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A CALCULATION OF THE DISTRIBUTION OF NORMAL VIBRATIONS 

AND THE SPECIFIC HEAT OF A BODY-CENTERED 

CUBIC LATTICE 

1, Introduction 

A method of calculating the distribution of the 

normal modes of vibrations of a crystal lattice was 

described by W. V. Houston (1947). The results of the 

Application of this method of approximation in the 

calculation of thfe specific heat of a body-centered cubic 

lattice are presented here. 

developed a theory of specific heat which was an improve¬ 

ment over the classical law of Dulong and Petit. 

for one mole. The Einstein function explained why the 

specific heat drops to zero as the temperature is lowered 

to zero, but the theory contains two incorrect features: 

(a) Each substance has a characteristic frequency, and all 

atoms vibrate with this frequency; (b) Each atom vibrates 

about a stationary position of equilibrium. In a crystal 

lattice all the atoms are vibrating, and hence their 

When quantum mechanics was new, Einstein (1907) 

/ 



positions of equilibrium are always changing. The Einstein 

particles shows that the motion can be resolved into the 

superposition of a number of independent oscillations, or 

normal vibrations. Each vibration has a definite frequency. 

If these frequencies can be found, the total heat capacity 

can be calculated, 3inco it is the total of contributions 

due to individual vibrations. 

When the distribution of frequencies oan be repre¬ 

sented by an intograble function, this total is an integral 

tional spectrum. An accurate description of the specific 

heat depends on a knowledge of the spectrum. 

Einstein’s theory replaces the whole spectrum 

by a single line shown in the first part of the figure. 

The theory of the motion of a system of coupled 
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EIHSTEIH 

BBENST, LIKDEMAHU 

Eig. 1 Throe e^rly-fcrrmff of^therdistribution of 
frequency 

Eernst and lindemarin (1.911) obtained better results with 

a spectrum of two lines of equal weight (see figure). 

However, this did not accurately describe the specific 

heat at low temperatures. 

Debye (1912) showed that the distribution function 

was proportional to the frequency squared in the region of 

low frequencies, where a solid may be thought of as an 

isotropic continuum. The remaining part of the spectrum 

was a continuation of this function, F(i>) up to a maximum 

frequency (see the figure). This maximum was determined 

to make the correct total number of vibrations. 

3 



=■ Plan k'x? Certs')- 

Je = BotfxwefH }s Cay?si. 
T ~ P^salah-e "f&fyp. 

This specifio heat formula has these properties 

(a) The specific heat is determined by one 

the frequencies of vibrations of a simple cubic lattice. 

The atomic forces were assumed to be such that an atom is 

held to its equilibrium position with harmonic forces, 

and the vibrations described as consisting of a number 

of normal modes. The assumptions required for this 

description are approximations• A crystal under these 

assumptions would not expand with temperature, and the 

energy of a vibration could not be transferced to another 

type of motion. 

parameter e. 
T 

where 

(b) At low temperatures specific 

heat is proportional to j-s 

(c) At high temperatures the specific heat 

approaches 3R 

Born and von Karman discussed the calculation of 

4 



In order to find a distribution of frequencies, 

we must discover how the frequencies vary with their wave 

numbers. Blackman (1935) has analyzed the vibrations of 

some real and idealized lattices. Be found a piling up 

of frequencies about two values of frequency indicating 

that the Hernst and lindemann approximation was perhaps a 

better one than had been supposed. 

Fine (1939) considered the vibrational spectrum 

of a body-centered cubic lattice and computed the specific 

heat. Be used a model in which the force constants are 

simplified, and compared his results with the experimental 

values of tungsten. For this work, I have used Fine's 

secular equation, applied Eouston's approximation, and 

compared my results with those of Fine. 

If solutions are assumed to the equations of motion 

of the atoms of a crystal lattice, a secular determinant 

is obtained for the frequencies as a function of the wave 

propagation vectors. The assumptions about the force 

constants, which made it possible for Fine to write his 

secular equation in a simple form, are the following. 

Only the interactions between a given atom and its fourteen 

nearest neighbors are considered. Central forces are 

postulated. The atoms are considered as point masses. 

