
<r, 
r'' 

THE RIGE INSTITUTE 

PRESSURE GRADIENTS DUE TO HEAT PLOW 

IN LIQUID HELIUM 

by 

FREDERICK ARNOLD ROMBERG 

k THESIS 

SUBMITTED TO THE FACULTY 

IN PARTIAL FULFILMENT OF THE 

REQUIREMENTS FOR THE DEGREE OF 

MASTER OF ARTS 

Houston, Texas 
April, 1957 



ABSTRACT 

The pressure gradient associated with the flow 

of heat in helium I and II has been measured using capil¬ 

lary tubes of diameter one-half to 1.1 millimeters. The 

observations in helium I can be explained as consequences 

of the vaporization of the liquid in the capillary. In 

helium II, for heat currents below a certain critical 

value, which depends on the dimensions of the apparatus 

and the temperature, the observed pressure gradients 

agree with the predictions of the thermo-hydrodynamic 

equations for liquid helium. These equations appear to 

break down If the critical heat current is exceeded* 

After this current has been exceeded, the behavior of 

the pressure gradient in helium II strongly resembles 

the behavior seen in helium I, 
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INTRODUCTION 

In the two fluid theory of helium II, the liquid 

is considered to be made up of two mutually interpenetrat¬ 

ing constituents, one called the "superfluid" and the 

other called the "normal” fluid. Each component has its 

own density and separate velocity field - pn and vn for 

the normal fluid, ps and vg for the superfluid. The 

total density of the liquid may be written 

f 51 Ps + P« • 

All of the entropy of the liquid is assumed to belong to 

the normal fluid. The viscosity is associated with the 

normal fluid only - the viscosity of the superfluid is 

assumed to be zero. The transport of heat occurs by two 

mechanisms: first, ordinary conduction (a dissipative 

process), and second, internal convection (counterflow 

of the two fluids). Since the experimental results on 

the transport of heat in helium II are rather well ex¬ 

plained by the theory of internal convection, and since 

the ordinary heat conductivity of helium II is expected 

on the basis of kinetic theory to be small, the first 

process is usually disregarded. In the theory of internal 
* 

convection, the heat current density q is given by the 

London equation:^ 
c| = j> 5 Tvh . 
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where v is the flow velocity of the normal fluid, 

S is the total entropy per unit volume of the 

helium, and 

T is the absolute temperature. 

Since the superfluid carries no entropy the total entropy 

per unit volume of the liquid is 

P 5 - « 

If there is no net mass transport of the liquid 

then 
f« V. +- fs Vs ' o 

and the two components flow in opposite directions. The 

normal fluid flows in the direction of the heat current 

and carries entropy away from the heat source, while the 

superfluid, carrying no entropy, flows toward the source, 

where it is converted to normal fluid by the absorption 

of heat. This theory has been well established by many 

experimental tests. Experiments on the steady state flow 

of heat in capillary tubes and narrow slits have also 

established that the flow of the two components is accom¬ 

panied by dissipative effects in addition to those expect¬ 

ed from the viscosity of the normal fluid.These 

effects are observable by means of the pressure differ¬ 

ences which they produce. Some of the experimental results 

have been satisfactorily explained by the assumption of 

a mutual friction force dependent on a power of the 
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relative velocity of the two fluids, Hoifever, the results 

of some recent experiments, in which more careful measure¬ 

ments of small heat currents and temperature differences 

were made, cannot be satisfactorily interpreted as conse¬ 

quences of dissipation due to mutual friction and the 

U 5 
usual viscous forces. These results suggest either 

a modification of the form of the mutual friction force 

or the assumption of other frictional forces whose math¬ 

ematical forms remain unknown. 

7 Allen and Reekie have performed experiments 

which seem to demonstrate the existence of some of these 

additional frictional forces* Their experiments involved 

measurements of the pressure difference associated with 

a heat current flowing between two points in a capillary 

tube. The apparatus and results are shown in Figure 1. 

Measurements of the difference Ah between the reservoir 

level and the bath level as a function of heat current 

were made at temperatures between 1.18 and 1.91 °K. using 

capillaries of diameter 0.85 and 1.45 millimeters. Allen 

and Reekie suggest that these results indicate a surface 

and a volume effect, oppositely directed, due to the heat 
d* 

current. Rorschach0 has given a tentative explanation 

of these results which involves a frictional force on 

the superfluid component proportional to the square of 

its velocity. The present experimental work originated 

as an attempt to repeat the observations of Allen and 
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A number of experiments have been performed by 

other workers on the flow of heat in helium II in narrow 

channels. Most of these experiments use one of two 

general types of apparatus, both of which have the same 

schematic arrangement: a reservoir communicates with a 

helium bath through a relatively narrow channel. In the 

first type of apparatus the channel is a long capillary 

tube. In the second type the reservoir is a long cylin¬ 

der, having a polished flange at one end, and the channel 

is an annular slit formed by pressing a flat plate 

against the flange. Experiments have been done using 

both open and closed reservoirs. Inside a closed reser¬ 

voir the temperature is not the same as that of the bath 

because temperature equalisation by evaporation or con¬ 

densation cannot occur, With this arrangement the heat 
* 

current Q is measured as a function of the difference 

AT in temperature between the reservoir and the bath. 

