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THEORETICAL INTRODUCTION 

The first significant step toward the development of 

an adequate theory of specific heats was made by Enstein1, 

with the assumption that all atoms of a solid oscillated 

independently and with identical frequencies. He further 

assumed that the allowable energy states for the atomic 

oscillators were integral multiples of hv. Based upon 

these assumptions, Einstein developed an expression repre¬ 

senting the mean total energy, E, of the assembly of oscil¬ 

lations at temperature T, 

£T = 
% e *T -/ 

(0 

Where vffl represents the maximum frequency of an oscillator, 

and q^^ the number of oscillations in frequency range v to 

v +dv. Also, q bears the following relation to the total 

number of atoms N of the crystal, 

/yidiy — 57/ 

since there are 3N possible modes of motion 
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If every atom oscillates with the same frequency, the 

mean total energy becomes 

successfully be represented as a continuous elastic medium 

with elastic constants independent of frequency; additionally, 

he postulated the existence of an upper frequency limit for 

the assembledge of oscillators. This limiting frequency, 

v^ is evaluated by the relationship 

A crystalline solid of a volume V, in which the longitudinal 

and transverse elastic wave velocities are respectively \ 

and ^ , exhibits a spectral distribution of frequencies 

representable by 

neglecting the zero point energy, and following immedi¬ 

ately, the specific heat; 

JW 

p 
Debye offered the suggestion that a crystal might more 

(3) 



Making use of equations (2) and (3), Debye obtained for the 

specific heat at temperature T, 

where designates k . 

For a substance when T«©D, equation (4) may be approxi 

mated by the simplier expression 

C V — TTVK ) 

the familiar form of the law. 

Although Debye’s approximations result in a theoretical 

expression Tk7hich agrees moderately well with experimental 

data at low temperatures, it was generally accepted that a 

more thorough treatment of specific heats was necessary. 

The Born and von KArm&n^ treatment of a crystalline lat 

tice by the formulation of the equations of motion for the 

atomic assembly became the foundation for further extensions 

of the theory of specific heats. 

For a brief description of Blackman’s4- approximation to 

the frequency distribution in a crystalline solid, consider 

a two dimensional lattice composed of similar atoms acting 



upon one another through the medium of elastic forces. 

Leto( and ^ represent the elastic force constants which 

act respectively between neighboring and diagonal particles. 

In the general notation, the vertical and horizontal posi¬ 

tions of an atom frdm a reference origin are indicated by 

subscripts^ and >ft ; individual amplitudes of vibrations in 

these directions are represented by and Vg ^ respectively. 

M is the atomic mass. 

The equations of motions ares 

>»J 
* ~^*ij \*H +’^ ># + ^ MIn-rVe-i, 

>H ^ +- Af.*- V*,*W4(+( 

Assuming the periodic solutionss 
/ <P,i "MJ 

^,VH - V 
sfeirVtiAfy+Tkfa] 

iw 

in which^and^2are represented by | and (J)2, and where 

a^^ and a2 are integers ranging in value between N and -N. 



Substitution of these solutions in equation (5) produces 

the determinant, 

= 0 W 

where 

A^4)= VV(/-^4i^^J 

B(ih)= a, 

Blackman plotted (J)^ vs ^ for a large number of closely 

spaced frequency values. From the resulting family of curves, 

values of the mean density of vibrations for a small range of 

frequency could be obtained by geometrically determining the 

area between neighboring curves of constant V . It was ob¬ 

served that as a rougher approximation, each constant frequen¬ 

cy curve could be considered an ellipse in the Plane* 

The areas between neighboring ellipses would immediately lead 

to a measure of vibrational spectrum density. The frequency 

density thus realized* when plotted as a function of frequency, 

exhibited three manima which were hitherto unobtained; 

A treatment for the three dimensional lattice is similar 

in method to the two dimensional example. The secular determi- 



nant, so designated, corresponding in general form to 

equation (iT) ? was first formulated by Born and von K&rmdn. 

