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ABSTRACT 

Digital Reconstructions from 

Ultrasonic Systems 

bY 

David L. Van Rooy 

Experiments using the computer to reconstruct images from 

ultrasonic wavefront data are described. Several methods for 

display of these images are also presented, including computer¬ 

generated visible wavelength holograms and kinoforms. These 

display methods show promise of providing a more convenient 

means of displaying images formed by ultrasound. 

Ultrasonic holography (Gabor type) has been performed and 

a digital reconstruction of a small aperture has been obtained. A 

new technique of recording the amplitude and phase of the 

diffracted ultrasonic wavefront yields only one image (no central 

order) upon reconstruction. The wavefront is merely back 

propagated within the computer to obtain the original image. 

More complex objects have been reconstructed using this method. 

Kinoforms and kinoform lenses, including an ultrasonic 

lens, are also discussed. 
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INTRODUCTION 

Holography was first conceived by D. Gabor in 1948 . 

Basically, it is a technique of recording the intensity of a 

scattered wavefront interfering with a coherent field. When 

the recording is then reilluminated with a coherent field, real 

and virtual images are obtained along with a central order. It 

was originally intended for use with electron microscopes. 

Most of the development since then has been in the visible 

2 3 
region. Recently, Kreuzer , Metherell , and others have 

applied this technique to ultrasonic and acoustical radiation, 

and obtained optical reconstructions. The reconstructions 

4 
obtained, though, are of poor quality. Lohmann , Lesem, 

5 6 7 
Hirsch, and Jordan 9 9 , et al. , have succeeded in using the 

computer to construct digital holograms in the visible region. 

Lesem, Hirsch, and Jordan have also developed a new technique 

for obtaining optical reconstructions from digitally defined 

images without the central order and conjugate images; this is 

g 
called a kinoform . J. W- Goodman has met with success in 

the computer reconstruction of electronically detected optical 

holograms^. 
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The successes of the use of computers in optical holography 

suggest that they could also be used in the ultrasonic region. 

The computer is a powerful tool for filtering data*^ and thus 

perhaps overcoming some of the difficulties encountered in 

ultrasonic holography. 

Ultrasonic imaging could prove invaluable in the field of 

medicine, where it could be used as a replacement for X-rays 

11 12 
or be used for cancer therapy 9 . Ultrasound is far less 

hazardous to living tissue than X-rays and the focusing of in¬ 

tense ultrasound beneath the skin might be used to destroy 

malignant tissue with only minor side effects. 

Other important applications of our work could be in oceano¬ 

graphy, where it could be used for mapping the ocean floor and 

detection of submarines. 

Basically, we are trying to devise a system whereby we 

make the most efficient use of data obtained from ultrasonic 

wavefronts. By processing the data and performing the recon¬ 

struction of the image mathematically, we hope to improve the 

quality of images obtainable. We tried two distinct methods for 

achieving this: (1) standard ultrasonic holography where the 
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intensity of the field is stored and used to reconstruct the image; 

and (2) recording the amplitude and phase of a diffracting wave- 

front and mathematically back-propagating it to obtain the image. 

Our system consists of: 

(1) the acquisition and digitization of ultrasonic data 

(2) reconstruction of the image by the computer 

(3) filtering of the data or reconstructed image 

(4) generating some form of display for the image 

We have met with success in all but the third aspect. The 

work described herein represents a progress report on our work 

to obtain reconstructions, through the use of computers, from 

ultrasonic systems. 
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FORMALISM 

The diffraction of ultrasonic waves in a liquid may be des¬ 

cribed by Huygen's principle of superposition of spherical waves 

emanating from all points of an object, for the cases we are deal¬ 

ing with. Now, since our fields are also stationary, we see that 

the usual holographic methods for describing the wavefront are 

applicable here. Optical holography is described by a scalar 

theory, despite its inherent vector nature, since for the cases 

involved, the components of the fields are independent to a good 

13 
approximation . Thus we are able to apply all of the formalism 

developed for optical holography to ultrasonic holography, keeping 

in mind the approximations used and the region of their validity. 

The theory is formulated for monochromatic, spatially co¬ 

herent fields. Spatial coherence of the fields means that the dif¬ 

ferences of the phases of the waves at two different points in 

space (over some region) is a constant in time. This is required 

in most holographic-type work since if the phase differences did 

change in time, the resultant stationary wavefront would also 

change; thus the wavefront would not yield an interference pattern. 

Spatial coherence over a large area has been difficult to obtain at 
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optical wavelengths. However, the laser permits good area 

coverage of spatially coherent light (with coherence lengths in 

excess of 20 cm). The piezoelectric transducers of radio fre¬ 

quency ultrasound are generators of inherently coherent fields, 

since the transducers are driven by stable r-f oscillators. 

