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ABSTRACT 

An Investigation of the Effect of Uniaxial Stress 

on the EPR Spectrum of U^+ in CaF^ 

Paul Kenneth Wunsch 

The effect of a uniaxial compressive stress on the 

electron-paramagnetic-resonance spectrum of an estimated 

0,03 molar percent U^+ in CaF^ has been investigated at 

liquid helium temperatures. The trigonal crystalline field 

symmetry at the impurity site leaves a non-ICramers doublet 

in the ground state which can be handled theoretically by 

means of an effective spin-1 formalism. Strain effects are 

attributed to terms in the spin-Hamiltonian of the form 

D. .S.S. where the tensor elements D. . are related linearly 
ID 1 D ID 

to the conventional strain components e by the expression 

D. . = JET G, .,,,et .. The G are elements of a fourth 
ID tcTi 13kl kl i jkl 

rank tensor called the magneto-elastic coupling tensor. 

Four lines, broadened asymmetrically by internal 

strain, appear in the spectrum, one for each site of trig¬ 

onal symmetry. The application of stress has the effect of 

greatly weakening the lines without noticeably altering 

their positions. Experimental observations indicate that 

resonant transitions in the microwave spectrum are 

primarily electric-field induced. This indicates that the 

symmetry group at the impurity site lacks the inversion 

property for a reason not yet understood. A lineshape 

calculation was performed employing Gaussian distributions 



for "both the homogeneous broadening and the strain broad¬ 

ening. The rf electric-field interaction used in the 

calculation connects the levels of the doublet directly and 

is of the form - EXff 

The stressed and unstressed behavior of the experimentally 

observed lineshape was compared with that of the theoretical 

model, and a correlation was drawn which fixed certain 

adjustable parameters in the model. This permitted the 

determination of the magnitude of the spin-lattice coupling 

constant and the combination G^-G^. The resulting 

values which are (in units of cm”^/unit strain) |G.J^J = 50 

and |^”^12! = ^3 Iank among the largest found to date. 

These figures are estimated to be good to -20f0. 
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I. INTRODUCTION 

According to Pake in his hook on the fundamentals of 

paramagnetic resonance, attention was first drawn to the 

coupling between spins of paramagnetic ions and the host 

lattice by the phenomenon of cooling by adiabatic demag¬ 

netization. The importance to the exploitation of this 

cooling phenomenon of the rate at which a spin system re¬ 

establishes thermal equilibrium with the lattice made the 

study of spin-lattice coupling interesting from a practical 

as well as a theoretical point of view. 

The earliest experiments directed toward determining 

spin-lattice relaxation rates were conducted in the mid- 

1930 's by Gorter and his associates. Through the use of 

magnetic heating and heterodyne beat techniques they were 

able to measure the absorption and dispersion components 

respectively of a complex magnetic susceptibility patterned 

after the cotplex electric susceptibility which had already 
3 

been considered by Debye and others in the theoretical 

treatment of dielectric relaxation. On the assumption that 

in low frequency fields the spin system as a whole is in a 

state of thermal equilibrium and that the heat flow between 

the spin and lattice systems is directly proportional to the 

difference between the spin and lattice temperatures, 

Casimir and Du Pre*,^ employing thermodynamic arguments, 

generated in 1938 a- theoretical analysis relating these 
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absorption and dispersion measurements to the relaxation 

time. 

Because of the comparatively primitive state of tech¬ 

nology at that time the theoretical development of paramag¬ 

netic relaxation generally preceded the experimental develop¬ 

ment. The first attempt to calculate a relaxation time by 

employing a theory which incorporated a specific interaction 

mechanism was made by Waller^ in 1932. He recognized even 

at that early date that the exchange of energy between the 

spin system and the lattice takes place primarily through 

two processes. The first is the direct or one-phonon process 

in which the spin system either absorbs a quantum of energy 

from or imparts a quantum of energy to the lattice vibrations. 

This constitutes an analog of simple absorption and emission 

in radiation theory. In the second process, called the 

indirect or Raman process because of its similarity to 

optical Raman scattering, the spin system absorbs a quantum 

of one frequency and simultaneously emits a quantum of another 

frequency where the energy difference between the two quanta 

corresponds to the energy separation of the two spin levels. 

Waller based his calculations on the assumption that the 

modulation of the dipolar interaction between neighboring 

paramagnetic spins provides the relaxation mechanism. While 

this mechanism may possibly be adequate to explain relaxation 
6 

in magnetically concentrated materials, the calculated 

relaxation times for magnetically dilute samples proved 
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exceedingly large when compared with experimental results. 
7 

For example, Kronig, using Waller's theory, computed relax¬ 

ation times for titanium-cesium alum which, depending on 

temperature, were orders of magnitude longer than the 
g 

measured values. As noted by Van Vleck, even the modifica¬ 

tion of Waller's theory by Heitler, Teller^ and Fierz^ led 

to estimates too large by 2-4 orders of magnitude. 

Heeding a supposition expressed by Gorter^ that the 

Waller theory neglects an essential mechanism, Kronig^ was 

successful in obtaining proper order of magnitude results 

for the relaxation time of titanium alum for both the direct 

and Raman processes by considering instead the conjoint 

effect of the lattice-orbit and spin-orbit interactions. As 

in Waller's theory the thermal vibration of the lattice 

provides a time dependent perturbation. In this case, however, 

the vibrational modes serve to modulate the ligand electric 

field thereby altering the orbital states of the electrons in 

question. This perturbation is then transmitted to the spins 

through spin-orbit coupling. Making the same basic assumption 

about the nature of the coupling mechanism as Kronig, 
g 12 

Van Vleck * in a two part "tour de force" independently 

obtained numerical values for the relaxation times of titanium 

and chrome alum in remarkable agreement with the measured 

values, especially at liquid air temperatures. 

Titanium alum was of particular interest at that time 

because it displayed an unusually short relaxation time. 
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This was due to the mixing of a low lying orbital state into 

*5+ 
the ground state of Ti , the effect of which had to he 

included in any successful relaxation theory. The ground 

state of Cr-' , on the other hand, was widely separated from 

the first excited state and as a result exhibited a much 

longer relaxation time than titanium. 

The success of Kronig and Van Vleck once again propelled 

the development of relaxation theory ahead of experimental 

capabilities which were limited by the pace of technological 

advancement. Then microwave techniques developed during 

World War II opened the door to resonant absorption research. 

This allowed relaxation times between single pairs of energy 

levels to be measured. A common measurement method involved 

saturating a transition with a high power microwave pulse 

and then monitoring the recovery of the system to equilibrium 

through a low power continuous microwave signal. The main 

drawback of this technique is that relaxation takes place 

simultaneously by means of a number of processes; the direct, 

Raman, spin-spin, and possibly Orbach, to name several. 

Furthermore, in a complex ground state spin system relaxation 

may. occur through intermediate spin states, rather than 

directly. Although the dominant relaxation process often 

can be ascertained from the temperature dependence of the 

recovery time, the above factors severely weaken the useful¬ 

ness of the results from a theoretical point of view. 

The generation of microwave acoustic pulses*^**4 



5 
represented a breakthrough in the development of new experi¬ 

mental techniques because it opened up the possibility for 

the first time of investigating spin-phonon interactions 

directly. The phonon frequency, direction of propagation, 

and polarization now become adjustable parameters of an 

experimental system. By introducing lattice vibrations into 

a paramagnetic sample at the Larmor frequency one can use the 

inverse of the direct relaxation process under controlled 

conditions to effect an excitation between Zeeman levels via 

the spin-phonon interaction mechanism proposed by Kronig and 

Van Vleck. The attenuation of the acoustic signal permits 

direct measurement of the transition probability between two 

levels and hence direct determination of the spin-lattice 

coupling constants. Kastler1^ in 1952 made the first- 

proposal for such an acoustic resonance experiment. Subse- 
l6 quently, Al'tshuler performed order of magnitude calcula¬ 

tions of the attenuation coefficients of titanium-cesium 

alum, chrome alum, some rare-earth ions, and certain S-state 
17 

10ns. Jacobsen et al. in saturating Mn and F-center tran¬ 

sitions in 1959 were the first to report the use of microwave 

phonons in a resonance experiment. Van Vleck had found that 

the dominant term in the spin-lattice interaction can be 

expressed as a quadratic spin operator. Mattuck and 
l8 

Strandberg reformulated Van Vleck's work with regard to 

its use in ultrasonic paramagnetic resonance (TJPR) for non- 

S-state ions of the iron group deriving expressions for the 
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acoustic attenuation coefficient as well as pertinent 
19-21 

selection rules. Shiren and Tucker verified the 

applicability of these selection rules to both non-S-state 

and S-state cases and also determined the magnitude of the 

coupling constants for several iron-group ions. 

Unfortunately, acoustic resonance is not an ideal tool 

either. The pulse techniques used require complex instru¬ 

mentation and precise preparation of the samples. Further¬ 

more, the results are directly dependent on the paramagnetic 

impurity concentration which in many cases cannot be accu¬ 

rately determined. These shortcomings are not present in the 

technique of interest to this thesis, the uniaxial stress 

technique. It has already been stated in the discussion of 

ultrasonic resonance and the Kronig-Van Vleck spin-lattice 

interaction mechanism that dynamic strains due to vibra¬ 

tional motion in the lattice perturb the electron orbital 

motion in turn introducing a time varying component into the 

associated magnetic dipole field strength. It stands to 

reason then that a static strain induces a static alteration 

of the orbital magnetic field which manifests itself in the 

observable parameters of a spin resonance experiment. In 

this manner the magnitude of the spin-lattice coupling 

strength can be determined. 

i The first experiments utilizing a uniaxial stress to 

investigate the spin-lattice interaction mechanism were 
22 reported in i960 by Feher and Rosenvasser who looked at 
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transition group impurities in MgO. The first numerical 

results for spin-lattice coupling constants derived from 

static stress measurements were published for the same 

systems by Watkins and E. Feher ^ in 1962. Since that time 

the. technique has been utilized on a number of impurity-host 

combinations,^ ^ among them being the subject of this 
29 

thesis, tetravalent uranium in calcium fluoride. 

