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FOREWORD

The conventional theory of circuit analysis distinguishes between
what are known as the transient and the steady state conditions of an
electric circuit.

In ‘practice* however* the steady state condition has

received more attention and the transient phenomena have been looked upon
as somewhat of a nuisance.

Arcing at switches, key clicks in transmitters*

etc,, are usually thought of as something to he avoided.
In recent years, however, more add more electronic circuits have
utilized transient phenomena as the essence of performance.

Television

and radar are examples of equipments which employ such theory extensively.
These types of equipments consist largely of assemblies of simple
component circuits, many of which have become standardized to a certain
depjroe,, The advantages of cataloging those standard components together
with their respective nomenclature is appreciated when one realizes the
neatness and functional simplicity of complex devices presented in block
diagram form.

For many purposes block diagrams are sufficient represen¬

tation of complex devices.

In cases where detailed information is to be

presented, the introduction of block diagrams assist greatly in organizing
and simplifying the analysis.

The ultimate usefulness of block diagram

representation will not be realized until complete standardization and
utility is achieved.

To this end, frequent use of block diagram repre¬

sentations wherever practicable should be encouraged.
It is observed, however, that associated with each component of a

-

block representation is a small paragraph explaining the operation of the
particular component.

Thus, in general, there is one independent expla¬

nation for each standard component.

Each of these independent explana¬

tions, however, seems to be built upon one underlying characteristic;
namely, the ti*ansieni behavior of the component.

It seems expedient,
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than, to accept this common factor and upon it attempt to construct a
simple and rapid type of analysis which should lend itself to the ex¬
planation of most of the standard components*
In Part I of this paper such a typo of analysis is derived and sub¬
stantiated*

In particular# the analysis is confined to the effects of

typical waveforms applied to simple lineal? circuits*

The application of

this analysis is made to several standard components in Part II with the
implication that most typos of pulsed equipment which come in large boxes
may be arranged into assemblies and sub-assemblies# each of which may be
analysed by the methods outlined in Part X*
The analysis outlined in Part I is by no means new# for it employs
for the most part such standard devices as Kirehhoff's law# the mechanics
of the exponential curve# the fact that energy is inherently a continuous
faction of time# etc#

Furthermore, many of the methods are simply re¬

iterations of the arguments commonly associated with typical components*
The collection of this information and the molding of it into one body
of knowledge forming the methodq^of analysis# however# was done in the
hope that it would be a contribution*

The problem# then# is a study of

transient behavior in standard component circuits*
It is to be noted that pure sine waves or simple combinations of
pare sine waves are employed in circuits in which the steady state cha¬
racteristics are of prominent importance*

Correspondingly# transient

considerations are required in circuits upon which are impressed odd
shaped waveforms.
Transient behavior may be studied classically by the investigation
of families of homogeneous differential equations*

Such an investigation

is accompanied by a certain amount of abstractness and tediousness,

A

heuristic method of solution is convenient for many circuits which are
commonly used to produce certain desired transients.

Such a method of

solution is often preferred by the engineer since it implies close asso¬
ciation with the physical processes involved.

Frequent reference to physi¬

cal behavior throughout the analysis seems to yield successful results as
may be appreciated when one considers typical arguments that usually accom¬
pany standard component circuits*

In the formulation Of the analysis* then,

the heuristic atmosphere prevails in demonstrating the behavior of several
simple linear circuits under the influence of typical waveforms designed to
produce certain transient phenomena.

A

second observation is apparent.

The compilation of facts that form

the analysis, Part I, together with the implied and stated applications of
Part II may be useful as an instructional aid in elementary vacuum tube
courses* since its content is Closely associated with physical processes;
It is allong established fact that a thorough grounding in the simple pfcysical or tangible aspects of a study is conducive to a much more rapid tran¬
sition into the complex as well aS a more thorough appreciation of the com¬
plex*

In Part II, vacuum tubes are used as switches* and the implied assump¬

tion is that linear amplifiers, modulators, etc. are more Complex,

It is

felt that if & person were introduced to the study of vacuum tube circuits
of the type set forth in Part II* having understood the methods of Part I,
that such a person would have sufficient groundwork and physical concept, to

.

launch into the study of linear amplifiers, modulators, detectors, etc* with a
sense of security and with much greater speed and comprehension.
Theproblem* then* is an investigation of the transient behavior of sim¬
ple standard component circuits with the following objectives* (1) to compile
and substantiate a type of rapid transient analysis applicable to simple, stan¬
dard component circuits with the implication that such an analysis may be used
to investigate components or sub-assemblies constituting major units? and- (2)
to suggest this type of information as a groundwork upon which vacuum tube
circuit theory may bo built.
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PART I
NOTES ON TYPICAL WAVEFORMS APPLIED TO SIMPLE LINEAR NETWORKS

The essential feature in the analysis of waveshaping circuits is a
thorough understanding of the characteristics of RC and RL coupling circuits.
It is proper, then, to consider them here*

THE RC CIRCUIT
Perhaps the most widely used component of all circuits iB the RC circuit,
consisting of a condenser in series with one or more resistors.
shows the simplest typo of RC circuit.

Figure 1 (a)

The wave forms associated with this

circuit are shown in Figure I (b).

O

FIGURE 1 (b)

FIGURE 1 (a)
i(t) - ^■steady state
^steady state * 0

4

^transient •

by inspection.

(5)
(6)
®R.(t) m l(t)R

9

O as shown in Figure 2.

(?)

for ee(0) « 0 as shown in Figure 2.

(8)

Efor eo(0)

eg(t) = E - ea(t) ■ E(1-O“'4:AC)

9
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rho quantity RB -is known as the time oonstant, T» of the circuit.

RC has

tbs dimension iimo^ end unit second or microsecond depending upon the choice
af units for R and c*

Most frequently encountered combinations are shown

below* ......... ...

...... . . , . .

R
0
5?
ohms farads seconds
megohms microfarads seconds
Ohms microfarads microseconds
megohms ndoromisrofarads microseconds

i/T
One time constant, T, then* is that value of t Which makes e

1
» s •

For the RG Circuit of Figure 1 (a), T « RC, Where T is in microseconds if
g is in ohms and 0 is in microfarads, etc*
For transient analysis it is important to understand the properties of
the exponential curve*

Consider Figure 1 (b)*

At the end of one time con*

stant, the voltage across the resistor has decayed to approximately 37$ of its
initial value) at the end of two time constants, it has decayed to about U%
of its initial value, etc*

Or from the other point of view, at the end of

the first time constant, the voltage has changed by 63$ of the difference
between the initial voltage and the final voltage, etc*

. ..

To allow a more general treatment, consider any negative exponential curve
f(t/T) * e

-4v/2?

» T greater than sere and finite, and t greater than zero.

The

statue of the change in f(t/T) for integral Values of t/T is shown in Figure
2 and tabulated below*
Humber of Time Constants per Gent of (Initial Value » Final Value
which f(t/T) has changed
,

IT

2T
3T
4T
5T

I
See Aooendix I.

63.2
86*5
95.0
98*2
99.3

INITIAL

VALUC V °%
V

Ga 3-21 %
\\

VT

7i)»e'

ae.5%

\
\

95,07.

SQ.Z%

voo* \

1375%

N

FINAL

VALUE ,0

Ii

jL

<99.3*
o,7X

■

VT

5

*

/V

*

FIGURE 2
Of course f(t/T) never reaches Its final value in finite time, but for
most practical applications it may be assumed that f{4) » tp°)»
f(t/T) is equal to its final value after four time constants.

So after

four time constants the transient is expired.
It is also of interest to note that
(

a _

.-V*)

(irtAT *

.

)t - o

- l

(9)

l.e.» the slope of the curve at the time t»0 is such that if maintained,
it would cause the curve to complete its transition from initial value to final
value in one time constant as shown by the dotted line in Figure 2.
In many circuits only a short portion of the exponential curve is
used, and a convenient approximation is obtained by expanding f(t/T) in
a Maelaurin series and negfe cting terms in high powers of t.
. 1 - t/T + t®/2T2 - t3/6T3 ♦

•

•

Thus

•

The utility of such an approximation is, of courso, governed by the
number of terms than can be neglected.

If all but the first two terms are

neglected, an error of only 0.55% ie introduced provided t is smaller than
or equal to 0.1 T.

With this assumption, linear variation as determined

by the first derivative of e***'^’ at t * o is defined, i. o.» f(t/T) is
-t/T
assumed to follow the dotted line in Figure 2 instead of the curve e

See Appendix II

(10)

9

By inspection of Figure 2, the restriction that t is smaller than or equal
to 0.1 T ean be readily appreciated.

This approximation indicates that the

following relation holds)
Change In value
of exponential

a

t ( Final value - Initial value )
f

provided
H 0,1 T

In many cases it is useful to know how long it takes an exponential
curve to go from one value to another.

Consider Figure 3 and the following

equations)
. /
f(t) * E e~t '1
f(tj^)

■ E e

f(tB) .
To find)

t

(12)
(13)

^

E e~tB/T

s

tg -

(14)

t^

t

B

*

-T log f(tB)
T~

* -T log f(tB) + T log E

(15)

%

*

-T log

• -T log f(tA) + T log E

(16)

t

Wt

tg - tA

T log f(tA) - T log f (tg)

(17)

t

=

T log f(tA)

SB

f(tB)

FIGURE 4

(18)

(ID

In order to make (18) more general, allow S in (12) to take on

positive

or negative values, and add the term g(t) to account for any initial con¬
ditions that might exist in the circuit.
~t/T
« E e

f

+ g(t)

f(tA) = E
f{tg) »

Then (12), (13), (14) become:

E

(19)

+ g(tA)

(20)

+

(21)

g(tB)

In subtracting tA from tg as in (15), (16), and (17), the terms T log E
drop out and so allowing E to take on negative values offers no restriction
Equation (18) then becomes*

(32)
t

-

f iog

f(tB)

The result, then, is perfectly general.
constant, the graph of Figure 3 holds.

.

g(tg)

If E is positive and g(t) a c, a
If E is positive and g(t) * c = 0

for all t, then the general expression (22) reduces to (18).

If E is

negative and g(t) a -E for all t, then the graph of Figure 4 holds, and
it is seen that (22) applies also to a rising exponential.
Equation (22) may be converted into more compact form by using the
steady state value of f(t) as a reference line from which to make mea¬
surements in place of the line f * 0 axis.