All can also be observed. The net pressure at the inner 

end of the channel must include the vapor pressure as 

well as the hydrostatic pressure. 

The experimental results on heat flow in helium 

II which were reported before September, 1953, are 

discussed by Daunt and Smith in a review article on the 

9 
problem of liquid helium. More recent experiments on 

heat conduction in narrow channels have been performed 
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by Winkel, Broese van Groenou, and Gorter, and by 
11 

Brewer, Edwards, and Mendelssohn with the object of 

obtaining information on friction in helium II. Their 

results for the dependence of the heat current density 
* • 
q on AT confirm those previously reported, q is propor¬ 

tional to AT at low temperatures and for sufficiently 

narrow channels, but above the linear region it is pro¬ 

portional to the one-third power of AT. The latter type 

of behavior is obtained in sufficiently wide channels or 

at sufficiently high heat currents or temperatures. The 

recent experiments mentioned above have shown that in 

narrow channels the change from linear to one-third power 

behavior of q with AT occurs rather suddenly. 
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EXPERIMENTAL TECHNIQUE 

The apparatus used in these experiments is shown 

in Figure 2. It consists of a long glass capillary tube 

open at the lower end and connected at its upper end to 

a cylindrical glass reservoir* A short section of glass 

tubing, closed at both ends and containing a heating 

coil, is attached by a short side tube to the capillary 

at a point partway down its length. Heat which is de¬ 

veloped in the heating coil must either pass out through 

the glass or through the helium in the capillary. When 

the apparatus is immersed in liquid helium so that the 

liquid level is in the reservoir and an electric current 

is passed through the coil, heat flows away from the 

heater through the side tube to the capillary. Since 

the reservoir is open at the top, the liquid surface in¬ 

side is at the same temperature as the surface outside. 

Temperature equalization takes place by evaporation of 

the liquid or condensation of the vapor, since the 

pressure above both surfaces is the same. Preliminary 

experiments using a heat input in the reservoir showed 

that for heat currents as high as 120 milliwatts there 

was no rise in Ah, and hence very little, if any, temper- 

a ture difference between the reservoir and the bath. 

At temperatures below the lambda point the surface 



a 

FIGURE 2. SCHEMATIC DIAGRAM OF APPARATUS 
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film of helium II can flow in or out through the top of 

the reservoir. At 1.5 °K, the expected rate of fluid 

flow due to the film is equivalent to fluid flowing 

-*2 
through the capillary at 1,5 x 10~ cm/sec. This is two 

orders of magnitude smaller than the flow velocities of 

the super and normal fluid components expected for heat 

currents of the size used. The film flow has therefore 

been neglected without fear of introducing significant 

error into the results. The heat conductivity of the 

helium is so much greater than that of the glass that, 

although the area of the glass through which heat is 

conducted is much greater than the area of the liquid, 

the amount of heat lost through the glass can probably 

be neglected. This conclusion is supported by the fact 

that for small heat currents, Ah vs. Q agrees with the 

predictions of the two fluid theory (see Discussion of 

Results). In any case, a heat leak through the glass 

would result in apparent heat currents in the capillary 

larger than the actual ones. This will not affect the 

conclusions, 

Several different pieces of apparatus were used 

to investigate the effect of varying the diameter of the 

capillary and the position of the junction of the side 

tube with the capillary. Two sizes of capillary tubes 

were used, of approximate diameters one millimeter and 

one-half millimeter. The average diameter of each tube 
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was measured by weighing the apparatus with and without 

a mercury column in the tube. The dimensions of each 

piece of apparatus are given in Table 1. The various 

pieces were constructed by a glassblower. The heating 

coils were wound of uninsulated number 34 or 36 manganin 

or nichrome resistance wire on glass or threaded lava 

coil forms one-eighth inch in diameter. The resistance 

of the coils was between ten and eighty ohms at both 

room and helium temperatures and was quite constant as 

the current was varied at low temperatures. Tungsten 

leads were brought out through the glass of the heater 

bulb. Two strands of number 34 copper magnet wire - 

one to carry current and the other for voltage measure¬ 

ments - were attached to the end of each tungsten lead. 