The elastic constants of tungsten at room temperature are 

found to satisfy^Wt^co^ition. In order to write the 



determinant, line set the potential energy resulting from 

the large scale distortions of the lattice equal to those 

resulting from the atomic displacements* 



2. General account of normal vibrations 

a. Description of symbols to be used in describing a 

three dimensional lattice 

A monatomic lattice (a lattice of only one type 

of atom) is completely described by integer multiples of 

three elementary vectors that are not necessarily orthogonal. 

Each unit vector begins on an atom taken as the origin and 

terminates on one of the three next particles that do not 

all lie in the same plane. These vestors, <3| da, 

define the elementary cell and are the edges of a parallele¬ 

piped. If the partioles are equally spaced along the three 

independent directions, a lattice point is given by 

— ji$/ dj -f $2. c4 + d3 (^'0 

where are integers and Q begins at 

the origin. also designates any cell in the lattice 

since each cell can be associated with one of its atoms. 

The edges of the whole crystal are assumed to be 

Lt - A/J, L 2 =■ NxcJz. ^ ~M3d3 

The crystal contains /I''//I4.cells and has the shape of 

an elementary cell. 
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b. Definition of normal vibrations 

The normal modes of vibration are determined by 

solving simultaneously the equations of motion for all 

the atoms. The motion of the atoms oan be decomposed 

into three types of vibrations, one longitudinal and two 

transverse, in the simple cases, corresponding to three 

degrees of freedom. The total number of degrees of 

freedom is three times the number of unit cells if the 

crystal is monatomic. Thus the number of independent 

normal modes is just three times the number of atoms in 

the piece of crystal considered. 

The use of normal modes is a method of describing 

the vibrations of atoms. We can picture the atoms along 

one direction as held to equilibrium distances from each 

other with forces proportional to their displacements. 

Fig. 2.1 One dimensional lattice^of point^masses which 
as if connecte3 by weightless springs. 

/ / . 

The whole row is in motion. In this problem only those 

forces between nearest and next nearest neighbors are 

considered important. This idealization is an approxi¬ 

mation', but with this assumption, the vibrations are 
/ 

accurately described as composed of 3N normal vibrations. 

/ 
/ 

/.; 

\ 
g 



This approximation is not satisfactory for a description 

of some phenomena but should result in a more accurate 

calculation of specific heat than has yet been done. 

A disturbance propagating through a crystal 

lattice may be observed at the lattice points. It is 

composed of standing plane waves of the form 

^6 = 
3 r/ —<£ •#) 

(Z. 

is defined above, and <aC is the propagation 

vector, whose absolute value is the reciprocal of the 

wave length. When properly defined, each propagation 

vector corresponds to one wave and is in the direction . 

of the wave. 

The normal modes have the form of these standing 

waves. They have frequencies related to their wave 

lengths and the velocity of sound. The velocity of 

sound depends on the direction of propagation, the type 

of vibration, and on the wave length. 

When the propagation vector lies in a line of 

symmetry of the lattice, the strictly longitudinal mode 

is along this direction also. The other two modes are 

then really transverse since the three vibrations are 

always orthogonal. If the propagation vector is along 

some other direction which has less symmetry, the trans¬ 

verse vibrations will be perpendicular to each other and 



parallel to one of the faces of the zone. Since the 

longitudinal vibration must be orthogonal to these, it 

will not be parallel to the vector. In general, there is 

no relation between the direction of the propagation 

vector and the direction of vibration. Only in special 

cases are the vibrations strictly longitudinal and trans¬ 

verse. But they are always orthogonal to each other, 

c. Boundary conditions 

If the number, of atoms in the crystal is 

large, we may consider the atoms in the faces to have the 

same equations of motion as the interior atoms. This means 

there are hypothetical particles on the outside of the 

crystal designated ^ ) J /& ■+ fj -f I j 

and we assume they have the same phase as the first atom 

of the crystal in the parallel face. This is the periodic 

boundary condition. It is more desirable than assuming 

the atoms in the faces to be rigidly fixed, since we can 

find solutions without dealing with an infinite crystal 

and still account for the proper number of degrees of 

freedom. Since neither condition can bo realized in 

experiment, we choose the approximation v/hich gives the 

easier means of dealing with the problem. The exact 

nature of the boundary conditions has no significant 

effect on the harmonic vibrations. By means of this 

condition of periodicity, the wave length /\ and its 

reciprocal, the wave number <0 , assume only certain values 



and define vibrations for which the end atoms move in 

phase. She wave length is infinite if all atoms between 

the two hypothetical outside atoms move in phase. In this 

case, the lattice would vibrate as a whole and there 

would be no vibration of one atom with respect to another. 

