variables, {eP
n, ep, an} in configuration ‘"y (last 

converged/saved configuration) with the state variables 

{ ep + j, ep + ], an + ]} at the end of the last iteration of the current 

step/increment. 

(5) Re-initialize the Newton-Raphson iteration counter to k = 0 and 

go to step (A) for the next load step/increment. 
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Plastic region at load P = 24.0 

Plastic region at load P = 26.0 

Plastic region at load P = 28.0 

Fig. 10.16 (contd.) Spread of plasticity 
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CHAPTER 11 

COLLAPSE ANALYSIS OF TUBULAR JOINTS 

11.1 Introduction 

The shell elements developed during the course of this study are used to perform a 

collapse analysis of welded tubular joints. Three typical tubular joints are considered to 

first validate the finite element results by comparing them against experimental results 

available in the literature. A parametric study is then carried out for tubular T-joints to 

investigate the effects of various dimensionless parameters on their collapse load. 

11.2 Correlation of Numerical and Experimental Results 

11.2.1 Actual Tubular T-Joint 

Consider the actual tubular T-joint whose geometric and material parameters are given in 

Fig. 11.1. The chord is simply supported at its ends. The simply supported conditions of 

the chord are simulated by restraining to zero all the nodal vertical displacements of both 

end cross-sections while keeping all other degrees of freedom free, see van der Valk 

(1990). The material is modeled using J2-plasticity. The table of plastic strain verses stress 

for uniaxial stress-strain condition is given in Fig. 11.1. A tri-linear stress-strain curve is 

assumed. Only a quarter of the joint model is considered for analysis due to symmetry. 

The brace at the top is loaded in compression axisymmetrically with a total load P. The 

experimental results for this joint have been reported by van der Valk (1990). The load- 

deflection curve for the T-joint based on the nonlinear geometric and material shell 

element developed is obtained for a fine and coarse mesh and is given in Fig. 11.2. It is 

noticed that the collapse load computed using the fine mesh finite element model is close 
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(within 8 percent) to the experimental collapse load reported by van der Valk (1990). The 

plasticity index JT2/o0 computed using the coarse finite element mesh is plotted in Figs. 

11.4 and 11.5 for the top (outer) and bottom (inner) surfaces of the joint in its deformed 

configuration (corresponding to point A in the load-deflection curve shown in Fig. 11.3). It 

is observed that there is a larger plastic region on the top (outer) surface than on the 

bottom (inner) surface. The tubular joint is now analyzed using geometrically-nonlinear- 

only, materially-nonlinear-only and geometric and material nonlinear analysis and the 

load-deflection curves are shown in Fig. 11.6 and compared to the experimental curve (van 

der Valk 1990). The numerical results indicate that the actual nonlinear behavior of the T- 

joint is dominated by material nonlinearities. The geometrically-nonlinear-only analysis 

gives a collapse load about 10 times higher than the experimental collapse load. The post¬ 

peak behavior is captured accurately only if the analysis includes also the geometric 

nonlinearity. As shown in Fig. 11.7, the large changes in geometry lead to ovalization of 

the chord member. The nonlinear geometric and material finite element model (fine mesh) 

of the T-joint was subjected to cyclic loading. The brace was loaded in compression until 

the top of the brace exhibited a vertical deflection of 40 mm. Subsequently, the load was 

reversed and an upward load was now applied until the top of the brace exhibited a net 

upward deflection of 40 mm. The loading was again reversed and a downward load was 

applied until the top of the brace suffered a net downward deflection of 40 mm. The load 

deflection curves obtained during this loading sequence is shown in Fig. 11.8. 
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Chord diameter; 

Chord thickness: 

Chord length: 

Brace diameter: 

Brace thickness; 

Brace length: 

Young’s modulus: 

Poisson’s ratio: 

Yield stress: 

Number of elements (fine): 

Number of nodes (fine): 

Number of elements (coarse): 

Number of nodes (coarse): 

Number of Lobatto integration 
points through the thickness: 

D = 838 mm 

T = 25.4 mm 

L = 3000 mm 

d = 406.4 mm 

t =10 mm 

1 = 1200 mm 

E = 2.1 X 105 N/mm^ 

v =0.3 

CTy = 306 N /mm^ 

396 

452 

210 

255 

5 

Geometric parameters 

a 2 L 
D 

P d 

D 

7 D 
IT 

T t 
T 

Uniaxial 
Plastic 
Strain 

Uniaxial 
Stress 
N/mm2 

0 306 = cr0 

0.0731 400 

0.23 426 

Fig. 11.1 Actual tubular T-joint 
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P[kN] 

P[kN] 
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TOP SURFACE 
Min = 3.64E-01 

Max = 1.29E+00 

9.95E-01 

9.96E-01 

9.97E-01 

9.98E-01 

9.99E-01 

1.00E+00 

Current View 
Min = 3.64E-01 
X = 2.02E+01 
Y = 7.20E+01 
Z = 0.00E+00 
Max = 1.29E+00 
X= 1.92E+01 
Y = 2.27E+01 
Z=-1.10E+01 

Fig. 11.4 Plasticity index at the top (outer) surface of the T-joint (for point A in Fig. 11.3) 

BOTTOM SURFACE 
Min = 3.86E-01 

Max = 1.29E+00 

9.95E-01 

9.96E-01 

9.97E-01 

9.98E-01 

9.99E-01 

1.00E+00 

Current View 
Min = 3.86E-01 
X = 1.50E+02 
Y =-9.32E+00 
Z =-4.08E+01 
Max = 1.29E+00 
X = 0.00E+00 
Y = 2.02E+01 
Z =-3.01 E+01 

Fig. 11.5 Plasticity index at the bottom (inner) surface of the T-joint 
(for point A in Fig. 11.3) 
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P[kN] 

Fig. 11.7 Deflected shape from geometrically-nonlinear-only analysis at A =150 mm 
(no scaling applied) 
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P[kN] 

11.2.2 Actual Tubular DT-Joint 

An actual double T-joint is considered next. The geometrical configuration of the joint is 

shown in Fig. 11.9. The geometric and material parameters are also given in the Fig. 11.9. 

Only an eighth of the DT-joint is analyzed due to symmetry. The ends of the chord are 

closed by circular diaphragms infinitely rigid in-plane, completely flexible out-of-plane 

and simply supported. The braces are loaded in compression as shown in Fig. 11.9. The 

experimental load-deflection curve for this DT-joint was obtained by Weinstein and Yura 

(1985). The joint was analyzed by the nonlinear geometric and material shell element 
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developed in this study and the computed load-deflection curve is given in Fig. 11.10 

together with the experimental curve. In this problem, the initial stiffness is well captured. 

The computed collapse load predicts the experimental collapse load within 12 percent 

which is in the range of experimental accuracy. The quantity or plasticity index JT2/o0 is 

plotted in Figs. 11.11 and 11.12 for the top (outer) and bottom (inner) surfaces of the DT- 

joint at the load level corresponding to point A in Fig. 11.10. It is observed that the extent 

of the plastic region is almost the same at the top (outer) and bottom (inner) surfaces of the 

DT-joint. The deformed shape of the DT-joint is shown in Fig. 11.13 for the load level 

corresponding to point A in Fig. 11.10. Note that the chord cross-section undergoes severe 

distortion (ovalization). Also, the plasticity index at the top (outer) surface is plotted on 

the deformed shape of the DT-joint in Fig. 11.14. 

11.2.3 Actual Tubular K-Joint 

One end of the chord of a K-joint is fixed and the other end is free as shown in Fig. 11.15. 

The end of one brace is fixed and the end of the other brace is free to move in the brace 

axial direction. The geometric and material properties are given in the Fig. 11.15. The 

experimental load-deflection curve was obtained by Kurobane et al. (1986). Fig. 11.16 

shows both the experimental load-deflection curve and the one computed using the 

nonlinear geometric and material shell element developed in this study. It can be seen that 

the numerical results predict reasonably well the experimental ones. The initial stiffness is 

also well predicted in this problem. The collapse load is predicted within 13 percent 

accuracy. 
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\ P,A 

Poisson’s ratio: 

Yield stress: 

Number of elements: 

Number of nodes: 

Number of Lobatto integration 

points through the thickness: 

v =0.3 

(jy = 47.1 Ksi 

893 

825 

Fig. 11.9 Actual tubular DT-joint 
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Fig. 11.10 Numerical and experimental load-deflection curves for the DT-joint 
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TOP SURFACE 
Min = 9.33E-02 

Max = 1.39E+00 

9.95E-01 

9.96E-01 

9.97E-01 

9.98E-01 

9.99E-01 

1.00E+00 

Current View 
Min = 9.33E-02 
X = 4.47E+00 
Y= 1.06E+01 
Z =-2.98E+00 
Max = 1.39E+00 
X = 3.49E+00 
Y = 6.88E+00 
Z =-4.09E+00 

Fig. 11.11 Plasticity index at the top (outer) surface of the DT-joint 
(for point A in Fig. 11.10) 

BOTTOM SURFACE 
Min = 5.49E-02 
Max = 1.38E+00 

9.95E-01 

9.96E-01 

9.97E-01 

9.98E-01 

9.99E-01 

1.00E+00 

Current View 
Min = 5.49E-02 
X = 0.00E+00 
Y = 2.80E+01 
Z =-5.38E+00 
Max = 1.38E+00 
X = O.OOE+OO 
Y = 5.93E+00 
Z =-5.38E+00 

Fig. 11.12 Plasticity index at the bottom (inner) surface of the DT-joint 
(for point A in Fig. 11.10) 
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Fig. 11.13 Deformed shape of the DT-joint for point A in Fig. 11.10 