The general expression (22)

then becomes*
t = T log E^/Eg

(23)

where EA is the difference between the voltage at the beginning of the
time interval and the voltage which the exponential is approaching.

Eg

is the difference between the voltage at the end of the time interval and
the voltage which the exponential is approaching.
If EA and t are known, (23) may be written to solve for Eg*

Eg «

EA

e’^

(24)

As an example of the use of (23), consider the circuit of Figure 5.

JU

For t smaller than

the condenser is discharged and the switch is open.

At some time t^ the switch is closed driving the grid to -100 volts due to
the fact that the potential across the condenser cannot change instantaneously.

2
( C S/2 * energy, and energy is inherently a continous function of time.)
If the cut off of the tube is -15 volts, find how long the tube remains cut
off.

, OOl/4-fdl
1

1
~ IOO v

1
FIGURE 5(a)
T * RC a 0.001 sec. » 1000 u sec.

Applying (23)s

*

100 v.

SB * 15 v.
t

s*

T log 3,v^B

»

1000 log 100/15

■ 1397 u sea.
Similarly, the circuit of Figure 6(a) may be analysed to give Figure 6(b).
may be considered as the internal resistance of the source.

wv

1 IIHR*c)

l
FIGURE 6(a)
Given e„ is zero for t smaller than zero.
v

Switch closed at t a* 0

FIGURE 6(b)

eB> R
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Since current must flow into the condenser a finite amount of time before
the voltage across it can change, e„ will be zero just after the switch is
closed.

This fact aids a great deal in the heuristic analysis of a cir¬

cuit, for hence the condenser may be considered a short circuit just after
the switch is closed.

A second thought on this characteristic of a conden¬

ser might be mentioned* the Fourier expansion of the current at the instant
of closing the switch contains only terms of infinitely large frequencies.
The condenser offers no impedance at these frequencies and hence no poten¬
tial difference is developed.

At t ■ 0, then, the circuit may be considered

as simply two resistors in series with appropriate potentials developed
across each as shown in Figure 6(b).

The values of ec and e^ vary as shown,

and the voltage ®^+QJ = F -

all the properties previously dis¬

has

cussed.
These facts can be generalized for RC circuits containing one conden¬
ser to assist in rapid heuristic analysis*

When any discontinuous Change

takes place in an RG circuit containing but one condenser, the voltage
between any two points in the circuit may be plotted as follows*

deter¬

mine by inspection the voltage between the points in question just after
the change takes place and the voltage between the points after steady state
conditions have been reached; connect these points with an exponential curve
having a time constant equal to the product of the capacitance of the con¬
denser and the resistance which would be measured by placing an ohmraeter
across the terminals of the condenser with all sources of emf short cir¬
cuited (Thevenin generator).
In applying the above procedure, recall that the voltage across a
condenser cannot change discontinuously, provided current is limited to
finite values.

Therefore, to determine the conditions in the cirouit
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just after the change takes place, the condenser may be replaced by a
short circuit or by a battery having an emf equal to the voltage which
was across the condenser just before the change takes place.

Also recall

that in the d.o, steady state condition, condensers are open circuits.
Such observations as are outlines above clearly distinguish this type
of transient analysis from anything encountered in conventional alternating
current theory.
The effect resulting from any discontinuous change in driving potential,
then, may be deterrairs u readily by (1) observing the voltage across the con¬
denser before the change takes place, (2) visualising an equivalent circuit
for the condition just after the change takes place, (3) visualizing an
equivalent circuit for the steady state condition, and (4) calculating the
effective time constant for the circuit.
An exaraple employing this procedure follows.
Figure 7(a)*

Gonsider the circuit of

Given that the switch has been closed a long time.

potential fi*om point

A

to ground after the switch Is opened.

Find the

(l)By inspec¬

tion, the voltage at point A and the voltage across the condenser are both
50 volts prior to the opening of the switch,

(2) Figure 7 (b) is the

equivalent circuit just after the switch is opened.

Note that the conden¬

ser has been replaced by a battery of 50 volts potential 4 th polarity simi¬
lar to that of the condenser prior to the change.

The potential of point A,

then, jumps discontinuously from +50 volts to +90 volts at the instant of
the change,

(3) Figure 7 (c) is the equivalent steady state circuit.

For

this condition the potential of point A is obviously +250 volts, (4) The
transition from +90 volts to + 250 volts is exponential, and the time
constant for this curve is clearly (10,000 + 40#000) ohms x 0,01 ufds
s 500 u secs.

The behavior of tho potential of point A is then completly

determined and the plot of voltage of point A vs time may be made.
Figure 7 (d).

See
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Assume, now, that the switch is closed again.

Observing the four steps

used above! (1) The charge on the condenser is 250 volts.

(2)

The two branches

not containing the condenser may be replaced by a Thevenin generator.

The

resulting equivalent circuit for the instant of closing of the switch, then,
is as shown in Figure 7 (e).

The voltage A evidently jumps discontinuously

from +250 volts to +139 volts.
at A is again +50 volts.
+50 volts.

(3) Under steady state conditions, the voltage

(4) The potential drops exponentially from +139 to

The effective resistance in series with the condenser is 18,000

ohms, and so the time constant of the exponential variation is 180 usee.
The curve is shown in Figure 7 (d).
Frequently a transient is interrupted by another sudden change in the
circuit before equilibrium is reached.

In this ease, it is necessary to

calculate the voltage in the circuit just before the second change takes
place.

Suppose, for example, that the switch in the circuit just considered

is closed again 40 usee, after it is opened.

The comments made in connection

with Figures 7 (a), (b), and (c) obtain} in particular, when the switch is
opened, the voltage at point A jumps discontinuously to +90 volts, and then
it begins its exponential rise to +250 volts at a rate determined by Tx « 500
usee.

With the present change in data, it is necessary to calculate the

voltage at A 40 usee, after the beginning of this rise.

Since 40 usee, is

less than 0.1 Ti , equation (11) holds, and an error of less than one half
of one per cent Is introduced.®
Change in voltage at A

-

( 250 - 90 ) « 13 volts.
50u

The potential of point A, than, rises practically linearly from +90 volts to
90 ♦ IS • 103 volt®#
So the condition of the circuit just before the second change takes
place is such that the voltage at point A is 103 volts.

Before visualising

the circuit just after the second change is made, it is required to find

See Appendix II

vv
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tho voltage on the condenser at the time of the change.

Applying equation

(11) again*
Change in condenser voltage

»

( 250 - 50 ) •

16 volts.

At the instant the switch is closed, then, the condenser voltage is 50 + 16 » 66
volts, and in the corresponding equivalent circuit a battery of 66 volts may be
used to replace the condenser.

See Figure 7 (f).

From this equivalent circuit

it is seen that the potential at A drops discontinuously from +103 to +57 volts
at the time the switch is closed.

Continuing, it is clear that the voltage

at A proceeds from +57 volts to +50 volts along an exponential curve of time
constant 180 usee.

FIGURE 7 (f)

FIGURE 7 (g)

The waveform resulting from the above problem is shown in Figure 7 (g).
Such a trapeioidal waveform of voltage is required in order to produce a
linear sweep in magnetic deflection cathode ray tube circuits.
It is often required to design a circuit that will give linear change
in voltage with time throughout some time interval dt.

This requirement

can always be fulfilled with excellent practical accuracy by the use of aa
RC circuit as outlined in the foregoing pages.

While it is true that the

procedure outlined here admits but one condenser in the circuit, it is true
that additional condensers of capacities much larger than the capacity of
the condenser for which the transient behavior is calculated, may be replaced
by batteries for the purpose of design since their time constants are much
larger than the time constant which is principle to the transient desired.

17

In practical wave shaping circuits the above always is true} namely, that
additional capacitors are made so large that their transient effects may
be neglected.

Hence the foregoing theory is extended to the general case,

provided, of course, that the restrictions set forth concerning length of
time interval and site of capacitors are observed.
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THE RL CIRCUIT
Th» simple RL circuit may be treated in a manner aimilar to that of the
RC circuit.

FIGURE 8

(a)

FIGURE 8 (b)

The following reeults are obtained by solving Kirehhoff* s voltage equality,
and plots of same are shown in Figure 8 (b).

i(t)

.

| (1 -

i(t)

» | (1 - e-ftVL)

ea(t) •

i(t)R «

e]j(t)

E

m

-

e-Rt/L)

+ io#-Rt/L

E(l-e*“HtA)

#a(t)

Here the quantity

a

Ee**aV*k

for i(0) a i0

(25)

for i(0) >0

(26)

for i{0) • 0

(27)

for i(0) * 0

(28)

l/R is the time constant and has the dimension time *

and the unit second or microsecond depending upon the choice of units for
L and R,

Most frequently encountered combinations are shown below.

L
R
T
henrys
ohms
seconds
millihenrys kilohms microseconds
microhenrys ohms microseconds
Mote that in this simple series circuit, the voltage across the resistor is

>

the same as the voltage across the condenser of the RC circuit* and the voltage
across the inductor is the same as the voltage across the resistor of the
RC circuit.

Just as the voltage cannot change discontinuously across a

condenser, so the current cannot change instantaneously in an inductor,
( Li2/2 • energy, a continuous function of time,)

4
See Appendix I
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The same comments concerning exponential curves, thent apply to the case
of the RL circuit.
and (24) hold.

In particular Figure 2 and equations (9)* (ll)y (23),

Similarly a procedure for rapid analysis of the response of

an RL circuit to discontinuous changes in voltage may be madei (1) Determine >
the current in the inductor just before the change takes place.

(2) Visualise

an equivalent circuit for the condition just after the change takes place
remembering that the current in the inductor cannot change discontinuously.
(3) Visualise an equivalent circuit for the steady state condition.

(4)

Calculate the effective time constant of the circuit.
One example should suffice.

The switch in the circuit of Figure 9 (a)

is initially open so that the current in the inductor is sero.

When the

switch is closed the current in the inductor remains sero (open circuit)
for the first small increment of timey yielding the equivalent circuit
of Figure 9 (b).

For the steady state condition the inductor may be replaced

by a short circuit.

O A

FIGURE 9 (a)

FIGURE 9 (b)

17 * 15/4 See,

T£.« to,* sac.

FIGURE 9 (d)

FIGURE 9 (c)
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The voltage at point A is initially at +300 volts, drops instantaneously
to 4-200 volts and then rises exponentially to its initial value of 4-300 volts.
The time constant of the curve is evidently the inductance divided by the
parallel combination of 5K with lOKi

« 50 mh / 3.3K

* 15 usee.

