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ABSTRACT 

Data Smoothing Based on Local Procedures 

by 

Victor M. Guerra 

This thesis presents a method for smoothing data based 

on local procedures. The method attempts to reproduce what 

is actually done in manual loft. Properties of this method 

are that points with large errors are smoothed very quickly, 

an that large quantities of data can be smoothed without 

the traditional problems of excessive computer time and 

numerical instability which are usually associated with non¬ 

local procedures, 

We offer two approaches for the smoothing method, 

the first is based on linear interpolation and is studied 

in great detail? the second is based on cubic interpolation. 

In the first approach only lines are completely smooth 

while in the second only cubics are completely smooth. 
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1. INTRODUCTION. In this thesis we are interested in the 

problem of data smoothing. The need for data smoothing has 

been motivated by the following two problems; 

(1) A data set contains a few points which have 

large errors and it is desired to correct these points. 

(2) All the points in a data set are of the same 

accuracy; however the data is too rough (posses too many 

wiggles) and must be smoothed. 

We will be greatly influenced and motivated by what 

is currently done in the manual loft; since these manual 

procedures give very acceptable results (in particular when 

dealing with Problem (1)). Toward this end our procedure 

must be local (each point is smoothed in a manner which 

depends only on the points nearby) as opposed to global (each 

point influences every other point). We repeat that we choose 

a local procedure since it best imitates the manual loft; but 

at the same time we do not hesitate in pointing out the dis¬ 

advantages of a global technique. Namely a large data set 

would undoubtedly create serious problems with respect to 

computer storage, numerical stability and numerical round-off 

error. 

Our philosophy is to interpolate the points of even 

index and the points of odd index separately and then move 

the points which deviate the most from the interpolating 
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curves. We feel that this idea best imitates the criterion 

for fairness employed by the manual loft. Specifically, in 

the manual loft a long thin wooden batten (commonly called 

"spline") is placed through the data points with a weight 

(called a "duch") applied at each data point to hold the 

spline in place. A curve is said to be smooth or fair if it 

does not move significantly when every other (all odd or ail 

even) weight is removed. 

This work will be presented in two parts: 

(1) A piecewise linear function will be used as the 

interpolant. 

(2) A piecewise cubic function will be used as the 

interpolant. 

The second approach has been motivated by the fact 

that a cubic is a fairly accurate reproduction of the loft- 

man's batten. Recently Akima [2] gave a local procedure for 

interpolating data which leads to results that resemble those 

obtained by the manual loft. His procedure produces a piece- 

wise cubic interpolant of class C1 as opposed to the usual 

cubic spline interpolant which is of class C2 (this is the 

price one pays for the advantages of a local procedure). 

However using Akima's procedure we do not have the property 

that points that come off a cubic will not be moved. Hence 

we will derive a procedure of our own which will have this 

property. 
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2. THE GENERAL SMOOTHING PHILOSOPHY. Suppose we are given a 

method for constructing a continuous function f:[a,b] -*■ R 

which interpolates the set of points 

l (xi'yi>:i=0' c R2 

where a = x0 < x, < . . . < x = b. Consider a set A of P+2 9 A n 

data points in R2 with equally spaced abscissas, i.e., 

A a {(xi,yi):xi+1 -xi=d> 0, i= 0,1, 

Recall that the ordinates of the points in A contain 

errors and it is our job to remove these errors by smoothing 

the points. 

Definition 1. By an anchor point of the set A we mean a 

point which is known to be correct and is not to be smoothed. 

Remark. We assume that (x ,y ) and (x ,y ) are always 
0 0 P+1 P+1 

anchor points. 

Let IA denote the integers in {0,1,...,P+1} which 

correspond to the indices of anchor points in A, let I+ denote 

the even integers in {0,1,...,P+1} and finally let I_ denote 

the odd integers in {0,1,...,P+1}. 

Definition 2. By fx we mean the function defined on [x ,x ,]   + o p+1 

which has been obtained from the above interpolating 

procedure by interpolating the points with indices in 1^ u I+, 

with the analogous definition for f_ using IA u I_. 



4 

Remark. Observe that both f and f_ pass through the anchor 

points of A. 

Definition 3. By the point energy of (x^rY^) e A we mean a- 

where ou = |f+(x^) -f_(x^) |, i = 0,lf...,P+l. 

Remark. Clearly anchor points have point energies of 0. 