TOP SURFACE 
Min = 9.33E-02 

Max = 1.39E+00 

2.79E-01 

4.65E-01 

6.51 E-01 

8.37E-01 

1.02E+00 

1.21E+00 

Current View 
Min = 9.33E-02 
X = 4.46E+00 
Y = 9.02E+00 
Z =-2.99E+00 
Max = 1.39E+00 
X = 3.48E+00 
Y = 5.28E+00 
Z =-4.10E+00 

Fig. 11.14 Plasticity index at the top(outer) surface in the deformed DT-joint (for 
point A in Fig. 11.10) 
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Young’s Modulas of chord material: E = 20xl05 N/mm2 

Young’s Modulas of brace material: E = 23.5 x 105 N/mm2 

Poisson’s ratio: v =0.3 

Number of elements: 1036 

Number of nodes: 1132 

Number of Lobatto integration 

points through the thickness: 5 

Fig. 11.15 Actual tubular K-joint 

Brace Material 

Uni-axial 
Plastic strain 

Uni-axial Stress 
N/mm2 

0 361.9 = CF{) 

0.013 373.81 

0.028 402.38 

0.0423 413.1 

0.0714 425.0 

Chord Material 

Uni-axial 
plastic strain 

Uni-axial stress 
N/mm2 

0 454.76 = a 0 

0.001 469 

0.0232 521.43 

0.0333 533.33 
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Fig. 11.16 Numerical and experimental load-deflection curves for the K-joint 

11.3 Parametric Study of Collapse Load for T-Joint 

A parametric study was conducted for the tubular T-joint. The purpose was to study the 

effects of various dimensionless geometric parameters of the joint on its computed 

collapse load. The dimensionless geometric parameters of the T-joint are tabulated in Fig. 

11.1. In the present study, the effects of the parameters p, a and y on the collapse load 

were investigated. Parameter T was fixed as T = 0.4. The thickness of the chord and brace 

were chosen as T = 2.5 cm and t = 1cm, respectively. The Young’s modulus and 

Poisson’s ratio for the tubular joint material are taken as: 

Young’s Modulus: E = 2.1 x 105 N /mm2 
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Poisson’s ratio: v = 0.30 

The piecewise linear uniaxial stress-plastic strain curve for the material, with pure 

isotropic hardening, is defined in Table 11.1 below. 

Table 11.1 Uniaxial Stress versus Plastic Strain 

Uni-axial Uni-axial Uni-axial Uni-axial 
Plastic Stress Total Elastic 
Strain [N/mm2] Strain Strain 

0 340 0.0001619 0.0001619 

0.0729 440 0.075 0.002095 

0.2279 450 0.23 0.002140 

11.3.1 Effect of Parameter P on Collapse Load of T-Joint 

To study the effect of parameter (3, the ratio of the brace diameter to the chord diameter, on 

the collapse load, a set of 20 tubular joints was selected the parameters of which are given 

5 2 
in Table 11.2. The material parameters of the tubular joints are E = 2.1 x 10 N /mm 

and v = 0.30, respectively. The load-deflection curves of these 20 cases were obtained 

using the geometric and material nonlinear shell element developed in this study are 

shown in Figs. 11.17 through 11.20. The collapse loads were then obtained from these 

curves and plotted as a function of p in Fig. 11.21. It is seen in Fig. 11.21 that the collapse 

load increases with parameter (3 for constant a and y parameters. 
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Table 11.2 Dimensions and Dimensionless Geometric Parameters of T-Joint 

D 
[cm] 

d 
[cm] 

L 
[cm] 

1 
[cm] 

t 
[cm] 

T 
[cm] 

a P y 

1. 60 12 180 50 1 2.5 6 0.2 12 

2. 60 24 180 80 1 2.5 6 0.4 12 

3. 60 36 180 80 1 2.5 6 0.6 12 

4. 60 48 180 80 1 2.5 6 0.8 12 

5. 60 60 180 80 1 2.5 6 1.0 12 

6. 60 12 360 50 1 2.5 12 0.2 12 

7. 60 24 360 80 1 2.5 12 0.4 12 

8. 60 36 360 80 1 2.5 12 0.6 12 

9. 60 48 360 80 1 2.5 12 0.8 12 

10. 60 60 360 80 1 2.5 12 1.0 12 

11. 100 20 300 50 1 2.5 6 0.2 20 

12. 100 40 300 70 1 2.5 6 0.4 20 

13. 100 60 300 90 1 2.5 6 0.6 20 

14 100 80 300 110 1 2.5 6 0.8 20 

15. 100 100 300 110 1 2.5 6 1.0 20 

16. 100 20 600 80 1 2.5 12 0.2 20 

17. 100 40 600 100 1 2.5 12 0.4 20 

18. 100 60 600 110 1 2.5 12 0.6 20 

19. 100 80 600 110 1 2.5 12 0.8 20 

20. 100 100 600 110 1 2.5 12 1.0 20 
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11.3.2 Effect of Parameter a on Collapse Load of T-Joint 

To study the effect of parameter a, the ratio of the length of the chord to its radius, on the 

collapse load for constant y and (3, the cases summarized in Table 11.3 were considered. 

Table 11.3 Dimensions and Dimensionless Geometric Parameters of T-Joint 

D 
[cm] 

d 
[cm] 

L 
[cm] 

1 
[cm] 

t 
[cm] 

T 
[cm] 

a P 7 

1. 60 24 180 80 1 2.5 6 0.4 12 

2. 60 36 180 80 1 2.5 6 0.6 12 

3. 60 48 180 80 1 2.5 6 0.8 12 

4. 60 24 360 80 1 2.5 12 0.4 12 

5. 60 36 360 80 1 2.5 12 0.6 12 

6. 60 48 360 80 1 2.5 12 0.8 12 

7. 60 24 540 80 1 2.5 18 0.4 12 

8. 60 36 540 80 1 2.5 18 0.6 12 

9. 60 48 540 80 1 2.5 18 0.8 12 

5 2 
The material parameters used in this parametric study are E = 2.1 x 10 N /mm and v = 

0.30, respectively. The load-deflection curve for these 9 cases were obtained using the 

nonlinear geometric and material shell element developed in this study and are shown in 

Figs. 11.22, 11.23 and 11.24. The collapse loads can then be obtained from these curves 

and plotted as a function of a as shown in Fig. 11.25. It is observed that the collapse load 

decreases with the parameter a for a constant (3 and y parameters. Further, for high values 

of (3, the collapse load decreases with respect to a at a faster rate. 
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11.3.3 Effect of Parameter y on Collapse Load of T-Joint 

To study the effect of parameter y, the ratio of the radius of the chord to its thickness, on 

the collapse load, the 9 cases reported in Table 11.4 were considered. 

Table 11.4 Dimensions and Dimensionless Geometric Parameters of T-Joint 

D 
[cm] 

d 
[cm] 

L 
[cm] 

1 
[cm] 

t 
[cm] 

T 
[cm] 

a P 7 

1. 60 24 180 80 1 2.5 6 0.4 12 

2. 60 36 180 80 1 2.5 6 0.6 12 

3. 60 48 180 80 1 2.5 6 0.8 12 

4. 100 40 300 70 1 2.5 6 0.4 20 

5. 100 60 300 70 1 2.5 6 0.6 20 

6. 100 80 300 110 1 2.5 6 0.8 20 

7. 140 56 420 110 1 2.5 6 0.4 28 

8. 140 84 420 110 1 2.5 6 0.6 28 

9. 140 110 420 150 1 2.5 6 0.8 28 

The load-deflection curves for these 9 cases are plotted in Figs. 11.26, 11.27 and 11.28. 

The corresponding collapse loads are shown in Fig. 11.29 as a function of y for a = 6. It is 

noticed that the collapse load increases with y for fixed values of a and (3. 
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Fig. 11.18 Computed load-deflection curves for 7 = 12 and a = 12 
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Fig. 11.19 Computed load-deflection curves for 7 = 20 and a = 6 

Fig. 11.20 Computed load-deflection curves for 7 = 20 and a = 12 
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Fig. 11.22 Computed load-deflection curves for y = 12 and p = 0.4 
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Fig. 11.23 Computed load-deflection curves for 7 = 12 and (3 = 0.6 

Fig. 11.24 Computed load-deflection curves for 7 = 12 and (3 = 0.8 
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Fig. 11.26 Computed load-deflection curves for a = 6 and (3 = 0.4 
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Fig. 11.27 Computed load-deflection curves for a = 6 and (3 = 0.6 

Fig. 11.28 Computed load-deflection curves for a = 6 and (3 = 0.8 



343 



344 

CHAPTER 12 

CONCLUSIONS 

12.1 Summary of Work 

In the first part of the work, an automatic geometric modeling and mesh generation 

program was developed in order to ease the effort of joint data preparation and to carry out 

parametric studies on the collapse load of the tubular joints. The program is able to 

generate automatically the finite element models of T-, K- and DT-joints. The input of the 

program consists simply of the direction cosines of the axis and the radius of the various 

intersecting cylinders and output is a file ready for direct use by the finite element shell 

analysis program. 

Next, flat and a curved shell element were developed for linear shell analysis and 

implemented in the general purpose research oriented finite element analysis program 

FEAP. The developments closely followed the work of Allman (1988) for the membrane 

part and Batoz (1982) for the plate part of the linear shell element. The resulting finite 

element formulation has six degrees of freedom per node. When the conventional 

displacement based formulation is used with Allman type interpolation, the sixth nodal 

degree of freedom is just a parameter used to interpolate higher order membrane 

displacements and can be interpreted as an in-plane rotation. If the mixed discrete 

variational principle proposed by Hughes and Brezzi (1989) is used with Allman type 

interpolation, the sixth nodal degree of freedom enjoys the definition of a true continuum 

mechanics based in-plane rotation. Several benchmark problems were solved to validate 

the performance and robustness of the element. The initial curvature effects were 
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incorporated using linear Marguerre’s shell theory. It was found that the initial curvature 

effects can be added through a simple modification of the stiffness matrix of the linear flat 

shell element. This modification can be performed outside the Gauss integration loop thus, 

it leads to considerable computational savings. 