After

about 4Tj the steady state condition prevails and a current of 30 ma flows
in the inductor.
If, now, the switch is opened, the 30 ma continues to flow in the inductor
for an instant and the equivalent circuit of Figure 9 (c) obtains.

A current

flow of 30 ma in the inductor in the direction shown implies a voltage drop
of 150 volts across the 5K resistor with the end more remote from the battery
positive with respect to the end nearer the battery.

Thus, when the switch

is opened, the voltage at point A jumps instantly from 4-300 volts to
300 4- 150 a 450 volts, and then deeays exponentially back to 300 volts with
a time constant of l/R • 50 raty^K * 10 usee.
at point A is shown in Figure 9 (d).

The behavior of the voltage

21
COUPLING CIRCUITS
Afflong the many commonly need types of coupling circuits, the circuits
of Figure 10 are often employed.

A voltage waveform is applied to the two

elements in series and the voltage output is taken across one of the elements.
It is convenient to classify EC and RL circuits with respect to the length
of their time constants as compared with the period of the applied voltage.
The following classifications are to be consideredt

circuits in which the

time constant is short, comparable, and long with respect to the period of the
applied wave.
CQUBlin^gjrQuits with Short Tim Constants
When the time constant of a EG or RL coupling circuit is short compared
with the period of the applied wave, so that each transient response stay be
completed (4T) before the succeeding change is applied, the output taken across
an appropriate element very nearly approximates the first time derivative of
the input waveform.

The term differentiating circuit is often applied to

such RC and RL circuits.

O

\\

INPUT
O

—O

p

--/WN.

OUTPUT

INPUT

OUTPUT

—O

o

—O

—o

FIGURE 10 (b)

FIGURE 10 (a)

In the above, the output is taken across the resistor in the RC oirouit.
and across the inductor in the RL circuit.

Recall from equations (7) and (28)

that these voltages are identical if l/R * EC.

Observe, also, that the

behavior of the output voltages of these circuits is the same as that
discussed in connection with Figure 9.

When a discontinuous, periodic

waveform is applied to a differentiating circuit, then, the output eonelbts—of a syncronised sequence of discontinuities, each followed by an exponential

83
decay back to sero.

The amplitude of the discontinuity in the output is

equal to the amount by which the input changes, positive if the change is
upward and negative if the change is downward.
Figure 11 shows output waveforms for typical input variations to either
of the two circuits of Figure 10,

INPUT

Frequently limitations in the input circuit make it impossible to
produce absolutely instantaneous changes in the waveform te be applied
to the differentiating circuit.

In practice, with proper choice of time

constant in the driving circuit, it is possible to produce a waveform that
is linear with a very steep slope even though the slope may not be infinite
as desired.

It is of interest, then, to investigate the response of the

differentiating circuit when the input voltage variation is of the form

•o +
Consider the circuit of Figure 10 (a).
Determine

eoutput

Given that e^^yt ■ ®o ♦ kt.

* eR(t)»

Homogeneous Solution*

iR + ^Jidt * 0,

Particular

iR + g/idt « eQ + kt

Solutions
or

di/dt 4 i/kC • k/R

5o i « Ae"*VkC jjy inspection.

(29)
(30)

So i - kC

by inspection

(31)
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Total Solution*

i a Ae“*Ac + kC

•outt*) “ #R.(t) > i(t)R

(32)

» ARo-'tAc + kRC

If at t a 0, Og^t) a eR(0)» thon

(33)

AR a «ft(0) - kRC,

Substituting*
®R(t) a { eR(0) - kRC ) e**VilC

(34)

+ kRC#

Likowisa, the RL circuit of Figure 10 (b) nay be solved.
Homogeneous Solution*

iR + L di/dt a 0.

So 1 a Ae**R^A ,

(35)

by inspection.
Particular Solution*

iR ♦ L d3/<tt a e0 + kt. So i a 5° - ]£ + it ,
R
R*
R
by assuming solution of form i * a + bt.

Total Solution*

i

eout(t) * ®L(-t) ■ •© ♦

a

QQ

-

|o „
R

“j

P

+

R

♦ Ae-RtA .

(36)

(37)

• i(t)R

+ kt — OQ - kt + ^ — ARe“RVl*

Rt
•B
ia«A.
R

(38)
(39)

-AR a OL(0) R
Substituting*

.L(t) . B ♦ ( ,L(o) - a ) «-atA
H

(40)

n

Both equations (34) and (40) have the equivalent

•out

(41)

- ( (•out)0 - kT ) e-t/T ♦ kT .

The result of this expression may be illustrated as shown in Figure 12,

FIGURE

12 (a)

FIGURE

12 (b)
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If

t

is less than or equal to 0.1T, then

Furthermore, if

e**V? « 1 «. t/T, practically.

(e0ut)0 ■ 0, then equation (41) takes the form

•out

- (0 - kT) (1 - t/T)
■

+ kT

kt

(42)

But (42) is precisely the variable terra of the equation for the applied wave.

So if the initial output voltage is sero, for a short period of time the
output voltage rises linearly with the applied voltage.

At the end of about

0.1T, for example, the output voltage is nearly equal to the change in input
voltage.

Thus, if the time in which the voltage change takes place is very

small (if kt has a very steep slope) compared with the time constant of the
circuit, then the steeply sloping waveform may be considered as a discontinuous
Jump, as assumed previously, without introducing any practical error.

This

approximation to a discontinuous jump may easily be achieved in practice! i.e.,
it is possible to make the applied voltage change so quickly that the time
constant of the differentiating circuit is long compared to the time of change
but short compared with the period of the applied wave.
The criterion for the usefulness of this approximation may be stated more
explicitly.

Suppose a square wave is applied to a differentiating circuit.

Then certainly the output waveform will be a sequence of jumps followed by
exponentials as discussed previously.

Now suppose that the sides of the

square wave are not truly vertical! i.e., that d/dt (ein) /°°» but rather
equal to some finite value k.

Then this distorted square wave may be

replaced by a theoretical square wave as stated above if, and only if, the
magnitude of k is such that

e^n

reaches its final value (for a square wave,

the horisontal portion) within some time t less than or equal to 0.1T,

Both

the slope and the magnitude of the change in input voltage, then, determine
whether the wave may be considered as discontinuous or not.
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la the event that the foregoing approximation does not apply, if the
time of change ie not short compared with the time constant, it is necessary
to calculate the output voltage with the aid of equation (41).
When k is finite, the magnitude of the discontinuity in
to the change in e^n, as stated before.

eout

it equal

From (41) it can be seen that as k

becomes smaller, the peak magnitude of e0ut also becomes smaller, T fixed.
Likewise, for a fixed k, finite, the output peak amplitude becomes smaller
as T is decreased.

So for a given input waveform, reducing the time

constant allows the circuit to be restored to its original condition more
quickly, so that the cyclic frequency of the input wave may be increased.
But the advantages gained by reducing the time constant are obtained at
the expense of reduced amplitude.
effect of varying k and T.

Figures 13 (a) and (b) Illustrate

the

In all eases, of course, T is small compared

with the period of the applied voltage.

(T less than one-fourth the time

between successive changes in input.)
To sketch the waveform eout for a sloping input wave such that the
time of change is greater than 0.1T, equation (41) is used in which the
factor

is not replaced by

(1 - t/T).

From (41) it is seen that

whenever an instantaneous change takes place in the voltage applied to
a differentiating circuit, the same change appears in the output voltage,
independent of the output voltage prior to the change.

When a slow, linear

change takes place in the applied voltage, the output voltage goes exponen¬
tially from its initial value to the value kT in about four time constants.
It then retains this final value, kT, as long as the input voltage continues
to change at the same rate, k.

Theee facts were displayed in Figure 12.

Application of equation (41) to periodic waveforms result in curves as
shown in Figures 13 (c) and (d).
comparison.

Graphs of d/d% (#in)

ar

® given for
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The action of the differentiating circuit on a sine wave is shown*
To say that the time constant is small in the case of a sinusoidal input
is equivalent to saying that the capacitive reactance is large compared with
the resistance in the RC circuity or that the resistance is large compared
with the inductive reactance in the RL circuit.

In either case* the output

voltage is sinusoidal} of reduced amplitude and nearly 90® out of phase with
the input*

Counting Circuits with Time Constants Comparable with Period of Applied Wave
Consider the circuit of Figure 14*

FIGURE

14

Assume the condenser to be discharged initially.

On the first half cycle,

the condenser charges to 63$ of the applied voltage* 63 volts* since the
time taken to traverse the first half cycle is equal to the time constant
of the circuit.

On the second half cycle, the voltage drops to 37$ of

63 volts, 23 volts.

At the completion of the third half cycle, the voltage

across the condenser is 63$ of (100 «» 23) volts ♦ the initial 23 volts ■ 71
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wits.

After the fourth half cycle, 37% of 71 volt* * 26 volte.

Next,

63^(100 - 26) * 26 • 72 volte, etc., until a steady condition is reached
as chuwn in Figure 14 (e).
Because of the similarity of the output waveform of this circuit to
the integral of the input, such circuits are often referred to ae integrating
circuits.

Note that the average value of the output voltage is equal to

the average value of the applied wave.

Obviously this ie always true for

such a circuit.
The integrating circuit differs from the differentiating circuit in
that the output of the former ia taken across the condenser and the time
constant of the circuit is of the same order of magnitude as ths period of
the applied wave.
Similarly, in an EL circuit of time constant comparable to one period
of the input wave, the integrating effect is obtained by taking the output
across ths resistive element.

Coupling Circuits with Long Time .ggnstjnts
Perhaps the most common of all EC circuits is the long time constant
coupling circuit used in resistance coupled amplifiers.
circuit is shown in Figure 15.

This type of

Analogous EL coupling circuits exist, but

are not as popular as coupling links.

For their analysis, the time constant,

EC in the following discussion, should be replaced by Vtl, and the output
taken across ths inductor.

o
INPUT

OUTPUT

FIGURE

15

The output waveform of the long time constant circuit is seen to b©
a rather faithful reproduction of the in ut wav© except that the average
value is zero.

For this reason, the condenser in such a circuit is sometimes

called a blocking condenser since it blocks out the d.c. componant of the
input wave.

o

»QO

96

If-

96

90

9i.s£ 4ens

900 900
>*?

o-> -

-O
T * 10,000x»ec

(a)

(b)

(e)

FIGURE 16
A cycle by cyclo analysis of the output voltage of Figure 16 reveals
that after an initial transient during whic h the condenser accumulates the
average value of the applied voltage, a stable condition is reaches as shown
in Figure 16 (e).