The current, supplied by a dry cell, was measured with 

a Weston model 45 milliammeter (serial number 335^5) 

shunted to read 75 milliamperes full scale. It xiras varied 

by means of a decade resistance box in series with the 

heater coil. The voltage drop across the coil was 

measured with a Leeds and Worthrup Potentiometer (type 

7651, serial number 1032567) connected to a L, and N. 

galvanometer (type 2402 D, serial number 1114297). 

The apparatus was suspended from a monel rod by 

nylon threads. It could be raised or lowered to keep the 

helium level in the reservoir. The heights of the liquid 
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TABLE 1. 

DBffiNSIOHS OF APPARATUS 

Apparatus Gapillary 
Diameter 

h L2 h Length of 
Reservoir 

Heater 
Resistance 

(mm) (cm) (cm) 
l2 

(cm) (ohms) 

1 1*04 4*2 14*9 1 
27§ 

6.3 7*9 

2 0.55: 16.4 3.1 5*3 5.4 23.6 

3 0.59 2.9 16.5 1 
5*7 

5*5 9*9 

if* 1.12 2.9 16.6 1 

5.7 

6.3 36 

5 0.51 9.7 9*9 0.97 6.1 42 

Diameter of Reservoir 2 cm. 

Length of Side Tube • •..•«*«•*** 1 cm. 

Length of Heater Bulb .••••*, 4*5 to 6.5 cm. 

Diameter of Top Opening of Reservoir 0,4 to 1.0 cm. 

The side tube joins the heater bulb at its midpoint 

on all pieces of apparatus except number 2, where the 

junction is at the top of the heater bulb. 
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surface in the reservoir and of the bath surface were 

determined ifith a cathetometer, The accuracy of the 

level measurements was plus or minus two-tenths of a 

millimeter. The apparatus was illuminated by six two- 

watt neon bulbs mounted a foot from the cryostat. The 

temperature of the helium bath was determined by reading 

the vapor pressure on a mercury manometer having one arm 

connected to the bath and the other evacuated continuous¬ 

ly. The mercury levels were determined to the nearest 

tenth of a millimeter with a second cathetometer. The 

vapor pressures were converted to temperatures using the 

1955E scale.12 

The bath temperature could be kept constant by 

the circuit shown in Figure 3% The temperature is re¬ 

duced by pumping on the bath with the stopcock open. 

When the desired temperature is reached, the stopcock 

and switch are closed and the pumping speed is reduced. 

The isolated bulb then contains helium gas at the desired 

pressure. When the bath pressure falls below this pres¬ 

sure, the mercury in the tube rises to complete the 

circuit to the bath heater. The temperature and pressure 

then rise until the circuit is broken again. During the 

experiments the regulator operated well with large vari¬ 

able heat inputs to the apparatus. Above 1.4 °K. it 

will keep the pressure of the bath constant to within 

less than a tenth of a millimeter, which corresponds to 



13 

to both 

FIGURE 3. SCHEMATIC DIAGRAM OF TEMPERATURE REGULATOR 
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a variation in the temperature of less than six-thousandths 

of a degree. This was the limit of accuracy of the pres¬ 

sure measurements. No attempt was made to obtain higher 

accuracy or to use the regulator at lower temperatures. 

Two kinds of measurements were made with the 

apparatus described above. First, the difference Ah 

between the helium levels in the reservoir and the bath 

was observed. Measurements were made at constant bath 

temperature for various heat currents developed in the 

heater. These observations were made in both helium I 

and helium II at several temperatures between 1,5 and 

4,2 °K, During a measurement, the current I in the heater 

was turned on and kept on until the helium level in the 

reservoir was steady, and then the reservoir and bath 

liquid levels were measured. Usually several readings 

of each level were made for each value of I, Different 

measurements of Ah for the same current were found to 

agree to within one or two tenths of a millimeter if the 

steady state had been reached. The values of the current 

in the resistor and of the voltage V across it were 

noted. Measurements for successive values of the current 

were made by increasing the current in steps without 

interrupting it, because effects were obtained in helium 

II which depended on the previous history. In particular, 

a jump in Ah was observed at a certain value of the cur¬ 

rent when it was increased continuously from aero. The 
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corresponding value of the heat current (Q — IV) will 

henceforth be referred to as the critical heat current . 
• • 

(Q . )• The form of Ah as a function of Q is shown in 
cnt 

the graphs of the experimental results for helium II 

(Figures 7, 8, and 9). 
The existence of the critical heat current led 

to a second type of measurement in helium II* The crit¬ 

ical value was measured at a number of different temper- 

attires between 1.5 °K* and the lambda point. The first 

measurements were made with the equilibrium helium level 

in the reservoir above the top of the capillary. The 

critical heat current was determined by increasing the 

current in steps, as in the measurements of 4h vs. Q. 