Interest in uranium ions in calcium fluoride was spurred 

by the discovery in i960 that CaFgjU-^' could be lased in a 

pulsed mode in the infrared region using considerably less 

input power than ruby.^0 It was ascertained, that the 

threshold could be lowered sufficiently to achieve continuous 

wave operation^*>32 only after the complete elimination of 

an ion U* which had been identified by both optical and 

paramagnetic investigations as tetravalent uranium, 

The broad resonance lines of the paramagnetic spectrum 

exhibited a trigonal symmetry about the [ml cube diagonals. 

35 11 It was determined using a spin-§ formalism that g)( = 3.238 

* 0.005 while, characteristic of non-Kramers doublets, g^= 0. 

The line, being broadened to the low field side by the 

presence of random strains in the lattice, was very asymmet¬ 

rical in shape. Wetsel and Donoho,^ reporting the results 

of a UPK experiment on this same system, stated that the 

spin-lattice interaction was comparable in magnitude to that 

of iron-group ions in other crystals. In 1966, however, 

McLaughlan reported two new trigonal EPP spectra for uranium 
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in calcium fluoride which he likewise attributed to the tetra- 

37 • valent ion. The spectrum for the first site could be 

characterized by 4-°2 ~ 0.01, gj_^ 0.1 while gy= 5.66 

i 0.02 and g^< 0.1 for the second site. It subsequently has 

been demonstrated that McLaughlan's first set of g values can 

4i*f* t 

definitely be associated with U while the U ion, which had 

originally been thought to be tetravalent, was in actuality 

divalent.reaj CaFgjlH* system has been studied 

40,dl 
extensively by means of ultrasonic techniques. ' The 

experiment reported on by McDonald^ has determined, the 

magnitude of the spin-lattice coupling constants acoustically, 

and it was the purpose of the experiment reported on herein 

2Q 
to measure these same constants statically. 

It was discovered during the course of the investigation 

that the microwave electric field rather than the microwave 

magnetic field is the principal agent inducing transitions 

between the Zeeman levels of the sample. Rough calculations 

showed that the intensity of the resonance line is directly 

related to the electric field filling factor which means that 

the matrix element for the observed transition is linear in 

radio-frequency electric field strength. The possibility of 

observing changes proportional to E in the quadrupole 

coupling constant or in the spectrum of a paramagnetic ion 

with electronic spin greater than one-half was pointed out 
A 9 

by Bloembergen in 1961. Because of parity considerations 

such effects are allowed only if the nucleus or ion is 
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situated in a site lacking inversion symmetry. Bloembergen's 

prediction was born out shortly afterward by the discovery 

of shifts in nuclear quadrupole resonances linear in E.43»44 

Since then shifts and splittings have been detected in EPR 
45-53 

spectra also. The manner in which a static E field 

effects a perturbation on the spin is not unlike that of a 

static strain. The applied electric field alters the orbital 

motion of the electron, and this perturbation again is trans¬ 

mitted to the spin through the spin-orbit coupling. Likewise, 

the paramagnetic ion is affected by an rf electric field in 

much the same way as it is by ultrasound with the added 

advantage that propagation effects are absent. An electric- 

field-induced transition in a magnetic resonance experiment 

was first reported in 1962 by Ludwig and Ham-^ who worked 

with transition-metal ions in interstitial sites in silicon. 

This effect has been observed in varying degrees of relative 
55-57 

strength in several other materials since then including 
58 

a rare-earth in a double nitrate, a combination suggested 
42 

originally by Bloembergen for static field investigation. 

Because of the dependence of linear E-field effects on 

the presence and strength of any odd components in the ligand 

field these effects serve to reveal what might be subtile 

features of the local crystal environment. What makes the 

CaFgjU^ system interesting is that a rather high symmetry is 

associated with the type of lattice site in which one normally 

would expect the uranium impurity to reside. The fact that 



to 

a transition linear in E _ can be induced at all means that 
rf 

either the charge compensation mechanism or a spontaneous 

shift in the impurity site has lowered the symmetry of the 

ligand field in such a manner that the inversion property has 

been destroyed. The origin of the non-centrosymmetric field 

component is one facet of the system which is presently not 

understood. 
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A. The Impurity Site Environment 

The calcium fluoride lattice is a typical fluorite 

structure in which the divalent calcium cations occupy 

alternate hody centers of a simple cubic lattice of monovalent 

fluoride anions. This is shown schematically in Fig. (2-1). 

It is believed that the tetravalent uranium ions enter the 
2+ 

lattice substitutionally at Ca sites. However, because of 

the necessity of maintaining charge neutrality within the 
4+ crystal as a whole, the U ions will not necessarily 

experience a cubic crystalline electric field of 8-fold 

fluorine coordination. The symmetry of the actual.crystal¬ 

line field will deviate from cubic depending on the location 

and identity of charge compensating anions. Various compen¬ 

sation models present in fluorite lattices are discussed by 

a number of authors with respect to this and similar prob- 

iemS-37,39,57,59,6° 

There are two categories of charge compensation models, 

local and remote. Remote compensation involves the distri¬ 

bution of extra anions throughout the crystal at random 

distances from the impurity sites leaving the crystalline 

field symmetry nearly cubic at a U^+ site. However, the 

inherent coulomb attraction between the tetravalent impurity 

ions and compensating anions taken together with the fact 

that U^+ is introduced into the melt as a constituent of the 

UF^ molecule appears to render remote compensation highly 



PORTION OF THE CaF2 LATTICE 

Figure (2-1) 
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improbable. 

There are a number of one, two, and three-charge, local 

models which merit at least initial consideration. Most of 

these models involve the occupation by a compensating anion 

of one or more of the numerous interstitial sites adjacent to 

an impurity site. It should be evident from Fig. (2-1) that 

the.vacant body centers off the faces of an occupied cube 

constitute the six nearest neighbor interstitial sites while 

those off the cube corners make up the eight next-nearest 

neighbor sites. It is evident that the crystalline field 

symmetry at the substitutional body centers is lowered from 

cubic to tetragonal with the occupation of a nearest neighbor 

interstitial site by a fluoride ion while the corresponding 

occupation of a next-nearest neighbor site results in a 

trigonal field. Likewise, the replacement of an F~ at a 

cube corner by divalent oxygen, a possible contaminant, 

would yield a trigonal field also. These single-charge 

models are shown in Fig. (2-2). 

. Double-charge schemes are formed from combinations of 

any.two single-charge models. Since the electrostatic energy 

in free space of such a three-body system is minimized when 

the.positive element lies colinearly between the two negative 

elements, one might expect the compensating anions to align 

themselves accordingly within the lattice. Several likely 

models are depicted in Fig. (2-3). 

There is also a three-charge scheme which, although 
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(a) SUBSTITUTIONAL 02~ 

(b) INTERSTITIAL F" ON TRIGONAL AXIS 
(c) INTERSTITIAL F" ON TETRAGONAL AXIS 

SINGLE-CHARGE COMPENSATION MODELS 

Figure (2-2) 



TWO-CHARGE COMPENSATION MODELS 

Figure (2-3) , 
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resulting in a local overcompensation of charge, deserves 

mention because it generates a trigonal distortion in the 

crystalline field. Such a model can be created by the 

occupation by fluoride ions of three nearest neighbor inter¬ 

stitial sites whose associated anion cubes share a common 

corner as pictured in Fig. (2-4). 

Unfortunately, there are some features of each of the 

above models which cannot be staisfactorily reconciled with 

either the spectral evidence or the conditions surrounding 

the crystal growth. First of all, the samples used were*cut 

from single crystal material grown at OPTOVAC, Inc., North 

Brookfield, Massachusetts by W. A. Hargreaves under good 

39 scavenging conditions to keep the oxygen content low. 
o_ 

Thus, models incorporating 0 as a compensator can be 

dropped from consideration. Secondly, the microwave spectrum 

of U4+ exhibits trigonal symmetry which eliminates all 

tetragonal schemes. Finally, since it is known that the 

resonance is induced primarily by the rf electric field within 

the sample cavity, the ligand field must lack inversion 

•symmetry at the impurity site. Therefore, any inherently 

centrosymmetric scheme such as the one pictured in Fig. (2-3b) 

must be accompanied by a spontaneous distortion of the 

impurity ion along a {lllj axis out of the body center 

position. Neither the remaining single-charge candidate nor 

the three-charge model are entirely satisfactory either, 

because in the former case charge is locally undercompensated 
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F" IN NEAREST NEIGHBOR 
INTERSTITIAL SITE 

THREE-CHARGE COMPENSATION MODEL 

Figure (2-4) 



14 

while in the latter case it is locally overcompensated. 

Another puzzling aspect of this topic is that the 

occupation hy fluoride ions of nearest neighbor interstitial 

sites would appear to be energetically more favorable than 

the occupation of next-nearest neighbor sites, which is 

apparently the case, because of the relative proximity of the 

former sites to the tetravalent impurity. Therefore, since 

a trigonal spectrum is observed, one could expect a tetragonal 

spectrum to be present also. However, a tetragonal spectrum 

A.+ 
in CaFg attributable to U has never been observed. 

. While knowledge of the origin of the non-centrosymmetric 

trigonal field is not essential to an analysis of the strain 

problem at hand, it is important to a complete understanding 

of the CaF2:U^
+ system and is therefore a topic which merits 

future investigation. 
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B. The System Hamiltonian 

The actinide group of which uranium is a member is very 

similar to the rare-earth group in that it is characterized 

by an inner unfilled f subshell, the subshell in this case. 
■i, 2 

For neutral uranium the valence configuration is b&Js . 

The loss of four electrons empties the Js and 6d subshells 

and leaves just two electrons in the subshell. 

Consider a basic Hamiltonian for the paramagnetic system 

embodying all of the electric and magnetic interactions of 

relevance to the system in question. 

<2-i) 

is the spin-lattice Hamiltonian defining the interaction 

of lattice strain with the paramagnetic moment, is an 

interaction Hamiltonian representing the time dependent 

perturbation which is used to induce resonant transitions, 

and ^4 includes crystalline field, spin-orbit, and static 

H-field effects. The latter can be written in order of inter¬ 

action strength as 

(2-2) U4-* + X(DS) +V^ + VS.J^H-(INXS) 

where VI. is the free ion Hamiltonian, V , . is the potential 
° cubic 

of the crystalline field at the body center site generated by 

neighboring anions, is the potential of the non-centro- 

symmetric field component due to either charge compensation 

or a spontaneous distortion along a H direction, \ is the 



16 

spin-orbit coupling parameter, L and S are the total orbital 

and total spin angular momenta, J3 is the Bohr magneton, and 
H is the static applied magnetic field. 