In all of the following, we use the Fresnel- Kirchhoff diffrac¬ 

tion formula to express the diffraction of a wavefront: 

S 

ik(r + s) 
A(P) = f CT(S) —  (cos (n , r) - cos (n, s’) dS 

J rs 
object 

A 13 
where n is the normal to S 

Since we are dealing with distances r and s which are large 

compared to the object, the inclination factor (cos (n,F) - 

cos (n, s')) may be neglected in the integral. Also the major 

portion of our work is in the region where the Fresnel 

approximation is valid, i.e. , r and s are approximated 
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to second order. 

(X-X )2 (Y-Y )2 

o + o 
2(Z-Z ). 2(Z-Z ) 

o o 

Since most multiplicative constants are not of interest in 

the theory, they will be dropped. Thus we write 

In addition to this, since we are using digital data, we must 

satisfy the Nyquist sampling criterion--we must sample our sys¬ 

tem at a rate at least twice as high as the largest frequency com- 

14 
ponent used . In our case, this is a spatial frequency of the 

data. Aliasing (generation of spurious images) results when this 

criterion is not met. 

The limits of all summations used herein, unless otherwise 

number of terms to be summed. This is due to our use of the 

Cooley-Tukey algorithm for the machine calculation of Fourier 

object 

where r^, are the approximations of r and s. 

stated, will be understood to be , ~ — 1 j , where N is the 

. 16 
series 
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ULTRASONIC HOLOGRAPHY 

This section will be brief and will treat only the special 

case of holography which we worked with. For a more detailed 

study of this, the reader is referred to references 5,6,7, 11, & 15. 

Basically we are doing off- axis Gabor holography with a 

simulated reference beam, i.e. 

Plane 
Wave 

^.ngie 
Reference 

Source Cl 
Tr^s mission 

(x,y, 0) Hologram Plane 

N 

Let T(x, y) be the transmittance of the object in an x-y plane; 

r, the distance from a point in the object to the hologram plane; 

then for the intensity of the wavefront in the hologram plane, we 

have, following Kirchhoff diffraction theory: 

ikr _ 
H(a, B) = | J T(x,y) d xdy + K j 

object 

where K is a complex constant representing the reference 
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beam, and 

= J~("a" x) + ( 8 y)2 + Z2 

In the paraxial approximation, this becomes 

r ** Z + 
o 

(g-x)2 

2 Z 
o 

+ (6- y)2 
+ 2 Z 

O 

Thus the integral term in the amplitude of the wavefront 

becomes 

j T(x, y) 
Z 

object 

ikZ 
e 

o 

o 
ik , 2. 2^,2, 2xn ik , , x 

■22”C(a +8 )+(x +y )3--^_(ax+ey) 
e o e o dx dy 

ik 
2Z 

C e o 
bV>J 

object T(x, y) 

ik . 2 2. ik . . 
22j-(* +y )_ 2~(ax+8y) 

e o e o dx dy 

Let me define P(x, y) e 
+ 

■> 

-■^-(ax + py) 
= CP (a, 8) F T(x,y) P (x, y) e o dx dy 

object 

c P(a, (3) F (T(x,y) P (x, y)) 
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where F is the fourier transform over the object (see Appendix). 

Thus we now have 

The first and second terms represent the plane wave central 

order term. The third and fourth terms represent the real and 

virtual images, respectively. By developing the film properly 

(or, in our case, just storing the data), and reilluminating with 

a monochromatic plane wave of wavenumber k', we get for the 

intensity in the (a,b) plane at Z1, 

ik'r 2 

hologram 

where 

If we put in only the third term of H(a> 8) and look at 
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Z' > Z , we get 
o 

I33(a,b) = 

ik'(Z'-Z ) 
2 2) 

ik'(a +b ; 

KC 
e 

Z' - Z 

o' 2(Z1 -Z ) . 
— e J P‘(a,e)F'(TP(x,yj) 

hologram 

ik1 2 2 -ik' , . 
2(Z1 -Z ) (a +P ^ Z’-Z (aa+b^ 
° o , , e e da dB 

c' J 6 

hologram 

/ -k , k' \ . 2 2. 
(,2 Z + 2(Z'-Z (a + P ^ 
o o r p * *'*'* 

£ j T (x, y)P (x, y) 

object 

ik 
(ax + 0 y) 

-ik1 

dx dyj 
Z'-Z (aa+ be) 

dads 

Now for 
2(Z ' - Z ) 2Z 

o o 
, the quadratic phase factor can¬ 

cels and it is then obvious that the outer integral is just the inverse 

transform of the inner one. 

-> I (a>b) = |C'| j T(a,b) P which is the original image. 

Similarly, the fourth term atZ1 < Z^ yields 
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Z'=z ~ TZ  as a focusing condition. Again we get back the 
K'Z 
 o 

original image. 

In both cases we identify the (a,b) coordinates with the (x,y) 

coordinates of the original image--there is no magnification. 

(Refer to appendix ), 

Basically, what we have done is to say that the wavefront at 

the hologram plane is a Fourier transform of the image, times 

a phase factor quadratic in the coordinates of the hologram plane. 

Reconstruction is accomplished by multiplying the wavefront 

data by a phase factor which cancels the quadratic phase factor 

in the data, and performing the inverse Fourier transform. When 

either the real or virtual images is in focus, the other will be out 

of focus and the two leading terms in H will just yield a central 

order blob. 