Accurate determination of the critical heat current by 

this method required that the liquid be allowed to reach 

the steady state after each change in the current. After 

one measurement of Qcr^t was taken, it was necessary to 

turn off the supply of heat and allow the helium to come 

to equilibrium again before another observation could be 

made. Considerable time was saved in making some of 

these measurements by the discovery that if the equilib- 

rium helium level (Q - 0) was slightly below the top of 

the capillary, then the liquid spurted up into the 

reservoir when the critical heat current was reached (and 

♦ 

not before). This made it easy to determine Qcr^ 

quite accurately in most cases, and several determinations 
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could be made in rapid succession. The small changes in 

Ah for heat currents below critical, xtfhich had been ob¬ 

served when the equilibrium helium level was in the res¬ 

ervoir, were not observable with the level in the capil¬ 

lary, although in some cases the helium level rose to the 

top of the capillary for heat currents slightly below 

critical. The small size of the tube and the experimental 

arrangement used made any observation of a meniscus in 

the capillary quite difficult. 
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EXPERIMENTAL RESULTS 

The experimental results obtained in helium I 

are shown in Figures 4, 5» and 6. Ah vs. Q is given for 

several different parameter combinations* The level 

difference varies linearly with heat current at low heat 

currents but levels off at higher values of Q. The 

terminal value of Ah obtained for high heat currents 

rises as the temperature is lowered. Ah vs. Q for three 

positions of the heater bulb is given in Figure 4* No 

terminal value was obtained in two cases because the 

range of Ah values which could be observed was limited 

by the length of the reservoir. A comparison of Figures 

5 and 6 shows that at 4*0 °K. the terminal value of Ah 

is higher for the larger capillary, 

While the heat current was on, bubbles rose from 

the top of the capillary to the surface of the liquid in 

the reservoir, The stream of bubbles was intermittent, 

with bubbles rising in spurts lasting a few seconds. 

Vapor appeared in the top part of the heater bulb as 

soon as the helium level in the reservoir started to rise. 

In the steady state the heater bulb was about half filled 

with liquid. Whether there were bubbles in the capillary 

could not be determined due to the previously mentioned 

difficulty of observing a meniscus in the tube. When 



the heat current was cut off, the bulb refilled with 

liquid in less than a second. 

The results obtained in helium II for the level 
t 

difference Ah versus the heat current Q are shoxtfn in 

Figures 7, and 9. As the heat current is increased 

from zero, the helium level in the reservoir changes 
♦ 

slowly with Q. If the side tube joins the capillary 

above its mid-point (L-^ less than Lg) the reservoir level 

rises above the bath level; if is greater than L2 the 

reservoir level is depressed as the heat current is 

increased,* This is exhibited in Figure 7# The meniscus 

of the liquid helium is between 0.6 and 1.0 millimeters 

wide. When the two menisci are overlapping it is neces¬ 

sary to measure the distance between the top of the upper 

one and the bottom of the lower one and to subtract the 

width of a meniscus to get the level difference. This 

leads to an uncertainty of four tenths of a millimeter 

in values of Ah beloitf one millimeter* 

When the heat current Q reaches a certain value, 

which is referred to as the critical value (Q . ), the 
crio 

helium level in the reservoir rises suddenly to a high 

level and does not return to its previous low level when 

the heat current is decreased below Qcrj^* The amount 

of the rise depends on the position of the side tube. 

It is much greater for a large value of than for a 
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FIGURE 4. LEVEL DIFFERENCE vs. HEAT CURRENT IN HELIUM I 
FOR TWO VALUES OF Lj 

• Apparatus 2: L^ - 16.4 era, d = 0.55 ram} T ® 4.03 °K. 

4 Apparatus 5i L^ * 9*7 cm, d m 0.51 mm} T = 4. 00 °K. 

O Apparatus 3t Lj - 2.9 cm, d * 0.59 on} T ** 4.00 °K. 
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FIGURE 5. LEVEL DIFFERENCE vs. HEAT CURRENT 
IN HELIUM I FOR TWO VALUES OF Lj^ 

o Apparatus 1: Lj = 4.2 cm, d « 1.04 mm; T = 4.01 °K. 

• Apparatus 4: Lj = 2.9 cm, d = 1.12 atm; T = 4.02 °K. 
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FIGURE 6. LEVEL DIFFERENCE vs. HEAT CURRENT IN HELIUM I 
AT TWO TEMPERATURE 

O T = 2.96 °K. 
Apparatus 3: L, = 2.9 cm, d = 0.59 an. 

