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A CLASS OF BORDERED AXISY1233TRIC DEBSRaiNAIOTS 

B. H. MtfOse 

1* Introduction. 

1(1). The purpose of .this paper is to establish an analytic 

proof of several theorems * on a class of bordered axisyaraetrie deter* 

minanis, which we will denote by 

a) — 

/ ; 1 1 1 
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_ 1 *' 
whore the elements, ij, satisfy the following conditions: 

* ji* 

I] > o, if i ^ ii 

ij = o, if' i = u ; ' ' ' 
A':,.....- 

1(2) In an early paper ■ , Cayley derives the determinant 

form Bg(l,2,3) which^ expresses the relation between the distances de» 

tenained by three points 1,2,3 on a Euclidean lines 
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* Formulated by Karl Monger. 

f Caab. Math. Journal, ?. II, 1841* pp. 267-271. 
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Analogous vanishing determinant forms exist, expressing the relations 

between the distances determined by four points in a Euclidean plane, or 

five points in a Euclidean throe-space, respectively, 0^(1,2,3,4)= 0 and 

05(1,2,3,4,5)= 0* * 

1(3). The general determinant fora, a),has been 

used by Bari Bfenger ^ in the characterisation of the n-dimensionEl Euclide¬ 

an space among the general semi-metric spaces by means of relations between 

the distances of its points. , 

1(4). We make the following definitions, after Menger: 

(a) A set of elements, called points, is called a semi- 

metric space if to each couple of points, i,j, there 

corresponds a real number, ij, called the distance between 

them, such that ij = ji; ij > 0, if it?J| ij = 0 if i- j. 

(b) Two semi-metric spaces, 5 ami S’, are congruent if 

there exists a one to one correspondence between their 

elements which preserves distances. 

$ 
1(5). Monger has proved the following theorem;; on the congru¬ 

ence of a general serai-metric space, 5, to a subset of the n-dimensional 

Euclidean space, 

Theorem: 

The necessary and sufficient condition that a semi-raetrie apace 

# Cayley, loc. cit. 

t Cp. longer, lath. Annalen, V. 100; or more recently. Aaer. Jour. lath. 
V* 1111, SO. 4* Oe*. , tf 737 f*• 

% Menger, Mar. Jour, of lath. V. 1111, Ho. 4, Oct. 1931, p. 744. 
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S be congruent to a subset of the is that if S contains more than n + 3 

points, for each integer k£ n + 1, and for each k-tuple of points l,2,.,k, 

of S, sign Dk(l,2,.., k) = (-l)k or 0, and that Da+g(l,2,...3 + 2}= 0, 

for each n + 2 points of S, * 

If S contains exactly n + 3 points, l*2//,,n + 3, it is necessary 

and sufficient for the congruence of S with a subset of the R that besides 
u 

these conditions, Bn + 3(1,2,,.,,,n + 3)a0. 

1(6). Definition, 

A seml-oetric space, R, is called "pseudo-euclidean," (R ), 

if each n+2 points of R is congruent to n + 2 pts. of the Ea, while R is act 

congruent to a subset of the Rn, 

1(7), Manger has shown that if R is pseudo-euclidean (R^), that 

it contains exactly n+3 points and that the sign of Da + 3(l,2,,..,n+3) = 

1(8)/ If^Rzcontains exactly four points 1,2,3,4, it is called 

a "pseudo-linear quadruple/* WSe- Tb has been shown ^that these quadruples 

are characterised among the general semi-Hnetrle quadruples by the relations 

12 = 34| 23=14; 13«24j ^-4'^*/"5' 

1(9), I'roa these considerations we see that if a semi-metric 

space, R, consisting of the four points 1,2,3,4, has each three of its 

points congruent to three points of a straight line, R^, then either 

4k D^(l,2»..,k), as defined in paragraph 1(1), 

t Cp, Monger, Mcr, Jour, Math, loc, cit, 

# See above, 

Cp. Monger kfethamatioche Mnalen, V. 100, p. 126. 
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(a) R Is congruent to a subsot of the % , and 1^(1 *2 *3,4) = 0, 

or 

(b) R is a pseudo-linear quadruple* the alga of 1X^(1,2,3*4) 

Is negative* sad 12 *34; 23® 14* 13 s24* 

2. She algebraic formulation of the above statement is as follows: 

Theorem 1. 