It is clear that as the time constant is increased, the

elope on the plateaus of the output wave becomes smaller and smaller, yield¬
ing a more perfect reproduction of the input wave.

For examples, if the time

constant of the above circuit ie increased by a factor of ten, the error in
the horizontal portion of the wave is changed from (51.25 - 48.75) volts to
(50.1 - 49.9) volts.

In any event, the average value of the output voltage

is zero.
A little thought relative to the practical uses of long time constant
coupling circuits to pass discontinuous waveforms immediately brings to
mind the possibility of variation in the driving source impedance through¬
out the cycle.

Such a condition would add coraplications to the problem.

If, for example, the input waveform to a long time constant coupling cir¬
cuit, were caused by a biased diode, the time constant of the coupling
circuit would change alternately from one half cycle to the next.

Such

conditions frequently occur in practices namely, that the effective time
constant of a coupling circuit for each first half cycle is different from

that for each second half cycle.

Fortunately, such changes usually effect

only the resistive component of the impedance and are likewise discontinuous
with the voltage.

(In fact, the discontinuities in impedance produce the

discontinuities in voltage.)
Consider Figure 17.

The switches are connected mechanically so that

the time constant of the circuit is RjC when the input voltage is Ij, and
RgC when tin input voltage is Eg.
positive, negative,

E. or Eg, of course, may be considered

or zero, and likewise,

or

may be zero if generali¬

zation is desired.

If either, or both, R^C or RgC is long compared with tho switching
interval, the average condenser voltage will reach some constant steady
state value S0 between 3^ and Eg.

Furthermore, this steady stale value

will be reached when the change in charge on the condenser while the in¬
put voltage is E-j, is exactly equal to the change in charge on the conden¬
ser while the input voltage is

E„.

In practice, while one of the time constants may be influenced by
the driving source, the other is purely arbitrary.

The parameters for

the above conditions, then, may nearly always be found.
The above conditions, which will now be assumed, may be stated as
follows*
average steady state condenser Voltage » E » a constant

and

delta qj. * delta qg

(43)
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The steady state condition may be calculated immediately.
17 (b) is the equivalent circuit of Figure 17awhen E-^ and

Figure

are in the

circuit, and Figure 17 (c) for the condition that Eg and Rg are in the
circuit.

In each case the condenser is replaced by an equivalent con~

stant potential E .
Assume that

exceeds Eg, with the result that Eg is less than E^

but greater than E^.

If the time duration of E^ as input voltage in a

given cycle is denoted by P-^, etc, then delta

■ i^P^, and similarly

for delta q2* Thusi
delta
and

« (Ex - K.JPJAJ.

(44)

delta qg . - (Eg - E^Pg/kg

(45)

Equating (44) and (45) as per (43)

(Ex - l^JPjAx * "(Eg “ W*a
So

Sc =

But in equation (46), E, - E

X

when

is in the circuit.

C

(«)

EiPxRg ti SgPgRi

^outj*

(47)

output voltage across the resistor

Similarly Eg - E# •

, the output under the

2
alternate condition*
- E
1
c

E

E* *• E
2
e

E

E

(48)

outl

(49)

out*

Making these substitutions in (46) and dividing thru by C, the following
form is obtained*

S
ft„*.Pi
Eout/l

* -- sEn,,+.„P9_
outgP2
(50)

—

*sr

where

and Tg are R^C and RgC, reepectively.

only provided at least one

T

Recall that (5@) holds

is much greater than at least one P.

Equation

(50) is of the form*
Pi
l^/gEoutl dt

«

4gjp|°ut2 dt

(51)

It has bean shown that for T^> Tg large enough, Eou^,
practically independent of tiae.
deration of areas*

E

outg

111,0

But (51) suggests graphical eonsl-

£L3>

FIGURE 18
So

VT1 AA
-

or

Aj/Ag - T/Tg * R1A2

So when the time constant does not change, the average value of output
voltage is necessarily zero.

When the tiae constant changes throughout

a cycle, the average output voltage is in general not sero, but favors
the polarity that provides the greatest product (l - Ee)p.
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PART II
APPLICATION OF TIE METHODS OF PART I TO STANDARD WAVE SHAPING CIRCUITS

Recent developmente la electronic equipment hare made it necessary to
employ many special types of non-einueeidal voltage generators*

In Part II

several standard nave shaping circuits and generators of discontinuous
waveforms are discussed.

The analysis of these circuits differs from that

of ordinary vacuum tubes in amplifiers and oscillators in two respects.
First* since the crave forms are not sinusoidal* the concepts of reactance
and impedance are meaningless and hence do not aid in the analysis.
methods of Part I are used instead.

The

Seeond, grid variations in vacuum tube

circuits arc purposely made eo great in most cases that linear amplification
is not attained.

Vacuum tubes are used merely as switches.

CLAMPING CIRCUITS
Consider the circuit of Figure 19 with the input voltage as shown.
Assume that the resistant# of

a

diode when conducting ic 1000 choc.

(The

average value of the conducting resistance of a 61 is about 1000 ohms.)

. OB/itA,

£00—

O-

u>

(h)
FIGURE

(e)
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The solution for the steady state condition for this eireuit is
shown in Figure 19 (e).
constants.

It is observed that the circuit has two time

One with the diode conducting* one with the diode not

conducting.

Since one of the time constants is long (50*000 usee.)

in comparison with the period of the applied wave (300 usee.)* the
procedure associated with equations (43) to (52) of Part I is justified.
By (47)

1
°

,
*

SlPlRa ♦ EaPgRl
p R
l 2 ♦
?2r1

.
100.2

200 x 100 x lot
" 100 x 10*

.

»

0 x 200 x 10**
+ 200 x 10*

JOO nit., wry nMrty.

x 10*

If an equivalent circuit were desired* the condenser could be replaced by
a battery of 200 volts throughout the whole cycle.
By (48)
®outj *

E

E

E

1 "

E

c

• 2°0 - 20° ■ 0 volts.

By (49)
eut *
2

2 "

E

c *

0 - 200 ■ *200 volts,

These results are graphed in Figure 19 (c).
the positive excursions are always sere.

The wave is clamped so that

Notice that the fact that Se

is not exactly 200 volts and the fact that the plateaus of the output
waveform ate not perfectly horiiontal are the two features that enable
the circuit to function as it does.

For practical results, of course,

these two errors are sc slight that they may be neglected.
If the diode of Figure 19 (b) were reversed,
values in the above equation for

resulting in a new value for I0

which would be very nearly sere (actually 0.1 volts).
E

outi

E0ut«j would be very nearly

volts, respectively.

and R2 would exchange

The new values of

200 - 0 * 200 volts and 0 - 0 « 0

The wave would be clamped se that the negative

excursions would always be sere.
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Further generalisation can he made,

if the parallel combination

of the diode and the resistance* Figure 19 (b)» were maintained at a
constant potential 3 above ground, then the equation (48) would become
®outj * E1 * Ee ♦ * ■ 200 • 200 + E *11 volts,
and (49) would be
^outjg * * ®c ® * 0 • 200 ♦ S » B * 200 volts*
That is, the output wave would be damped in such a maimer so that the
positive excursions would always be E.

Similarly, if the diode were

reversed under these conditions, the output wave would be clamped such that
the negative excursions would always be E volte above ground*

Thee©

statements arc valid, of course, for any E, positive, negative, or sero*
The circuit of Figure 19 (b), then, is such a circuit in which the constant
potential 2 is scro. Figure 20 illustrates the content cf the above
argument for a square wave input*

In each ease the product RC is made

very much greater than the period of the applied wavs to guarantee that at
least one tint constant is large with reepeet to the switching interval,
justifying the use of the above method*
A circuit of this nature that fixes one extreme of the output voltage is
variously called a damping circuit, d.c. restorer eireuit, d.o. reinsertion
circuit, and perhaps others*
A damping circuit, then, consists of a long time constant RC coupling
circuit with seme device to vary the time constant of the eireuit at
predetermined intervals.

Practically, this device is something that amounts

to a diode switch as indicated in Figure 20*

Furthermore, It is dear that

if the cathode voltage of the diode is fixed, the positive extremes of the
output wave are damped at the cathode voltage*

If the plate voltage of

the diode is fixed, the negative extremes of the output wave are elamped
at the plate voltage*

An analogous solution holds for the long time

constant RL circuit simply by taking the output across the inductor*
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The usefulness of a clamping circuit is realised in circuits where
one of the peak excursions (positive or negative) of the input wave to
a device is required to be equal to or not greater than some prescribed
value.

Consider the circuit of Figure 21 in which the first two elements

of a triode are used as a diode.

If the product RC is made ten times, or

preferably more, larger than the period of the applied wave, then clamping
action will occur in the grid-cathode circuit such that the grid is never
driven positive with respect to the cathode as shown in Figure 21 (c).
This is, of course, nothing more than the conventional grid leak bias.

U)

(b)
FIGURE

(e)

21

It will be recalled that if any periodic waveform ie applied to a long
time constant RC coupling circuit in which the time constant remains fixed
throughout the cyele, the output waveform is nearly identical with that of
the input, but the reference axis is changed such that the average value
of the output voltage is sero.

Now if the input waveform is changed

slightly, the peak values of the output voltage will seek new levels so
that the average output voltage remains sero.
output voltage are often undesirable.
such circuits is indicated.

Such fluctuations in peak

The use of clamping networks in
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In order to emphasise the restrictions placed on a clamping circuit
by assuming at least one time constant much longer than a period of the
applied wave* and to illustrate the foregoing remarks, consider the
proposed horizontal positioning control circuit for an electrostatic
deflection cathode ray tube as shown in Figure 22 (a).

X

O

(c)

«■>

/

**

\T

o6*AAX
6.w\\a

FIGURE 22
Assume that the sweep generator is driven so that at the end of each
sweep, the spot remains at the right side of the screen until the next
driving pulse is received by the sweep generator.

Assume, further, that

the output of the swoop generator is independent of sweep frequency or
sweep duration, so that the voltage A is a constant.

Then emax - em^n * A,

a constant, also.
With no clamping action, diode not in the circuit, a given sweep
frequency and sweep duration would yield an output averaging about the
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•®ro axis; and the initial and terminal points of the travel of the spot
on the screen would bo determined by e^y, and

.