O T - 4.00 °K. 
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• Apparatus 3: = 2.9 cm, d = 0.59 nn$ T = 2.01 °K. 

O Apparatus 2: = 16.4 cm, d = 0.55 on; T = 2.00 °K. 
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FIGURE 8. LEVEL DIFFERENCE vs. HEAT CURRENT IN HELIUM II 
FOR TWO CAPILLARY SIZES 

• Apparatus 3* d = 0.59 on, L^ - 2.9 cmj T ■ 2.01 °K. 

O Apparatus 4» d « 1.12 on, L^ = 2.9 on) T » 2.00 °K. 
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FIGURE 9. LEVEL DIFFERENCE vs. SEAT CURRENT IN HELIUM II 
AT TWO TEMPERATURES 

• T - 1.90 °K. 

O T - 1.70 °K. 
Apparatus 1s - 4.2 cm, d = 1.04 
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FIGURE 10, CRITICAL HEAT CURRENT vs. TEMPERATURE 

• Apparatus 3i L^ /m l/5.7, d - 0,59 l 

O Apparatus 2* Lj/Eg * 5.3, d = 0,55 m 
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Apparatus 4s L^/Lg » l/5o7, d » 1«12 omu O 
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small one. (Figure 7«) Once the critical heat current 
♦ 

has been exceeded, the curve obtained for Ah vs. Q is 

quite similar to that observed in helium It Ah vs. Q is 

linear or almost so for heat currents less than and near 

Q .. and flattens out for higher heat currents. As in 
cnt 

helium I, no values of the level difference are observed 

which are greater than L^, The similarity between the 
# 

behavior of Ah vs. Q in helium II after the critical heat 

current has been exceeded and in helium I is most clearly 

seen by comparing Figures 4 and 7* If the heat current 

is interrupted at any time and the helium levels allowed 

to come to equilibrium, then, when the current is turned 

on, Q must again be exceeded before large values of 
* crit 

Ah are observed. The behavior of the level difference 

as a function of heat current exhibits a definite 

hysteresis. 

The behavior of Ah at two different temperatures 

is shown in Figure 9* The Ah vs. Q curves for two cap¬ 

illary sizes are shown in Figure 3. The critical value 

of the heat current is greater for the larger capillary. 

The variation of with temperature is shown in 

Figures 10 and 11. In each case there is a maximum in 

the critical heat current between 1.7 and 1.9 °K. The 
* 

sudden rise of the reservoir level at Q . occurs in 
cnt 

a range of Q which is less than a few percent of the 

critical heat current. This was the limit of accuracy 



of the heat current measurements. The slope of Ah vs* Q 

during the sudden rise is in each case at least an order 

of magnitude greater than any of the other slopes observed. 
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DISCUSSION OF RESULTS 

The rise of the reservoir level with heat current 

in helium I is not attributable to a density change of 

the helium in the capillary tube. A simple calculation 

shows that for a bath temperature of 4*0 °K., if the 

extreme assumption is made that all the liquid in the 

capillary and reservoir is at the normal boiling point 

then the resulting Ah due to the density difference is 

less than three millimeters. Under the same assumption 

the density effect is less than two and a half centimeters 

for a bath temperature of 3*0 °K. This is still less 

than the maximum level difference observed at this tem¬ 

perature . With a bath temperature of three degrees and 

a corresponding pressure above the helium surface in the 

reservoir it is hardly possible that much of the liquid 

in the capillary, if any, could be at the normal boiling 

point. Even if there is an appreciable temperature 

difference between the inside of the heater bulb and the 

bath the density effect can account for only a small part 

of the observed level differences. 

The highest value of Ah obtained for a capillary 

with the heater bulb near the bottom is much higher than 

the maximum Ah obtained with the heat input near the top 

of the capillary. The fact that vapor is observed in 



the heater bulb and that bubbles are observed to rise 

in the reservoir from the top of the capillary tube 

suggests that there may also be bubbles in the capillary. 

If there were a vapor column in equilibrium in 

the capillary, then the reservoir helium level would be 

above the bath level by an amount equal to the length of 

the vapor column. The pressure would be the same at both 

ends of the column and an additional hydrostatic head 

would be necessary to equalize the pressures at the bot¬ 

tom of the capillary. Similarly if t;he capillary con¬ 

tained a number of bubbles of a size comparable to the 

diameter of the tube the net effect of the bubbles would 

also be a rise in the reservoir level. The number and 

size of the bubbles, and hence the magnitude of Ah, can 

be expected to be dependent on the temperature and on 

the heat input. Since the heat conductivity of helium I 

is relatively small, one might expect that most of the 

heat input is transported to the reservoir as the heat 

of vaporization of the bubbles. In this case the amount 

of vapor produced should be proportional to the heat 
♦ 

current. Therefore a linear relation between Ah and Q 

is expected, at least for low heat currents. This is 

what is observed. The slope of the line should vary 

with temperature in the same way as the heat of vapor¬ 

izations the rate of production of vapor for a given 



n 

heat current vd.ll depend directly on the heat of 

vaporization. 