The relative strength of the crystal field compared to 

the other elements in V4 determines at what point in a 

calculation of energies and eigenstates the crystalline field 

will be applied as a perturbation. The paramagnetic 5? sub¬ 

shell lies deep within the ion below the 6s and 6p subshells 

and is therefore well shielded from the ligand field. Also, 

the spin-orbit interaction is large. This is therefore a weak 

field casejand the crystalline field is applied as a pertur¬ 

bation after the spin-orbit coupling. 

According to Hund's rules the spin-orbit coupling leaves 
j§ , M 

the U4 ion in a nine-fold degenerate ground state 

configuration. Some 6000 cm”* above this lies the next 

excited state, ^ The cubic crystal field of the CaF^ 

lattice lifts the nine-fold degeneracy of the state in 
4 

such a manner that a triplet is left lying lowest. The 

crystal field splitting in this case might be on the order 

of 100 cm *. Application of an axial field component lowers 

the symmetry to C and splits this triplet into a doublet 

and a singlet with the singlet lying an undetermined, distance 

above the doublet. The wave functions for the doublet and 

singlet states may be written as linear combinations of J 
z 

eigenstates bin and take the form 

v 
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(2-3) 

where IM^I < J and ^ = 1. The doublet and singlet eigen 
C57 

functions are respectively^' 

(2-4) ty(±) = aj+i> + \D|±^>H-C|+^> 

and 

(2-5) <f> =^$>+^l3>+Yl-3>. 

The l^5> states between which the observed paramagnetic 

transition takes place are predominantly I; i>. 
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C. The Effective Spin Hamiltonian 

It is evident from the wave functions of eqns. (2-4) 

and (2-5) that the Hamiltonian of eqn. (2-2) is becoming very 

unwieldy to work with. Since only those Hamiltonian terms 

which bear on an EPR experiment are of interest, the first 

four terms in eqn. (2-2) by determining the paramagnetic 

ground state have served their purpose. It would be conven¬ 

ient to use a formalism which considers the states between 

which transitions accur as isolated levels and neglects 

higher lying levels even though they may influence the 

ground states considerably. This notion was originally 

6 1 62 pursued by Pryce° and Abragam and Pryce with application 

6'5 
to the iron-group and by Elliot and Stevens for the ra,re- 

earth group. The end result is a very useful method for 

carrying out perturbation calculations within the manifold 

of ground states, the basis of which is an "effective spin 

Hamiltonian." This effective spin Hamiltonian represents the 

interface between theory and experiment. It can be derived 

from first principles, yet it is a very convenient tool for 

explaining experimental observations, a feature of central 

importance to this thesis. To develop this tojDic from the 

point of view of the experimentalist, consider a system in 

which 2S' + 1 levels of the ground state are observed. By 

analogy to the splitting of a free ion of quantum number J 

into 2J + 1 levels in a magnetic field one assigns a 

fictitious spin S* to the system w'hich may or may not be 
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equal in magnitude to the real spin of the paramagnetic ion. 

The effective spin Hamiltonian, which will henceforth he 

referred to as simply the spin Hamiltonian, can then he 

written as a summation of terms in powers of the appropriate 

spin operators Sx, S , and Sz. 

Bear in mind, however, that there is a direct corre¬ 

spondence between these terms and the terms which appear in 

the perturbation calculations originating in first principles. 

The Zeeman interaction with an external magnetic field can he 

written, for example, as 

(2-6) W=/S H-%- S 

=£ [9* K S*+9a S, + 
The g^’s are the splitting factors and may he thought of as 

elements of a 3 x 3 matrix which relates the magnetic 

moment jU to S. 

? = £§••£ 
For the case of axial symmetry we have gf = g and g = g = g. 

2 H X j J« 

By taking the ground state manifold for U to include not 

only the doublet hut the elevated singlet as well, the system 

can he characterized by a spin of 1 and the associated spin 

Hamiltonian can he written as 

(2'7) Ht=^[3„HESz+5i.(^si(+^5))]-D(sf-/). 
In the absence of a magnetic field one finds that the Ji 1^ 
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states are degenerate with energy zero while the | (^ state 

lies above the doublet at energy D in accordance with the 

axial field splitting. The last term in eqn. (2-7) is often 

written as D(S^ -}4S(S+1)) to make it traceless, but this 

is not essential since only relative displacements of the 

energy levels are observables of the experiment. 

As has been mentioned previously, H , the spin-lattice 

Hamiltonian, takes into account the effect of intrinsic and 

applied strains on the spin energies. In a manner analogous 

to that in which the axial field term is written HgL can be 

expressed as a term quadratic in spin operators. This form, 

23 
origimlly introduced by Watkins and Feher, is expressed 

as follows: 

^L= S-D-S (2-8) 

-t D.-S.S: 
*$»i M * 4 

Elements of the tensor D can be expanded in a power series 

in strain components which are customarily written as 

e = M. 

and 

Hi 2. ux. ix ixv' 

where UK is the cartesian component along the -direction 

of a displacement vector u. By setting the zeroth order 
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coefficients equal to zero and neglecting terms higher than 

first order in strain, the expanded tensor elements “become 

<2_9) £;j,=Z GLMeki. 

It is the G. .. , .s which are referred to as spin-lattice 
lDkl 

or magnetoelastic coupling constants. Many of the symmetry 

properties of the elastic stiffness tensor are contained in 

G. This fact serves to limit the number of independent 

components. The components G^^i are symmetric with 

respect to interchange of i with j and k with 1. This 

permits usage of the contracted Voigt notation 4 where 

(2-10) XX—>1, ^ "2.J * 2., ^ > 3, 

xz=tX—*-5, 

For the C^y point-group symmetry of the crystalline field 

at the U^+ impurity site the magnetoelastic coupling matrix 

may he written 

r~ 

(2-11) (3 = 

G,4 o 0 

~G,4 0 o 

0 o o 
&Hl 0 s* 0 0 

O o 0 o G
H4 G HI 

o o o o G,4 
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where the z-direction is taken along the [ill] trigonal 

axis.^-* 

It follows according to the manner in which the first- 

principles perturbation calculation corresponds to the 

effective spin representation that contains a term 

linear in strain, spin, and magnetic field. Such a term 

would represent a strain induced correction to the tensor g 

and need only he considered where is on the same order 

of magnitude as\, the spin-orbit coupling constant, and 

Am =1. 

It has already been stated that the assignment of an 

effective spin to the paramagnetic system is determined by 

the number of observed paramagnetic levels. Because the 

axial field splitting between the ground state doublet and 

singlet is large, only spin transitions within the doublet 

are observed. The adoption of a spin-J formalism is then 

a natural consequence of experimental observations. This 
v5 

was the approach taken historically. The employment of 

36,66 
a spin-1 formalism is only a recent development. 

The ground state doublet in question is what is known 

as a "non-Kramers" doublet. H.A. Kramers^ proposed a 

theorem which assures us that if the number of paramagnetic 

electrons is odd, the degeneracy of the ground state is at 

least two-fold no matter how low the symmetry of the 

crystalline field. U^"+ is an even electron system and the 

doublet, being non-Kramers, can be split by a crystal field 
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of lower than trigonal symmetry. This makes the paramag¬ 

netic spectrum sensitive to the presence of random as well 

as applied strains. 

A spin-Jf formalism for non-Kramers doublets which 

accounts for an asymmetrical lineshape was first presented 

by Bleaney, et al.^ A spin-J Hamiltonian which considers 

both the magnetic field interaction and the spin-lattice 

interaction is 

(2-12) V{ = ^ 

where Ay, represent local departures in the crystal from 

the normal symmetry. A gj_ term was not included because 

a perpendicular magnetic field does not connect the states 

and remove the degeneracy. The allowed transitions are 

given by the formula 

]/ 

(2-13) Wv= 
^ 2. 2* 

where A ~ + . The assumption that A has a 

two-dimensional Gaussian distribution of values centered 

at zero results in a resonance line which is broadened to 

higher frequencies or lower magnetic field. This was con¬ 

sistent with observation. 

While there is nothing technically wrong about the 

usage of a spin-§ formalism for non-Kramers doublets, ob- 

36,66 
Sections have been raised on aesthetic grounds. First 

of all, the Hamiltonian is not invariant under time reversal, 
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which it must he if it is to transform as a scalar. While 

the first term in eqn. (2-12), being bilinear in axial 

vector components, is time reversal invariant, the second 

and third terms, being only linear in spin pseudovector 

components, transform as pseudoscalars. Secondly, as 
66 

Mueller points out, by using a spin-§ formalism for 

non-Kramers doublets, one loses the advantage that the 

spatial transformation properties of the spin operators 

are transparent from their notation in contrast to the 

Kramers case where the operators S , S , and S are in fact 

those of spin angular momentum. Special transformations 

can be derived as needed, but expediency favors the use of 

universal transformations. Finally, one cannot generate 

from first principles a half-integral spin Hamiltonian for 

an even number of paramagnetic electrons. Consequently, 

the s = i? formalism does not act as common ground between 

the theoretical and experimental approaches to the problem. 
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D. The Interaction Hamiltonian 

The two applied time dependent perturbations of 

interest to this experiment are the microwave magnetic and 

electric field.s. For a magnetically induced transition the 

interaction Hamiltonian consistent with observations can 

be written as 

<a-,4) 

which connect the Am = 0 components of two levels. This 

interaction is capable of inducing a resonant magnetic 

dipole transition only to the extent to which the j+> 

and. ]-3> states are admixed by local strains as will be 

demonstrated later. A Am = 1 resonance between either 

levels of the doublet and the singlet which could be 

induced by a term ci ^(Hx 3 '+ Hu 5 ) *s n0"^ observed. 