Suppose neighboring atoms move in opposite directions so 

that as one reaohes its maximum displacement, its neighbor 

reaches it3 maximum displacement in the opposite direction. 

This vibration may best be described as having the wave 

length which is twice the distance between atoms, and no 

shorter wave length will be considered. Any description 

of this vibration as having a shorter wave length adds no 

information* 

•pi. o o Waves in a one dimensional lattice 
configuration for minimum allowed wave 

// 



This restriction is stated by restricting €L to the 

interval 

. JL _ JL 

The effect of this restriction is indicated in the ahoJ'*? 

diagram. If is added to or subtracted from 

a shorter wave length is obtained. For CL-h ^ y the 

wave length is shorter than the distance between atoms. 

In all three cases, the disturbance in the lattice is 

the same. The above convention allows any wave length 

between and £ d Only those wave lengths shorter 

than J2(d are excluded. If the distance between atoms is 

different in the three directions of propagation, then 

the shortest possible wave length is different for each 

direction of propagation. The shortest wave length 

corresponds to the greatest wave number, but not necessarily 

to the maximum frequency. 

The condition that the functions representing 

the above waves are solutions to the equations of motion 

is a secular determinant set equal to zero from which the 

frequency can be found as a function of the wave propaga¬ 

tion vector L, Any value of ja j greater than is 

the wave number for a vibration CUT out of phase with one 

whose j a | is less than „ This means that the 



relations are periodic functions, and it is necessary to 

consider their values in only one period to take account 

of all possible values of the frequency, 

d. The reciprocal lattice and zones 

It is most convenient to describe the frequency 

relation in terms of propagation vector space” having the 

dimensions of reciprocal centimeters, since a single 

polyhedron or zone in this space contains vectors repre¬ 

senting all the possible modes of vibration. Then the 

problem will be to find how the frequencies are distributed 

among the points in this space. We can think of a solid 

body, in a reciprocal lattice, the shape of which depends 

on the type of crystal. Each vector from the origin to 

a point within the polyhedron defines a mode of motion of 

the atoms in the direat crystal lattice. A vector from the 

origin to a point outside the zone giveB a mode already 

described inside the zone. Such a vector corresponds to 

a wave length shorter than 2d. These are not needed since 

they are actually the same as modes of a longer wave length. 

A plane wave propagating through a crystal is the 

same whether the vector ¥ or a vector a/ differing 

from ££ by an arbitrary vector of the reciprocal 

lattice is used to describe it. 



4 IS &M 1/j-hyer, 

(cCl ^ > R ^ ~ R ~h $i i( bj ) */• $si. (* ^3 “H 

« ci»R, ->r J), J/ + ^isu $*- "t Jl3 *C 
—■■■— >* 

•= a-R -f ^ 

***=- / 
Since the same motion is represented by <££ or & 

only the values of #. within the polyhedron correspond. 

The vectors of the reciprocal lattice ending on 

the edges of the polyhedron correspond to the shortest 

wave lengths. These "cut-off” wave lengths are the same 

for all three types (two transverse and one longitudinal) 

of waves, so we have different maximum frequencies for 

different types of vibrations. If the crystal lattice 

is monatomic, discontinuities may occur in the relation 

whenever the propagation vectors end on certain pianos in 

the reciprocal lattice. This banding of the frequencies 

is described by calling the upper branch optical and the 

!4 



lower branch acoustic. Such planes are the perpendicular 

bisectors of lines connecting the origin with the points 

in the reciprocal lattice. Such planes are the perpendi¬ 

cular bisectors of lines connecting the origin with the 

points in the reciprocal lattice. These planes are 

important in the study of crystals. They are the faces 

of polyhedrons (Brillouin zones) one of which includes a 

complete set of propagation vectors. All possible modes 

of vibration can be described by propagation vectors 

within the first of these zones. 