The maximum length of the vapor column in the 

capillary, and hence the maximum value of Ah, is obvi¬ 

ously limited by the length of that part of the 

capillary which is above the point of heat input - that 

is, above the side tube. In one case the maximum Ah is 

indeed equal to All values of the level difference 

which were observed were less than or equal to L^. 

Without mutual friction, the two fluid theory of 

heat conduction in helium II predicts a linear behavior 

of the heat current density q with the temperature dif¬ 

ference AT when heat is transported through a channel by 

internal convection. The addition of a mutual friction 

force dependent on the third power of the relative flow 

velocity (v - v_) of the two fluid components gives a 
« 

linear behavior for q as a function of AT at lo\f heat 

currents, with a gradual transition to one-third power 

behavior as the heat current is increased. The equations 

are worked out in Appendix I. The suddenness of the 

experimentally observed change from linear to one-third 

power dependence suggests that for a given apparatus and 

bath temperature there is a certain value of the heat 

current density belovr which the mutual friction is 

negligible and above which it is the dominant effect. 

The authors referred to in the Introduction have concluded. 



from their experiments that it is the value of the super¬ 

fluid flow velocity v_ which determines this transition 

point in the behavior of q(5,10,13 
. f 

The expected behavior of Ah as a function of Q 

in an apparatus of the type used in the present experi¬ 

ments can be worked out on the basis of the two fluid 
* 

theory (Appendix II)* If q is assumed to be proportional 

to VT, then Ah should be zero for all heat currents* 

Using the assumption that the heat current density at 

each point in the capillary is proportional to (<7T)i/ 3 

* 

one obtains a linear relation for Ah as a function of Q. 

The observed values of Ah for heat currents below the 

critical heat current are consistent with the resulting 
* 

equation* A comparison of the predicted Ah vs. Q behavior 

and the observed values of Ah is given in Figure 12, The 

effects of mutual friction are quite clearly present at 

heat currents below the critical heat currents observed 
# 

in these experiments, and the behavior of Ah vs. Q at and 

above the critical heat current cannot be explained as 

being primarily the result of mutual friction effects, 
* 

The transition point in Q vs, AT observed by other workers 

using narrow channels cannot be the same phenomenon that 
♦ 

is observed in the present experiments at Qcr^* 

The superfluid flow velocity as a function of 

heat current density in a channel in which there is no 

net flow of liquid is calculated in Appendix II on the 



FIGURE 12, THEORETICAL AND EXPERIMENTAL 
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basis of the two fluid theory* Table 2 gives the 

superfluid velocities calculated (by Equation 3» Appendix 

II) from the heat current values obtained by other 

workers at the point where Q changes from linear to one- 
f 

third power dependence on AT. If it is assumed that q 

is proportional to (VT)^ then expressions can be obtained 

for the superfluid velocities in both parts of the capil¬ 

lary of the present apparatus. Since wide capillaries 

are used and fairly high heat currents are reached before 

the critical behavior occurs, p is taken to be one-third. 

This assumption is also indicated by the consistency be¬ 

tween the theoretical Ah values calculated with q oc (7T) 
1/3 

and the observed level differences for Q less than Qcr^» 
«' 

The superfluid flow velocities at Qcr^t in the shorter 

arm of the capillary are plotted in Figure 13 for several 

pieces of apparatus# These velocities were calculated 

from Equations 10, Appendix II* These critical super¬ 

fluid flow velocities are of the same order of magnitude 

as those in Table II, It Is quite possible that for 

narrow channels the factors on which Ah depends are quite 

different from those for wide channels. The agreement 

in order of magnitude of the different types of critical 

superfluid velocities obtained In wide and narrow channels 

does not appear meaningful, 

No depression of the reservoir level of the type 

seen by Allen and Reekie wa3 observed in the present 
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O Apparatus 2s /Lg « 5.3, d ■ 0.55 an. 

• Apparatus 3s L^/Lg » l/5.7, d » 0.59 an. 

