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Introduction 

The purpose of the investigations discussed in this 

thesis was to determine the temperature dependence of the velocity 

of propagation of high frequency sound waves in single crystals 

of Rock Salt (natural Sodium Chloride). In addition the elastic 

constants of the material are calculated from these velocities. 

The elastic constants are the proportionality factors in the 

expression of the generalised fonu of Hooke's Law relating stress 

and strain in an elastic continuum. Electronic apparatus for the 

production of sound pulses of frequency 9 to 11 Mc/sec. and of 

duration 4 to 22 microseconds was constructed for these observations. 

The advances in the last decade in the development of electrical 

circuits for producing very short radio frequency pulses have made 

possible such apparatus. 

In brief the experimental procedure consists in the 

excitation of a piesoelectric quarts crystal by a short radio frequency 

electrical pulse. The crystal, v&aich is cemented to the specimen, 

then transmits a sound pulse of the same frequency and duration 

through the specimen. This sound pulse undergoes reflection at the 

opposite face of the sample and returns to excite the quarts trans¬ 

ducer, the result of which is another short electrical pulse. 

Successive reflections of the original sound pulse result in 

successive electrical pulses, called echos, which arc amplified 

and displayed on the time base sweep of an oscilloscope. The elapsed 

time between the leading edges of successive echos, together with 

knowledge of the specimen length, enable calculation of the velocity 

of propagation of the sound wave in the specimen. Such an experimental 



procedure is known as the ultrasonic pulse technique* 

The piesoelectric transducer employed is usually a flat 

quarts disc, either X-cut or X-cut, which upon electrical excitation 

propagates a longitudinal or transverse wav©, respectively, in a 

direction normal to the face of the disc. The crystals are cut to 

resonate at the desired operating frequency, in this instance 

10 Me/sec., and silver electrodes are evaporated onto the sides and 

both faces, with the exception of an insulating ring on one side. 

Thus an exciting R. P, signal applied between the center and the 

edge of the face containing the insulating ring is effectively 

applied across the faces of the crystal. For measurements of 

sound velocities in liquids and gases a flat metal plate is placed 

at a known distance from the transducer to serve as a reflector 

for the sound waves, 

in the past few years numerous workers have utilised 

the ultrasonic pulse technique in measuring velocity and absorption 

of sound waves in various media.* Pellam and Galt (J. Chem. Phys. 14. 

608 (1946)) have investigated liquid nitrogen, Oxygen, and Hydrogen 

in this respect, and Pella® and Squire (Phys. Rev.. 72, 1245 (1947)) 

have measured these quantities in liquid Helium. In solid media 

investigations have been made by Huntington (Phys. Rev. 72, 321 (1947)) 

in single crystals of Had, EDI, and KBr at room temperature, by 

Galt (Phys, Rev. j[3j 1460 (1940)) in KBr from room temperature to 

liquid Helium temperature, and by Roth (J. App. Phys. 19, 901 (1948)) 

in polycrystalline Mg and Al. Overton has studied the velocity and 

attenuation of sound in Beryllium (J. Chem. Phys, 18, 113 (1950)) and 
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Tin (Annual Progress Report, Rice Institute Low Temperature Lab*, 1949) 

down to liquid Helium temperatures* 

Prior to the advent of this technique of generating short 

radio frequency pulses, the two principal ultrasonic devices used 

for velocity measurements were the composite oscillator and the 

acoustic interferometer. The former, developed by Balsmuth (Phys. 

Rev, 45, 715 (1934)) for measurements on solids, employs a piezoelectric 

quarts rod, onto which electrodes are plated, which is cemented to a 

rod of the solid specimen. The assembly is then supported by fibers 

attached to the quarts at its vibrational nodes. The (parts, excited 

near its resonant frequency by continuous waves from an R. F. oscillator, 

sets up standing waves in the composite oscillator. When the latter is 

driven at a resonant frequency, the reactance of the quarts crystal is 

a maximum, and hence the current in the R. F. output circuit is a 

minimum, The elastic constant involved in the vibration may then be 

calculated from this resonant frequency, the dimensions of the specimen, 

and certain constants of the quarts rod. Using a modification of this 

principle, Rose (Phys, Rev. 49, $0 (1936)) obtained the elastic 

constants of Rock Salt single crystals from 80° K, to 270° K., and 

later Hunter and Siegel (phys. Rev. 61, 84 (1942)) obtained the values 

for Rock Salt from 300° K. to S00° K, 

The acoustic interferometer is a device well suited for 

measuring sound velocities in liquids and gases. In this method a 

metal reflecting surface is separated from the vibrating piezoelectric 

transducer by the gas or liquid under consideration, and standing 

waves are set up in the medium, The presence of nodes or loops at 
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the crystal* upon changing the distance between it and the reflector, 

is detemined by the changes in the radio frequency current to the 

oscillator. Hence integral multiples of half wavelengths can be 

measured, and the velocity of the waves calculated. 

Hughes (Phys. Rev. 21s 1552 (1949)) developed a technique 

for measuring both the bulk and shear moduli of isotropic metal 

rods, utilising an effect observed by Mason and McSkimin (J. Acoust* 

Soc,- Amor. 19, 4&4 (1947))* A plane longitudinal vrave pulse is 

propagated into the specimen by a quarts crystal at one endj another 

quarts crystal at the other end serves as a detector. Part of the 

wave travels directly through the medium, whereas part strikes the 

walls at grazing incidence. This latter part of the wave is converted 

into a transverse vave which travels across the specimen at a certain 

angle 9 with the surface, the angle being given by 

sin © = transverse vrave velocity 
longitudinal vrave velocity 

On striking the opposite wall the vrave is converted back into a 

longitudinal vrave, which then either travels on to the receiving 

crystal as a delayed pulse, or else suffers further reflections. 

These result in the pulse being still further delayed in time 

relative to the initial pulse. Measurement of the times of arrival 

of initial and delayed pulses in rods of different lengths and 

diameters allows calculation of the velocities; 

The values of the elastic constants of solids are of 

theoretical importance, since they allow calculation of the frequency 

spectrum of the solid, from which specific heats may be* obtained. 



Furthermore, the binding energy of the solid may be calculated from 

its elastic constants, 

■Figure 1 shows photographs of a typical sequence of echos 

displayed on the cathode ray tube of the oscilloscope in the ultrasonic 

pulse technique. The particular echos represent longitudinal waves 

normal to the [0,0,1] plane, which will be discussed later, as will 

the meaning and use of the marker pips shown in the figure. 

Experimental Apparatus, 

The operating principles of the ultrasonic pulse method 

are outlined in the block diagram, Figure 2, A crystal-controlled 

timing circuit in the Du Mont Type 256-D Oscilloscope starts the 

oscilloscope time base sweep and simultaneously sends a trigger pulse 

to the Pulse Former, the output of which is a D~C pulse of variable 

length. This pulse is applied to a ringing oscillator, and during 

the time of duration of the pulse an L-C circuit oscillates. The 

radio frequency pulse produced is amplified and passes through an 

impedance matching network to the quarts transducer, which is 

cemented to the specimen, Tims a pulsed sound wave is propagated 

through the specimen to the opposite face, where it is reflected, 

and then returns to excite the transducer and form a delayed electrical 

pulse. Since the R, P, generator is off -when the echo signal arrives 

at the transducer, very little leakage loss occurs, and most of 

the energy travels to the receiver. Here the initial and delayed 

R, F. pulses are amplified, rectified, amplified, and then sent to the 

video amplifier of the oscilloscope. After further amplification- 



Figure la. Initial Pulse and Echos of Longitudinal Waves 

normal to the [0,0,lJ Plane in Rook Salt. 

Sweeo Length* 100 mioroseoonds. 

Figure lb. 10-miorosecond Marker Pulses of the 256-D Oseillosoop© 



Figure 2. Block Diagram of the Apparatus in the Ultrasonio 

Pulse Technique. 
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the pulses are displayed on the time base sweep of the oscilloscope, 

as in Figure 1, Figure 3 is a photograph of the e:<perimental 

apparatus. 

Both triggering and time measurements are effected by 

means of crystal-controlled circuits in the 2$6-D oscilloscope. 

Some of the wave-forms are illustrated in Figure 4* Figure 4a 

shows the trigger pulse which is coincident in time with the 

start of the oscilloscope sweep (Figure 4b)* This trigger starts 

the Pulse Former whose output (Figure 4c) starts the Pulsed 

Oscillator. This component generates the R. F, pulse (Figure 4d) 

which is amplified (Figure 4e) and eventually produces the sound 

pulse discussed above. Figure 4f shows the echos representing the 

initial and reflected pulses as displayed on the oscilloscope. 

In practice the gain is sufficient to cause the oscilloscope 

amplifier to clip the tops of several of the earlier echos. The 

Du Mont 256-D oscilloscope is so constructed that the time base 

swap may be delayed in time by any desire! amount, so that the 

leading edge of each echo may be detemined very accurately as to 

its position in time. By proper adjustment of the oscilloscope and 

circuits, and by adoption of a consistent method of operation of 

the instrument, the position of each echo may be determined with 

an error of not more than - 0.02 microsecond on the range from zero 

to 100 microseconds, and of not more than ± 0.2 microsecond on the 

zero to 1000 microsecond range. 