For our case, we physically record H(a,8) and digitally 

simulate the reconstruction process. Explicitly, we assume 

that we have H(& , g ) as 

2Z 
-ik 

o 

+ K C e e 
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l 
ij 

lk / 2 , 2\ -ik / , \ 
yy—(x.+ y.) — ( x. a + y. 8 ) 2Z0 j/ Z \ 1 l 'J m / 

T.. e 
ij 

i.e. , where A represents the central order terms and we 

have formulated a digital representation of both our object 

+ a +y. e ) — Z \ 1 x, j m/ 

and our hologram. We also note that the ^ e ° 

ij 

represents a discrete finite Fourier transform if 

2nZ 2 TT Z 

A xia = k/i -i . +1 ) Ay A3 k (j -j . +l) 
\ max mm / \ max mm / 

where Ax>Aa> A y> A 8 are ^h-e spacings between sample points in the 

respective planes and x. = i A x , y. = j A y, CL - t A a> 3 = mi 8 • 
i j /f, m 

Then the amplitude in the reconstruction plane becomes 

‘(vls)=I 
H 

J’.m 

ik r .2 ,2-r 
2(Z1 -Z ) [^r'V + bs~ 3m J 

Z'-Z 

H e 
t. m 

ik / 2, 2 \ -ik / . , \ 
o/r,, v r I a +8 ) v i_"7 (a. a +b q ) 2(Z -Z^) \ my Z^-L r s m/ 

ym 



13 

Putting in the second term of H yields 

*2 ^ -ii^/Y
2
+v

2\ fcf. 

I
2(

a»-bs)=D'I 

2Z + 8 j m/ ^ 
y TT. L ij 

-ik / i, <i\ ik/ , 
^(vy rhvy 
O j-o 

m 

£m 

ik («A+0 (ZT] 2(Z 1 -Z )' 
o 

(Z'-Z ) \ r Mm s, 
o 

Now for z zf~z 
o o 

-* Z'=2Z f the quadratic phase 
o 

factors in a and R cancel (this is the focusing condition), and we 
J(. 'm 

-ik 

recognize the e thei 
/.m 

Z'-Z 
fa a +B b \ 
(pi r m sj 

as the inverse transform if 

2 rr(Z'-Z ) 2TT(Z'-Zo) 
AaAa=F(£ ~X, . +1) * A8Ab = k(m -m . +1 ) 

max mm max mm 

Thus we have 

* 
D*T 

rs 

our original image. 
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For A -t, . = i -i . and m -m . -j -j . , 
max mm max mm max mm max mm 

we identify (a, b) with (x, y) and see that there is no magnification. 

Explicitly, we multiply our wavefront data by 

ik 
2Z 

/ 2 2 \ 
(% + Bm) 16 

e and use the fast Fourier transform algorithm 

to perform the inverse transform. Then the square magnitude of 

the results is displayed in some convenient form. 
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EXPERIMENTAL ARRANGEMENT 

We used piezoelectric transducers as transmitters and re¬ 

ceivers of the ultrasound in a tank of water 90 cm long, 60 cm 

wide, and 30 cm deep. The tank was lined with thick nylon pile 

carpet to reduce reflections from the walls. The transducers 

operated at 5 Mhz where \in water is 0.29 mm. The 2. 5 cm 

transmitting transducer was stopped down to . 235 cm with a sili¬ 

cone rubber foam and the . 95 cm receiving transucer to .073 cm 

(for a wide capture angle). Both transducers were operating in the 

plane piston mode. 

The receiving transducer was mounted on a raster scan with 

a horizontal travel of 14 cm and stepped via a Geneva mechanism 

in steps of . 5 mm. The entire scan plane was 14 cm X 7 cm. Two 

dovetail slides were used and were driven by Hurst synchronous 

motors. The reference beam was added electronically to the signal 

from the receiving transducer. The resultant signal was fed into 

a radio receiver (National Company, Inc. HRO-60), which ampli¬ 

fied it and heterodyned it. The resulting AF signal was rectified 

and again amplified to produce a DC voltage proportional to the am¬ 

plitude of the signal. See Figure 1. 
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A Lockheed linear potentiometer provided a horizontal location 

signal. A set of relays provided a square wave signal indicating 

motion of the scanner in the vertical direction. 

The three signals were fed into an IBM 1800 computer and 

digitized at a 500 sample/sec rate and 14 bit precision. The digital 

tape was then fed to an IBM 360/44 which smoothed the location 

signal and reduced the data to a 512 X 128 array. Then, as on page 14 

transform of the data, and plotted the squared magnitude scaled 

0-31 on an IBM 1780 photographic plotter. For more details on this 

phase, the reader should consult reference 11. 

we multiplied took the finite Fourier 
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RESULTS 

We only obtained one reconstruction with this setup, and 

that was of a small circular aperture at a z of 50. 8 cm and placed 

1.3 cm above the scan plane. Figure 2 shows the hologram plotted 

on the IBM 1780 and figure 3 is a picture of the reconstructed 

image (far left). The big blob represents the central order and 

the little dots to the right are the out of focus virtual image. 