Paramagnetic resonance absorption is observable only (a) if 

the transition is allowed or (b) if the splitting of the 

energy levels does not extend beyond the frequency capability 

of the spectrometer. The large axial crystalline field 

splitting does not permit condition (b) to be satisfied. 

It has been ascertained experimentally that the , 

microwave electric field is the dominant interaction mech- 

4+ anism for the U resonant transitions, in CaFg. Culvahouse, 

. _ 58 
et ai. state that this is commonly the case for non-Kramers 

doublets in noncentrosymmetric crystal fields for two reasons. 

In the first place an electric field of the proper spatial 
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symmetry couples the levels of the doublet directly. Such 

a perturbation can be represented by an interaction Hamilton- 

a constant. Likewise, direct coupling of the doublet levels 

by vibrational modes of the lattice is responsible for the 

extraordinarily strong spin-lattice interaction character¬ 

istic of non-Kramers ions. Secondly, the application of a 

static magnetic field such that the Zeeman interaction is 

much larger than the zero-field splitting of the doublet 

simultaneously increases the splitting and generates 

eigenfunctions nearly diagonal in the Zeeman interaction. 

The result is a suppression of magnetic transitions for 

the case where Hrf is applied parallel to Hsta^.ic. 

Expressed from another point of view, such an absorption 

mechanism is allowed only to the extent to wrhich the 

degeneracy of the doublet is removed by a departure from 

axial symmetry at the impurity site. 

A significant difference between the magnetic and 

electric dipole cases is that parity considerations must 

be satisfied in the latter problem which are fulfilled 

automatically for magnetic dipole transitions within the 

6 o 
ian of the form 7 
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ground manifold of states. To induce a transition, the matrix 

element for a time dependent perturbation taken between two 

states must be non-zero. The potential associated with an 

rf electric field, being linear in a position vector, is of 

odd parity. The matrix element of such an odd parity func¬ 

tion is always zero when taken between two states of the 

same parity such as those within a particular angular momen¬ 

tum manifold. This means that any transition between states 

writhin the ground manifold induced by a linear E-field 

effect is allowed only if parity as a good quantum number 

is destroyed, A corollary of quantum mechanics states that 

a centrosymmetric potential always generates eigenstates 

of definite parity. Since the converse is true as well, 

the diagonalization of a noncentrosymmetric ligand inter¬ 

action yields eigenfunctions of predominantly one parity 

but which contain a slight admixture of opposite parity 

states. The contribution of such states to the doublet 

and singlet wave functions has not been considered in 

eqns. (2-4) and (2-5). 

The polarization of the electron cloud by odd compon¬ 

ents of the axial crystal field induces a dipole moment in 

the paramagnetic center. This is a situation which can 

only be described by a wave function linearly combined 

from atomic orbitals of different parity,which may be 

associated either with the same nucleus or with different 

nuclei as in the case of covalent bonding. It should be 
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noted that the electron cloud could "be polarized as well by 

an externally applied electric field leading to an effect 

bilinear in E-field components. 

The strength of the interaction depends in part upon 

the magnitude of the constant R in eqn. (2-15). A. Kiel^ 

makes the origin of R very transparent for the case of iron 

group ions where the orbital angular momentum has been 

quenched and the spin and orbital wave functions are approx¬ 

imately separable. Starting from the following basic 

Hamiltonian 

(2-16) i-eE'r s) + V Jt) 

where V0(^ represents the odd crystal field, one may derive 

a term in an effective Hamiltonian using perturbation theory 

which is linear in electric tensor elements and bilinear 

in spin operator elements. For example, 

(2-17) U-cOkI ■ 1 
Pe r 

fen-E^-E.) " 

where <X is a function of the Vodd matrix elements, the 

basis states are not proper states of the parity operator, 

and both energy terms in the denominator correspond to 

states within the same orbital angular momentum manifold. 

For the axial symmetry case only a single coefficient is 

relevant and we have 
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S is the energy 

It is evident that R depends inversely on the energy 

separation of the odd and even state manifolds, inversely 

on the energy separation of the states within the ground 

manifold, and directly on the magnitude of the odd crystal- 

4+ line field components. For U the stronger spin-orhit 

coupling necessitates a change in emphasis of the terms in 

eqn. (2-16), and XUS should he included in V(0 and 

diagonalized from the outset. In this case, the derivation 

of R is essentially the same, hut the origin of the effec¬ 

tive spin operators is not manifestly displayed. 

The linear electric field interaction is actually the 

resultant of two microscopic mechanisms, the electronic 

mechanism in which an E-field applied perpendicularly to the 

'symmetry axis combines with the odd crystalline field 

components to effect a linear interaction and the ionic 

mechanism in which straining of the lattice hy the same 

applied field generates even parity changes in the odd 

parity crystal field intensity.^ Because both mechan¬ 

isms show the same transformation properties, they are 

(2-18) R- 

where X is the matrix element of XL’-S . 

difference EIn and 

(2-19) 
ojd 

<%kx|tJ,
v><'ulv 
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superimposed in experiment and are represented by the same 

55 
effective Hamiltonian term. F.I.B. Williams has derived 

from first principles the contribution of each mechanism 

to the electric interaction constant for praesodymium in 

yttrium ethyl sulphate. 
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E. Diagonalization of the Effective Hamiltonian 

It has been demonstrated in Section II-C that for an 

electron paramagnetic resonance experiment employing a 

uniaxial stress the spin system can he described by an 

effective Hamiltonian 

(2-20) 

where is the basic spin Hamiltonian and is the 

spin-lattice Hamiltonian, a terra which is included to account 

for the effect of the uniaxial stress on the system* Since 

one of the important observables of this system is the 

relative displacement of the energy levels within the mani¬ 

fold of spin states with respect to one another, it is 

desirable to determine the nature of the spin eigenstates 

and the associated energy eigenvalues. This is accomplished 

by employing standard techniques to diagonalize the 

Hamiltonian. 

The spin Hamiltonian given in eqn. (2-7) is 

and the spin-lattice Hamiltonian can be written according to 

eqn. (2-8) as 

3 

Presented in a more explicit form the combined Hamiltonian 

becomes 
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(2-2, J H - 3> HiVlPfaxV'K($-Si) 

4 As&W*V Atksa+^s^ 

where Voigt notation has been utilized and V has been 

rendered traceless. A change in notation has been effected 

whereby is replaced by A^, and the remaining 's 

have been replaced by the corresponding A^'s. While it is 

recognized that the letter A is usually reserved to represent 

coefficients in the hyperfine-interaction Hamiltonian, it 'is 

used here to avoid possible confusion of the coefficients B. 
i 

in HSL with the coefficient B in the axial-field splitting 

term. The dependence of the A^’s on the magneto-elastic 

constants G. . and on the strain elements e. is made manifest 
13 k 

in the following set of equations which is a consequence of 

eqns. (2-9) and (2-11). 

(2-22) 

Aj * ^(e,- 

A3 ~ ~ + **" ^33 ^"3 

Si Snew 

As= S^e.s ^ SieG 
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The eigenvalue, eigenvector problem is now.one of 

finding a state which is transformed by at most some 

real multiplicative constant when operated on by the 

Hamiltonian Vf of eqn. (2-21), i.e. 

(2-23) Hlk>=E,Jk>, 

Consider |l^> to be a linear combination of the eigenstates 

of the spin operator S . 
z 

(2-24) 2. a \wOy. 
i“-l V V 

r 

The complete set of such eigenstates which can be taken as 

a basis for all spin states in the S = 1 system is 

(2-25) |m\>= Ii> , |o>,H> 

where the orthogonality condition 

<2'26) 

is assumed to be satisfied. These basis functions transform 

under the spin operators S , S , and S as follows; 
3c y z 

(2-27) Sx|rv^> = iQ6+ +l[(i“WsX*
+wO \ 

The substitution of eqn. (2-24) into eqn. (2-23), the 
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multiplication of the result by <^|, <^0 j, and <~lj, and the 

use of the orthogonality condition expressed in eqn. (2-26) 

yields a set of three homogeneous linear equations 

(2-28) 

where 

^K'MiK = 0, 
r' * 4 

(2-29) 

and the indices i,3=1,2,3 correspond to.m , mg . = 1, 0, and 
i 3 

-1. The Hamiltonian matrix elements H can he found explic- 

itly by employing the spin operator relations of eqn. (2-27) 

in eqn. (2-29). 

In order that a set of homogeneous linear equations has 

non-trivial solutions the secular determinant for that set 

of equations must he zero. Let E be a particular value of 

in eqn. (2-28) for which this condition is satisfied. 

The secular determinant of this set of equations for the 

Hamiltonian given in eqn. (2-21) is then 

-E * 

_ (2-30) -F(E) = 0- VE 

= O 

-E + Si-F 
O 1 '  
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where 

R,® A, + i AL 

Expansion of the determinant results in a third order 

polynomial in E and the energy-eigenvalues of eqn. (2-23) 

can he found hy solving this polynomial for its three roots. 

Based on the discussion of the impurity ion environment in 

Section II-A, an assumption will he made that the energy 

associated with the axial field splitting is very much larger 

than that associated with either the magnetic interaction or 

random distortions of the host lattice, i.e. 

Consequently, one of the secular roots lies near D and the 

other two, the energy levels of interest to this experiment, 

lie near -E0. The latter eigenvalues can he approximated 

hy dropping all terms in the secular equation not containing 

D and solving the ensuing equation 

(2-31) 

(2-32) 



for E with the result that 

(2-33) 

The transition energy expression 

Wv = AE 

(2-34) 

is in agreement at least in form with that obtained in 

eqn. (2-13) from a spin-§ formalism. Note again that strain 

shifts a single-ion resonance toward higher frequency or 

lower magnetic field. 

The nature of the state vectors |~^> associated with the 

eigenvalues E can be ascertained by substituting for E, in 

eqn. (2-28) expressions for these energy levels given by 

eqn. (2-33) and then solving for the coefficients a^ . 