If the determinant* 

Ml, 2,3*4) = 
4 

o 1 1 1 1 

1 o 
■ ■ 

it /T /*' 
   »• I

 ¥
* 

| 
(l <U

J* t*
 

7 
'T. 

2/ o S3 2V 
 V 

ij >0, i*5; 

1 

7 

— £ 
3/ 
.   

Jiv 

 V 

Va 

O 3*f 

V2> O 
i|® 0, i^i* 

Me its four principal bordered minors of order four vanishing, then the de¬ 

terminant vanishes, unless 12 ^34; 23-34; 13-24* Then Ms the value 

-32(12 *23 »I§ whore one of the makers 12. 23. 31, is the sum of the 

teo ethers* 

2(1), We shall prove first the Lemma: 

jgpgu Jtf J?hgjpriasiml bordered minor* |S«S^ * obtained by striking out the 

fifth roe and fifth column of R » vanishes* than J| tea one ef the three 

developmoats: 

(a) n= “2(£2.23.i3“i2.34V*23,M% 13.24^) ^ >% + ** = ^ ' 

(b) “8(l2»§3.13-12*34%- 23.14-13 *11^) ^ ix-*-^^ZZ 

Cc) “2(12*23*13 +j2.34~~23.i4~“13.24^) 03 + /3 “ iZ 

froof of the Lemma: 
o i 1 1 

•i 0 
 V 
/* 

7 
•v 

2/ O 53* =r0, by hypothesis. 

7 
 X 
37 

 V 

*>*. o 

*• This Lemma is duo to L. M. Bluaenthal, The Rice institute. 
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Denote the signed cofactors of the elements in the first row of [5*5] by 

(1,1), (1,2), (1*3), (1,4). 

Perform the following operation on the determinant %• 

Gol. lx (1,1)+Col. 2 x (1,2)+ Col. 3 * (1,3)+ Col. 4 *(1,4). • 

obtain: 0 • (*, 0 + 1-(b*0 + + ’ • ( l> ^ 1 1 1 1 

|. CbO + °* ( •>*) + TC’(lj3) + 13‘0,*) O 
..., 1. 
/z 

, -X 

/3 

1. C>,0 •+ 5"»*(i,t) + o-(1,3)+- »'(bn) 
— 1* 
21 O 

- "X, 

(1,1).% = j.‘t„l)+ ii*'*(0O43v(i,3)'fO.(0¥) 
— % ■ 

31 5*. O 3¥ 

/. ( i,0 + v7x-^ 

 x 
*/ ys 0 

Evidently, all the elements in the first column of this determinant are 

zero, except the last element, since the first element represents the value 

of [5,5], which is zero by hypothesis, and the other three elements are 

zero since they are the sums of the elements of a row of £5,0] multiplied 

by the cofactors of corresponding elements in another row, 

Sms we have: 

(1,1)*% - 

o 
o 

O 

o 

0,0+ rt'o*) + rzw 

then. 

r 7 7 

0 /Z rS 

 n. , T. 

£. 1 O 23 

X. 
31 

«C- 
O 

vT 

■—.V 

/2- 
y3' 

f 1 •7 1 

0 

—X 
1 A .i$u 7?" 

  n. 

  V 

A/ O 
."V. 

2.H 

fT 
¥3 0 

 .** 

T. 

34 

O 

and finally, 

(A) (1,1).D4 

^ * 
*yi-v* C«» 

since,developing in terms of the last column, 
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1 1 
— i. —V 

0 1% 13 N 

.» -i-O>0 + •*. 
Zl 0 

—t- 
%?> oa' 

  V 

<T/' 
—t- 
3*- O 3*/ 

jf - (/,*)- af + >fV*-0,*0 ■ 

Developing the cofactors appearing in (A), we obtain: 

(B) 

( 

B) 2(|lW-«.3' I~ | 4 O'*' *-3* «3V)- /v (/*.*3 + i> 

- I5X ( 23*. /3X+ 7z'. /J'- yS * ) - 3¥X( o’1- /a' + /2- *V3 - /2* -Jj- 

y JT£" r? v) /3 -Z3 

% 

no®, since [5ts] - 0, ®e have; ^   

(7! + » -73)( r»-«+T?) (-'*+*3 + 'a) = 

Case X, 

Substituting ( 7Z+13-/3) = 0 in (B), va have: 

(a) D - z( /?.• Z3-Tb - /a. f7?x— £3. 
*•—  X- \ 

A- /3. aV y 

Case IX. 