The reciprocal lattice may be constructed from the 

definition of the direct lattice by the equation 

The direct and reciprocal lattices have reciprocal volumes 

to and . Each vector CL. of the reciprocal 

<■/ <s -fnoed in (<£■ 4J 

has been defined, and this defines 

ive definition, perpendicular 

lattice is 



This corresponds to a set of planes in the direct lattice 

Each plane passes through a set of lattice points. The 

plane perpendicular to the vector is given by 

where 0 is the distance of the plane from the origin. 

Substituting in this equation gives 

The numerator is an integer. The distance between the 

lattice planes in the direct lattice is given by the 

of the numerator is 1, so the distance is 

Thus* the distance between the direct lattice planes, 

perpendicular to a certain direction is the reciprocal 

of the lattice point nearest the origin in that direction* 

It is easy to see the zone construction in two 

dimensions for a simple square lattice. 

smallest allowed variation of C J The smallest value 

Up 



3y perpendicularly bisecting the lines connecting lattice 

points with the origin, many-sided figures can be drawn. 

The successive dosed figures are boundaries of the zones* 

The inside one is the first zone. It includes a complete 

set of propagation vectors. All possible modes of vibration 

can be described by propagation vectors within this zone, 

e. The vibration spectrum 

The ends of the propagation vectors are uniformly 

distributed in the space of the reciprocal lattice. The 

number ending in any volume is proportional to the volume. 

Consider a certain direction of propagation and an elemen¬ 

tary cone of aperture about this direction. The 

fraction of vectors terminating inside this cone and 

n 



having lengths between a and a. 4- is 

O. ^_jn_ 

V 

V is the total volume in the first Briliouin zone. 

J'j is the total number of atoms in the crystal. For 

each type of vave the total number of vibrations is 

obtained by integrating over the whole first zone. 



3. The use of spherical harmonics for interpolation 

purposes 

a. Expansion of the function representing distribution 

of frequency 

In this method the frequency spectrum is deter- 
•, ;i, / -v 

«nod along several radii from the origin of the' reciprocal 

(jkfjXtjLQQ* The total spectrum could be accurately determined 

"^Considering enough directions. The frequency as q 

function of the distance along d and the distribution of 
\ . ? s 

\<? \_. r"v : : 
frequencies are both invarient under the rotations to which 

^-c^st^lKLattice is invarientT™ Thus,a study of thiezdis- 

tribution in only a small part of the whole solid angle is 

necessary. In the case, of a crystal with cubic, symmetry, 

only/l/48th of the whole solid angle need he consideredKx 

If the directions are chos^hiproperly, as few a4 three 

directions will give some Ai^brmation about the distribu¬ 

tion. (The directions take*!'ipr this work are the x 

followingJ Direction 1 is ^lopg the 2T axis; this is the 

line X—jf-O , or in shperieal harmonics, 

Direction 2 is in the plane along the line . 

In spherical harmonica this is £ - O"0 . Direction 

3 is along the line \ ^ - Z. ; or ' pj j 

The significance of the coordinates ^ y z: is discussed 

in section 4.) The number of frequencies whose representa¬ 

tive points lie in a cone about the radius vector is a 

function of the frequency .and the direction, f~ (y, ^ c/^). 

Such a function may be expanded in a series of shperieal 

= 77 



harmonics, each multiplied by a function of the frequency. 

and the total distribution is the integral over alldixections, 

Because these axe spherical harmonics, all but the first 

term vanish. If we can find ^ ft') then we have the 

desired distribution. The series can be carried as far as 

(to as many terms as) desired. This is done by finding 

the distribution along as many directions as there are 

terms in the series. vAs mentioned, throe terms were used 

here. Using the first three terms of thw series (3.1) for 

each direction chosen gives a set of three simultaneous 

whore r( 

the three chosen 

Ft and Fj are the distributions along 

proportional to frequency. 

3*o 



4. Two descriptions of the lattice 

The Secular Equation has been written in the 

following form: 

(j+ 4mA t‘C&Xe&geMZ-fc) (i4*i*ymp 4^Z) 

ft 3&j)'Z. ) (1i~ &&XCZk^c&iZ- -f) ( ± £0% 

A^lX C4& 4m2j) ( Hh Ofc^. C^_ t2mz} Q+/&**'%- ^ Q4*^G&Z ~ft') 

x - HJh A /V, 
7fM£ 

f N± 
Z - Jfj*h 

'Ai 

*0» 

- 0 

ftO 
mil Tv 

■.dc„J * 

are the components of the phase difference. If a disturbance 

propagating through a periodic structure is observed at the 

lattice points, these are the differences in phase between 

point and point $■+ /, These quantities are 

dimensionless, and •j-4f 
is proportional to the frequency 

yy\, is an integer related to the direction of the 
^ wave; its range is 

-i/>/-') - ^ 
d is the edge of the basic cube, 

/YY\ is the mass of the atom, and 

CJI^IB a macroscopic elastic constant. 



