
THE RICE INSTITUTE 

AN INITIAL STUDY OF THE NORMAL VIBRATIONS 

OF WHITE TIN 

by 

Colby W. Dempesy 

A THESIS 

SUBMITTED TO THE FACULTY 

IN PARTIAL FULFILLMENT OF THE 

REQUIREMENTS FOR THE DEGREE OF 

MASTER OF ARTS 

Houston, Texas 
June, 1955 



TABLE OF CONTENTS 

Introduction 1 

A. The Theory of Lattice Vibrations 

1. The Dynamical Basis 4 

2. The Frequency Spectrum 8 

3. The Force Constants 10 

B. An Application to White Tin 

4. The Elastic Constants of ^-Tin 17 

5* A Preliminary Discussion of the Spectrum 29 

6. The Proposed Analysis 35 

Bibliography 



INTRODUCTION 

Although the theory of the normal vibrations of a lattice structure was 

first written down by Born and von Karmen* in their now classic paper of 1912, 

practical application of the ideas presented have been attempted only within 

the last twenty years. This delay in the acceptance of the method was due 

partly to the great labor involved in analysing complicated lattices, but most¬ 

ly to a paper by Debye, appearing almost simultaneously! that outlined an ex¬ 

tremely simplified procedure for obtaining the frequency distribution by ap¬ 

proximating the lattice with a continuum. The immediate success of the Debye 

approximation in explaining specific heats created the impression that strict 

lattice analyses were unnecessary. However, as specific heat data at lower 

temperatures were accumulated, inconsistencies with theory became evident and 

resulted in a re-examination of the Debye concepts. In 1935, Blackman , in a 

series of papers, pointed out the inherent difficulties In the Debye approxima¬ 

tion and then showed that a calculation of the frequency distribution by the 

method of Born and von Karmen, though laborious, led to agreement with the 

experimental results. Blackman’s convincing arguments thus pointed the way 

to the present revival of interest in lattice dynamics. 

After Blackman’s contribution, lattice analyses were approached cautiously 

due to the complications involved. Following his earlier paper with von Karmen, 

Born had sought to expand and improve his theory^, but even after the method’s 

proven success, it was thought feasible to make practical applications only to 

the simpler lattices.4 However, the theory continued to deveiope as the explan¬ 

ations of other phenomena, particularly the diffuse scattering of X-rays, in terms 

of lattice vibrations increased.^ In its most modern form the theory appears 

in a 1947 paper by Begbie and Born. Tbis latest improvement of the theory has 

inspired successful application of the method to lattices as involved as the 

7 diamond crystal. 



However, even the most recent theory has not eliminated the tedious 

calculations involved. The problem may be stated briefly as follows. The 

squares of the normal frequencies appear as the characteristic roots of a sec¬ 

ular determinant of order 3s (where s is the number of atoms in a lattice cell) 

which Is a function of the propagation vectors of the elementary waves under 

consideration. To obtain the frequency distribution this determinant must be 

solved for a sufficient number of wave vectors, which uniformly fill the space 

defined by a Brillouin rone in the reciprocal lattice. It is presumed that a 

fair idea of the spectrum can be obtained by considering only a small fraction 

of the vectors in the zone. However, even with this assumption, the task re¬ 

mains of solving a high order secular determinant at a considerable number of 

points. 

To avoid actual solution of such equations, a number of methods for ap- 

Q 

proximating the frequency distribution have been suggested. Montroll attempt¬ 

ed an expansion of the distribution in kegendre polynomials, but the conver¬ 

se gence was too slow to recommend the method as practical. In 1948 Houston 

described a method for obtaining the total distribution by an interpolation 

of distribution functions obtained for a few specific directions in the Brillouin 

zone. However a very recent suggestion by Bosenstock*® for studying the topo¬ 

logical properties of the frequency ^surfaces11 in the Brillouin zone appears 

to be a major step toward an understanding of the spectrum. 

As there is a need at the present time to evaluate the role played by lat¬ 

tice vibrations at low temperatures, the following paper will be concerned 

with an initial study of the frequency spectrum in tetragonal white tin, a crys¬ 

tal of widespread use in the low temperature field. A review of the Begbie 

and Born theory is presented, followed by a direct application of this theory 

to ^-tin. It was originally proposed to interpret the secular determinant ob- 

(2) 



tained by a straight forward numerical procedure. However, with the advent 

of Rosenstock's paper, the numerical method was discontinued in favor of 

the more promising topological analysis. This analysis is not yet completed 

so qualitative results of the frequency distribution will not be presented. 

However, an indication of the work in that direction will be given in conclu~ 

sion. 

(3) 



A. THE THEORY OF LATTICE VIBRATIONS 

1. The Dynamical Basis 

The Begbie and Born theory is distinctive in its basic assumptions con¬ 

cerning the nature of the interatomic forces. Earlier treatments had always 

idealized these forces in a manner that gained simplicity but lost reality. 

However, the modern theory assumes no particular force relations between 

atoms. The potential energy expression devised is considered as a perfectly 

arbitrary function of the particle displacements. 

The difficulties involved in meeting the usual type of boundary condi¬ 

tions discourages the use of a finite model. Instead, an infinite lattice will 

be employed, together with the simplifying Born cyclic boundary conditions. 

The infinite model is conceived as being built up of small identical 

cells each containing s particles. The reference unit cell is described by 

three elementary vectors ^ J <&3 . The vector 

when the equilibrium position in particular is intended. 