Particular solutions for the secular determinant and the 

application of these solutions in the approximations to 

the frequency distribution function have been the objects 

of subsequent theoretical research on specific heats. 

Montroll^ made application of certain solutions of the 

secular determinant in the expansion of the frequency distri¬ 

bution function by means of Legendre polynomials. 

Houston0 solved the determinant in the case of the 

three dimensional cubical lattice for several chosen sets of 

values. The obtained solutions were made use of in an expan¬ 

sion of the distribution function in terms of spherical har¬ 

monics of sufficiently rapid convergence. The frequency 

distribution obtained by means of a spherical harmonic expan¬ 

sion displays sharper density maxima than the distribution 

resulting from Blackman*s treatment. However, the considera¬ 

tion of a larger number of terms in the expansion de-empha- 

sizes individual maxim,'tons. 

The total specific heat of a solid metal is now recog¬ 

nized to be due not only to vibrations of the contained atoms 

but also to the free electrons existing within the substance. 

The treatment of the electronic contribution to the total 

specific heat of a solid^ begins with a consideration of 



Fermi-Dirac Statistics. These statistics give an expression 

for the sum of electron states in terms of the electron 

energy values 6^ and the total number of electron states N. 

2 to 

Subscript Hi" refers to any particular electron state. The 

infinite product is extended over all electron states; while 

the integration is performed over a closed contour in the 

complex z-plane. 

The average energy E of the electron assembly at tempera¬ 

ture T is represented as: 

and by virtue of equation (8), 

MA" represents a value of "z" on the real axis where a mini¬ 

mum of equation (8) occurs. In the majority of cases of inter' 

est, electron states are distributed in such a manner that the 

energy summation may be replaced by an integral; thus equation 

(to) can be altered to appear as 
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B do 

where represents the number of electron states with 

energies less than £ . 

In the consideration of a cubical lattice periodic 

boundary conditions may be applied $ thus an approximation, 

the expression for "Au may be given ass 

A = * 
h KT 

[ hfyj [ awITkT / 5’7?2V)“ Sf\ , , 
(“/ J W 

Combining expressions (11) and (12) the average energy be 

comes 

1, 
V zm 

2 

7 equals the volume of the crystal, N is the number of elec¬ 

trons in the volume V which may be considered as free, and m 

the electronic mass. 

The specific heat is immediately obtained: 

Cv= 
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At room temperature the contribution of electronic spe¬ 

cific heat to be total specific heat is negligibly small, 

amounting to much less than one percent. However, in the 

neighborhood of 1°K, C (electronic) becomes the predominant 
v 

term. 



EXPERIMENTAL INTRODUCTION 

Some of the earliest work on the measurement of spe¬ 

cific heats of solids at low temperatures, and unquestionably 

the greatest majority of such experimental work was performed 

at the University of Leiden laboratories in the Netherlands. 

Prom the turn of the century until the onset of ?/orld War II, 

low temperature research on various problems was conducted 

by the Leiden laboratories, first under the direction of 

H. Kamerlibgh Onnes and later under W. H. Keeson and W. J. De 
O 

Haas0. During the period, considerable effort was concentrat¬ 

ed upon the measurement of the specific heats of such elemen¬ 

tary solids as copper, lead, tin, bismuth, and silver over 

the temperature range 80°K to less than 1°K. The general pro¬ 

cedure might be briefly summarized as follows: 

Initially, the specimen was cooled to the desired tempera¬ 

ture using liquid helium, hydrogen, or oxygen, and then thermal 

ly insulated from the surroundings. The temperature was raised 

in small steps by passing accurately measured quantities of 

current through an attached resistance heater. All tempera¬ 

tures were determined using resistance thermometers constructed 



of either platinum or constantan, previously callibrated 

against a gas thermometer. 