The next section describes in greater detail some of the 

electronic circuits employed. 



Figure 5. The Experimental Apparatus! 

As Mercury Manometer 

B t Constant Volume Thermometer Gauge 

Ci Low Temperature Gear 

D! Matching Network 

Si 256-D Osoillosoope 

Fi Pulse Generator, R, F* Oscillator, and Amplifier 

G j 10 Mo/seo. Receiver and Power Supply 

H; Power Supply for Pulse Generator, Oscillator, 

and Amplifier 



Output 

A Pl_nJ 

4f. 

Echos 

r\ r\ 
p\ 

JUi_ 
h 100 microseconds 

Figure 4 Waveforms in the Ultrasonic Pulse Method 
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Circuit Details. 

The accurate determination of the time difference between 

successive echos necessitates the precise measurement of the time 

of occurrence of the leading edge of each pulse. The Du Mont 256-D 

Oscilloscope is constructed in such a way as to make possible such 

measurements. The sinusoidal output of a 100 Kc/sec, crystal- 

controlled oscillator is distorted to produce a continuous sequence 

of short pulses spaced by exactly ten microseconds. A divider circuit 

is adjusted to select one of these pulses every l/lQO to 1/lOQQ of 

a second, thus allowing a "pulse recurrence rate" of 100 to 1000 per 

second, the usual rate being about 250 per second. This selected 

pulse is then used to synchronise all oscilloscope and external 

trigger operations for one working cycle. All of the short pulses 

following the one selected by the divider may be used for time 

calibration purposes, since they occur at exactly ten microsecond 

intervals, to an accuracy equal to that of the crystal, which is 

better than one part in 10,000, 

The selected pulse (Figure 5s) is used to trigger a one- 

shot isultivibrator which produces a negative-going square wave 

(Figure 5b) of 100 or 1000 microseconds duration. This square wave¬ 

form is fed to the input of tube Vg (Figure 5)* which is normally 

heavily conducting through and because of the positive grid 

voltage obtained from B + and the grid current IR drop across R^* 

This square voltage pulse cuts off Vg -or 100 (or 1000) microseconds, 

during which time C-^ charges linearly through ?]_ and R2* The condenser 

°1 charges linearly rather than exponentially because is a constant 



+250 \/o/fs 

5a.  A 
» i 

i 

5b. 

Figure 5. Sweep Delay Circuit and WareformB. 
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current diode. .The resulting vrave-form is the sawtooth voltage shorn 

in Figure 5c> which is linear to 1 0,2$, The cathode of V^, across 

which this sawtooth voltage is applied, may be set at any desired 

potential by positioning the movable contact of the potentiometer 

R3. Only that portion of the sawtooth voltage which exceeds the 

cathode potential can cause ho conduct. This is illustrated by 

the point T on the time axis of Figures 5a-5g* The output of the 

diode is of the form as shot® in Figure 5d. This is amplified by 

later stages (Figure 5e) end is then differentiated by a short time 

constant circuit resulting in the peaked wave-form shown in Figure 5f • 

This voltage is then employed to trigger a time base circuit which 

produces the sawtooth voltage of Figure 5g. This sawtooth voltage 

may be of either 4> 10, or 25 microseconds duration and furnishes 

the horizontal sweep of the oscilloscope. 

The 20,000 ohm potentiometer has a 10 turn helical 

winding with a linearity in resistance of £ 0.1$. The adjustable 

tap is positioned by a calibrated vernier dial having 36OO degrees 

of rotation. The accuracy of the entire circuit is such that on 

the 100 microsecond scale the time between the starting time, 

t=0, and the beginning of the sawtooth voltage, t=T, may be read 

directly from the sweep delay dial of the helical potentiometer 

with an accuracy of £ 0.02 microseconds. On the 1000 microsecond 

scale the accuracy is £0.2 microsecond, and for this reason 

measurements are made on only those echos whose leading edges 

occur within the first 100 microseconds. The final sawtooth sweep 
* 

voltage is of the proper amplitude to cause the time base trace to 

cover the full four inch width of the cathode ray tube screen on 



either the 4,. 10, or 25 microsecond scales. tJhen the sweep delay 

circuits are not used the oscilloscope trace may be set for either 

100 or 1000 microseconds. 

This brief explanation shows how it is possible to obtain 

voiy accurate readings of the time of occurrence of the leading 

edge of any pulse displayed on the cathode ray tube. The helical 

potentiometer is positioned by the sweep delay dial until the 

leading edge of the pulse occurs at the beginning of the time base 

sweep* and the time position of the pulse is read directly from 

the sweep delay dial, 

Saall errors in the reading of the time of occurrence 

of a pulse may result from non-linear portions of either the saxrtooth 

waveform (Figure 5c) or of the helical potentiometer. For this 

reason adjustment controls are incorporated in the oscilloscope for 

correcting for these sources of error. Since the pulses from the 

crystal-controlled oscillator are spaced by exactly ten microseconds, 

the streep delay dial of the potentiometer may be corrected by 

comparing the distance between these "marker" pulses as shown on 

the dial with the knovre distance. Adjustments may be made on the 

sawtooth voltage so that the tire readings do not differ by more than 

0.1 microsecond, and a correction table may be made for differences 

less than this. In practice the marker pips are displayed on the 

C. E. T, after amplification by the video amplifier of the 

oscilloscope, as in Figure 1. By consistently reading on the small 

dip at the start of each pip, a high degree of precision is obtained 

in the correction term, and the maximum possible accuracy in time 

readings is realised. 
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The operation of the remaining electronic components, 

shown in the block diagram, Figure 2, is now described. The Pulse 

Former, Pulsed Oscillator, and Amplifier were built on one chassisj 

the schematic is shown in Figure 6. The Receiver (Figure 7) was 

originally a 30 Hc/sec. intemediate frequency amplifier which was 

retimed to 10 Hc/sec. ¥ery stable electronically regulated power 

supplies were built for both units. 

The Pulse Former acts as a one-sliot multivibrator, Triode 

normally conducts heavily due to the positive grid bias obtained 

from the circuit ftj,R2* and R^ (and R^ for long pulses), Triode 

V2 is normally cut off due to the negative grid bias obtained by 

raising the cathode to a positive potential by the circuit Ry and By, 

The negative-going trigger pulse from the oscilloscope cuts off 

causing the plate to rise to a higher potential and thus applying 

a positive pulse through C2Q to the grid of V2, V2 then conducts 

through Ey providing the cathode follower output which is a positive¬ 

going pulse as shown in Figure 4c. Normally has a negative charge 

on the Vi grid side because the plate of ?2 is at a higher positive 

potential than the tap on the potentiometer R2* When is cut off 

by the trigger pulse and ?2 conducts, the grid of V-j_ remains negative 

until discharges through ?2, and R2 and R^* The time required 

for the charge of Gp-j to leak off to a value such that the grid of 

Vj is just above cut-off, at which point will again conduct, is 

determined by the setting of 'Eg, With the switch SW on "pulse width 

long" an output pulse of 8 to 40 microseconds duration may be obtained. 

On "pulse width short" the output pulse may be varied by from 2 

to 10 microseconds, 
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Tliis positive output of the pulse former is applied to 

the grid of V^, which is normally cut off. The negative-going output 

of 3*s applie<i to the grid of V^. Triodes and are normally 

conducting heavily through the inductance L-^, but when is cut off 

by the negative pulse from Vj, the steady current in is interrupted, 

vMch causes the L^-C^Q circuit to oscillate. The frequency of 

this oscillation may be varied from 9 to 11 Kc/sec. by adjusting 

^10* The Vj cathode tap on provides the feedback necessary to 

sustain long oscillations. As soon as the negative pulse applied 

to the grid of is over, again conducts and the oscillations 

in the L-C circuit cease. 

The pulsed E. F. output is then applied to an isolating 

amplifier. This is necessary since any loading of the circuit by 

connecting directly to a final amplifier xjould cause a change in 

the frequency of oscillation during the final amplifier adjustment. 

The coupling coil provides the low impedance (about 50 ohms) 

output which is taken off at I^. • 

The Receiver (Figure 7) was originally a 30 Kc/see, 

intermediate frequency amplifier having a 2 Mc/sec. bandwidth. 

The coils L-^ to had to be rewound to tune to 10 Mc/sec., which 

xrao accomplished with a Boonton Q Meter and a General Radio Company 

Signal Generator, Alternate stages were peaked at frequencies on 

either side of 10 Mc/sec. so that the overall signal voltage output 

at 9 and 11 Mc/sec, was about 70;S of the output at 10 Mc/sec. With 

such a band width, 2 Mc/sec., a one microsecond pulse my be passed 

without distortion. The regulated power supply and gain control 



12 

circuits were built on the same chassis. With reference to Figure 7 

it is seen that when is varied from one limit to the other, a 

variable grid bias ranging from 105 volts negative to 105 volts 

positive is impressed on Vy, This varies the Vy cathode current 

from .aero to a value which in turn varies the cathode potential 

from aero to 100 volts. The plate voltage of tubes ?-j_, V2* and 

is thus changedby this circuit, and gain control is accomplished. 