4- Apparatus 4s L^/lg ° l/s.T, d » 1.12 on. 
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experiments. The only depressions observed occurred 

when the heat input was below the middle of t he capil¬ 

lary* The diagram of the apparatus of Allen and Reekie 

indicated that this was not the case for their experi¬ 

ments. No significant Ah values were observed in the 

present work for heat currents of less than five milli¬ 

watts, while Allen and Reekie obtained level differences 

of the order of one centimeter at heat currents of a 

few milliwatts. An examination of the function of L 
1 

and 1>2 which appears in the equation for Ah as a function 

of Q (Equation 5, Appendix III) show's that the discrep¬ 

ancy between the results of Allen and Reekie and the 

present results cannot be explained as the consequence 

of a different ratio of to Lg. 

In a report on some recent experiments on the 

conduction of heat in helium II, Peshkov^ has suggested 

the possibility of a transition from helium IIto helium 

I in the presence of high heat currents. The similar¬ 

ity in the present experiments between the behavior of 
ft 

Ah vs Q in helium I and in helium II after the critical 

heat current has been exceeded would certainly be ex- 
* 

plained if such a transition did take place at Qcr^t# 

Peshkov concluded from his experiments that there was a 

discontinuity in temperature at the boundary between 

helium I and helium II. On the other hand, Rorschach^ 

has suggested that a transition from helium II to helium 



3a 

I might occur with no temperature change. A knowledge 

of the behavior of the difference 4T between the temper¬ 

ature in the heater bulb and the temperature of the bath 

would certainly be of interest in examining this hypoth¬ 

esis. 



CONCLUSIONS 

The behavior of helium I in a wide capillary tube 

containing a heat source can be explained as a result of 

the vaporization of the liquid at the heat source. The 

low heat conductivity of helium I makes this vaporization 

possible. 

In wide capillaries the behavior of helium II 

under the influence of a heat current is consistent with 

the two fluid theory of internal convection, provided the 

heat current is not too large. This theory includes the 

Gorter-Mellink mutual friction force. The behavior of 

the liquid departs suddenly from the predictions of the 

theory at a value of the heat current between 10 and 50 

milliwatts depending on the size of the capillary and the 

temperature. After this "critical” heat current has been 

exceeded the liquid behaves as if the capillary tube con¬ 

tained helium I. A kind of hysteresis is observed in 

that the latter type of behavior persists until the heat 

current is reduced considerably below the critical value. 

It is possible that the critical behavior can be explained 

by a transition from helium II to helium I in the presence 

of a high heat current density. 
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fine thensowhydrodyaamio equations for liquid 

helium IT may bo written in the following forms ^ 

+ w„fv’V, + -5 V (V-N/n)] » 

(1) 

whore VP is the pressure gradient* 

VT is the temperature gradient9 

Fm is a mutual friction force* and 

F
n 

and F
s 

aro anF othar f0r08S whioh may aot 00 the 

normal and superfluid co&atituantd* If %m assume that 

Pg and P are sere anil aid the two equations together m 
get 

.since pn + pB * p« la the steady state, with no net flow 

of liquids vQ and i?n are constant in time and £VS + fiX = 0# 

Therefore 

The velocity profile of the normal fluid flowing in a 

tube of circular cross section is thus 

VP = ^ Vxvh , 
(3) 

14} 

where r is the radius of the channel9 
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x is the radius to the point where the normal 

velocity is vn, and 

vn is the average over the cross section of vn« 

Then 7*^ = - i VW 

and 

VP 
, __ _8_ 

-7- 
VH 

l" (5) 

The pressure gradient associated with a temper¬ 

ature gradient in helium II is given by the fountain 

pressure equation 

VP = f 5 VT (6) 

If it is assumed that Fgn is given by the Gorter-Mellink 

16 
expression, „ /,. .. \J 

Fsv, = - A ft f. CV.-v'-; , 

then 

^ - -A f3 £ 
fs (7) 

since vs = - jon 
v
n/fs* 3?he average mutual friction 

force is accordingly the same function of vn and the 

fountain pressure equation then becomes 

- 3 
fSVT = - £ V„ 

rs 
(S) 

The average heat current density is given by 

<j = pST v„ 

and so we get for the temperature gradient as a function 

of average heat current density 

fSVT--*J£ ± -Af35/_1)3 (9) 
r r* ^ST- 

y />r*-Sfsr * 
We can write the heat current density as the total heat 

* ^*2 
current Q divided by the cross section fr of the channel. 



If we assume that T and hence «^n, p, S, pn, ps and A, are 

constant over the length of the channel this equation can 

be integrated immediately over the length to give the 

temperature difference AT in terms of the heat current: 

f S&T r - - 6 - 
rr+fST 

A PK 
(Tr*sr)3 (10) 

It is easily seen that Q should be proportional to AT 

at low heat currents and proportional to {AT}*^ at high 

heat currents. Without the mutual friction force (A - 0) 

only the linear behavior is obtained* 



APPENDIX II. SUPERFLUID FLOW VELOCITY 
AS A FUNCTION OF HEAT CURRENT 

* 

If there is a heat current Q flowing across a 

surface of area s in helium II then the heat current 

v/here S is the total entropy of the fluid, 

p is its density, and 

T is the absolute temperature. 