Except for a limited number of innovations, specific 

heat measurements described in this paper were guided by 

methods and results originating from the University of 

Leiden. 

OBJECTIVE, APPRATUS, AND METHOD 

The primary objective of this work has been an attempted 

simplification of the specific heat measurement by the use of 

small samples of germanium for combined resistance heaters 

and thermometers. Previously, resistance heaters and resis¬ 

tance thermometers were separate elements mounted in a common 

holder and in some manner attached to the sample under test. 

Thus the older method necessitated the specific heat determina 

tion of the heater-thermometer unit, prior to attachment. 

The interesting fact that germanium becomes semi-conduct- 

ing at low temperatures i.e., exhibits a large increase of 

electrical resistance with lowering of temperature, suggests 

a very possible simplification of the specific heat technique. 



Small fragments (0.1 to 0.3 grams) of slightly impure ger¬ 

manium can conceivably replace the entire heater-thermometer 

assembly previously used. And if the mass of attached ger¬ 

manium is less than one/one-thousandth of the sample weight, 

the specific heat may be conveniently neglected. By placing 

a hydrogen or helium vapor pressure thermometer in close 

thermal contact with the specimen, a resistance vs. tempera¬ 

ture curve for germanium may be obtained during each termpera- 

ture descent. During the heating process, temperatures of 

the sample may be obtained knowing the resistance of the 

germanium. This is conditional upon the reproducibility of 

the resistance values (absence of a temperature hysteresis 

effect). 

Germanium has not proved to be a convenient material to 

handle. Lying as a transition member in the chemical family 

of carbon, silicon, germanium, tin, and lead, and being 

bounded in atomic number below by gallium and above by arsenic 

germanium is quite apparently a poor metal, as experience has 

indicated. For the best thermal contact without the introduc¬ 

tion of further attachments to the sample, solder in the form 

of Wood’s Metal has been used to join the germanium to the 

specimen. Finding that only by silvering the germanium sur¬ 

faces could electrical continuity be maintained below 20°K, 
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considerable care was taken in performing the evaporation, and 

as an added precaution, the Wood's Metal was alloyed with sil¬ 

ver to insure a good solder junction. 

The entire soldering operation was performed in a partial 

atmosphere of either nitrogen or helium in an attempt to re¬ 

duce the effects of oxidation. Effort also was made, while 

mounting the specimen within the calorimeter, to insure that 

no tension was being exerted on the germanium by the lead 

wires. However, in spite of these precautions, a single 

cooling of the germanium to a temperature below 30°K lnvari- 

bly caused it to become brittle and incapable of enduring the 

smallest strain v/ithout fracturing. 

Resistance vs. temperature curves of three germanium sam¬ 

ples used in this work are to be seen in the accompanying 

graph. These samples exhibit resistances in the region of 

4°K which are from 10 to 100 thousand times greater than the 

room temperature values. However, Esterman^ has studied the 

properties of pure and diluted germanium in the temperature 

interval 80°K to 10°K and has noted that vdiile the resistance 

increase at 10°K over room temperature valuer of pure germani¬ 

um was 100 fold, germanium containing 0.006% aluminum exhibited 

a resistance increase of only two. These results suggest that 

our samples are quite pure. 
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Also, it is important to note that germanium resistances 

are a very decided function of the measuring currents. A 

determination of germanium resistances at room temperature 

shows an inverse dependence of resistance upon current, and a 

complete reproducibility of results (no hysteresis effect). 

Low temperature measurements, display the same current depend¬ 

ence, but the absence of a hysteresis effect is somewhat less 

certain. 

The calorimeter itself is a hollow circular cylinder eight 

inches in height, three inches in diameter, with a wall thick¬ 

ness of one/sixteenth inches. All principle parts of the 

assembly are labeled in Figure I. -Channels A and K unite with 

one/half inch stainless steel tubes which rise four feet verti¬ 

cally to the top of the helium cryostat and there join to two 

separate vacuum systems. Channel A performs a dual purpose. 