Similarly, if (71-23 7/3) = 0, we have: 

(b) D4« - Z ( fa 51- ^ *****'-+ 5t. z^*’— /*3. * 

Case III, 

Lastly, if (-7*T-23+/3 ) =? (), we obtain: 

(e) B4 « - Z (ja- 23- 73 -+- 7a. 3V*- 5a* T?"*"/!- x? J 

This completes the proof of the Lemma. 

2(2). We no® show if all the fourth order principal bordered minora 

of vanish, D. vanishes, unless 12 = 34; 23= 14; 13 = 24 , in which case s 

2j. 731'). 

Tlie vanishing of all the fourth order bordered principal minors of 04 implies; 

•# 

If 
0 1 1 A 

1 0 7f 13 

1 ii O *3 

1 <?7' a* O 

_ (73.-723+ 7b)(T%+ 23-/3)Cft-i3+ 71) (“71 + 23 + / 3) 

Cayley, loe, cit* 
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(B+Ts-TaK*-57* *'^* + “ + ‘31= ° 

(JJ-+ x* -7?) (Ti-+,¥) (-tx + sTv -*• * o 
[j% + m -w) (7j- TH+7*) (rJH, + +/y)— a 
(%%+*1-~&) -&?+&) (~r$+3*+£vj = o . * 

A priori there are 3~, or 81, possible combinations to be considered* 

However, it is easily seen that only 15 of these combinations are consistent* 

e.g. Suppose, if possible* the corabinatica. 

(a) 7% -53 -tH =* o 

(b) ,T- & * 7V~ *■ 

(o) %-r*+ 

w, r*-R**<* — 

is consistent. We shall show this is impossible. 

Subtracting (b) from (a), (d) from (c), and adding reminders, we have: 

- a! -f /3 TH - M ■& /3 -f- /¥ - 23 - 5^? -=0; 

t*. <s. Z(i5)~ x Cr*} - o , /3-i3»c>. 

But, from (a) 12= 23 - 13, hehe© 12 = 0, which contradicts the hyp, 

that in D^, ij>0 if i* j, 

Tselve of the possible combinations are: ^ 

(1) 123 (2) 123 (3) 123 (4) 123 
124 124 214 142 
134 143 314 143 
234 243 324 324 

(5) 213 (6) 213 (7) 213 (8) 213 
124 214 214 142 
314 134 143 314 
324 234 243 243 

(9) 132 (10) 132 (11) 132 (12) 132 
124 214 142 142 
134 314 134 143 
324 234 243 234 

# Gf. footnote of the preceding page. 

t We shall denote the relation pq+qr=pr by the symbol pqr 
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It may be verified that for each of these combinations* D& = 0, and the 

relations 12=34, 23 = 14, 13 = 24 do not subsist* 

e.g. Suppose the combination (l) subsists. 

(1): Tz+ai-Ta 

Tx+ 5+7 = /+ 

J% + 3 + = /y 

X3+ =2^ 

From the Lemma, 

whence: 

o*-- 

Case I, since 12+23-13, 

Y%. 57j». Tb - r?• — 23 • M?1" -f- /3< oV j 

ft. tt'- 13 + 3V)%-(/0+03)(«+3^) 

expanding: ^ ■■. v _v ' 

£ ^ f5.v. 13 + I** 03 — *** ~ lx'^ 

% (Tl ■ 2? * 34^ - * (+ /a 3 
+ 

_ 23^— 45! • “ 4 23 ^ 

3L( B> n. V+)+ >z‘ 

+ X (23 - 3*0 + 23* iv / = 

Hence 84= 0, if (1) subsists. 

Suppose 12 —S4, 23— 14, 13=24, and (1) subsist* We will show 

this is impossible* 

Applying 12=34, 23 = 14, 13=24 to (1) we get: 

(a) 34+11= 24 

(b) 34 + 24*14 

(c) 24+34 = 14 

(d) 14+34=24* 

Adding (a) and (b) we obtain 34= 0 which is contrary to hypothesis 

as before. 

W5 show, finally* that if any one of the throe remaining possible com* 

binations 

(13) 213 (14) 123 (15) 132 

124 214 142 

134 143 314 

243 234 324 



subsists, then 12 = 34. 23 = 14. 13 *= 24« and = ~3i 
, _1. ——V\ 
( n • 23 • '3 ) . 

e.g. Suppose that (14) subsists. 

(14) : (ft.) 12 + 23=13 

(b) 12 + 24 =24 

(c) 14 + 34—13 

(d) 23 + 34 = 14 

The operation (a) + (b) - (c)—(d) yields 12 = 34. 