In the next step, the integration algorithm for plane stress elastoplasticity was 

implemented in FEAP. Von Mises yield criterion and the associated Prandtl-Reuss flow 

rule with isotropic and kinematic hardening were used to model the inelastic material 

behavior. Two benchmark plane stress problems were considered to validate the working 

of the algorithm and its implementation. 

Next, the linear flat and curved shell elements were extended to incorporate material 

nonlinearity. The shell was considered as a multi-layered medium and each layer was 

assumed to be under plane stress condition. Thus, the plane stress elastoplastic material 

model developed earlier could be used in conjunction with the linear flat and curved shell 

elements to obtain a materially-nonlinear-only flat and curved shell elements. It was noted 

that even in the case of the flat shell element (for which membrane and bending effects are 

uncoupled at the element level in linear shell analysis), the membrane and bending effects 

are coupled at the element level in nonlinear material analysis. Both, the displacement 

based formulation (using Allman type interpolation) and the mixed formulation (Allman 

type interpolation with the discrete mixed variational principle of Hughes and Brezzi) 

were used. In the latter case, the rotation is a true continuum mechanics based rotation. 

This enables solution of beams and shell intersection problems. Several benchmark 

problems of nonlinear material analysis of shells were solved in order to evaluate the 
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performance of the element developed. 

In the following step, the linear curved shell element was extended to account for 

nonlinear geometry effects (large displacements and rotations but small strains). The 

formulation was purely displacement based. The strains were considered small and the 

material was assumed linear elastic (in terms of Green-Lagrange strains and second Piola- 

Kirchhoff stresses). As in earlier work by Jetteur and Frey (1986), the Total corotational 

formulation (a Lagrangian formulation) was used to express the equilibrium of the 

structure in its deformed configuration. Thus, the equilibrium of the current deformed 

configuration was expressed in the reference configuration chosen as the initial 

undeformed configuration rigidly rotated and translated to a position close to the current 

deformed configuration. The method of analysis is explained in details in Chapter 9. 

Several benchmark problems of nonlinear geometric analysis of shell structures were 

solved in order to validate the analysis method and assess the performance of the nonlinear 

geometric shell element developed. 

Next, the geometric nonlinear shell element considered in Chapter 9 was extended to 

include material nonlinearity. It was assumed that strains remain small whereas 

displacements and rotations can be large. Several benchmark problems of nonlinear 

geometric and material shell analysis were considered in order to validate the analysis 

method developed and assess the performance of the nonlinear geometric and material 

shell element developed. 

In the last part of the work, three tubular joint examples were considered to compare the 

nonlinear finite element results with the corresponding experimental results. These were a 
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T-, K- and DT-joint. For each of the joints, the collapse load and the load-deflection curve 

were computed and compared with the corresponding experimental results. 

Finally, a set of forty-five tubular T-joints was selected to study the effects of the various 

geometric parameters of T-joints on their collapse loads. 

12.2 Summary of Findings 

The most significant findings of the present research are summarized below: 

Comparison with several existing solutions of benchmark problems and analytical 

solutions from classical shell theory showed that the linear flat and curved shell elements 

developed are capable of providing results of sufficient accuracy in linear shell analysis. It 

was also found that with a very small extra computational effort, the curved shell element 

performs significantly better than its flat counterpart for coarse finite element meshes. In 

each of the benchmark problems, both elements were found to converge to the same 

known solution. A cylinder-cone intersection problem for which an exact analytical 

solution was developed showed that not only the displacements but the stress resultants 

and moment resultants are also predicted accurately by the analysis using finite element 

procedure. The six degree of freedom per node ease considerably the modeling of shell 

intersection problems. It was found that analyses using a displacement based formulation 

and a mixed formulation yield comparable results. However, the shell finite element 

analysis procedure based on mixed formulation gives to the sixth degree of freedom the 

definition of a true continuum mechanics based rotation. 

The numerical results obtained for the two plane stress elasto-plasticity benchmark 

problems compare very well with published numerical and analytical results. Also, the 
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Newton-Raphson incremental-iterative procedure developed was found to converge 

quadratically (asymptotically) for these two benchmark problems. 

The analyses performed using materially-nonlinear-only shell elements also exhibited the 

expected asymptotic rate of quadratic convergence. Several examples were considered 

with elastic perfectly plastic as well as hardening von Mises material. Both the 

displacement based and mixed based formulations were used in developing the flat and 

curved materially-nonlinear-only shell elements. The mixed formulation allows the 

solution of beam-to-shell intersection problems by using only beam and shell elements. 

The geometrically-nonlinear-only curved shell element developed was tested extensively 

using several benchmark problems and analytical solutions available. It was seen that it 

can be used to solve problems involving buckling, snap-through and snap-back. Also, the 

shell structure can undergo very large rotations and translations as long as the strains 

remain small. 

The analysis results obtained using the geometric and material nonlinear shell element 

developed compared very well with corresponding published results even for very large 

displacements and extensive plastic flow. 

Lastly, the results (load-deflection curve and collapse load) of the geometric and material 

nonlinear analysis of an actual tubular T-joint compared very well with the experiment 

results. This is the ultimate test of the nonlinear analysis procedure developed. The 

collapse load prediction for an actual K-joint and DT-joint had a 15 percent error. This 

error is perfectly acceptable in the light of the various uncertainties affecting the 
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experimental procedure and testing. 

12.3 Recommendations for Future Research 

Based on the findings of the present research, the following recommendations are made 

for future research. 

1. Since a large number of platforms are damaged by dents due to dropped objects and 

collisions, the analysis of dented tubular joints for their collapse load is very important 

to the offshore petroleum industry. Such analysis could be performed by creating 

artificial dents in the finite element models of the tubular joints and then performing 

the analysis. The nonlinear shell elements developed during the course of the present 

study can easily be used directly to analyze such dented tubular joints. 

2. Tubular joints used in offshore platforms are frequently stiffened. The six degrees of 

freedom per node used in the present shell elements developed here allow easy 

modeling of stiffeners using shell elements. 

3 The nonlinear joint model can be integrated within an overall offshore platform model 

and the effects of joint nonlinearities on the overall dynamic behavior of the platform 

model and can be analyzed. 

4. The advanced nonlinear geometric and material shell finite element developed in this 

study can be extended to include analytical response gradient computation. The 

extended nonlinear shell element would then provide the basis of a finite element 

reliability method for shell structures for which the effects of the random variability 

(or uncertainty) affecting geometrical, material and load parameters on the 

performance of the structure could be determined. 
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APPENDIX A 

FINITE ELEMENT APPROXIMATION OF MARGUERRE’S STRAINS 

A.l Membrane Strains in Beam 

The average elongational strain of a beam due to its initial curved geometry is given by1: 

L 

e
m = i\z,xw,xdx 

o 

The displacement interpolation for w in Eq. (3.37) can be rewritten as 

w = M1(^)w1+M2(^)w2 + M3(^)|ei-M4(^)^e2 

in which the interpolation functions are defined as 

M,(5) = i(2-3i;ti;3) M3(i;) = I -1 - f;2 + i;3 

M2{%) = ^(2 + 3^-£3) Af4(5) = l+£-^2-^3 

The interpolation in Eq. (A.2) is also used to interpolate the initial curved geometry of the 

beam as 

z = M1(^)z1+M2(^)Z2 + M3(^)|a1-M4(^)|a2 (A.4) 

Using the interpolations for w and z given in Eqs.(A.2) and (A.4) in Eq. (A.l) gives 

em = zbaw (A-5) 

where, 

(A.l) 

(A.2) 

(A.3) 

1. The uni-axial nonlinear Marguerre’s strain for a beam is given by: 

E XX 

2 2 
du 1 dwdw d w _ „ d w 

dl+ + 2dllh~“ £ + £m + m_za7 
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(A.6) 

Using the above interpolation for w, the contribution of the quadratic term in w to the 

beam average elongational strain, i.e., 

Em = Trjw,x
w,xdx (A.7) 

can be expressed as 

o 

1 T 
Em = 2W b*W (A.8) 

Hence, the Marguerre average membrane strain for an initially curved beam is given by 

(A.9) 
T 1 T 

E = £ + Em+Em = bu+Z baW + -W baW 

where the first term e is the contribution of the in-plane (axial) displacement of the beam 

and is given by 

e = bu = j(u2 u,); u = (A. 10) 
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A.2 Membrane Strains in Triangular Elements 

To extend the concept of elongational strains in beams to triangular and quadrangular shell 

elements, the strain state of the element is expressed in terms of a set of independent 

elongational strains. A three-noded membrane element has six degrees of freedom. Hence 

it has six modes of displacement. Three of these six modes are strain-free rigid body 

modes. Hence three independent elongational strains are needed to represent the 

membrane strain state of the element. The three elongational strains of the edges are 

chosen as the independent strains. Each edge elongational strain is expressed using Eq. 