Low Temperature Apparatus. 

The construction of the gear for low temperature measurements 

is illustrated in Figure 8. The Dewar flask A surrounds the gear 

and serves both as a container for the liquid refrigerant and as 

a shield against external thermal radiation. In addition another 

Dewar flask (not shown) surrounds flask A and is filled with liquid 

Hitrogen for refrigerating purposes. The vacuum space of the Dewar. 

A extends upward 20 inches from the bottom, and the flask has a 

single Pyrex glass wall extending upward for another 15 inches. 

The top of the Dewar is clamped against the bottom of a brass plate 

which is supported by a frame attached to the desk, and a rubber 

gasket between the plate and the top of the Dewar makes the system 

vacuum tight. 

The specimen is held in the brass can B, and layers of 

paper are used as a sound absorbing material between the specimen 

and the can. A threaded stainless steel rod G is attached to the 

specimen holder by means of a lock nut so that the specimen may be 

moved up and down and rotated from outside the gear. The leads of 



Figure 8, Low Temperature Apparatus 
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a Copper-Constant in thermocouple thermometer D are soldered to the 

can,' giving good thermal contact with the specimen. The glass 

capillary IS is used for the application of the quartz-to-specimen 

binder for temperatures below 140° K, (see Experimental Procedure), 

and may be rotated from above. The R. F, pulses to the quarts 

crystal F are brought dor® by the coaxial line G, consisting of a 

stainless steel tube and an inner copper conductor. The electrical 

contacts to the transducer are the springloaded plunger B and the 

stack of steel disc springs supporting a brass contact I. The 

framework plates J and K are supported by the stainless steel tubes 

G arid L, K is the bulb of a Helium gas constant volume thermometer. 

Experimental Procedure. 

It has been determined experimentally that the quarts 

transducer must be physically attached to the specimen in order to 

obtain the intelligible echos necessary for precise velocity measure¬ 

ments. If the quarts is merely pressed against the end face of the 

specimen, the contact is not sufficiently good to allow transmission 

of the acoustic pulse to the specimen without undesirable pulse 

distortion. To achieve the desired transmission of the sound pulse 

it has been necessary to cement the transducer to the specimen. 

In the measurements on Rock Salt the choice of the cement 

used to bind the quarts to the specimen must be made according to 

the temperature range over which measurements are to be taken, 

The reason for this is that as the temperature is lowered, 

differential thermal contraction between the quartz, the binder, 

and the Rock Salt may result in one of two effects, either of which 
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makes further measurements impossible. The first of these is the 

cracking of the binding layer, so that the quarts crystal is no 

longer in contact with the Rock Salt, in which case there is no 

propagation of sound pulses into the specimen. The second is 

that stresses introduced in the quarts crystal may deform it and 

hence change its piezoelectric properties, vdth the result that 

intelligible echos are no longer received. Both phenomena have 

been observed in the case of Rock Salt, and in one instance the 

stress vms sufficiently large to cleave the specimen slightly. 

In view* of this the experimental procedure for measurements above 

160° K. is somewhat different from that for measurements below this 

temperature, and the two will be discussed separately. 

After considerable experimentation it has been found that 

ordinary stopcock grease serves as the best binder for the quarts 

0 

transducer for temperatures above about 160 K. In practice the 

quarts crystal is coated on one face (that opposite the face on 

which the insulating ring has been cut) with a thin layer of stopcock 

grease and is then placed on the face of the Rock Salt single crystal. 

This assembly is then heated slowly in a furnace to a temperature 

of approximately 100° C. to insure that the stopcock grease forms 

a thin, even film between the quartz and the specimen. After the 

specimen has cooled to room temperature, it is placed in the 

experimental gear, which is then surrounded by the Dewar flask. 

The system is flushed with dry Nitrogen gas to insure the absence 

of water vapor, A second Dewar is placed around the first and filled 

with liquid Nitrogen. The rate of cooling may be adjusted by 

varying the amount of Nitrogen exchange gas in the vacuum space of 



the inner Dewar. Measurements may then be mads as the system 

cools, and under proper conditions the temperature is very nearly 

constant during the time necessary to determine the velocity. 

When the temperature of the system reaches approximately 160° K., 

the differential thermal contraction is sufficient to destroy the 

requisite binding between the quarts transducer and the Rock Salt. 

For measurements at temperatures below 160° K,, Dr. JS. S 

Lewis of the Eice Institute Chemistry Department suggested the use 

of an organic mixture of ethyl ether, ethyl alcohol, and isopentane 

called SPA (G. H, Lems and. M. Kasha, Journ. Aster. Chem. Soc. 66, 

2100 (i%4))* This material has the property of becoming a glassy 

solid at about 110° K., and serves very well as a binder from this 

temperature down to that obtainable by pumping on liquid nitrogen, 

that is, about 60° K. • This binding agent cannot be applied at 

room temperature, however, since its constituents, in particular 

isopentane, are extremely volatile, but is applied at a temperature 

of approximately 125° K. To accomplish this the quartz crystal 

is placed in the apparatus in its normal position, and the Rock 

Salt is suspended above it in the brass holder. The system is 

flushed out and the temperature lowered as in the preceding 

paragraph until a temperature of about 130° K« is reached. At 

this point one or two drops of EPA are placed on the quarts 

transducer by means of the glass capillary tube extending into the 

apparatus from above. The capillary is then rotated to one side, 

and the Rock Salt is pressed firmly against the quarts. By the 

time a temperature of 110° K. has been reached the EPA has 

solidified sufficiently to permit measurements to be taken. When 
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the system lias reached a temperature of approximately 80° K. 

liquid Hitrogen is poured into the inner Dear until the liquid 

level is well above the top of the spec linen. Then by pumping on 

the bath and hence reducing the vapor pressure of the liquid 

Nitrogen, the temperature of the system may bo varied arbitrarily 

between about 60° K, and 80° K., and measurements taken in this , 

temperature range. 

Recently the substitution of pentane for isopentane in 

the organic binding mixture was attempted, with very favorable 

results. The mixture of ether, ethyl alcohol, and pentane becomes 

sufficiently solid at about 140° K., which gives an additional 

thirty degree temperature range to the measurements. Although the 

thermal contraction of the binder using pentane is greater at 

low temperatures than that of BPA, successful measurements have 

been made with the pentane binder at a temperature of 63° K. 

It has been found that at temperatures below about 50° K. 

the differential contraction between the transducer, the binder, 

and the Rock Salt is sufficient to deform physically the transducer. 

The result of this is a radical alteration in the electrical and 

acoustical properties of the quarts, and the pulses are so distorted 

that accurate measurements are impossible. At the present time no 

binder lias been found which will allow measurements to be carried 

below this temperature. 

Experimental Results, 

The measurements of sound velocity in Rock Salt were 

performed using single crystals obtained from the Harshaw Chemical 
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Company* The advantage in the use of single crystals is that no 

extraneous effects are introduced due to scattering and reflection 

of the sound pulses by the grain structure present in polycrystalline 

specimens. The absence of this effect results in echos which 

shot-? essentially no distortion; moreover* there are rio additional 

echos due to such reflections*. The specimens are in the fom of 

cylinders, and are approximately farce centimeters in diameter. 

One crystal is cut so that the end faces of the cylinder are 

parallel to the [0,0,1] crystalline plane; the other has end faces . 

parallel to the [0,1,1] plane, where the integers 0 and 1 are the 

Miller indices. These planes are illustrated in Figure 9» The 

lengths of the crystals are about 6.6 and 12.7 cm., respectively. 

In order to determine precisely the distance travelled 

by the sound pulses in the crystals it is necessary that the two 

end faces be both flat and parallel to each other. By careful 

grinding and polishing of the faces these requirements have been 

fulfilled, and the lengths of the present samples are constant over 

the area of the faces to 10.0003 inch. Before each run the length 

of the specimen is measured with micrometer calipers to about this 

accuracy, arid the round trip distance (twice the specimen length) 

in centimeters is calculated for a temperature of 273«l6° K. 

As is shown in the appendix, the elastic constants of a 

solid may be calculated from the values of the velocity of propagation 

of an elastic disturbance, i.e. a sound wave, in the medium and the 

density of the medium. In the case of a cubic crystal such as IfeCl 

rotational and reflectional symmetries require that there be only 



9b. [0,0,1] Plane 9c. [o,l,l] Plane 

I 

• - Sodium ion 

O » Chlorine ion 

Figure 9. The Sodium Chloride Lattice and Crystalline Planes 
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three independent, non-aero elastic constants, which are c-^, 

C/jjj,, and C|2« 'She results of the theory of elasticity show that 

the following relations hold for Rock Salt, where p is the density- 

in @a/cm3 and c the wave velocity in cm/sec.: 

(1) Longitudinal waves normal to the [0,0,l] plane, 

pc2= c„ 

(2) Transverse waves normal to the [0,0,l] plane, 

pc*= cAA 

(3) Longitudinal ’waves normal to the fO,l,l] plane, 

pcz - jr (C/l * Ctz * ZC44) 

It is evident from these relations that the temperature 

dependence of both the length and density of Rock Salt rraist be known 

in order to obtain precise values for the velocities and elastic 

constants. The behavior of the linear coefficient of thermal expansion 

of Rock Salt has not been determined experimentally over the temperature 

interval under consideration, and hence must be calculated from 

available data. This calculation has been made in two ways. 

