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ABSTRACT 

A rocket-borne vector magnetometer has been used 

to infer the current magnitude, direction, and distribution 

in the mid-latitude Sq current system. The payload, com¬ 

prising a scalar magnetometer with bias coil and a solar 

aspect sensor for determining vehicle attitude, was 

launched via a Nike-Apache sounding rocket from Wallops 

Island, Virginia at 7:05 local time (12:05 UT) on 7 August 

1968. Complete vector information returned throughout the 

flight indicates that a southward equivalent surface 

current (vertically integrated current) of .15 amp/meter 

was encountered between the altitudes of 104 km and 118 km 

in both ascending and descending portions of the flight. 

Vertical distribution of the current within the layer was 

approximately uniform, and the layer was found to be 

horizontal within the accuracy of the experiment. It is 

suggested that the anomalously large current density and 

small vertical extent of the layer may be correlated with 

the existence of an intense and variable sporadic E layer 



detected in this altitude range by Wallops Island 

ionosondes. 

Because the exact form of the magnetometer signal 

is slightly dependent on vehicle dynamics, an analysis of 

this signal for the case in which the only motion of the 

rocket is simple spin has been expanded to include effects 

of vehicle coning and nutation, and it is shown that 

significant corrections for these motions are necessary 

in certain special cases. 
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CHAPTER 1 

INTRODUCTION 

1.1 THE Sq CURRENT SYSTEM 

Daily variations of the geomagnetic field are 

present even on extremely quiet days. At mid-latitudes 

these variations take the form of an eastward deflection 

of the geomagnetic field reaching a maximum about four 

hours before local noon, followed by a westward deflection 

having a maximum about six hours later, if the quiet night¬ 

time value is taken as a baseline. There is an associated 

decrease in the horizontal component of the magnetic field, 

but the vertical component is unaffected. Since this 

periodic change in the field is apparently correlated 

with local solar time, this effect is known as the solar 

quiet daily variation, commonly denoted by Sq. 

Schuster (1889) became the first to study Sq on a 

world-wide basis using Gauss's method of spherical harmonic 

analysis, which expresses the magnetic potential at any 

point on the earth's surface as a sum of spherical harmonic 

functions. In this manner, he concluded that the source 

of the perturbation magnetic field responsible for Sq is 

primarily external, although a fraction of the field 

appeared to originate from sources within the earth. 
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Since this pioneering work in the field, other 

workers, notably Chapman and Bartels (1940), Hasegawa 

(1960), Matsushita (1968), and Matsushita and Maeda (1965), 

have shown that the Sq variation may be described by an 

"equivalent current system" flowing in the ionosphere. 

This current system (hereafter referred to as the "Sq 

system") is chosen in such a manner that the magnetic 

field it induces directly accounts for about two-thirds 

of the total Sq variation observed at the surface of the 

earth; the remainder of the variation is due to currents 

within the solid earth induced as the earth revolves under 

the ionospheric current system, which is fixed with respect 

to the sun. 

Typical flow patterns for equinoxes and the June 

solstice are shown in Figures 1-la and 1-lb, respectively 

(Chapman and Bartels 1940). Maximum north-south symmetry 

of the current system occurs in equinoctial months, with 

the total current increasing markedly in the summer hemi¬ 

sphere. The flow patterns are not symmetric about local 

solar noon, nor about either the geographic or dip equator. 

Circulation in the northern hemisphere is counter-clockwise 

in the southern hemisphere, clockwise. In the region near 

the dip equator, where the systems in the two hemispheres 

are adjacent, flows an intense eastward current known as 

the equatorial electrojet. 



a 

b 

FIGURE 1-1 
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Even though the morphology of the Sq system has 

been the subject of exhaustive analysis for many years, 

and the structure of the system is quite well known in a 

descriptive sense, the details of the mechanisms producing 

the currents are not thoroughly understood. It is now 

generally accepted that the currents are driven by elec¬ 

tric fields arising from the so-called atmospheric dynamo 

mechanism originally proposed by Balfour Stewart in 1882. 

Atmospheric motions across the geomagnetic field result 

in an electric field -vxB in the rest frame of the air; 

if the conductivity is great enough, currents will flow. 

The essence of the mechanism is contained in a simple 

analysis using an isotropic conductivity by Chapman and 

Bartels (1940). Later work by several investigators 

[e.g., Matsushita (1966)] using a tensor conductivity has 

produced more rigorous derivations, yet the wind-flow 

patterns on which the mechanism is based are not well- 

known. These winds are generally taken to be the result 

of solar heating in the atmosphere, but a definitive 

theoretical derivation of the wind pattern has not been 

accomplished, and experimental measurement of the wind 

velocity in regions of adequate conductivity is quite 

difficult. In fact, much of the analysis of these winds 

has been carried out by deriving the air flow patterns 
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from observed Sq current systems. Nevertheless, experi¬ 

mental evidence indicates that well-ordered atmospheric 

motions of up to 100 meter/sec exist, and have approxi¬ 

mately the direction required to account for the Sq 

current system through the atmospheric dynamo mechanism 

(Matsushita 1967; Winch 1966). Most theoretical develop¬ 

ments have assumed that currents flow in a horizontal 

region of high electrical conductivity bounded above and 

below by regions of lower conductivity, so that any 

vertical component of the vxB electric field is can¬ 

celled by a polarization field due to surface charge 

accumulation near the boundaries of the region of high 

conductivity; both the net electric field and the current 

are therefore horizontal. A more thorough treatment of 

this subject, including the conductivities in the region 

of interest, is presented in Section 4.3. 
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1.2 ROCKET MEASUREMENTS 

Prior to the work of Cloutier (1967) all rocket- 

borne measurements of the Sq current system were made 

using scalar magnetometers. The most favorable conditions 

for these instruments exist where the Sq system is most 

intense and the induced perturbation field parallel to 

the horizontal component of the geomagnetic field, so that 

a maximum change in field total magnitude is encountered 

on penetration of the current layer. These conditions 

obtain near the equatorial electrojet, and this region 

was the logical first choice for investigation by rocket- 

borne scalar magnetometers. Singer, Maple and Bowen 

(1951) launched an instrument package into the equatorial 

electrojet which encountered a current sheet at 93 km, 

and indicated a total field change of 400±50y between the 

lower boundary of the current layer and the apogee alti¬ 

tude of 106 km. The slope of the field at this point 

showed that the payload probably did not penetrate the 

layer completely. 

A later series of six flights (Cahill 1959) using 

rocket-borne nuclear free-precession magnetometers launched 

from balloons near Jarvis Island detected a rather compli¬ 

cated layered structure in the electrojet: a lower current 

layer extended from about 97 km to about 110 km, and 
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another current appeared to flow between about 120 and 

128 km, but the upper boundary of the top layer was some¬ 

what uncertain, because the instrument package may not 

have penetrated the upper layer completely in any flight. 

The current density was quite variable from day to day, 

but had a maximum near the center of both layers of about 

20 amps/km . The small vertical extent of the layers was 

not expected, since the relevant conductivities do not 

exhibit such a sharp maximum in this region (see 4.3); 

Cahill notes that a conductivity peak may result from the 

presence of fairly intense sporadic E observed nearby. 

The north-south extent of the electrojet itself was found 

to be approximately 350 km. 

Maynard and Cahill (1965) used four Nike-Tomahawk 

sounding rockets launched into the equatorial electrojet 

from Thumba, India to further investigate the structure 

of this current layer. In general, the currents encountered 

were much weaker than reported earlier (Cahill 1959); a 

double layer was again detected, but the upper layer was 

higher and more diffuse than earlier measurements indicated. 

These payloads included Langmuir probes monitoring elec¬ 

tron density, but no regions of enhanced electron density 

similar to sporadic E were observed. Nevertheless, the 

peak current density did occur in the region of maximum 

electron density. 
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The first rocket observations of the Sq current 

system at mid-latitudes were made by Burrows and Hall 

(1965), using two Skylark rockets carrying proton magne¬ 

tometers launched from Woomera, South Australia. Both 

payloads were launched near 11:00 AM local time, the time 

at which a maximum change in total field magnitude is to 

be expected. On one flight, a current was observed to 

flow between 104 and 115 km, with sharply defined upper 

and lower boundaries. The second flight, occurring at a 

time when no deviation from night-time values was observed 

by ground-based magnetometers, showed no evidence of an 

ionospheric current. Although the experimenters were 

unable to determine the current density giving rise to 

the magnetic field variation on the first flight, due to 

the fact that the direction of the current could not be 

found from the scalar field data, they state that the 

change in total field was in agreement with ground-based 

magnetogram data. 

Similar results were obtained by Davis et al.(1966) 

using rubidium vapor scalar magnetometers launched from 

Wallops Island, Virginia in mid-1964. Two flights occurred 

at local times at which no Sq variation was expected or 

observed at the surface of the earth; no ionospheric 

currents were detected. In both the remaining two flights, 
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current layers were encountered between the altitudes of 

105 and 123 km, the change in total field being approxi¬ 

mately that expected from ground-based observations. Since 

only the change in magnitude of the magnetic field induced 

by the current was measured, the authors were able to 

calculate only the westward component of the current (the 

component producing a perturbation field parallel to the 

horizontal component of the geomagnetic field); the west¬ 

ward sheet current densities observed were .026 amp/meter 

in the first flight and .039 amps/meter in the second. 

Equivalent current densities, assuming a layer thickness 

2 2 of 18 km, are 1.45 amp/km and 2.2 amp/km . 

The first use of a vector magnetometer for in situ 

measurement of the Sq current system is reported by 

Cloutier (1967) and Cloutier and Haymes (1968). Two pay- 

loads essentially similar to the instrument package used 

in the work reported here comprising a cesium vapor magne¬ 

tometer with bias coil and a solar aspect sensing device 

were launched from Wallops Island, Virginia, one at 10:37 

AM and the other at 11:16 AM on different days. Instru¬ 

mental difficulties prevented obtaining vector data from 

the first flight, but a total field measurement indicated 

a sheet current having a vertical extent of £bout 5 km 

was centered near 108 km. Sheet current densities observed 
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2 
on ascent and descent were 40±25 amp/km (8±5 amp/km ) 

2 
and 47±25 amp/km (9.4±5 amps/km ) respectively. The 

second flight yielded vector information, but a trans¬ 

mitter failure precluded recovery of descent data. Data 

obtained on ascent showed that the rocket passed through 

a current layer situated between the altitudes of 102 km 

and 109 km; the current direction was predominantly 

westward, with a surface current density of 81±16 amp/km 

2 
or 11.7±2.3 amp/km . It was noted that these current 

densities were larger and the vertical localization of 

the current-carrying region more pronounced than expected 

theoretically. Increased electron density near an alti¬ 

tude of 105 km due to sporadic E observed by ground-based 

ionosondes was proposed as an explanation of both 

anomalies. 

Except for the work of Cloutier just described, 

previous attempts to perform in situ measurements of the 

Sq current system have been hampered by their inability to 

furnish vector information. As a result, information about 

the current system could be obtained only when the current 

was directed so as to produce a measurable change in total 

field magnitude. This effectively limited useful launch 

times to near 1100 hours local time. However, a vector 

magnetometer can yield information about the Sq system 

even when no change in total field magnitude is observed 



10 

by ground, or rocket-borne, magnetometers? such a system 

is therefore useful in investigations of the Sq current 

at local times for which the current is predominantly 

south or north. With shch an instrument, it is possible 

to determine the sheet current magnitude and the direction 

of its projection onto a horizontal plane, as well as the 

inclination of the current layer to the horizontal 

(measured in the plane perpendicular to the current 

direction). 
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CHAPTER II 

THE EXPERIMENTAL SYSTEM 

2.1 GENERAL REQUIREMENTS 

The general technique utilized in this experiment 

is that of inferring the characteristics of a current 

system by measuring the magnetic field it induces along 

the trajectory of a rocket. This requires, first, the 

determination of the current's magnetic field in a refer¬ 

ence frame moving with the rocket, and, second, the trans¬ 

formation from this frame to a fixed ground-based frame. 

This latter requirement may be readily attained using 

complete rocket attitude information; the former, however, 

presents some considerable difficulties. 

The Sq current system (Figure la,b) is generally 

recognized as a rather weak horizontal sheet current flow¬ 

ing near an altitude of 110 km; the induced magnetic field 

is therefore at least predominantly horizontal. This mag¬ 

netic field, which this experiment is to measure, then 

adds vectorially to the 50,000y geomagnetic field. Even 

if the perturbation field from the Sq system were oriented 

parallel to the geomagnetic field, its vector addition 

could change the total field magnitude by only one part 

in five hundred. 
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In fact, conditions are even less favorable, due 

to the fact that a typical mid-latitude dip angle of 70° 

places the perturbation field almost perpendicular to the 

geomagnetic field. Furthermore, local time effects are 

important, since the local current direction varies as 

the earth turns under the current system. The maximum 

change in scalar magnitude occurs when the perturbation 

field is parallel to the horizontal component of the geo¬ 

magnetic field; under these conditions, which occur when 

the local Sq current is approximately east-west near 1100 

hours local time, the perturbation field is oriented about 

70° from the geomagnetic field and produces a change in 

magnitude of the order of 30y . At earlier and later 

local times, the perturbation field may be exactly per¬ 

pendicular to the horizontal component of the geomagnetic 

field; in this configuration, it changes the magnitude of 

the total field by about .ly , a change completely 

unresolvable by existing rocket-borne instrumentation. 

In the latter case, the geomagnetic field will be tilted 

by approximately .1° from its unperturbed position. 

Clearly, the first requirement for a magnetometer 

that is to resolve changes in the geomagnetic field induced 

by these currents is that it be capable of a^ vector mea¬ 

surement, and therefore sensitive to the small angular 
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changes in the field. Resolution of the order of ly in 

magnitude and .05° in angle is .required, and the instru¬ 

ment must be capable of functioning in the environment of 

a spin-stabilized rocket rotating five to fifteen times 

per second. The magnetometer system chosen for this 

experiment meets these demands easily, and will be dis¬ 

cussed in considerable detail later. Essentially the 

same system has been employed on two previous rockets 

(Cloutier 1968) designed and constructed at Rice. This 

instrument measures directly the scalar magnitude of the 

ambient field, as well as the polar angle 0 between the 

rocket spin axis and the magnetic field. One additional 

angle, analogous to the azimuthal angle cp in a standard 

spherical coordinate system, is needed to completely 

specify the ambient field in the rocket-based coordinate 

system. This angle is equivalent to an angle measured 

about the rocket spin axis from some reference direction, 

fixed in space in the rocket coordinates, to the ambient 

field vector. The capability of determining this angle 

is provided by the solar aspect sensor, to be discussed 

in detail in Section 2.2.2. This unit also furnishes the 

independent rocket attitude information required to relate 

the rocket-based and ground-based coordinates systems. 
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2.2 DESCRIPTION OF THE PAYLOAD 

The Nike-Apache sounding rocket was chosen as the 

launch vehicle for this experiment since it offered favorable 

dynamics characteristics including the attaining of suitable 

altitude. The instrument package consisted of the vector 

magnetometer sensor and signal processing electronics, an 

Adcole solar aspect sensor, and related telemetry equipment. 

Each of these systems will be discussed in turn. 

2.2.1 The Magnetometer 

The basis for the vector magnetometer is an 

optical pumping cesium vapor magnetometer manufactured by 

Varian Associates of Palo Alto, California. The opera¬ 

tion of this unit has been discussed in detail elsewhere 

(Cloutier 1968; Ruddock 1961); only the essential features 

will be considered here. This instrument furnishes a 

scalar total field measurement by supplying an output sig¬ 

nal oscillating at the cesium Larmor frequency, which is 

proportional to the total field at the position of the 

sensor. The proportionality constant is 3.49854 Hz/y , so 

that a theoretical resolution of a fraction of a gamma is 

possible. Vector information may be gained from this 

scalar sensor by the addition of a constant accurately 

known bias magnetic field fixed in the rocket. This bias 
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field of approximately 10,0007 is impressed across the 

sensor by coils carrying current from a regulated current 

power supply, so that the bias field is constant to within 

±lv . As the rocket spins, the bias field adds vectorially 

to the ambient geomagnetic field, producing a quasi-sinu- 

soidal modulation of the total field at the position of the 

sensor having a period equal to the rocket spin period 

(typically .14 sec). This modulated frequency contains 

the information required to completely specify the geo¬ 

magnetic field magnitude and the polar angle 0 between the 

field and the rocket spin axis. A detailed explanation 

of the recovery of these parameters from the scalar sensor 

output is provided in 2.3. 

An important characteristic of the scalar sensor 

is the existence of extensive "dead zones" and limited 

"live regions" (see Figure 2-la). In order for adequate 

optical pumping to occur, the total field vector (ambient 

plus bias) must lie within the sensor's live region. This 

is a region of rotational symmetry about the sensor's optic 

axis, extending from this axis 10° to 80°. The dead zones 

are the remaining portions of the sphere, comprising the 

polar dead zone of 10° half-angle about the optic axis, 

and the equatorial dead zone of solid angle .somewhat 

greater than a hemisphere, separated by the live region. 
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To maintain the total field vector in a live region, it 

is necessary to consider the launch location and expected 

attitude of the rocket with respect to the geomagnetic 

field above the atmosphere. Adjustment of the direction 

of the bias field and the tilt of the optic axis may be 

effected so that the total field remains in the live region 

at all times during a spin; with optimum positioning of 

the bias and optic axis, the angle between the field and 

the nearest edge of a dead region may be maximized. 

In general, the motion of the rocket is not simple 

spinning but includes the precession, or coning, of the 

spin vector about the total angular momentum vector. 

Since severe coning may place the magnetic field in a 

sensor dead region during some portions of the coning 

period, care must be taken to minimize this component of 

the rocket's motion. 

Clearly, several rather stringent requirements 

are placed on the magnetometer and its environment fur¬ 

nished by the launch vehicle. The bias field must be 

extremely stable, as mentioned earlier, as well as 

accurately known. Stability of the bias field magnitude 

over the range of expected operating temperatures is 

achieved by employing temperature regulation.of the con¬ 

stant current supply. Magnetic calibration of the entire 
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payload in the Goddard Space Flight Center coil facility 

accurately determines the direction and magnitude of the 

bias field. 

The bias field found in magnetic calibration is 

primarily the field induced at the sensor by the bias coil; 

however, other stray payload magnetic fields will be added 

in to yield an "effective" bias value at this time. Care 

must be taken to assure that these stray fields remain 

constant at the position of the sensor over the time period 

from calibration until the end of the flight. This was 

accomplished by minimizing magnetic materials used in the 

construction of the payload, by positioning the sensor as 

far as practicable from the remainder of the electronics, 

and, when indispensible hardware items proved magnetic, by 

determining that these extraneous fields would remain 

constant during the stress and vibration of launch. To 

minimize stray fields from current loops, all wiring was 

via tightly twisted pairs or coaxial cable. 

Other problems encountered in the flight environ¬ 

ment include vibration, vacuum, and radio frequency inter¬ 

ference (RFI). The extreme susceptibility of the sensor 

to RFI makes adequate shielding mandatory. The sensor was 

completely enclosed in a fiberglass tube of printed circuit 

board with an etched grid pattern, and the entire unit of 
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bias coil and sensor was placed in a capped cylinder of 

the same material. The magnetometer was tested in 

vacuum, over temperature, and under vibration to NASA 

specifications for the chosen launch vehicle, and these 

tests were repeated at Goddard Space Flight Center. 

Magnetic calibration of the payload was carried 

out in the Magnetic Test Facility at NASA's Goddard 

Space Flight Center at Greenbelt, Maryland. The basis 

of the facility is a three-axis coil system carrying 

current controlled by field sensing servos to cancel the 

geomagnetic field over a volume containing the payload. 

These same coils may then be used to apply known magnetic 

fields along each of three orthogonal axes. To use this 

system to determine the magnetic bias vector components, 

the following procedure was carried out. 

The payload, attached to an empty Apache motor, 

was placed in the field-free region and aligned so that 

the spin axis (z axis) coincided with the axis of one of 

the coils. The payload was rotated to bring the axis of 

a second coil into the plane perpendicular to the aperture 

of the solar aspect sensor (see 2.2.2) and containing the 

spin axis. If this direction is taken as the x axis, a 

right-handed cartesian coordinate system is defined with 

the y axis perpendicular to each of the x and z axes (see 
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Figure 2-lb). Then, with all systems in the payload 

operating, four sets of three components were impressed 

by the coils, and the magnetometer frequency recorded. 

Since this frequency was proportiona.1 to the vector sum 

of the bias field BQ and the impressed field C , the 

following equations may be written, where BT is the total 

field at the sensor: 

(B + C .) + + C .) + (B + C .) 
ox xi oy yi ' oz zi B 

2 
Ti 

i = 1,4 (2-1) 

The C . , C . , C . and Bm. are known, so that any three xi yi zi Ti ' 1 

of these equations may be solved for B , B , and B , 
^ * ox ' oy ' oz ' 

with the fourth useful as a consistency check. 

Results of the above procedure indicated that the 

bias field components were 

B 11.785 V 
OX 

B 593 V 
oy 

Boz = 23 Y 

From these components, the total magnitude BQ , the tilt 

T of the bias from the rocket equatorial plane (x-y plane) 

and the rotation i|r of the bias from the x axis may be 

calculated. These are 
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B = 11800 V o 1 

T = 0.113° 

♦ = 2.88° 

2.2.2 The Solar Aspect Sensor 

The solar aspect sensor (see Figure 2-2) 

used in this flight was a standard flight unit manu¬ 

factured by Adcole Corporation, Waltham, Massachusetts. 

Its purpose is two-fold: it measures the angle CT between 

the rocket spin axis and the sun direction vector (see 

Figure 2-3), and may be used to establish a fixed refer¬ 

ence direction in the rocket coordinate system. The 

sensor consists of a quartz slab with a slit template on 

top and a patterned template covering seven photo¬ 

sensitive strips below. Sunlight enters the slit and 

illuminates the patterned template which passes the sun¬ 

light to some of the photo-sensitive strips, but not to 

others. A binary number specifying the illuminated and 

unilluminated strips is stored in a shift register and 

output to the telemetry system on command. The angle 

between the vector to the sun and the rocket spin axis 

may then be determined from the particular combination 

of illuminated and unilluminated strips. 
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7 
The seven strips make available 2 , or 128 

different combinations. The nominal field of view is 

128°, so that resolution is only 1°. However, the 

transition point between consecutive combinations is 

claimed to be accurate to within 1/4°. 