Because of condition (2-31) the state vectors can be 

closely approximated as a linear combination of just the 

|^> and )-£> basis states as follows; 

(2-35) l±>« 

Where f* (A,+ i AI)/E. and the 

normalized solutions for the coefficients are 

l+VT+rr* 
rf*)% 

C+ 
 r (2-36) 
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- f*   _ cr*~  

j^l+turr^rr^j1 J(l+fl"+rr*) 

It is evident that the state |-i^> is mostly J£> in composi- 

tion with a small amount of the [-1> "basis state admixed 

into it hy strain while the converse holds for |-^>. 
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F. Calculation of the Lineshape 

The only discernible alteration of the absorption 

spectrum induced by the application of a uniaxial stress 

to the sample appeared as a decrease in the amplitude of 

the observed derivative lineshape. Correlation of this 

experimental observation with theory necessitates a calcu¬ 

lation of the absorption intensity and its first derivative 

as a function of the applied magnetic field H. 

It is a consequence of time dependent perturbation 

theory that the transition probability per unit time u.r, 

and hence the intensity function, is proportional to the 

absolute square of the matrix element of the perturbation 

taken between initial and final states and some distri- 

, . 70 
bution function g(E). 

(2-37) 

Since paramagnetic resonance experiments are commonly 

conducted under constant frequency conditions, the distri¬ 

bution function is therefore expressed in terms of the 

applied magnetic field as g(H-H') where H* is the resonant 

field and the normalization condition 

(2-38) JI 

holds. In this calculation g(H-H’) is taken to encompass 

whatever mechanisms may result in a homogeneous broadening 

of the resonance line. A distribution of intrinsic strains 
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P(e^,...,e^) is considered to be the source of inhomogeneous 

broadening. An intensity function incorporating both of 

these sources can be written as 

* 

(2-39) 
-4<* 

where the variables e^Q correspond to applied strains. If 

eqn. (2-39) is in turn integrated over all values of the 

applied magnetic field, one obtains the total intensity for 

the transition which is simply the area under the absorption 

cur ve 

(2-40) I - C 1(H) <iH 
0 

The magnitude of K-fl depends, of course, on 

the degree to which the interaction Hamiltonian connects 

the final and initial states. The microwave magnetic field 

perturbation of eqn. (2-14) taken between the states |+^> and 

represented by eqns. (2-35) and (2-36) yields the 

following result; 

(2-41) = l(a*a-'c*c-)l<^^\f') 

= (q   

It is evident that the magnetic interaction for the Amg= 0 

transition connects states and only in the presence 

of strains which degrade the crystalline field symmetry. If 

the corresponding calculation is performed for the inter- 
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action Hamiltonian presented in eqn. (2-15) representing the 

microwave electric field perturbation, one finds that 

This result indicates that the electric field interaction 

symmetry degrading strain and that the introduction of such 

strain diminishes the interaction strength somewhat rather 

than enhances it as in the magnetic field case. 

By substituting eqn. (2-42) into eqn. (2-39) one can 
- , * ' , 

determine the intensity function 1(H) exactly once the 

distribution functions P(e|,e^) and g(H-Hf) have been 

specified. The homogeneous broadening function g(H-Hl) was 

taken to be Gaussian about the resonant field value Hf as 

follows: 

While Bloch’s phenomenological equations applicable to 

a system dilute in a paramagnetic impurity yield an absorp¬ 

tion lineshape which is Lorentzian in form, it must be 

remembered that the CaFg host lattice is not paramagnetically 

(2-42) 

connects the states and \~> even in the absence of 

(2-43) 

where H0 0^ is equal to one half the magnetic field variance 

and HQ is the resonant field value in the absence of strain. 
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inert. The F isotope, which is 100 percent abundant in 

nature, has a nuclear spin of ^ resulting in a superhyper- 

fine interaction betv/een the electronic magnetic moment of a 

uranium ion and the nuclear magnetic moments of surrounding 

fluoride ions. An investigation of this aspect of the CaF^: 

4+ 7 *1 TP system by Bowden, et al. has indicated that an shf 

structure should not be resolveable under the conditions of 

the experiment in question herein. It was hoped at the 

onset of the lineshape calculation that the combined effect 

of natural broadening and the distribution of magnetic ’ 

locales could be closely approximated by a Gaussian form. 

While it is recognized that the distribution of strains 

is in all likelihood not random but probably exhibits a cut¬ 

off in the higher magnitudes, this distribution also was 

taken to be Gaussian both to keep the calculation manageable 

and because it probably does not differ greatly from the 

actual form. Expressed in terms of the spin-lattice coeffi¬ 

cients A1 and A appealing in eqn. (2-42) this becomes 

(2-44) 

where the distribution is centered about the variables A 
10 

and A^-Q the magnitudes of which can be directly related to 

the strain induced by the uniaxial stress and measured as an 

experimental parameter. 

Taking equations (2-42), (2-43), and (2-44) together, 
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the intensity function for the rf electric-field-induced 

transition becomes 

(2-45) 

The integration is performed in the Appendix, and an expres¬ 

sion is derived for the derivative of I(H, A^, A^) taken 

with respect to H. The derivative function will he comp&red 

with the experimental derivative lineshape in Section IV. 
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G. Evaluation of the Coupling Constants 

The dependence of the coefficients A^ on the spin- 

lattice coupling constants G. . and the strain elements e 
^ 3 K 

is presented explicitly in the set of equations (2-22). The 

experiment is conducted in such a manner that crystal strain 

is monitored only along the axis of applied stress. There¬ 

fore, to he of use in correlating the data with the calcu¬ 

lated absorption intensity function I(H, A. - A^ ) the spin- 
10 60 

lattice coefficients A.,„, A, for an applied stress must be 10* 6o 
expressed in terms of the observed strain value e*. 

According to Hooke’s law, the strain is directly propor¬ 

tional to the applied stress for sufficiently small defor¬ 

mations. Therefore, the strain components can be expressed 

as a linear function of the stress components 

(2-46) 

where Voigt notation is employed and summation is indicated 

by identical subscripts. The S, . are elastic compliance 

constants. The elastic compliance matrix for the cubic 
72 

structure of CaF2 is 

(2-47) S = 
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It is evident that there are only three independent compli¬ 

ance constants associated with a cubic lattice, and the 

experimental values are presented in Table (2-1). 

Table (2-1). Elastic Compliance Constants for CaF ^ 
2 

Component Value 

sn 
0.710 

S “0.166 
12 

S44 
0.288 

The applied stress is represented by a six component 

column matrix in the coordinate system of the crystal. 

(2-48) T 

To determine the values of the stress components consider a 

coordinate system whereby the applied stress lies along an 

x', y1, or z’ axis, e.g. 

(2-49) T* = 

/l\ 
0 
0 
0 
0 
\0 / 

T'. 

A rotation of this stress vector into the crystal coordinate 
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system can be performed by first representing the column 

matrix as a 3x3 matrix 

(2-50) 

/
T

 ;\ 

T, 

T» 

4 

VT6/ 

T; 

T6 

1
T‘ 

\5 

T
6 

T« 
2 

T‘ 
4 

and then employing a similarity transformation 

(2-5D Tc pfT 

where P is an orthogonal rotation matrix whose elements are 
expressed in terms of Eulerian angles. 74 In general 

(2-52) p = 

/ CCS 4 - CDS© C*S Vsiw^+ CO£<3 CoS1^ S\V>Y S»V<VS!H^ 

\ cosQ 

Multiplication of the stress in eqn. (2-51) by the elastic 

compliance matrix of eqn. (2-47) generates the strain compo¬ 

nents in the crystal coordinate system as a linear function 

of the compliance constants and the applied stress. Likewise, 

if S is transformed into the primed system and is applied to 

the example of a stress vector given in eqn. (2-49), one can 

solve for the applied stress in terms of the measured strain. 
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(2-53) 

The elements of s’ are related to the elements of S in 

Cartesian notation by 

In the a,hove manner strain components in the crystal 

system can he expressed in terms of the experimental observ¬ 

able e'. However, since the spin Hamiltonian is written in 

a coordinate system in which the z-axis lies along a trigonal 

axis of the lattice, an additional transformation of the - 

strain components from crystal coordinates into Hamiltonian 

coordinates is necessary in order to express the spin-lattice 

coefficients A of eqn. (2-22) as a function of measured 

strain. The results of this calculation are presented in 

Table (2-2) for stress applied along the jilt] and [l 1 o] 

crystallographic directions. 

From the calculations in the Appendix it can be shown 

that the Hamiltonian coefficients of applied stress A and 
10 

A^Q are related to adjustable parameters CT and U of the 

intensity function as follows: 

• / / 

where Xm n= cos(m,n). 

(2-55) 



47 

Table (2-2). Spin-lattice coefficients for the four 

inequivalent impurity sites 

Stress axis along .111. direction 

Site #1 A1 =: (-1.18 x KGtl-G12) + 0.83 x G14) x e' 

A3 = (-0.53 x (G11+G12) - 0.18 x G^) x e* 

A. = (-1.18 x G + O.83 x G ) x e1 
4 14 44 

A = ( 0.00 x G + 0.00 x G..) x e' 
5 44 41 

A^ = ( 0.00 x l(Glt-G12) + 0.00 x Gi/4) x e* 
u1 

Site #2 ( O.59 x §(Gtl-Gt2) - 0.47 x G^) x e 
W 

A_ = 

A. = 

A5 " 

A6 = 

(-0.53 X (Gll+Gt2) - 0.18 x G33) X e‘ 

( 0.59 x G14 - 0.42 x G ) x e * 

( 0.72 x G - 1.02 x G ) x e' 
44 41 

(-1.02 x i(Gtl-Gt2) + 0.72 x Gt ) x e' 

Site #3 

A„ = 

A4 = 
A_ = 

ks - 

( 0.59 X |(GirG12) - 0.42 X G14) X e' 

(-0.53 x (Gll+G12) - 0.18 x G ) x e1 

( O.59 x G14 - O.42 x G^) x e* 

(-0.72 x G44 + 1.02 x G41) x e' 

(-0.72 x G14 + 1.02 x ^(G^-G^)} 
x e* 

Site #4 A. = 

A„ = 

A. = 

A- = 

U = 

( 0.00 x 8(GII_G12) + 0.00 x G^) x e‘ 

( O.65 x (G^+G^) + 1.00 x G ) x e' 

( 0.00 x G-J4 + 0.00 x £44) x e' 

( 0.00 x G44 + 0.00 x G41) x e* 

( 0.00 x t(Gtl-G12) + 0.00 x-G ) x e* 
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Tattle (2-2) continued. 