Gruneisen (Ann. Phys., Lps. 26, 211 (1908)) has shown that 

Ot 
the ratio ^ , where ot is the linear coefficient of thermal 

expansion and Cp the specific heat at constant pressure, is quite 

independent of temperature for many solids. Assuming'this relation 

to hold for MaCl, and using published values of oL and Cp at 

273*16° K., oi has been calculated using the temperature variation 

of Cp as given in the International Critical Tables (McGraw-Hill 

Book Co*, Inc., Hew York, 1928, v, 3* p* 43)* Once ot as a function 

of temperature is known, the length of the Rock Salt specimen may 
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be computed. The method used was to compute the temperature dependence 

of length of Mad on the basis of unit length at 273*16° K. by 

numerical integration of r 

LCD = L(T0)[l + J^(T)dT ] 

The values of used in this calculation were obtained by smoothing 

the values calculated from Cp , From the knowledge of length as a 

function of temperature the density of HaGl was also calculated, 

assuming a cube of unit volume at 273 *16° K, The values of the 

length and density calculated in this way are hereafter denoted 

by the subscript 1, as are the corresponding values of the velocity 

c and the quantity pcz. 

The second method of calculation employs the use of the 

empirical relation between density and temperature for Had 

(International Critical Tables, McGraw-Hill Book Go., Inc,, Mew 

York, 1926, v. 3, p. 43): 
Q I 

p(t) = 2.1680(1- A/2 x/o~* t - Sxto iz) 

where t represents the Centigrade temperature. Applying this to 

a unit cube of Rock Salt at 273*16 ° K., the volume coefficient, 

and hence the linear coefficient, of thermal expansion may be 

calculated. The length is again obtained by numerical integration, 

and quantities calculated using this formulation are denoted by 

the subscript 2 to distinguish them from those obtained by the first 

method. 

In the determination of the round-trip travel time of 

the pulses in the specimen some ten readings are made of the 

position in time of the leading edge of each echo and an average 

taken. Then the differences between tunes of occurrence of 
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successive echos give the desired travel tine, which in general 

lias an average deviation of ±0.03 microseconds. From this value 

and from the length of &he specimen at the particular temperature, 

the wave velocity is calculated. These are plotted, for the various 

cases, in Figures 10, 11, and 12. A smooth curve is drawn through 

the experimental points, and values of the velocity are taken at 

ten degree intervals from 60° K. to 300° K. From these and the 

corresponding densities the elastic constants are computed, and are 

shorn in Figures 13, 14> and 15. Figure 16 shows the relative 

magnitudes of the three elastic constants, with a considerably 

compressed vertical scale, 

with the above average deviation in the travel times, 

the relative uncertainty in the values of is about 0.3%, which 

gives an average deviation in c^x of ±0.015 x 10^- dyne/cm.2, in 

c44 of ±0.005 'x 10^-“ dyne/cm^, and in cX2 of ± 0.025 x lO^-i dyne/cm2# 

The higher uncertainty in cx2 is due to the contributions of the 

uncertainties in e^x and c; /. 

Immediately following is a tabulation of the experimental 

data aid results. 



Table It Longitudinal Waves Normal to the [0#0,l] Plane 

Temperature Travel Time Velooity^ Velocity^ 

105 0 K. see, x 10"® om -y 106 -SHLx : 
seo. see. 

69.2 13.06 6.086 5.086 
60.2 13.06 5.086 5.087 
60.4 13.06 5.086 . 6.087 
64.4 13.07 5.083 5.083 
68.2 13.07 5.083 5.084 
70.0 13.07 5.083 5.084 
74.2 13.08 5.080 5.081 
74.3 13.09 6.076 5.077 
76.6 13.10 5.072 5.074 
78.6 13.14 6.057 5.058 
79.0 13.13 5.061 5.062 
79.3 13.10 5.073 5.074 
80.0 13.11 5.069 5.070 
80.6 13.14 5.058 5.059 
90.5 13.17 5.047 5.049 
95.0 13.18 5.044 5.046 
95.5 13.16 5.052 5.053 

106 13.21 5.034 5.035 
185 13.58 4.909 4.910 
195 13.64 4.890 4.891 
212 13.70 4.871 4.872 
213 13.74 4.858 4.858 
218.5 13.73 4.862 4.862 
224.6 13.78 4.845 4.846 
243 13.91 4.804 4.804 
261 13.90 4.808 4.809 
270 14.08 4.750 4.750 
299 14.16 4.729 4.729 



Table IIs Transverse Waves Normal to the [o.O.l] Plane 

Temperature Travel Time Velocity^ Velocity. 
o K. seo. x 10“6 cm x 105 cm x 10 

seo. seo. 
57 27.14 2.447 2.447 
66 27.14 2.447 2.448 
76 27.12 2.449 2,450 
77 27.12 2.449 2.450 
82.7 27.13 2.449 2.449 
85.0 27,15 2.449 2.449 
85.3 27.12 2.450 2.450 
86.0 27.12 2.450 2.460 
86.5 27.13 2.449 2.450 
87.0 27.13 2.449 2,450 
88,2 27.13 2.449 2.450 
89,7 27.14 2.448 2,449 
90,0 27.12 2.450 2.451 
91,4 27.12 2.450 2.451 
93.0 27.13 2.449 2,450. 
99,0 27.13 2.450 2.450 

106 27.14 2.449 2,450 
108 27.14 2.450 2.450 
119 27.16 2.448 2.449 
121 27.16 2.449 2.450 
122 27.16 2.450 2.450 
123 27.19 2.446 2.447 
124 27,20 2.445 2.446 
130.2 27,21 2.445 2.446 
133.7 27.21 2.445 2.446 
135.4 27,24 2.443 2.443 
138.5 27.27 2.440 2.441 
155.6 27.37 2.433 2.433 
163 27.37 2.433 2,434 
174 27.38 2.433 2.434 
184 27.40 2.432 2.433 
187 i 5 27,40 2.433 2.434 
191 27.44 2.430 2.431 
195 27.40 2.434 2.435 
204 27.46 2.429 2.429 
212 27.51 2.425 2.426 
213 27.47 2.429 2.430 
221 27.42 2.435 2.435 
227 27.60 •2.428 2.428 
232.5 27.46 2.432 - 2.432 
233.6 27.52 2.427 2.427 
246 27.62 2.419 2.420 
249 27.53 2.427 2.428 
268 27.67 2.416 2.416 
271 27.56 2.427 2.427 
293.4 27.60 2.425 2.425 
297 27.57 2.428 2.428 



Table III i Longitudinal Waves Normal to the [0,1,1] 

Temperature Travel Time Velooity^ Velooity^ 
0 K. 860. x 10“® CP y ^Q5 — x 105 

seo. sec. 

67 27.44 4.618 4.618 
62 27.53 4.604 4.604 
73 27.57 4.598 4.599 
75 27.61 4.592 4.592 
76 27.67 4.582 4.583 
77 27.67 4.582 4.583 
78 27.63 4.588 4.589 
79 27.69 4.579 4,580 
83 27.61 4.588 4.589 
87 27.64 4.587 4.588 
88 27.67 4.583 4.584 

100 27.71 4.578 4.579 
109 27.72 4.578 4.579 
159 28.03 4.535 4.536 
164 28.00 4.541 4.543 
168 27.98 4.545 4.547 
171 28.11 4.524 4.526 
175 28,06 4.534 4.535 
178 28.13 4.522 4.523 
184 28.16 4.520 4.522 
185 28.08 4.532 4.533 
190 28.08 4.533 4.534 
193 28.18 4.516 4.517 
197 28.18 4.517 4.518 
199 28.16 4.521 4.522 
205 28.18 4.519 4.520 
210 28.23 4.512 4.513 
212 28.24 4.510 4.510 
216 28.20 4.518 4.519 
223 28.23 4.514 4.515 
232 28.28 4.508 4.508 
234.2 28.30 4.504 4,505 
240.0 28.36 4.496 4.497 
242 28.38 4.494 4.494 
245.5 28.37 4.496 4.496 
252 28.42 4.489 4.489 
253.8 28.40 4.492 4.492 
257.3 28.43 4.488 4.488 
261.6 28.46 4.484 4.484 
265.7 28.48 4.481 4.481 
274.8 28.51 4.478 4.478 
276 28.60 4.481 4.481 
284.9 28.51 4.483 4.483 
294.9 28.56 4.474 4.474 
297.5 28.56 4.474 4.474 

Plane, 
/ 



Table XV: Calculated Values of the Elastic Constants of NaCl. 