In order to assure that readout occurs when the 

spin axis and sensor are coplanar, a "command sensor" 

is incorporated to trigger the readout of the angle sen¬ 

sor. This sensor is similar in construction to the 

angle sensor, except that the bottom template has only 

one slit, parallel to the slit in the top template. If 

this sensor is located so that its slits are parallel to 

the rocket spin axis, a command pulse will be emitted when 

the sun is in the plane containing the spin axis and the 

solar sensor. This is just the condition necessary for 

an accurate angular measurement. 

The command pulse, occurring when the sun lies in 

the plane of the command slit and spin axis, is also useful 

in establishing the required reference direction in space. 

The utility of this information will become clear in 

Section 2.3.1. The occurrence of the command pulse in 

each spin period was indicated to the telemetry as a change 

in sense of a voltage and returned to earth,. 
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2.2.3 Telemetry and Power 

A five-channel FM-FM telemetry system with 

a transmitter operating at 244.3 MHz was employed for 

data return (see Figure 2-4). RF output power to the 

turnstile antennas was two watts. The mixer-amplifier 

combined the output, of four voltage controlled oscillators 

and the magnetometer signal to supply the transmitter 

input. Since the magnetometer signal was in the form of 

a frequency of 180±25 kHz, no additional processing of 

it was required. The VCO's operated on IRIG subcarriers 

15, 16, 17 and 18 having frequencies of 30, 40, 52.5 and 

70 kHz, respectively. These oscillators monitored the 

voltage sense of the aspect command slit (IRIG 18), the 

solar aspect sensor shift register (IRIG 17), the tempera¬ 

ture of the bias current regulator (IRIG 16), and the 

battery voltage (IRIG 15). 

Power for the operation of the payload systems 

was provided by a battery of 19 series-connected silver- 

zinc cells using KOH electrolyte, manufactured by Yardney 

Electric Corporation, New York, New York. In the interest 

of clarity, Figure 2-4 shows only the in-flight operational 

configuration; not shown here are the provisions for pre¬ 

launch operation and testing. These included the capa¬ 

bility of operating the entire payload on external power, 

charging the flight batteries and monitoring their voltage 
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directly, as well as through the telemetry, and monitoring 

directly the output of the mixer-amplifier. Switching 

from external to internal power was accomplished manually 

via latching relays just prior to launch. In case of 

failure of the latching relays during the launch, a 

pressure-activated switch was capable of overriding these 

relays to restore the payload power. 

Placement of the various payload systems is shown 

in Figure 2-5. The magnetometer sensor was situated as 

far forward as possible in the fiberglass nosecone, and 

the entire package was constructed on fiberglass racks to 

minimize payload fields at the sensor. The support elec¬ 

tronics for the magnetometer was positioned approximately 

27 inches from the sensor. The primary magnetic and radio 

interference sources, the latching relays, pressure switch, 

transmitter, and antennas were placed in the aft portion 

of the payload, approximately 40 inches from the sensor. 

The complete payload including shroud was 78.75 inches in 

length and weighed 46 pounds. 

The instrument package underwent vibration and 

balance tests at Goddard Space Flight Center. The payload 

itself was spin balanced, and then attached to an empty 

Apache motor and balanced again. Residual unbalance was 

2 
determined to be less than 1 gram-inch , and Wallops Island 

personnel predicted a coning half-angle of 2.2°. The 
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operation of the pressure switch was checked in vacuum, 

and the magnetic calibration was carried out as already 

described. The payload was then stored to await launch. 

The only change prior to launch was the replacement of 

the battery whose cells were approaching their nominal 

lifetime. 
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2.3 DETAILED ANALYSIS OF THE MAGNETOMETER SIGNAL 

This section describes the output of the magne¬ 

tometer and the electronic and numerical techniques 

required to process this output to yield the magnetic 

field vector in an instantaneous rocket coordinate system. 

Section 2.3.1 is concerned with the simplest case of a 

rocket whose only motion is a rotation about a fixed 

direction, the spin axis. In general, the actual motion 

of the rocket is more complex, including the coning of 

the spin axis about the fixed (in inertial space) total 

angular momentum vector, and, perhaps, nutation. A 

complete analysis of these complications is left to 2.3.2. 

However, it should be noted here that in the case of 

rocket motion that is modulated by coning, meaningful 

information can be obtained only after transformation 

of the field vector from the instantaneous rocket-based 

system to a similar system based on the center of coning 

instead of the spin axis. Techniques for such a trans¬ 

formation are developed as required in Section 2.3.2. 

It is demonstrated that as a useful first approxi¬ 

mation the magnetometer output frequency may be considered 

to be in the form of an elliptic function of the second 

kind. However, the effects of coning are not confined to 

the obvious modulation of 0 and the spin times at the 
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coning frequency, but can appear as a departure of the 

sensor output from an exact elliptic function. If the 

data are then reduced under the assumption that the fre¬ 

quency is an exact elliptic function, errors in the 

field magnitude and inclination to the spin axis, as well 

as in the measured spin times, will result. Fortunately, 

it is possible to accurately determine these errors when 

the coning parameters are only approximately known. This 

information then permits corrections to be applied to 

the data to remove coning and nutation induced errors. 

A major portion of this chapter is devoted to methods 

for determining these corrections. 

2.3.1 Data Reduction for a Spinning Vehicle 

This section describes the techniques 

used in the reduction of the magnetometer output to 

determine the ambient magnetic field vector in a coor¬ 

dinate system specified by the instantaneous orientation 

of the rocket. Included are a description of the magne¬ 

tometer signal as well as an explanation of the elec¬ 

tronic and numerical techniques used in the data analysis. 

Consider a rocket spinning with angular velocity 

(l) at an angle 0 to an externally applied magnetic field 
s 

• 

B . Let the bias vector be fixed m the rocket with 
g 

magnitude |Bq| and an inclination T from the rocket's 
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equatorial plane (see Figure 2-6). Define a cartesian 

coordinate system such that the z axis is the rocket spin 

axis, the y axis is the intersection of the plane con¬ 

taining the spin axis and the bias vector with a plane 

perpendicular to the spin axis, and the x axis is as 

required to form a right-handed system (see Figure 2-6). 

Then the external field B rotates about the z axis with 

plane at time t = 0, and assume that a scalar sensor is 

magnitude (t) at the sensor as a function of time may 

be found as follows: 

located to measure |Bg + BQ| . Then the magnetic field 

B 
x |B I sin 0 sin U) t 
g s 

B = |B I sin 0 cos tu t + |B I cos T 
y g s 'o' 

Bz = lBgl 
cos 0 + |S0I sin T sxn T 

7B 

(2-2) 
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Substituting cos u)st = 1 2 

B„ (t) = + Bq
2 + 2BQBg^sin(0+T) - 2cosTsin0sin2 

(2-3) 

If X and k are defined by 

2 2 
X = B +B +2BB sin(0 + T) 

g o o g 

and 

(2-4) 

0 4 B B sin 0 cos T 
:
2 = o b  

X 
(2-5) 

the expression for B^(t) may be written 

BT(t) Jx~Jl - k2sin2(-§-) (2-6) 

Since X and k are constants, this expression has the form 

of an elliptic function of the second kind. 

Several methods for the recovery of the unknown 

parameters || and 0 are discussed by Cloutier (1967). 

Only one method has been employed in this work — that 

of direct electronic integration of the magnetometer 

signal to form an elliptic integral of the second kind, 
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defined by 

E (k,cp) 

/ cp 

>JK~ J (1 - k^sin^cp)dcp 

o 

The result may then be compared with tabulated or 

numerically generated complete and incomplete elliptic 

integrals to determine 0 and |B | . Let K = 3.49854 Hz/y , 

so that the magnetometer frequency is given by 

f(t) = KB,r(t) . Then the magnetometer output frequency 

varies as shown in Figure 2-7. Note that the elliptic 

function is symmetric about cp = 90° (ou t = 180°) and 
s 

cp = 0° (ui t = 0°). The elliptic integral is therefore 
o 

defined only from cp = 0°tocp = 90° . Although for this 

case the elliptic function is symmetric about the peaks, 

it is not antisymmetric about u)t = 90° or u) t = 270°. 
s s 

Instead, the maximum is somewhat broader than the minimum, 

as shown (greatly exaggerated for clarity) in Figure 2-7. 

Since the magnetometer output is already in the 

form of a frequency, it is convenient to integrate the 

elliptic function directly by counting the magnetometer 

cycles from the lower limit to the upper limit of integra¬ 

tion, the phases of both limits being known. This is 

accomplished as follows. 

The magnetometer signal is recorded on magnetic 

tape during the flight, and a 1 MHz reference frequency 
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is placed on a parallel channel of the tape. This 

reference frequency may then be used as a time standard 

in data reduction, to eliminate errors which may arise 

from wow and flutter or speed inaccuracies in either 

the recording or playback tape drive units. 

If the magnetometer is operating in usual iono¬ 

spheric magnetic fields, the total field at the sensor 

will be the vector sum of the ambient geomagnetic field 

of about 50,000y and the bias field of about 10,000y . 

For a typical value of 0 = 15°, the total field will be 

near 52,000y varying ±3000y over a spin period. The 

corresponding magnetometer frequency is K(52,000 ± 3000) 

= (180 ± 10) kHz. Thus the signal consists of a fre¬ 

quency modulated by about 5% during one spin period. 

The first phase of the data reduction is carried 

out electronically by equipment designed and constructed 

specifically for that purpose operating in conjunction 

with the SDS-92 computer of the Space Science Department. 

A block diagram of this circuitry is shown in Figure 2-10. 

After bandpass filtering to 160-200 kHz the magnetometer 

frequency is input into a discriminator to produce a 

voltage proportional to the input frequency. The dis¬ 

criminator is AC coupled, so that the signal out represents 

only the time-varying portion of the input signal (see 

Figure 2-8). This output is filtered to remove high 
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frequency components; the component varying at the rocket 

spin rate is passed to a reference level crossing detector 

(RLCD) which provides a gating pulse whenever the voltage 

from the discriminator crosses a predetermined reference 

level. This reference voltage is generally chosen to be 

the ground of the discriminator, so that it is approximately 

half-way between the maximum and minimum of the discrimina¬ 

tor output. However, nothing in this analysis depends on 

the exact choice of the reference level, and reference 

levels other than the discriminator ground have been used 

in special applications. The pulses from the RLCD are used 

to gate the operation of two count registers: one accumu¬ 

lates magnetometer cycles, the other reference oscillator 

cycles, between RLCD pulses. 

occur at time t , with subsequent pulses at sequentially 

numbered times (see Figure 2-9). Then define 

Let an RLCD pulse just prior to a maximum of f(t) 

t 
1 

t o 

f(t)dt = C. = number of magnetometer 
cycles in the time (t^ - tQ) 

f (t)dt = C2 number of magnetometer 
cycles in the time (t2 - t^) . 

t 1 
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and R2 are then defined as the number of cycles of the 

reference oscillator in the counting periods corresponding 

to and C2, respectively. 

R^ and are counted simultaneously by separate 

count registers; at a gate pulse, the binary numbers con¬ 

tained in these two registers are shifted out in parallel 

to a second pair of registers. The count registers are 

reset to zero and begin counting over the next interval 

immediately, while the second registers read out the counts 

C and R serially to the computer. Parallel shiftout time 

is about 1 microsec, so that no more than one magnetometer 

or reference oscillator cycle can be lost as a result of 

its occurring during the dead time caused by the shiftout 

and zero reset. Typical values are 

= 13,000 

C2 = 12,000 

Rx = 71,000 

R2 = 69,000 

so that an error of ±1 cycle amounts to less than one part 

. 4 
m 10 . The numbers R^, R2, and C2, as well as the sun 

sensor output and time code references are recorded on 

magnetic tape for later analysis. This completes the 

first phase of the data analysis, which is carried out in 

real time (although not during the flight). The second 
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phase of the data reduction, to be discussed next, if 

performed with the aid of the Burroughs B5500 computer. 

If at time t the phase of the elliptic function 

is given by , then at time t2 the phase is $Q + 2TT ; 

furthermore, the phase at time t^ may be found from 

>1 = ) 2" ' (2-7) 

In the above, § refers to the spin phase. Since the 

argument of the elliptic function is tu t/2 , its phase cp 

varies only 180° during one spin period (see Figure 2-7). 

In addition, the elliptic integral, either complete or 

incomplete, is defined from cp = 0 corresponding to the 
% 

maximum of f(t) fthe point labelled "max" in Figure 2-9] 

to cp = 90° corresponding to the minimum in f(t). 

Since the function f(t) is symmetric about both 

its minima and maxima, the integral of f(t) from t to t^ 

is twice the integral from t^^ to • and integral 

of f(t) from tn to t0 twice that from tto t- 

Therefore 

t. 

'3/2 * 

J 1 f (t)dt = 2 J 1 K/5T Jl - k2sin2 dt 

'1/2 '1/2 
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W-t 2 
A change of variable —— = cp , dt = — dcp yields 

C1 = J ^1 - k2sin2cp d<p 

where cp(t^2^ = 0 to conform to the usual definition of 

the elliptic integral. 

, _ M 
'1 “ U) 

v5T” E (k,cp) (2-8) 

Here cp may be found in a manner analogous to § (eqn 2-7) 

R, v rr 

- - (srhc) 5 (2-9) 
1 2 ‘ 

Similarly 

C1 + C2 ~ 2 J 3/2 K JT Jl - k2sin2(—^—) 
H/2 

dt 

TT/2 

= Is J 71" k2sin2<p dcp 

^v5T E(k) 
S 

(2-10) 

where E(k) is the complete elliptic integral of the 

second kind; E(k) = E(k, cp = 90°). 
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Equations 2-8 and 2-10 may be combined to yield 

C, E(k,cp) 

C1 + C2 E(k) (2-11) 

Since cp is known by equation 2-9, it is possible to 

determine the correct value of k by assuming a value and 

adjusting it while holding <p constant until equation 2-11 

holds. The ratio E (k,qp)/E (k) is a monotonic increasing 

function of k, so that this adjustment may be conveniently 

done by computer, either through table interpolation or 

by generating the integrals numerically. 

The correct value of k may then be substituted 

into equation 2-8 or 2-10 to solve for X. Once X and k 

are known, equations 2-4 and 2-5 constitute a system of 

two equations in the two unknowns |B | and 0 , which may 
9 

be solved easily in the case T = 0: 

IS 5J = ^ - Bo - 
Xk 
2 (2-12) 

9 = sin • -1 f Xk2 I 
L4 BBJ o g 

(2-13) 

For the case T ^ 0 , a closed form solution does not 

exist, and it is necessary to use a successive approxima¬ 

tion technique to adjust either B or 0 until a consistent 
9 

pair of equations is obtained. 
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The result is a value of B and 0 for each sample 

interval of one spin period, and an associated time. The 

time of flight is calculated by summing the reference 

counter oscillations and during the flight, after 

obtaining an initial value from the time code recorded 

on the data tape. Because it is desirable to have available 

the times of minimum frequency, the time increment for one 

spin period is taken to be 

At = R^ + 2 (R2 + R2 ^ 

where R^ is the value of R£ in the previous spin period. 

Examination of Figure 2-9 shows that this expression gives 

the interval between two successive minima. 

The above described techniques allow determination 

of the magnitude of the ambient field as well as its 

inclination to the spin axis of the rocket. In order to 

completely specify the field vector, an additional angle is 

required. This angle cp corresponds to the azimuthal angle 

in a standard spherical coordinate system, and is given in 

the rocket coordinate system by the angle w t in Figure 

2-6. A more convenient definition of cp refers it to a 

non-rotating system in which the polar axis is aligned with 

the spin axis as before, so that the angle 0 'is unchanged. 

In this system, cp may be defined as the angle measured 

about the polar axis between the ambient magnetic field 
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vector and some reference vector fixed in this new non¬ 

rotating system. Figure 2-11 shows the relations among 

the rocket spin axis z , the ambient magnetic field , 

and the reference direction vector S , which in this 

case is the sun direction. 

In the Northern Hemisphere the geomagnetic field 

has a negative vertical component, i.e., the field points 

down. All figures here represent B directed upward for 

clarity. The actual sense of B is of consequence in very 

few cases; explicit mention will be made when it is impor¬ 

tant to distinguish the two cases. One may measure 0 and 

cp from the "tail" of B^ (as is the practice here) and 

simply reverse the direction of B , as has been done in 

the figures. 

The angle cp may be measured directly utilizing 

the solar aspect sensor command pulse to define the 

reference direction. Let the reference voltage level be 

the ground of the discriminator, and assume that at a 

negative-going reference level crossing a second count 

(in addition to R^) of the reference frequency is begun. 

This count is terminated at the next sun sensor command 

pulse, the number is shifted out of the count register and 

read out to the computer. This count, called , repre¬ 

sents the interval between the time at which the bias 

vector and ambient field are perpendicular (the reference 
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level crossing) and the time of coplanarity of the spin 

axis, command sensor, and sun. Because of the symmetry 

of the frequency function about a maximum, the interval 

between the instant at which the bias vector and the 

ambient field are coplanar and the time of coplanarity of 

the spin axis, sun, and sun sensor is given by - .5 R2. 

This information makes possible the determination of the 

required angle if the rocket spin rate tu and the angle 

\lr between the bias vector and command sensor normal are 
”0 

known (see Figure 2-1): 

*s = (R3 - 2 V “s - *0 (2-14) 

where R2 and Rj are expressed in seconds. 

In practice, it is convenient to define another 

A 

angle cpv measured in a right-handed sense about z from the 

vertical to B . If the rocket attitude and position of 

the sun are known, the transformation from a>' to cp Ts v 

is straightforward. It is unnecessary to include here 

the details of this transformation, since the simplified 

case represented here does not occur in practice. A 

similar transformation using vectors specified in a coning 

center coordinate system will be discussed in Section 2.3.2c. 

While the above method requires use of information 

from the command channel of the solar aspect sensor, it is 

possible to determine changes in cp using only the 
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magnetometer signal. Consider the situation shown in 

Figure 2-11, in which the magnetic field moves from the 

position Bg to Bg during one spin period. The result 

is a small change in cpv , which is given by cp7 , the 

azimuthal angle measured in the sense of the rocket spin 

between B and B7 at the spin axis. If the rocket spin 
9 9 

is right-handed, the motion of the field shown in Figure 

2-11 represents an increase in qp7 , and will appear in 

the magnetometer signal as an increase in the apparent 

spin time, or a decrease in the spin rate tu . Thus 
s 

changes in the spin time (or spin rate) as measured by 

the magnetometer may be interpreted as a manifestation 

of a variation in cpv . If the spin rate tus is accurately 

known, one may write for the motion of the field during 

one spin period 

cp = UiJgt - 2TT 

where t7 is the spin time for which cp7 is being calculated. 

This may be put in a form of somewhat greater utility if 

u)7 , the measured spin rate, is defined by s 

UD 7 = 2 rr/t7 
D 

so that the above equation becomes 

cp7 = t7(U)s - U)g
7) . 
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The total change in azimuthal angle over a number of spins 

is found by summing the changes during individual spins: 

N 

Acp = Y t' (UJ - UJ
/
 ) (2-14a) ^v L n ' s sn' ' ' 

n=l 

The error resulting from the application of these 

. 4 
techniques should be of the order of one part m 10 . The 

possible error due to random single count loss due to 

counter dead time during shiftout and reset has already 

been shown to be of this order. Because of the low spin 

rate of about seven rps, the output of the discriminator 

is a rather slowly varying voltage. The time at which 

this voltage is exactly equal to the reference voltage is 

somewhat difficult to determine exactly, since the two 

voltages are very nearly equal over a relatively long 

period of time. Thus one advantage of choosing the dis¬ 

criminator ground as a reference level is that such a 

choice places the level crossings at times of maximum rate 

of change of f(t). Nevertheless, high frequency modula¬ 

tions of small amplitude can introduce errors by advan¬ 

cing or retarding the reference level crossing time. 

Examination of the random noise in the reference oscillator 

counts indicates that the time determined by the RLCD varies 
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by no more than ±8 |jsec from the true reference level 

crossing time. 

Most of the data analysis in this work was 

accomplished using linear interpolation of tabulated 

elliptic integrals. The error introduced by this tech¬ 

nique is discussed in the following section, Coning 

Effects. These errors may be eliminated completely by 

using numerically-generated values instead of linearly 

interpolated values for the elliptic integrals. 

A major assumption made in this analysis is that 

|Bg| and 0 remain constant over one spin period. This is 

consistent with the restriction imposed at the beginning 

of this section that the only rocket motion be that of 

a rotation about a fixed spin axis. This is in fact an 

excellent first approximation, but the effects of a 

variation of |B | , or especially of 0 , during one sam- 

pie interval may be important under some circumstances. 

These effects will be discussed in the next section. 

2.3.2 Coning Effects 

A well-known result of the analysis of the 

motion of a force-free symmetrical top is the coning of 

the spin axis with constant angular velocity about the 

fixed angular momentum vector (Marion 1965; Goldstein 1950). 
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Furthermore, the spin axis z must move in such a way that 

its projection on the total angular momentum vector is 

constant. For a constant spin rate, this requires that 

the angle between the spin axis and the total angular 

momentum be constant. This constant is denoted p , the 

radius of coning, hereafter. The direction of the angular 

momentum vector is denoted c , and frequently referred to 

as the center of coning. Just as before, the instan¬ 

taneous rocket spin axis is z , with 0 and cp unchanged. 

The angles analogous to 0 and cp , but referred to the 

center on coning c instead of the instantaneous spin axis 

z are denoted 0c and cpc (see Figure 2-12). 