For the input of

figure 32 (b), the output of (e) would appear* and the sweep would be
fully contained on the screen* say.

If, now, with the diode still out of -

the circuit, the sweep frequency would be decreased to some value associated
with Figure 22 (d), the output would become as in (e), moving both the
initial and terminal points of the travel of the spot on the screen to the
left, causing the sweep to be off center.

This condition would be

undesirable.
By inserting the diode, the value amax is clamped at the voltage E
which may be marled by the horizontal positioning control.

By clamping

Sjgax at £ by methods discussed previously, the value twin is fixed at the
voltage I - A, so that the initial and terminal spots on the screen
associated with these voltages are likewise flxod and independent of
sweep frequency and sweep duration.

Thus having centered the picture

for one value of sweep frequency, it remains centered for all values of
frequency and sweep duration.
One important restriction tea been overlooked.

All of the above

is trus provided at least one of the time constants of the circuit is
long compared to the period of the applied wave.
the longest is RC.

Of the two time constants,

As the sweep frequency approaches sero, the period of

the wave approaches infinity, and, of course, the product RC cannot be
greater than this period for all values of frequency.

As the sweep

frequency is decreased, the centering adjustments outlined above become
less and less effective until some value is reached when they are
completely negligible.

For this reason, laboratory oscillographs whose

sweep frequencies go as low as one or two cycles per second do not employ
the above type of centering circuit.
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CLIPPING CIRCUITS
Th® purpose of a clipping circuit is to change a voltage waveform byremoving all parts of the wave above or below some fixed value.
diodes in clipping circuits is common.

The use of

Consider the circuits of Figure 33.

In all cases the resistor is very large compared with the conducting
resistance of the diode.

A sufficiently accurate analysis can then be

made by assuming that the diode is practically a short circuit when
conducting and an open circuit when not conducting.
In the first circuit of Figure 23, the diode conducts whenever the
input voltage is positive.

The output voltage is then practically sero.

Thus* the positive portions of the wave are clipped.

When the input

voltage is negative, the diode is an open circuit and the output is
identical with the input.

The second circuit is simply a half wave

rectifier clipping the negative peaks since the diode does not conduct
when the input voltage is negative.

The third and fourth circuits are

like the first and second, respectively, except that the diodes are
reversed.
That value of voltage which the input must exceed in order that
clipping action is demonstrated may be made arbitrary by placing a fixed
bias of desired value on the diode.

Such circuits are shown in Figure 24.

Clipping may also be accomplished by the use of triodes.

A simple

method is to bias the triode so that plate current flows only during a
portion of the cycle.

If the peak-to-peak voltage of the input wave is

greater than the distance from

zero

to cut-off, then

a long time constant

EC circuit may be used to couple the input to the tubej that is, grid
leak biasing may be used to clamp the positive excursions of the input at
zero.

During the interval of each cycle while the input voltage ie below

cut-off, the tube does not conduct and hence a clipping action is effected.
These facte are illustrated in Figure 25.
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A second way in which triodes may be used as clippers is shown in
Figure 26.

The resistor R is large compared with the effective grid-

cathode resistance of the tube.

(An average value of effective grid-

cathode resistance with grid current flowing for a random choice of
receiving tubes is about 1000 ohms.)

So when the input voltage is

positive, the grid conducts and effectively shorts out the input voltage
in the same manner as was observed in the discussion of diodes.

The grid

voltage, then, can never go appreciably positive, and therefore, the
positive half cycles of the input wave are clipped.
reflected in the output waveform.

This phenomenon is

And, incidentally, any portion of the

input wave which extends below the cut-off value will also be clipped.
These results are sketched in Figure 26 (b).
It is clear that a circuit similar to the circuit at the bottom of
Figure 24 may be used to make square waves out of sine waves by repeated
applications of clipping and amplifying.

In the circuit of Figure 26,

the clipping action is effected in the grid-cathode circuit and the
amplification is produced in the grid-plate circuit, evidently more economical
than using diode tubes for clipping and conventional amplifiers for
amplifying.

The output of Figure 26, however, is not symmetrical since

the entire upper half of the sine wave is removed and only a part of the
lower half is clipped.

This difficulty can be overcome by biasing the

circuit so that the axis of the input sine wave is half way between sero
and cut-off.

In this case, equal parts of the negative and positive half

cycles are removed.
If the circuit of Figure 26 were biased as stated above, the output
waveform would be similar to a square wave except that the leading and
trailing edges of the wave would be amplified segments from the center
portion of a sine wave.

By connecting this output to a second such triode

circuit, the resulting waveform would be more nearly square, and each
successive stage added would improve the character of the wave.
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Th© input waveform of Figure 27 is biased so that when applied to the
circuit of Figure 26* symmetrical clipping is effected.

For convenience,

the grid volts « 0 level is taken as the reference voltage lovol.

With

this notation, the horlsontal axis of symmetry of the sine wave becomes
th© -F. level, and the cut-off line becomes th® -21 level.

The peak amplitude

of the applied sine wave can always be expressed as a constant times the
voltage S,

Thus, the peak amplitude is B3, where B is a constant and B

Is one-half the voltage between cut-off and the point where grid current
begins to flow,

Evidently B must be greater than unity if clipping aetion

is assumed.
The effective grid input waveform for one stage, then, consists of a
sinusoidal rise from -2B to 0, a plateau at 0, a sinusoidal decrease from
0 to -23, etc.

When amplified in the grid-plate circuit, th© output is of

a form indicated in solid black in Figure 28,

This waveform, however, is

simply a portion of a mythical sine wave of amplitude ABB, whore A is the
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gain of the stage assumed linear in the region -2E to 0.

The rise time,

v y.

dt, is of some importance since by it the degree of perfection of the squareness
of the waveform is indicated.

For a perfect square wave, the rise time is

zero* that is, the slope of the leading and trailing edges is infinite.
The rise time of the waveform at the output of the first stage is dti as
indicated under Figure 27.

If, now, the output of the first stage, Figure 28,

were applied to a second stage identical with the first, the resulting rise
time would become dt2 as indicated under Figure 28.
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For n successive stages of clipping and amplifying in circuits identical
with the above, the resulting rise time, dtn, is given by

dtn

=

! sin"1
0)

—1-~
A0"1 B

,

(63)

provided stray and interelectrode capacitances may be neglected.

Evidently

the peak voltage of the initial sine wave input, the gain of each stage,
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and the number of stages affect the rise ti®4 for a given sine wavs frequency.
For a number of stages in cascade, the ultimate limit in decreasing the rise
time is set by the rapidity with which the voltage on the interelectrode
capacities can be changed.

Perfectly square waves, then, actually can never

be obtained since the interelectrode capacities are never zero.

The rise

time may be reduced to a very small value though by the proper choice of
tube and with a neat circuit arrangement.
The rise time, dt, of an approximate square wave is quite important
in the following two respects.

(1)

If the rise time of an approximated

square wave to be applied to a given circuit is such that dt is less than
about 0.1T, where T is the time constant of the circuit, then for that
particular application, the approximated square wave may be regarded as
perfectly square.

See equation (42), Part I.

(2)

The rise time of a

wave to be amplified has a direct bearing on the required frequency range
of the amplifier.

The rate at which the amplifier output rises, as the

result of an approximately square wave input, is inversely proportional
to the upper frequency that can be amplified by the amplifier without
serious loss in gain,5

That is, the greater the band width of the amplifier,

the more abruptly will the output rise, and hence, the more closely will
the applied pulse be reproduced.
In the matter of obtaining square waves from sine waves by cascading
circuits similar to that of Figure 86, little has been said about the
method of coupling between stages or the manner in which the required bias
is obtained.

Consider Figure 29,

FIGURE

5.

F. E, Terman, Radio Engineers'
New York, 1943, p. 427,

29

Handbook, UeGrav Hill Book Company,
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la Tigur* 29, the long time constant RC network is used to couple
stages*

So the product RjC must be much greater than a period of the

applied wave.

Further, in order to obtain a clipping action, Rg must

be much larger than the grid-cathode conducting resistance*

In order to

bias the signal at a point midway between zero grid volts and cut-off,
the value of Rg becomes critical.

The problem, then, is to determine

Rg such that the desired signal bias obtains*
The problem presents a situation similar to the one solved in
connection with Figure 17 of Part If namely, a circuit in which the time
constant is alternately switched between two values, one of which (RiC)
is long compared with the period of the applied wave*

The assumptions

of equation (43) then hold* namely, the average steady state voltage on
the condenser will be constant throughout the cycle and the change in
charge on the condenser during each half cycle will be equal and opposite.
In the waveform of Figure 30, the desired method of biasing is assumed* •
i.e., the grid is biased at a value midway between cut-off and the point where
grid current flows.

The amplitude of the applied eine wave is taken as

BE, as before, and for succeeding stages the amplitude is simply altered
by a factor representing the voltage gain of the preceding stage*.
The horisontal axis is taken as the ost axis, ot) constant, and the initial
point is so chosen that the associated phase angle is sero.
cathode resistance is rg.
Ai * A3

The grid-

Ax , Ag , and A3 are areas as shown.

for the desired bias assumed.

Evidently
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u»t=e.tr

CUtsO «wt»1f
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J 8Gbjt
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2BS cos a>ti ♦ 2Soti - Sr

2rr - ajti
« - /
(e + 2E) (tot
tr * cot^

2BE cos ajtjL + 25ot^ - Srr

(64)

■

A]_

(65)

2ir + a)tj_

A

2

* “ X ®dajt - *3

Wir

w - ajtj

(66)

(Algebraic signs are chosen to make all areae positive.)
When e is positive, R^ and (Rg ♦ rg) are in parallel and

Sal Rl(Rg ♦ *g)
R
1 ♦ R2 + rg

(57)

where i is the condenser current (Figure 29).
’When e is negative, the (Rg + rg) branch is open and

e

=

1 Rj_

Now form the ratio
Ag + A3

(68)
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Rl(R2 ♦ r*)
jr - £fl*i
6
X idcot
n
Rl ♦ Rg + Tg <ao*l

Ar - cuti , ,
X edcet
£0*1
A2 + A3

2ir + £io*i . .