Temperature °11 °12 °44 
o K. 5222* ioU 

cm2 
2222, ioU 
cm2 

60 5.730 1.000 1.327 
70 5.713 0.986 1.327 
80 5.685 0.981 1.327 
90 5.649 0.986 1.326 

100 , 5.613 0.992 1.325 
110 5.576 1.002 1.324 
120 5.535 1.017 1.321 
130 5.496 1.033 1.316 
140 5.456 1.051 1.310 
150 5.415 1.070 1.306 
160 5.376 1.093 1.302 
170 5.336 1.103 1.298 
180 5.296 1.108 1.295 
190 5.256 1.121 1.293 
200 5.216 1.130 1.290 
210 5.177 1.137 1.288 
220 5.137 . 1,147 1.286 
230 5.097 1.160 1.284 
240 5.059 1.172 1.282 
250 6.020 1.181 1.281 
260 4.981 1.194 1.279 
270 4.942 1.209 1.277 
280 4.904 1.223 1.276 
290 4.864 1.243 1.275 
300 4.828 1.260 1.273 

Uncertainty j +0.015 ♦0.025 +0.005 

Table V: Elastio Constants of NaCl (F. C. Rose, Phys. Rev. 

49, 50 (1936)). 

80 5.76 1.17 1.332 
90 5.73 1.18 1.330 

140 5.56 1.22 1.318 
150 5.62 1.23 1.315 
160 5.48 1.24 1.313 
170 5.44 1.24 1.310 
180 5.40 1.25 1.307 
190 5.37 1.26 1.304 
200 5.33 1.26 1.301 
210 5.29 1.27 1.298 
220 5.25 1.27 1.294 
230 5.22 1.28 1.291 
240 5.18 1.28 1.288 
250 5.14 1.29 1.285 
260 5.10 1.29 1.282 
270 5.06 1.30 1.278 
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Discussion of the Experimental Results, 

The experimental values of the elastic constants c^, 

°44* c22> siven Figures 13j 14, and 15* respectively, show 

that the slopes of the curves of the elastic constants versus 

temperature become zero at a certain temperature, dependent upon 

the particular elastic constant, This temperature is about 

809 IC, in the case of and and, by extrapolation, is 

approximately 40° K* in the case of c^« It is to be expected 

that such will be the case, as can be seen from the following 

consideration* As is shown in the appendix, for an adiabatic 

change of state from an unstrained to a strained state, the 

internal energy is 

U* fWdv etej tly + f^mV 
where ¥ is the strain-energy function, c^ the elastic constants, 

®i the components of strain, and V the volume of the specimen. 

The term |Vc0(t) represents the internal energy in a state of 

zero strain, i*e, that due to thermal motions, etc. In the case 

of HaGl the integrand is 

2 dV Pj - 2 cn fr'%* + 2 ^ .? 6ie; 
/-7 «,ye/ 

and hence the integral may be separated into three integrals* 

Since the specimen is homogeneous, Cy is independent of position, 

and it follows that 

U- Un + U44+ Un+ j C0CT)V 

On - 2 C>' 

V44 ~ 2 l^ 

f 3 / O12 - 2 cn J Z ^e/dv 
* ty-/ 

where 
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Now 

approaches zero as T-»0, since both Cp and are known to 

vanish as T->0. It is to be expected that each term in the 

above equation is positive* and hence each term mast approach 

zero as T-»0, In the general case 

( sr\~2£r\ Z?<e/di/ + + Z<f}ey(%£)J 
It is reasonable to suppose that as the temperature is decreased 

the strain components e^ will become independent of temperature, 

and hence the above relation requires that ^ vanish as T->0* 

Thus it is evident that at T=0 the slope of the curve of 

versus temperature will be zero* Furthermore, it is probable 

that will become zero at some temperature greater than f- 0, 

since the temperature variation of and (^£j are quite similar, 

as is probably that of However, it is not to be expected 

necessarily that the temperature at which this occurs will be 

the same for all of the elastic constants, but will depend upon 

the particular components of strain which appear in the above 

relation* This reasoning is in agreement with the experimental 

results* 

Upon differentiating again with respect to T at constant 

pressure the following result is obtained: [^IWj dv]* zft! - 

[pzeMWl 

From this expression it is immediately evident that^-^at T - 0. 

If the expression in heavy brackets vanishes for some value of 

the temperature, then the particular elastic constant under 



consideration will show a point of inflection at that temperature* 

This temperature is of course highly dependent upon the variation 

with temperature of the quant ity2d^> and hence the temperatures 

at which the inflections occur, if there are any, would not 

necessarily be the same for all the elastic constants. 

In the case of c-^ the temperature dependence above 

90° K, is so nearly linear that a point of inflection, if there 

is one, is not evident. However, the curve of shows a 

definite inflection in the neighborhood of 130° K* The results 

in the case of c^g indicate that there are inflections at 

temperatures of about 155° H# and 170° K, On the other hand 

the hump in the curve for c^ is within the range of experimental 

error in the temperature region between 140° K* and 190* K», 

which can possibly move the second inflection to a temperature 

of approximately 185° K, Since the velocity c of longitudinal 

waves leading to the determination of c-jg Is linear over this 

temperature region, as is c^, the experimentally observed peak 

in the curve of c^g may be explained, by the changing slope of 

0^ in the temperature region around 160° K„ in view of the 

relation used to calculate c^gj 

c,z= Z/oct-c,,-2.C44 

As has been mentioned previously, Rose has measured 

the adiabatic elastic constants of Rock Salt over this temperature 

range. His results are given in Table ?, Comparison of his 

values with those reported here shows very good agreement in 

the maximum difference between the two determinations is 



about 6 parts in 10QG. In the case of c-p the agreement is not 

as good; here the difference between the two is about 23 parts 

per 1000, Hose's results for 0j2 ar0 considerably different 

from the present values, however. The difference at SO0 K, is 

about 18% and at 270° K, is about 8%, Furthermore, Rose obtains 

the result that -v and c^ ar® equal at approximately 240 ° K., 

whereas the work presented here show c^p to be consistently 

less than c^,t It is probably true that the ultimate accuracy of 

the ultrasonic pulse technique is somewhat greater than the 

composite oscillator employed by Rose, The values obtained 

here do agree very well, however, with the room temperature 

results of Huntington (Phys. Rev. j[2, 321 (1947)), who employed 

the ultrasonic pulse technique. His results are 

Giq = (4.85 ± 0*01) x 10^ dyne/cm.2 

g44 ^ (1*265* 0.025) x MfH dyne/cm.2 

C12 = (1*23 ±0.02) x IQ11 dyne/cm2 

The modulus of compressibility, K, of Rock Salt has 

been calculated from the experimental values of cy_ and C32 

by means of the relation 

K - 5 (Ct! 2Ct2) 

and is given in Table VI. , together vfith its reciprocal, the 

adiabatic compressibility kg. The experimental value of ks 

of 4*08 x 1G“*12 cm2/dyne at 300° K. may be compared with the 

value of the isothermal compressibility at this temperature* 

The latter is given by Voigt (Lehrbuch der KristaliphvsIk. 

B, 0. Teubner, Leipzig, 1910, p, 721) as 4*1 2c 10*^2 cm2/dyne, 



Table Vis Bulk Modulus and Adiabatie Compressibility o'f NaCl. 

Temperature Bulk Modulus Compressibility 

0 K. 
CBI" 

SL x 10-12 
dyne 

0 2.57 3.89 
60 2.67 3.90 
70 2.56 3.91 
80 2.55 3.92 
90 2.54 3.94 

100 2.53 3.95 
110 2.52 3.97 
120 2.52 3.97 
130 2.52 3.97 
140 2.52 3.97 
150 2.52 3.97 
160 2.52 3.97 
170 2.61 3.98 
180 2.50 4.00 
190 2.60 4.00 
200 2.49 4.01 
210 2.48 4.02 
220 2.48 4.03 
230 2.47 4.05 
240 2.47 4.05 
260 2.46 4.07 
260 2.46 4.07 
270 2.45 4.08 
280 2.45 4.08 
290 2.45 4.08 
300 2.45 4.08 

Uncertainty: 10.02 10.03 
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by Slater (Phys. Rev. 23, 488 (1924)) as 4.20 x 10*12 c'm2/dyne, 

and by Madelung and Fuchs (Ann* Phys* Lpz* 65, 289 (1921)) as 

4,14 3C 10“12 cm2/dyne. The relation between the isothermal and 

adiabatic compressibility is 

kT-ks- Zfl»* . 
cf> 

where v is the specific volume,^ the volume Coefficient of 

theitnal expansion, and Cp the specific heat at constant pressure. 

At T = 300 ° K. tixls gives 

kT - ks = 0.24Xto Cm*/dyne. 

which is in approximate agreement with the experimental value 

reported here * The value of Ics at room temperature calculated 

from Huntington’s measurements is 4*10 x 10"*!2 em2/dyne* 

Several theories have been developed with the purpose 

of allowing the theoretical calculation of the heat capacity of 

solids (see J. 3. Mayer and M, G. Mayer, Statistical Mechanics* 

John Wiley andSons, Inc*, New York, 1940, cliapter 11), Classically 

the solid is supposed to be made up of atoms, each of which have, 

on the average* 3*^ ©I'gs of vibrational energy. If there are IJQ 

atoms in a mole, the average energy per mole is 3incT, and hence 

the heat capacity per mole would be 3HQk, a quantity independent 

of temperature. 