Through it chamber D is filled with liquid helium by condensa¬ 

tion of the gas, and by the same channel the vapor of the col¬ 

lected liquid is pumped to lower the temperature of the calori¬ 

meter below 4°K. 

Channel K connects the sample chamber C to a high vacuum 

system capable of exhausting the space to a pressure of 10“° 

millimeters of mercury, 

H designates an insulated pedestal supporting the sample S 
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Attached to the sample is a small cylinder of germanium G, 

enlarged in the lower diagram to show the position of the 

electrical leads 1. The sample is molded as a solid circular 

cylinder 3 inches high, 1^- inches in diameter which for copper 

has a mass of roughly 770 grams, compared to 0*3 grams for the 

attached germanium. 

Fianlly, E represents the bulb of the hydrogen vapor 

pressure thermometer and B the capillary of the helium vapor 

pressure thermometer which terminated in the double walls. 

The two vapor pressure thermometers, one using hydrogen 

the other using helium, were constructed as primary tempera¬ 

ture standards for the callibration of the germanium resist¬ 

ance thermometer. Identical in design, both utilize an open 

manometer for the measurement of pressures in excess of 1 

millimeter of mercury, and Me Leod guages for measurements as 

low as l(r3 millimeters of mercury. As is shown in figure I, 

the hydrogen vapor bulb E is located very near to the double 

wall D of the calorimeter while the helium thermometer capil¬ 

lary terminates within the double walls. During the cooling 

process heat exchange gases are in contact with the hydrogen 

bulb, the double calorimeter walls, and the specimen. The 

cooling rate may be so regulated as to allow the bulb, calori¬ 

meter, and specimen to reach a temperature equilibrium before 
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each germanium resistance value is taken. The resistance of 

the germanium is obtained by means of two Leeds-Northup type -K 

potentiometers. One measures the potential drop across a stan¬ 

dard resistance in series with the germanium and source of 

potential; the other records the potential across the germanium 

itself. All germanium resistances are measured with the same 

current value. 
W0c2Sh.Ye<*«Ml3 

By means of the hydrogen thermometer, temperatureA from 

20°K to 6.5°K may be obtained. Using the helium thermometer, 

readings may be carried from 5°K to the neighborhood of 1°K. 

The germanium resistance values in the inderterminant region 

6.5°K-5°K can be extrapolated using the curves on either side of 

the interval. 

Once the sample has been cooled to the desired temperature, 

usually considerably below 4°K, a high vacuum is created within 

space C thermally insulating the sample from the surroundings 

(except for the small amount of heat leakage through,the base 

leads). During the entire time that measurements are being 

made at liquid helium temperatures, the calorimeter is partial¬ 

ly or entirely submerged in a bath of liquid helium which, as 

nearly as possible, is kept slightly below the temperature of 

the sample. 

By means of an accurate stop watch, the temperature drift 
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for a several minute interval is determined before heat is 

applied. A second stop watch is mounted so as to be capable 

of being started and stopped simultaneously with the heating 

current. The time interval during which the heating current 

is on varies between 100 and 120 seconds. While the temperature 

of the specimen is being raised, the heating current is measured 

several times in order to obtain a mean value. The average value 

of the germanium resistance during the heating period is obtained 

from measured values at the beginning and the end of the interval. 

At the conclusion of heating, a temperature drift is again 

determined for a several minute period. A specific heat value 

corresponding to the mean temperature of the heating interval 

can be obtained from this data usings 

C •• specific heat in calories per gram 

Rg= germanium resistance 

t = time of heating 

I = heating current 

m « sample mass 

T * total change of temperature produced by 
current I flowing for t seconds 

T « mean temperature value of the interval 
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By a continuation of this procedure., values of may be 

obtained over the temperature range of 1° to 20°IC. 