If there is no net mass transport of liquid across the 

surface then 

If there is a heat input at a point somewhere 

between the two ends of a channel of circular cross 

section then heat will flow toward both ends. The total 

Ql is the heat current which flows away from the heat 

source in one direction and Q2 is the heat current in 

the opposite direction. The heat current densities in 

each part of the channel xd.ll be 

. * 

density q is related to the normal fluid flow velocity 

vn according to the London equation:^ 

{1) 

heat current Q can be divided into two parts: 

Q, - Qi * ; (4) 

* = Qi/vr* (5) 



It has been experimentally shown that for sufficiently 

wide channels and sufficiently high heat currents the 

heat current density is proportional to the one-third 

power of the temperature gradient:9 

If we assume that the heat conduction is nearly isothermal 

so that the variation of T over the length of the channel 

is small compared to T itself, then this equation can be 

integrated over the length of one branch of the channel 

t° give . B p(T) f AT; ) V. 
v L‘ 9 (6) 

where L£ is the length of the branch of the channel under 

consideration, andis the temperature difference be¬ 

tween the source and the end of the channel. If both 

ends of the channel are at the same temperature,is 

the same for both branches and depends only on the temper¬ 

ature and the total heat input. 

From equation (6) 

i./4a - (L»A,)'/s. 
Simultaneous polution of Equations (4) and (7), making 

use of the definitions (5)> leads to expressions for 

the heat current densities in terms of L^, L2, and Q: 
• Q. /qr> 
4 " CfcD*+1 

d/ir ^ 
(«) 

Ha. - 
(c)1'3 +■ 1 

Equations for the superfluid and normal fluid flow 
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velocities can be obtained by using Equations (1) and 

(3): V„, * 4‘/f S T 

V*i = - P» 1‘/f. f s_r ' (9) 

Putting in from Equations (3) we gets 

f*» Q> / Thr Vs, ^ - 

flf 
3T 

i 
(10) 

Vs * - i" Gf/Tr-r1- fifST (fat)1', H-I 

These equations enable us to calculate the superfluid 

flow velocity associated with a heat flow in an appara¬ 

tus of the type used in the present experiments when¬ 

ever (!) the heat current density is proportional to the 

one**third power of the temperature gradient and (2) the 

flow is nearly isothermal* 
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APPENDIX III. LEVEL DIFFERENCE AS 
A FUNCTION OF HEAT CURRENT 

The pressure gradient resulting from the flow 

of the normal component of helium II in a circular 

channel of radius r Is given by Equation (5)> Appendix I: 

VP * - T*- > (1) 
where yn is the viscosity of the normal fluid, and 

vn is its average flow velocity. 

A subscript i will be added to designate either of the 

two branches of the capillary used in the present exper¬ 

iments. If it is assumed that the pressure gradient is 

constant in each branch of the capillary and that the 

temperature is constant throughout, Equation (1) can be 

integrated over the length L^ of one branch to give 

AP,- * - -f* V». Li , (2=) 

where dP^ is the total pressure drop across one branch 

of the capillary. The rise dh^ in the reservoir level 

which occurs as a result of AP^ is just 4Pi/j0g. Then 

the net rise dh is given by 

p g dL = jp Cj At), — f ^ ALa. 

= —j. ty* [ Li \4», - La \A,Z 3.(3) 
• ' IT v 

Since q^ *jo S T ?n<> Ah is given in terms of the average 

heat current density in each branch of the capillary by 

P, AU = - 
8 ■?» 

r fST 
(4) 



In order to obtain Ah as a function of the total 

heat current it is necessary to make some assumption 

about the fraction of the total heat current'which goes 

into either branch of the capillary. Since the temper¬ 

ature difference ££ between the source and the end of 

the capillary is the same in both directions it is 

sufficient to assume a dependence of q on VT, If it is 

assumed that is proportional to VT* then 

<ji / <?* ® La //_, 
and 

c(i L, - CU La- 

so that there is no net Ah at all. On the other hand, 

if we assume that q^ is proportional to the one-third 

power of 9T, then 

= 

4 

Q, /irr*• 

<2L / irtr2- 
(5) 

X - 
fr?)'/3 + l 

as is shown in Appendix II, Equations (6>)» It follows 

immediately that 

f 9 AU 
_ _ s (L,+U> f ( • 

Tf
4p5T 

O-* ? (6) 

where 

fw= *'/3 • I +x (7) 
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