Stress axis along 110 direction 

Site #1 A^ - (-O.67 x S'(GII_g
12^ + 1,10 x G14^ X e* 

= ( O.23 x (G
lt

+G
12) + 0.6l x G^) x e* 

A = (-O.67 x GiA + 1.10 x G..) x e* 
4 M 44 

A^ = ( 0.00 x G + 0.00 x G41) x e* 

A6 = ( 0.00 x G + 0.00 x i(G
lt~G

12)) x e* 

Site A^ = ( 1.26 x i(G11"
G|2) " °*27 x G

t^) 
x e* 

A^ = (-0.74 x x-G ) x e,1 

k4 -- ( 1.26 x G. . - 0.27 x G ) x e‘ 
4 U 44 

A = ( 0.00 x G + 0.00 x G,„) x e' 
5 44 41 

A6 = ( 0.00 x l(G
lt-

G
12) + 0.00 x G ) x e’ 

Site #3 A
t = ( 1.26 x i(Glt~

G
12) “ O.27 x 'G ) x ef 

(-0.74 x (G1t+G
l2) - 0.36 X G„J x e’ A_ = 

33 
a
4 = < ‘-26 x G

I4 ‘ °-27 x 644) * e' 

( 0.00 x G44 + 0.00 x G^) x eE A_ = 
41 

A6 = ( 0.00 x i(&tl-G12) + 0.00 x G14) x e 

Site #4 Ai = (-O.67 x i(Gtl-G12) + 1.10 x G ) x e’ 

A-,, = ( O.23 x (G^^+Gig) + 0.6l x G^^) x e* 
33 ^ 

A^ = (-O.67 x G14 + 1.10 x G ) x e' 

( 0.00 x G + 0.00 x G ..) x e' 
44 41 

A_ = 

A6 = ( 0.00 x i(G
tl-

G ) + 0.00 x G ) x ef 

14 
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where AE ~ Kv . By expressing A 

coupling constants G..,, G.„, G„ , 11 12 14 
has 

. „ and k, in terms of the 
10 60 
and the observed strain one 

where 0^ and ^ are the coefficients for the particular 

impurity site as presented in Table (2-2). To solve for the 

coupling constants use is made of the ratio 

(2-57) —0.018+ o,o\ 
/for 

determined by McDonald^1 through an ultrasonic resonance 

technique. While the magneto-elastic constants themselves 

are concentration dependent in such an experiment, the above 

ratio, being concentration independent when the data is 

75 obtained from a single sample, is accurate. Correlation 

of the parameters QT and U. with the measured strain e* and 

the results of this calculation will be discussed in 

Section IV. 
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III. EXPERIMENTAL TECHNIQUES 

A. The X-Band Spectrometer 

While certain features of the spectrometer were 

inherited from previous projects, the X-hand circuit, a 

reflection type employing homodyne biasing, was constructed 

according to basic design considerations discussed by 
■1/ » 

E. A. Faulkner. A block diagram of the spectrometer is 

shown in Figure (3-1). 

The microwave power was generated by a Varian Associates 

X-13 klystron operating off of a Narda Model 43^ klystron 

power supply. Electrical connections between the power 

supply and klystron were made through a klystron tube mount 

(Narda Model 990) which provided forced-air cooling as well. 

A Teltronics Model KSLP klystron stabilizer was used to keep 

the operating frequency of the klystron locked onto the 

resonant frequency of the sample cavity. The KSLP intro¬ 

duces a small amount of modulation on the klystron reflector 

voltage at 70kHz, monitors this signal component in the 

reflected power, and utilizing phase sensitive detection, 

applies a dc correction of the proper sign to the klystron 

reflector. 

After passing through an isolator the microwave powrer 

is coaxially coupled to the spectrometer circuit. This 

arrangement was utilized strictly to facilitate the 

mechanical isolation of the klystron from vibrations 
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generated by the cooling fan. Some of the incident power is 

split off into a detector crystal biasing arm by a 20db 

directional coupler. A more equitable division of the power 

did not appear necessary. The power in the cavity arm is 

attenuated to a level low enough to avoid saturation of the 

absorption signal. A power meter (Hewlett-Packard 432A) can 

be switched into the circuit so that the microwave power may 

be measured and attenuated to the proper level. The operating 

frequency of the klystron is measured by means of a frequency 

meter (Hewlett-Packard Model X532^) which can be tuned off 

resonance when not being used. 

The resonant reflection-type cavity with a.Q of around 

2,000 is located between the poles of a Varian Model V-4007 

six-inch electromagnet. The field is swept slowly over a. 

several hundred gauss range by a sweep unit consisting of a 

very simple home-made ramp function generator feeding into, 

a Philbrick Model TJPA-2 operational amplifier which in turn 

provides an input to the magnet pow-er supply (Varian Model 

V-2200). A Dynaco Mark III 60 watt power amplifier.drives 

a pair of modulation coils fitted over the six-inch pole 

pieces at a frequency of about 200Hz. This low-frequency 

field serves to modulate the reflected microwave power in 

passing through a resonance with an amplitude proportional 

to the derivative of the absorption line with respect to 

magnetic field. 

The reflected power is separated from the incident power 
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in a four-port circulator and channeled into a balanced 

detector which consists simply of a magic-T with the detec¬ 

tor crystals (IN23ER) attached to the straight-through arms 

(1 & 2). The detector operates in such a manner that when 

the output of both crystals is combined in a differential 

amplifier (PAR Model CR-4 low-noise amplifier operating in 

the differential mode) the amplitude-modulated noise in the 

bias power is cancelled out. Improvement in the signal-to- 

noise ratio for balanced detection over single ended detec¬ 

tion is on the order of lOdb since klystron amplitude noise 

dominates other noise sources at the low modulation frequency 

used in this experiment. 

The output of the CR-4 amplifier is fed into a PAR 

Model JB-4 lock-in amplifier which employs phase sensitive 

detection much like the KSLP to generate a dc output propor¬ 

tional to the first derivative of the resonance absorption 

line with respect to the applied magnetic field. The sinu¬ 

soidal signal used to drive the modulation coils is supplied 

by the lock-in to the Mark III audio-amplifier. The EPR 

spectrum is traced out on an X-Y recorder (Hewlett-Packard 

Model 7001 AM). While the Y-axis responds to the dc lock-in 

output, the X-axis is driven by a Bell Model 240 Hall effect 

gaussmeter. This device does not provide the accuracy which 

can be obtained from a nuclear resonance gaussmeter, but its 

feedback mode is a convenient feature allowing one to execute 

an incremental sweep over a magnetic field range of particular 
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interest. 

This spectrometer was operated in the absorption mode 

which, because of the method of frequency stabilization, is 

the only operational mode possible. In addition to making 

the customary frequency and power level adjustments, tuning 

the spectrometer in the absorption mode necessitates 

applying a small alternating voltage at some frequency (70kHz 

from the KSLP in this case) to the klystron reflector and 

adjusting the bias loop phase-shifter to minimize the detec¬ 

tor output at this frequency. Also, greatest sensitivity is 

achieved when the cavity is critically coupled to the wave¬ 

guide. The transmission line theory analog of critical 

coupling involves matching a load to the characteristic 

impedance of the line to achieve most efficient power trans¬ 

mission. No microwave power is reflected when coupling is 

critical. The coupling device employed was first suggested 

by J. P. Gordon.^7 As shown in Figure (3-2) a short section 

of waveguide immediately preceeding the cavity is narrowed 

below cutoff. A teflon plunger can be inserted into this 

section to bring the guide back above cutoff. The coupling 

can be adjusted over a wide range by varying the plunger 

insertion. This is done via a screw mechanism operated from 

outside the cryostat. A double dewar system permits cooling 

of the sample to liquid He temperatures. The inner dewar is 

sealed, and by pumping on the helium}temperatures in the 

neighborhood of 1.5K are attainable. 



LEAD NUT 
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Figure (3-2) 

(after H. A. Blackstead, Ph.D. Thesis, 
Rice University, 1967) 
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B. Cavity and Stress Mechanism 

The cavity and the stress mechanism shown in Figure 

(3-3) are almost identical to those described by Black and 

Donoho. ° They were fabricated into an integral structure 

to improve rigidity. The rectangular cavity was cut from a 

section of half-dimension X-band waveguide measuring 0,5 x 

2.26 x 2.32 cm and was operated in the TE.„^ mode between 

8.4 and 8.8 GHz depending on the electric field filling 

factor of the samples. A channel was cut in the structure 

horizontally at the bottom center of the cavity such that the 

stressed sample passed through the narrow' dimension in a 

region of high magnetic field. A control knob mounted out¬ 

side the cryostat is connected to a vertical screw at the 

site of the cavity structure. The screw operates on a lever 

which transfers the force along the sample axis in a hori¬ 

zontal direction. This arrangement permitted stress to be 

applied at different angles with respect to both the trigonal 

symmetry axes, depending on the sample cut, and the magnetic 

field. Sandwiched between the lever and the sample was a 

rectangular brass plug and a quartz pad w'ith very flat and 

parallel end surfaces. Every attempt was made during fabri¬ 

cation to assure the uniform application of stress on the 

sample and close alignment of the stress axis with that of 

the sample. Strain was measured along only one side of the 

sample and bending of the sample could not be checked, but 

the results appear to be of sufficient quality that a more 
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elaborate apparatus is not necessary. 



56 

C. Sample Preparation and Strain Measurement 

The sample material, grown by OPTOVAC as a large single 

crystal according to the technique described by W. A. 

Hargreaves,^ is the same 0.03 molar percent, U^+-doped 

calcium fluoride crystal from which P. F. McDonald's samples 

41 
were cut. The sample preparation procedure was identical 

26 to that described by Black and Donoho. The crystallographic 

directions were determined by means of a Laue reflection- 

type X-ray camera. A precision diamond.saw was used to cut 

sample rods of square cross section from the large single 

crystal. The rods measure 0.32 x O.32 x 1.91 cm with the 

long axis oriented along either a Jl 1 oj or a M • direction 
and one side oriented along a JtTcTj direction. The EPB 

spectra indicate alignment was good to within 2 . 