The operation (a)-(b)-(c) +(d) yields 23=14. 

The operation (a) - (b) +(e)— (d) yields 13 = 24, 

Hence the first condition is satisfied. 

By the Lemma, Case I, we have from 

(14) , (a)i (12 +23=13), 

D4= -Z [TI. rv T\ - Tx- Tf- %7. iv
x] 

Upon the substitution of (14); (b), (c), (d)» we obtain 

D4 =r - 32 ( /V- O'. /5')- 

These results are readily obtained for the other two combinations 

(13), (IS). 

This completeo the proof of Theorem 1# ' 

3. Theorem 2: 

If the determinant Dn(1.2.3.4,5). 

D5* 

0 

-/ 

1 

1 

1 

-1 ■i -f 1 

o 
—. **- 
IX 

 t 
/3 
, i  X  X 

*v 

xt o 23 xy as 

3T ri a 3?" 

Si Si 

r* 

53" 

- o ys~ 

5v" o 

ij = m 

ij>0, ivj» 

ij = 0* i-j. 

has all of its bordered fourth order principal minors equal to aero, then 

it has all of its bordered fifth order principal minors equal to 2ero. 



Proof of Thoorem 2: 

3(1). Suppose, if possible, none of the bordered fifth ordered 

principal minors of Dg is aero, i.e., each %<P£(, P;_, p^, pQ^O, ©here 

P;., p^, p^, P^, is some quadruple selected from 1,2,3,4,5. So®* each 

D3(tj/, t^, ttv )= 0 by hypothesis, where t£(, t/^, t^ is some triple select¬ 

ed from 1,2,3,4,5. By Theorem 1^ D^(p^, pg, pg, p^) is different from 

zero if and only if pp2 = pp4J pp>3= pp4J p£ps= pp>4. Accordingly, m 

have: 12 =-IS = 53= 15 = 23 = 24 = 25 = 34 =35 = 45, that is, all ten distinct 

elements in the determinant are equal. 

But from Theorem 1. 2(2), it is readily seen that none of the 

Dg(ti» tg, tg) can vanish if t^tg- t^tg- tgtg, which contradicts the hy¬ 

pothesis, Hence at least one bordered fifth order principal minor must 

vanish. 

3(2)i Suppose, to fix the ideas, that 1)^(2,3,4,5} is the only 

vanishing fifth order bordered principal minor of Dg, 

Then, by Theorem 1, we have 12 = 13= 14 = 15 = 23=14=25 = 34= 35-=45^ 

which is impossible, as before. Hence at least two fifth order principal 

bordered minors must vanish, 

3(3), Suppose now, D4(2»3*4»5)= D(l,3,4,5) = 0, and 

(1) D(l,2,3,4)*0 

(2) D(l,2,3,5)*0 

(3) J>(1»2»4,5}*0* 

Then from Theorem 1 and from (1), (2), (3) 

12 = 34} 12 = 35; S2=45* 

Hence Dg(3,4,5)^p 0, since §4= 35= 51, This is impossible, by hypothesis, 

and similarly for all choices of the two vanishing determinants. Hence at 



least three bordered fifth order principal minors must vanish. 

3(4)* Suppose beside D^{2,3,4,5)-0 and DA(l,3,4,5)-=0, that 

also 1)^(1,2,4,5 )=0. 

We have then: 

(1) D4(l»2,3>4)+0 

(2) B4(l,2i3,5)^0 . 

From (1): i2 = 34,23-14, 13*24. 

From (2): 12=35, 23*15,13-25, 

From Dg(3,4^5)= 0, we obtains 

(34+45 - 35)(3?-45 +35){ - 34+45-f35) = 0. 

Since 34 =35 this becomes: 

45. [2(34)- 45] .45 = 0, or 

{A) 2(34)= 45. 

From Dg(1,4,5 )= 0 and 14=15, 

(B) 2(M)=45. 

From D3(2*4>5)= 0, and 25=24* 

(C) 2(24)= 45. 

Hehceffrom (A), (B). (G), 
£ 

34= 14 = 24/ 

But 12 = 34, hence 

12= 14= 24* 

and I^(1,2,4)^G, as before, which is contrary to hypothesis. It 

may be verified that similar contradictions are obtained for all the ( 

choices of the non^vanishing bordered fifth order determinants. Hence at 

least four bordered fifth order principal minors vanish, 

3(5), Suppose now* to fix the ideas* 

*0«M 
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D(l,2,3,5)=0 

B(l,2,4,5) = 0 

B(l,3,4,5) = 0 

D(2,3,4,5) :0, 

and the remaining minor B(l,2,3,4)^0. 