This is a sixth order equation written as two 

oubic factors. Either factor is adequate for a description 

of the variation of with the three coordinates in the 

case of a monatomic lattice. The order of the equation 

and the range of the coordinates depend on hew the 

lattice is described, 

a. Case I 

The lattice is made up of a large number of basic 

cubes of edge . Each cube contains two atoms, one at 

its corner and the other at its center. The lattice is 

three corners of the cube. A lattice point at the corner 

of a cube is given by the vector 

built on three equal orthogonal basic vectors, d/ dz. 

and These join the origin of the lattice with 

The middle atom is at the position 

/f* originates at position K and any other middle 

atom is placed by adding vectorially & ~l~ ^• 



The secular equation shows the frequency as a 

periodic function of components of phase differences. 

These variables, ^ ^ ^ and ZL are proportional to 

the components of the wave propagation vector, so that for 

every wave there is more than one propagation vector. This 

situation can be eliminated by selecting the range or 

interval of values containing one period of the frequency. 

We restrict the vector to this region. It is most con¬ 

venient to let this interval symmetric about the origin, 

and it is the zone in the reference system or in the 

reciprocal lattice described above. The difference between 

the reciprocal lattice and the coordinate reference system 

of the secular equation is simple. Vectors in the recip¬ 

rocal lattice have the dimensions of reciprocal centimeters. 

The length of a vector is the wave number, or reciprocal 

wave length. The vectors in the Jf^Z, reference system 

are the propagation vectors multiplied by #4, Tills 

makes a set of dimensionless vectors, each one of which 

has a one-to-one correspondence with a mode of vibration. 

The distance out to the zone edge along one elementary 

vector direction is half the length of the vector from 

origin to the next point. This is J Ur) and 

y and 2.^ are O , Sinoe the direct lattice 

is described by a set of three orthogonal vectors of the 

same length, the zone is cubic, also. 

2.3 



Fig* 4*1 Elementary cube of the body-centered cubic lattice 

Fig. 1 4*2 Cross spction of zone in reciprocal 
lattic^pfor case I. 

For this case, since there are two atoms in the cube, 

the secular equation is of the sixth order and will give 

six solutions, ^ as a function of Z,. The 

range of variation of the coordinates is throughout a 

cube of edge ft* Here the frequency is a double-valued 

function of the wave propagation vector. But the lattice 

is monatomic, and there is no discontinuity at the zone 

boundary. 

3.4 



b. Case II 

The lattice can be described as being made up of 

elementary cells containing one atom each. The three 

vectors defining the parallelepiped cell are taken as 

originating at the corner of a cube and terminating on 

the center atoms of three adjacent cubes. The unit vectors 

are not orthogonal, although they are the same lengths. 

The new zone is larger than for Case I, since the unit 

vectors in the direct lattice are smaller. 

Since there is just one atom in each elementary oell, 

only one of the cubic factors of the secular equation is 

necessary, and the range of is f*om zero to the 

edge of the new zone. 



5* Calculations ^ 

a* The solutions to the secular equation, their 

inversions, andd the distribution of frequencies. 

Wo will consider each direction in the X, fo.z. 

reference system in turn. In the following discussion, 

the vector ST is a vector in the dimensionless 

reference system* Except for dimension it has the 

same characteristics as a propagation vector. The length 

of the vector H- from the origin is proportional to a 

wave number just as its components are pro- 

ponthonal to the components of the wave propagation vector. 