This value of the heat capacity is approximately correct 

for solids at room temperature and above, but is greatly in error 

at lower temperatures* The first attempt to improve the theory 

was due to Einstein (Ann. Phys* Lpa, 22, 180 (1906)3 34, 170 (1911)) 

who regarded the atoms in the solid to behave as independent 
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harmonic oscillators, with quantised energy, which vibrated viith 

’ a common frequency V about their mean rest positions. The heat 

capacity obtained from this theory does agree with the classical 

value at higher temperatures, and does approach zero as T-*0, as 

is experimentally observed* However, the approach to zero is too 

rapid in comparison with experimental results* 

A more satisfactory theory was developed by Debye 

(Ann. Phys* Lpz. 39, 769 (1912)), who assumed that the solid 

could be treated as an elastic continuum. With this assumption 

the distribution function for the number of frequencies is 

proportional to the square of the frequency, and a "cut-off 

frequency" \>m exists as an upper limit of V in the crystal* 

The distribution function in the Debye theory turns out to be 

of the fora / 

pfrJd?: (jj * J djrV^id^ 

where cjdv gives the number of modes of vibration in the interval 

between V and V+dv, Here cL , cTf # and cT^ are the velocities 

of propagation of the three possible waves (one longitudinal and 

two transverse) in the crystal, and ? is the volume under 

consideration. The maximum frequency is determined by 

ZsN- J 
o 

where s is the number of atoms per molecule and N the number of 

molecules in the volume V* Thus if H=I$0 and V is the molecular 

volume. 

* ■firV i cf a? / 
-/ 

Then the heat capacity per mole is 

<^Vr 7Nek[ 
Qp 
r *3d* & ' 1 

T 
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the particular substance*. At low temperatures this reduces to 

which, upon proper choice of @0 , fits experimental values fairly 

well* 

3h Debye' s theory the quantity 9^ is supposed to be 

a constant independent of temperature, and is also supposed to be 

However, in order to fit the above relation for cv to experimental 

data, a choice of Q0 must be made which is in general different 

from the theoretically calculated value* Also the empirically 

determined is not independent of temperature as the Debye 

theory presumes. 

explained by Debye's assumption of a continuum, which requires 

a distribution function which is quadratic in the frequency, and 

a cut-off frequency, above which no normal vibrations exist. 

Actually the frequency distribution is not a simple function 

as Debye's theory would indicate, but in general exhibits a 

number of resonant frequencies, fhe Debye <4 may or may not 

coincide with one of these resonances* In addition, in ionic 

crystals such as the alkali halides, the normal vibration of 
* 

highest frequency corresponds to a large electric dipole moment 

and is capable of emitting and absorbing light*: These optically 

active frequencies of such crystals are called Keststrahlen 

given by the relation I / 

(A) 

These inconsistencies in the Delye theory may be 



frequencies, or residual-ray frequencies, and are far into the 

infra-red portion of the spectrum (the optical wavelength is 

bettfeen 20 and 150 microns)* Experiment ally, the value of the 

Ts&velengfch of light which is selectively reflected is somewhat 

different from that which is most strongly absorbed, and hence 

the value of the Reststrahlen frequency is slightly different 

from the frequency obtained from infra-red absorption. In 

Had, for example, the wavelength due to Reststrahlen is 52.0 

microns, while the wavelength from infra-red absorption is 

61*1 microns (R* B* Barnes, Zeita* f* Phys* 75* 723 (1932))* 

Contemporary with the Debye theory, Bom and von 

Karmen (Phys. Zeits. 1£, 297 (1912)j 14, 15 (1913)) considered 

the problem from the standpoint of lattice theory. Assuming 

a Hooke *s Law force between the mass points in the lattice 

and periodic boundary conditions, they indicated a method of 

solution of the problem for the frequency spectrum in terms 

of the coordinates of the wave vector in wave propagation space 

This theory has been used in the calculations of the frequency 

distribution in various classes of crystals by several 

approximate methods, each of which entails an extremely large 

amount of computation if applied to a particular crystal to 

obtain quantitative results* Recently Houston (Rev* Mod* Phys* 

20, 161 (194-8)) suggested a method of determination of the 

distribution of frequencies which gives a fair approximation 

without an unreasonable amount of calculation* (See ¥* V. 

Houston, Zeits. f« Natur. 3a, 607 (1948) j P* C. Fine, Phys* 
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Rev. 56, 355 (1939)5 R* B. Leighton, Rev. Mod. Phys. 20, 167 

(1948); Rf H. Pry, A. Thesis, Rice Institute, 1949*) 

Several workers have calculated the frequency speetrum 

of the UaCl crystal based on the Born-von Karman lattice theory 

or modifications of it. Kellermann (Phil. Trans. Roy. Soc, 

A23S, 513 (1940); Pros. Roy, Soc. 1176. 17 (1941)) has made 

a rather complete study of the NaGl lattice under the assumption 

of central forces, and has calculated the frequency spectrum of 

the crystal, together with the elastic constants. Blackman 

(Proc. Roy, Soc., 1048 . 364 (1935)i 1149. 126 (1935); 1159, 

416 (1937); MSI, 56 (1942)) has also calculated the frequency 

spectrum of the UaCl crystal by the general method of Bom and 

von Karman, again assuming central forces* 

Because of the assumption by Blackman and Kellermann 

of central forces, the Cauchy relations hold for the elastic 

constants calculated by them. These relations state that the 

tensor of elastic constants oijkl is symmetric to any inter- 

change of the indices i, j, k, and 1. Ha the general theory of 

elasticity this postulation of central forces between atoms 

lias been discarded as being neither essential theoretically 

not" valid experimentally. No substance has been found whose 

elastic constants satisfy the Cauchy relations, although the 

agreement is reasonably good in the case of certain alkali 

halides having cubic structure. In the case of MaCl the 

Cauchy relations require that °<jan^ £rom the results 

reported here it is seen that this relation holds approximately 
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at higher temperatures and not at an at low temperatures. However* 

if central forces are not assumed, quantitative results are 

difficult to obtain from the theory of Born and von Karrnan. 

Frora the experimentally observed velocities in the 

work discussed here the Debye temperature 9^ has been calculated 

by Equation (A) of page 27 , and is given as a function of temperature 

in fable FIX. %he values of for temperatures below 60® K* 

are obtained by extrapolating the elastic constants to absolute 

aero temperature and calculating the requisite velocities at 

ten-degree temperature intervals. The velocities corresponding 

to longitudinal and transverse waves normal to the [ 0,0,1 ] 

crystalline plane are chosen since in this case the two transverse 

velocities are equal. As is to be ejected from the behavior 

of the elastic constants, the value of Bb obtained in this 

manner is essentially constant for temperatures below about 100° K. 

Figure 17 shows the comparison between the values of 

0b obtained at the Rice institute and those due to Clusius, 

Goldmann, and Perlick (Zeits. f. Naturforschung, i^A, 424 (1949)) 

and to Kellermann* This comparison illustrates the results 

which are obtained by the three possible methods of calculation! 

from the Debye theory (Rice), from the Born-von Karrnan theory 

(Kellermann), and from specific heat measurements (Clusius). 

Since the values from specific heats may be presumed to be the 

correct ones to use in the Debye T3 egression for specific 

heat, it is evident that neither of the other methods gives 

an exactly valid representation of the temperature variation 

of &b . It is conceivable that the Born-von Karrnan theory. 



Table VIIi Calculated Values of the Debye Characteristic 

Temperature 8^ for NaCl. 

Temperature 
«D 

o K. 0 K. 

0 292.7 
10 292.7 
20 292.7 
SO 292.7 
40 292.7 
50 292.7 
60 292.6 
70 292.7 
80 292.6 
90 292.6 

100 292.6 
110 292.6 
120 292.1 
130 291.6 
140 290.9 
150 290.4 
160 290.0 
170 289.6 
180 289.3 
190 289.0 
200 288.7 
210 288.5 
220 288.2 
240 287.8 
260 287.6 
280 287.1 
300 286.8 
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or modifications of it, can lead to quite accurate results* 

However, this requires that the frequency spectrum of the crystal 

be determined to a high degree of exactness, which entails a 

tremendous amount of computational labor* Furthermore, the 

assumption of central forces will continue to introduce a 

certain amount of error* She Debye theory is evidently 

inadequate to explain the behavior of solids at low temperatures. 

This is due to the treatment by Debye of the crystalline lattice 

as an elastic continuum. Such a treatment requires that the 

frequency distribution be proportional to the square of the 

frequency, and that there exist a cut-off frequency, both of 

which stipulations are known to be incorrect* 

in table Fill the value of 9b for Had at 1 = 0° K. 

obtained here is compared with the results obtained by earlier 

determinations from theoretical calculations, specific heat 

measurements, and Eeststrahlen, As is to be expected the value 

depends upon the- method by which it was determined. The value 

of Op due to Blackman (1935) is based upon calculations using 

Voigt1 s measurements of the elastic constants (Wied. Ann* ji6, 

642 (1888)), which are of course isothermal and at room 

temperature. His 1938 result of 302° IC* (Proc. Boy, Soe. Al64* 

62 (1938)) is obtained by using the same values of the elastic 

constants bub a different formula for the Debye temperature. 