Digital Display of Ultrasonic Holograa 

Figure 2 
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Figure 3 
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BACKWARD PROPAGATION TECHNIQUE 

We see from the results of the holographic technique that 

much of the information to be processed only goes to reconstruct 

the central order and virtual images. We use approximately only 

1/4 of the bandwidth available and thus are processing at least 

four times the amount of information necessary to reconstruct our 

original image. A method that circumvents this waste is to simply 

record the amplitude and phase of the diffracted wavefront from the 

object, and then back-propagate this to obtain the original image. 

Our work in this area is the primary result reported in this thesis 

and represents a new technique in the field of ultrasonic imaging. 

This method allows us to collect the wavefront data and reconstruct 

the original image with no central order term. 

Basically, the theory looks very similar to holography. The 

basic differences are: (1) here there is no reference beam, and 

(2) amplitude and phase, rather than intensity, are recorded. 

Optically, this cannot be done because of the frequencies involved; 

g 
however, Lesem, Hirsch and Jordan have succeeded in digitally 

producing phase plots from digital images. These are called 

kinoforms and will reconstruct a visual image from phase infor¬ 

mation only. At ultrasonic frequencies, we have vector voltmeters 
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available which will give us both the phase and amplitude of a wave- 

front up to 1 Ghz. 

Now let us write the expression for the wavefront from an 

object, at a plane z = 0 with coordinates (x, y) at a plane at z= 

with coordinates (x^y^). 

ikr 
H(x0,y0) = J T(x’y)£r" dx dy 

object 

/ 2 2 TT 
r = y Z + (x-x ) + (y-y ) v o o o 

i cp (x , y ) 
Writing H = jHj^ , and storing |H|and cp we can 

propagate the wavefront at our will. If we have a device with a 

i i CD 
transmittance function of |H|e (i. e., an amplitude transmittance 

a (H | and which introduces a phase retsrdation of co, or CD modulo 

2 TT), we can illuminate it with a plane wave of wavelength \ from 

one side, stand on the other side and see the original object. 

I 

Theoretically, we are doing nothing more than looking at the 

object through an aperture; the device has stored all the necessary 

information (within diffraction limits) to reconstruct the object. 
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This is all well and good, but obviously is purely academic 

when working with frequencies in the visible region--no such 

device is known to exist. But we can circumvent this problem in 

ultrasonics by simulating the process digitally, as follows: in the 

Fresnel approximation we have for the wavefront scattered by an 

object with a transmittance function (or reflectance, as the case 

may be) T (x,y, z) 

H(x , y ) = [ — o o J T (x, y, z) e 

object 

object object 

e 

ik / 2 . 2 

with Z1 = Z -z. Defining P(x, y) = e 
o 

object 

dx dy 

object 
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Now we recognize the inner integral as a 2 dimensional 

Fourier transform of T(x, y, z) P(x, y), thus we have 

ikZ' 
H(xo,yQ) = Jd z P(xQ,yo) 6 F2(T(x,y,z) P(x,yj|; 

object 

Now if we illuminate this with a spherical, monochromatic 

wave of wavevector k* and radius R from the left, we have 
o 

I(3tl,yl’zi) = JH(xo,yo) 

hologram 

ik'r R e ik'K. , 
  e dx dy 
r o o 

r = ./(ZJ-ZQ)2 + (X^XQ)2 + (Y^YQ)2 

Holog. 
Plane 

 R, 

(a,b, Z ^RQ) 

R =7Ro+(x
0~a)2 + (y0

_b)2 -Ro 

2 .2 x + y 
0 0 

2 R„ 
* yb yo 

E. 
+ c onstant * 

(*i»yi»'zi) (xo>y0»z. 

Z" = z - z, 
O 1 
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X
1’Y1’Z1) = CJH(x0’y0) 

hologram 

-ik1 

R„ (axo+byo) #(xixo + yiyo) 
'•'e d x0 d y0 

“C/^VV e 2 

hologram 

(xo+yo)(^-]T0) 

ik' 
Z" (xixo + yi yo) 

d xo d yo 

where x'_ = x — 
a Z1 

1 1 R, Y\ = y 
bZ" 

1 71 R. 