BIHBCnaH 1. This is the lino Along 

this line the length of the vector £ is z . To solve 

the seoular equation (4.1) along this direction, O is 

substituted for )( and , and is found as a periodic 

function of Z . Since ^ is proportional to the 

frequency, the negative solution has no meaning, and ^(*-) 

is used. The subscript /n denotes the type of vibration; 

since the equation is cubic (the upper sign in eqn. 4*1 

is used), there are throe functions for every set of 

X)) z. • These throe correspond to the two transverse 

and one longitudinal vibration. ^ fakes,on the 

values 0 to 1T as it varies from the origin to the 



corner of the none. For the two transverse waves 

- XT '*** (SJ) 
4* 

As ~z varies from o to f varies from zero to (S’ * 

Replacing 2 by its equivalent* <2 * it is obvious that 

'gjfa is zero at the corner of the zone* We are trying to 

find how the frequencies are distributed along this 

direction. Since the frequency is proportional to the 

distance from the origin* and each point in°the reciprocal 

lattice is a wave number and corresponds to a mode of 

vibration* then the number of modes having frequencies 

between ^ and -V-td? is 38m# the number of points 

lying in a shell between a. and Pc -+- da, . fhus the 

number of modes per unit solid angle in a frequency range 

dv is 

We are using place of ^ so our problem is to find 

In (eqn. 5.1* we have as a function of (2• 

Inverting this gives a as a function of ^ , I.©.» the 

length of the propagation vector corresponding to any 

value of ^ . 

*2 & ^ <2 4m ]f£ 
(s.z) 

Then 

dp __ *- da~ _ 

-ft 

=■ 6L 
X Ldvi~' 4z) 

(* sT S’. 3 

,27 



Is the distribution of points corresponding to the two 

transverse vibrations (subscripts a, and b on ) 

lying in a cone about the direction X- ^ = 0 • 

The third solution, , corresponds to the 

longitudinal vibration. 

- (<3. - C&3Z- — Cjz’-Z-) 
'A 

varies from 0 to 1.5. It is plotted in Graphs, 

Section A. The slope is horizontal at two places: = / $ 

and yf ^ . Putting in place of , and inverting 

gives 

a= [i/-/ (s-s) 

from which we get 

d*s . V 
^ ±filf - \ f- 

(6 .£>J 

(5.6) is the distribution of points in a cone along the 

direction / - ^ ^ , which correspond to longitudinal 

modes. In figure 4.3 the cone in which these points lie 

is shown. Since the zone has a sharp point in the 7L 

direction, most of the points we counted at the end of 

the propagation vector, A , lie outside the zone. The 



fact that jC/z.) has a zero solpo at the boundary of the 

zone means that frequencies are changing slowly while 

wave&umbers are varying rapidly. The result is that 

the shows a piling up of the frequencies at the 

values and - \fX. becomes infinite at 

these points. Since the peak at occurs within the 

z6ne, it is a true c haracteristic. However, the peaks 

at -^-^2 are spurious, and if account were taken of the 

shape of the zone boundary, there would probably be no 

piling of frequency here at all. 

How the total distribution in the cone along the 

2L direction may be found. It is the sum of the dis¬ 

tributions for the three types of vibtations. 

This is plotted in Graphs, Section B. 

DIRECTION 2. This is the line y~()Along this 
line, the length of the vector, (£■ , is )[XZ-. The 

secular equation is solved along this direction by sub¬ 

stituting 2- for X and 0 for / , and ^ is found 

as a function of ^ • 

The two transverse vibrations are found to be 



Z~ 

This function has z^cro slope at ■= / . When 21 
CL . , / 

is replaced by and (5.8) is inverted, the length 

of ci corresponding to the values of the frequency 

parameter, is 

CL - KT 

The distribution of the transverse waves in the cone 

along the line z, ^-(7 is 

(C.M 

When this function is plotted against * it is seen 

to have an infinete peak at ^=V . See Graphs, Section B. 

This piling up of frequencies, i.e., a large number of 

vibrations for a small variation of wave number inside 

the boundary of the zone) is a true characteristic. We 

know this froip looking at the cross section of the zone 

in figure 4.3. The vector a- meets the zone boundary 

normally, so that the termination of the cone lies 

almost entirely within the zone. 

The third solution, with J/-#» corresponding 

to the longitudinal wave is 

C 
— j/j Z ^JJ 



The inversion of (5.11) gives 

a - V-5 'dm 

when z is replaced by 

this type of vibration is 

The distribution for 

cka, _ n 
df. 

zr5 Lun~' ^f) 

~WrfT~ (£&] 

The slope of' (5.11) is zero at /= i/3 • Hence the 
dri 

function approaches infinity at ji- j/3• The 

square root of three is actually the maximum allowed 

value which ^ oan take. The bunching of frequency here 

is valid as explained above. 