(A.5). It may be noted that vectors z,- (out-of-plane configuration) and w{ (out-of-plane 

displacement) in Eq. (A.5) are local to the edge i under consideration and will therefore be 

referred to here as (z/) • and (w^) . Hence a transformation matrix Ti from the edge local 

reference system to the element local reference system is needed to form the strain- 

displacement matrix in the element local coordinate system, i.e., 

The edge local displacement vector wi and shape vector z, can be expressed in terms of 

the element nodal displacement vector pp and shape vector pz in element local 

coordinates through the following relations: 

(A. 11) 

(H’/). = LiPp 

(*/),- = LiPz 

(A. 12) 

in which vectors pn and p. are defined as 
r Z, 
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Pp - [Wj, 0^1, 0vl, W2, Qx2, 6V2> W3’ ®X3> ^3] 

T (A. 13) 
Pz = kl> ax\’ ay 1 ’ z2> ax2’ ay2’ z3’ ax3’ ay3^ 

and the components (Ljk)i of the localization matrix L- are defined such that (Ljk). = 1 if 

the jth dof of edge i corresponds to the kth element degree of freedom and (L^); = 0 

otherwise. 

Using Eq. (A. 12) in Eq. (A. 11) gives 

(EJ,- = = PT
z(

LffiLiPp = PT
zFiPp (A. 14) 

in which matrix F- is defined as 

F,- = (L,)7/,L. (A. 15) 

Each of the three independent edge elongational strains is formed using Eq. (A. 14). The 

vector of independent edge elongational strains is then transformed into the contribution 

of the membrane strain vector due to the curved geometry of the shell as, see Eq. (5.80), 

PTzF\Pp 
T 

PzFl 

em = C 
PTzF2Pp 

= c T 
PzF 2 

/zF3Pp_ 
T 

[PzF 3J 
(A. 16) 

in which matrix C is defined in Eq. (5.79) as 

C = BAT(AAT)~l = BT (AM) 

In the above equation, matrix T defined as: 

T T ~ 1 
T = A (AA ) (A. 18) 
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is used to ease the finite element implementation. Matrix A in Eq. (A. 18) is the 

elongational strain-displacement matrix defined in Eq. (5.76). Substituting Eq. (A. 17) in 

Eq. (A. 16) gives 

T 
PzF\ 

Tv 
PzF 1 

T 
PzF 2 

Pp = CBzpp = BT T 
PzF 2 

T 
[pz

F 3J T 
[PzFlJ 

BTBzp 
p 

in which 

(A. 19) 

B z (A.20) 

For convenience, matrix F- for edge i defined by nodes J and K (corresponding to the 

degrees of freedom associated with these two nodes) can also be expressed as 

F- = LT
i~FiLi (A.21) 

in which matrix F, is given by 

6 6 YJK YJK XJK 

5 5 10 10 10 10 

6 6 YJK XjK YJK 
XJK 

5 5 10 10 10 10 

YJK 2 Y)K 
2XJKYJK 

V
2 

r
 JK XJKYJK 

10 10 15 15 15 30 

XjK XjK 1 2XJK XJKYJK x2 A
JK 

10 10 30 15 30 15 

YJK YJK K2 rJK XJK YJK 2 Y)K 
*XJKYJK 

10 10 15 30 15 15 

*JK XjK *JK 
X2 A

JK 2 XJKYJK 2 X2JK 
10 10 10 15 15 15 

(A.22) 
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In the above, XJK = XK-Xj, YJK = YK-Yj, and the components Ljk of the matrix 

Li are defined such that {Ljk)i = 1 if the jth degree of freedom (in element local 

coordinates) of edge i corresponds to the k element degree of freedom and (Ljk)l = 0 

otherwise. 

A.3 Membrane Strains in Quadrangular Element 

Similarly, for a quadrilateral membrane element five (=8-3) independent elongational 

strains are required to represent the strain state of the element. Here, the four edge 

elongational strains and the difference of the two diagonal elongational strains are chosen 

as the five independent elongational strains. Each of the five independent elongational 

strains is formed using Eq. (A. 14). The vector of independent elongational strains is then 

transformed into the contribution of the membrane strain vector due to the curved 

geometry of the shell as, see Eq. (5.80), 

PTzF\Pp ^
 

1 

_r
r 

i 

PTzFlPp 
T 

PzF 2 

PTzF3Pp 
= c TT? 

PZF3 

PTZFAPP 

T 

PZFA 

PTZF5Pp_ [PzF!J 
in which matrix C is defined in Eq. (5.86) as 

C = BmAT(AAT)~' = BmT 

(A.23) 

(A.24) 

In the above equation, matrix T defined as 
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T = AT(AAT) (A.25) 

is used to ease the finite element implementation. The element nodal displacements and 

shape vectors p and pz, respectively, in Eq. (A.23) are defined as 

,7 
Pp - [wl> 0*1 > ®yl> w2> ®x2’ ®y2’ w3’ ®JC3’ ®y3’ w4’ ® x4’ ^,4] 

and 

(A.26) 

Pz \Z\, ax\, ayl> Z-2’ ax2’ ay2’ z3’ ax3’ ay3’ z4’ ax4’ ay^ 

Substituting Eq. (A.24) in Eq. (A.23) gives 

(A.27) 

€m = 

in which 

CBzPp = C 

*5
1  

1 

T 
PzFX 

T 
PzF 2 

T 
P zF 2 

T 

P z F 3 Pp = BmT T 
P zF 3 

7„ 
P z F 4 

T 
PZF4 

7„ 
Pz FsJ 

T 
[PzF<J 

Pn = 
BmTBzPp (A.28) 

K = 

7„ 
PzF\ 

T 

PzF 2 

T 

PzF 3 

T 
PzF4 

T 
PzF 5 

(10.12) 

13 w 3 w 
The nonlinear term in the Marguerre’s membrane strain vector (“- “) is derived in a 

2 ox ox 

similar manner as in Section A.2. Average elongational strains for the edges and diagonals 
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are first formed as: 

Em = l«T(ba)i-«i = i(H’,rrf (»«),.!>,),. = (A.29) 

As in Eq. (A. 14), the above equation can be rewritten as: 

(£«)/ = = \pTp(Li)TfiLiPp = \PP FlPp 

Each of the five average edge/diagonal elongational strains is formed using the above 

equation. The vector of average edge/diagonal nonlinear elongational strains is then 

transformed into the nonlinear part of the Marguerre’s membrane strain vector as 

in which 

T 

PpF - 

PIF p1 2 
T 

PpF 3 

T 

PF 4 
T 

PF 5 

T 
P r>F. 

T 
P»F 

2BmTBwPp (A.30) 

B W 

PIF 

PIF 

PpF 

T 

PIF 

PIF 

1 

2 

3 

4 

5 

(A.31) 
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APPENDIX B 

MARGUERRE’S THEORY OF THIN SHALLOW SHELLS 

This appendix outlines the nonlinear theory of thin shallow shells proposed by Marguerre. 

The strain measures are defined in a reference plane F0 and, consequently, the constitutive 

relations, stress measures and virtual work principle are defined in this plane. Finally, the 

strains are linearized to arrive at a linear theory of shallow shells 

Consider a rectangular Cartesian coordinate system (x, y, z) fixed in space. Let , e2and 

e3 be the orthonormal unit vectors along the three axes. The middle surface of the shell in 

the undeformed (initial) configuration y0 is represented by: 

as shown in Fig. B.l. The position vector of an arbitrary point, PQ , in the undeformed 

middle surface is given by: 

Two vectors, A, and A2, tangent to the middle surface of the shell in its undeformed 

configuration are defined by taking the derivatives of position vector R0 with respect to x 

and y, respectively, giving: 

m = Zm(x,y) (B.l) 

R0(x,y) = xe]+ye2 + zm(x,y)e3 (B.2) 

dR0 - . 

dRn 

(B.3) 

A vector A ,, normal to vectors A, andA2, is defined as: 



359 

^3 V2 3 (B.4) 

It is seen that A,, A2 and A3 are unit vectors provided that: 



which is part of the assumptions underlying shallow shell theory. 

The position vector, R, of an arbitrary point Pu outside the middle surface in the 

undeformed shell is given by: 

R = RQ+£A3 (B.6) 

in which £ represents the coordinate across the thickness of the shell. With Eqs. (B.2) and 

(B.4), the above relation becomes: 

* 
=
 H'IF)'

++(z"+ C)h (BJ) 

The position vector, r0, of the point PQ in the middle surface of the shell after deformation, 

denoted by PQ (see Fig. B.l), is given by: 

ro = R0 + U(x, y,£ = 0) (B.8) 

in which U represents the displacement vector of the material point PQ : 

U = U(x, y) = U(x, y)el + V(x, y)e2 + W(x, y)e3 (B.9) 

Substituting Eqs. (B.2) and (B.9) into Eq. (B.8) leads to: 

r0 = R0 + U = (x + U)e{+(y+ V)e2 + (zm + W)e3 (B. 10) 

Vectors a, and a2, tangent to the deformed middle surface at PQ are now defined as: 
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«, = 

CL ^ 

9TO 

dx 

3ro 

dy 

dz 
dx 

dz 

- -m^WY 
+1 ——y —— P3 

9x/- 

m „ ..., awv 
*2 l.3y dy /3 

(B.l 1) 

where it is assumed in deriving the above tangent vectors that: 

dU dV dU dV 
dx’ dx’ dy’ dy 

Vector a3 is defined orthogonal to a{ and a2 as: 

(B.12) 

_
 A|x a2 

_ 
dzm , dw\ ^m,an . 

dx dxh [dy dy/2 2 (B.13) 

where a,, a2 and a, are unit vectors if it is assumed that the displacement W{x,y) is of the 

same order of magnitude as zm(x,y). Hence, similar to Eq. (B.5): 

dW\2 (dW'f 
dxj’ldy)’ 

fcmdw dzmdw 
dx dx dy dy 

« 1 (B.14) 

It is worth noting that vectors ah a2 and a3 are the vector images of A,, A2 and A3 given by 

the deformation mapping from the initial configuration y0 to the deformed configuration y. 