= C F 
-1 

•ik' ( 2 , 2 \ / 1 1 v 
(xo + yo/(z" RQ / 

H(x0’y0) 6 
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= C 

object 

ik / 2 
2Z' (X0 

e 
ikZ' 

e  
Z' 

F T(x, y, z) P (x,y) ; 
& \ / 

* ) 

Now, following the usual arguments, we may interchange the 

order of integration to get 

ikZ' 
= CJ'dZ^ F2 

object 

5k F2[T(x,y,z) P(x,y)] 

Looking at the integrand of the outer integral, we see that 

for Z^’ 0, the above reduces to 

ikZ^ 

T(x, y, z) P(x, y)+ Jdz 

object 

ikZ1 

e  
Z' 

F 
-1 
2 



where by 
i 

, we mean the integral over all z except Z' = Z^, and 

the relation of x,y, z to x^, y , z^ is determined from the 

transforms* 

ill 
Z" y 1 

x 

X 

k'Z
1 

kZ" y 
k'Z1 

k'Z" y 1 

k'Z1 _ a k 'Z' 
k Z" X1 k RQ 

k'Z' _ b k'Z' 
k Z" Y1 kRQ 

From the focusing condition we get 

Z" 

x 

y 

k'Z'R. 

kRQ+ k'Z' 

kR fk'Z' 

k R 
x 

kR0+k'Z' 

kR„ 

ak'Z 
k R 

0 

bk'Z' 
kR 

0 

* The method used here is essentially the same as the more standard 

and rigorous 6-function formulation; only the notation is different. 



25 

So equation 1 becomes 

I(x1,y1> z][) = C' T 
‘ -i ak'z'f -i 
m xx k-jj— . m Yl 

0 

bk'Z^ 

k R" 

\ 
0 k'RQ+ k'(Z()-Z1) 

Z„ - + the integral term 

where 
kR, 

m = 
kRQ +k'Z^ 

Figure 4 is a plot of Z"/Z'as a function of RQ and Figure 5 is 

a plot of m versus RQ. 

Physically what has happened is that we see the original wave- 

front at its new position plus other terms which represent out of 

focus images. Other "planes" of the image focus accordingly. 

From the above we see that the effect of the illumination being 

off-axis is merely to shift the origin of the coordinate system. But 

the spherical nature of the illumination causes the reconstructed 

image to be magnified (or minified) by the factor m and to focus a 

different distance from the hologram plane than the original object 

was. 

An important point to note is that the magnification in the 

longitudinal and lateral directions have very different forms, as 



Longitudinal Magnification as s function of radius of curvature 
of illumination. 



Figure 5 

function of radius of curvature of Lateral Magnification as a 
illumination. 
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seen by Figures 6 and 7. Thus, except under special circum¬ 

stances, the image will be a distorted version of the original. 

These circumstances (using the same wavelength radiation to re¬ 

construct) are easily obtainable for computer reconstruction. 

This problem is very serious when dealing with constructions 

with ultrasound and trying to reconstruct with visible wavelength 

light. 

Another interesting feature of this theory is that the sign of 

RQ need not imply that it is positive or negative--instead one may 

associate the sign with the direction of propagation of the beam; 

e.g., RQ= -5 is either 

(1) a point source of illumination 5 units to the right 

of the hologram plane or 

(2) a converging beam coming from the right and 

centered about a point 5 units to the left of the hologram plane. 

The two situations are physically equivalent. 

To implement the backward propagation technique, we define 

a digital object within the computer (or assume it is formed in this 

manner) with T=T(x., y., z.) = T. is the transmittance of reflectance 
ill I 

of the ith point of the object. 



m 

Figure 6 

Lateral Magnification as a function of object distance Ro<co 
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t 

Figure 7 

Longitudinal Magnification as a function of object distance Ro < co 
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Then we may write 

H(arVzo)=I Ti 
ikr.. 

e 11 
r.. 
ij 

/<Z0-Z.)2 + (x.- a.)2 (y.- b.): 

as the Kirchhoff diffraction pattern of the object in the (a,b) plane 

at z = ZQ. Now we have 

H(ai'brzo)=I Ti 

ik(Z0-Z.) 

Z - Z. 
0 X 

Ssr[( Vaj) HVbj) ] 2(Zn e 0 I 

Now changing notation 

Z .= j A Z x .= jA x y.= jAy a.= jAa b.= jAb and Z1 = Z Q , 
J 3 3 3 3 

we have 

H 
l m 

r Tijk -ik(Z -Z1) 2(Z -Z1) [(Xi \) +(yj“bm) ] 
l Z'-Z K e k 
ijk 
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ik 
T.. 

IF 
ijk 

iik ikZ' —»*  e p 
z
k 

-ikZ, 2(Z'-Z ) r 

- 2 (x.a + y.b \ "1 
\ i l J m/ J 

ikZ' r- e e 
= e I 

, 2,2 , 
(a +b ) 

ik Jj m 
ikZ, 2^'^ ) 
k k 

ik 2 2 \\ 
2(F7F) xi + > 

Z'-Z. 
F1 V • 

Where F is the two-dimensional finite Fourier transform if 

-ik 
Z'-Zk ( x. a + 

i l 
y.b 

J m ) -2Tii *(* 

where N and M are the number of points in the transform in the two 

directions • 

v il + jm = iAx^A a + ,j A y m Ab 
^ N M X(Z'-kAZ) 