Definition 4, By the total energy of the set A we mean the 

sum of the point energies of all points in A (i.e., the 

norm of the point energies). By the smoothness coeffi¬ 

cient of the set A we mean the largest point energy of the 

points in A (i.e., the i -norm of the point energies). 
00 

Definition 5. The set A given above is said to be e-smooth 

if the smoothness coefficient is less or equal to e. 

Remark. Clearly Definitions 2, 3, 4 and 5 depend on the 

interpolation procedure used. 

Our general approach consists of transforming the 

set A into an e-smooth set by successive changes of the 

values of the ordinates. Specifically if 0^&<P+1 is such 

that a0 = max {a.}, then we change the point (x.y) to the ^ ^ 1 J6 Jo 

point (x ,i(f (x )+f_(x ))) and repeat the procedure until 
Jo c* T X/ Jo 

(hopefully) the transformed set is e-smooth. 

3. THE LINEAR SMOOTHING ALGORITHM. In this section we con¬ 

sider the smoothing algorithm obtained when the interpolating 

procedure is merely piecewise-linear interpolation. To 
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distinguish between the values of the point energies and 

other quantities at different iterations a subscript, or 

second subscript will be added whenever necessary. For 

example, AR will denote the set A at the n-th iteration and 

En the total energy of An. Also A0 will denote A. 

Proposition 1. The total energy (with respect to piecewise 

linear interpolation) does not increase at each iteration, 

Proof. To obtain En+^, the point y^ n was changed to 

y +i* P°int energies ^ and are the 

same at the n-th and the n+l-th interations. A simple con¬ 

struction should convince the reader that 

Now adding and taking maximum values for r and s 

we obtain 

i.e., 

/ • • e 

and 

where s*e [— , 
4 

a 
5,-1,n+1 + aA+l + a5,+l,n+l ~ a£,n"2 

a*,n 

1 

(1) 
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Therefore 

a 
Jl+l/n+1 ~ Vl/n + a£/n + a£+l,n 

This proves the proposition 

Remark. The constants r and s depend on the position of the 

points involved, i.e., the configuration may be such that r 

and s are negative; hence the new total energy may be much 

smaller than the preceding one. However, at worst it will 

be the same. 

Proposition 2. If the point next to an anchor point is 

modified, then the total energy will decrease by at least the 

X 
amount ~ a^, where j is the index of the modified point. 

Proof. We lose no generality by assuming the anchor point 

is (x0,ye). When the point (x0,y0) is changed then the term 

for in Inequality (1) is zero. This leads to 

This proves the proposition. 

Proposition 3. If the total energy is not zero then the max¬ 

imum number of iterations that can occur without decreasing 

a + a 
l,n+l 

hence 

this energy is bounded by where P^ is the integer 
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part of —(P+1) (i.e., E 
2 n+B 

E 
n 

n = 0,1,2 

Proof. First notice that the maximum number of iterations 

occurrs when all the point energies are zero, except at the 

center point P0. Next we notice that the point (xg,ys) can 

be modified at most twice before changing the point next to 

it. To prove this let ag,n denote the point energy at the 

n-th iteration. Then, 

a , , = a , + . a 
s+l,n+l s+l,n 4 s,n 

If a . ^ and a ... ^ are small then 
s-l,n s+l,n 

as,n+l as-l,n+l 

as,n+l > as+l,n+l • 

Therefore another change can be performed on (xg,yg) and the 

new point energies will be: 

1 A 1 
as-l,n+2 “ as-l,n + ? as,n + 16 as,n 

1 
a 
s ,n+l 

1 

_ 1 
as,n+2 “ 4 as,n 

1 
as-l,n+2 as+2,n + 4 

as,n 

hence 

as-l,n+2 > as,n+2 

and 
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as+2,n+2 > as,n+2 * 

So the next change will be either on (x -y ,) or 
s-1 s-1 

(x ,,,y ,,). It follows that it takes at most two iterations 
s+l s+l 

to move from one point to the next. So it takes at most four 

iterations to move two points, etc. Therefore it takes at 

most 

2 + 22 + 23 + . . .2 P°“1 

to modify the point next to an anchor point. Now since there 

are two sides the desired bound is 

P 

2(2 + 22 + . . . + 2P°”1) £ l' 21. 
i=l 

This proves the proposition. 