The total distribution along this second direction 

is obtained by combining the two distributions (5.10) and 

the one (513) 

FJ/. , F >#) ~ -2 t/wu . , jdsyi 

aLfc 

This is plotted in Graphs, Section B. 

DIRBCTIOH 3. This is the line y « Z. . 

-Along this line the length of t he vector ci LB Z. , 

The secular equation is solved along this direction by 

substituting Z 

as a function of 

for A and / , and ^ is found 

Z « The two solutions corresponding 

c3) 



to the transverse vibrations are found to be 

jd;k ^ (J.-C03Z -OkSZ-)^ (*-lS) 

By comparing the crossection, figure 4.3, and the three 

dimensional figure 5.2, the range of .2 is seen to be 

The inscribed cube of figure 5.2 has edge IT 

so that from the origin to a cube side is % • Since 

the vector terminates on a corner of the cube, the great- 

est 2 is /?.. This is the same function that appeared 

in tho solutions along direction 1. The difference here 

is the fact that only those values of f requency found by 

considering the limited range of Z. are counted. 1?rom 

figure 3 of Graphs, Section B, we see that this is 

The inversion of (5.15) is 

a.-\5 CM'[JJ I - YT-Tf-} J (S.I6J 

and the distribution is 

Vf~-fp:[‘f-(-1 -JJ-i-f")]yx~ (6~/?) 

Since the function (5.15) is always increasing within the 

zone, there is no point of infinity in (5.17) 



The longitudinal vibration is given by 

2. 3 )I^J" 
^c =-p -f. 2C*z Z. — C&*~ Z. — 3 C*a. ZJ &!$) 

Since this is a cubic equation, it was inverted graphical¬ 

ly. For points z.j on the curve throughout the 

range of Z- the inverse slope was found and multiplied 

by fa • This gives the distribution as in (5.17). 

Cu just 6^" ^z) • The function (5.17) is shown 

in Graphs, Section A. When the three distributions are 

added, the total along the third direction, X=. y is 

(6Z/9J 

and this is shown as the last curve in Graphs, Section B. 

The three lunations F, F F, are combined 
'/ / 'ij ^ 

according to equation 3.4 to give the curve of Graphs, 

Section C. This is an approximation to the distribution 

in one forty-eighth of the whole solid angle. 



b. The Specific beat integral 

m) r 'M oi* to; * 
1*/LT 1-2- 

This integral must ’oe found at a number of temperatures, 

and since there is no analytic expression for the distri¬ 

bution, the integration is carried out graphically. To 

put the integral in more convenient form, a transformation 

is made. We define a quantity &( by 

and a quant i- 

Then 

rr 

Cy - k°i D(fi{) F(/) 4 (6,12) 
D 



whore D(f/) 
Pi 

is used for (lil 
{e* -I)" 

and F- F f^-f) • F(F is the distribution 

in the 1/48 of solid angle which is plotted in Graphs, 

Section C. ^ is a parameter related to temperature, 

so that carrying out the integral (5.34) for several 

values of gives the specific heat as a function of 

temperature. Values of the function £){j$/) wore tabulated 

for ease in computing the integrand of (5.24). Then a 

system was set up for oayyying out the integration by 

Simpson’s rule. The curvef~(f) was divided up into 

sections so that Simpson’s rule could be apj>lied most 

satisfactorily. The ordinate, was tabulated against 

the abcissa, ^ , for the values of ^ useful in hte 

rule. A value of ^ was selected, and the correspond¬ 

ing integrand (5.24) found for every value of chosen 

along the abcissa of Graphs, Section C. The value of the 

area under the curve D F ( yf) for a particular 

is proportional to the specific heat at the temperature 

corresponding to , So far, we have taken account 

only of that portioh of the F(^) which is flat enough to 

allow the use of Simpson’s rule. The problem now is to 

take account of the steep peaks, which were described a 

few pages back. 