The value of 287° K* from specific heat measurements is quoted 

by him without a reference. The work of Hopf ami Lechner 

(Verh* dtseh* Phys* Ges. 16, 643 (1914)) is based on the theory 



Table VIIIi Value of the Debye Characteristic Temperature 

0D at T » 0° K. 

Reference ®P 

Degrees Kelvin 

Rloe Institute 292.6 

Clusius, et al. 299 

Kellermann 313 

Blackman (1935) 282 

Blackman (1938) 302 (elastic) 
287 (specific ! 

Hopf and Lechner 296 

Born and von Karman 302 

Lindemann 294 

Reststrahlen 276 

Infra-red Absorption 235 
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of Bom and von Karmen $ Lindemann * s value is from specific heat 

measurements (Z. Elect rochem. angew. physilc. Chem. 817 (1911))* 

The measurements of G'o from Reststrahlen and infra-red absorption 

are due to Barnes (Zeits. £. Phys. 75a 723 (1932)). Durand (Phys. 

Rev. JO, 449 (1936)) has calculated at 8O0 K. from the elastic 

constants as measured by, Hose, using a modification of the method 

of Hopf and Leohner, -with the result 9^ - 320° K* 
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Appendix? Theory of the Determination of Elastic Constants from 

Wave Velocities. 

This theory is with reference to an elastic body t in a 

rectangular coordinate system xf -f , x^ ; P(x/ , x2 , x^) denotes 

an arbitrary point in T when the body is unstrained, After 

deformation the coordinates of P are to be (x*,xj,xp where x[ is a 

single-valued function (of C^ ) of x/ JX^JX^ throughout T . Under 

the supposition that the transformation x^x^ is affine, that is, 

h'~ * (&tj + 

it can be shown that a vector transforms according to 

SA^ — A i ~ A{ — oi^j JQJ 

(In this work repeated indices are understood to be summed.) The 

above transformation can be decomposed into two operations: rigid 

body motion (translation and rotation), and pure deformation? more¬ 

over, for rigid body motion the matrix[ottj] is anti-symmetric. Thus 

SAi - €cj Aj / Wij Aj 
where 

€ij = €JL = j f <t,j + *ji ) / 00<j = ~ ~ fyi) 

The symmetric coefficients £ty characterise deformation? the anti¬ 

symmetric (jOt - represent rigid body motion. Furthermore, &t - are the 

components of a symmetric tensor of the second order, and are called 

the components of the strain tensor. 

It is true that the general functional transformation 

results in deformations which, so long as they are infinitesimal, 

may be described in terms of the infinitesimal affine transformation. 

Defining LXuXi, Xs) U
=I,&)B& the displacements of the point PfXi/XiJs) 
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from its equilibrium position in the unstrained state, it follows 

that if are sufficiently small, 

~ dXj 
and thus 

- J. ( . dUj ) f .j / / £Uj £Uj) 
L‘J - * < S*j * Sx;) ' WTi(*Xj SxfJ 
How there are two types of forces which may act on a bodyi 

body forces, which are proportional to the volume or mass of the 

body, and surface forces, which are those acting on the surface A<T 

of a volume element At» Let the force acting on a surface element 

&<r be TA<T* The stress vector T is defined as the force acting 

at the point P (X,/Xi/X3)/ 

T= T(x„h,/is)S6^B -fir 
T is supposed to be positive if it acts on the same side of the 

surface as the outward normal "T and is written yT to show this 

dependence on the normal* Resolving^7 into components along the 

coordinate axes,^7J -€y TJy , whereby is the component of stress 

acting on the face noraal to the A i -axis, and ?j are unit vectors 

along the three coordinate axes* Thus 7^. represents normal stress 

for i=j and shear stress for i j. 

It can be shown that the quantities 7jy are the components 

of a symmetric tensor of the second order, and furthermore that this 

tensor completely specifies the stress vector at any point of the 

surface through the relation 

vli ‘ Wi* tr.-j 
In the case of equilibrium between, the surface stresses y £ and the 

body forces ^ it can also be shown that i - ~ 



in the case of static equilibrium, and that 

F- o Jjjj 

in the dynamic ease* 

It is now supposed that at each point of the elastic medium 

the components of the stress tensor Ttj are linear functions of the 

components of the strain tensor €tj , which is Hooke*s law In its most 

general fom, 

'ij " £iJM eK! 

where tifk/ a tensor of the fourth order. But e£J =e/f i> 

hence CtJ is symmetric in pairs of indices and may be written in 

the fom <ij | i,j=l,2,..*,6 by defining 

r, = fh, r,= r32f rs= T<= r2a/ $-= rSf/ r/2 

e, = c„, e2 = e^, e3= e39, aj.,, ze/2 

Then 

**"i ~ *0 eJ 

where the coefficients ctj are called the elastic constants. If the 

elastic properties of a body are the same for all directions about 

a given point, the body is said to be isotropicj if they are independent 

of position in the body, the body is homogeneous. 

Symmetry of structure in the medium may introduce various 

relations among the quantities £ij . Indeed, in an isotropic body 

there are only two independent, non-zero coefficients! in a cubic 

crystal there are three j and in a triclinic crystal there are 21. 

It can be shown from consideration of the strain-energy function 

that there am at most 21 independent elastic constants. 
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e 

To derive the form of the strain-energy function, all 

strains will be specified with respect to an unstrained state of 

the body, which is a standard state of uniform temperature and aero 

displacement. The rate at which work is done by the body and surface 

forces in producing a deformation mil be considered. 
i 

The displacement of a point a time dt is §f-1 di 

and hence the work done in a time dt by the body forces acting on 

the volume element and by the surface forces acting on the surface 

element d,<T is 

Ft ^ ^ ^ ^ 
Thus if £ is the total work done by the body and surface forces, 

for matter occupying a region T , bounded by (T , in the unstrained 

state, ^ r , 

di-JF‘ Si |f Jx 
r r 

But 
:>^ T]' , hence by the divergence theorem 

M'lfc & * W)J* 
-'//*ff* T,y£(^ *»,-;)]& 

Since UJcj=-tK>j\i and p |^‘ = Ft r 

57> + T<y BJJdr 
Defining the kinetic energy K as 

K- i ^ /O dt)‘^T 
it follows that 

since 7 is not a function of the time. Thus 

4Jt dK f d£ty j 
it it { ‘J 

It will next be shown that if the change from the unstressed 

to the stressed state is either adiabatic or reversible and isothermal 



there exists a function ¥, of ej , such that 

r. _ dW 
1
 ~ b€i 

This function ¥ is called the strain-energy function* 

From the first law of Thermodynamic M ' 

For an adiabatic process = 0 and if the energy density W is 

defined as U-jwdr* then Wd.r=J§£dt for constant X;. 

In such a process the first law becomes 

$■ f-jg* 
and hence 

T r 
Since the region f is arbitrary, ^0 or 7~t' $£J * Thus 

a change in ¥ in a time dt, for fixed X; , is where dei = ~~ 

Thus if ei are considered to be the independent variables. 

T. _ M 
1 Zee 

dQ -rds d/r 
If the process is reversible and isothermal, = 1 z£t 

and O-Tt) • If the definition U~ TS= JlX/dr 

is made, it follows that 

/ w*-*-* Jroi? & 
which leads to 

~ M 
(t = Zee 

It is to be noted that this proof of the existence of the 

strain-energy function ¥ may result in different coefficients for 

the terms of ¥ expressed as a quadratic function of strain components, 

in the two cases of adiabatic and isothermal processes, indeed, the 

experimentally determined adiabatic elastic constants differ slightly 

from those determined isothermally, and Voigt and others have given 

expressions which relate the two* 



The assumption of a power series expansion of the strain- 

energy function is ms.de, 

2W= *0+ -?<,<?/ +- tr.j <ft ej ■/■--- 

and in the theory of infinitesimal deformations, terms of order 

three and higher in the strain components are neglected* Furthermore, 

the constant term cQ is neglected, since only derivatives of ¥ mil 

he computed* Then 

r^-Wc= * i +£ji)ej 

and if the strains and stresses are to vanish together, e . = 0# Thus 

^ ~ J &S, f <■' ~ i 
It is evident that the coefficients must be symmetric, hence 