Proposition 4. After B iterations the total energy will 

1 
decrease by at least the amount Q = —=r a0 i.e., E , _ < E - Q. x,,n n+B n 

Proof. The total energy will remain unchanged until we get to 

a configuration where the point energy of the modified point 

and one of its neighbors will decrease. This is the case at 

an anchor point. Therefore we need to evaluate the minimum 

amount bf the decrease at (x.,y.) or (x ,y ). 1 1 P-1 P-1 

Note that if at the point (x^,y^ the point energy 

is a then in the next iterations both neighboring points 
* ,n x 

will increase by an amount T an . If there is no such increase J 4 a ,n 
then we are through; because there will be a decrease greater 
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Therefore 

1 

1_ 

41 

a
£±P0,n+B * 

aJUP0,n 

This proves the proposition. 

Theorem 1. The sequence {En> giving the total energy at 

each iteration of the linear smoothing algorithm converges 

to zero. 

Proof. From Proposition 1 {En> is a monotone decreasing 

sequence which is bounded below by zero; therefore it con¬ 

verges . 

Suppose 

(2) {E } E > 0 
n 

First note that a0 s -5— n=l,2,. 

To prove this suppose 

a. n < ^ for all i i,n —p 
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p 
Then T. a a < P E or E <E 

n 

which contradicts Proposition 1. Therefore 

'** P 

By Proposition 4 

/ • • • 

E 
n+B 

therefore 

EnJ_ * En " E • 
n+B n   

P 

From (2) we have that given e > 0 there exists N (e) such that 

if n >N (e) then |En - E| < e. 

Since En i E we have En - E = |En - E| ; 

therefore 

E, 
n+B 

E S E^ - E 
n —=r 

E < e E 
P 

or 

(3) En+B ' 
E < e~~* 

P 

If e < E , then (3) contradicts Proposition 1 

2.P 

This proves the proposition. 
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Proposition 5. The set A has total energy zero if and only 

if A lies on the piecewise-linear function which interpolates 

the anchor points of A. 

Proof1. The proof is straight forward. 

K 
Definition 6. Let A^ = {(x^,y^): i=l,...,n} for k - 1,2,... 

We say that the sequence of sets {A^}•converges to the set 

A* = {(x.,y*):i=l,...,A} if y^ -*• y? for i = l,...,n 
1 1 - - 1 1 

Proposition 6. The total energy (with respect to linear 

piecewise interpolation) is a continuous functional, i.e., 

if A^ -*■ A*, then %(\) + E (A*) . 

Proof. If A^* A , then the sequence of vectors 

Y = (ylf ...,y ) converges to the vector Y = (yx, ...,yn) 

pointwise; hence in any norm. Let a* denote the point 

energy at the j-th point of A^, with a similar definition for 

a*. A simple construction should convince the reader that 

«$. - “jl £ 2||yk - y> 

V * & 
It follows that a, -*■ a and therefore E (A.) -*■ E (A ) 

3 j * 
This proves the proposition. 

Theorem 2. The linear smoothing algorithm converges, i.e., the 

sequence of sets {A^ converges to a set.A with total energy 

zero. 
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Proof. We use the same notation as in the proof of Proposi¬ 

tion 6. Clearly |j|| oo^||y°|| » f°r ^ = 1/2,3, . ..f (recall 

k . 
that A = A). Hence {y } must have a subsequence which is 

o 
convergent, say to Y . If A is the set corresponding to Y 

then by Proposition 5 and Proposition 6 E(A ) =0. If the 

whole sequence does not converge to Y , then each neighbor- 

hood of Y excludes infinitely many members of {y }. These 

ie ft 
excluded members must have a convergent subsequence. If Y 

denotes this limit then E(Y*) = E(Y**) = 0 then Y* = Y**; but 

this is a contradiction. This proves the theorem. 

4. Accelerating Convergence of the Linear Smoothing Algorithm. 

Since the linear smoothing algorithm is based on local proce¬ 

dures, at each iteration more than one point can be changed. 

Also, instead of changing to the average of the two inter¬ 

polating functions it could be changed to a better place 

between the interpolating functions. 

If r. 
k,n 

ak+2,n + ak-2,n 

2 a k ,n 

for k = 2,4, ...,P-1 and 

a 
3 in , r = 

aP-2,n 
p,n a 

i in 
aP,n 

then change (X]CfYJc) to (Yj.) 
+ J ^fS^Yk^ ~ yk^ * 

where 

<5 = + if k is even 

6 if k is odd. 
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The preceding modification leads us to a new procedure 

called the accelerated linear smoothing algorithm. 