Accuracies in measurement of the various quantities in¬ 

volved are for the heating current 1 part in 10,000, heating 

interval 1 part in 1000, germanium resistance 1 part in 10,000, 

and for the mass of the sample 1 part in 10,000. The factors 

limiting the accuracy of the measurements are firsts the relia¬ 

bility of the temperature vs. resistance curve of the germanium; 

second, the precision realized in the determination of the 

temperature increments used; and third, the exactness of the 

determination of the mean temperature in the heating interval. 

With care, vapor pressures read from either thermometer may be 

transferred into temperature readings with an accuracy of 1 

part in 1000, thus, conceivably, the temperaure vs. resistance 

curve for the germanium thermometer should be equally as accu¬ 

rate. 

The temperature increment has been maintained at the value 

of 0.1°K primarily to make possible the application of certain 

approximation fromulae for the calculation of the temperature 

increase and the mean temperature value in an event that the 

rate of heat transfer is large10. This is necessary since 

these formulae are founded upon the assumption that the specific 

heat value is constant over the heating interval. For condi- 
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tions of good heat insulation of the sample these approximations 

need not be applied above the temperature of 1°K. Below 1°K, 

however, the large variation of C with temperature makes their 
v 

use necessary. Additionally, it might be mentioned that a small 

temperature increment reduces the variation in the value of the 

resistance of germanium during the heating period. 

With application of the necessary corrections, it should be 

possible to obtain the temperature increment T accurate to 1 

part in 100 and the value of the mean temperature accurate 1 

part in 1000 over the entire temperature range. 
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DISCUSSION OP RESULTS 

Successful specific heat measurements were never 

realized, but the feasibility of the new method was demon¬ 

strated# During the various attempts to obtain the specific 

heat curve for copper, failure in every instance resulted 

from one or both of two causes? one, the fracture of the 

germanium heater-resistance thermometer and its subsequent 

separation from the sample? or two, inability to obtain a 

vacuum in the sample chamber at liquid helium temperatures. ; 

Inability to obtain a vacuum prevented measurements in the 

only instance that germanium continuity was maintained to 3°K. 

In amplification of this statement, it should be said that 

prior to every measurement, all vacuum compartments were 

tested and found capable of maintaining a vacuum of 10~^ 
r 

millimeters of mercury. However, at extreme low temperatures 

the gas conductivity of each microscopic vacuum leak is enor¬ 

mously increased, primarily as a result of such conditions 

ass the contraction of the surrounding metal in*the vicinity 

of the leak, the large increase in the density of the helium 

gas, and the phenomenon of rapid passage through small orifices 

exhibited by liquid helium. It is. quite apparent that low tem- 



S'hifQ J.O spkvenoqj. 
u> &owp39l$&y 
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perature vacuum leaks are extremely difficult if not impossi¬ 

ble to detect at room temperature, and very often their exist- 

ance is sufficient to warrant the discarding of the apparatus. 

Plate II represents the best evidence yet obtained in 

substantiation of the assumption that a germanium resistance 

thermometer is reproducible in the sub-hydrogen temperature 

region. The data was obtained as follows: 

Initially the temperature was reduced by pumping the 

helium liquid bath until point A was obtained, the pump was 

stopped and the temperature progressed as indicated by the 

arrow to point B. Upon reaching point B, pumping was commenced 

and continued until the sample reached the temperature of point 

C. As before, the arrow indicates the temperature drift after 

point C was obtained. Similarly, the remaining three points 

sets W, X, and Y were taken. It is seen that sets X and Y form 

with sets U, V, and W a continuous curve; thus we may expect 

that if a temperature hysteresis does exist in this sample it 

is at least quite small. 

To Doctor C. F. Squires, I extend my thanks for his 
continuous and invaluable guidance and advice during 
the past two years. And to all members of the Low 
Temperature Laboratory, without whose sincere criti¬ 
cisms and unfailing aid no progress would have been 
possible, I express my deepest appreciation. 
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