With this notation it is possible to construct the potential energy expres¬ 

sion. In connection with a lattice, potential energy can be defined as the low¬ 

est eigenvalue of the electronic energy for fixed nuclei in positions near to 

(1.1) 

then locates the vertex particle in any other cell. If the position of the 

particle of mass - in each cell is determined by the vector ^ 

with respect to the vertex of the cell, then (1.2) 

defines the position of the particle The compose 

designated as ^ » to which the index 0 to which the index 0 

the regular spacing of the lattice.** Small arbitrary displacements of the par 

tides may be described by . The potential energy 

can then be expanded in powers of these components of to give 

(4) 



(1.3) 
x , y r !U\ fi} 

tip 
(' 
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(1.4) 
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where only second order terms are involved, the constant term vanishing by 

suitable choice of the rero of potential energy and the first order terms van¬ 

ishing in equilibrium. The second derivatives in equilibrium should actually 

S \U1' *n *-OU i be writtei 
Ufc' 

as the periodicity of the lattice requires that only 

the relative positions of the cells be Important. In terms of these functions 

the equation of motion of a typical particle is simply 

c.) 
The quantities ^£y(j££') are ^asic to tb® theory and require further 

discussion. From the preceding paragraph it is clear that physically they re- 

(l) 
present the force on particle £,/ in direction 00 due to a unit displace- 

//■' | 
xnent of particle \p( / in direction ^ * It is then immediately evident that 

the identity z (HI= 
\ 1 \ lO lc ' 

//- 
\ Jolcj 

n* 
must exist} or better, if jC-0 0 O $ 4), /-i) 

=45 v££ / ~‘dr£\ kjc>J / ■/ \jclt! ^~pi\ bjoj (I*®) 

Further conditions involving the quantities arise from the fact that the poten¬ 

tial energy must be invariant to rigid translations and to rotations. Equation 

IP .. /A 
(1.5) shows that subjecting the lattice to the translation /LrtUifc. t) ~ 0 

leads to £ys $t') = 0 (1.7) 

By a similar application of Infinitesimal rotations to the lattice it can be 

shown that 

2 &»($*$• 2 i, (ffh (h Ik, r ^ ^ *" it HA \.ki ! JoJ 

'l ■e w ^1=% i^'/ p«v y 

Equation (1.7) is of value in indicating the force of a particle on itself 

(1.8) 

t (1.9) 

(5) 



where the dash on the summation sign means to omit the term for k,&k, # 

The expressions (1*8) will he employed In the proof of Part 2* 

Following the customary procedure of eliminating the mass factor from 

the equations of motion (i.5)f a reduced amplitude 

,7 (h 

is Introduced and the coefficients 

fs.kJc'J= jttt^ ~kk' 
\M\ 

defined. Equation (1*5) then becomes 

The 

in particular 

must satisfy ail the relations which are true for the 

i&). ■* w v&‘/ = ^ U^) 

(1.10) 

(l.ii) 

(1.12) 

3 N7 

(1.13) 

> 

If T**' (1U4) 

In addltionf these newly defined coefficients have physical significance in 

their own right* Associated with the set of equations (1.12) Is a matrix based 

on the element considered as a function of the index triples 

•Xk^) and • This configuration is referred to as the dyna¬ 

mical matrix; its elements have the significance of interatomic force constants 

due to relation (l.it). Many crystal properties can be expressed in terms of 

these matrix elements* In particular, the secular determinant for the normal 

frequencies depends on them. 

Though the dynamical matrix appears rather formidable9 being of the or¬ 

der of xS x number of cells in the lattice (which is infinite)^] , it can 

be greatly simplified by two methods* The first is to assume that only flrst9 

second9 and possibly third neighbor interactions are significant* Thus most 

of the matrix elements are zero by virtue of being negligible. The few re- 

(6J 



maining non-zero elements are then subject to the second method which 

establishes relations between them through the symmetry of the lattice. 

The utilization of the lattice symmetry is of such importance in the prac¬ 

tical application of the theory that a brief explanation of the procedure is 

in order. Every lattice configuration can be associated with a group of sym¬ 

metry operationsy each of which, when applied to the lattice, brings it into 

self-coincidence. These operations, which may comprise inversions, reflec¬ 

tions, rotations, etc. depending on the type lattice, can, in general, each be 

described by a ^3) matrix transformation T . For analytical purposes, 

assume a particular lattice and its symmetry group. Consider a point \jc Hi 
of the lattice to have coordinates ^ in axis system 1 

;? f„- i ' /" ; , p 

(denoted by lower case latin letters) and coordinates z/^ &/,is) 

in axis system 2 (denoted by greek letters), the two systems being related by 

the transformation 

^ ^ 4 ■■ 4U" (I.is) 

Now if is also a symmetry operation for this lattice then there exists 

another point of the lattice with coordinates % i% re. t, z,s) in 

axis system 1 such that 
Y :l\ !L\ 
^ bj. ^{K ,1.16, 

The combination of (1.16) and (1.15) show analytically the effect of a symme¬ 

try operation 

2s(x)s *J&) (1.17) 

In matrix notation 
JL\ ~n.ll) F i f/l * / t L? i 

• ' & (1.18) 

which clearly reveals that a symmetry operation must transform a point of the 

lattice into another point of the same lattice. A similar analysis follows for 

the elements of the dynamical matrix. Since '\j^ J behaves with 

(7) 



respect to the indices as a covariant tensor of rank two, its trans¬ 

formation 1 aw is 
T> ll'l') U T T >, X-/') 4 ; , v 
\\M' 1^ ‘eB ^AB \tk' 1 Ab* v ->/• ■) (1<1 9) 

But if the transformation involved is a symmetry operation there exists points 

^ “ (,£') such that 

£ 
and 

i/luT^rniw) {%f,¥’/,z,i) <‘-2o> 

Hence, the effect of a symmetry operation is 

7) 2r T *D 

»M)’ MU, 

or in matrix form 

*¥),Th(W)T 
(1.21) 

Showing that the force constants between two points of the lattice transforms 

into the force constants between two other points in the same lattice, the 

(i\ [L\ [£'] (/'] 
change from \fcj to ^/J and from L/J to j being given by (1.18). The 

application of this analysis to an actual lattice will reduce the number of 

different non-sero elements in the dynamical matrix to a very great extent. 