The next proposition proves that our new procedure can 

converge faster than the original linear smoothing algorithm 

and also that this is not necessarily always the case. 

Proposition 7. 

(a) If all the points between consecutive anchor 

points are on a line except for one of them, then the 

accelerated linear smoothing algorithm converges in one iter¬ 

ation. 

(b) If all the point energies are equal, and dif¬ 

ferent from zero (except at the anchor points), then the 

accelerated linear smoothing algorithm reduces to the linear 

smoothing algorithm. 

Proof. Since a^+2 - a
9 then 0 s r s 1 for l = 2,3, ...,P-1. 

Therefore 

'6 £ a $ a* *1 + f6 (V 

To prove a) note that a^+2 n ~ a£-2,n ~ ® implies 

y„ ,, = f. , , which means convergence in one iteration. 
^Jl,n+1 6,n(y£) 

To prove b) note that 

a £+2,n " a&-2,n = a £,n 

implies rifn = 1 and therefore y£,n+i = 2 {yjt ,n+f6 ,n (x£} * 
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which is the definition for y^ n+1 in the linear smoothing 

algorithm. 

Theorem 3. The accelerated linear smoothing algorithm con- 
ie 

verges, i.e., the sequence of sets {A^ converges to set A 

with total energy zero. 

Proof. The proof is similar to the proof of Theorem 2. 

5• EXAMPLES USING THE LINEAR SMOOTHING ALGORITHM. The 

data in the following examples consists of 21 points with 

equally spaced abscissas in the interval [0,20], morever 

the only anchor points will be the first and last points. 

Example 1. 

(4) 

Suppose the data lies on the parabola: 

(x-10)2 

y =   
100 

This set of data is 0.0143 - smooth and is repre¬ 

sented in Figure 1. 

Suppose that we add 0.5 and -0.5 to the points 

yg and yn „ respectively. Then it takes the linear smoothing 

algorithm 20 iterations to transform this set into a 0.014 - 

smooth set. The pertubed set is represented by Figure 2 and 

the smoothed set is represented by Figure 3. Note that 

Figure 1 and Figure 3 differ by at most 0.1 in the region of 

interest. 
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FIGURE 1 



FIGURE 2 

FIGURE 3 
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Example 2. Suppose that the data lies on the cubic 

(5) y = (x-7)(x-10)(x-13) 
910 

Then the data set is 0.029 - smooth and is repre¬ 

sented by Figure 4. 

If the points y and y are moved 0.5 in different 

directions (Figure 5) then it takes 20 iterations of the 

linear smoothing algorithm to transform this set into a 

0.029 - smooth set (Figure 6). 

FIGURE 4 



FIGURE 6 



19 

Example 3. Consider the same data as in Example 2 but add 

to the points y8 , yxx and y13 the quantities -0.5, 0.4 and 

0.5 respectively (Figure 7). Then it takes 10 iterations 

to the linear smoothing algorithm to decrease one order of 

magnitude the smoothness coefficient (Figure 8), and 40 

iterations to transform the original set into a 0.029-smooth 

set (Figure 9). 

FIGURE 7 
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FIGURE 8 

FIGURE 9 
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Example 4. In this example we want to show that the linear 

smoothing algorithm does not destroy smooth data. 

Consider the data given by Equation 4; it is 0.0143- 

smooth. After 750 iterations of the linear smoothing algorithm 

the smoothness coeficient has decreased by 0.0043 and the set 

is 0.01-smooth. Moreover the point that has moved more is 

ylc. It changed from 0.0 to 0.2. To make the set 0.00143- 

smooth it would take 4500 iterations, and the point that would 

have moved more is again y . It would have changed from 

0.2 to 0.5. Figures 10-12 represent the data after 0, 750 

and 4500 iterations respectively. 

We remind the reader that the only anchor points are 

the first and last points and the results would be even more 

impressive if we used more anchor points. 
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FIGURE 11 



FIGURE 12 
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Example 5, Finally we want to compare the accelerated linear 

smoothing algorithm and the linear smoothing algorithm. 

Consider the data set generated by Equation (5) with the points 

y9 and y changed by an amount of 0.5 in opposite directions. 