Because the spin-lattice Hamiltonian is formulated in 

terms of the stra,in tensor of the crystal, it is more con¬ 

venient to work with sample strain values as an observable 

experimental parameter than applied stress measurements 

24 
as was done by Feher. A strain gauge (BLH Type FAP 12-12 

S-9) was bonded to each sample rod with a filled epoxy resin 

(BLH Type EPY-400) according to the instructions, utilizing 

a long, low-temperature cure schedule. The axis of the 

strain gauge was oriented along the axis of the rod parallel 

to the direction of applied stress. The use of this type of 

strain gauge at liquid helium temperatures has been investi¬ 
ng 

gated by McClintock' who reported that their performance at 
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4.2K differed from that at room temperature by a reduction 

of about 10$ in the gauge factor, the change in resistivity 

for a specified change in strain. The ac bridge type strain 

indicator (BLH Model 120) was adjusted accordingly. The 

second arm of the bridge was formed by a dummy strain gauge 

from the same lot as the first. It was bonded to a CaF^ 

scrap and placed in good thermal contact with the cavity in 

an orientation identical with that of the first gauge. 

While calcium fluoride single crystals containing other 

paramagnetic impurities have been cycled at liquid-helium 

-6 
temperatures from zero strain to 600 x 10~ repeatedly with- 

26 
out apparent damage, the maximum strain magnitude employed 

4+ -6 
on the CaFgjU rods was 125 x 10 . 
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D. Experimental Method 

The U^+ ions lie in four inequivalent sites of trigonal 

symmetry with the symmetry axes lying along [,u] directions. 

The Hamiltonian for the interaction of one of these paramag¬ 

netic ions with a static magnetic field is given hy eqn.(2-6). 

It has heen demonstrated that a component of the magnetic 

field perpendicular to the trigonal axis does not connect the 

and states of the ground state doublet and therefore 

plays no role in removing that degeneracy. The energy for a 

transition between these two states can be represented by 

(3-D 

where © is the angle the magnetic field makes with the 

symmetry axis. For a constant frequency experiment such as 

this one eqn. (3-1) can be rearranged to take on the more 

meaningful form 

(3-2) 
Wv 

g^ is not observed, and a rough calculation yielded g()= 2.00 

agreeing with McDonald*s best fit result^'* gj= 2.01 - 0.01 

and the g^ = 4.02 - 0.01 and 0.01 figures reported by 

McLaughlan^? for a spin-^ formalism. An example of an iso¬ 

frequency plot of field strength vs. field angle is given in 

Figure (3-4). : 

It is evident that where the applied magnetic field is 

nearly aligned with a Qooj crystallographic direction, the 



CALCULATED VARIATION OF RESONANT FIELD 
WITH ANGLE IN THE (110) PLANE. 

Figure (3 — -4) 
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absorption lines of all four inequivalent paramagnetic sites 

can be observed simultaneously within a relatively short 

sweep of magnetic field strength. Figure (3-5) is an 

example of such a spectrum obtained at 4*2K from a sample 

with the rod axis along a N direction. The magnetic 

field has been rotated in a nearly (110) plane to a position 

about 3° away from the Jool] direction. The lineshape corres¬ 

ponds to the first derivative of absorption intensity as a 

function of magnetic field. The center pair of lines 

correlate with those trigonal axes not contained in-the plane 

of rotation and would coincide if the plane of rotation was 

precisely (110). The line on the right is weak because 

neither the rf electric field nor the rf magnetic field are 

favorably oriented with respect to the axis associated with 

that site. 

Figure (3-6) is also a spectrum taken just a. couple of 

degrees away from an {oolj direction but corresponds to a rod 

cut with its axis parallel to a jl 1 oj direction. The 

inequality in the line amplitudes is a very exciting feature 

which contributed to the discovery that the transition is 

primarily electric-field induced. The rf magnetic field, 

being oriented along the same [oolj direction as the static 

field, cannot generate absorption lines of unequal intensity. 

However, the rf electric field, being perpendicular to one 

pair of axes and making approximately a 35° angle with the 

other pair, can account for the anomaly. 
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Because g|( exhibited no detectable dependence on applied 

strain, the derivative spectra for the whole range of strain 

magnitudes could be traced out by the X-Y recorder on a 

single sheet of graph paper without changing the range of 

the field sweep. Figure (3—7) demonstrates how the line- 

shapes, shown unstrained in Figure (3~5)» behave under 

progressively increasing strains. Traces made as applied 

strain was reduced indicated reproducibility of the results 

was satisfactory except possibly at low strain values. The 

shape of the right-hand line remains unchanged because the 

stress is applied parallel to the symmetry axis of the 

associated impurity site. The resulting strain does not 

lower the symmetry of the local environment. The indicated 

slight shifting of the spectra with strain is not repro¬ 

ducible. 

Figure (3-8) demonstrates how the derivative lines of 

the unstressed jlioj sample shown in Figure (3-6) behave as 

a function of strain. The amplitude of the two center lines 

diminishes more rapidly than that of the two outer lines 

because the applied stress induces a larger component of 

strain perpendicular to the trigonal axes associated with 

those resonances than it does for the other lines. 

To prove in a. convincing manner that the microwave 

electric field predominates over the corresponding magnetic 

field as an absorption mechanism, a second Jlioj sample 

approximately equal to the first in exposed volume was 
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positioned in the cavity in a region of slightly higher rf 

electric field. This arrangement is depicted in Figure (3-9)« 

The dielectric constant of CaF^ is large, and care had to he 

taken to keep the total electric field filling factor of the 

samples low enough so as not to shift the resonant frequency 

of the cavity below the tuning range of the klystron. The 

second crystal was rotated about the rod axis by 90° with 

respect to the first. This set an jooij direction of the 

second sample at a 45° angle to the corresponding axis of 

the first sample in the plane of rotation of the magnetic 

field. The four-line derivative trace associated with each 

sample can then be made over the same sweep interval simply 

by rotating the field to the respective [oolj directions. 

The result is shown in Figure (3-10). A rough calculation 

demonstrated that the line amplitudes are directly propor¬ 

tional to the electric field filling factor of the corres¬ 

ponding sample. 



RELATIVE POSITIONS OF TWO 
[IIO] SAMPLES IN CAVITY 

Figure(3-9) 
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IV. EESULTS 

For the derivative lineshape function calculated in the 

Appendix a computer program was written which incorporated a 

plotting routine so that results could he readily visualized. 

While the basic lineshape is determined, primarily by the 

distribution functions chosen for intrinsic strains and mag¬ 

netic locales, there are certain parameters of I(H,A^,A^o) 

which can be adjusted to yield the desired proportions. One 

of these parameters is the standard deviation of the g factor 

which was chosen such that the spacing between positive and 

negative derivative peaks matched the 13 gauss separation 

observed experimentally. Similarly, the relative amplitude 

of the positive to the negative j>eak can be adjusted by 

varying the ratio which alters the width of the 

homogeneous broadening relative to the inhomogeneous broad¬ 

ening. A comparison of theoretical and empirical lineshapes 

is presented in Figure (4-1). 

The applied strain dependence of the intensity function 

can be investigated by choosing non-zero values of the 

applied strain coefficients A_i0 and Ag . The resulting 

calculated lineshapes for successively higher strain magni¬ 

tudes are shown in Figure (4-2). They can be compared with 

the strained spectra presented in Figures (3-7) and (3-8). 

To solve eqn. (2-56) for |G14| and | one must 

assign numerical values to the parameters O"2- and u on the 



Calculated Lineshape For The Electric - Field 
Induced Transition 

Figure (4-1) 



cr2= 0.01 
Ratio = 4 

U = 0 

U = 0.8 

U = 1.6 

Strain Dependence of Calculated Lineshape 
For Electric — Field Induced Transition 

Figure (4-2) 
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right hand side. CT hy definition is directly proportional 

to the ratio of the variance of the distribution of intrinsic 

strain over the transition energy. Its has a value of 0.1 

when the separation of the positive peak from the negative 

peak corresponds to 13 gauss. As indicated by a comparison 

of Figure (4-2) with Figures (3-7) and (3-8) the dimension- 

less variable u has the same effect on the calculated 

intensity as a uniaxial stress has on the empirical resonance 

lines. In fact u is directly proportional to the ratio of 

applied strain over the variance of the distribution of 

intrinsic strain. If a calculated lineshape can be matched 

v/ith an experimental lineshape a correspondence is estab¬ 

lished between particular values of u and the measured 

component of applied strain e®, The positive peak of the 

derivative lineshape is both a reasonably well defined and 

rapidly varying lineshape feature. Thus the ratio of the 

strained positive peak of a resonance line to the unstrained 

positive peak was assumed to be a reliable and sensitive 

indicator upon which to base the matching procedure. This 

ratio for the calculated intensity function is presented in 

Table (4-1) for various values of u. The magnitudes of G^ 

and as determined from the utilization of this 

correspondence technique and from .eqns. (2-56) and (2-57) 

for the data represented by the spectra of Figures (3-7) and 

(3-8) are shown in Table (4-2). 
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Table (4-1). The ratio of the strained positive amplitude 

over the unstrained positive amplitude as a 

function of the parameter u 

u ratio 

Table (4-2) 

0.0 1.000 
0.4 
0.8 

.757 

. 578 
1.2 .445 
1.6 .340 
2.0 .261 
2.4 .203 
2.8 .157 

Magnitude of G 
14 

and (in units of cm”*/ 

unit strain) as determined from spectral data 

Stress along axis 

Site #1 Site#2 Site $3 

15 52 665 60 768 59 752 
30 50 646 51 651 49 622 

n 51 
49 

657 
627 

53 
49 

679 
629 

5g 
48 

66l 
615 

80 38 481 39 495 39 494 

Stress along [lio] axis 

Site #1 Site #2 

•e' p"/" 

15 
30 
30 
45 

tl 
80 

loo 

84 
57 
74 
71 

1079 
731 
952 
913 

705 
592 
589 

6 4 826 
59 751 
62 793 
54 692 
55 705 
46 593 
37 479 
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Table (4-2) continued. 