Using the Kirchhoff hypothesis, a point Pu with position vector R = R0 + £A3 outside 

the middle surface in the initial configuration is mapped into point Pd defined by the 

position vector r in the deformed configuration y 

r = r0+ £a3 

r = \x + 
dz„ (B.l 5) 

The Green strain components at point in the deformed configuration y are given by: 



362 

_ [fd^ dr dR dR 
xr 2\dx dx dx dx 

p - 1 f^L dr dR dR 
yy 2 ydy dy dy dy 

p - If— dr dR dR 
xy 2^5^ dy dx dy 

(B.16) 

in which the operation a • b denotes the dot product of vectors a and b. 

Substituting Eqs. (B.7) and (B.15) into Eq. (B.16), the Green strain components for a 

shallow shell are reduce to: 

= du ( dzmdw | 1/9yy^2 a 
xx dx dx dx 21 dx ) 

-w 
dxz 

,2, 

Em, = 
av dzmdw irdwSf- d w 
dy + dy dy + 2v dy ) 3y

2 (B.17) 

E„, = 
udu ain u^mdw dz^dw^ lfawawA 
l{dy + dxj 2v dx dy + dy dx J 2v dx dy J -c 

aV 
dxdy 

where, apart from the assumptions defined in Eq. (B.12) and neglecting the terms 

containing g1, the following additional assumptions have been made to arrive at the above 

expressions: 

/zm 

i dx2 
9 

d2Zm 

^ dy2 ’ 

d2zm 
4 dxdy 

d2w 
* dx2 

J 

d2w 
dy2 ’ 

d2w 
dxdy 

(B.18) 

u, 
It can be shown that ordinate £ can be replaced by Zi if the point P (x, y, Z/) in the 

undeformed configuration y0 is the image of the point Pr(x, y, (, ) in the reference 
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configuration r0. Examination of Fig. B.2 shows that the position vector R is given by: 

R x-zt- 
d_Z» 

dx )' 

R = R0 + z,e3 + AD + DE 

+ l-V-^)2 + ^m + Z/-2Z/ 
dz \2 rdz \21 

dx 
+ 

dy) 

(B.19) 

which reduces to Eq. (B.7) if z, is replaced by ^and the assumptions in Eq. (B.5) are made. 

It is also important to note that rotations dzm/dx and dzm/dy must be small in order to 

treat them vectorially as shown in Fig. B.2. Thus, the expressions for the Green strain 

components in Eq. (B.17) are equivalent to: 

E„ = 

Em, = 

xy 

du <KidW IJdW'f _ d2w 
dx + dx dx + 2\dx J Zl ^x

2 

dV fcmdW lfdW^ d2W 
dy+ 3y+2( dy) Z' 

IfdU av^ ljdZndW temdw 
2vdy dx J 2ydx dy dy dx 

+ 
21 a* dy J Zldxdy 

(B.20) 

By linearizing the above strain measures, we obtain the following linearized Marguerre 

strains for shallow shells. 

= dU dz,„dW d2W 
xx dx dx dx Zl 0X

2 

_ av ,„dw_ aV 
vv dy + dy dy Z‘ 3y

2 

, wdu av^j \(^mdw <K,dw^_ d2w 
xy 21ay + 3x7 2^3* ay + 3y dx J Zldxdy 

(B.21) 

The above strain measures are useful in the development of a curved shell element for 
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linear geometric analysis as described in Chapter 5. 

Fig. B.2 Equivalence between £, and Zi 
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APPENDIX C 

PLANE STRESS J2 PLASTICITY 

C.l Three Dimensional /2-ElastopIasticity 

In small strain plasticity, the increment of total strain is decomposed into an elastic and a 

plastic part as: 

dey = de'j + del (C.l) 

The elastic stress-strain relationship (Hooke’s Law) is given by: 

_ E(1 - v) e Ev e Ev e 
ai1 ~ (7 + v)(l - 2 v)*11 + (7 + V)(1-2V)

€22 + (7 + v)U-2v)633 

_ Ev e E{1 - v) e Ev e 

°"22 (7 + v)(l -2 v)€ 11 + (7 + v)(] - 2v)^22 + (7 + v){l -2v)€s3 

_ Ev e Ev e E(] - v) e 
a33 (7 + v)(l -2 v)€ 11 + (7 + v){l — 2V)

€22 + (7 + v)(l -2v)633 

E e E e 
ai2 = 2(7 + v)7*12 = (jw/12 

E e E e 
a]3 = 2(7 + v)Jl3 = (7 + v)€l3 

E E e 

°"2i = 2(7 + v)723 = (7 + v)*23 

The deviatoric stresses are defined by: 

1 & aij 3 Vkk ^ij (C.3) 

It is evident from the above equation that: 

skk = 0 (C.4) 

Expanding Eq. (C.3) we get: 
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sti - 

S22 = -a 

3*11- j((r22 + <?33) 

22 (O-JJ + <T33) 

>33 :<r 33 ■{<TU + (T22) (C.5) 

S i') — O" 12 “ 
u 12 

s23 ~ 1723 

s13 = O'13 

The von Mises yield function can be written in a form incorporating both isotropic and 

kinematic hardening as: 

= ^,7-«) - 2V y <//v lJ v' 3 
(C.6) 

where 

*(§'’) = k0+Hi„i1’ (C.7) 

in which is an isotropic hardening modulus. The equivalent plastic strain in Eq. 

(C.7) is given in differential form as: 

dep = 
'2 , p, p 

~3
deijdeij 

-,1/2 
(C.8) 

The plastic strain increment is given by the flow rule as: 

d€‘J = = dX(<sij-a'ip 
(C.9) 

The deviatoric back stress tensor for the von Mises yield criterion is given in differential 

form as: 
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",J = = \ntin^,r “'«) (C.JO) 

From Eq. (C.9), and the fact that the plastic deformations are isochoric, it follows that akk' 

= 0. Hence, the back stress tensor a7 is purely deviatoric. 

C.2 Plane Stress /2-Elastoplastic Equations 

In this section, the three dimensional y2~plasticity model presented in Section C.l is 

contracted to the /2
-plasticity model for plane stress condition. In the following, It is 

assumed that dummy greek indices take the values 1 and 2. The plane stress condition 

requires that: 

= a33 = 
0 (C-11) 

Using the above conditions, Eq. (C.2)3 gives: 

4 = (7r^(4 + 4) (c-12> 

Substituting the above relation in Eqs. (C.2)], (C.2)2 and (C.2)4 gives the elastic stress- 

strain relationship for plane stress condition: 

E , e e . 
o-ll =  -2(e,,+ V622) 

1 - V 

O’ 22 = -^(*'4 + 4) (C.13) 
1 - V 

E j E e 
an = 2(7 + v)Jl2 = (7 + vf12 

The deviatoric stress components in Eq. (C.3) become: 
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a/3 °"a/3 j°"-yy®a/3 

1 
33 j aa 

(C.14) 

a3 = aa3 ~ ® 

the expanded form of which is: 

2 1 
S11 ~ ~^(TU~~^(T22 

_ 2 1 
s22 - 3*22- 3<r 11 

s12 = a12 (C.15) 

1, 
s33 ~ ~3^alJ + a22^ 

s13 = 0 

s23 = 0 

Under plane stress condition, the total back stress tensor, a, satisfies the same conditions 

as the total stress tensor, crtJ, namely: 

aa3 = a 33 = 0 (C16) 

Similar to Eq. (C.14), the relationship between the total back stress tensor and the 

deviatoric back stress tensor is: 

a a)3 ~ 
aa/3 

1 II 

-r< 

II S «a3 = 0 

(CM) 

which upon expanding become: 



369 

, _ 2 7 
all - 3

a]]~3a22 

, _ 2 7 
a22 ~ ja22~3all 

a'l2 = a12 (C.18) 

, _ 7, 
a 33 - + a22) 

a'l3 = 0 

a23 = ^ 

For plane stress condition, the von Mises yield function can be written for plane stress 

condition as: 

1 1 1 2 
f(Sapa'af3’ZP) = + 2^33~a'33^S33~a'33)~3k (§P) 

(C.19) 

Using Eqs. (C.15) and (C.18), the above yield function can be rewritten in terms of total 

stress and total back stress components as: 

1 2 1 2 1 
f(<TaB’OCaB’lP) = -Mll~all) +->22“a22) “ 11 ~ all)((r22 ~ «22> + 

(aI2~a12) ~3k (e ) 

(C.20) 

The flow rule in Eq. (C.9) can be written as: 

deP
ap = d\(saf3-a'ap) 

dep
a3 = d\(sa3-a'a3) = 0 (C.21) 

de33 = dHs33 ~ a<33) 

using Eqs. (C.15) and (C.18), the above flow rule can be expressed in terms of total stress 

and back stress components as: 
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deu = dA^(o-n-a n)-^{<T22-a22)] 

de22 = d^{j(cr22 ~ “22) ~ ^aH ~ “//)) 

dep,2 = d\(a12-a12) (C22) 

dep
33 = -d\[^{a-II-a1I)+

1-{cr22-a22)^ = -{d €Pj, + d eP
2) 

de23 = dep
3 = 0 

Finally, from Eq. (C.10) the deviatoric back stress tensor in the von Mises yield criterion 

for plane stress condition is defined in differential form as 

2 
da'ap = ~3

Hkind^Sali-a'al3) 

d<*\3 = | HlindX(sa3-a’ai) = 0 (C.23) 

2 
da33 ~ 3^kind^(s33~ a'33) 

Substituting Eqs. (C.15) and (C.18), Eq. (C.23)] can be expressed in terms of total stress 

and back stress components as: 