2. The Frequency Spectrum 

As usual, the vibration of a lattice point can be considered as a super¬ 

position of motions due to elementary plane waves whose frequencies are the 

desired normal frequencies. Thus a solution of the equations of motion (1.12) 

for an independent normal vibration is the plane wave 

fir 

Substituting this in (1.12) 

— ff I “7-,, -iuffc fc 
/irlzL- a r 

00 

m e 

where 

0 

T l£\ ET) r T) ^ -ii'F*' 
$4*) e ^ w W e f 

(2.1) 

(2.2) 

(2.3) 

(8) 



The quantities (2.3) can be considered as elements of the matrix m 
f, r 

with the pairs GM and &p) as row and column indices. Born has shown 

that this matrix can be obtained by applying a Fourier transform to the dyn¬ 

amical matrix, and thus interprets 2)^] as the representation of the dynam¬ 

ical matrix in wave vector space. 

Equation (2.2) may be considered as a set of 3s homogeneous equations 

of motion in the wave vector . A necessary and sufficient condition that 

this set should have a non-trivial solution is that the determinant of the co¬ 

efficients of the reduced amplitudes Vd{k) should vanish. In matrix nota¬ 

tion this requires 

(2.4) 

where X is a unit matrix. For each allowed wave vector, the 

secular determinant (2.4) yield 3s roots , the totality of which make up 

the normal frequency spectrum. Thus this equation yields the desired fre¬ 

quency distribution* 

The reciprocal lattice properties and the Born cyclic boundary condition 

reveal the wave vectors that are to be considered in the evaluation of (2.4). 

In general, the reciprocal lattice is determined by the basic vectors k>c 

defined 

T hxfi'S J X _ J <L, X&i 

' a.,•&****, -* 3 (2.5) 

A wave vector may then be written 

An immediate observation is that the function 

reciprocal space. For the vectors 

(2.6) 

is periodic in 

satisfy 

e'f-r1 
***&£&) 

(9) 



Hence, each element of the matrix is a periodic function of , 

which implies, through the relation (2.4), that the frequency is periodic in 

^ with the periodicity kXX of the reciprocal lattice* It follows 

that only the volume of the reciprocal space defined by the first Brillouin 

zone need be considered to obtain the frequency array* Born’s cyclic con- 

dition then determines just what vectors are permitted in this first zone* 

The requirement is that the lattice deformation be periodic in a volume of 

the actual lattice having the same shape as the elementary cell and con* 

taiaing t\^s f\l cells. Formulating this 0 -/M 

are from which the permitted values of ^ 
f ‘ X f • £ b'■ » <,-,»->) <2-7’ 

The frequency distribution is thus obtained by solving the secular determine 

ant for a set of regularly spaced - vectors within the first Brillouin zone. f 
3* The Force Constants 

Although methods have been discussed In Part 1 for simplifying the dy» 

namical matrix, there has been no indication of how the quantities 

are to be obtained. However, their interpretation as force constants implies 

a relationship to the elastic constants • The dependence between the 

two sets of constants was first worked out by Born in 1923. A revision of this 

derivation in modern notation, as presented by Begbie and Born in their 1947 

paper, is outlined below. 

The equations of motion (1*2) can be solved by plane waves in the al¬ 

ternative form A . r — 7r(i\ 

(10) 



These solutions are more suitable to a discussion of the wave properties then 

the solutions (2.1) of the preceding section. Substitution of (3.1) into (1.12) 

results in 

CO 

where 

Cji). 2>Ji)e-fmK 

(3.2) 

(3.3) 

with row and 

(3.4) 

wlth Fikjc) = Hie)- F(jc!) 

”,b' V&) are considered as elements of a matrix 

column indices (L,-* ) and (krespectively, then the set of equations 

(3*2) is representable by 

where -fl- U)^ and hi is a one column matrix 

W> f W,(/),«„«, UJ), (3.5) 

All three members of equation (3.4) are functions of the wave vector, 

and as such, can be expanded in powers of ^ • Only the first few terms in 

each expansion need be considered provided ^ is small (a requirement 

which has resulted in this development often being referred to as the long wave 

approximation ). Thus 
„ (*) 0} fr) 
Ciq)-- C-h + + (3.6) 
(0) <!L 

where the elements of the matrix & are constant, those of the matrix 

linear in Q , etc. More specifically 

f 
81 

’ |/^ ^ fx. 

(3.7) 

(3.8) 

(3.9) 

For the remaining two members 
(p) at y 

JCL = SI -f- _Q_ + JD_+- • (3.10) 

(11) 



(3.11) n= W-t irf ^ w +■ 

where each of the terms on the right of (3.11) is a one column matrix of the 

form (3.3). Equating terms in equal powers of ^ in (3.4), there is obtained, 

for this approximation, a set of equations 
(o) (pi (0) U?) 

SIN* d N (3.12) 

A W J1 W » 6 -f- (3 /v ■ (3.13) 

(PI 01 01 w M <?' 6»> /// (II (1> <01 

JL W + A hi - C i/\l -t C' U +" & w (3.i4) 

As the solution of equations (3.12), (3.13), and (3.14) is quite involved, 

matrix notation will be employed to avoid a lengthy discussion. Wherever 

necessary, the implied matrices will be written out to more clearly exhibit 

their properties. Repeated use will be made of relations between the Ut) 

derived in Part 1, in particular (1.7) and (1.8). 

Consider the sero-appraximation (3.12). A solution of these (3s) equa¬ 

tions can be obtained indirectly by applying the condition that they must 

(P) 
satisfy translations of the crystal as a whole, i.e. Cv*0f Q-0 implying SL-0 . 