The effects of vehicle coning on the magnetometer 

signal fall into two classifications: 

First, the vehicle based coordinate system is no 

longer a useful one, since its orientation is changing 

rapidly. The angles 0 and cp in this system vary perio¬ 

dically at the coning rate, with 0 changing by an amount 

2p over one coning period. Therefore, a more convenient 

coordinate system must be chosen. A logical choice calls 

for the substitution of the center of coning c for the 

rocket spin axis z . The center of coning will be fixed 

in direction in inertial space, although this new coor¬ 

dinate system will move with the rocket in longitude, 

latitude, and altitude. Of course, the magnetometer output 
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still represents 0 and cp in the z system, so that a first 

requirement is a method of transforming these angles to 

the center of coning system. An additional complication 

arises because a measurement of the time from one point 

of given phase of the discriminated magnetometer signal 

to the next point of the same phase will no longer result 

in the determination of the true spin rate, but only 

represents the apparent spin rate, a combination of tu 
s 

and u)c . A discussion of these problems constitutes 

Section 2.3.2a. 

The second type of effect, somewhat more subtle 

than the first, is due to the fact that 0 is changing in 

time. One result of this variation of 0 is a modulation 

of the envelope of the discriminated magnetometer signal 

over a coning period as in Figure 2-13a. (The spin rate 

is typically 200 times the coning rate; the figure repre¬ 

sents the case of a spin rate of five times the coning 

rate for compactness.) Consequently, the maxima and minima 

of the magnetometer frequency do not occur at exactly the 

times of coplanarity of B and BQ . In the example shown 

greatly exaggerated in Figure 2-13b, 0 is increasing, so 

that the modulation of the total field by the bias field 

is growing. The time of the maximum frequency is delayed 

slightly from the coplanarity time by the increasing 

envelope. For periods of decreasing 0 , the time of 
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maximum frequency leads the coplanarity time; in both 

cases, the time difference between the two is propor¬ 

tional to the rate of change of the envelope so that near 

the maximum and minimum values of 0 , where 0 changes 

most slowly, the error is negligible. 

Another effect is of similar origin. Since 0 

is continuously varying throughout a coning period, it 

does not remain constant over the sample interval of one 

spin period, and the frequency during a spin period is 

therefore not described exactly by an elliptic function. 

The consequences of this departure from the true elliptic 

function are fully explored in Section 2.3.2b. 

2.3.2a Geometry of the Coning 

This section contains an analysis of the 

first order effects of coning falling into the first 

classification noted previously. These include the rapid 

variation of the vehicle-based coordinate 0 and the exis¬ 

tence of an apparent spin rate different from the true 

spin rate uu 
s 

Consider the situation diagrammed in Figure 2-12. 

If the time t is chosen such that at t 0 assumes its 
o o 

maximum value in the coning curve, then 0 may be determined 

using the spherical law of cosines if 0 , p and u) 
C G 
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are known: 

9 = cos 
-1 

[cos 0c COS p - sin0 sinpcosuj 
c ■ c 

(t-tQ)] (2-15) 

Clearly 0 varies between the limits 

t = t ± 2_TTN an(^ g t _ g _ p at o uu mm c w 

max 
0c + p at 

t t ± (2N+1,).TT 
o U) 

c 

Since p may typically have a value ranging from five to 

ten degrees, this modulation of 0 at the coning rate is 

quite apparent, and can completely mask the changes in 

field angle induced by ionospheric current systems, which 

may be more than two orders of magnitude smaller. 

An additional effect is the modulation of the 

apparent spin rate (or apparent spin time). Apparent 

spin time may be conveniently defined as the time between 

two consecutive points of equal phase in the discriminated 

magnetometer signal. For definiteness, let the apparent 

spin time be measured from a time at which B and B are 
g o 

coplanar to the second following time at which they are 

coplanar. (Note that this condition of coplanarity of B 

and BQ is fulfilled twice during each spin — once at the 

maximum value of f(t) and again at its minimum value. 

Thus the above definition means simply that the apparent 

spin time is the time between two successive maxima or 

minima.) The true spin time is defined in an exactly 
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analogous manner, but referred to the center of coning 

instead of the magnetic field; it is clearly constant 

with time. 

The apparent spin time varies over the coning 

period, and for the case of prograde coning the apparent 

spin time is always less than the true spin time. Figure 

2-14 is a projection on the celestial sphere of the path 

A , 

of z , the coning curve, which is a circle of radius p 

A , 

about c . The circles spaced along the coning curve 

represent positions of the rocket at different times t 

at which the bias vector and B are coplanar. Of course, 

in the most general case, BQ and B may not be coplanar 

at exactly the maximum value of 0 , but this distinction 

is of no importance here. Assume that an attempt to 

determine the true spin period begins with a measurement 

of t . Then at time t.. B and B are coplanar for the 

third time, but the rocket has rotated through the angle 

2TT - . The angle yn increases from yn = 0 at tQ to 

Yn = 2TT at t = 2TT/IUC . Thus in one coning period the 

rocket executes one more apparent spin than it would have 

made in the same time without coning. In general, between 

the times tn_^ and tn the rocket rotates through an angle 

given by 2n - (y - Yn_^) 
or 2TT - Ayn , where 

Ayn = y - Yn_i • Thus in N apparent spins, the rocket 
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rotates through the angle 

2nH - <Y„ - VH_i) - (YH.X - Yn_2) (Yj. - Y0) 

= 2TTN - yN , (2-16) 

since yQ = 0 . Then if N is the number of true spin 

periods per coning period, YN = 2TT , and the rocket has 

actually rotated through only 2TT(N-1) radians. To 

determine the shape of the Ayn curve, which will be of 

some interest later, one may assume a set of typical 

coning parameters and solve for a series of yn • The Yn 

may not be obtained directly because the t are not known 

in advance? in fact, it is necessary to determine both t 

and Yn simultaneously. This may be accomplished by a 

process of trial and' error. One may guess a value of t 

and solve for the Yn and ^Yn it implies. It is necessary 

to step along one spin at a time, since tn_^ and Yn_^ 

must be known. For the correct choice of t and Y , the 
n rn ' 

equality 

2" - “s^n ' ‘n-l1 + 4Yn (2“17) 

must hold. It is thus possible to solve for the coplanarity 

times t , as well as the Y and AY # since Y (t = t ) 

and AY(t = t ) are known to be zero. Figure 2-15 shows 

both Yn 
an<i ^Yn over one coning period for a set of 
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typical values of 0 , p , iu and u) . Note that Ay is 
c so 

sharply peaked near the minimum value of 0 ; the apparent 

spin times exhibit a corresponding minimum here. This 

effect alone necessitates modification of the procedure 

for determining the azimuthal field angle cpc discussed in 

Section 2.3.1; the techniques used to correct for this 

variation are found in Section 2.3.2c. 

2.3.2b Transformation of the Polar Angle 

to a Coning Center System 

This section contains the development of 

the equations required to transform the field coordinates 

from the rocket-based to the coning center-based coordinate 

system, including the possibility of changes in field 

resulting from rocket motion or ionospheric current systems 

In Figure 2-16, the magnetic field has moved from its 

initial position B at t = t to a new position B _ . c go o gn 

If cpc be defined as the angle measured about c in the same 

sense as the rocket spin between B and B , then 0 and c go gn c 

qpc may be found, in theory at least, using only the magne¬ 

tometer signal. This is possible only because a change 

in cpc will affect 0 to some extent, even though 0c may be 

unaltered. Assuming that t , the t and 0 , n = 1, 2,... 3 o n n 
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co , co and p are known, 0 and cp may be determined as 
c s c c 

follows. 

The angle y measured counterclockwise (seen from 

outside the celestial sphere) is given by 

V 2nn -.'»s(tn to) 
(2-18) 

where t is the time of the occurrence of the maximum 
o 

value of 0 , as usual. Then by the spherical law of 

cosines, 

0c = cos
-'*' £cospcos0n + sinpsin0ncosyj . (2-19) 

By the spherical law of' sines, 

. r-siny sin0 
. -1 r n | X = sln [—iK0—J ' (2-20) 

or by the spherical law of cosines , 

|-COS0 - COS0 cosp-, 

^ = COS" L" sin0 sinp J (2-21) 

Inspection of Figure 2-16 shows that 

<Pe = X + ®0(tn - tQ) - TT (2-22) 

for 0 ^ ioc (t - t ) < 2TT . 
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Although information about cp' is contained in the 

initial expression for y , cp7 is never explicitly deter¬ 

mined and the transformation to the coning center coor¬ 

dinate system is implicit in this method. The t and 0n 

are derived directly from the magnetometer signal, and 

p and tuc may be determined with adequate accuracy simply 

by examining the curve of 0 versus t . Both t and w 

may be estimated from this curve and their values adjusted 

to obtain a best fit. The criterion for a "good fit" is 

the absence of systematic modulation at the coning fre¬ 

quency in 0c and cp^ , but in practice, this condition is 

difficult to attain, primarily because of the sensitive 

dependence of y upon the spin rate, which is typically 

near 2500 degrees/sec. Errors in t are thus amplified 

considerably through the coupling between cpQ and 0c in 

the equations 2-18 to 2-22. 

It is desirable to decouple these equations to 

yield a set of equations that can be solved for 0c and 

do not depend sensitively on the value of ios . The 

remaining angle <p may then be determined as previously 

described (equation 2-14), and, if required, the known 

cpc(t) may be used as a second-order correction in the 

calculation of 0 



51 

Assume for the moment that cp (t ) = 0 , so that 

motion of the field is either directly toward or away 

from the coning center. For this case, it is possible 

to determine 0 (t ) if only o , t , to and the t and 

0n , n = 1, 2,...., are known. Figure 2-14 shows a 

case similar to Figure 2-16, but not including the possi¬ 

bility of a changing cpc . To determine 0c for this case, 

it is necessary only to find by the spherical law of 

sines: 

'n 
= sin 

. r sinn sinu) (t - t ) 
-1 f w cv n o 

sin0 
n 

] • 

(2-23) 

Then, by a well-known spherical trigonometric identity 

p-e. 
ec - 2tan 1{-tan(^l) 

-r,.rc
(Vto) - ”1 cosL T J 

f^c (tn~to) + ’ll COSL 2 J 
} 

(2-24) 

This methdd has the distinct advantage that ©c 

does not depend on the spin times through the factor to , 
s 

but through toc , Which is approximately 200 times smaller. 

It therefore yields a value of 0c for each spin period 

that is much less Sensitively dependent on t than was 
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the case in the previous method. Furthermore, the 

omission of a cpc dependence poses no real problem here, 

since this dependence can be easily inserted into the 

equations (when cpc is known) by modifying 2-23 to 

= sm 
-1 { 

sinp sin[io^(tn - tj - cp„ (tJ ] 

sin0 
n 

(2-25) 

and making a similar substitution in 2-24. 

In fact, if cpc is a linear function of time, this 

last step is unnecessary, since the linear change in qpc 

will be absorbed into the coning rate tuc in the process 

of finding the best-fit parameters. That is, if the true 

coning rate is u)cT , then an effective coning rate 

UJ = u) m - will yield the correct 0 without the 
c cT ^ C 

necessity for including explicitly the time dependence of 

cpc . In practice, the variation in cpc is due primarily 

to the motion of the rocket over the earth, and as such is 

a very slowly varying function of time. Only during 

passage through ionospheric current layers are large non¬ 

linear variations to be expected; in this case it is 

necessary to use explicitly the function cpc(t) by making 

the substitution 

U) (t - t ) 
c v n o' 

U) m(t - t)-m(t) 
cT v n o' M2 v n' 

(2-26) 
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This may be done only if the function qpc (tn) is known 

independently. The details of two methods of determining 

this function will be presented in Section 2.3.2c. 

If the only change in the angle cp is due to rocket 

translational motion, cp will be a very slowly varying and 

approximately linear function of time. Under these con¬ 

ditions, equations 2-23 and 2-24 are valid approximations 

for determining 0c . Inspection of these equations shows 

that they constitute an expression for ©c in terms of the 

coning parameters p , («c and tQ , the time of a maximum 

value of 0 , and the data inputs t and the associated 0 n n 

ecn = f<» • “c ' ; ‘n ' V (2-27) 

The first three arguments are (relatively) constant in 

time, while each of the sets t and 0^ yields a 0 . 

Unfortunately, the coning parameters p , t«c and t found 

by, for example, examining graphs of 0n versus t are not 

necessarily known with sufficient accuracy to allow their 

use in this manner. 

It is useful to note here that an error in one of 

the coning parameters will propagate through the equations 

to 0c in a manner which produces a variation in 0c at the 

coning period. It is not difficult to predict the form 
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of the error caused by inaccuracies in p , u> and t 
c o 

If the t and 0n are correct, and the other parameters 

accurately known, a too large value of p results in a 

0C curve which oscillates about a mean value, being too 

large at times of minimum 0 (when 0c = 0 + p) and too 

small at times of maximum 0 (when 0Q = 0 - p). Clearly, 

just the opposite occurs for the case in which p is too 

small. An error in t manifests itself as, again, an 

oscillation about a mean value during a coning period, 

but the maxima and minima in the oscillation may be off¬ 

set from the points of extrema in 0 . If the wrong value 

of («c is used, there results the usual oscillation of 

0c at the coning frequency, but this case is easily 

identified by the characteristic change of phase of the 

oscillation in successive coning periods with respect to 

extrema of 0 . The essential point is that an error in 

any of these parameters results in an oscillation of the 

computed function 9cn(t ) about some mean value. 

In addition to being known only approximately at 

this point, the coning parameters are not necessarily 

constant over time scales of hundreds of seconds. There¬ 

fore, an efficient method for finding the correct coning 

parameters and their rates of change with time is required; 

alternatively, it may be possible to calculate derivatives 
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with respect to time of the coning parameters by determining 

locally (in time) correct values at several points through¬ 

out the flight. 

The latter alternative may be implemented by a 

computer program designed to systematically vary the para¬ 

meters p and uu for a given value of t until a "best fit" 
c o 

set of values is obtained. The magnitude of the periodic 

oscillation in 0c as determined by the root-mean-square 

variation of the 0cn from a given smooth curve may be taken 

as a measure of goodness of fit. Since calculations of the 

rate of change of 9C due to rocket translational motion 

for a typical trajectory indicate that the 0c vs. time 

curve should be linear to within less than .01° over 

several coning periods, the smooth curve referred to above 

may be taken to be a straight line. The task of the program 

is then to select values of p and u) that minimize the 

function F given by the root-mean-square deviation of the 

(p>U) .t ;t , 0 ) from the best straight line fit (in 

the least squares sense) through these same 0cn . This 

may be accomplished by calculating the two-dimensional 

(p and tu ) gradient of F at an initial point and then 

stepping both parameters in the direction of the most 

rapid decrease in F. This process may be repeated until 

a local minimum is attained at p 7, u/ , tQ . It would be 
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desirable to include t , the third coning parameter and 

a variable in exactly the same sense as p and t«c , in the 

automatic optimization procedure. This is impossible 

because of the existence of many local minima in the 

function F, which is similar in form to a hyper-paraboloid 

having "ripples" or rapid variations with the nodes 

aligned parallel to the p and UJC axes (see Figure 2-17) . 

Because the decision-making process used by the program 

is essentially that of a ball rolling down an incline, 

the program can become "trapped" in a trough of constant 

t . Of course, a minimum exists for any given value of 

t , but an additional complication is due to the fact 

that the locus of the minima in each t trough is not 

parallel to the t axis, although it does intersect the 

t axis at the absolute minimum of F. Figure 2-17a shows 

a perspective representation of F in the p , ou , tQ 

hyperspace, and a section in the hyperplane defined by 

p = p' , («c = u)^ . (The primed variables denote the 

value of that variable at the absolute minimum of F.) 

Sections in the plane perpendicular to the t axis at 

t = t - At and t = t + At are shown in Figure 2-17b. 

The value of At , twice the separation of nodes measured 

in the t direction, is of the order of .001 .sec. Because 

the locus of the relative minima in the t troughs is not 
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parallel to the t axis unless t = t' , the relative c o o o 

minimum of F in the t trough, occurs for p ^ p( and 

U) 4 U)1 . Thus an incorrect initial value of t results c r c o 

in incorrect values of p , tuc and t being determined by 

the program, even though these incorrect parameters are 

the coordinates of a local minimum of F. 

In practice, this problem may be circumvented by 

optimizing p and U)c for a range of values of tQ and 

selecting the value of t , p and iuc yielding the minimum 

F. 

This procedure allows determination of the coning 

parameters and the function 0c of time for the case in 

which equations 2-23 and 2-24 are valid. To measure long 

term time variations in the coning parameters, the pro¬ 

cedure may be applied to data from selected portions of 

the flight and optimum values of p and tuc determined for 

several intervals during the flight. It should be noted 

that data from an integral number of coning periods must 

be considered to assure that the resulting slope of 0c is 

not biased by the omission of a fraction of an oscillation. 

When the time rates of change of p and t«c are accurately 

known, a second approximation to 0c may be made, using the 

varying p and tuc . Provision for an u)c varying linearly 

in time is made through the substitution 
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t 

“^W - J ” “c(t>dt = “co'W + I “cl'V^*2 

t 
o 

if «jc<t> = U)„_ + CO “,clt 

Thus the coning parameters and the function 0c(tn) 

may be determined with a high degree of accuracy from the 

data pairs 0n and t . If necessary, the variation of the 

azimuthal field angle may be explicitly included at this 

point. 

2.3.2c Determining the Azimuthal Field Angle 

in the Coning Center System — Method I 

and Method II 

Section 2.3.2b discussed methods of trans¬ 

forming 0 and cp as determined by the magnetometer to a 

center of coning coordinate system. This section develops 

an analogous procedure to be applied to the instantaneous 

angle cp' determined by the solar aspect sensor in con- 
O 

junction with the magnetometer (Method I) as well as a 

technique for determining the azimuthal angle using only 

the magnetometer signal (Method II). Method I yields an 

angle cpg , the transformation of the angle cpg to the coning 

center coordinate system. It is assumed here that the 
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coning parameters are known, so that all measurements of 

cpg are associated with a known coning phase. Also assumed 

known are the direction of the sun vector S as a function 

of time and the direction (elevation and azimuth) of the 

coning center coordinate system polar axis. The latter 

is determined in a straightforward manner using informa¬ 

tion from the solar aspect sensory details of this process 

are presented in the following section. Finally, it is 

necessary to correct for the fact that the direction of 

the vector S is changing in the coning center coordinate 

system due to the apparent motion of the sun. This correc¬ 

tion is accomplished by computing qp_. , the azimuthal field 

angle measured to a fixed reference vector R instead of 

the changing vector S . In practice, the position of the 

sun direction vector S at some specific time is taken to 

be the reference vector R , and the values of cpe at other b 

times are then referred to this vector. To summarize, 

the solar aspect sensor provides a measure of cpg , which 

must then be transformed to cpg in the center of coning 

system. The angle cpg is transformed to cpR , the angle 

measured about the coning center between the magnetic 

field and the fixed reference vector R . (See Figure 2-18.) 

The angle cpg in the instantaneous rocket coordinate system 

may be found from equation 2-50. A first requirement for 

the transformation to tpg is a knowledge of the instantaneous 
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spin axis zenith distance a and azimuth 6 . These are 
z z 

given by 

o?2 = cos ^cospcosa^ + sinpsina^costo., (t-t^) J 

P2 = sin_1[ 
sinpsinu)c (t-t ) 

sina ]+ (2-28) 

. . . 
A 

where t is a time at which z lies m the plane of the 

vertical circle through c with a < a . Then the angles 
z c 

a and CTC between the sun vector and spin axis and center 

of coning, respectively, are given by the spherical law 

of cosines: 

a = cos cos a cosa + sina sina cos(p - (3 )1 
L S Z SZ Z S 

a = cos ^Tcosa cosa + sina sina cos(B - B )1 
c L s c s c VHc Ms' J 

(2-29) 

Now cps may be related to cpg by a double application 

of the spherical law of cosines to the angle between 

and S : 

CPc = cos 
COSQCOSCT + sinGsinacoscpg - cos0ccosac 

sin0 sina 
c c 

] 
(2-30) 
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The conversion to cp is straightforward. After calculating 
R 

a using 
K 

a_ = cos **Tcosa-coso' + sina sina cos(p - |3 ) 1 
R L R C Rc C R J 

(2-31) 

6 is given by the spherical law of cosines: 
R 

6R= cos-l[ 
coso',, - cos a cosan  R c R 

sina sina„ 
c R 

Similarly, 

i j— cos ot - cos ot cos a 
e  -lr S C C 
0 = cos   
& L sina sincr 

c c 
] 

Finally, 

«R = *8 + 6S - 6R 

(2-32) 

(2-33) 

This completes the requirements for determining the 

azimuthal field angle. However, it will frequently be 

convenient to define an angle cp^ measured in the sense 

of the rocket spin about the coning center between the 

vertical and . This angle may be specified in terms 

of quantities already calculated: 

"V “ 2" ' ‘PR ' 6
R • 

(2-33a) 
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This constitutes the complete modification of the magneto¬ 

meter-solar aspect sensor method (Method I) to include 

coning. A similar procedure may be used to adapt equation 

2-14a for use when coning is present. 

For the case of simple spin only, it was found that 

Acpv is given by 

N 

n=l 

(w (2-14a) 

where tu is the true spin rate, u)^ is the spin rate s sn r 

measured by the magnetometer in the spin time t . To 

generalize this expression to include coning, both t«s and 

U)' should strictly be taken as apparent spin times. sn 

Although the ratio R of apparent spin time to true spin 

time varies over the coning period, it is always of the 

order (cu + uu )/w or typically 201/200. The error 
s p S 

resulting from the use of true spin times is therefore 

given approximately by 

V = t; (u,s - u/n) (i-R) 

A<p' = cp' (1-R) , R “ (2-34) 

A typical value of cp' during one spin period is .01 

degree, so that Acp is small indeed. 
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If coning is present, the azimuthal change cp^ 

may be calculated for each spin period and translated to 

the coning center coordinate cpcn , the change in azimu¬ 

thal position of the field as viewed from the coning center. 

The incremental changes cpcn may be summed to give the total 

change cpc over a number of spin periods. 

Assume that the magnetic field in Figure 2-16 has 

moved from the position Bgn_^ ho B^n during the n*”*1 spin. 