2 1 2 (2 1 
3
daH~ jda22 = 3^kind^{j^(TU ~ all) ~ 1^22 ~ a22) 

2 1 2 (2 1 
3
da22~ 3

dall = 3^kind^[j^<J22~ a22^~ 3(an~ all^ 

2 
da12 ~ kind^a 12 - an) 

which can be further reduced to: 

(C.24) 
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d ot j j — 
3^kind^(rn ~ an) 

da22 = ~3
Hkind^a22-a22) (C.25) 

da12 - kind^(cr 12~ a12^ 

The equivalent plastic strain, e' , for plane stress condition is given in differential form as: 

dlp = -3(deP
ap
deP

ap + d€P
33
d€P

33) 
-,1/2 

(C.26) 

which upon substitution of Eqs. (C.21)j and (C.21)3 becomes: 

,1/2 

de" = (C.27) 
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APPENDIX D 

TREATMENT OF LARGE ROTATIONS 

D.l Introduction 

In an incremental-iterative procedure, the total incremental translation vector in global 

coordinates, u<'k+l \ is simply obtained by updating the total translation vector in global 

coordinates, u , at the previous iteration with the solution, An , of the linearized 

principle of virtual work, see Eq. (8.200): 

(k+\) (k) . (k+1) u = n + AH H(0) = 0 (D.l) 

The total translation vector is obtained via a simple vector sum as 

(D.2) 

The rotations, however, cannot be added as vectors unless they are very small. For 

example, examine the commutative law of vector addition in the context of rotations. 

Suppose a sequence of two 90 degrees rotations, first about the Y-axis and then about the 

Z-axis, are applied to a unit vector along the X-axis. The unit vector is now directed 

towards the negative Z-axis. Reversing the sequence aligns the unit vector with the Y-axis. 

Hence, the law of commutativity of vector addition does not hold for rotations. It is the 

scope of this appendix to explain the scheme for treating large rotations in the context of 

the total corotational description used in this study for finite element analysis of nonlinear 

shells. The scheme presented below closely follows the one proposed by Rankin and 

Brogan (1984). 
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D.2 Obtaining the Translation Vectors in Total Corotational Formulation 

Before describing the scheme for treating large rotations, the scheme for obtaining the 

translation vectors is first explained for a four noded quadrangular shell element, see Fig. 

8.16. The coordinates of node i of an element in configuration y, also called spatial 

coordinates, are given by1 

= 
xie\+yie2 + Zle3 Xi + Ut 

(D.3) 

where Xt is the vector of coordinates of node i in the undeformed configuration, also 

called material coordinates, and Ut is the translation vector defined as 

Xi=[xiYiz] =^, + ^ + ^3 

Ui = [Ui V, WIT = Ui^ + Vie2 + Wie3 

(D.4) 

In corotational formulation, a new set of orthonormal axes (V, Y, Z) is ascribed to the 

element in its deformed configuration y, see Fig. 8.16. The origin, X0, of the coordinate 

system (X, Y, Z) is defined as 

*0 - + x2+ x3+ *4) (D.5) 

where 

*0 = [x0 T0 Z0] T = X0el + Y0e2 + Z0e3 (D.6) 

The unit vectors (ev e2, e3) along the coordinate axes X, Y, Z are defined as 

1. {e j, e2, e3 } are the basis vectors of the right-handed orthogonal global reference system. 
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and e, = e, x e2 (D.7) 

in which 

and x ■ 

= 

to — 

31 . *24 

311 1-^24 

"31 *24 

'31 *24 

(D.8) 

X • = X • — X ' 
*im i m’ 

lx - I = length of vector x • (D.9) 

The components, R(m, of the rotation transformation matrix R that transforms from basis 

(£], e2, e3) to basis («j, e2, e3) are given by the following dot products: 

/? • — e • e - lxim (D.10) 

The nodal displacement vector t/( of node i in configuration y is found using the 

following equation, see Fig. 8.16: 

X. = X0 + Xi + Ui (D.l 1) 

— J 
A similar scheme is used to ascribe a coordinate system (X ,Y , Z ) to configuration 

(k) 

y obtained at the end of the k-th Newton-Raphson iteration in increment or time step 

[tn, tn + j ], see Fig. 8.16. Hence, the origin of this coordinate system, x0 , is chosen as 



375 

(k) _ \ (k) (k) (k) (k) 
x0 ~ 4V*] + *2 *3 +x4 > (D.12) 

(k) 
where denotes the position vector (in global coordinates) of node i of the 

quadrangular shell element. The unit vectors along the three coordinate axes 

—(k) —(k) ^(k) 
(X ,Y ,Z ) are given by 

:(H 
e\ 

~(k) 
ei 

t\ 
?(*) 
11 

#) 
tl 

ti 

, -w 
and ej 

z(k) £(*) 
e\ x (D. 13) 

in which 

?(*) 
fl 

?(k) 
tl 

~(k) ~(k) 
■*31 

. -1- . 
*24 

Ak) 
I 

£.(*) 
•*31 *24 

±(k) ~(k) 
■*31 *24 
Ak) ~(k) 

■*31 *24 

(D.14) 

and 

Ak) _ 
xim ~ xi xm ' 

f(*) 
x im = length of vector Jc • (*) (D.15) 

The components, Rim , of the rotation transformation matrix R from basis 

~(k) ~(k) ^(*) 

(e\ , <?2 , «3 ) to basis (ev e2, e3) are given by the following dot products: 

%(k) Ak) 
Rim — €m • €: (D.16) 

~(k) -(*) 
The nodal displacement vector «, of node i in configuration y is needed to evaluate 
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the initial displacement stiffness matrix; it is obtained from the following relation, see Fig. 

8.16: 

.(it) .(it) f-Sk) iW x] = xQ +Xi + Ui + Ui (D.17) 

D.3 Treatment of Large Rotations 

To treat large rotations, an orthogonal rotation matrix, R-, is attached to each node i of an 

element. At each Newton-Raphson iteration within a load increment or time step, the 

nodal rotation matrices are updated. The initial nodal rotation matrices can be chosen 

arbitrarily, since only relative rotations of the nodes with respect to the element reference 

plane defined earlier are strain producing. In other words, the orthonormal reference 

system attached to each node can be oriented arbitrarily with respect to the shell middle 

surface. For simplicity, the initial nodal rotation matrices, °/?., are taken equal to the 

initial rotation matrix, °R, associated with the element. The rotation matrix, "/?(&), 

associated with each node i of an element in configuration y^ when compared to °Ri 

reflects the total rotation of the shell element at this node from the initial configuration. 

Thus, in an incremental-iterative procedure, the following steps must be performed: 

^ n ^ 2 
1. Update the nodal rotation matrices, R^), of each element once the nodal rotation 

increments are known from the solution of the current Newton-Raphson iterative step. 

2. Determine the nodal strain-producing total incremental rotations of each element 

required for the calculation of the total incremental (from '"y to '"*lyk)) internal 
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energy of the element. 

D.3.1 Updating the Rotation State of an Element 

The solution of the linearized incremental virtual work principle yields linearized 

incremental translation and rotation vectors Au'k + ^ and AThe total global 

translation vector is updated as 

u = u + u + Aa (D.18) 

The linearized incremental rotations of each node i in the global X, Y and Z directions, 

(A(pf + 1 \ Axf + 1 \ A<A,-* + * , are first extracted from the global linearized incremental 

displacement vector. If the linearized incremental rotations in global coordinates are 

- (k) 

infinitesimally small, then the rotation matrix R( can be updated as 

k\k+}) = [I3 + ARf+])]R(
i
k) = (A Tf+]))R(

i
k) (D.19) 

in which the incremental rotation matrix AR^k + 1 ^ is defined as 

0 
A /(*+>) -A (A- 

AR.f+X) = A^+1) 
0 

_A^+,) A (*+0 A <P) 0 

(D.20) 

and the matrix AT^k + ^ is given by 

AT (k+ 1) h + 
(* +1) (D.21) 

where /3 denotes the 3x3 identity matrix. If the linearized incremental rotations are 
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finite, then the finite rotation matrix T + 1 ^ can be composed by an infinite number of 

infinitesimally small rotation matrices, i.e., 

r5*+1) = lim 
n -4 

73 + -A/?f+1) 
3 n 1 exp [A/?\k+ '^] (D.22) 

in which exp[A/? -*+ is defined as 

r A n(k+ 1 )n r .„(*+!) l/AI>(t+l)2 1 Mn(il+1),3 

exp [A/?- ;]=/3 + Afl) +2!(A7f) ') + — (Al?) ')+••• 
3! 

(D.23) 

It can be shown (Argyris 1982) that the rotation matrix representing a finite rotation $ 

about an axis defined by a unit vector e can also be given as 

T(&) = 
, sin-& „ 1 
^+-fl-S+2 

. #'i2 

sin— 
2 

iJ 
2 

S = exp[S] (D.24) 

in which 77 is called rotation pseudovector and is defined as 

= fie = (D.25) 

with 

1 
2.2 

# = (<p2 + X2 + t") (D.26) 

and S is the following antisymmetric matrix: 
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s = 
0 -ip X 
ip 0 -cp 

rX <P 0_ 

(D.27) 

It is obvious that e is an eigenvector of the rotation matrix T(&) with a corresponding 

eigenvalue equal to unity. For finite rotations (in contrast to infinitesimally small 

rotations), <p, x and ip cannot be interpreted as rotation components about the cartesian 

coordinate axes X, Y and Z. The present study deals with structural problems 

characterized by small strains but large displacements (translations and rotations). Hence, 

in the proposed solution strategy, only the strain-producing rotations are assumed small, 

whereas the total translations and rotations (containing both rigid body and strain- 

producing displacements) of the structure are allowed to be large. 