_

X edtu*

Rl

X

7T - 00*1

,2r ♦

ir

(69)

OJ*I ,. ^

idcot
- oo*i

But by equating change in oharge as per equation (43) of Part I,

ir - co*i

X

2?r + 03*1

14* - X

03*1

So the integrals in

14* *

(?0)

7T - 03*1

the numerator and denominator of (69) cancel for

co constant, and (69) becomes

*1

2 ♦

r

^

Ag ♦ Ag

r

g

(71)

Ri ♦ Rg ♦ rg

Solving for Rg « recalling that Ai * A3 »

Rg

But by (66),

Ag « 2%.

-

-1
A2

R

•

(72)

Therefore

Rg

AlRl
2SJir

From (64),

1 - rg

(73)

- rg

Ai ■ 2BE cos 03*1 + 2Sot^ » Br ,

£13*1 m sin"1
*

i
B

where

(74)

,

so that
Ai *

2E ( (B2 -

l)V%

♦ ein“l

| ** | ) .

(75)
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Substituting this value for Aj into equation (73), the expression for
Rg becomes

Rg

For

»

5! ( (B2 - l)3/2
ir

B greater than about 10, (B2 - 1)V2

and may be neglected.

+ sin"1

» g,

l

B
and

)

sin”1

-

li
2

rg

-

I »
B

. (76)

1
B

Under these conditions

a

2

“

R

1 (| ” |)

“

r

g •

(77)

Signal biasing, then, lends itself to circuits similar to those of
Figure 29,

Recall that (77) holds provided

Rg is much greater than r

BE is greater than about 10E,

, and that Rj^ is such that RjC is much greater

than the period of the applied wave.

Equation (76) holds for any B.

Ordinarily, Rj is of the order of one megohm, and fg of one kilohm,
so that except for the restriction on signal amplitude (7?) may be used
conveniently to determine Rg .

For

such installations, the taria

-rg

is negligible and (77) becomes simply

K2

.

•

(78)
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NARROWING AMD DELAYING CIRCUITS

, ..

Tho affects of narrowing and delaying circuits upon an input wavs
are illuetrated In Figure 31.

Such eireuite find their usefulness in

equipment in whieh predetermined sequences of events are required to
exist within each cycle of an input wave.

The output waveforms from

narrowing or delaying sirsuits may be passed through differentiating
circuits in order to form accurately timed discontinuous voltage peaks
of short duration for use as synchronising or trigger signals for further
components.

INPUT
WAVE

NARROWED
WAVE

DELAYED

WAVE

FIGURE

31

A narrowing device may be assembled easilyfrom the basic circuits
already considered.

The block diagram of Figure 32 Is such an assembly.

The square wave input is applied to a differentiating circuit, a long
time constant RC circuit as described in Part I.

The average output of

the differentiating circuit is maintained at a level below the cut-off
value of the triode tube to which it te applied, but such that positive
peaks of the output of the differentiating circuit cause the tube to

£3
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conduct.

The output of the triode, then, consists of a sequence of

sharp fluctuations below the B—battery level,and the leading edges are
synchronised with the leading edges of the input square wave.

Although

the manner of biasing may differ, the clipping action of the triode is
the same as that discussed in connection with Figure 25.

The output wave

of the first triode is applied to a circuit identical with that of Figure
25, in which the first two elements ®f the tubs are used to clamp the grid
voltage at zero.

The portions of the grid wave below cut-off are clipped

and reasonably square pulses appear on the plate.

Replacing the units of

the block diagram with circuits previously considered, the schematic circuit
of Figure 32 is obtained.

Waveforms are recorded.

Note that the width of

the output wave may be varied at will by altering the time constant of the
differentiating circuit or by changing Ecc slightly.

The rise time of the

output waveform is zero, while the fall time is slightly greater than zero.
If the latter is objectionable, the waveform may be passed through a diode
clipper and amplified.
A delaying circuit may likewise be assembled from the basic networks
already considered.

Consider Figure 33.

The delaying circuit is identical

with the narrowing circuit except that the differentiating circuit in the
input is replaced by an integrating circuit, an RC coupling network with
a time constant comparable with the period of the applied wave.

Since

the output of an integrating circuit is taken across the condenser, it is
necessary to insert a high resistance d.c. path in the grid circuit.
The function associated with the second triode is identical with that of
the corresponding tube in the narrowing circuit.

The delay time can be

controlled by altering the time constant of the integrating circuit of
Figure 33 or by changing Ece slightly.
to reduce the rise and fall time.
by the use of multivibrators®

Again, clipping may be required

Delaying action may also be obtained

or by use of the phantastron circuit.
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6* M. X* T. Radar School Staff* Principle® of Radar* McGraw-Hill Book
Company, New York* Second Edition* 1946* Chapter II* Art. 15*16.

7. In Figure 33 note that the variation of delay time with the time
constant of the integrating circuit or with See ie not linear. In radar
work it is convenient to provide a "step7
across the time base of the scope by means of rotating a calibrated knob.
When an operator lines up this step with a target, the range of the target
may be read from the calibrated knob. The step is usually formed by
differentiating the leading edge of a delayed wave and by applying the
pulse so formed to the vertical deflection plates of the scope. To
obtain a linear movement of the step across the screen* the time constant
of the integrating circuit or the voltage of the battery must be varied
exponentially. Exponentially wound potentiometers are not standard
equipment* and furthermore* the calibrated knob would have to be corrected
each time & replacement tube weald be installed due to Blight variations
in cut-off potential. For this reason a more stable delay circuit with
linear variation of time delay with soma parameter was sought. The
phantastron circuit is such a device. Soe footnote 6.
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COUNTING CIRCUIT
Occasionally it is required to apply a pulse to a device after each
n pulses of some reference wave.

Such a division can be accomplished by

means of the circuit of Figure 34.

i[

c,
-lb

_n_n

T

TR»e*»ER€.t>

0

C IRCUIT
a.oo

X

±

FIGURE

z*

■O
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O FOP.
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The condenser Cg is ten t© twenty times as large as Cj .
both condensers are initially discharged.

Assume that

The first pulse of the input

wave causes the series diode to conduct putting Ci and Gg in series.
As a result, a voltage equal to

EC^ / (G^ + Cg)

appears on Cg •

At

the end of the pulse, the plate of the shunt diode is positive with
respect to its cathode due to the voltage on Ci •

Thus Gj^ is discharged.

C2 , however, retains its charge since the input of the triggered circuit
is required to be of such a nature that its impedance is very high until
triggered.

During the next pulse, the series diode again conducts and an

additional voltage

E

( 1 - —
G

1

appears on Cg •

4

c2

)

Cl ♦ G2

The condenser Ci is again discharged through the shunt

diode at the end of the pulse.

On each pulse, the voltage across Cg

is increased by an amount equal to

Gj_ / (C^ ♦ Gg ) times the difference

between E and the voltage across C2 just prior to the pulse under
consideration*
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After n pulses* the voltage on Cg is given by

S«2

-

k

a

where

Kk ( 1 ♦ (1 - k) ♦ (1 - k)2 + ... + (1
G

G

1

1

.

♦

c

.

k)®*1

)

,

(79)

.

2

If Cg were not discharged, its voltage would approach the peak
voltage of the applied wave in & series of ever deereasing incremental
steps such that a line passing through the mid points of the steps of the
output would be an exponential curve from 0 to 5 with a time constant
dependent upon the output impedance of the driving source and the
conducting resistance of the diodes for fixed values of Gj. and Cg •
The triggered circuit exhibits a very high impedance until Eeg reaches
some preset value at which time the input impedance of the triggered circuit
drops nearly to sero.
tube.

Such a triggered circuit could well be a thyratron

When ECg reaches ths firing potential of the thyratron* the Impedance

drops and

Q% is discharged through the triggered eireuit.

The impedance

then rises abruptly and the whole sequence is initiated again.

Most

stable operation can be obtained in practice by designing the triggered
circuit to discharge Cg at some potential within the first ten to fifteen
steps of the output wave.
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31TO CIRCUITS FOR ELECTROSTATIC DEFLBCTIQK
Th# output voltage of a

sweep

circuit for use as a time base with

electrostatic cathode ray tubes most frequently takes the form of a saw
tooth wavs.

Conventional circuits to generate such waveforms are shown

in Figures 35 and 36.
The circuit of Figure 35
generator.

(a) ®

is a common type of continuous sweep

The thyratron is normally not conducting, during which time

the condenser C charges exponentially toward 280 volte through the
resistance network* (R33 and R34 are small compared with R32.)

When the

voltage across C reaches the firing potential of the tube, which may be
varied by the sync* input, the tube conducts, and the condenser C is
discharged very rapidly to the extinction potential of the tube with a
short time constant determined by the conducting resistance of the
thyratron and the value of C.

The condenser again starts to charge

through the resistances R32, R33, R34 and the cycle is repeated periodically*
The output of the circuit is a familiar saw tooth waveform as indicated in
Figure 35 (b).

The portion of the exponential curve of voltage aoross

C while the tub® is not conducting that lies between the extinction and
firing potentials is nearly linear with time and when amplified is applied
to the horisontal deflection plates of a cathode ray tube to fora a
linear time base.

Synchronisation may be obtained by varying the firing

potential as mentioned above.

Frequency may be controlled by varying the

time constant In the charge circuit*

For this purpose it ie convenient

to replace C by a selection of condensers of arbitrary else that may be
switched In or out at will*
The circuit of Figure 36 (a) is more appropriate when an intermittent
sweep is required.

The input voltage, which controls the frequency of the

8. From “Schematic of Circuit Type 208-B Cathode-Ray Oscillograph
DD-825-D-13," Allen B. Du Mont Laboratories, Inc.,Passaic, New Jersey.
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i»#»Pf should hare steeply sloping sides and negative excursions of
the duration required by the desired sweep duration time as may be
appreciated from Figure 36 (b).

The clamping circuit in the input

maintains the positive excursions of the input wave at zero volts.
With a wave as shown, the grid is normally at sero so that the plate
voltage is low.

When the tube is cut off for a short time, the condenser

charges exponentially toward E^.
voltage is used as the sweep.

This nearly linear rise in plate

Note that the length of the negative

plateaus of the input voltage have a definite bearing upon the duration
time of the sweep as well as upon the linearity.
In each of the above cirouits, the degree of linearity is determined
by the length of the exponential curve used*

Much has been written on

methods of improving the linearity of sweep voltages. ®

The length of time base which can be accommodated on a cathode ray
tube of given diameter can be increased by using a circular sweep se the
circumference rather than the diameter of the tube is used.

Such a time

base can be produced by applying sine waves of equal amplitude and
frequency but differing in phase by 90® to the vertical and horizontal
deflection plates.