The three possible independent translations are 

(3.15) 
HD1 9 

H !°\ 1° 1 
it n&J 0 ) ik ) 0 

(i)j \lk rtli) \°! fy 6i 
The amplitudes corresponding to these three motions then follow from 

(31) 
ft, $ 

8,(t) 
\Z<t} 

\ I 

K(t,\ 
0 

° 

0 \ 

KL 
\° / 

\ 
0 

Ik t ^ 

(3.16) 

which are independent of but not of jo unless equal masses are involved. 

(12) 



(3.17) 

This set of trivial solutions can be conveniently written 
(9) . . (PI 

by defining 

and 

M- far 0 o \ 

o fH\, o 
o o 

JK 0 o 

o o te 

H/- AfCC , 

a- a A 
a 

\ ^3; 

(3.18) 

(3.19) 

That (3.17) is actually a solution of (3.12) can be verified by showing that 

%MH-o A typical element of the matrix resulting from the indi~ 

which vanishes due to (1.7). cated multiplication is 
ltd 

Because of (3.17), the first order equations (3.13) can be simplified to 

& [/J = SiMLC ~ Mil (3.20) 
[9) yj (i) / 

The homogeneous equations C Q have a solution ^ Ml , analogous 

to (3.17), as they have the same form as the equations considered above. It 

n 01 

follows from the preceding statement or by merely noting that nl C ~ 0 

because of (1.7), that the solvability condition on (3.20) is 

JiMMll- MQ(y) H/ilL = o (3.21) 

where /If is the transpose of M • it the second term of (3.21) is written 

oui, every element of the resulting matrix vanishes due to (1.7) 

rv (i) 

Since ILf* 0 , equation (3.21) then indicates 

M 
J1 

and (3.20) reduces to 
w 0) "J Un aw*. cwMii 

(3.22) 

(3.23) 

(3.24) 

(13) 



The solution of (3.24) is then simply 
(i) (01 01 

IV- -T dm Mil -t/iut' (3 25) 
L»1 t 

where r-{c) and MU' is the solution of the homogeneous equations. 

It is now possible to write the second order equations (3.14) simply as 

0 $= 0M t(l- Cfa) Hd, (3.26) 
~j(0) [Tj ' ' 

Since A|d V\] = 0 also because of (1.7), the solvability condition on 

(3.26) becomes 
W ^ 0) (j) -v ft,/ 

(3.27) 

The quantity M/ can be eliminated from (3.27) by employing (3.25) 

& ill Col (0 0) to (3.28) -H-At m n = - h{ y TCy Mlt-tM&f Mdc^Mil 

Since the second term on the right was shown to vanish in (3.22) 

jLikurM^Sy-SyPtif) Hu, (3-29’ 

Equation (3.29) has a very significant interpretation which is concealed 

by the matrix notation. An explicit form can be obtained by expanding it in 

terms of (3.8), (3.9), (3.18), and (3.19) 

where 

(3.30) 

(3.31) 

and 
fkl 

fa, is the lattice density, A/^ being the volume of 

the unit cell. The coefficients are i^en observed to have the 

character of the elastic constants d[j . For applying (i.8) to (3.31) re¬ 

veals that the following forms are all equivalent 



The identities (3*32) suggest that Voigt*s notation can he introduced for 

th. 
<xk= If 

being replaced by J- ^ 

to further emphasise the analogy. Thus 

2Z 

L 

33 

3 

Z3 

4- 

becomes 

3/ 

r 

n 

& 

or, better yet, simply 
-y* 

Equations (3.30) are then recognized to be identical in form with the e- 

quatlons for the amplitudes of elastic waves in elasticity theory, the 

- Qj>(\ replacing the usual $ty . Thus a direct comparison of (3.30) with 
1 

the elasticity equations 

where the elements of are given by 

(3.33) 

IM ■- <* He Sr, ^ \ If 

% to to to \ if 

See to to ^ f 

hs i&n) 
%h 

Ur, to he k(<V+<y rf.fx 

W to to 
m 

(3.34) 

may be undertaken, allowing the to be read off in terms of the 

djj • Since the contain the elements %(&) of the dyna¬ 

mical matrix, the force constants are now expressed in terms of the known 

quantities, flfj . 

Hence, In any practical situation, the force constants are obtained as 

follows* Establish (3«2S) and (3.27) for the lattice; In component form these 

are 

CIS) 



(3.35) 

2*»£« 2K ^ /tj, W + Jj,!®**? ^ <3-36> 
0) 

Eliminating ly between (3.35) and (3.36) leads to an equation of form (3.30), 

which may be compared with (3.33) to yield the desired relationship between 

the force constants and the elastic constants for that lattice. 

(16) 



B. AN APPLICATION TO WHITE TIN 

4. The Elastic Constants of ^-Tin 

Despite the apparent complexity of its crystal structure, white tin may 

be described by a rather simple lattice configuration. Its marked resem¬ 

blance to the diamond crystal suggests an interpretation of the structure as 

consisting of tin atoms lying on two equal interpenetrating face-centered 

tetragonal lattices relatively displaced one-quarter of the way along a body 

diagonal. The unit cell then contains only two atoms, one on each lattice. 