W-- ± ‘.-jecej, ctJ .e/{ 

Since £tj =f)v , the possible number of independent elastic constants 

is reduced from % to 21* 

The case of wave propagation in a general anisotropic 

medium will now be considered (A* E, H. Love, Mathematical Theory 

of Elasticity* Dover Publications, Inc., Hew fork, 1944, p* 290ff*), 

If an arbitrarily small disturbance is originated within a restricted 

portion of an elastic, solid medium, neighboring portions mil soon 

be set into motion and thrown into states of strain* The supposition 

is made that at any instant of time the disturbed portion is bounded 

by a surface S5 let V be the unit vector normal to S, in the direction 

of the velocity of pro pagation c* of the disturbance. The vector 

displacement U^(Ui) vanishes everywhere on S, and hence the 

derivative of in any direction s in the tangent plane to S must 

vanish, which shows that the projection of grad UL on tliis plane is sere. 
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Thus the derivative of «t- in the direction mast be identical 

■with grad Mt- s and since the components of the former are 

[ f? coax,, >/) / fpl cos (X^P) 37 Cos (x3,») ] 

it follows that 

dur Me i dki dUt 

2>X, cos (X„y) coslxltv) bx3 cos (Xj,y) 

Moreovera expanding U[ in a Taylor^ Series about some time t, since 

UiU+db) = U; li) -=o on S, 

||l + CI Cos ix„y) -h Cos IX 1, v) wl +- eas (*3sy) w%]~v 

But the quantity in brackets is just s hence 
0 V 

/  i Sttj- _ £U; 
c 6-6 o»X, cos (x,.») 

dUt / _ ML  L 
,,r, ZX* COJlXij?) ' Mg tosOf^v) 

Consider next an element of S, and the volume element 

of the medium bounded by S/S’ } by the normals to S at the edges of 

and by a surface parallel to &£ at a distance c from it, The 

volume of this element is If the components of the surface 

force per unit area are denoted by , the impulse due to the 

application of this force for a time St is 63 St vMch is 

equal to the momentum gained by the volume element pc <5/S'<5t, 
j 

Equating these yields pc $£ = ~^= -T^ Vj » But if ¥-W( <?(y ) is 

the strain-energy function, Tty - (/ - j Xy) 

where 

(The t&m-jXij occurs because of the definition of<) 

Thus 
o*U ( ‘ 

J 

then ^ = Cos m= _ aos (Xit>), n =yd= cos (X3, y) * 

<f r ^L' _ _ 1 to, ^ m to* <?„ = ^ = _ n to3 
M, C Si 22

 ^' C ' 33
 g>K c: SF 
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e . i f . du? )_ if da,. £u,i 
23 2 <?*3 5/"J£ m Sty 

e3, - r / ^Jds +. ) LfdUt./ 2J<3) 31 2{ ax, ax3J~ zc(* & 2t) 

ft, - ± j- £&)- -L.fn.dUr .0 §H*) W2-- zlaxz £x,/~ -2c \nta£ dt/ 

Defining t~ ^ = ~ Jj* )~ Z a ^ follows that 

e" ~ f, e*2^ -M>{ f e& = - njr, e23 - - j ("t*™}), 
e&~ -2 (*$+ £jf), e,2 = -/ (/n$ +£>{) 

Substituting these into the strain-energy function expresses ¥ as a 

quadratic function of 5, If ,f * which is denoted by 7T • Since <f?2 , 

C5i | f?3 # are independent of i , 
2^ j. o>g/2. /. SW 

9? ' *?,/ *?/* */ S^/’Ss 
n ^ ii 

~ ~ t wCi/ 2 <?<?/z * X. y/ 
But 

hence 

Similarly, 

//_ d u . ) , dH/ _ *» _ * ijy Pc 5 ~ V afy- (» 2 *(//- -/ de„ 2 ©«/a 2 Mid 

pc
2
f* ff 

pczn= if 

Pcl}~ if 
If 7T is given by W= £{ X 5*+)^ +A3}

1+2jis Hf’+Zbl* *-^uSn] 

then y5C*l= A, £+ A2^ f //*,> 

~ +- /123 Jr 

pC2} = A*/ f .£ /i23 ^ /" As /' 

which lead at once to the equation for the velocities in terms of the 

elastic constants and the wave normal, 

h -pc* A/2 Jh. 

A/a Kz-pC* A 23 

A 3/ A*3 

= o 

It can be shown that the three values of c2 obtained from this equation 

are real and positive, and there are hence three real wave velocities 

with which a wave may be propagated in an elastic medium. 



The function TT may be formulated in the following manner: 

let n,-e„ , b2*e2g » n3*e33 > ti4=e23 * Qf=es, s -ea, and let cr 

denote the form 6A= ti tii = <*,&, +C2Jit A — - A /i(, » where 6-t has no 

quantitative meaning, but cf-da > and d/dj-dij , where dty are the 

coefficients in the strain-energy function W* Then 2W- * Define 

= t) 1+ di,M+ dsn, K = 4. iA dz ft A c4 n, - <r 1+ U * + <?H 

Then K$ *- K{+ hi = - (c,e„ +c3d3i A C4e23 +6re3, =-eA 

and 2H/~ (Xi f+ X* ^ + ^dl)Z 

Hence 2W r X„ £ *f ^1 A JS3 j
z + ZX^ /?/ A 2X3l // +- 2//^ 

- (hf+ Xi 4/j2 

Equating coefficients of , *1 * f quantities are obtained 

in terms of the elastic constants and the direction cosines of the 

nomt&l to the wave front, 

Xu ~ Cn ^^ A to2 +■ Sff M 2Zdj^ tort A- 2C/J- /%£ +- 26/£ £ty 

hz - e2z m
l+ c44 n

l
 A- 2ci4 tort A 264i n£ + 26Jit $M 

X33 = (jfH
2+C44to

z+6S3ri*A 2 634 tort A- 2djfrt£ A 2a4jrlm 

XZ3 - CSL ^
l+d24m

z*634rt
2-h (£23 +Cf4)mn A (d3c +64s)n$4 (62S-4d4(,)j£^ 

^31 - &IT11 *£4(,Ml+d3rnl+(C3L+d4r)mu+-(6/3+6s?)n£-t-fdyhdft)£m 

Xu - £n> 4A ^ A djsn1 A +c4(,) to/t + (t>4 / df6) n£4 (d,z A^A^A-T 

Green has shoxm (George Green, Mathematical Papers. London, 

1871, pp. 293-3H) that in the general case of anisotropy the three 

possible directions of displacement corresponding to the three 

velocities of propagation of plane naves tfith a given wave normal 

are parallel to the principal axes of a certain ellipsoid, and are, 

therefore, at right angles to each other*. In this notation, the 

ellipsoid is 



X, 2 + X/ 4- f X$X, 4- 2AUX, X£ =■ / 

Furthermore, he showed that if /lt- (1; 1,3,3) are the semi-axes 

of this ellipsoid, then the relation 

P'm 4? 

gives the velocity of a wave having its displacement along the 

fy-ajds. 

She particular case of the cubic crystal of Boole Salt 

will now be considered. By virtue of rotational and reflections^, 

symmetries the following relations hold between the elastic 

constants* Gn = c2l~ %3 * c = c = c 
» St iz 

C :0 = C, 
-44 SS f>L f and the 

remaining c.- • = 0. The two crystalline planes under consideration, 
v 

the /0,0,l7 and the /o»l,l] planes, are illustrated in Figures 

9b. and 9c. respectively. 

For waves normal to the (o,0,lJ plane in UaCl, 1=0, 

m = 0, n = l, and hence A,, -C-^q , , Jjj = £,/ , — A$, = A* =0 » 

The ellipsoid is 

V/* + £44 x2~ 4- C-H y3* -) 

Thus longitudinal waves normal to this plane have their displace¬ 

ment along the x3-axis and have a velocity given "Wpc^-c^ * 

Transverse waves have displacement along a line in the XjXg-plane 

and have a velocity given by pc3-^^ . 

For this case the determinant is 

*44~PCX 0 

<4*-f*1 0 

0 

0 

0 

tu-pc* 

= 0 

which yields the same results. 
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In the case of craves normal to the [n>'] plane in 

laGl, 1 = 0, m=n«^ * and hence \„=o44 , )22 = ^ = ~ (<*„ + C^), 

^*3'i(£tz +<4414"4'^* Th8 ellipsoid is 

+C"W+X}) *■ (t*+C<4)XJi =! 

To determine the principal axes of this ellipsoid consider the rotation 

~ j X* ~ cos t( — X§ sin oc, X$ — X2 S/M d +- cos oc 

Then the ellipsoid becomes 

c44 X't* + 2. (+X44 ) (*J2+ X'^J -h(£,z + C44)[(XJ*-ApSir)d CostK /- xj/jces?*]=/ 

and it is necessary to choose ct- pL . The ellipsoid is now 

^44 ^1*2 (&U XCjj)X^ f 2 CC() ~Cfc)Xj* = 1 

It is evident that longitudinal waves normal to this plane have 

displacement along the x'-axis and velocity given by pc*~£ fa/ +C/Z 

One of the possible transverse waves has displacement along the 

xf -axis and velocity given by pc z=,c^4f J the other has displacement 

along the x'-axis and velocity given by pCZ;:£(cn-cti)» For this 

case the determinant is 

0 

0 

O 0 

■f (t/f + £44)-^1 2 ^*2 * ^i) 

jr (C12 +C44) J (C„ +C44 ) -pc2 

- 0 

which again gives the same results. 