The resulting pattern is the well known Lissajous

figure for the stated conditions, namely, a circle.
The circuit of Figure 37 may be used.
R and the reactor C are approximately equal.

The impedance of the resistor
When the test signal is

sere, the voltages applied to the X and Y axis amplifiers, then, are
of about equal magnitude and are out of phase by 90®.

Equalisation of

amplitudes may be accomplished by adjusting the X and Y axis amplifiers
of the scope to make the pattern a perfect circle.

The radius of the

circle is proportional to the amplitude of the aine wave applied to the

9.

See, for example, M. I. T. Radar School Staff, op. cit.
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deflecting plates, which in turn say be varied by changing the gain of
the tubes*

The radius of the circle, 'they, nay be varied by changing

the screen voltage (the &*) on the two tubes of Figure 37.

...

But the screen

voltage nay be controlled simply by applying an amplified version of the
test signal to the screen circuit*

As a result, the instantaneous radius

of the circle changes as the signal voltage changes so that the signal
waveform appears as a radial excursion upon the circular time base*
The determination of frequency ratios by mesas of conventional
Lissajous patterns becomes quite inconvenient for ratios greater than
about 8*1.

By the use of a circular time base such ratios may be determined

accurately and conveniently as large &e about 383il.

If two sine wave

frequencies are to be compared, F and f, respectively, with f greater than
F, the wave of frequency F say be applied to the

Sweep Sine Wave Input

terminals of Figure 37, and the wave of frequency f may be applied to the
Test Signal terminals*

The resulting pattern, then, is a circular time

base rotating at F cycles per second with sine wave rauial excursions
of frequency f.

The Du Mont 208-B Oscillograph has a five inch scope.

If the sweep is adjusted for a four inch diameter circle, and if it is
agreed xhat sine waves may be easily counted if each cycle takes up
0.3 inch of the circumference, then the maximum ratio of f/F that may be
observed conveniently is simply

* 63*

It is possible to

increase the value of this ratio if one is willing to exert a little eye
strain.

By using a 4.5 inch diameter sweep circle and by counting

peripheral cine waves spaced as closely ae 0.05 inch, the maximum ratio
becomes f/F « 4.5HV0.05" » 383.

Thus, for F * 60 e.p.s., the maximum

unknown frequency could be as groat as f * 882F * 17,000 e.p.s.

It is

clear that the value F may be the output of a frequency doubler in which

ease the ratio would be even greater*
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If a saw tooth wave were applied to the Test Signal terminals
of Figure 37, the pattern on the screen would be a spiral provided the
frequency of the waw tooth wave were comparable with the frequency of
the sweep sine wave.

In fact, if the two frequencies were equal, the

spiral would consist of one turn* if the saw tooth frequency were half
the sweep sine wave frequency, a spiral of two turns would result, etc.
A spiral time base extends the advantages of the circular time base
since it produces a useful sweep of

N/F seconds, where N is the number

of turns in the spiral and F is the frequency in c.p.s. of the sine wave
at the Sweep Sine Wave Input terminals.
seconds, a very long time base.

For N a 4 and F * 60, N/F * 0.0667

The saw tooth wave form can be mixed with

the test signal in the test signal amplifier, and, as expected, the signal
pattern consists of radial excursions from the spiral.

Synchronisation,

of course, is critical to obtain a stationary pattern.

The resulting

spiral sweep is linear with respect to time in the number of radians it
traverses per second, not in the linear distance it moves.
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gGCLES-JORDAK TRIGGER CIRCUITS AND MULTIVIBRATORS
The Eccles-Jordan trigger circuit*®, often referred to as the
flip-flop, has two stable states because of the direct current connections
from the plate of each tube to the grid of the other ( R2, R5 of Figure 38)
which cause the conducting tube to Mas the nonconducting tube negatively,
and the nonconducting tube to bias the conducting tube positively.

In the

circuit of Figure 38 assume that

ie initially turned on with sero volts

across each of the sync, terminals.

Since it is exceptionally unlikely

that both tabes conduct identically even though the circuits are symmetrical,
it may be assumed that V3» say, conducts slightly more current than V4.
Under these conditions the voltage developed across Rl is greater than that
developed across R4 (Rl a R4) resulting in a lower plate voltage on VS.
A decrease in plate voltage on V3 reflects a decrease in grid bias on V4 through
Eg, which, in turn, results in an increase in plate voltage on V4.

The

latter change is transmitted through the resistor R5 to increase the grid
bias on V3 causing it to conduct more heavily.

When V3 conducts more

heavily, its plate voltage decreases morsso causing the grid of V4 to go
lower, causing the plate of V4 to increase, resulting in a further increase
in the grid voltage of V3» etc., until V4 is sompletsly cut off, halting
the cause—effect sequence.

The circuit is in a stable state with V3

conducting and V4 cut off.
Now if a negative pulse were applied te the Syne. 3 terminals of
sufficient amplitude te cut off V3, or If a positive pulse were applied
at Sync, 4 of sufficient amplitude to cause V4 to. conduct, then the
entire process would be repoated in reverse order until the second stable
state would be reached! namely, VS cut off and V4 conducting.

The duration

of the initiating pulse, of course, would need only to be momentary.

10. From A. W. Burks, "Electronic Computing Cireuite of the
Proc. I. R. K.» Vol. 35, No. 8, p. 7S8f August, 1947.

SSEAG",
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Furthermore, since, in the stable eondition first discussed, a negative
pulse at Sync. 4 would only drive V4 farther into the cut-off region and
hence have no effect, and since a positive pulse at V3 which is already
passing maximum current would have no effect, therefore, the terminals
of Sync 3 and Sync 4 may be connected in parallel without altering the
function of the circuit at all.
Each reversal in stability must be initiated by a sync, pulse of
appropriate sign.

Although the transition from one stable state to the

other is a result of a series of incremental changes, the shift is
completed in very little time.
The design of the circuit leads to a compromise between two opposing
factorsi

an attempt to decrease the actual transition time in changing

from the first stable state to the second, and an attempt to provide
short time constant paths for the return to a quiescent eondition so
that the circuit may be prepared to accept the subsequent sync, pulse
which would return the circuit to its initial stable state*

Increasing

the values of Rl, R2» R4, and R5 would increase the gain of the circuit
and hence decrease the transition time.

Increasing the value of Cl and

02 would accelerate the transfer of the plate signal to the grid, likewise
decreasing the transition time.

But large values of the resistors and

condensers just considered would make the time constant of the grid
circuits large and thereby delay the return of the grids to a quiescent
condition.

A compromise must be effected.

With proper parameters,

circuits similar to Figure 38 can be made with a transition time of about
one microsecond and which can accept initiating pulses at the rate of one
each five microseconds.

11.

11

A. W. Burks, op. cit
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It is evident from the foregoing that the Socles-Jordan trigger
eirouit executes ona alteration (one half of a complete cycle) for each
appropriate sync, pulse.

It is possible* however, to bring about a complete

cycle of operation for each single sync, pulse by revising the circuit so
that only one stable condition exists in which the one tube is cut off
due to the conduction of the other.

Such a circuit resembles a resistance

coupled amplifier with one tube normally cut off due to ourrent flow in
the other.

See Figura 30 (a).

Under normal conditions the voltage across

R3 is sere so that V2 is conducting.

R2 and R4 are of such values that the

voltage drop across R4 is sufficient to maintain the grid of VI below
cut-off.

When a positive pulse of sifficient amplitude to cause VI to

conduct is applied to the sync, terminals, the conducting tuba current
causes a voltage drop across HI so that s^ decreases.

Imploying the methods

of Part I, the voltage across Cl cannot change instantaneously so that
when the potential at the upper part of 01 is reduced, the potential at
the lower terminal is likewise reduced causing a reduction in e#g,

A

reduction in e0g decreases the current flow in V2 causing a smaller voltage
drop across R4 which increases the bias on VI* etc,* until V2 is cut off
and VI is conducting.

At this stage, VI is fully self-biased by the

voltage across R4, which is not sufficient to cause its own grid to be
below cut-off.

The above sequence of Incremental changes takes place

very rapidly.

The voltage across Cl, now, is still practically at its

original high value of

(Ifcb - the value of CR* with VS conducting and

VI cut off), while the potential between points J^and Z, Spj, is
considerably lower.

That is, the voltage on ul is high, and the voltage

across R3 is negative, cutting off VS, so that their sum is «pj»
Cl, then, discharges exponentially to a new low value
with a time constant of
of VI.

of

*pi

- *R3

Cl (R3 + rp), where rp is the plate resistance

The affect of the parallel path (R1 ♦ R4) is negligible.

At some

c>e
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ti®# less than

4C1 (R3 ♦ rp),

^3

rises to the eut-off level of V2

causing V2 to conduct* increasing 0^4, decreasing e6j.

Decreasing ec^

causes less current to flow in VI, reducing the voltage drop on Rl,
increasing the potential at point X.

The discharge curve of Cl is

terminated prior to its completion, and since the voltage between points
X and Y cannot change instantaneously, the grid of V2 is driven more
positively causing the voltage
V2 is conducting*

s0^

to decrease, etc*, until VI is cut off and

The voltage on Cl then rises exponentially to

Sbb - 0^4

with the time constant

Cj (
where

rg

Ri ♦ R4 ♦

)

R3 ♦ rg

,

is the grid-cathode conducting resistance.

R3 my be neglected since it is much greater than rg.

Again, the affect of
The time constant

then becomes simply

Cl ( Rl

♦ R4 ♦

r

g

)

*

At this point ths cycle of events is complets, and the circuit remains
quiescent until another sync, pulse is applied.
The circuit of Figure 39 is usually referred to as a one-shot
multivibrator.

The one-shot multivibrator differs from the Sccles-

Jordan trigger circuit in that the former executes one complete cycle
for each sync, impulse, while the latter, which has two stable states,
completes only a half cycle for each synm. pulse.
Useful output waveforms of the cne-shot multivibrator, of course,
may be taken across arbitrary points.

The plate voltage of V2» sb2 ,

provides & nearly perfect rectangular wave, as seen in Figure 39 (b).
The width of the pulse of
of §#

as shown.

eb?, is determined by the Cl discharge curve

Slight variations in cut-off value from tube to tube

which may be used at V2 would result in lack of stability of pulse width
due to the small angle (A of Figure 40 (a) ) at which the exponential
curve intersects the cut-off level*

The circuit may be altered so that
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the discharge curve of Cl is sush that s«g tends to rise exponential!):
toward

instead of toward sere,** in which ease the angle of intersection

of the *|2 curve with the cut-off level is greatly increased as shown in
Figure 40 (b).