Then cp^ for this spin is given by (cf. equation 2-14a) 

< “ ”sn> • (2-35) 

The corresponding angle measured at the coning center is 

CP = COS ycn 

nr cos0 cos0 i + sin0 sin© ,coscp - cos0 cos0 , 
-If n n-1 n n-1 ^n cn cn-1 

•[ sin9 sin0 . 
cn cn-1 

(2-36) 

where, for this case X = 0 , , and 0=0 . . cp ' n n-1 ' co cn-1 ^c 

is referred to the position of at the beginning of 

the period of interest, so that after N spins, 

N 

^c “ X ^cn 
n=l 

= Acpv . (2-37) 
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Clearly, cpc defined using Method II is only a relative 

change in the azimuthal field coordinate. 

Equation 2-35 shows that q/ determined in this 

way is sensitively dependent on the true spin rate to , 

so that the successful use of this method requires that 

this parameter be accurately known beforehand. The 

accurate determination of the true spin rate is a non¬ 

trivial problem since this rate may vary slightly with 

time during the flight. It is necessary to calculate 

for each spin period the true spin rate to using equation 

2-18, which may be rearranged to yield the true spin rate 

as a function of the spin time and the quantity y : 

to. 
2rr - Ay. 

n 

t - t . 
n n-1 

(2-38) 

for a single spin. The quantity y may be obtained as a 

function of coning phase from the coning parameters. 

Referring all measurements to the position of the geomag¬ 

netic field at t = tn_^ , Xn may be found using the 

spherical law of cosines: 

X = cos ^["cos0 coso + sin0 sinpcostu (t - t ) ~| n L cn cn c n o J 

(2-39) 
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for small cp 

'n 

Then, 

sm -1 [ 

by the spherical law of 

sin0 sintu (t - t ) _. 
cn cv n o 1 

sinX -J 

sines, 

(2-40) 

Finally, Ayn = Yn “ ^n-l * "I^ie e<3uat^-ons 2-39 and 2-40 

are only approximate in general, but are almost exact if 

cp is small. Furthermore, even though the yn 
maY be 

slightly incorrect for larger cp , their difference, which 

appears in the expression for (jjg , is still very nearly 

correct. 

After the true spin rate for each spin period 

has been calculated, a polynomial fit to the data points 

is made, the coefficients being adjusted to minimize the 

sum of the squared deviations of the data points from 

the curve. The result is an excellent approximation to 

the true spin rate as a function of time. 

This accurate spin rate information allows the use 

of equations 2-35 through 2-37 to find Acp^. , or cpc . 

Since this process requires summing over the small changes 

occurring during each spin, a noise-induced error in one 

of the CP due to spin time error can result in a constant 

offset of that error in cpc for all subsequent times. Thus 

cpc (t) , which should be approximately zero in current-free 

regions, will be in fact a series of straight line segments 
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of zero slope, offset by various amounts from cp^ = 0 . 

Current systems of the type being investigated in this 

experiment are expected to produce smooth variations in 

all coordinates over several seconds, rather than abrupt 

changes in tenths of a second separated by short intervals. 

Thus such sudden offsets may result only from random 

noise in the spin times. 

To eliminate errors from this source, the 

individual measured spin times may be constrained to a 

maximum rate of change, provided that this maximum rate 

is selected large enough so that real systematic varia¬ 

tions in cpv are not suppressed. Alternatively, the 

deviation of a single spin period from the polynomial 

fit value calculated above may be compared to the root- 

mean-square deviation of the entire set of spin rates 

(one measured for each spin period of the flight) to 

identify spurious spin rate measurements. When such a 

data point is detected, the polynomial fit value may be 

substituted or, equivalently, the data point may be 

removed from the summing process used to calculate qpc . 

Proper application of these numerical filtering tech¬ 

niques, either individually or in combination, will remove 

any discontinuous jumps in cpc caused by faulty spin time 

measurements, so that only real systematic changes in cpc 

remain. 
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2.3.2d Effects of Field variations During 

a Sample Interval 

An explicit assumption in the analysis of 

the magnetometer signal carried out in Section 2.3.1 was 

that the magnetic field remain constant in magnitude and 

direction during the sample interval of one spin period. 

Under this assumption, it was shown that the total field 

at the sensor can be expressed exactly as an elliptic 

function of the second kind. Clearly this assumption is 

somewhat an idealization, since the magnitude and direc¬ 

tion of the ambient field will change slightly due to 

changes in rocket altitude, longitude and latitude, even 

if there is no coning. In fact, changes in the ambient 

field due to rocket motion over the earth are completely 

negligible in comparison with coning variations. While 

coning motion certainly does not alter the field magni¬ 

tude, it may induce changes in 0 of 2 degrees/sec, or 

about .3 degree/spin. Of primary interest in this section 

will be the effects of this latter motion due to coning. 

Suppose it is desired to determine the effect of 

a sudden discrete change in 0 during a sample interval, 

while the ambient field magnitude remains constant. To 

a first approximation, this may be accomplished by deter¬ 

mining the values of k and X (see equation 2-6) before and 
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after the change and solving for the counts and C2 

they imply. Under some rather artificial assumptions, 

it is then possible to process this information in the 

same way as the magnetometer signal to retrieve a value 

for Bg and 0 , which will differ in some degree from the 

generating B and 0 . Consider that case in which 0 

remains at a constant value 0^ during the portion of the 

spin in which is generated [the "positive" portion of 

the f(t) curve] and then suddenly changes to a new value 

©2 at the decreasing reference level crossing. The 

reference level may be chosen so that cp = 45° on the 

first "half" of the spin, and an assumption here is that 

this same phase is applicable to the second portion of 

the spin. Then a k^ and an X^ and a k2 and an X2 may be 

calculated for the first and second portions of the spin 

period, respectively. The frequency count over the first 

portion of the spin is given directly by 

C1 = UT '^1 E(ki' 45 °) s 

The count C2 may be found using 

c2 = [E(k2> 90°> * E<k2' 4S°>] ‘ 
s 
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Because of the assumption of a constant phase of 45°, 

in this approximation 

R1 = R2 “ "/“s 

This is just the information required to determine the 

generating parameters Bg and 0 . For the input values 

Bg = 50,000V * BQ = 10,000y , = 15° , and 02 = 14° , 

the procedure described above yields a reduced B = 50,054y 

and 0 = 14.52°. Thus the error introduced in Bg is +54y 

and the deviation of 0 from the average over the spin, 

14.5° , is .02° , or about +.01% in both cases. If the 

same procedure is carried out with 0^ = 14° and 02 = 15° 

(i.e., 0 increases instead of decreases) the reduced 

values are Bg = 49,946y and 0 = 14.48° ; the errors are 

-54y and -.02°. Although a change in 0 of 1° per spin 

period is several times greater than the maximum change 

encountered in a typical flight, the result obtained here 

will prove to be qualitatively correct in light of more 

sophisticated analyses. 

In order to provide an analytical approach to the 

problem, it is necessary first to derive an expression 

for the total field at the sensor including the coning 

motion explicitly. This may be most easily accomplished 

by summing the cartesian components of Bg and BQ in a 

coordinate system defined by the coning center c and 
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rectangular x and y axes chosen so that the y axis lies 

in the plane of and c . In this system, the components 

of the ambient field are constant, while the components 

of the bias field vary due to both the spin of the rocket 

and coning of the spin axis. Figure 2-19 shows this 

coordinate system with both B and BQ and their components 

indicated. The components of B^ may be written 

immediately: 

B 
gx 

B 
gy 

B gc 

0 

- B sin0 
g c 

B cos 0 g c 
(2-41) 

• —* A 
If t is chosen equal to zero at the time when B , c , 

g 

and z are coplanar, and BQ lies in the z-c plane, then 

the components of BQ are given as functions of time by 

B 
ox 

B 
oy 

B_ oc 

The total 

BT(t) = 

B sintu t COSTCOSU) t + B COSUJ t COSTCOS psinu) t 
os cos K c 

B sinu) t cosTsinuu t - B cost!) t COSTCOSpcoscu t os cos ^ c 

BQcosu)gt cosTsinp + BQsinTcosp . (2-42) 

field BT(t) is given by 

(2-43) 
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In the following, the angle T between the equatorial plane 

of the rocket and the bias field has been set equal to 

zero. There is no essential change in the result, and the 

expressions are considerably simplified. Substitution of 

equations 2-41 and 2-42 into equation 2-43 and a few 

manipulations yield 

BZ = B + B + 2B B -jcostu t (sinpcosG + cospcosu) tsin0 ) o g l s K c c c 

- sinu) t sinuo t sin0 \ 
s c c J 

(2-44) 

which may be rearranged to 

2 2 2 
BZ = B + B* + 2B 
T g o 

J B icos0 sinpcosu) t 
o g L c s 

2 P 
+ sm0 cos cos (u) + u) )t 

c 2 SC 

2 P 1 
- sin© sin ■=■ cos (tu - uu )t Y 
c 2 s c J 

(2-45) 

In this form the "mixing" of the coning and spin angular 

velocities is clearly apparent. The relative sizes of 

the factors multiplying the cosine terms are 

cos0 sinp = 
c 

' . . 2 P 
sin© cos r- 
c 2 

2 P 
sin0 sin 
C 2 

.15 

= .28 

.0017 
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so that the cos (u)g - cu^) term is clearly less important 

than the remaining two. 

This exact expression for the total field was 

used as the basis for a computer program to investigate 

the effects of coning motion by simulating as closely as 

possible the response of the data reduction system to the 

total field magnitude. In essence, equation 2-45 was 

used to generate numerical data in the same form as the 

processing electronics described in Section 2.3.1. These 

data were then reduced in exactly the same fashion as 

flight data. Since the generating parameters were known 

exactly, a comparison of reduced to generating parameters 

made possible a determination of errors introduced by 

the motion of the rocket in combination with the data 

handling techniques. In general, it was found that the 

most important effect is due to changes in 0 resulting 

from coning, rather than changes in field magnitude. 

These motions may result in errors in B^, of about 10 y , 

several times the resolution of the system, and comparable 

variations in 0 . The remainder of this section is 

devoted to a detailed description of these and other 

related errors and their sources. Section 2.3.2f details 

procedures which may be employed to correct data affected 

by these errors. 
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The computer program to implement this strategy 

was carefully designed to represent faithfully the 

response of the system to the function given in equation 

2-45. The operation of this program may be briefly 

described as follows: Using equation 2-45 to calculate 

the frequency, the first step is the determination of 

the maximum and minimum values of f (t) during a spin. 

These values are used to calculate the reference level 

frequency and the times t , t^ , and t^ at which the 

magnetometer frequency is equal to the reference frequency. 

Then and C2 are found by numerically integrating f(t) 

from t to t. and from t. to tn. The differences t. - t o 1 12 1 o 

and t2 ” fcl ' w^en multiplied by the appropriate refer¬ 

ence oscillator frequency, are and R2 , respectively. 

Since the reference level is determined by the 

ground of the discriminator, which is necessarily capaci- 

tively coupled to the system, this level tends to be 

located such that the areas between the frequency curve 

and reference level are equal over the intervals R^ and 

R2 (or 1^ = I2 in Figure 2-9). As a result, the frequency 

corresponding to the reference level varies over a coning 

period. This variation may be closely approximated by 

choosing as a reference level the average of, an even 

number of frequency maxima and minima immediately preceding 

the reference level crossing time being calculated. 
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The program is capable of various modes of operation 

in its several configurations. In particular, a simple 

preliminary approach to solving the more general problem 

may be taken using this program to calculate the errors 

induced by motion of the spin axis of the rocket directly 

toward or away from the field. For this case, the 

expression 2-2 may be used instead of equation 2-45 for 

the generation of the frequency. Results of such a cal¬ 

culation are shown in Figures 2-20a and 2-2Ob. Let B 

be the value of the ambient field from which the data 

were generated and be the value of the ambient field 

determined by reducing these data, with corresponding 

definitions for 0 and 0 If a parameter varies 
9 ^, 

linearly with time over the spin period, the generating 

value of that parameter is taken to be its value at the 

decreasing reference level crossing (t^ in Figure 2-9), 

which is almost exactly equal to its time-averaged value 

over the spin. 

Figures 2-20a and 2-20b show AB = B - B and 
9r 99 

A0=0 -0 as a function of d0/dt for two initial 
r g 

values of 0 . In each case the error introduced by the 

changing value of 0 is approximately proportional to 

d0/dt . Figure 2-20a shows that AB is given-approximately 

by 
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AB = ao(e = 13°, a) = 44.6 
rad\ d_6 
sec/ dt 

where a 
o 

- 4.36 y/degree/sec (2-46) 

and 

s 

where b 
o 

_3 
1.3 x 10 sec (2-47) 

If the rate of change of the angle 0 is known as a 

function of the coning phase, the expressions for AB and 

A0 as functions of d0/dt may be used to approximate the 

errors induced by coning motion, without the necessity 

of resorting to equation 2-45, the exact expression for 

the frequency. Differentiating equation 2-15 with respect 

to time yields 

This expression may be evaluated for various phases 

U)c(t-tQ) and AB and A0 may then be calculated by equations 

2-46 and 2-47. The result is shown in Figure 2-21. The 

error in the magnitude of the ambient field is about ±9y , 

d0 
—uu sin© sinpsinu) (t -t ) 

c c M c' n o' 

dt cos0ccosp - sin0csinpcosu)c (t-t ) 

(2-48) 
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resulting in a "ripple" in B at the coning frequency. 

A modulation of this magnitude is quite apparent in the 

signal, since the resolution of the system is ~ 2y . 

Not shown in this figure is A0 , which has, of course, 

exactly the same shape as AB , but a maximum amplitude 

_3 
of only 2.6 x 10 degree. Although this amounts to the 

same fractional error as in B^ , such small angles are 

not resolvable by the present system. It should be noted 

that this technique yields a rather inexact approximation 

to the true AB curve. A major shortcoming is that the 

•constants a and b were calculated in the case 0 = 13 °, 
o o 

but these constants were then used over the entire coning 

curve, with 0 ranging from 6° to 24°. It should also be 

noted that the error induced by a changing 0 is determined 

by the total change in the angle over the sample interval, 

rather than strictly by the rate of change. Therefore, 

the ordinate in Figures 2-20a and 2-20b should more 

correctly be in units of which represents this 

total change. However, since u) is constant, the para- 
s 

meter d0/dt was chosen in the interest of clarity. The 

constants of proportionality aQ and bQ in equations 2-46 

and 2-47 are correctly denoted functions of both 0 and 
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In view of these considerations, it is clear that 

this technique should produce qualitatively correct 

results, but a more exact formulation of the problem is 

desirable. It is possible to refine this method further 

by, for example, finding a (0,cw ) and b (0, ou ) as func- 

tions of 0 and thereby removing one source of error, but 

an exact calculation requires the use of equation 2-45. 

An advantage of such an exact calculation over the method 

just described is that it provides useful information 

regarding other parameters, such as the spin phase § 

(or cp) and the apparent spin time as measured by the 

magnetometer, in addition to accurate determinations of 

AB and A0 . 

Also shown (by + symbols) in Figure 2-21 is the 

result of an exact calculation using identical coning 

parameters, but frequencies generated by equation 2-45. 

Both methods agree to within ly , the accuracy to which 

the calculation using the exact method was carried. The 

close agreement indicates that aQ(0, U)s) is a slowly 

varying function of 0 in this range. This is further 

borne out by an examination of Figures 2-20a and 2-20b, 

which show that the AB curves have about the same slope 

[a (0, u) ) ] for 0 = 13° and for 0 = 30°. 
U o 
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An important result which can be obtained only 

from this exact method regards the determination of the 

angle a> 0 between the magnetic field and a reference 

vector. It has already been shown that one of the 

requirements for computing this angle is a knowledge of 

the time of coplanarity of B and BQ during a spin, which 

must be gained from the magnetometer signal. Since the 

solar aspect sensor specifies the time at which the 

reference vector lies in the rocket's x-z plane, the 

interval between these two times can be used to determine 

cp by equation 2-14. According to this equation, which 

applies strictly only in the case of no coning, the 

required interval is just - .5 R£. The derivation of 

this simple result required two assumptions: The peak 

in the magnetometer signal was assumed to occur at the 

time when B lies in the plane of B and z , and the 

frequency function was assumed symmetric about this peak, 

so that 

fc4 - b/2 = I <fc4 - V = -5 R2 <2‘49> 

The required time interval (tc - t^^) 
was then correctly 

given by R^ - .5 R2 • It has already been demonstrated 

that neither of these two assumptions is completely justi¬ 

fiable if the motion of the rocket includes coning. 

Modulation of the frequency envelope at the coning rate 
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causes the peak frequency to occur at other than the time 

at which , BQ and z are coplanar, and the frequency is 

no longer symmetric about a maximum or a minimum. A more 

correct expression for this case is 

= [R3 " 2 R2 + ATp(u,ct) + ATs(tt,ct)]“,s 

+ (2-50) 

where AT^ and ATg are corrections to be applied due to 

differing peak and coplanarity times, and the asymmetry 

of the function, respectively. The new term 

1 R 
2 R2\ 

+ R2 ' 

is included because the rocket spins through only 2TT - Ay 

radians in the time R^ + R2 • so that the angle given by 

the product u> (R_ - .5 R0), where u) is the true spin rate 

is slightly small. The addition of this term is exactly 

equivalent to substituting the apparent spin rate for u) 
s 

in equation 2-14. 

Both ATp and ATg are functions of the coning phase 

for a given set of coning parameters, and each may be 

determined individually. AT^ is simply the difference in 



80 

the times of minimum frequency and coplanarity of , 

—4 A t 

B , and z . The time T . of minimum frequency for 

each spin period is readily calculated from equation 

2-45, if a set of initial conditions is assumed. Using 

the same initial conditions, the coplanarity times TCp 

may be calculated from geometry and the coning parameters. 

Then 

and 

T - T . 
cp mm 

(2-51) 

AT s 
T . mm R 

(2-52) 

where T is the time of minimum frequency derived from 

the magnetometer signal (equation 2-45). To reiterate, 

T„ differs from T . , the time of minimum frequency 

because of the asymmetry of the frequency about a minimum; 

T . differs from the time of coplanarity of B , B and mm * 
2 g o 

z because of the modulation of the frequency envelope. 

Equation 2-50 may be written 

*3 
+ T 

cp 
+ 

1 R 
2 R2 

+ R, 

(2-53) 

Figure 2-22 shows AT (u) t) , AT (a) t) and their sums 
p c so 

over one coning period. This and many following graphs 

showing functions of the spin phase ti>c(t-to) are plotted 
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in terms of the more convenient spin number, rather than 

uu (t-t ) . This parameter represents the number of the 

spin along the coning curve,, with the first spin after a 

maximum value of 0 being spin number one. The constants 

to and uu are chosen to have a ratio of 200, so that 200 sc 

spins are executed during one coning period. (This was 

exactly the situation encountered during the flight.) 

The spin period is thus a unit of time or coning phase, 

insofar as the small variation of the apparent spin time 

over the coning period is negligible. 

This figure shows that AT^ and ATg are approxi¬ 

mately equal in magnitude and of opposite sign, so that 

their sum is quite small and comparable to the noise 

present in finding reference level crossing times. For 

a typical spin rate of 2500 degree/sec, an error of 5|jsec 

in the sum of AT and AT results in an error in co of 
p s ^ 

only .01°, near the limit of resolution of the system. 

Therefore, while equation 2-53 is strictly correct, for 

practical applications the fortuitous cancellation of 

ATp with ATg means that equation 2-14 with the Ay term 

included is adequately accurate for use in calculating cp . 

The results presented to this point have been 

based on the assumption that the data is reduced using 

numerically generated elliptic integral functions. The 
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techniques used to generate both the complete and incom¬ 

plete elliptic integral functions produce results accurate 

to at least eight significant figures, and so constitute 

a negligible source of error. However, reduction of the 

flight data presented here was carried out using elliptic 

integral functions obtained by linearly interpolating 

tabulated values; the accuracy of this method is consi¬ 

derably less than that of the former method, and the 

resulting errors can be important. Fortunately, these 

errors are easily determined, so that appropriate correc¬ 

tions may be applied to the raw data. 

It has been shown that the errors induced by 

coning motion appear in only one of the two directly 

obtainable field parameters, B . The opposite is true g 
in the case of interpolation error, which produces resolva¬ 

ble errors in 0 only. To determine the magnitude of errors 

introduced by this source, the exact elliptic function 

(equation 2-6) may be used to generate data which is then 

reduced in the standard fashion. The error in the deter¬ 

mination of 0 is a function of 0 ; that in B is completely 

negligible. Figure 2-23 shows that A0 from this source 

increases in magnitude as 0 increases. There is of course 

some associated .error in B ; this increases from Ov at 
g 

0 = 5° to +3y at 0 = 70°. This error is a smoothly varying 
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function of 0 . so that it necessarily varies very slowly 

with 0 . In particular, if during a coning period 0 

changes as much as ~ 20°, the error in will vary only 

by ~ ly ; its variation is therefore negligible and this 

error can amount at most to only an inconsequential off¬ 

set of a few gamma. 

This "position error" in 0 is independent of the 

particular motion of the rocket, although the very small 

coning-induced A0 is superimposed on it when 0 is 

changing. It is important to note that this is not a 

"real" error, inherent in the system, as were those pre¬ 

viously discussed, but a discrepancy appearing only 

because of the non-linearity of the elliptic integral 

functions in k and cp , which results in inaccuracies when 

linear interpolation is used. Like the other errors, this 

one does not present serious difficulty, since the magni¬ 

tude of the effect is known and compensation for it is 

easily accomplished. Several methods of achieving this 

compensation are discussed in Section 2.3.2f. 
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2.3.2e Nutation Effects 

A complete treatment of the dynamics- 

introduced effects must include considerations of nutation, 

as well as spin and coning. The nutational motion of a 

well balanced vehicle should be small indeed; neverthe¬ 

less, under good signal conditions the effects of such a 

motion may be observable. This motion may be simulated 

exactly by allowing p in equation 2-45 to vary periodically 

through an angle equal to the amplitude of the nutation. 