Then, if D(l,2,3,4)^ 0 one of the three following cases exists, 

from Theorem 1: <•>* * ) 

(1) 213 
124 
134 
243 

(2) 123 
214 
143 
234 

(3) 132 
142 
314 
324, 

and each of these cases implies the relation 12 = 34, 23=14, 13 = 24, by 

Theorem 1* 

Consider (1). Then, since 213, or 12+13—23 exists, we have 

from the lemma, 2(1), (b): 

(A) : B(l,2,3,5)= -2(12.53.0-I2.35Vg3.i5— B.gs' )V 0. 

Since 12 + 24-14, we have by 2(1), (a): 

(B) : B(l,2,4,5)--2(12.24.14-12.45*- 24.15V 14.25")= 0. 

Since 13+34-14, we have by 2(1), (a): 

(C) : B(l,3,4,5)=-2(0.34.0-0.45^-34.15 Vl4.35X) = 0. 

Since 24 + 34 -23, we have by 2(1), (c): 

(©):■ p(2,3,4,5)= -2(23.34.24 + 23.45X- 34.25X~ 24.35X)V 0. 

From this relation (A), (B), (C), (B), we get by applying 12=_34 , 23= 14, 

0 = 24: 

From (A)+ (B) : 2(12.13)-3sV 15 V 45X-25 = 0. 

From (B)+-(C) *: 2(12.i3)-«-35V-15 - 45V §5= 0. 

u Addingi-the above;: 4(12.13)= 0 

This implies that either 12 0 or 13= 0 which is contrary to the hypothesis 



that >0 if if j. 

By an examination of the remaining cases it can he shown in an 

entirely analogous maimer that the same contradiction Is obtained. 

This completes the proof of Theorem 2. 
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4. Theorem 3, 

If the determinant Dg(l«2,3,4#5) has all Its bordered fourth order 

principal minors equal to zero then it has all of Its unbordered principal 

minors of orders four and five equal to aero, 

4(1)'. The 5 principal unbordered minors of order four of Dg vanish, 

since each is the principal unbordered minor of ene of the 5 -bordered;! 

principal minors of V which mere shown to vanish by Theorem 2, ^ 

4(2}* The unbordered principal minor of order five of Ds, Eg, 

0 f a. 
 X 
1*3 

_ X 
SI 0 

 X 
23 *ux 251 

'_X 
31 O 3S^ 

JHX Hz' O 45- 

rix $ix 5$ s?" O 

vanishes. 

From 4(1), all its principal minors of order four vanish. 

Perform the following operation upon Egi 

Divide .. . ., . .... 

row 1, by 1 col, 1, by 1 
- % 

row 2, by 12 col, 2, by 12 

$ Of# L. M. Blumonthal, Bull. Mar. Math. Soc., Oct. 1931. The unbordered 
principal minor, I4, of order four, of a vanishing fifth order bor¬ 
dered minor, must vanish with the determinant. 
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row 3, by 13 
C—% 

col, 3* by 13 

TOm 4, by 14 

row 5 ,by 15 col. 5, by 15 , 

all positive, non-zero quantities 

Thus, we have 

Hence it must vanish and from this. Eg vanishes. 

This completes the proof of Theorem 3. 

5. Theorem 4. 

If the determinant Dr(l,2.3.4.5) has all its bordered fourth order 

principal minora equal to zero, then D,. vanishes. 

fhis theorem is an immediate consequence of Theorems 2 and 3* Ml 

the principal minors of 0g of orders four and five have been shown to vanish, 

whence Dg must vanish, ^ 

6, Theorem 5, 

If the determinant Dn(l,2,..,,a) has all its bordered fourth order 

principal minors equal to zero, then Pn vanishes, 

# ^..M.Bluraenthal^-BulliJAmer.^^ Mathi , Soc. : Oct ^ 1931,'j5a,ge 758, Corollary 4. 

t Cf. Bocher, Introduction to Higher Algebra, page 57. 



Each bordered principal minor of Dn of order six has all its 

principal miners of orders four and five vanishing, by Theorems 2 and 3 

Ifcnce all the principal minors of D>n of orders four and five 

vanish, and accordingly DQ vanishes. 

suns 