The situation Is most easily described in the following notation. Con¬ 

sider the rectangular coordinate system associated with the lattice to be a- 

ligned with origin at a lattice point and axes parallel to the edges of the 

tetragonal unit. Denote the lattice constant in the X and Y directions by 

2.0U (= S.Z4- 4) and ia the Z direction by I'J A) . The cell 

vectors ere then 
^ A 

do +■ C-h d6- £Lo -h O-j (4.1) 

and the cell atoms, labeled 0 and 0 in Fig. la., have coordinates^ 

and V) 

Since the force constants must be found before the secular determinant 

can be evaluated, Part 3 of the theory is applied first. Ideally, the number 

of atoms that interact significantly with the reference atom should be de¬ 

cided on the basis of lattice structure alone. However, the theory intro¬ 

duces a restriction on such a decision. The result of Part 3 indicates that 

there is a definite limit to the number of relations between force constants 

and elastic constants obtainable. In the case of tin, it is found that enough 

relations are available to determine the force constants for first and second 

neighbors, without special assumptions, and for third neighbors if central 

forces are assumed for that group. This can he considered a favorable sltua- 

(17) 



FIG. I NEIGHBOR GROUPS OF ATOMS 0 AND O' 



tion since analysis of the lattice structure indicates that only the first three 

neighbor groups are important. In Fig. 1, first, second, and third neighbors 

with interaction distances 3.03 n , 3A7 k » and 3.76 A respectively are ob¬ 

served to be situated in a rough spherical configuration about.the reference 
0 

atom. The fourth neighbors, on the other hand, are at a distance 4.41 A 

and thus contribute only a negligible interaction. 

In the determination of the force constants, each neighbor group may 

be treated independently• The analysis to follow will employ the symmetry 

of the tin lattice as outlined in Fart 3. A detailed discussion of the method 

will be given for the first neighbor group only. 

First Neighbor According to Fig. l a, each of the reference cell atoms 0 and 

0 have four nearest neighbors. Since so few atoms are being considered, 

the interactions may be denoted conveniently by the symbol !L to save hav- 

(#£*£*' 
ing to write the more cumbersome identification ^ ^ J of the theory (i.e. X 

will indicate both the neighbor and the type j(Jc interaction involved). Table 

I gives the coordinates of , the number JL , and the label group it is 

replacing, for first neighbors. 

first, iMifk'lfflS 
rf o C&W) -V 

A 

-a, 

V*. 

TABLE I 

X3 

w 

-e/ '2- 

b i i‘ r JL* u' 
z 
z 
z 
z 

/ 

z 
3 

4 

0 

0 

o 

-/ 

o 

o 

-/ 

o 

0 2/ 

•7 £/ 

O z.1 

O 2-1 

fifth tejfibrfS 
4- o' ft'.*) 

0 

(L 

0/ 

0 

o 
Cu 

o 

(L, 

0 

0 

£ 

C, 

/ 
/ 

/ 

/ 

/ 

z 
3 

4 

0 

o 

0 

/ 

0 

o 

/ 

0 

o 

/ 

0 

o 

/z 

/z 
/ 2 

/z 

(18) 



Only four of the symmetry operations of the tin lattice need be considered 

as the remaining operations introduce no new effects. These four may be an- 

jr (0 -/ Ol 
i} 3 / 0 0 

aiysed as follows: 

1) 7J=(' ® represents an Inversion at the point (^/j. ^/jf. (more specifi- 
\o o-i) f 
cally, an Inversion at the point (0/0,0) followed by a translation ^l

ttKz.9vz, 

Xj » )• ** the relation (1.18) is denoted by where l(i)) =Tr(I)j then 

the effect of 7 on nearest neighbors is 
' (it) (ZZ) (35) (fa) 

(TO (33) m 
jrr (0 / C?\ 

2) zfaj / ^ 0 a reflection about the plane > yields 

U^/y (//] izz) fa) (si) 
(IT) fez) fa) fa) 

a rotation of fa'z, about the Z-axis, followed by a reflection 

.0 0',! - „ 
in the plane £*(/ , yields 

(£') fa) (23) fa) 

f ° (JT) fa) fa) (74) 
4)7^=/-/ 00] a rotation of ~*1f, about the Z-axis, followed by a reflection in 

\0 0-l) 
the plane 2:~0 $ yields 

fa (3l) 03) fa 
(J7) fa) fa) fa) 

Having thus established the label interchange for each of these matrix 

operationSi the relations between the force constants follow from (1.21). 

Basically9 the interation between a neighbor atom and its reference atom 

to Or £/] involves nine force constants) this may he conveniently expressed 

V Kl PJ 

W X fa 
The first simplification comes from an application of 7^ 

7>l- T.DlT,~^ (4.3) 

so that fa fa= l?3 .fa- fa . Then, by observing that equation (1.6) 

(19) 



H^')
S 

metric • 

lm plies X>^ 5^ , all the matri ces are sym- 

From 2), since J)* is invariant with respect to 71 , 

and 

From 3) 

rS 
D> 

so that, also 

7 « S 
V i ?. 

$ -s p 

(4.4) 

(4.5) 

U s (• 
n..n, by4) 

if) * * H-T* $ 

\-i l ?> 
Second Neighbors; Each of the cell atoms has two next nearest neighbors, which 

are described in the following table. 

(4.6) 

(4.7) 

X, 

■S’&OHtL ftfifkjfetV 
* o 

'StotaL keAldfi# v 

*r O' % 

TABLE n 

*3 h JL l' r i3 K 
0 Z.O / 4T / / -/ // 
0 -1C / Z -/ -/ / // 

£t/ '2- Z b / / -/ 2.2. 

-»% 2- S~ -/ -/ / 22. 

By repeating the symmetry argument for this neighbor group, the four inter¬ 

action matrices can be shown to be equal. 