Such a circuit would be much more stable with respect to

pulse width than the one of Figure 39.

This more stable circuit is often

referred to as a degenerative positive-bias multivibrator, and is
discussed in detail by Bertram* **
It is possible to insert feed back paths in a one-shot multivibrator
so that the circuit will maintain this abrupt type of oscillation
independent of any external initiating pulse.

Such circuits are called

free-running multivibrators, and are classified in general according to the
method of feed back coupling.

If the coupling is from the plate of each

tube to the grid of the other, for example, the multivibrator ie said to
be plate coupled.

If one of the plate to grid paths of the plate coupled

circuit is replaced by a cathode to eathode eoupling, the circuit is
sailed a cathode-coupled multivibrator, etc.

These and others are

thoroughly discussed in sever*! publications.

14

Methods of controlling

and synchronising free-running multivibrators also offer a field of study.*4

o ——
C.O.

FIGURE

40

(a)

FIGURE

40 (b)

12. This change may be accomplished simply by removing R3 from point Z and
reconnecting it at the positive side of Ifob*
13. Sidney Bertram, "The Degenerative Positive-Bias Multivibrator",
Proe. 1. R. E., Vol. 36, No. 2, p. 277| February, 1948.
14. Navy Department, Bureau of Ships, Radar Electronics Fundamentals,
KavShips 900,016, pp. 198 - 212f June, 1944,
M. I. T. Radar School Staff, op. eit.
F. E. Terman, op. eit.

71

In addition to the difference in cyclic performance of the multivibrator
as compared with the Eeeles-Jordan trigger circuit, it ic noted that d.c.
paths exist in the latter, while condensers are always present in the
coupling paths of the former.

It is by virtue of this difference, namely,

that the discharging of the condenser in the coupling path starts the
second half cycle, that the multivibrator completes a full cycle for
each initiating pulse (whether external as in the case of the one-shot
type, or internal as in the free-running type), while the Eeeles-Jordan
simply shifts from the one stable state to the other.
Realisation of this distinction suggests the possibility of making
a one-shot circuit in which the initiating pulse is applied to the first
half of an Eeeles-Jordan which triggers the second half of a multivibrator,
which in turn reflects the change upon the first half of the Eeeles-Jordan,
at which point the sequence is terminated due to the fact that the EcclesJordan is not capacitively coupled to the multivibrator.

Such a device

would complete one cycle for each sync, pulse applied to the Seeles-Jordan.
The circuit of Figure 41 consists of a half of an Eeeles-Jordan
trigger circuit and a half of a multivibrator.

The assignment of names

to the tubes, of course, depends upon with which tube the condenser Cl
is associated.

In any event, the plate of VI ic connected to the grid of

V2 by a d.c. path, and the plate of V2 is coupled to the grid of VI
by an energy storing path as is required for whole-cycle operation.
At any time, the voltage across Cl plus the voltage across R1 is
equal to c^g, so that in any stable state the voltage across Cl is
identically ejjg leaving the voltage across Rl, ec^, sero.

So in the

stable state, the grid of VI is sero, leaving the grid of V2 below cut¬
off.

When a negative sync, pulse of sufficient amplitude to cut off VI

is applied to the circuit, e\,^ rises abruptly (assuming the sync, pulse
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has a steep leading edge) to Ebb, driving the grid of V2 positive.
The voltage eCg would go far into the positive region exeept that
R4 limits the grid current so that e8g remains at some value slightly
above sero.

When V2 conducts, efc* drops, driving e.

far below cut-off

since the voltage across the condenser cannot change abruptly.

Cl dis¬

charges with a tics© constant R1C1 (R3 in parallel with V2 evidently
contribute a negligibily small amount), causing ee^ to vary exponentially
toward sero.

At the point where e0^ reaches cut-off, VI begins to conduct,

reducing #*>, and e*

1

stable state.

®2

until V2 is cut off and VI is conducting, the initial

A particularly square pulse may be obtained in this manner.
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APPENDIX

I

DIMENSIONS OF CERTAIN ELECTRICAL QUANTITIES

Systems of units and dimensions are purely arbitrary.

In establishing

such systems for electrical quantities it is convenient to employ the
conventionally established fundamental units and dimensions wherever
possible* e,g,, the units gram* centimeter, and second { gram, cm., sec.)
and the dimensions mass, length, and time ( M, L, T),

For unique

resolution of electrical quantities it is necessary to introduce a
fourth fundamental unit with its associated dimension.

Suitable as

such a fourth fundamental unit is any one of the following*

permittivity

of free space, permeability of free space, an arbitrary unit of charge as
the coulomb,an arbitrary unit of resistance, inductance, capacitance,
temperature, and perhaps others.
Three systems in common use are the cgs electrostatic system (esu),
the cgs electromagnetic system (emu), and the rationalized mks system (mks).
The esu system employs the following fundamental unitst

gram, centimeter,

second, and permittivity of free space (gram, era,, sec., K0) associated,
respectively, with th8 following dimensions*
permittivity (M, L, T, K).

mass, length, time, and

The emu system utilizes the same except that

the unit of permittivity of free space with its dimension K is replaced
by the unit of permeability of free space (u0) with its dimension u.
mks system uses the following units*

kilogram, meter, second, and

coulomb ( k.» m., sec., q) with the dimensions mass, length, time, and
charge (M, L, T, Q),
Discussions concerning choice of the size of the above units or
whether certain units contain the pure numeric

4rr

as a factor are

The
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glrea adequate attention in many texts.

i5

»

16

it is the intention

here to give the dimensional equations for eertain eleetrieal quantities!1®
in particular, to show that the combinations
and

inductance

/

resistance

resistance x capacitance

offer the proper dimensions to be considered

as time constants of electrical circuits.
Table I shown the derivation of the dimensions for certain electrical
quantities leading to the dimensional equations for capacitance, inductance,
and resistance.

Recall that all quantities in ths ssu system are resolved

into the fundamental dimensions of that system* M, L» T, Kj quantities in
the emu system are resolved into the dimensions M, L, T, u| and those of
the mka system are resolved into the dimensions M, L, T, Q.
The starting point for the esu and emu systems is the dimensional equation

f - 51<3L « °1”?.,. « mr2.
K r*
a r2
Subsequent formulas in the esu system are clearly derived.

The crossover

point for expressing electrostatic quantities in terms of electromagnetic
dimensions lies in the equation

h . nr .
Through the use of this formula, current and further electrical quantities
may be expressed in terms of magnetic field strength, magnetic pole strength,
etc.

Dimensions of quantities in the mks system are easily obtained due to

the fact that Q is a fundamental dimension in the system.
In Table II a summary of the results derived in Table I is given.
Furthermore, the fact that resistance x capacitance

and inductance / resist¬

ance exhibit the dimension T in all three systems is clearly shown.

15. See, for example, Bronwell and Beam, Theory and Application of Microwaves, McGraw-Hill Book Co., 1947, pp. 459 - 461| Spangenberg, Vacuum Tubes,
McGraw-Hill Book Co., 1948, pp. 817 - 820.
16. For elaborate data on units and dimensions, see M. I. T. E. E. Staff,
Applied Electronics, John Viley £ Sons, Appendix B.
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TABLE II
DIMENSIONS
QUANTITY

OF CERTAIN

EMU

POTENTIAL

NA^ LVt T ■’ K'yt

NV/jtL3*T->'*

M L?T'* Q-'

CURRENT

NV

if* T'2

M‘/4 l> T^t|-‘^

T_l Q

CHARGE

M'" I> T- K*

INDUCTANCE

RESISTANCE

RESISTANCE
x CAPACITANCE

INDUCTANCE

i

QUAMT\T\E.S

E5U

CAPACITANCE

l

ELECTRIC-AU

RESISTANCE

1

L _

/Z

1

t- K
u-l TI

u-

T

T
1

T

My2l> /6T',/a

Q

UT1 Tzjt's

M-'L'*T*Q4

l<H

K-'

MKS

MU

L T*>

MU T-'Q-£

«aH»

1

T

Q-£

*T
1
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By inspection it may be verified that only those combinations of
electrical parameters that reduce to the form
inductance / resistance

resistance x capacitance

or .

may qualify as time constants of electrical circuits.

From the results of Table II, familiar equations are seen to be
dimensionally correct in each of the three systems.
By comparison of the dimensions of two identical quantities from the
esu and emu systems, it may be observed that the expression
must have the dimensions

L

a velocity.

(uK)”'^

From comparison of the units

of any two identical quantities from the esu and emu systems (both are cgs
systems), the pure numeric

3

x 10^-®

is obtained.

or of electromagnetic radiation is given by
c
Now

u * K

m

*

1 for

vacuum, then, is

v « c (uK)”*/^ , whore

OggjKMfflaJS| j.2* .tfSKm
electrostatic
unit of charge

a vacuum, by definition.
c (uK)“^,

where

The velocity of light

.

3

x 1G10 , a numeric,

The velocity of light in a

e ■ 3 x 10^°, a numeric,
(uK)“^^ * 1 with dimensions
and units

and
L T”*

cn/sec.

So the magnitude of the velocity in a vacuum is given by c, a dimensionless
constant, and the dimensions are given by

(uK)"^/^ •

One other item that might be called to attention is the fact that
in the mks system, no one of the four fundamental dimensions is raised
to a fractional power.

This simplicity is due to the choice of the fourth

fundamental dimension, Q, and is lauded as one of the advantages of the
system.
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APPENDIX

II

APPROXIMATE: FORMULA FOR

Given

f(x)

* •“*

•-*

with x not negative.

Consider the Maelaurin

expansion*

e

x

m

1 - x + £

2

- *

6

+ ... .

If all but the first two terms are neglected, the following approximate
formula is obtained*

6“x

a

1 - X

.

The per cent error introduced in the approximation has a direct bearing
on the utility of the formula.

$ error

*

100$

error
true value

100$

• 100$ { 1 + xe* - e* ) .

t
0.0
0.1
0.2
0.4
0.5
0.8
1.0
oo

So for

error

0.00
0.55
2.4
10.6
27.2
55
100
oo

x between 0 and 0.1, $ error lies between 0 and 0.55$.

Put x * t/T, then for
t between 0 and 0.1T, $ error lies between 0 and 0,55$.

(1,-,*)
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