It has been shown by Hughes and Winget (1980) that the matrix quantity 

a = 2(T - I)(T + I)-' (D.28) 

is always antisymmetric for any orthogonal matrix T and in particular for a rotation 

matrix T. The three components of the pseudovector to associated with matrix 12 are 

given by 

0 CO 2 iO\ 

n = 0 -CO\ ; m = (x>2 

-a>2 0 

The pseudovectors to and & are related through 

co = 2 tan 

(D.29) 

(D.30) 
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By using Eqs. (D.24) and (D.29), the components (cp, x, <A) can be expressed in terms of 

(<Wj, to2, w3) which allows in turn 5 in Eq. (D.27) to be expressed in terms of 

(<w1; o)2, &>3). Then, after substituting (o2, co3) into Eq. (D.24), it can be shown that 

T(to) = 1 + 

1 2 n + -n 
2 

1 l i .2 I+4IM 
(D.31) 

For computational efficiency, it is better to store three components of a rotation 

pseudovector than nine components of a rotation matrix for each node of each element. A 

scheme to update the nodal rotation pseudovectors must be established. To this end, it is 

convenient to introduce yet a new rotation pseudovector defined as 

V (D.32) 

Using Eqs. (D.30) and (D.32), the following relation between rotation pseudovectors to 

and 17 can be easily obtained: 

17 = 

to 

to 

1 1 I |2 I+4M 

V 

1-iw2 

(D.33) 

The reason for introducing the new pseudovector 17 is that the pseudovector to defined in 

Eq. (D.30) grows without any limit for rotations approaching 180 degrees. On the other 

hand, the new pseudovector ij never reaches singularity. The corresponding form of the 
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rotation matrix is: 

r(i») = / + /2./l-t|r,|2 + ifl2 (D.34) 

in which the skew symmetric matrix fl is given by 

n = 

0 -V3 v2 V\ 
0 -V1 ; v = v2 

_-v2 Vi 0 y3_ 
(D.35) 

The problem of updating the rotation state of node i of a generic element can be stated as 

follows. Knowing the rotation state ?" + 1rjat the end of the previous Newton-Raphson 

iteration, and the linearized incremental rotation pseudovector 

(A(p^k+ &x\k+ + '^) > determine the new rotation state defined by the updated 

rotation pseudovector r/- 

The rotation matrix is updated as 

[T(i7f+1))] = (D.36) 

It is shown in Argyris (1982) and Rankin (1984) that in terms of the rotation pseudovector 

at, the above up-date of the rotation state takes the form 

ati 
(k+ 1) 

(k) . (k+\) 1 (k) . (* + 1) at +Aw --at) xAat) i i n l l 

i-!(.<*». A-r") 
(D.37) 

where Aatf+'\ atf* and o>-/c+1) are the rotation pseudovectors associated with the 
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, «■' TVTA (^ + ]) A (^ + 1 ) A ,(*+1)^ T*f (&)>, J ™,/ (& + 1 ). rotation matrices T([A<pi ,Ax] , Ai/y ] ), T(to) ) and T(to) ), 

respectively. Substituting Eq. (D.33) in the above equation and after extensive algebraic 

manipulations, the following relation is obtained: 

V 
(*+i) 

A«,r<u Vi 
(k) 

2 (k) 1 (k) . (k+l) + Vi -~Vi xA(o) 
x 

1 + AM) 
c*+1) (D.38) 

x sign (k) 
Vi 

2 

In summary, the rotation pseudovector ca is used to store small nodal strain-producing 

rotations, while the rotation pseudovector rj is used to store the nodal total rotations with 

T respect to the global reference system, and the rotation pseudovector (cp, x, 4>) is used 

for expressing membrane and bending strain quantities, see Section 9.5. 

D.3.2 Determining the Local Strain-Producing Rotations 

The problem of determining local strain-producing rotations in total corotational 

t n ^« + i^(£+l) 
formulation is stated as follows. Knowing the rotation states, R and R , of the 

element reference plane in configurations *"y and "+ y^ + ^ and the rotation states, '"rii 

and tn + 'fj\k+ of the element nodes in configuration *”y and " + 1y^ + find the strain- 

producing incremental rotation pseudovectors (from ‘"y and " + 1^ + 1)y The 

f„ Mk + l) 
deformed configuration "y (or y for brevity) is first rigidly rotated to the axes Xi 
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(k+ l) *n—(k + 1 ) 
attached to configuration y , see Fig. 8.16, through rotation matrix Rr . The 

rotation state of the element reference plane in configuration ?n+'y^ + 1 ^ is given by 

'»♦!£<*+!) _ '"^+I)r"/J _ 
!"j^k+^ 

(D.39) 

The rotation matrix, T{’’i}i), attached to node i of the element in configuration ‘"y (or y) 

ln—(k + 1 ) 
is rotated by the same amount, namely Rr : 

tn~(k+ 1), ‘*Mk+ 1) t„ 
T{ rj) ’) = Rr T( Vi) (D.40) 

In the local orthonormal coordinate system of the element, the above nodal rotation 

. rr‘n^(k+\) + I). 
matrices T( Vi ) and T( r/i ) are given as 

rp /n±(k+ 1), '»+!&(* + 1 )/ /.«(*+ 1), 
Tl( Vi ) = [ R ] T( Vi ) 

TL(
,n + 'vf+l)) = [n + 'R{k+l)]TT(" + irjf+i)) 

(D.41) 

tn±{k+ 1) 1) 
The total incremental (from configuration y to configuration y ) strain 

K + i —(k + 1) 
producing rotations are contained in rotation matrices Di which are obtained 

using the following relation: 

/„+1»(*+ 1) f* + ijUk+ 1) i„^(k+ 1) 
Tl{ Vi ) = Di [Tl( Vi ) ] (D.42) 

Using Eqs. (D.39), (D.40) and (D.41) in the above equation gives 

(D.43) 
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t„ + i ^-(k + 1) 
The rotation pseudovector to associated with the rotation matrix Di is evaluated 

using Eqs. (D.28) and (D.29). This can be accomplished in a straightforward manner 

without evaluating the inverse in Eq. (D.28). It can be seen from Eq. (D.31) that the skew 

symmetric part of rotation matrix T can be written as 

skew(T) = \[T-TT] =   
2 | 11 12 

1 + 4M 

(D.44) 

1 2 
in which 1 + - |<w| is evaluated by taking the trace of rotation matrix T defined in Eq. 

(D.31) giving 

1 +I|ft>|2 - 4 
4 1 + Trace[T] 

(D.45) 

Substituting Eq. (D.45) in Eq. (D.44) gives 

n = 4 skew[T] 
1 + Trace[T\ 

(D.46) 

The above equation can be used to obtain the strain-producing rotation pseudovector, to, 

t„+iMk+ 1) 
associated with the rotation matrix Di as 

t„+i-Uk +1) t„+[^(k + n 
SI ( (Oi ) = 

f*n + 1 —{k + 1 ) 
4 skewl Di 

1 + Trace 
rtn + l^.(k+]y 

Di 

n f,+ l.2.(*+ 1) 'n+l^(*+l) 
0 - (1)3 CL>2 

*n + 1 £_(k + 1 ) 
<i>3 0 

‘„ + l^(k+ 1) 
COi 

t*+iJL(k+\) *»♦! «.(*+!) 
— (i>2 tO\ 0 

(D.47) 
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APPENDIX E 

A NOTE ON LINEARIZATION 

E.l Introduction 

The following chapter outlines the precise definition of linearization. Numerical analysis 

of solids and structures invariably involves step-by-step solution of linearized problems at 

each increment of loading or time. The two main sources of nonlinearity in solids and 

structures lie in the constitutive properties of material and kinematics of body motion. The 

following sections present key results involving consistent linearized Hughes and Pister 

1978). 

E.2 Directional Derivative 

Consider a scalar valued function G defined on the real line. Assume G is continuous and 

has continuous first derivative. This function can be expanded about Gc using the Taylor 

series expansion as 

G( x + M) = G + DG ■ u + R (E. 1) 

In the above equation G = G('x),DG represents the derivative of G at 'x', u denotes 

the increment of the independent variable x and R = R(u) is the remainder (or residual 

term) and has the property 

lim A —» 0 (E.2) 
u —> 0 jW| 

The geometric interpretation of Eq. (E.l) is shown in Fig. E.l. The variable u is an 

independent variable with 'x' fixed. The equation of the tangent to the curve G(x) at 
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( 'x, G) is given by the equation below 

g(u) = G+DGu 

Thus, the linear part of the function G(x) at x = T is given by 

Fig. E. 1 Geometric interpretation of Eq. (E. 1) 

L[G]„ = g(u) 

(E.3) 

(E.4) 

The above concept of linearization can be extended to scalar-valued function with points 

T 
in three dimensions. If Gis a scalar-valued continuous function of JC = (JCJ, x2, x3) and 

has continuous first partial derivatives then 

G(+ u) = G + DG ■ u + R (E.5) 

in which 

3 7 3 
x - ( X] , x2 , x3 ) is a point in R , u = (w1; u2, M3) is a vector in R emanating 

from 'x' and G = G('x'). Also, DG is the gradient vector at 'x' defined as 
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DG = DG(x) _ 3G(T) _ (dG('x) dG('x) BG('x) 
dx V dx, ’ dx0 dx, 

(E.6) 

is the gradient vector at lc . In Eq. (E.5) the dot denotes the scalar product of two vectors 

and the remainder R = R(u) has the property 

lim 7—7 —^ 0 
|ll| —» 0 \u\ 

(E.7) 

where |M| = u u . 