J>2>na,j_ ff o c\ 
DK D* j ^ ro f o 

(4.8) 

(20) 



Third Neighbor Analysis; There are four third nearest neighbors for each cell 

atom9 as indicated in Fig. 1c. They may be tabulated as follows: 

TABLE m 

'ty'ifd. lUiikbtts 
tfoOc'i) 

ft O'fast) 

A U A_ A 

% % _3C, 2 7 -/ -/ / z/ 

A -n. 2 f -/ ~( o 2/ 

-v «/ 'z- fT* 2- f / 0 -/ 2/ 

1 -*/ 'Z- A 2 /D / -/ 2/ 

0 O Zc, / 7 / / -/ /2 
(L <L 2<£ / f / / 0 / 2- 

a 0 / f -/ o / /2 

0 -6- / /0 0 '/ / /z- 

Again by the lattice symmetry method; 

31 [= -J- A- f\ (4.9) 
J>5] 

Vr r &/ 

'V -r 
A 

1 -f. 
-f -A 6/ 

(4.10) 

v*i i/a-t' 

\ r 6/ 
(4.11) 

-A 

x>'» J ^ -/J. K f J 
l-r 16/ 

(4.12) 

The similarity between these matrices and those for nearest neighbors is due 

to the fact that first and third neighbor configurations have the same type of 

symmetry. 

The interactions arising from the first three neighbor groups may thus be 

(21) 



described by a total of ten force constants. 

Two other interaction matrices remain to be found, namely those ex¬ 

pressing the effect of each reference atom upon itself. These may be de¬ 

noted for atom 0 by D° , a Ido-11 interaction, and for 0 by & , 

a kJc interaction. From (1.4) it follows 

~ A (P +<3P(+C2,X, 0 0 \ 

\ 0 o \ Z'-l'hW, \ J .A (4.13) 

where the sum Is over ^V/,/2* interactions only. A similar sum over 

^*2^2/ interactions reveals 

X>° (4.14) 

ll> (4 \ 
The quantities (lslO///i) can now be established 

r/£ 
tains the values of the components of h (fcfc1

j, which may b< 

the new notation, for all neighbor groups. 

. Table 4 con- 

written F ll) under 

TABLE IV 

l- i z 3 4 s (, 7 i f /o 

m \ \ A 0 0 ■ "A \ <L 'Z- A 
% A A 0 0 A \ ■ -4, 'z- A 

hd) -% u, fl* t, 'V % -at It zt, fl> 
zt, 't* 

-3d 
/> 

L * T 2 3 4 c fa 7 J f /* 

A A A 0 0 A A A 

m A -X A -4f V 0 0 A A d, 

A A zc -zc 7Z 
3C, 

Employing the definitions (3.7), (3.8), and (3.9), the following expressions 

are obtained 

'ottL o o ' 
O 0 

, o O ptG 

(4.15) 

(22) 



(4.1«) 

'nt*, 
1,W° 

Z3>\ 
&* ^1,3,4, 

Viir° 

fc+A. o o' 
Q 0C+-A, 0 

\0 o 

(4.17) 

as- 
(4.18) 

Jo Qfafcju). 
r^fCj o 

Vfy(Sft) °/ 
(4.19) 

(4.20) 

_L 
2M l^ky«y+cyys^f M^fA 

wher ei 

r(fl-[)f,(® 4<6 *J®] f'ff* $ f»| 
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Equations (3.35) and (3.36) ate most easily established in matrix form. 

ftnx [n,...   
, then (3.35) if Iku k<ti) U-’lll, uu USJ 

becomes 

or 

ih - fe - n» 0{+k 
c o 

° XU. 0 

ana (3,36) 

f0 cjilr-ty) 

\° ° yftfot) y&ft) 0 ) 

w(//+lS$) %&+$$■ Htn-efe1)-h 

(4.21) 

or 

JMU'H-A f° ^(Py) Jf(S+t)\ 

0 gf (/>*$ 
r/o o/ ■ 
IM/I-A/® 

(4.22) 

•f £<? 
S' 

f a" 10 

o o \ r - 

f0 -h H 

O^J 
- - 

GC 

where /lf[ is an abbreviation for the matrix obtained in (4.20). Substituting 

(4.21) in (4.22) 

(24) 
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m 
*3 

o 

13 
V 

S 
3 

o 
•3 
4-» 

TJ 
3 
3 

** 
i^ 

l4f 
3 
O 
3 

4) 
4S 
£ 

* 
fi 
*1 
O 

3 
43 
*-> 

3 
P* 

4) 
I* 
3 

2 -S" 

a A 
3 
O 

45 3 
3 H 

<3 
£ 

3 

8 

a 

r* 
<o 

^ f 
&- zt. 

o 

o o o I 
\ 

c* ^ £ " 

<3- 
VS» 

^Ci< A It* m <0 

**TT^ 

S- 
4- 

^5- 
5- 

, aSi 
^bs- ^ 

$ % 
^ 'W 

J**- S- 

Sr «? 

O 

^ O o 

O o o 

_i5F~ ,^2?-— 
RP ^ 
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Comparing (4.24) with (3.34), the following set of equations are obtained 

for the force constants 

0 0 
^TJ" '24? 

0#-4r-& <+G- J 

(4.2S) 

The values of the e for tin have been derived by Arlmann 12 from data given 

by Bridgmann 13 They are 

<?, • 
l0“ ^*%i’ 

Cn-Hl 
4» * <2f/ 

^35 5 

^ - 2* 

(4.26) 

The set of equations (4.2S) is not sufficient to solve for all the force con¬ 

stants, there being 7 equations and 10 unknowns. This difficulty can be resolv¬ 

ed by assuming central forces for third neighbor interactions. Since the more 

distant neighbor contributions are small compared with the immediate neigh¬ 

bors, the generality of the method will not suffer greatly under such an as¬ 

sumption. 