Stress along [no] axis 

Si te #3 Si te U 

e’ pn/" lGi J M4I Kr°ial h4l lGlfGl2l 
15 66 840 5$ 720 
30 58 747 36 459 
30 62 793 55 708 
45 51 653 43 550 
45 52 661 41 53° 
60 42 542 37 480 
80 35 451 34 432 

100 32 415 
125 30 379 
125 28 365 

It is apparent from Table (4-2) that there exists a 

definite bias in the calculated magneto-elastic constants 

toward lower values with increasing applied strain. Whether 

the source of this bias lies in the theoretical treatment of 

the problem or in the experimental technique is undetermined 

at this point, but additional data might clarify this matter. 

Also, the results obtained for line 4 with the stress along 

the [lio] axis appear to be anomalously low. This might be 

.due to non-uniformity of strain in the sample. The average 

magnitudes of the coupling constants obtained from all 

spectral data collected are 

= 5° “ 12 (one standard deviation) 

hrGy = 643 “ 152 cm“V unit strain 

This compares with 
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[GJ^J = 13.4 ± 4.4 cm“V unit strain 

|G||-G|2| = 170 - 56 cm”*/ unit strain 

reported by McDonald^* for the same system using an acoustic 

spin-resonance technique. The discrepancy in the results 

can be accounted for by the fact that McDonald’s calculations 

depend on the concentration of D^+ in trigonal sites which 

cannot be accurately determined. The static strain results 

are concentration independent and are more reliable as a 

consequence. 

Magneto-elastic coupling constants have been measured 

for numerous other paramagnetic ion, host lattice combina- 

.. 20,24,25,26 „ ■ . .. . -1, 
tions. Most reported values are under 40 cm / 

Ox 
unit strain. Two notable exceptions are MgOjFe with 

1^1 ij ~ j = 380 cm"*'/ unit strain reported by 

Shiren20 and KMgF3+:Fe2+ with =1340 ± 100, |G^J = 

1000 - 100 cm"*/ unit strain reported by J.K. Wigmore, et 

al.^ It is evident that CaF2:U^
+ ranks among the most 

strongly coupled systems reported on to date. 
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V. DISCUSSION 

The theoretical lineshape model is in substantial agree 

ment with the observed paramagnetic resonance lineshape. 

However, the slight divergence in the low field tail in 

Figure (4-1) suggests that the intrinsic strain distribution 

is not truly Gaussian but diminishes more rapidly. The 

incorporation of a cutoff to limit the tw'o-dimensional 

strain volume might bring about a higher degree of coinci¬ 

dence. This has been done with apparently negative results 
So 

for a comparable calculation performed by Bowden, et al. 

An additional simplifying assumption was. the idea that 

levels so as to make a negligible contribution to the doub¬ 

let eigenstates. The solution of the lineshape problem 

where this contribution is non-negligible is at least of 

academic interest and might in turn yield a more consistent 

set of coupling constants from the data. However, it is 

doubtful that the actual |(^> level could be ascertained 

from such a calculation in that there does not,remain 

sufficient room for improvement in the present calculation. 

It has been shown that because of intrinsic distortions 

of the local axial symmetry, transitions between the doublet 

levels induced by an rf magnetic field are weakly allowed. 

The derivative lineshape function generated by this absorp¬ 

tion mechanism is plotted in Figure (5-1). While in the 

the basis state Jc^ lies sufficiently far above the 



o-2= 0.005 

Ratio = 3 

U = 0 

U=.8 

U = 1.6 

U =2.8 

Strain Dependence of Calculated Lineshape 
For Magnetic-Field Induced Transition 

Figure (5-1) 
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absence of an applied strain agreement between the calculated 

and experimental lineshapes is good, there exists a definite 

divergence in their respective behaviors under the influence 

of a uniaxial stress. Inspection of the spectra presented 

in Figures (3-6) and (3-8) does not reveal any manifest 

magnetic-field-induced character in the resonances. There¬ 

fore, the contribution of this mechanism to the absorption 

intensity was considered to be negligibly small compared to 

the electric field mechanism. However, the presence of a 

magnetic field induced component would have the effect of 

moderating the decrease in line amplitude at high strain 

values. The neglect of this component results in values 

for the coupling constants which decrease with an increase 

in applied stress. This is in fact what Table (4-2) 

indicates. If a relative weight of the contribution from 

each mechanism to the total intensity can be found which 

yields consistent results for the spin-lattice coupling 

constants over a wide range of strain values, then the 

electric field coupling constant R can be ascertained. To 

illustrate this point suppose that 

provides the best strain dependence for some value 0< and 

estimated electric and magnetic field strengths. Then R is 

related to 0< by 

(5-2) 
Rf" 
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The electric field coupling constant has been reported to 

he less than 10”^cra“^/ (V/cm).^ 

An important aspect of this system which is still open 

to investigation is the source of the noncentrosymmetric 

component of the ligand field. This topic was discussed in 

Section II-A in terms of charge compensation models and 

spontaneous distortions. The excitation of transitions 

between the ground doublet and the elevated singlet would be 

very helpful in solving the problem. While the transition 

energy appears to be beyond the microwave region, investiga¬ 

tion of the temperature dependence of the spin-lattice 

relaxation rate indicates an Orbach relaxation via, a level 

approximately 7 cm“* above the doublet. ^ This level might 

be the state. On the ether hand, the energy separation 

could be considerably larger. A thorough optical investi¬ 

gation extending down into the far infra-red would at least 

establish an upper limit on the axial field splitting if it 

did not determine the energy separation exactly. 

The discovery that the paramagnetic resonance of the 

CaFgjTJ system is primarily electric-field-induced has 

important implications on the absorption mechanism of similar 

impurity-host combinations. While the divalent and trivalent 

charge states of uranium in the alkaline earth fluorides 

SrFg and BaFg have been readily produced,^9 generation of 

the tetravalent state in either of these lattices has not 

been reported as yet. Should these systems be successfully 
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synthesized, it. is suggested that they like CaF^jU^* will 

exhibit linear electric field effects. 
*2+ 

The trivalent rare-earth ion Pr"^ with two unpaired 4*“ 

electrons has paramagnetic properties similar to those of 

Ij4+ since the free ion ground state of both elements is -^H^. 

Two trigonal EPK spectra for transitions between levels of 

a ground state non-Kramers doublet for CaF :Pr^+ have been 

37 reported by McLaughlan. Assuming the same mechanism gen- 
r 

erates the trigonal symmetry in both this system and in 

CaFgiU^, the praesodymium ion should experience a non- 

centrosymmetric crystalline potential and hence might exhibit 

a substantial electric-field-induced component in the absorp¬ 

tion line. This implication holds for other alkaline-earth 

fluorides as well. The observation of this effect has been 

reported already for Pr^+ in an yttrium ethyl sulphate host 

55 lattice. 
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VI. APPENDIX 

The quantitative treatment of the uniaxial stress 

problem is quite straightforward. However, it is evident 

from eqn. (2-45) that the actual derivation of the intensity 

function is a difficult task because of the integral in the 

right-hand side. A step-by-step account of this integration 

is included here to display as transparently as possible the 

derivation of the theoretical results. Every effort has 

been made to keep the integral exact and to minimize the 

effect of approximations where they were found necessary. 

The intensity function incorporating both homogeneous 

and inhomogeneous broadening is written according to eqn. 

(2-39) as 

The first term in the integrand is the square of the matrix 

element for an electric-field-induced transition. By 

defining polar coordinates r and © such that 

,n, ■ n, , rco= , <*4■ 

eqn. (2-42) can be expressed as 

s>t- 

At 

U-1 > re 1-fttivi■= I' L'-Xff '>f 
1 v-V" ~ ^ V & 

The second term in the integrand is the distribution in 
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strain components appearing in eqn. (2-44). Likewise, 

converting this Gaussian function to polar coordinates yields 

(A-2) P(A, 
1 - (c* + cH 035 fe ~ , 
J— p fdr 

T <r: 
cie 

where CT = . Finally, the Gaussian homogeneous 

broadening function may he written as~ 

, -CH- tOFFj^ 
(A-3) 3^’ir^i' 

. i 

TT a-jH, 
3 

where Hf, the resonant field magnitude in the presence of 

strain, has been represented by the expression. , 

H = 
Changing from © to a variable of integration H* =©-60 

and combining eqns. (A-1) and (A-2) into (2-39) yields 

x ' 

v V <J**' * ^ 

i.) -\-E< £ CJXS^.VN^COSZ 
w * * -y ~ " 

Line (b) makes no contribution to tbe integral over T while 

the remaining terms can be expressed in terms of modified 

8l 
Bessel functions 

!>■>= 
\ 

TT 

J 
+ Co S © 

e. d-8 

o 
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1^=4-' lCDte 

,ir 

£ Cos(v\G^<iQ 

as 

(A-4) 

The next several steps simply involve changes of 

variables in an effort to obtain a more readily integrable 

form. If we let 

-l!l = IL U. . ci-vT = - —^ o>We 0~7'« I 
(T-’1' ) ' <5~ 

and implement eqn. (A-3)» the intensity function becomes 

Making the following changes 

H^-Ho 

yields 

(A-5) ifcM= 
O 
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- ^ 0- WW& ^ 

-rf^ -EiXl-^-J-H^S+J;') 
xt e 4*. 

Furthermore, if we let t = az where a = -|jl - &£ and let 

y = + —•'j , then the intensity function can he written 

(A-6) I=rs,^,e.VSy-^)^e£ 

or^ 

..ft*- 7, 

R* z 

-(t%^t) e;r*vt 

;s'l\A Go- COS*<3 t) 
o 

The functions J(^) , K(^,^, and L(VCO) are simply power 

series expansions of the product of those factors involving 

the variable of integration t and the modified Bessel 

functions. The terms in these expansions were carried out to 

the 15^k power of t. 

At this point the function is in readily integrable form. 
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A conyprehensive set of mathematical tables reveals that 

t- eCrfc(^) 

= p.<$ 
and 

• w 
A series expansion was used to closely approximate erfc(y) 

while a recurrence relation was found which connects the 

P (y)’s with P (y). Finally, we have the integrated result. 

■ 'A 4-** I “* 

•+£ £ SOSG -SIYN&'I 

The derivative with respect to magnetic field is obtained, as 

it turns out, by simply replacing P^(y) with the expression 

-2v\_ 

H.rl 
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