The linear smoothing algorithm improves the smoothness 

coefficient by one order of magnitude in 40 iterations whereas 

the accelerated linear smoothing algorithm obtains the same 

degree of smoothness in 4 iterations. Figures 13 and 14 

represent this phenomenon. 

In practice it has been observed that the accelerated 

linear smoothing algorithm is about 10 times as fast as the 

ordinary smoothing algorithm. 



FIGURE 13 

FIGURE 14 
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6. The Cubic Smoothing Algorithm. In this section we consider 

the smoothing algorithm obtained when the interpolation proce¬ 

dure is Hermite cubic interpolation. Therefore the piecewise- 

cubic interpolant is of class C1. 

In 12] Akima proposes a method for evaluating the slope 

the cubic interpolant should have at each point as a function 

of the data point and its four neighbors. As previously 

mentioned, this method has the disadvantage of changing points 

that come off a cubic. We propose the following formula for 

evaluating the slope at the data point (x_, y ) 

(6) ms= i (w >Vi)/<xs+rV- 

2 
Equation 6 represents the slope of the parabola that 

interpolates (xg-1, yg_x), (xg, yg) and (xs+1/ys+1) 
at the 

middle point. Therefore the slope at any point of the set 

I_ is defined as follows 

(7) ms= \ (ys+2-
ys-2)/(xs+2-xs) 

whenever 

s±2 e I_. Similarly we define mg for I+. 

Since more information is required to construct the 

cubic interpolant at the first and last points we assume 

that the slope at this point is given. Also the slope at 

the points next to the first and last anchor point cannot 

be determined by Equation (7) therefore Equation (6) is used 

instead. 

Proposition 8. If the data points come off a cubic then 

e0=O and the cubic smoothing procedure leaves these points 

alone. 
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Proof. Without lose of generality suppose x^-x^_^=l, 

{i=l,2,...,P). If 

y.=a+bx.+cx?+dxf J1 xix 

then 

y_2= a-2b+4c-8d 

y0 = 
a 

- a+ b + c 

y2 ~ a + 2b + 4c + 8d 

and y4 = a + 4b + 16c + 64d. 

Using Equation (7) m0= b + 4d 

and m = b+ 4c + 16d; 
2 

hence the cubic that interpolates (O,y0) and (2, y2) with 

slopes m0 and m2 also interpolates (1, y^. This proves the 

proposition. 

We can also accelerate the cubic smoothing algorithm 

in a manner similar to that used on the linear smoothing 

algorithm. 

7. Examples using the Cubic Smoothing Algorithm. In these 

examples we will assume the same conditions and use the same 

equations as in Section 5. 

Example 6. Suppose the data lies on the Cubic (5). Then as 

shown in Proposition 8 the data is 0-smooth. 

If we add and substract 0.5 to the ordinates y and 

y respectively then the data is 0.85-smooth and is represented 

in Figure 15. 
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It takes eight iterations of the linear smoothing 

algorithm to improve by one order of magnitude the smooth¬ 

ness coefficient. This is evident from the fact that when 

there is one large point error, each iteration decreases one 

half its value. In this example there are two bad points with 

approximate errors of 0.5. If we want to transform the set to 

a 0.008 smooth set then it will take n iterations where n 

satisfies 

2“n (2 x 0.5) ~ 0.008 
or 

n ~ 7. 

The smoothed data is represented by Figure 16. 

If the accelerated linear procedure is used then in two 

iterations we have a 0.08-smooth set. Again this is evident by 

observing that the error at the points (x7, y7)» (xe, y0), 

(xn, yai) and (x12, yJ2) is small. 



1.0 
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FIGURE 16 
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Example 7. In the next example we compare the cubic smoothing 

algorithm with the linear smoothing algorithm. 

Consider the parabola given in Equation (4) and add 

to y9, y and y 0.5, -0.5 and 0.5 respectively. Then the 

set is 0.1-smooth for the linear case and 1.3-smooth for the 

cubic case (Figure 17). After 20 iterations both smoothing 

algorithm transform the set to a .07-smooth set as represented 

by Figure 19. However, in 100 iterations the parabola begins 

to "shrink" when smoothing with the linear algorithm, while 

with the cubic algorithm the general shape is preserved. 

Figure 19 represents the set obtained after 100 

iterations of the linear smoothing algorithm and Figure 20 

represents the set obtained by the same number of iterations 

of the cubic smoothing algorithm. 
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FIGURE 17 

FIGURE 18 
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FIGURE 19 

FIGURE 20 
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