J_ = A x A a J_ = A Y A b 
N x(Z'-kAZ) M x(Z'-kAZ) 
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Now if we illuminate this device with plane wave coherent 

radiation in the positive z direction with wavevector k' and look at 

Z' 1 <Z', we get, as above 

"r, s, Z" -I 
l m 

H •#'
rra2+b2^^2--2'1 

Jt.m -i k'Z 2Z i \ £ m 

ik 
Z 

- la a + b ft 1 
\ i r m p s / 

with Z = Z' -Z" > 0 

, -ik'/ 2 2 \ 
-e_lk Z 2Z (ar+ 6 s) 
 —  0 I H e 

£m 

-ik1 f 2 , , 2 \ ik' f . , \ 
(a +b ) —fa a + b 3 , 2Z V / m.- Z \ £ r m sy 

e 

which we can again identify as 

R 7n=CF 
r,s, Z" 

-1 
H e 

-ik1 ( 2 2 \ 
2Z" (V bm; 

ik' / t1 \ „ . r . ms i 
if—“(a a+b 0)-2TTi j~T7“ + —7J~ Z \ I r rrvsj t N M J 

= Aa Aa Ab-A.S. = J_ 
N X' Z ’ x' z M 
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Now substituting our expression for H , we have 
T-/ 9 ^11 

Rr,s,Z"=CF 
-1 

/2 2\ 
(a +b ) 

ik\ 1 m / 
-ikZ 2 (Z'-Z ) ikl ( 2 2 

ikZV e 
l 

n n — ~zr= (a” +b' 
e  2Z \ £ m/ 
Z'-Z 

F \T.. e 
' ijn 

n 

Kxi+ yj- 
2(Z1 -Z ) 

n 

n 

We see that for k'/Z = k/(Z1 -ZJ, the two quadratic phase 

factors cancel 

R k' = C F 
r,s.,Z" = Z' — ^— (Z'-Z ) k n 

2(Z'-Z ,) 

-1 

+ CF 
-1 ikZ' 

6 1 
n^n' 

ik(Z'-Z ) 
e n M 
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T.. , 
Z! - Z . 

ir 
ijn 

/ 2 2 \ 
iki a + b ) 

■■ l m/ 
-ikZ 2(Zf- ■z ) n 
e e 

n 

Z'-Z 
n 

r 

■ik' / 2 2 
(a + b ) 

2Z \ l m/ 
F< 

ikK+ yj) 
2(Z'-Zn) 

iJn 
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/ 2 2\ 
lkK+ Y

i) 
2(Z'-Z ) 

= C'T.. . e + terms for n t n' . 
ijn' 

Thus we have the original object located in the n' plane plus 

terms which represent out of focus images in the other planes. 

Similarly, we can reconstruct the other planes. In so doing, we 

identify the coordinates (a » B ) with (x., y.). 
r s 1 j 

By using k'^k, I have assumed that the device was able to 

impart the same phase retardation to radiation of a different fre¬ 

quency. In practice, this would be extremely difficult, at best. * 

However, for k'= k, the objects reconstruct at their original position. 

* This could be done by using a dispersive material whose index 

of refraction is n (\) = \ /d +1, where d is the maximum depth 
X X 

of etch of the phase material. 
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THE DATA ACQUISITION SYSTEM 

The experimental apparatus used in this work is similar to 

that used in our holography work and to that previously reported 

2 3 
in the literature * . We will describe it briefly, pointing out the 

salient differences. 

The key features of the apparatus which we used to obtain the 

phase and amplitude information are shown schematically in figure 8. 

The experiments are done in water with a fixed source and object. 

The source is a piezo-electric crystal, as is the detector. The 

scattered wavefront is recorded by a scanning detector, and the 

signal from the detector analyzed in a vector voltmeter. The out¬ 

puts from the vector voltmeter are digitzed in a computer, and this 

digital record is used to give the reconstructed image. 

The experiments are done in one of two aluminum tanks. One 

is 76 cm x 61 cm x 30 cm, while the second is 183 cm x 61 cm x 30 cm. 

Both are lined with carpet to reduce reflections from the walls. 

A comparison of Figure 8 with Figure 1 shows that we have 

greatly simplified our system--we have a more stable scanner and 

the vector voltmeter is the single piece of electronics used. 

The transmitting transducer is driven by a General Radio 



Figure 8 

Schematic of Apparatus used for Backward Propagation Technique 
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Type 1211-B unit oscillator at 5MHz. The oscillator has a 

4 
long-term frequency stability of better than 1:10 . In certain 

experiments, several transducers are driven by the same 

oscillator. 

The receiving transducer has a 1. 0 mm or a 2. 0 mm aperture. 

This transducer is securely attached to a modified Tracerlab radio¬ 

logical scanning apparatus. Inmost of the work described here, 

the scanning plane has an area of 5 cm x 12.7 cm. 128 scan lines 

at variable spacing intervals are obtained, and, as will be described 

in more detail below, about 8000 samples are obtained along each 

scan line. Because we are making phase measurements, we have had 

to take special care to insure that the scanner remains in a well- 

defined plane. For example, a 0.03mm translation in the z-direction 

corresponds to about a 36° phase shift. 