The angle p was taken to have a component pn 

varying sinusoidally at some frequency u)n 

p = po + pn sin(tu
n
t + <Pn) (2-54) 

where the subscript n in this case denotes nutation. The 

phase factor cpn is unimportant except in the special case 

of uj w . Various choices of the nutation amplitude p 

and frequency u)n produce a resolvable effect only in AB , 

as a modulation of the coning AB already derived. A typical 

example including both nutation and coning shown in Figure 

2-24 was generated using Pn = .2° , uon = aug/6 , and 

cp = 0 . The dotted line indicates AB for the case of 

no nutation, which amounts to a "baseline" for the 
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nutational effects. The inclusion of a non-zero cp 
n 

simply shifts the phase of the variation along the 

baseline. The amplitude of the variation of AB from 

the baseline is a function of only the amplitude of the 

nutation pn and is approximately proportional to this 

amplitude. Because the amplitude of the variation is 

rather small and the variation rapid, this effect may 

be difficult to observe experimentally, particularly in 

view of the inherent noise in the reduced signal. When 

this variation is combined with the residual system 

noise of 1-2y , the net result may be a degradation of 

the signal to the point that the periodic nature of the 

nutationally induced variation is unobservable; in this 

case, the noise level as measured by the rms deviation 

of the data points about the coning baseline will appear 

to have increased, and there will be no experimental 

evidence of nutation. 

An important special case resulting in errors of 

much greater magnitude obtains when the spin and nutation 

rates are very nearly equal. Since for this case uin °* ti)g , 

and the phase relation between spin and nutation is there¬ 

fore nearly constant, the phase cpn in equation 2-54 is an 

important parameter. Figures 2-25a, b and c show AB for 
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various combinations of nutation parameters. The same 

coning parameters used here were used in equation 2-45 

to derive the results shown in Figure 2-21. Comparison 

with this figure shows that the "ripple" in AB has 

increased by a factor of about three. The amplitude of 

the ripple in AB is again dependent only on the nutation 

amplitude pn , while the specific shape of the curve 

depends on the choice of cpn . It is important to note 

that AB is zero at positions where 0 assumes its maximum 

and minimum values during the coning period, as it was 

in the case of pure coning, only for cpn = 0. For <pn 

increasing from zero, the point at which AB = 0 moves to 

increasing coning phase wc(t-to). However, the points of 

maximum |AB| move somewhat less in the same direction, 

and the curve assumes the rather characteristic shape in 

Figure 2-25c. The A0 curve follows the shape of the AB 

curve closely, reaching a maximum of about .01°, a value 

just below the resolution of the present system. It is 

therefore unnecessary to include corrections for this 

small error in calculating A0 . The "position error" 

present when linear table interpolation is used in the 

data reduction remains unchanged by nutational effects. 

In addition to introducing errors insto. the reduced 

parameters B and 0 , this type of complex motion can 
9 
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result in modified spin times measured by the magnetometer 

An example of this spin time error is shown in Figure 2-26 

In this figure is plotted the quantity AT(u>ct) defined by 

AT T - T 
mag cp 

(2-55) 

where Tcp is the true apparent spin time, referred as 

before to the instants of coplanarity of B , BQ and z . 

The approximate apparent spin time determined from refer¬ 

ence level crossing times of the magnetometer signal is 

Tmag * Bot^ are clearly functions of coning phase, so 

that AT varies over a coning period. Variations in the 

measured apparent spin rate of this order of magnitude 

are critical when the method of determining cpc using only 

the magnetometer signal is employed. This method, which 

is discussed in detail in Section 2.3.2c, requires an 

accurate knowledge of the apparent spin rate; a neglect 

of the effect of nutation on the measured apparent spin 

rate can result in errors of several degrees in the 

computed value of cpc . 

The function AT(u)ct) in Figure 2-26 has the 

property 

+ 2rr/iuc 

AT (iuct) dt = 0 - (2-56) 
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so that there is no cumulative error over one coning 

period. This is exactly the expected result, since the 

above integral being non-zero would imply that reference 

oscillator cycles were somehow gained or lost during one 

coning period, rather than being simply redistributed 

among the apparent spin periods. 

Other sources of error are present in the data 

reduction. Notable among these are those arising from 

inaccuracies in the assumed magnitude and direction of 

BQ , which propogate through the data reduction process 

to errors in both B and 0 . If the data are reduced 
g 

using a correct value of T but an incorrect |Bq| , the 

resulting 0 is correct, while B^ is in error by an 

amount Bo/Bg(ABQ) , where ABQ is the difference between 

the true bias magnitude and that used in the data reduc¬ 

tion. This error in Bg is independent of 0 . Reduction 

of the data using incorrect T or incorrect r and magnitude 

results in errors in 0 of the order of .1 AT and both 

AB and A0 become monotonically increasing functions of 0 . 

The result is again a ripple in B (as well as a constant 
g 

level shift) and an apparent modulation in 0 (in addition 

to the normal coning oscillation) at the coning rate. 

These modulations may be distinguished from those induced 

by coning motion, since the latter have nodes at maximum 
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and minimum values of 0 , whereas the former have extrema 

there. Thus it is unlikely that the two would be confused, 

and, furthermore, it is possible to separate the effects 

should they occur simultaneously. 

2.3.2f Correcting the Data 

This section describes the general tech¬ 

nique of applying the foregoing information to remove the 

errors introduced by rocket motion. A detailed account of 

the procedure followed in the data reduction of this 

flight is given in Section 3.3. 

The corrections required in , 0 , cp and the 

spin times can be determined only if the coning and nuta¬ 

tion parameters are known. Thus it must be possible to 

determine to first order tu , tu , U) , p , o and 0 so 

that equation 2-45 may be used with equation 2-54 in the 

manner described in the previous sections. It is possible 

to learn o>s and the coning parameters tuc , 0c and pQ to 

sufficient accuracy by careful inspection of the angle 0 

as a function of time: The coning radius pQ is half the 

difference of the maximum and minimum values of 0 over a 

coning period, UJC is specified by the time interval between 

two successive maxima or minima, and 0c is given by the 

sum of pQ and the minimum value of 0 in a coning period. 
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Then U)g may be computed from 

ou = (N - 1) u) (2-57) 
s c 

where N is the number of apparent spin periods in one 

coning period. The amplitude of the nutation pn may be 

obtainable directly from the time dependence of 0 but it 

is possible to determine pn , cpn , and tun more accurately 

from the ripple in the coordinate . In order to 

detect small variations in , it is necessary to remove 

a rapid baseline shift of about 25y/sec due to the 

changing altitude of the vehicle. The Jensen and Cain 48 

term expansion of the geomagnetic field may be used to 

calculate |B | at points along the trajectory (assuming 

an adequate radar track of the vehicle exists). When 

this field magnitude BTri is subtracted from the field 

determined by the magnetometer at a number of points along 

the trajectory, the result should be zero at every point. 

Any deviation from zero must be explained in terms of 

coning and nutation errors, if the deviation is periodic 

at the coning period, or in terms of current systems if 

no periodicity can be found. 

After this baseline subtraction the B data will 
g 

fall on either a. straight line of zero slope (if the only 

motion of the rocket was simple spinning) or a curve 
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similar to Figure 2-21 (if coning was present). This 

ripple can be derived exactly from the independently known 

first order coning parameters, so that any systematic 

deviation from it indicates the presence of nutation 

effects. 

The nutation parameters may now be determined by 

matching the detailed form of the AB curve. If in a 

relatively noise free signal the amplitude of the nuta¬ 

tion is great enough to be of consequence, U)n can be found 

by counting the oscillations of AB about the coning base¬ 

line, and pn is specified by the amplitude of these 

oscillations. If knowledge of cpn is required, cpn is 

uniquely specified by the phase difference between the 

points of maximum (or minimum) 0 and the zero crossing 

points of AB . 

It is thus possible to determine completely and 

unambiguously all the coning and nutation parameters using 

only the magnetometer signal. As a check, it may be 

desirable to compare these coning parameters with those 

determined by the solar aspect sensor, although the magne¬ 

tometer signal provides a more accurate, measurement, even 

in first order. Corrections to 0 (if necessary) and the 

spin times may then be generated and used to.calculate a 

second-order approximation to these parameters; this new 

0 may be transformed to a coning center coordinate system 

in the manner previously described. 
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CHAPTER 3 

EXPERIMENTAL RESULTS 

3.1 LAUNCH CONDITIONS AND PAYLOAD PERFORMANCE 

Wallops Island, Virginia was selected as a launch 

site because it provided a favorable latitude (37.8° N), 

and good radar, telemetry, and launch facilities. The 

payload was launched at an elevation of 80° and north 

azimuth of 158° at 7:05 AM local time (12:05 UT) on 7 

August 1968. At this local time, the overhead Sq current 

was expected to be in a southward direction (see Figure 

1-1) or parallel to the horizontal component of the geo¬ 

magnetic field, so that a minimal change in field magni¬ 

tude was to be expected on passage through the current 

structure. 

A strong telemetry signal was received and 

recorded throughout the flight. Functioning of all 

systems was completely normal, except in the case of solar 

aspect sensor. This sensor operated normally over approxi 

mately half of each coning period, but returned no data 

during the remainder of each coning period. This anoma¬ 

lous operation was attributed to a failure on launch, 

probably occurring in the command sensor, resulting in its 
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inability to trigger interrogation of the angle sensing 

unit for sun angles greater than 65°. 

A continuous radar skin track was maintained from 

launch to splashdown, providing position and velocity 

information at .1 sec intervals during the first 60 

seconds following launch and at 1 sec intervals thereafter. 

These data indicated an apogee altitude of 196 km attained 

219 sec after launch at a horizontal range of 69 km; 

splashdown was at 436 seconds at a range of 140 km. 

Azimuth of the trajectory was 154°. The trajectory was 

essentially as predicted by Wallops Island personnel. 

Figure 3-1 shows rocket altitude as a function of flight 

time. 



94 

3.2 DATA IN THE ROCKET-BASED SYSTEM 

This section provides a first look at the data 

before the transforming away of rocket motion. First 

approximations to the coning parameters are made and some 

general comments on vehicle stabilization and atmospheric 

effects are presented. Because vehicle attitude varied 

rapidly and non-periodically before 35 seconds flight 

time, no data analysis was attempted in this time period. 

Figure 3-2 shows the geomagnetic field magnitude 

determined by the magnetometer as a function of flight 

time. The large change in magnitude makes small periodic 

modulations unobservable, but in Figure 3-3 a periodic 

modulation of |Bg| is clearly apparent. Data shown in 

this figure were obtained by subtracting from the field 

magnitude measured at a given time a value calculated 

from the Jensen and Cain (1962) spherical harmonic expan¬ 

sion for the position of the rocket at that time. Although 

data from only a portion of the flight are shown here, 

this modulation of ±30y was present in exactly the same 

form throughout the flight, with a constant period of 

~ 28 seconds. The average value over one period decreased 

by about 10y during the flight. A typical noise level of 

about ±5y was maintained over the entire flight. 
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Figure 3-4 shows the large variations due to coning 

in the angle 0 between the spin axis and magnetic field 

for approximately the first half of the flight. At earlier 

times, 0 varied rapidly and non-periodically because of 

changes in the parameters p and t«c . The general trend 

after 40 seconds was toward a larger p and a smaller uoc , 

which appears to be the effect of atmospheric drag. It 

is assumed that stable (i.e., periodic) motion is attained 

when the vehicle reaches an altitude at which atmospheric 

effects are negligible, so that subsequent motion is deter¬ 

mined completely by the motion of the rocket at that time. 

This figure indicates that this condition was probably 

satisfied at some time between 60 and 75 seconds, since 

the minimum at 60 seconds is somewhat above the value to 

be expected by extrapolating later peaks backwards, whereas 

the maximum value at 75 seconds is approximately equal to 

the value inferred by extrapolation of later maxima. 

Data from the solar aspect sensor are shown in 

Figure 3-5. As previously noted, a failure of the command 

sensor unit preventing its functioning at CT > 65.5° could 

account for the fact that the sensor was inoperative over 

about half of each coning period. However, its operation 

was normal at other times, and both command pulses and 

solar aspect angle information are available for these 

portions of the flight. 
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This information is sufficient to make fairly 

accurate first-order estimates of the coning parameters. 

The following figures are intended to be preliminary 

estimates only, and no probable errors are stated; each 

of the numbers should be accurate to ±2 in the least 

significant figure. Examination of the data shows that 

there were almost exactly 200 apparent spin periods per 

coning period, and about 2500 consecutive spins, or 12.5 

coning periods, producing usable data during the entire 

flight. Figure 3-5 shows that the time interval between 

two successive maxima or minima in 0 (the coning period) 

was about 28.02 sec, which implies a coning angular 

velocity u)c of .22424 radians/sec. The true spin rate 

(given approximately in terms of the coning rate by 

equation 2-42a) is then 44.624 radian/sec, or approxi¬ 

mately 7 spin/sec. An easily implemented independent 

method of determining the spin times is a convenient 

result of the fact that an absolute time code correct to 

1 msec was recorded on the flight tape and sampled at 

intervals of one hundred (apparent) spins during the data 

reduction. The time interval required for 100 spins is 

thus readily computed, and because 100 spins is exactly 

one-half a coning period, the vehicle executes 99.5 true 

spins during this time. The true spin rate is therefore 
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given by 

»s = 199 TT/ AT . (3-1) 

Figure 3-6 shows u)g calculated in this fashion as a 

function of time. Note that tus exhibits a quasi¬ 

exponential decline throughout the flight, and that the 

values obtained by this method are in fairly good agree¬ 

ment with the earlier estimate of 44.624 radian/sec. 

The error bar in the figure represents an uncertainty 

of ±.003 radian/sec arising from the ±1 msec uncertainty 

in reading the recorded time code. 

The coning half angle p is given by half the 

difference of a maximum and the following minimum values 

of 0 ; 0 is then the sum of p and the minimum value of 
c 

0 . Carrying out these calculations for several times 

during the flight shows that both p and 0 are increasing 

slightly with time. At t = 115 sec, their values are 

p = 9.10° 

0c = 15.52° 

while at t = 330 sec they are 

p = 9.18° 

16.56° 
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Thus 0c increases approximately 1° and p about .1° during 

the flight. The same calculations at intermediate times 

indicate that the change is.approximately linear. The 

change in ©c may be readily observed in Figure 3-4; how¬ 

ever, higher resolution plots are required to exhibit 

clearly the variation in p . 

Changes in 0 and of the order expected to be 

produced by ionospheric currents are obscured by the 

coning modulation, which is apparent in the scalar magni¬ 

tude as well as in 0 . A transformation to a center of 

coning coordinate system as described in 2.3.2a will 

eliminate the rapidly varying 0 in favor of 0c , the ana¬ 

logous angle referred to the center of coning. The 

periodic variations in the scalar magnitude will be 

unaffected by the choice of coordinate system, but these 

variations may be used to determine the nature of the 

nutational motion of the vehicle, and hence to derive 

corrections which may subsequently be applied to B , 0 , 
9 

and the spin times. When this has been accomplished, and 

the one remaining field coordinate, the azimuthal angle, 

has been determined, it should be possible to identify 

time-correlated variations in the field coordinates which 

may be ascribed to ionospheric currents encountered by 

the rocket. 
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3.3 SECOND-ORDER DATA REDUCTION 

Further progress requires the determination of the 

coning and nutation parameters, a transformation of the 

field coordinates to a center of coning system, and a 

knowledge of one of the azimuthal field angles. The 

general strategy is to use the scalar magnitude data, 

which is independent of the particular coordinate system 

chosen, in conjunction with the first order coning para¬ 

meters already found to provide information about the ampli¬ 

tude and frequency of nutation and the corrections to B , 

0 and the spin times needed to compensate for errors 

introduced by this component of the rocket's motion. This 

is accomplished in the four sections of 3.3. The last two 

sections are devoted to the azimuthal coordinate, since 

it was calculated using each of the two independent 

methods developed in 2.3.2e. 

3.3.1 Scalar Magnitude 

Figure 3-3 shows that the scalar magnitude 

—* 

of B measured by the magnetometer was strongly modulated 

at the coning frequency. The approximate coning para¬ 

meters found in 3.2 were used to calculate the coning ripple 

as described in 2.3.2b, and it was found that the amplitude 

of the ripple from this source should have been ±10 y 
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(Figure 2-19). This was less than the observed ripple 

amplitude by a factor of about 3, clearly indicating that 

simple spin and coning were an inadequate representation 

of the true rocket motion. Experimentation with various 

combinations of amplitudes, frequencies and phases of 

nutation showed that the ripple in the data could be 

reproduced exactly using these same coning parameters 

and nutation specified by U) = tu , p = .2° , and u n s n 

cpn = TT/5 (see Figure 2-23c) . This information was used 

in the manner already described to generate additive 

correction factors to B , 0 and the spin times as func¬ 

tions of the coning phase. 

The appropriate correction factor was then 

applied to B , resulting in an approximately straight 

line with a ±5y noise level. Data points from each of 

the spin periods were plotted and examined visually for 

residual periodic modulations, particularly those which 

might result from components of nutation at other fre¬ 

quencies. None were found. In order to reduce the random 

noise in the data, averages over groups of a fixed number 

of points were taken, the standard deviation calculated 

and points differing from the group average by more than 

two standard deviations were rejected. This process 

effectively eliminated only the occasional obviously 

spurious data point; about 5% of the data points were 
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rejected under this criterion. The number of points in 

each group was varied from 5 to 20 to assure that no 

essential characteristic of the data was obscured by the 

averaging process, and the results of all cases were the 

same. The averages over groups of 10 data points repre¬ 

senting 1.4 seconds of flight time are plotted in Figure 

3.7. The error bar represents the average of the standard 

deviations of the groups, 1.7y • The offset of approxi¬ 

mately 150y may be due to inaccuracies in the Jensen and 

Cain expansion resulting in a slight error in total field 

value, but the small slope of the line indicates that the 

variation with position predicted by the expansion is 

essentially correct. This offset could also be the effect 

of a known local field anomaly not accounted for in the 

harmonic expansion (Davis et al., 1966). The transition 

to stable vehicle attitude is clearly apparent in this 

data, occurring at about 75 seconds flight time. 

3.3.2 The Polar Angle 0c 

A calculation of the variation expected in 

cp due to the translational motion of the rocket was carried 

out using information provided by the radar track, and this 

variation was found to be almost exactly linear. This is 

the condition required for equations 2-23 and 2-24 to be 
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valid approximations for finding 0c , and this set of 

equations was used in the data reduction. Optimum values 

of D and u) were determined for several time intervals 
^ c 

spaced over the flight in the manner described in Section 

2.3.2b. It was found, in agreement with preliminary- 

estimates, that the coning radius increased approximately 

linearly during the flight. This quantity is given by 

to the accuracy of this method. The coning angular 

velocity was found to be constant. 

using equations 2-23 and 2-24 including the time varia¬ 

tion of p . A slight final adjustment of the coning 

parameters was made to minimize coning-correlated varia¬ 

tions to the greatest extent possible. The optimum 

parameters were found to be 

D 9.10° + (.00035°/sec)t (3-3) 

This information made possible solving for 0cn 

P 

where p 
*0 

9.13 ± .005 degrees 

-4 -4 
p^ = 2.4x10 ±0.1x10 degree/sec 

and (i) 
c 

.224650 ± .000002 radian/sec . (3-5) 
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As in the case of the scalar magnitude data, 

averages over ten spins were calculated and the average 

value assigned to the time corresponding to the center 

of the sampling interval. Again, points differing from 

the group average by more than two standard deviations 

(of that group) were rejected. It was necessary to carry 

out this process twice for each group of points, since 

an extremely bad value in the group could raise the stan¬ 

dard deviation of the group sufficiently that moderately 

bad points were retained and only the worst point rejected. 

But if a second "sweep" through the group was made, so 

that the new standard deviation was not influenced by the 

point already rejected, spurious points deviating from 

the mean by smaller amounts could be rejected. This pro¬ 

cess was intended to provide an objective, algorithmic 

procedure to eliminate spurious data points, and seems to 

have achieved this end. In no case were more than two 

points rejected from one group, and when two were eliminated, 

it was always by two separate sweeps. As in the case of 

the scalar magnitude data, the attrition rate was about 5%. 

The values of 0c found in this way are correct if 

the assumption that cpv is a slowly varying function of 

time is valid. While this is an excellent approximation 

for the major portion of the flight, rather rapid changes 

in cpy were encountered on passing through the current layer, 
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and the calculated values of 0 for these times are not 
c 

quite correct. It was therefore necessary to use these 

variations in cpv (see the following two sections) to cal¬ 

culate a second-order approximation to 0c in the manner 

described in 2.3.2a (see equation 2-25). Because cp^. is 

dependent on 0c , in order to be strictly correct a new 

approximation to cpv using the second order 0c values 

should be made, but because the difference in the two 

approximations to 0c is very small, the two approximations 

to cpy are for practical purposes identical. Thus the 

process has converged to a consistent set of values of 

0c and <pv with one iteration. The resulting field coor¬ 

dinate 0c is shown in Figure 3-8. The average standard 

deviation of the groups of points was about .015°, or half 

the error bar in the figure. 

It is assumed that the coning parameters found 

here are correct, and these values are used in later cal¬ 

culations of cpv . However, it is necessary to adjust this 

value of u)c slightly to compensate for the change in cp^. 

during the flight. The tuc found here was derived under 

the assumption that two maxima in 0c were separated by 

exactly 2TT radians in coning phase. This is not exactly 

correct because of the (linear) change in cp^ during one 

coning period. If cpv assumes the values cpv^ and cp^ 
at 

two successive maxima in ©c occurring at time t^ and , 
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then the true coning rate is given by 

(JU 
2n + (cpv2 - cpvl) 

" fcl 
(3-6) 

The function cpv(t) is determined in the following two 

sections. A useful estimate of the true coning rate 

may be made by calculating cp^.(t) using rocket aspect 

information and a spherical harmonic expansion of the 

geomagnetic field. This technique yields 

d<Pv 
— = ,01°/sec 

so that according to equation 3-6 the true coning rate is 

U)c = .224828 radian/sec 

3.3.3 The Azimuthal Field Angle cpv (Method I) 

In order to determine one of the azimuthal 

coordinates of the field as described in 2.3.2c the atti¬ 

tude of the rocket with respect to a given geographic 

system must be known. Rocket aspect was found in the 

manner detailed in Appendix C. A standard geographic 

I 

coordinate system specified by the longitude and latitude 

of the point on the earth under the rocket at a flight time 
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of 200 seconds was chosen, and a and 6 referenced to • c c 

this system were calculated using the values assumed by 

0c and <TC at 200 seconds, and the position of the sun at 

that time. The cones of CT =63.2° and 0 = 16.00° inter- 
c c 

sect along the two lines at a = 9.20° , 0 = 124.76° 

(case 1), and a = 34.86° , 0 = 155.73° (case 2). The 

uncertainty in a of ±.5° results in an uncertainty of 

about .5° in a and about 1.0° in 0 in both cases. Further¬ 

more, the effects of current-induced perturbation fields 

in deviating the geomagnetic field from its calculated 

position at 200 seconds should be considered (see 4-1). 