The central force supposition can he expressed analytically through the 

Cauchy-Foisson relations. Strictly speaking it is not quite correct to apply these 

relations to the tin lattice, for it has been shown in recent years, that they are 

true only for structures of very high symmetry (specifically, each atom must 

be a center of symmetry *4). However, their use in connection with third 

neighbors only will not introduce significant error. Of the six Cauchy-Foisson 

(26) 
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relations , only two are independent for a structure like tin 

^44 ^ (4*27) 

From (4.25), considering third neighbor force constants only 

<>*■£** A J (4.28) 

cn-- 4‘ ic (A-%) 
Since 0^ has two forms, (4.27) actually consists of three equations. Thus 

three of the constants Ayjhft) ^ maY calculated in terms of the fourth. 

A solution of the equations (4.27) may be shown to be 

jL*-k{li ft) 
(4.29) 

The relations (4.25) may be rewritten in terms of (4.29) and then solved, 

since there are now 7 equations in 7 unknowns. 

<*»c2cefl-A. 

e 
k 

(4.30) 

(27) 



+• 4-K 

lui 
-K 

eQ„(lt4 <te+ k 

" 4T~ ~MT ' < 

\f^Q 1 

- fqT ^,rC^ 

Substituting the values of the elastic and lattice constants, numerical values 

for all 10 force constants are obtained 

o(=c%4 x fQ% j>, 374 K= Zrt 

kzc A- j'jj 
?=*!(, l&f 

$*3U 2.tZ 
Although there are no experimental data with which to compare these 

values, they are compatible with what may be expected on the basis of the 

tin structure. Most noticeable is the rate at which the values fall off with 

the neighbor group. Further, constants ^ and th- , which are entirely concern¬ 

ed with motions in the Z-direction (the close-packed direction for tin) are the 

largest for their groups. Finally, the very small relative values of the third 

neighbor constants support the arguments for the approximations introduced. 

(28) 



5. A Preliminary Discussion of the Spectrum 

The secular determinant (2*4) may now be solved for various vectors 

in reciprocal space to obtain the array of normal vibrations* From (2,6 ), 

a typical wave vector can be expressed by _ y —  \ 

Jf-* (f/ k 4 J 
The reciprocal lattice vectors Ifa are obtained for tin by introducing (4.1) 

into (2,5) 

hid’-I&fy 4'k{Uy%t) (s.i) 

Substitution of (5.1) in (2.7) then results in the more convenient form of the 

wave vector 

(5.2) 

As indicated in Part 2, the complete frequency spectrum can be obtained 

by considering only the wave vectors in the first Brillouin zone. Actually, 

the "first zone” for a crystal is not unique but is dependent upon how the lat- 

tice structure is interpreted. In the present analysis, the group of two atoms 

comprising a cell is considered a basic "unit". These "units" may be thought 

of as forming a simple face-centered tetragonal lattice structure of basic di¬ 

mensions 2*^ 2d . Since the secular determinant yields for each ^ the 

number of frequencies (six) associated with a "unit", the first zone is proper¬ 

ly that of the simpler structure. 

The construction of the zone for the face-centered tetragonal lattice fol¬ 

lows from well known methods. The result is shown in Fig. 2. 

Due to the work of the previous section, the secular determinant for tin 

follows quite easily. Employing relations (4.4) through (4.12) and the values 

oi given by Tables 1, 2, and 3, in the definition (2,3) 

(29) 
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of the elements of the matrix there is obtained 

XL >»(I) 

« JL »£. t -JU?. *0 

D (*)- 

+f ZjCt'' ?' 

from which the determinant is constructed. 

(30) 



However, a brief notation for the members of the secular determinant 

is desirable. If the general form (2.4) Is multiplied through by the mass 

factor 

D/f)- - o 
(S.S) 

and the following definitions made 

/{•mu'- t- 

M£* ($,) 

^ (f)• ^.(f) & » 4) (jf) 

then the secular determinant for tin may be written 

G-A 0 0 A & E = o 

o G-A o t A P 
0 o //-A B P 6 
A c £ G-A o o 
C A P 0 G-A 0 
£ P 3 0 o tt-A 

The quantities defined in (5.5) can be expressed in rectangular compon 

(5.6) 

(5.7) 

ents of ^ by noting that (5.3) implies 

ft ‘ ^4) 4s k (f ^ ^ 4) fd" ^ , 
thus III 

(5.8) 

A* - 
(5.9) 

0- 

U ^e2*- *%■** 

Z+e^'fr) 

(2— f |;+e 

1 L (31) J 



£— 

F*- 

JVj /- e'7*' -f €_7Ei ~e~nL^+%*) J 

~5^/- ft)- en^%) -be'^f^} 

6* -2 

//= 2 

1-dfctZH +<&C-b^X 

^ ?/- ^ 2/c ^ ^ 2^f z6 

The secular determinant must now be analysed in some manner. II the 

straight numerical procedure Is preferred, a finite set of points in the Brillouin 

zone, at which to evaluate the determinant, must be chosen. Actually, it is 

only necessary, in the present case, to work with ^ vectors lying in the volume 

sector defined by the planes aa<* t^e 8ur*ace8 of 

the Brillouin zone. For symmetry considerations show that the frequencies as¬ 

sociated with any other wave vectors in the first zone are identical with those 

for vectors within this sector. Briefly the argument Is as follows. Consider 

the pair of points ^ ^ and ' 

them into the relations (5.3), the secular determinant for the first point is the 

complex conjugate of that for the second point. But since the general deter¬ 

minant is based on a Hermitian matrix, both the determinants must yield the 

f*) Substituting each of 
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game frequencies. Thus the wave vectors to one side of an arbitrary plane 

through the origin give rise to the same set of frequencies as those on the 

opposite side. Hence, if the plane chosen, only the vectors 

in the haif~$pace containing the first octant need be considered. Further, 

the quantities (S.8) are completely symmetric in ^ and ^ , except the roles 

of E and F interchange. However, B and F can be interchanged in the 

determinant without affecting its roots (see equation (5.10) ahead). Thus 

that part of the half space lying between the planes fi-f* "‘frf K * 

where 9 will yield a complete set of frequencies. The volume sector 

defined above is, hence, justified. 

prom the condition of the cyclic lattice (2.7), a selection of points in this 

sector is obtained by arbitrarily dividing the range 0 to / of into 

fractional units, for example, tenths. The spacing of points in 

space then follows from (5.3). 