The signal from the detecting transducer, together with a 

reference signal from the unit oscillator, is fed into a Hewlett- 

Packard Model 8405A Vector Voltmeter. This unit measures the 

RMS voltage of the detected signal to about 1% and the phase dif¬ 

ference of the signal from the wavefront and the reference signal 

to about 1.5%. The vector voltmeter has recorder outputs on both 
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channels which are compatible with the multiplexer of the IBM 1800. 

The response time of the Vector Voltmeter, at the outputs, is 3 

milliseconds. 

Since accurate position information is required for the digital 

sampling, the scanner is equipped with a Lockheed Type 1800-15A 

linear potentiometer. This provides a location signal in the scanned 

direction (x-coordinate). The raster (y-coordinate) is obtained by 

stepping using a Geneva mechanism to insure equidistant scanlines. 

A pulse is generated when the detector is being stepped. 

Four channels of information, the phase, amplitude, x-position, 

and y-position, are provided to the multiplexer of IBM 1800 Computer. 

These are alternately sampled at a 300 cycle/sec rate. Approximately 

8, 000 samples are obtained from each channel in the course of a 30 

second scan, and the complete raster takes about an hour to digitize. 
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RECONSTRUCTION OF THE DIGITAL IMAGE 

The algorithm for reconstructing an image from the scanned 

wavefront is basically simple: we merely propagate the wavefront 

backwards and look at the resulting intensity at the original position 

of the object. Our problem, however, is made much more complex 

by (1) large amount of data to be manipulated; (2) noise; and (3) errors 

in measurement. We greatly over sample our system so as to enable 

us to digitally reduce the effects of noise. 

We first run through the tape and check the y-coordinate signal 

for the starting and ending points of the scanned rows. The locations 

of these points are mapped into a pointer array. The tape is rewound 

and the x-iocation, phase, and amplitude signals of the first row are 

read into the core of the IBM System 360/44 computer. The location 

signal is smoothed by a "running average" program. Another pointer 

array is then set up according to 512 equally incremented values on 

the smoothed location signal. The corresponding phase and amplitude 

signals are then written out to a tape. The above is done until all 

scanned rows have been processed. 

Usually the phase and amplitude from the reduced data tape 

are plotted on the GeoSpace photographic plotter. (See Figures 9 



Figure 9 

Phase of an Ultrasonic Wavefront 



Figure 10 

Amplitude of an Ultrasonic Wavefront 
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and 10. ) The maxima and minima of each signal are recorded. 

The reduced data tape now serves as input to the reconstruction 

program along with the wavelength, the distance of propagation z, 

the sampling increments in the x and y direction, the number of 

points in a row and the number of rows. At this point the data 

consists of a 512 x 128 array of complex numbers, 

where r denotes the position along the scan (x-coordinate) and £ 

denotes the scan, or row (y-coordinate). 

The wavefront is multiplied by the back propagator 

where m^ a and n/\b are the coordinates in the image plane, and 

where we have used the Fresnel approximation. The image is 

given by 

(1) 

F (2) r, l 

W F 
r,1 r, a. (3) 

r l 
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This can be recast as 

I 
n, m 

XJT 2 2 
~[(mia) + (nAb) ]. 

II A i § A e r t, 
r ,1 

' C( r A x)2 + (J>,A y)21+-^~ [(r AX) (mAa)l + r (AAY)(nAb) 1 (4) 
e X e XZ 

which is the form of a finite Fourier transform if 

A XA a X z 
r -r . +| 
max mm 

and AyAb = X z  
l -l ■ + I max mm 

This permits reconstruction to be accomplished using the fast 

16 
finite Fourier transform algorithm 

The reconstructed image I is the scattered wavefront at 
n, m 

the image* The squared magnitude of 1^ ^ gives the intensity at the 

image plane, which we take to be the image itself. This is then 

scaled for either the printer or the GeoSpace plotter. Figure 11 is 

the program flowchart. 



TAPE 
A-D 

360/44 

360/44 

Figure 11 

Flowchart of a Backward Propagation Reconstruction 
Program. 



38 

RESULTS 

Our results to date have been limited to the reconstruction 

of simple objects. For example, Figures 12, 13, and 14 show the 

photographic plots for reconstruction of the wavefront generated by- 

three apertures in three separate planes. The apertures were 

located 154, 119, and 90 cm from the scan plane and had diameters 

of 2. 5, .95 and . 38 cm, respectively. Some noise is evident in 

these reconstructions, but it is not located near the image. The 

z =154 cm aperture image is elliptical rather than round, so some 

distortion is present. 

A measure of the efficiency of any data collecting system is 

its impulse response or modulation transfer function. The analog 

to the electronic impulse response for the ultrasonic holography 

system is the Airy disc produced by a single small aperture. The 

amplitude and phase in the wave field due to propagation through 

a small hole are well known, analytic functions, and can be used to 

determine the performance characteristics of the ultrasonic system. 