The second of these solutions was discarded on the basis 

of several independent considerations. The fact that the 

minimum apparent spin time occurred at a minimum value of 

0 implies that the coning was prograde, and it was known 

that the rocket spin was of positive helicity, so that 

the coning was also right-handed. (That is, the spin axis 

travelled counterclockwise along a circle on the celestial 

sphere, when viewed from the outside.) Thus when 0 was 

near its maximum value in the coning curve, the spin axis 

would have been moving toward the sun in case 2 but away 

from the sun in case 1. Examination of Figures 3-4 and 3-5 

shows that a maximum value of 0 occurred at about 104 

seconds, when a was increasing, implying that case 1 

applies. Additional considerations of the spin phase 
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relationship of the solar aspect sensor command pulse to 

the magnetometer frequency maximum furnished verification 

of that conclusion. Finally, since the trajectory of the 

rocket carried it southward to regions of smaller dip 

angle, the field would have moved away from the center of 

coning (0c increasing) if the rocket position were such 

that a < o' (case 1) but toward the field (0 decreasing) 
C 13 C 

if ac > ofg (case 2) . Since Figure 3-8 shows a pronounced 

increase in 0Q during the flight, it is clear that case 1 

(or = 9.20° , 0 = 124.76°) was the correct choice. 

With this information, it was possible to use 

equations 2-28 through 2-33 to reduce the solar aspect 

sensor command unit data to cp (or cp ; see Figure 2-18) . 

Figure 3-9 shows the angle cpv obtained in this manner. 

The breaks correspond to portions of the flight during 

which the solar aspect command unit was inoperative, pre¬ 

cluding a measurement of . The time t in equation 

2-28 was estimated using vehicle and solar aspect informa¬ 

tion, and adjusted slightly to eliminate periodic depar¬ 

ture from the overall slope indicated by the long-term 

variation over the flight. As in the case of previous 

coordinates, it was desirable to reduce the noise level, 

using similar averaging techniques and criteria for data 

point rejection. Again, data points from about 5% of the 
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total number of spins were rejected. The average standard 

deviation of the groups is shown as the error bar in 

Figure 3-9 . 

The lack of data during portions of the coning 

period caused considerable difficulty, since the data from 

the interval ending at about 73 seconds shows effects of 

vehicle instability, and hence is unusable. The next 

group of data points starts at 93 seconds when the rocket 

altitude was about 120 km, near the upper boundary of the 

region of interest. Thus there was no up leg data taken 

after vehicle stabilization but below 120 km. An identical 

problem exists in the down leg data: the last group of 

points measured before atmospheric drag forces destroyed 

vehicle stability ends at 355 seconds, when the rocket 

altitude was approximately 114 km. Thus currents present 

below about 118 km cannot be inferred from the cp^ data 

alone. 

3.3.4 The Azimuthal Field Angle <pc (Method II) 

To determine <p continuously throughout the 

flight, it was necessary to utilize the second method of 

Section 2.3.2c, which requires only the magnetometer signal 

as a data input. The major advantage of this method is 

that it is independent of the functioning of the solar 
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aspect command sensor. Its disadvantages are several: 

Because cpv depends linearly on the spin rate (see 

equation 2-14a) , cu must be known to high accuracy. 
b 

Obviously, an absolute measurement cannot be made, 

since no external reference is possible. As a result, 

this technique measures only relative changes in 

cpv(6cpv) from one spin period to the next; the total change 

over a given time interval may be found by summing the 

changes during each spin period of that interval. This 

last limitation is not a serious drawback, because it 

is sufficient for the purposes of this experiment to 

detect only the relatively rapid change in cpv occurring 

on passage through a current sheet. Finally, changes in 

cpv that are linear in time, such as the slope evident in 

Figure 3-9, will not appear when this method is used, 

because linear changes are absorbed into the calculated 

spin rate in a manner exactly analogous to that in the 

case of the coning angular velocity. Thus the data shown 

in Figure 3-9 would appear as a straight line of zero 

slope, passing through Acp = 0 , if no current-induced 

effects, and no non-linear changes with time were present. 

It has already been noted (2.3.1) that some uncertainty 

in the spin times arises because noise in the discriminated 

magnetometer signal can result in errors in determination 

of zero crossing times. The maximum error from this 
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source present in the spin time measurement was expected 

to be at most ±16 nsec corresponding to a maximum uncer¬ 

tainty of about .3 degree/sec in uu , or .04° in cp . 
s 

Noise from other sources raised the variation in ou 
s 

measured from spin to spin considerably above this value. 

In order to eliminate this additional unexpected noise, 

averages were taken over ten spins, as usual rejecting 

data points differing from the group mean by more than 

two standard deviations. Significantly more points (about 

one in five) were rejected here than in the previous appli¬ 

cations of this technique, reflecting the relatively 

higher noise level. After the elimination of these 

points, the average root mean square deviation of the 

groups was about .27 degree/sec, or about the maximum 

expected on the basis of reference level crossing time 

uncertainties. The function u) was quite slowly varying 

with time, so that a second-degree polynomial could be 

fit to these averages with an error much smaller than the 

uncertainties in the data. 

The method for determining the true spin rate 

discussed in 2.3.2c was utilized here, and the result used 

with equation 2-37 to solve for <pc . Instead of an approxi¬ 

mately straight line of zero slope, the cpc curve showed rapid 

jumps in which cpc changed by nearly a degree in a few 
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tenths of a second, separated by several seconds of quiet 

data of the anticipated appearance. These offsets were 

produced primarily by readily apparent sudden changes in 

the true spin rate measured by the magnetometer (tv' in 

equation 2-35). These discontinuities were eliminated 

as described in 2.3.2c by limiting the rate of short time- 

scale variations in tu' . In particular, the tu/ , which 

were themselves averages over ten spins, were compared 

to both the root mean square deviation of the tu' from 
sn 

the curve fit, and to the fitted value at that time. All 

U)gn differing by more than .8 degree/sec were replaced 

by the curve fit value, effectively limiting the rate of 

change of cp^ to less than or equal to 

2 
(.8 degree/sec ) x (.14 sec) = .11 degree/sec . 

This rate of change was determined by trial and error to 

be large enough to pass all systematic changes in cp , yet 

small enough to filter out most of the random noise. When 

larger rates of incremental change were allowed, the 

average noise level in cpc increased, but there was no 

change in the systematic variations. 

The results of this procedure are shown in 

Figures 3-10a and 3-10b. Since the tosn were actually 

averages over ten spin periods, each data point represents 

data from an interval of 1.4 seconds. In spite of the 
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filtering process employed, the scatter in the data points 

is quite large, although now the points do fall along a 

line of approximately zero slope between 100 and 340 

seconds. It was found to be impossible to analyze data 

from the entire flight continuously because of small 

drifts in the coning phase, resulting in errors increasing 

in time, and because of the necessity of employing slightly 

different quadratic fits to u)g for the portions of the 

flight before and after apogee. The- flight was therefore 

divided into two sections with a thirty second overlap 

centered near apogee. The parameters p and uuc were identi¬ 

cal in both portions, but the time t of zero coning phase 

was selected near the beginning of each section. cpc in 

each section is referenced to a zero value at the begin¬ 

ning of that section in the manner already described. Thus 

the constant mean level at about 0.85° in the first section 

(Figure 3-10a) corresponds to the constant mean value of 

cpc = 0 in the second portion. The variations in cpc in the 

period of overlap, 220 to 250 seconds, are qualitatively 

similar, yet not identical. This may be taken as evidence 

that the variations of several tenths of a degree over 

several seconds apparent in both sections do not represent 

real field fluctuations, and this conclusion is corroborated 

by the fact that marked changes in these rapid variations 
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result from slight changes in the coning parameters or 

point rejection criteria. In contrast, the varying of 

the coning parameters over a range large compared to their 

uncertainty and the changing of the point rejection cri¬ 

teria produce no essential change in the larger deviations 

of approximately .8° occurring near 80 and 350 seconds. 

Finally, Method I shows no similar time correlated fluc¬ 

tuations, even though the larger of those shown in Figure 

3-10 are well within its resolution. 

Data analysis was terminated at 370 seconds, when 

the rocket altitude was approximately 93 km. After this 

time, all three field coordinates exhibit large, apparently 

random fluctuations, probably due to the rocket's tail- 

first atmospheric re-entry, and attendant sudden 

reorientation. This is in direct contrast to the ascend¬ 

ing portion of the flight, in which a smoothly, if rapidly, 

varying 0 is tracked from 30 seconds (about 27 km altitude). 

It is possible that the randomness of the coordinates 

after 370 seconds is a result of increased noise in the 

discriminated magnetometer signal, producing false trigger 

pulses in the reference level crossing detector. In any 

case, a detailed record of the re-entry is unavailable. 

Certain applications (see 4.1) require 0c and cp^ 

as functions of time. Of course, complete information 



114 

regarding 0^ is available, but the situation is less 

favorable in the case of cpv . Because of the failure of 

the solar aspect command sensor during portions of each 

coning period. Method I yields incomplete results (see 

Figure 3-9). Furthermore, Method II is at best capable 

of only a relative measurement of cpc (or Acp^) . Since 

the function cp^(t) must therefore be a composite of 

information from Method I which gives the correct long 

term slope and Method II which reveals the current corre¬ 

lated variations 6cp , an idealized approximation to 

cpv(t) was used. (See Figure 3-11.) This was the cp^ from 

Figure 3-9 interpolated to furnish data in the time 

periods of solar aspect command sensor malfunctioning, 

with the changes shown in Figure 3-10 applied from this 

baseline. 

3.3.5 Summary of the Data 

An important question concerns the time 

at which vehicle motion stabilized, or the time of effec¬ 

tive atmospheric exit, and the time of effective re-entry 

on the descending portion of the trajectory. Obviously, 

data from times earlier than effective exit and later than 

re-entry are affected by vehicle attitude changes, and 

care must be exercised to assure that these changes are 
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not ascribed to currents. Of course, true atmospheric 

exit is never attained, and the vehicle is at all times 

subject to atmospheric drag forces. Nevertheless, above 

a rather well-defined altitude these forces result only 

in small changes (with respect to the angular resolution 

of the system) and the vehicle maintains its stable 

motion. 

Determining this time requires a careful compari¬ 

son among the various parameters. Unstable rocket motion 

is apparently characterized by large random fluctuations 

in Ba (see Figure 3-7 before 70 seconds) even though 0 

(Figure 3-4) is relatively smoothly varying. Evidence 

of the large increase in 0c between 55 and 70 seconds is 

seen in Figure 3-8 where 0c is increasing rapidly toward 

its stable value until about 75 seconds. At about the 

same time the noise in the scalar magnitude data decreases 

from about 50y to about 5y , and this value was maintained 

throughout the flight. Finally, measurements of cpc using 

the magnetometer signal only show a marked decrease in 

noise level at 75 seconds. Unfortunately, the inter¬ 

mittent operation and lack of sensitivity in the solar 

aspect sensor precludes its use in making a definite 

determination of vehicle stabilization time. The strongest 

statement that can be made based on solar aspect sensor 
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data is that the vehicle motion stabilized in the interval 

of 70 to 100 seconds. 

In view of these facts, it seems extremely likely 

that; the rocket's motion after 7 5 seconds was not 

materially affected by forces of atmospheric origin. It 

is, of course, conceivable that the changes in and cp^ 

between 80 and 90 seconds were due to changes in aspect 

during this time. However, in order for this to be true, 

it must be the case that 0 was decreasing less rapidly 

in this time period as a function of coning phase than in 

later portions of the flight, to depress the scalar magni¬ 

tude measured by the magnetometer below the additive 

correction calculated from the coning and nutation para¬ 

meters. This could have resulted from an increasing 0c , 

a smaller value of p than at later times, or a smaller 

coning rate during this time interval as compared to the 

remainder of the flight. The last of these possibilities 

may be ruled out immediately, since the tendency from 40 

to 70 seconds was toward smaller uuc . According to Figure 

2-18a, a 10y apparent depression of the field may result 

for d0/dt 2 degree/sec, so that the actual rate of 

change of 0 must have been some 2°/sec lower than encountered 

at the same coning phase later in the flight. This change 

must have been contributed by variations of the same order 
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in either 0c or p (or both) over a period of several 

seconds; Figure 3-4 shows that such changes are not 

present at any time after 60 seconds flight time. 

Finally, data from the descending portion of the flight 

show a change of comparable magnitude but opposite direc¬ 

tion present in both scalar magnitude and cpc data. Com¬ 

parison with Figure 3-1 indicates that the discontinuities 

occur at approximately the same altitude in both the 

ascending and descending portions of the trajectory. 

Although atmospheric drag forces may be invoked in an 

attempt to explain this fact, it is extremely unlikely 

that these effects could account for the similarity of 

the offsets without additional rather artificial 

assumptions. 

Furthermore, inspection of the three coordinates 

B , 0c and cp^ shows periods of stability before the 

increase in cp and B at about 81 seconds, and after 
^c g 

their decrease at about 355 seconds. These periods have 

lengths of about 12 seconds in all cases. No statis¬ 

tically significant changes are apparent in 0c , but all 

points after 80 seconds and up to 370 seconds lie within 

.04° of a smooth curve extrapolated from the portion of 

the trajectory near apogee. Since the small changes in 

0 between 75 and 80 seconds could have occurred with no 
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associated change in either B or cpc , this does not 

necessarily indicate a discrepancy among the various 

field coordinates. In exactly the same manner, it is 

possible for perturbation magnetic fields due to iono¬ 

spheric currents to induce the observed changes in 

and cp , while 0 remains unaltered. 
^c c 

There are no other time-correlated variations in 

any two coordinates, so that the only consistent inter¬ 

pretation of the data is in terms of ionospheric currents 

flowing in the altitude region of 105 to 117 km. The 

exact altitudes at which the perturbation-induced changes 

begin and end varies depending on the particular coor¬ 

dinate and portion of the flight used to infer the 

altitude. A summary is given in Figure 3-12, which 

shows agreement to within about 2 km, between the up and 

down legs in both cpc and individually, or within about 

3 km if all coordinates are compared on both ascending 

and descending portions of the flight. This agreement is 

quite satisfactory in view of the uncertainty in the 

exact time at which the changes begin and end. 
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CHAPTER 4 

INTERPRETATION OF THE DATA 

The data presented in the preceding chapter show 

that field discontinuities not ascribable to vehicle 

dynamics effects were encountered at about 111 km in both 

the ascending and descending portions of the trajectory. 

In this chapter, it is demonstrated that these disconti¬ 

nuities are consistent with the assumption that a hori¬ 

zontal current layer localized between 104 and 117 km was 

penetrated by the vehicle. 

Several important general conclusions about the 

nature of the current system may be formed on the strength 

of careful inspection of the data. First, the offsets in 

cpv and Bg are quite sharply defined, implying that the 

magnitude and direction of the perturbation field inducing 

the offsets is not sensitively dependent on the distance 

from the source of the field. Secondly, the rapid varia¬ 

tions in the field components occur at about the same 

altitude (within ~ 1 km) in the ascending and descending 

portions of the trajectory, strongly suggesting that the 

effect is due to an extended horizontal structure. Since 

the rapid changes in cpv and are similar in magnitude 

but oppositely directed in the up and down legs, one may 
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conclude that the mechanism responsible for these changes 

remains uniform over horizontal distances several times 

the distance (90 km) separating the rocket positions at 

which the changes occurred; the difference in sign of the 

changes simply implies that after 360 seconds the pertur¬ 

bation field returned to the direction which it maintained 

before 80 seconds. The lack of correlated structure in 

the components at other times offers further evidence that 

the source of the perturbation field is uniform over con¬ 

siderable distances from the vehicle trajectory. 

It is possible to interpret the data as a mani¬ 

festation of a perturbation field which exists only above 

an altitude of approximately 110 km, but such a sharp con¬ 

finement of the field can result only from current flow 

patterns quite unlikely to be found in the ionosphere. 

This field configuration could be produced by two oppo¬ 

sitely directed current layers of identical equivalent 

surface current density, a solenoidal flow pattern with 

the axis of symmetry horizontal, or a combination of the 

two. The essential point is that there must be current 

flow at two altitudes, or in two approximately vertical 

sheets. The former possibility is discounted immediately, 

since no additional currents were detected up to the pay- 

load apogee of 196 km, and conductivities above this 
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altitude are such that electric fields of the order of 

.2 volt/meter would be needed to drive the required 

current densities, even if the current were spread ver¬ 

tically over 50 km. Because of the usual ambiguity in 

inferring the orientation of a sheet current from the 

magnetic field it produces (see page 124), the possibility 

of two non-horizontal current layers cannot be ruled out 

on the basis of these data. A more complete discussion 

of this point is provided at the end of this chapter. 

It is sufficient to note here that certain current con¬ 

figurations involving non-horizontal currents are 

definitely inconsistent with the data, but the remaining 

case is completely indistinguishable from a current flow 

pattern confined to a horizontal layer. Therefore there 

is no advantage in including such currents in, for example, 

a model of the current system used to match the data by 

trial and error, since the result would be exactly the 

same if a completely horizontal current were used. 

In view of the difficulty in confining the field 

above 110 km, it seems reasonable to assume that there 

existed a current structure capable of inducing a small 

perturbation field in one direction below 110 km and a 

field of equal magnitude but opposite direction above 110 

km. Such a magnetic field configuration results from a 
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layer of uniform current density, and because of the 

altitude correlation of the changes in the field coor¬ 

dinates measured in this experiment, it is reasonable 

to conclude that this current layer is at least approxi¬ 

mately horizontal. This furnishes justification for 

interpreting the data in terms of an approximately hori¬ 

zontal current layer centered near an altitude of 110 km, 

but it should be noted that the assumption of such a layer 

in no way biases the result in Section 4.1, where the 

field coordinates are expressed in a ground-based system; 

this process is absolutely independent of any assumed 

model for the origin of the measured fields. In a later 

section a model of the perturbation source is constructed 

using an infinite sheet current. 

There are two general techniques which may be 

used to infer the current parameters from the data pre¬ 

sented in the preceding chapter. The changes observed in 

B , 0c and cpv as the rocket passed through the current 

layer, and rocket attitude information, are sufficient to 

allow calculation of the cartesian components of the 

current-induced perturbation fields in a geographic system. 

The determination of the current structure is then 

straightforward, although somewhat model-dependent. 
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A second method allows matching the complete vector 

profile (each of the three field coordinates) continuously 

throughout the flight. The geomagnetic field derived 

from a spherical harmonic expansion is combined with the 

field induced by an assumed ionospheric current system and 

the rocket attitude information is used to calculate the 

vector profile that would have been observed for that par¬ 

ticular assumed current system. The parameters specifying 

the current system may then be adjusted until the calculated 

profile matches that measured by the experiment. The 

current system for which this condition is attained is 

assumed to be identical to that actually encountered by 

the vehicle. 

The magnetic field of a horizontal current flowing 

in a limited vertical range is indistinguishable from that 

of an infinite sheet current outside the region of current 

flow (see Appendix B). A straightforward generalization 

of equation B-3 to the region in which the current flows is 

IB (z) | = (z - zQ) (4-1) 

where ZQ is the altitude of the center of the current 

carrying region, and j is the magnitude of the current 

density, here assumed uniform with altitude. The field 

direction is as in Appendix B. According to this equation, 
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the magnetic field decreases uniformly from one edge of 

the current structure to zero at the center (z = Zq), 

reverses direction, and increases to the sheet current 

value (with k = jh , where h is the vertical extent of 

the layer) at the opposite edge of the structure. For 

the purposes of this chapter, a sheet current is taken 

to be infinite if its associated magnetic field cannot 

be distinguished by this system from the field of a true 

infinite sheet as described in Appendix B. The real 

current will of course terminate at some horizontal dis¬ 

tance from the penetration point, but if the current 

extends 100-150 km in all directions from the point of 

penetration, edge effects will not be resolvable using 

this system, and the real current and infinite sheet 

approximations are indistinguishable. 

It is impossible to uniquely specify the orien¬ 

tation of a sheet current using only knowledge of its 

magnetic field. In fact, if a sheet current is rotated 

about an axis defined by its magnetic field at any point 

in space, the magnetic field at this point is unchanged. 

Therefore it is not possible to determine the angle 

between k and the projection of k on a horizontal surface. 

A 

However, if the vector l is defined as the perpendicular 

to k lying in the plane of the sheet current, then the 

A A 

angle e between Z and the projection of Z on a horizontal 

plane (see Figure B-2) is determined by this experiment. 
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4.1 TRANSFORMATION OF THE DATA TO A GROUND-BASED SYSTEM 

In this section the field discontinuities observed 

on passage through the current layer are used to find the 

components of the current-induced perturbation field in a 

local east, north, vertical coordinate system. This is 

accomplished using the data and known rocket attitude to 

solve for the components of the total (geomagnetic + Sq 

current perturbation) magnetic field and subtracting from 

this the geomagnetic field components calculated by a 

spherical harmonic expansion. The remainder then repre¬ 

sents the sum of the perturbation field and any residual 

systematic deviations of the harmonic expansion from the 

actual geomagnetic field. These may be easily distin¬ 

guished by noting that the sign of any rectangular com¬ 

ponent of the perturbation field reverses on passage 

through the current layer, while errors in the field expan¬ 

sion are relatively constant. Thus, if is a cartesian 

component of the remainder field, and B/ a change in that 

component occurring on passing through a current layer, 

the perturbation field component 6B^ is given by B//2. 