The directional derivative of G at 'x in the direction u is defined as 

dz 
[G(T + e«)]e = 0 (E.8) 

where e is a scalar parameter. Since Xs + ew is a straight line in R passing through the 

point T and pointing in the direction u , Eq. (E.8) measures the rate of change of G in 

the direction of u at the point 1c . Using the chain rule of differentiation 

J~[G(x' + £w)]e = o = [' 
9G( Xs + ew) d{lc + £«)' 

dx de e = 0 

dG(?) 
dx 

u (E.9) 

The definition of the gradient vector in Eq. (E.6) and the above equation show that 

DG 11 = —[G(/x + 8«)]e = 0 (E.10) 

Finally, linearization of G at x = (x is given as 
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L[G]7 = G('x) + DG ■ u 

E.2.1 Linearization of Sum of Functions 

The linearization of the sum of functions G(x) and F(x) is given by 

L[G + F]_ = L[G]^+L[F]^ 
X X X 

Proof: Using Eqs. (E. 10) and (E. 11), 

L[G + F]^ = G('x) + F('x) +j^[G(jt +en) + F('x +eii)]e = 0 

= G(x) + F(*) + ^[G(x + e„)]e = 0 + ^[F(x +e«)]£ = o 

= L[G]^ + L[F]T 

E.2.2 Linearization of Product of Functions 

The linearization of the product of two functions F(x) and G(x) is given as 

L[FGU = [FUL[G]„ + L[F] [G]„-[FGU 
X X XX X 

Proof: Using Eqs. (E. 10) and (E. 11) 

L(FG)_ = [FG]^ + -f[F{'x +EU)G(1C +eu)]t = 0 

= [FG]? + |[F(?+eH)]e = o[G]? + [F]^[G(?+8K)]E = 0 

= [F]^[G]^ + £[G('X+ e«)]E = o) + ([F]„ + ^[F(T + eu)]£ = o)[G]^ 

= [F]„L[G]„+L[F]„[G]^-[FG]^ 

(E.l 1) 

(E.12) 

(E.l 3) 

(E.14) 

-[FG]. 

(E.l 5) 
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E.2.3 Linearization of Composition of Functions 

The linearization of a composite function F(G(x)) is given as 

L[F(G(*))]^ = [F(G(x))]^ + 
mdF 

dG 
(L[G]^-[G]7) (E.16) 

Proof: Using Eqs. (E.10) and (E. 11), 

L[F(G(X))]T = [F(G(X))]7 + -[F(G(X +e«))]e = o 

3F_I ^G^ + eu^£ = 0 = ^G^h + [dG. „ 

= [F(G(x))]y+ [j^ [DG-K]? 

= [F(GU))]- + [^]_(Z.[G1?-[G]t) 

(E.17) 

Example: Linearization of f(x) = x at x = 'x 

Consider a parabola given by the equation f(x) = x . We have G(x) = /(x). Using 

Eqs. (E. 10) and (E.l 1), the linearization at x = 'x' gives 

£[/]- = /m + ^[/(^+e«)]E = o 

,—.2 d r/^ .2 
— x + — [( x + £M) Je = o 

^2 d r^2 ^ 2 2, 
= A: +— lx +ZEXM + 8 u Je = o 

dt 

^2 ^ 2 ^2 ^ 
= x + [2 x u + 2 £M ]e = 0= x +2 x u 

(E.l 8) 

E.3 Kinematic Linearization 

Consider a body in the undeformed configuration T0. Let y be the current deformed 

configuration of the body. The current position x of material points in the body y is given 



390 

as a function of their initial position X in r0 and the displacement vector field U(X) by 

the deformation equation: 

x = x(X) = X + U(X) (E.19) 

We intend to study the body in the subsequent deformed configuration yA with 

coordinates JC
A given by 

xA = xA(X) = JC(X) + u(X) (E.20) 

in which u(X) denotes the displacement vector field from configuration y to 

configuration yA. 

Linearization of Deformation Gradient 

The deformation gradient of configuration yA with respect to the configuration ro is 

given by 

dxf 
F = —- 

V 

(E.21) 

The above deformation gradient is linearized with respect to configuration y by using Eqs. 

(E.10) and (E. 11) as 
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L[Fij]y= [Fi7]y + ^[F;:/(* + eM)]E = 0 

dxi d fd(*,- + ew/)-! 

*XJ 

+ 

de 

d 

dxJ 

dX; dll; 

dXj de 

dxj du- 
+ 

■*XJ 
+ e 

dX, 

e = 0 

e = 0 

dXj dXj 

The deformation gradient of y with respect to configuration y is given by 

- dA 

Linearization of the above deformation gradient about configuration y gives 

dxi d_ [<Kxt + 

dxj de dXj 

dxi d r^Xi dur 
dxj de dxj £dx/_ 

du, 

~ 5ij + ^j 

£ = 0 

e = 0 

Linearization of Green Strain Tensor 

The Green strain tensor in configuration y with respect to configuration Tc 

EiJ = 

(E.22) 

(E.23) 

(E.24) 

is given as 

(E.25) 

Linearization of the above Green strain tensor about configuration y gives 
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LlE^ = ULIFHF^-S'J) (E.26) 

Using Eq. (E. 14), the first term on the right hand side of the above equation becomes 

L[FkiFkj]y = [Fki]yL[Fkj]y + L[Fki]y[Fkj]y-[FkiFkj]y (E.27) 

Substituting Eq. (E.22) in the above equation yields 

L{FkiFkj\ dx\.dXj 
+ dXj)+ [dx]+ dxJdXj dX^X 

dxk(dxk duk) fdxk dxh duh\dx» dxbdx ku^k 

dxkdxk dukdxk dukdxk 

BXiW; + dX-dX- + dX-dX- 
1 J J 1 1 J 

(E.28) 

With Eq. (E.28), Eq. (E.26) becomes 

\/'dxkdxk dukdxk dukdxk 

2laFax“+ dT.dE + ax, ax, 
1 J J 1 1 J 

1 /'dukdxk dukdxk 
= [Eij\ + slax^.ax,.+ dx^Xj 

5;, 

(E.29) 

Use of Eq. (E.19) in the above equation gives finally 

, _ (Ir , . 1 (dutd(Xt + Ut) 1 3ukd(Xl + Uk. 
[£iylY dX. + dX. dX. 

J 1 1 J 

_ rF i , Ifs duk , s 
duk , dUkduk , ^Ukdu

k\ 
[Eij\+ 2^'ax. 5^ax. axfax, ax.axj 

J 1 1 J J 1 

\fdut duj dUkduk dU kduk 
= [Eij]y + + aY. + frxdx +dTidXi 

J 1 1 J J 1 

(E.30) 

The linearized increment of the Green strain tensor in the above equation is denoted as 

dEy, i.e, 

_ 1 (dui duj dukduk ^uk^uk) 
y " 2lax/ax,. axfax7. axyax,J (E.31) 
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Hence, Eq. (E.30) can be rewritten in a compact form as 

LIE^ = [E^ + dEij (E.32) 

The Green strain tensor in configuration yA with respect to configuration y is given by 

‘H = (E.33) 

Linearization of the above equation about configuration y gives 

U'ijiy = \wkifkj\-hj) (E.34) 

Simplifying the above equation further using Eqs. (E.14) and (E.24) gives 

L\etl\ = ~2{L{f kifkj\- 8tf) 

= ^lfk,\Llfk,\ + Llfki\Ukj]y - lfkifkiiy - S,7) 

= il5j6,.: + ^l + l8,„ + 
2V k\ kj dxj 

du, 

lu. 
ki dx, ) kj kl kj 

du 

J 
1 

\( du- du- 
= i 8,,+ ^ + 8,,. +^-8,,-8,, 21 y dx; 

lJ dx- lJ lJ 

\fdui du- 

2y3x •+ dx: 
J 

1 

(E.35) 

The linearized increment in the Green strain is represented by de• i.e, 

de 
1 /'dui du- 

J 
1 

(E.36) 

Hence, Eq. (E.35) can be rewritten in a more compact form as 
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L[eij]y = dz^ (E.37) 

E.4 Linearization of Constitutive Equations 

Let S- be the second Piola-Kirchhoff stress tensor in configuration yA with respect to 

configuration ro. Assuming a general elastic constitutive model, Siy is a function of the 

Green strain tensor: 

S,J = 5,y<£„) (E.38) 

Using Eq. (E.16), the linearization about configuration y of the second Piola-Kirchhoff 

stress tensor is obtained as 

L[5,]Y = [^]y + 
r3S,,- 

dE kl- 
(L[Ekl]-[Ekl]y) (E.39) 

The material constitutive tensor is defined as 

Dijki ~ 
rdSip 
dE kl-iy 

(E.40) 

Using the above definition and Eq. (E.32), Eq. (E.39) becomes 

UStfly = [SiA + 'V‘i£« <R4I> 

The second Piola-Kirchhoff stress tensor in configuration yA with respect to configuration 

y is given as a function of the Green strain tensor ekl: 

sij = siMkl) (E-42) 

Using Eq. (E.16), the linearization about configuration y of the above second Piola- 

Kirchhoff stress tensor is obtained as 
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L[Sij] = K7]Y + [|^1 {L[ekl]-[ekl\) 
i-uckl-ly 

Employing the definition of the material constitutive tensor d(jkl given by 

dijkl ~ 
r^i 
-deJy 

and using Eq. (E.37), Eq. (E.43) becomes 

L[Sij]y = [Vij]y + dijkid£kl 

where in the above it is noted that [s,(]v = [a()]v and = 0. IJ Jy L~,J Jy 

(E.43) 

(E.44) 

(E.45) 
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