V/e know from the previous discussion that the 

area under each of the curves is the total number 
‘T 



of longitudinal or transverse vibrations within the 

corresponding cone. This follows from the fact that the 

number of vibrations dn , having values of ^ between 

^ and -f- is 

dn- ^ ^ 

By integrating, we can find the area under the distribp- 

tion curve, and thus the number/ of vibrations throughout 

the cone /. I 

Jdn - a. d \4L 

df 
or 

a. 

a' 
i 

da - a- 

$muty- *s *5ae the vector from the origin to its 
termination on the sone boundary. 

As an example, consider direction 1, X -%■ =• 0 • 

Cl was seen to vary from O to JX , so that /f ft UT »t-or 

in this case. From (5.2?) 

_ TT' 

This is the t otal number of vibrations of one of the three 

types, which lie within the volume of the cone about the 

2. direction. 



We want to find the area underneath the points 

of infinity in the curves . To do this, each curve, 
T* 

was plotted as a function of and integrated 

by Simpson’s rule to the value of ^ where 

becomes stfeep. We call this area A. A is then subtrac¬ 

ted from the area^/^4-z. #(5.26), and the remainder, B, is 

the area under the stbf?p part of the curve. From the 

areas 

at the corresponding ^ , the area under the infinities 

of my (p (Graphs, Section C) are readily found. The 

contribution to the value of Cy (5.24) made by the area 

under the curve J'('f) between 1,40 and ^ is 

Just ±±msss 

DIM) lno (2%»iBeX -f 176, + Sc X. 

7f f J 8^ T J3C 

The subscripts 1, 2, 3 correspond to the directions 1,2, 

and 3. BAjJ> and represent the area between 4 = J.4 0 
/} s~t. * nbin. f /_ run, ' 
=fa under the curves ~g^~b 

ar1^ respectively 

In a similar manner, each of the five places ( - / 

~ J/2T j - / 6 j ~ 16 (a£> ; ^ 



Fig. 5,1... Frequency Distribution, - 
; ■ • . r. . C. Fine. , - •. , 

b, 

Fiy, First zone, of the body-centered 
..cubic lattice. 



where r(^J has a peak axe considered. 

Thus the integration to find the specific heat 

was carried out for several values of corresponding 

to temperatures betv/een 12 and 950 degrees Kelvin. 

So that some comparison could be made of the results 

of this method of approximation and the results of Fine, 

the ratio^ of the specific heat to 3R in the two cases 

was compared to the Debye specific heat ratio as standard. 

The Debye specific heat is a function tf and has been 
C«_ 

tabulated by Beattie. _?£ resulting from the two 

approximations, by fine and that described in this paper, 

mere matched with this table to find what Debye £ 

was required for the match. This <9 is plotted against 

temperature in Graphs, Section D. The experimental 

data was taken from Fine’s paper. 

3/ 



6. Conclusion 

A comparison of the results obtained by this method 

of approximation and those of P. C. Pine may be made most 

easily by noting the similarities. The general shape of 

the Debye Q- vs. Temperature curves is the same for each 

case. This is to be expected since the same secular equation 

is used. This method produces a somewhat more pronounced 

dip in the characteristic temperature. The specific heat 

curve lies a little lower than Pine’s, hence the 

curve by this method is always higher. The experimental 

values lie between the two calculated curves. 

A comparison of the distribution functions shows 

that the piling up of frequencies occurs around 

and near ^^.maximuin, in both methods. The present 

method leads to spurious peaks around fa. The fact 

that they are spurious is known from the method of calcu¬ 

lation. That is, these spurious peaks occur along the 

direction which meets a sharp corner of the zone. Thus, 

in comparing this^method with any other, these must be 

discounted. 



7 TABLE OF SPECIFIC HEATS (oal./mole dog. K). CL at infinity 
sot at 5.95 

C v c v c T 
T (Fischer) (Finoi (observed) 

12.0 0.0138 

15.8 0.0348 

19.0 0.0604 

26.0 0.242 0.213 

38.8 0.842 0,750 

38.0 0.678 

58.7 1.84 1.80 
63.4 
74.4 

2.25 
2.94 2.87 

91.1 3.63 3.60 

95.0 3.60 

100 3.92 3.77 

190 5.13 

200 5.32 5.30 

250 •5v * 5.22 

275 5.50 

300 5.66 5.87 

317 5.59 

4o 
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