The general technique for carrying out this opera¬ 

tion is described in Appendix C. The rocket aspect cal¬ 

culations were performed in a geographic coordinate system 

defined by north, east and vertical at the point on the 
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earth beneath the rocket at a flight time of 200 seconds. 

Therefore, cp^. and 0c are referenced to that system, and 

the use of these coordinates to calculate the field coor¬ 

dinates will yield the field vector in the 200 second 

coordinate system. This field vector is then rotated to 

the local geographic system moving over the surface of the 

earth with the rocket. Thus each measurement of the east, 

north and vertical components of the field is referred to 

the local east, north and vertical of the rocket at the 

time of the measurement. 

Applications of equations C-3 and C-4 requires cp^. 

and 0c as functions of time. An acceptable cpv(t) was an 

approximation to this angle as shown in Figure 3-11 con¬ 

sisting of a series of straight line segments, while the 

angle 0c was approximated with an accuracy of the same 

order as its uncertainty by a second-order polynomial in 

time. 

The results for all three components are shown in 

Figure 4-2. Because the magnetic field of an infinite 

sheet current is independent of the distance from the 

sheet, the only time periods of interest to this particular 

calculation are those in which the payload penetrated the 

current layer, and only these periods are shown in the 

figure. The calculation of the field coordinates was 

carried out at four-second intervals, since the primary 
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objective here was to determine only the difference in 

total field position on the two sides of the sheet. 

According to this figure, the components of the pertur¬ 

bation field are, for the ascending penetration 

Beast 

Bnorth 

Bvertical 

107.5y 

14.0y 

6.0y 

below 110 km, and for the 

B . east 

Bnorth 

^vertical 

descending penetration 

= 91.0y 

= 10.0y 

= 3.5 y 

below 110 km. The components above 110 km are of the 

same magnitude but opposite sign. Assuming that these 

fields are induced by an approximately horizontal current 

layer, the magnitudes of the equivalent surface current 

densities |k|.may be calculated immediately using 

equation B-3: 

Ikl = 
B 
north + B east + B vertical 

Li 
(4-3) 
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For the ascending portion of the flight, this equation 

yields 

k - .17 amp/meter 

and for the down leg 

k = .14 amp/meter 

The non-zero vertical component indicates that the current 

sheet is inclined at some angle e to the horizontal (see 

Figure B-2); equations B-4 may be combined to obtain 

I TD —11 

iast north 

= 3° ascending 

= 2.2° descending 

corresponding to an inclination up toward the east. 

However, the vertical component is quite sensitive to 

0c for the geometry of this flight. The 0C (t) used in 

this calculation, a smoothly varying function of time 

with no discontinuities even in the altitude range in 

which the other two coordinates showed current corre¬ 

lated variations, was chosen because Figure 3-8 shows 

no definitely non-random departure from a smooth curve. 

Nevertheless, there is a small discontinuity of about 

Bvertical 
(4-4) e 
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.02° centered at 90 seconds. If this is combined with 

the uncertainty of ±.015° , and a new 0c(t) including 

the maximum possible 60c is used to repeat the preceding 

calculation, it is found that Bvertical 
ma^ range from 

0 to 10y , while both Beas^. and 
B
nor^ remain relatively 

unchanged. Thus the inclination to the horizontal must 

be stated as 

e = 3° ± 3° 

which includes the possibility of an exactly horizontal 

sheet. Data during the descending portion of the flight 

shows (perhaps) a similar small discontinuity, and the 

±.015° uncertainty must again be considered. The result 

is 

e = 2.2° ± 3.0° . 

The current direction may be easily found by 

combining two of equations B-4: 

0 k tan 
I" _ Beast '1 

Bnorth ^ 
(4-5) 

Thus |3^ = 173° from up leg data and 174° from down leg 

data, so that the current is in a generally southward 

direction. 
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The components Beagt and Bnort^ depend primarily 

upon cpv . In this geometry the change 6cpv determines 

2 2 
Bnorth + Beast (°r e<lulvalent surface current density 

|k| required to produce the observed field changes) while 

the ratio B . /B (or the direction of k) is a 

function of the absolute value of <pv . The uncertainties 

in (3^ and |k| were determined by varying the absolute 

value of cpv and 6cpv over the range of their uncertainties; 

the result is 

^ = 173° ± 8° up 

^ = 174° ± 8° down 

|k| = .17 ± .05 amp/meter up 

|k| = .14 ± .05 amp/meter down 

for an uncertainty of ±.15° in 6cpv and an absolute uncer¬ 

tainty of ±1.0° in qpv . The uncertainty in cpv is due 

primarily to the fact that the rocket aspect is not known 

precisely. 

The systematic residual deviations of the field 

cartesian components referred to earlier are easily deter¬ 

mined by inspection of Figure 4-2. They are 

t 
B e 

t 
B_ n 

, and B 
t 
v -240y -llY 171y • 
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The field found here is simply another manifestation of 

the ~ 150y difference between the field magnitudes mea¬ 

sured by the magnetometer and calculated using the spherical 

harmonic expansion. The components of this field are quite 

sensitive to errors in absolute determination of cpv , even 

though the changes shown in Figure 4-2 from which the 

current direction and magnitude were determined, are not. 

Thus, the absolute position of the curves on this scale is 

not particularly well known, and may vary as much as 200y 

in the eastward component for a change of 1.0° in cpv . The 

important point is that the vertical scales themselves, 

and the shapes of the curves, are well defined. 
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4.2 VECTOR FIELD PROFILE MATCHING 

In Section 4.1, it was demonstrated that the 

perturbation field inducing the changes observed in the 

geomagnetic field coordinates was of the type produced 

by a current layer between the altitudes of 104 and 117 

km, flowing approximately southward, with a sheet current 

density of .17±.03 amp/meter at the point of penetration 

on the up leg of the flight, and .14±.03 amp/meter at the 

corresponding point in the descending portion of the tra¬ 

jectory. Since the current-induced changes occur smoothly 

with passage through the layer, it is concluded that no 

resolvable structure in the current density existed, or 

that the current density was approximately uniform 

throughout the layer. 

In this section, the data are interpreted by 

matching the profile of the three coordinates as closely 

as possible using an infinite sheet current field combined 

with a geomagnetic field generated from a spherical har¬ 

monic expansion. This method offers some advantages over 

the method of 4.1, because the result depends on the 

rocket attitude directly rather than through the inter¬ 

mediate cpv . In addition, it is aesthetically more satis¬ 

fying, since it provides a fit to the data throughout the 

flight, rather than using only the changes in the coor¬ 

dinates to infer the perturbation field. Another advantage 
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of this method is that it can explicitly take into account 

the fact that the rocket attitude calculated using the 

measured 0c at a specific time depends on the particular 

assumed value of k , because the perturbation field alters 

the total field position slightly. This effect is, of 

course, quite small. Compensation for this effect is 

accomplished by calculating rocket aspect using the sum 

of the assumed sheet current field and the potential-derived 

geomagnetic field. 

Once the rocket aspect is known, trajectory infor¬ 

mation from the radar track is used in conjunction with 

the spherical harmonic expansion of the geomagnetic field 

and the perturbation field to find the field coordinates 

in the instantaneous ground-based system determined by the 

position of the rocket. These total field coordinates are 

then transformed to the standard 200 second ground-based 

coordinate system in which the attitude of the rocket was 

calculated. This information allows the determination of 

8c , cpv and for all times, for the particular current 

magnitude, direction and tilt under consideration. The 

actual magnitude, direction and tilt may then be accurately 

determined by adjusting these parameters until a fit to 

the data is obtained. Because rocket aspect was calculated 

using the value of 16° for 0c at 200 seconds, the 0c curve 

is in a sense "normalized" to this value, and any assumed 
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current will produce a 0c of 16° at 200 seconds. (Rocket 

aspect will be adjusted so that this is the case.) This 

constitutes no practical limitation since the information 

about the current is contained in the change in 0c at 

penetration of the layer. Furthermore, the slope of the 

0c curve is unrestricted by this process, and is there¬ 

fore available for comparison to the data. 

The results are essentially the same as those 

found in 4.1. Data from the ascending and descending 

portions of the trajectory were matched best by slightly 

different current vectors, as would be expected on the 

basis of the results of the previous section. The nor¬ 

malization time of 200 seconds (about 20 seconds before 

apogee) was taken as the point of transition between the 

two sheet currents, since the results of both were neces¬ 

sarily identical there. Both fits were essentially indis¬ 

tinguishable over a period of approximately 60 seconds 

about apogee, and the rocket aspect calculated using one 

differed by .01° in azimuth from that calculated from the 

other, while elevation angles differed by less than .01°. 

This close agreement is significant even though the absolute 

rocket aspect is uncertain to about 1.0° in both azimuth 

and elevation because of the solar aspect sensor sensitivity. 

The experimental data points for the three field 

coordinates are superimposed on the field changes derived 
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/ 

from the best fit current sheets in Figures 4-3a, b and c. 

The equivalent surface current magnitudes and directions 

are, for the up leg, 

|k| = .18 amp/meter 

0k = 180° 

and for the down leg 

|k| = .15 amp/meter 

3k = 180° . 

Horizontal currents provided the best fit in both cases. 

Figure 4-3a shows only the changes predicted in 

the scalar magnitude of the ambient field expected on 

passage through the current layer. Since the data points 

represent the difference between the field determined by 

the magnetometer and by the spherical harmonic expansion, 

the overall decrease of ~ 10y observed during the flight 

is not accounted for in the field expansion, and hence 

will not appear in the calculation of the field coor¬ 

dinates using an assumed sheet current. The changes 6Bg 

encountered on passage through the current layer are 

therefore referred to the mean scalar magnitude measured 

from 90 to 110 seconds (up leg) and from 325 to 345 

seconds (down leg). 
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The coordinate cpv shown in Figure 4-3c is a 

composite of the results of both methods of determining 

this parameter, obtained by applying the overall slope 

found using Method I to the data showing the current- 

correlated 6cpv from Method II. Although it has been 

demonstrated that the fluctuations of ~ .2° are not real, 

they are important in estimating the uncertainty in 6cpv . 

The measured cpv differs in both slope and absolute value 

from the solid curve calculated from the current sheet, 

but the predicted change in cp^. is similar to that found 

experimentally. As in the case of the other coordinates, 

it is this change that contains the information specifying 

the current. 

The difference of about 1.5° in absolute value is 

attributable to errors in rocket aspect. Because of the 

A —> —» 
particular spatial relationship of c , B , and R , an 

error of ±.5° in either or or propagates to cpv as an 

error of ±5° . Therefore, the vertical position of the 

calculated line in Figure 4-3c is uncertain by this amount, 

and its offset from the experimental points is clearly 

meaningless. The difference in slope may be due to a small 

gradual change in rocket aspect, which, because of the 

above-mentioned effect, would appear in this data increased 

by a factor of about 10. Such a change of .07° during the 

flight would be sufficient to account for the observed 
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difference in slope. Probably resulting from atmospheric 

drag, this change would not necessarily be accompanied by 

a corresponding variation in 0c . An alternate explana¬ 

tion of this long-term decrease is a real variation in 

the geomagnetic field. 

The fit to the experimental 0c data displayed in 

Figure 4-3b is quite good. Because of the normalization 

process, the fit must match the data at 200 seconds, but 

this normalization does not affect the slope of the curve. 

Thus the quality of the fit is exemplified by the identical 

slopes of data and generated fit. The small changes in 

0c due to the model current system are compatible with the 

data, although their significance relative to the noise 

cannot be demonstrated. The departure of the experimental 

points from the computed 0c profile between 70 and 80 

seconds is believed due to real rocket motion before sta¬ 

bility was achieved. The change in coning center orienta¬ 

tion (or coning half angle) occurring in this interval is 

small and relatively slow, so that the determination of 

neither nor cpv would necessarily have been contaminated 

by this motion. 

Examination of Figure 4-3a shows that the thickness 

of the current layer determined by the scalar magnitude 

data is somewhat uncertain. It is not clear whether the 

three points just before 90 seconds have reached the base- 
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line maintained during the remainder of the flight, and 

therefore indicate complete penetration of the layer, or 

are simply slightly high due to noise. A possible inter¬ 

pretation is that the ambient field continues to change 

until about 95 seconds, at which time exit of the layer 

was achieved, at an altitude of 124 km. The decision to 

reject this possibility and regard the three points after 

92 seconds as slightly low due to noise was made pri¬ 

marily on the basis of the cpv data, which indicates no 

further changes after 90 seconds. This offers the addi¬ 

tional advantage of placing the current layer at approxi¬ 

mately the same altitude on both the ascending and 

descending legs of the flight. It is clear that no change 

in Bg is occurring at 346 seconds, corresponding to an 

altitude of 124 km on the down leg. In any case, the 

total equivalent surface current traversed by the rocket 

remains unaltered. 

The relationship of c and B was such that the 

change 6cp^ is relatively insensitive to the direction of 

the current, being specified primarily by the current 

magnitude. Therefore it was possible to determine the 

required equivalent surface current density by matching 

the observed change 6cpv , and then to find the direction 

(3^ through matching the change 6B^ . The coordinate 

was sensitive to changes in both and e , but since p^ 
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could be determined by matching 6B^ , it was possible to 

obtain the correct value of e by adjusting this parameter 

until a fit to 6 ©c was obtained. By far the greatest 

uncertainty encountered was that in 6cpv , and this is 

responsible for virtually all the uncertainty in current 

magnitude and direction, although some error was contri¬ 

buted by inadequate vehicle aspect information. Changing 

6cpv results in a different surface current magnitude, and 

the direction 0^. must then be adjusted slightly to main¬ 

tain a fit to 6Bg and 6 . However, for a given value 

of 6cpv , the current magnitude may be determined to within 

±.02 amp/meter, the current direction to within ±1° , and 

the inclination to the horizontal to within ±.5° . 

Figures 4-4a and b show the range of possible 

6cpv , and, for each value of 6cpv , the range of possible 

|k| and 0^. , for both ascending and descending penetrations 

of the current layer. The triangle and square represent 

lower and upper limits, respectively, for 6cpv , with the 

circle indicating the most probable value. The error bars 

represent the uncertainty of ±.2 amp/meter in |k| and ±1° 

in 0^ which would be present even if 6cpv were precisely 

known, due to uncertainties in matching 6B^ and 60c , and 

the uncertainty of the rocket attitude. The error in 

matching was taken to be the largest variation from the 



FiGoee 4--4 a 

184° - 

182° - k^- 

I80‘ 

178° - 

176° - 

r 

\ 

T 
‘A • 

1 

\ 
\, 

A 8 4>y 

® 8<#>v 

0 8 <t>v 

= .oo° 

= .94° 

= 1.08° 

X 

\ 

X I X 
^ m =s 

\ 1 \ 

"x 

X;—□—^ 
X 1___ J 

J I L J I I I J I I. 
.14 .16 .18 .20 .22 

| K | (amps /meter) 

t=u3o£e 4*4 b 
184° - 

182* 

180° 

I78< 

176° 

r \ 
k; ^ i'v 
^ 1 

\- 
\ 
\ 

k- 

T X 
X 

A = -.56 

o 8^>v = -.70 

□ 8c/>v = -.84 

X, 

X 
\ 1 

X 

1\ 
X 

X 
X 

X 
\i 

X T 
\ I J 

JL L J L _L I L 
.10 .12 .14 .16 .18 .20 

|K| (amps / met or) 



140 

best fit value of the parameter not producing an easily 

recognizable degradation of the quality of fit. 

Any combination of surface current density and 

direction falling within the dashed boundaries of Figures 

4-4a and b must be considered consistent with experi¬ 

mental data. For the inclination of the sheet e , there 

is no effect analogous to the interaction of |k | and 0 
K 

shown in Figure 4-4; only when this inclination is taken 

as approximately zero can all three field components be 

fit accurately. The range over which e can be varied 

without adversely affecting the fit is about ±2° . 

It is of interest to compare these results with 

those obtained by direct transformation to ground-based 

coordinates in 4.1. There it was found that the current 

parameters were for the ascending penetration 

|k| = .17 ± .05 amp/meter 

0k = 173° ± 8° 

c = 3° ± 3° 

and for the descending penetration 

|k | = .14 ± .05 amp/meter 

pj, = 174° ± 8° 

e = 2° ± 3° 
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The excellent agreement between the two methods is 

clearly evident. The most probable values of |k| differ 

by only .01 amp/meter, a quantity considerably smaller 

than the expected error, and in both cases the current 

measured on the ascending penetration of the layer is .03 

amp/meter greater than that on the descending penetration. 

The most probable value for the azimuth of the current 

differs by about 6° in the two cases, but the somewhat 

larger expected error arising in transforming directly 

to ground-based coordinates is such that the possible 

azimuths overlap almost completely most azimuths consis¬ 

tent with the complete vector profile. The larger error 

present in (3^ when the data are transformed directly to 

a ground-based system is a result of the fact that this 

method requires the use of both 6cpv and the absolute value 

of cpv whereas the method described in 4.2 attempts to 

match only 6cpv . Since the absolute value of cpv is not 

known accurately, as has already been discussed, the 

profile matching method, which does not depend on this 

parameter, is preferred. Another manifestation of this 

effect is the uncertainty in the vertical separation of 

calculated and measured cpv in Figure 4-3c. It was noted 

earlier that, because of this uncertainty, it is meaning¬ 

less to attempt to match cpv exactly, so that only the 

change 6cpv may be profitably considered. 



142 

It is significant that the most probable value for 

e found by matching the complete vector profile is 0° , 

whereas this value was 3° (up) or 2° (down) according to 

the results in 4.1. In the first method, an idealized 0 
c 

function not including discontinuities on layer penetra¬ 

tion was used. In matching the complete vector profile, 

it was found that the best fit sheet current induced a 

60c of .03° , and occurred for a horizontal inclination 

of 0° . If this 60c of .03° is added to the original 

idealized 0 function used in the direct transformation 
c 

to ground-based coordinates, the result is 

UP DOWN 

1 . east 109.5y 92.5y 

J   
'north " 1.5y 3.5y 

'vertical “ 1.5y 1.5y 

2). These yield values of |k| identical 

earlier by this method , but now 

e = .8° .9° 

II 

GO. 179° 178° 

subject to the usual uncertainties associated with the 

method. Clearly the inclusion of this small 60c effects 

a significant improvement in the agreement of the two methods, 
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The results of this section imply that the experi¬ 

mental data are consistent with the assumption that the 

vehicle encountered a uniformly distributed current flow¬ 

ing horizontally in the altitude range 105±1 km to 

117±1 km on the up leg and 104±1 to 115±1 km on the down 

leg. The current structure was equivalent to a vertically 

integrated current of .18±.05 amp/meter in the vicinity of 

the point of penetration on the ascending leg of the tra¬ 

jectory and .15±.05 amp/meter on the descending leg. In 

both cases the projection of the current vector on a local 

horizontal plane had a north azimuth of 180° ±3° and the 

inclination of the layer to the horizontal was 0° ±2° 

when viewed in the vertical plane containing local east. 

Uniform vertical distribution of the current is 

implied by the fact that the data points corresponding to 

times in which the instrument package was in the region of 

current flow lie in a straight line between the pre-entry 

and post-exit points. Although the altitude resolution of 

the data displayed here is about 1.4 km because each point 

represents an average over ten spin periods, structure on 

scales at least four times smaller should have been 

resolvable in the data before the averaging was carried 

out, if such structure did in fact exist. None was observed. 

These equivalent surface current densities corres- 

-5 pond to standard current densities of (1.6l±.68) x 10 
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2 —5 2 amp/m and (1.49±.72) x 10 amp/m for the up and down 

legs, respectively. Although the most probable equivalent 

surface current density on the up leg is 20% larger than 

that on the down leg, because of the slight difference in 

apparent thickness of the current layer, the observed 

2 
current density (amp/m ) on the up leg is larger than that 

on the down leg by only 8%, and it is quite possible that 

both current densities were identical. 

It has already been noted that the orientation of 

the sheet current with respect to rotation about the per¬ 

pendicular to k in the plane of the current is completely 

undetermined. Consequently the inclination of the current 

layer to the local horizontal as viewed in the plane con¬ 

taining local south and vertical cannot be directly deter¬ 

mined on the basis of these data. Nevertheless, the fact 

that the current was encountered at approximately the same 

altitude on both ascending and descending portions of the 

trajectory implies that the average inclination over the 

range of the rocket was approximately zero, or that the 

equivalent surface current vector k was approximately 

parallel to a local southward horizontal. The southward 

component of the 140.5 km range of the payload was 128 km, 

so that the difference in altitudes of the centers of the 

layers, 1.5±2.0 km, corresponds to an inclination downward 

along the trajectory of .67° ± .9°, which clearly includes 
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a completely horizontal current layer. Of course, this 

analysis yields no information about possible localized 

altitude variations in the layer, and no such information 

is available from the data itself. Such "ripples" in the 

east-west direction would have been detectable in the data 

had their magnitude been greater than the quoted uncer¬ 

tainty in e and their horizontal extent of the order of 

40-50 km. It must be noted that this experiment measures 

not only the current flowing in the immediate vicinity of 

the point of penetration of the layer, but is sensitive 

to the magnitude and direction of currents flowing at 

distances up to 100 km. Consequently, spatial variations 

in the orientation of the layer are in a sense averaged 

4 2 over an area of 10 km , particularly when the payload is 

at a relatively large distance from the layer. Thus it 

is doubtful that small scale ripples in the current layer 

would have been detected by this experiment. 