Although the numerical process was not completed for the tin lattice, 

the initial results are of value for the insight they give to the six frequency 

surfaces. Along several directions in the Brillouin zone, the calculations 

were simplified due to the fact that the secular determinant factors. 

1) =^0 (S.8), E~ p~0 % and the determinant reduces to 

= 0 H-A 8 &-A A+a G-A 4-£ 

8* H-A febC* G~A fe&G-A 

2) ^r^-0 Here an<* determinant splits into two smaller 

determinants, one of the fourth order, and one of the second 

G~A A ~o 
A* G-A 

3) This gives £' F and a factoring into determinants of 

fourth and second orders, the latter being 

fee* G-A 
-0 

(33) 



Again F* P~0 and the determinant factors as in 1). 4 

For the general case where factoring is not possible, the determinant is most 

easily solved by expanding it 

Ai - U&tU)\c t £-£]A4 

+ ^[463-nz(l&'‘-(-4l{%&)H£<2+ (&+#) lt{2&Fzii)s] h3 

+ -6PQ-[3£f{+3&z)H-(6*+4&tHfjs <»•*«> 

+ 7> it v] t + ?_(2fl^4W)+4G3Q +{&#+&*)£, 

+ ? f/V- &4Q - GittjZ-H%*St&-T+G(H(, +W- 

where 

&-B*Q 

d* 2 (.e*etp*fi) 
2(m+c*c) 

T‘ (e*e)% (p*p)*+ 2A*AB*B +lfigc*c + 2£*£F*p 

~l-{p'C*£p-f-gC£*P*)- 

li* 2{l&-A£f-hlAf-eef) 

11 - I 

A714 AC £F - AE1'- A F1" -Be1' 

The polynomial (5.10) can be solved by any of the available numerical meth- 

17 
ods. Graeffe’s root squaring method was found most convenient. 

The results obtained are shown in Fig. 3. Curves Co^OO^ U)j represent the 

expected three optical branches while are clearly the acoustical 

branches [io^O The high degeneracy of the surfaces, as evidenced 

(34) 
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FlG.3 SOLUTIONS OF THE SECULAR DETERMINANT FOR SPECIAL 

LINES IN THE BRILLOUIN ZONE 



in Figs. 3 A/V/ E and especially C , is not a general phenomena; it is pre¬ 

valent in these results because of the special directions chosen. Indeed, 

some of the degeneracy could probably be removed by a more accurate deter¬ 

mination of the force constants from the experimental data. figs. 3 ^ and 

particularly B reveal that the surfaces intersect one another. The analytical 

continuity of the surfaces can thus not be maintained under an identification 

procedure that always labels the highest surface C0f , the next highest , 

and so on down. 

6. The Proposed Analysis 

It is clear from a consideration of either equation (5.7) or (5.10) that a 

numerical treatment of the problem, though straight forward, is highly im¬ 

practical without the aid of a high speed computer. An analytical method 

is preferable, not only for its elimination of the tedious numerical calcula¬ 

tions, but mostly for its contribution to the physical understanding of the fre¬ 

quency distribution. 

The most promising analytical approach to the lattice vibration problem, 

made to date, appears in a very recent article by H. B. Rosenstock1^. The 

ideas involved may be sketched briefly as follows. It has been observed that 

frequency distributions obtained by exact calculation (e.g. Newell's treat¬ 

ment1^ of the simple cubic lattice) contain points of non-analyticity. These 

19 
singularities have been shown by Van Hove to arise from critical points 

<dC0 
(points for which for L-X) of the frequency surfaces. 

Van Hove has further pointed out that topology requires periodic functions 

like CO to have at least a certain minimal number of critical points. It is 

thus apparent that every frequency distribution must have a minimum number 

of singularities. 

(35) 



Rosenstock has applied these ideas in an analysis of the cubic lattices 

(sc,fcc,bcc) and apparently located all possible critical points on the sur¬ 

faces involved. He was able to show that his frequency distributions! developed 

from the corresponding singularities, agreed qualitatively with those obtained 

by numerical methods. Moreover, by applying Montrol^s approximation he ob¬ 

tained fair quantitative agreement with Newell1* exact results for the simple 

cubic crystal. This initial success suggests that more complicated lattices 

may yield to the method. 

However, it is not yet clear how best to approach the problem of locating 

the critical points for a structure like tin. First of all, six surfaces are in¬ 

volved compared with the three-surface cases Rosenstock treated* In addition, 

the secular determinate is much more complicated than for the cubic crystals. 

An inspection of equation (5.10) shows that simply establishing that a derivative 

vanishes is a lengthy procedure. 

long which the normal derivative would be zero. Intersections of three such 

planes would then locate at least some of the critical points* The surfaces 

defining the Brillouln zone might be expected to be these desired planes, since 

they are by definition planes of symmetry. However, the fact many of the 

frequency surfaces appear to intersect at the boundaries of the zone (Fig* 3) 

prevents assuming vanishing derivatives by the symmetry argument* The only 

alternative is to test suspected planes by actually carrying out the differen¬ 

tiation of the analytical expression* 

So far, the examination of probable locations of critical points has not 

proven fruitful. Unless some simplifying argument can be found, a systematic 

analysis of equation (5*10) will have to be made* It is hoped that conclusions 

concerning the usefulness of the Rosenstock approach for complicated lattices 

may be reached in the near future* 

It was first thought that whole planes could be found space a- 
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