Although these results imply that the data are 

consistent with the assumption of a horizontal layer of 

southward current near 110 km, it must be noted that this 

is not a unique interpretation of the data. The difficulty 

due to the ambiguity inherent in the technique of inferring 

a current sheet orientation from its induced magnetic field 

has been the subject of a brief discussion. Specifically, 

the problem may be summarized as follows: It has been 
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shown that the data are consistent with the assumption that 

the current system producing the observed field changes is 

confined to a horizontal layer. However, there is another 

general type of flow pattern, including current flow into 

and out of the 110 km altitude region from higher altitudes, 

which will produce an identical vector field change. Two 

approximately vertical parallel layers, one carrying 

current into the region and the other carrying a return 

current, with a horizontal closing path in the 110 km 

altitude region, cannot be distinguished from a purely 

horizontal layer if the non-horizontal current flow is in 

planes oriented so that the cross product of the current 

direction with the normal to the plane is parallel to a 

corresponding cross product of the horizontal current 

direction with a normal to the plane containing this 

current. The interested reader may refer to Park (1970) 

for a detailed discussion of the properties of such a 

current system. Any orientation of the non-horizontal 

currents other than that specified above will position 

the induced perturbation fields differently from those 

produced by the horizontal layer, so that such a current 

configuration can be distinguished from a purely horizontal 

layer by this experiment. 

Because of the altitude correlation in the observed 

field changes, an additional condition is that the rocket 
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must penetrate the horizontal closing current on both 

ascending and descending portions of the trajectory, unless 

it by chance penetrates both the upward and downward non¬ 

horizontal current layers at the same altitude. Certainly 

a passage through one of the vertical sheets and the 

horizontal closing current would result in the observed 

field changes occurring at quite different altitudes. 

Even though only a very specific type of non¬ 

horizontal current system is consistent with the data, it 

is not possible to determine on the basis of the data 

whether such a structure did or did not exist. However, 

this experiment should be capable of identifying as not 

completely horizontal a structure in which the non-hori¬ 

zontal components are aligned a very few degrees from the 

above described redundant orientation. 
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4.3 EVALUATION OF RESULTS 

Ground-based magnetograms and electron density- 

profiles for the day of the flight were obtained through 

the Environmental Science Services Administration. Elec¬ 

tron density profiles were generated from ionograms taken 

at intervals of one minute during the flight and five 

minutes both before and after the flight by the Wallops 

Island ionosonde. The electron density profile for 12:07 

UT (120 seconds flight time) shown in Figure 4-5 is typical 

of the flight-time profiles. Not apparent in these den¬ 

sity profiles is a sporadic E layer of variable density 

near 105 km altitude, which began to form at about 5:15 

AM local time, approximately two hours before launch, and 

a full hour before the E region ionization began to 

increase toward daytime values over the ionosonde. By 

7:00 AM local time, the electron density in this region 

. 5 -3 was approximately 2 x 10 cm , or slightly less than 

one order of magnitude above ambient electron density. 

During the flight, echoes from frequencies up to at least 

7 MHz were received from the same virtual height, implying 

5 -3 electron number densities of near 6 x 10 cm in this 

region. These echoes were not present after about 7:15 AM 

local time, even though the sporadic E level encountered 

before the flight was maintained until at least 9:30 AM. 
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The standard run magnetogram from the Fredericksburg, 

Virginia observatory for a 12 hour period centered on the 

flight time is shown in Figure 4-6. The Kp index for the 

day of the flight was 3- , but K for the three-hour period 

containing the flight was 2o . A relatively quiet geomag¬ 

netic field was recorded during the flight, showing no fluc¬ 

tuations which could have been responsible for the 10y long¬ 

term change in the total field measured by the rocket in 

this time interval. Nevertheless, it must be noted that the 

Fredericksburg observatory was situated some 180 km from 

the launch site and about 290 km from the splash-down point. 

It is therefore conceivable that real geomagnetic variations 

at the position of the payload were not detected at 

Fredericksburg, but it is concluded that this variation, 

as well as the constant 150y offset, is probably a result 

of the vehicle's passing near a magnetic anomaly located to 

the southeast of the launch site. 

The direction of the current inferred in this 

experiment is in excellent agreement with that expected on 

the basis of the usual vortex pattern of current flow asso¬ 

ciated with the Sq variation (see Figure 1-1). The altitude 

of the layer, and the sharply defined boundaries are some¬ 

what difficult to reconcile with existing theories of 

ionospheric conductivity, but are substantially similar to 

those found by other investigators. In two flights from 
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Wallops Island near 11:00 AM local time, Cloutier (1967) 

found current layers having thicknesses of 3 and 7 km, 

and centered at 108 and 105 km. In a series of earlier 

experiments utilizing scalar magnetometers launched at 

Woomera, Australia (geomagnetic latitude -41°) Burrows 

et al.(1965) measured similar current layers confined to 

the altitude range of 104 to 115 km. The problem is con¬ 

veniently summarized in Figure 4-7a and b, modified from 

Cloutier (1967) to take into account the actual variation 

with altitude of the electron density at the time of the 

flight, showing the southward current component expected 

on the basis of calculated ionospheric conductivities, 

for various directions of the driving electric field. It 

is clear that the layer is expected to be rather broad 

and diffuse, with a maximum near 125 km. 

large current density inferred here. Cloutier (1967, p.8), 

citing the work of Kamiyami (1966), writes an expression 

for the horizontal current components: 

An additional problem concerns the anomalously 

3 x 

j 
y 

cr E + ex E 
xy x yy y 

(4-6) 
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where cr 
xx xy 

and cr are given by 

a a. 
o 1 

xx . 2 2 
a sm I + cr, cos I 
o 1 

cr 
xy 

a a.sinl  o 2  
. 2 2 

a sm I + a, cos I 
o 1 

yy 

.2 . 2 2. 2 
a a.sm I + (cr, + ) cos I 
o 1  1 2   

2 2 
a sin I + a. cos I 
o 1 

(4-7) 

if the x and y axes are taken as south and east, 

respectively, I is the dip angle, and the magnetic 

declination is zero. These conductivities were cal¬ 

culated by Kamiyami for the case of I = 36° and 

5 -3 electron density = 10 cm ; the curves may be 

adjusted to I = 70° (Cloutier 1967, p.ll) and an 

electron density profile corresponding to the condi¬ 

tions of this flight, to yield Figure 4-8. This 

information may be used to calculate the magnitude and 

direction of the electric field required to drive the 

measured current. 

• —5 Since the total measured current of 1.5 x 10 

2 
amp/m was directed approximately 7° west of the hori¬ 

zontal component of the magnetic field, the measured 
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components are: 

j = 1.49 x 10 ^ amp/m2 

j = - .18 x 10 ^ amp/m2 . (4-8) 

Note that the relative magnitudes of the two components 

are known with much more accuracy than the absolute magni¬ 

tude of the total current. Using the conductivities for 

an altitude of 110 km from Figure 4-8, equations 4-6 may 

be solved for E and E : 
x y 

E^ = 5 mV/meter 

E = 53 mV/meter 

These electric field components are specified in 

a coordinate system defined by the horizontal component 

of the magnetic field, since the declination was taken to 

be zero in equation 4-7. Transforming to the electric 

field components in a geographic coordinate system, 

Eeast = 53.2 mV/meter 

Esouth = 0 mV/meter . 

The southward field is coincidentally zero due to the fact 

that the angle between the y axis and the net electric 
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field vector is very nearly equal to the magnetic 

declination at Wallops Island. 

Although the fields just derived are considerably 

larger than expected theoretically, this should not be 

taken as cause to consider the measurement invalid. If 

this electric field is assumed produced by the wind driven 

atmospheric dynamo mechanism discussed in Chapter 1, wind 

velocities near 1000 m/sec are required, but such velo¬ 

cities are rarely observed to exceed 100 ra/sec. The con¬ 

ductivities used to derive the required driving electric 

fields were computed using the electron number density 

profile shown in Figure 4-5. It has already been noted 

that the incidence of sporadic E apparent in the ionograms 

was neglected in calculating this density profile. It is 

possible that the enhanced electron density of the sporadic 

E layer was responsible for increasing the conductivity of 

the region sufficiently for reasonable electric fields 

(~ 5 mV/meter) to drive the observed currents. An increase 

in electron number density by about a factor of ten would 

be required, and is in fact evident in the ionograms. 

Unfortunately, little definite information about the extent 

(and continuity) of the sporadic E region is available, but 

patches having horizontal size scales of a few kilometers 

to many tens of kilometers are routinely observed. It is 

not clear whether the observed current represents only a 
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closed horizontal loop about the classical Sq current 

system, or is the net effect of localized circulation in 

small cells of sporadic E in combination with a more 

extensive Sq current. 

The magnetogram for the time of flight (Figure 

4-6) offers some evidence that a current comparable to 

that measured could have been present near Fredericksburg. 

A southward sheet current of .15 amp/meter produces an 

eastward magnetic field of 100y at the surface of the 

earth. The effect of this perturbation of the geomagnetic 

field is a decrease of 13y in the horizontal component and 

a decrease of .23° in declination. The magnetogram shows 

that the horizontal component of the geomagnetic field had 

by 7:10 AM decreased I6y from the quiet night level (2:00 

to 5:30 AM), approximately the same change as that expected 

to arise from an ionospheric current of the measured 

magnitude. It is interesting to note that the departure 

of H from its night time value begins within 10 to 15 

minutes of the first appearance of evidence of sporadic E 

formation. Such changes are not customarily associated 

with the Sq current system; the usual effect of this 

current is a gradual reduction in H beginning near 7:00 AM 

and extending to near local noon when the focus of the 

current system crosses the observer's meridian. 
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The behavior of the measured declination angle is 

less favorable. It begins a decrease at 4:30 AM, reaching 

a value .13° below the night time level at 6:25, then 

recovers to only .08° below the night level at the time 

of the flight. The vertical component remains relatively 

constant throughout this time interval, showing a gradual 

increase of only 1 to 2 gamma. This strongly suggests that 

the variations in H and D result from magnetic perturba¬ 

tion fields confined to the local horizontal plane, as 

would be the case if these perturbation fields were induced 

by a horizontal current layer. Unfortunately, the rela¬ 

tively high noise level of the geomagnetic field in the 

time intervals following launch prevents an unambiguous 

separation of current-induced effects from field changes 

not related to local currents. 

Finally, similar current structures have been 

detected by other investigators, notably Cloutier (1967), 

who found evidence of current densities of approximately 

2 2 
9 and 11.7 amp/km (cf. 15±5 amp/km in this experiment). 

Although complete vector information was not obtained, it 

is clear that current densities encountered were much 

larger than expected on the basis of usual conductivity 

theory and measured electron density in combination with 

dynamo electric fields. 
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CHAPTER 5 

SUMMARY AND CONCLUSIONS 

The magnitude and direction of the ionospheric 

current responsible for the Sq magnetic variation has been 

inferred from a measurement of the small magnetic field 

induced by the current. This measurement was accomplished 

by a rocket-borne vector magnetometer which penetrated an 

ionospheric current layer in both ascending and descending 

portions of the trajectory. The data were found to be 

consistent with the assumption of a locally horizontal 

current layer of 1.5 x 10 amp/m current density flowing 

southward in the altitude region of 104 to 118 km. Although 

other current flow patterns including non-horizontal com¬ 

ponents may be contrived to match the vector profile as 

well, it seems probable that the purely horizontal flow 

pattern is the correct one. Nevertheless, the possibility 

of non-horizontal current flow (in a very special confi¬ 

guration) must be admitted. Assuming horizontal flow, the 

current density is considerably higher than expected 

theoretically; the small vertical extent of the layer, and 

its sharply-defined boundaries may be somewhat unusual, 

but are not particularly surprising in view of similar 

results of other investigators. The southward direction 
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of the current is in agreement with classical (vortex) 

models of the Sq current system. An enhanced electron 

density in the altitude region in which the current was 

observed can account for the intense current density as 

well as the vertical localization and sharp edges of the 

layer. Such an enhancement would result from a sporadic 

E layer of the type detected over Wallops Island at the 

time of the flight. Similar sporadic E formations seem 

frequently associated with the Sq current system; under 

certain conditions, these areas of anomalously high elec¬ 

tron density may play a major role in determining the 

characteristics of this current system. The effects of 

such a conductivity increase would probably not include 

a deviation of the net current flow direction, nor a tilt 

of the current layer with respect to the horizontal. As 

noted earlier, both the current direction and inclination 

to the horizontal were essentially as would be anticipated 

on the basis of conventional flow patterns. Unfortunately, 

it is difficult to gain information about the exact nature 

of the relationship of, or interaction between, the Sq 

current system and the sporadic E region from this experi¬ 

ment. A major difficulty results from the fact that the 

electron density profile (including possible sporadic E 

enhancements) is not well known. The only source of infor¬ 

mation on electron density in the region of interest is the 
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Wallops Island ionosonde, located about 26 km from the 

ascending entry of the current layer. While electron 

density determinations by this means may be adequate, 

altitude resolution of small scale sporadic E structure 

is hopelessly inadequate if detailed correlations with 

the measured current profile are required. Resolution of 

variations in the electron density in a horizontal direc¬ 

tion is similarly lacking. Data from an ambient electron 

density monitor (e.g., a Langmuir probe) on the payload 

itself would provide invaluable aid in ascertaining the 

details of the interaction between the "normal" Sq 

current system and the regions of increased conductivity. 

It is possible to infer that the region of 

increased current flow must have extended over a hori- 

2 
zontal area of the order of at least 1000 km : If the 

payload had by chance penetrated two small isolated regions 

of increased current density in a much weaker "background" 

current flow, the portion of the vector field profile near 

apogee would have been altered markedly. Such a profile 

would not admit matching by an infinite sheet approximation. 

It is becoming increasingly apparent that the 

phenomenon of high current density and pronounced vertical 

localization of the current layer is neither limited to a 

few relatively small regions in the appropriate altitude 
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range, nor a particularly rare or unusual event, since 

essentially similar structures have been encountered by 

several experimenters, as previously noted. It is 

suggested that the presence of regions of electron den¬ 

sity several times "ambient" density may be quite impor¬ 

tant in determining the characteristics of the Sq current 

system. 
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APPENDIX A 

COORDINATE ROTATIONS 

Frequently it is necessary to transform a vector 

specified in a given earth-based coordinate system to a 

second geographic system of different longitude and 

latitude. This may be most easily accomplished by express¬ 

ing the vector in terms of its magnitude, which will remain 

unchanged, a zenith angle a , and an azimuth angle (3 . 

Let the two earth-based systems be the right handed ortho¬ 

gonal frames of local east, north, vertical located at 

longitude L, latitude X and at longitude L7 and latitude 

X' . The components ve » vn ' Vv °f V are specified in 

(L,X) and the corresponding components are 

required in (L', X'). 

The angles a and p may be determined as follows: 

cos 

tan 
-1 

The coordinate rotation is equally straightforward (refer 

to Figure A-l). The arc length between the verticals of 

the two coordinate systems is given by the spherical law 
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of cosines, 

Q = cos -1 £sinXsinX/ + cosXcosX 'cos (L '-L) J 

while the arc x from the polar axis to the vector V may¬ 

be similarly expressed: 

X = cos ^ PsinXcosa + cosXsinacos(31 

Additional applications of the spherical law of cosines 

yield 

„ _ -1 T sinX' - cosQsinX 1 
6 = cos L  sinricosX J 

a = 
-1 

cos j^cosOcosa + sinfisinacos (p 

and finally 

P' 
-1 

cos 
r cosx - cosar/sinX/ 

L sino'/cosX/ 

Since the magnitude |v| is unchanged, the zenith 

angle or' and azimuth angle 3' completely specify the 

vector in the new primed coordinate system. The vector 

may now be easily decomposed into its cartesian components, 

if required: 
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V' = IVI cos O'7 v 1 1 

Vn = 1^1 sina'cos0' 

v; = |V| sind/sinp/ 
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APPENDIX B 

MAGNETIC FIELD OF A SHEET CURRENT 

The calculation of the magnetic field outside an 

infinite sheet current requires only a straightforward 

application of Maxwell's equations. Also included here is 

a method of expressing this field in an earth-based coor¬ 

dinate system when the direction of the current is known 

in that system. 

Consider an infinitely thin sheet of current having 

a sheet current density of k amps/meter flowing in the x-y 

plane (see Figure B-l). Let the current flow be in the x 

direction. Then the induced magnetic field will be parallel 

to the y axis and in the -y direction for z > 0 , the +y 

direction for z < 0 . For steady state conditions, the 

magnitude of the magnetic field is easily calculated as 

follows. 

By symmetry, the magnetic field is independent of 

x and y, and one may take a path of integration as shown 

in Figure B-l, in a plane parallel to the y-z plane, at 

an arbitrary value of x. Let the length of the path in 

the y direction be i . Then the Maxwell equation 

= uo? V x B (B-l) 



S 

MSfettGM- 

Noer* 

FU3O0B* £>.2 



164 

may be integrated over the surface enclosed by the path. 

An application of Stoke1s theorem yields the familiar 

form of Ampere's law: 

B(z) . dl = iiQk (B-2) 

where k = ji , the sheet current density, and B(z) is 

the magnitude of the field at a distance z from the sheet. 

Since the magnetic field has no component in the z direc¬ 

tion, tfre only contribution to the line integral is |B(Z)| 

from each side parallel to the plane of the current, so 

that 

B(z) (B-3) 

Note that this result is independent of the distance z of 

the point of observation from the sheet, implying that the 

field due to the infinite sheet is constant over the half¬ 

space z > 0 . It is directed parallel to the -y direction 

here; for z < 0 it is of equal magnitude, constant over 

all space, and oppositely directed. 

The infinite sheet current field may be expressed 

in ground-based coordinates if the direction and magnitude 

of the sheet current density k are known. Assuming that 

the current having sheet current density |k| amps/meter 

flows in a plane inclined at an angle e to the horizontal 
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when measured in a plane perpendicular to k , and that 

the projection of k onto a horizontal plane has a north 

azimuth 0k , then above the sheet the components are 

given by 

BN = — |lc| cosesin0k 

B. = |k I cosecosp 
EJ K 

B = Ikl sine 
v 1 1 

The field below in sheet is then given by 

BN = |k | cos?esin0k 

BE = - |k| cosecos0k 

B = — |k| sins 
V ii.- 

(B-4) 
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APPENDIX C 

TRANSFORMATION FROM CONING CENTER 

COORDINATES TO GROUND-BASED COORDINATES 

In Section 2.3.2 were developed the methods 

required to determine coordinates of the ambient magnetic 

field, first in a system of coordinates fixed in the 

rocket, then in a system fixed in inertial space. This 

Appendix discusses the techniques used in transforming 

from this latter coordinate system to a standard ground- 

based system. Assume that the field coordinates , 0c 

and cp are known, and that it is desired to find the 
s 

corresponding ground-based components in a system defined 

by local east, north and vertical. It is first necessary 

to determine the relative orientation of these two systems 

using information about the direction of the coning center, 

the polar axis in the inertial system in which the coor¬ 

dinates of the field are known. 

The direction (zenith distance and azimuth angle) 

of the center of coning is found by combining attitude 

information from the solar aspect sensor and the magneto¬ 

meter. The assumption that the perturbation field induced 

by ionospheric current systems causes a negligible (for 

the purposes of this calculation) change in the magnetic 
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field direction allows the calculation of the field 

direction by a spherical harmonic expansion of the geo¬ 

magnetic potential. Then the magnetometer and solar 

aspect sensor provide measurements of the angle between 

the center of coning and two different known vectors, 

the magnetic field and the sun direction. The coning 

center must lie in each of two different cones, one 

having half angle 0c about , the other of half angle 

ac about S . These two cones will in general intersect 

in two lines; one of these must be eliminated using a 

knowledge of the direction of spin and the times at which 

B and S lie in the plane of B , z , and the plane of 
g o 

the spin axis and command sensor, respectively. (See 3.4. 

the zenith distance and north azimuth of S , ofg and (3g , 

are known. Then if 0c and CTC are measured by the magne¬ 

tometer and solar aspect sensor, respectively, the zenith 

distance ac and north azimuth 0c of the coning center are 

found as follows: 

For this calculation, it is assumed that the 

given by 

X cos 
-1 

coso' cos or, 
L B i 

+ sina sinof cos (6 
B S B 
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The angles u and v may be found using 

and 

U 

V 

-1 
cos 

-1 
cos 

COS0c - COSXCOSQfg 

sinxsinas 

COSQfg - cosxcosofg 

sinxsino'g 

] 

] 
A A . 

Figure C-l shows the two solutions z and z , both having 

the correct cr and 0 . To this point no distinction has 
c c 

been made between the two cases, and the expressions for 

all the angles given so far apply to both solutions. These 

two cases differ in only one respect: For the solution z , 

§ is given by 

§ = Iv ~ d| 

while for the solution z' , 

? = v + U 

This choice of § is sufficient to determine the case, and 

the remainder of the equations are identical for both 

cases. The zenith distance of the coning center may be 

found using 

a = cos”^ I cos c cosa„ + sina sina* cos§| (C-l) 
C L C b C b J 
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and the north azimuth is given by 

= PB - cos 
, r cos0 - cosa_cosof 

-1 f c B c [ sinQf_sma 
B c 

] (C-2) 

Since the coning center coordinate system is fixed in 

inertial space, a and 0 expressed in this particular 

ground-based system having a given longitude and latitude 

will not change as the rocket moves over the earth, 

although of course cifc and 0c expressed in a geographic 

coordinate system defined by the instantaneous rocket 

location will vary. Once the orientation of the center 

of coning has been determined, it is possible to solve 

for or_ and 8 for all other times at which |B I . 0 and 
B B 1 g1 ’ c 

cpy are known. Thus the following calculations yield 

orB and 0B in the standard geographic coordinate system 

in which a and 0 were originally defined. If desired, 

this ofB and 0B may then be rotated to any other geographic 

coordinate system specified by a different longitude and 

latitude using the method described in Appendix A. In 

particular, the magnetic field may be found in the coor¬ 

dinate system specified by the position of the rocket at 

the time when that field was measured. An example demon¬ 

strating the utility of this process may be found in 4.1. 
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Finding the coordinates of the magnetic field in 

the standard coordinate system is straightforward. 

(Refer to Figure 2-26.) 

o' = cos ^ |cos0 coscy + sin0 sina coscp 1 (C-3) 
B L c c c c M/J 

and 

8B = cos_1 [ 

After transforming to a different geographic system, if 

desired, the rectangular components may be written 

B .. , = |B I cosff„ g vertical 1 g 1 B 

Bg north = lEgl si"VosSB 

Bg east = lBgl =i™E
sinBB • <°-4> 

cos0 - cosa^cosof 
c B c 

sino' sina 
B c 

]4B< 
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