In Figure 15 is shown the GeoSpace plot of the recorded amplitude 

of a wave field created by a transducer, 2. 5 cm in diameter, radia¬ 

ting at 5MHz and located 30 cm from the scan plane. The phase plot 
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Figure 15 

Amplitude Pattern of 1" Transducer 

Figure 16 

Phase Pattern of 1" Transducer 
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is shown in Figure 16. It reveals for one thing, that the baffle on 

the receiving transducer can record spatial frequencies at least up 

to 5 lines/cm. It also shows that scanning in one direction is off¬ 

set with respect to scanning in the other direction. Other irregu¬ 

larities seem to be due to the mechanical limits of the scanner. 

Figures 17 and 18 are the amplitude and phase plots from 

three 0.6 cm apertures located in one plane. No spatial frequency 

greater than about 4 lines per cm appears in the phase plot. Severe 

off-set on every other row of the phase plot indicates a fault in the 

scanning mechanism. The data, however, reconstructs the three 

points shown in Figure 19. 

When attempting to record digitally the wavefront from com¬ 

plex objects, one must take precautions to prevent aliasing. Simply 

speaking, aliasing is the misinterpretation of frequencies in data due 

to an undersampled system. This can be seen from the following. 

The Whittaker-Shannon sampling theorem states that a band-limited 

function is completely described when digitized at a rate ^ twice 

the highest frequency component involved. When the sampling rate 

is lower than this, higher frequencies in the data appear as lower 

frequencies; thus such data does not accurately describe the original 

system. The net result in either holography, kinoformery, or 
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Figure 17 

Amplitude of 3 Apertures in a Plane 



Figure 18 

Phase of 3 Apertures in a Plane 



Figure 19 

Reconstructed Image from Figures 17 and 18 
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backward propagation is the generation of spurious images and 

background noise upon reconstruction* 

Object and recording plane sizes and their relative orientation 

determine the sptaial frequencies involved. This arises from the 

path differences for radiation from different parts of the object. 

To reconstruct more complex objects, a larger recording area is 

needed to reconstruct the image accurately, than for a simple 

object of the same dimensions. This entails the recording of 

higher frequencies; thus, the danger of aliasing. How large an 

area is needed can only be determined empirically. However, a 

few experiments along these lines should give us an intuitive feeling 

for the proper recording area. This remains one of the many areas 

yet to be investigated. 
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KINFORMS 

In the kinoform(constant amplitude) approximation, the only- 

difference from the above is that the expression for the kinoform 

H is written 
t, m 

1 CD 
H = |H |e and |H 1= constant 

JL m ' l m 1 £ m 

This is true to a good approximation for diffusely illuminated 

objects, or in our case, point apertures defining the object radiating 

. . 8,18 
with a random phase variation 

A kinoform is generated within the computer and then the phase 

is plotted (modulu 2TT) on an IBM 1780 photographic plotter with 32 

grey levels as in Figure 20. The plot is developed and photoreduced 

to the proper size. The transparency obtained is then bleached using 

a tanning bleach. This removes the developed grains and gives a 

relief proportional to the original plate blackening. If the developing 

and bleaching are carefully controlled, the maximum depth of etch 

can yield an optical path difference of one wavelength. In this case, 

when the kinoform is illuminated with a monochromatic plane wave 



Figure 20 

Photographic Plot of a Kinoform Before Bleaching 
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(of wavelength \ ), one image is obtained with no central order. In 

reality, there is always some small central order spike due to the 

imperfection of the developing-bleaching process. Figure 21 is a 

reconstruction. For us, the kinoform provides a convenient visual 

display of results. 

An interesting and useful application of this is for the kino¬ 

form of the image 

T.. = 5. 6. 6 
ijn I, o j,o n, o 

i. e. , a single point. We see that a kinoform of this will transform 

a plane wave into a point--this is exactly the function of a simple 

lens. Obviously it is limited by the Fresnel approximation (repro¬ 

gramming can fix this) , and it produces severe chromatic aberration 

even if dispersion is used to obtain the same phase retardation (see 

footnote on page 31). This can be seen from the focusing condition 

kVz1 = k/z. 

Thus, we are able to construct lenses for any frequency for 

any kind of radiation (electromagnetic, acoustical, ultrasonic) as 

long as we can etch the material to the proper depth. Experiments 
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Optically Reconstructed Image from a Digitally Generated 
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and calculations by Lesem, Hirsch, Jordan, and Van Rooy have 

shown that such lenses are diffraction limited even for materials 

19 
with a poor spatial frequency response • The photographic plotters 

available presently impose the main limitation upon the size and 

f/lenses which can be made. Figure 22 shows the plotted output 

o 
of a f/15 lens made for X = 6328 A radiation,, Figure 23 is a picture 

taken with a camera using a kinoform lens. 



Figure 22 

Photographic Plot of a Kinoform Lens Before Bleach 



Figure 23 

Picture taken using a kinoform lens. 
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CONCLUSIONS 

Our system has three major advantages: (1) vje are able to 

digitally process the data; thus, we can build many sophisticated 

kinds of filters to get rid of effects of most forms of noise. Once 

we establish the transfer function of our mechanical, acoustical 

and electronic system we can mathematically divide these effects 

out. Doing such operations physically would be extremely difficult, 

at best. (2) All of our amplitude and phase data is used to reconstruct 

only one image, whereas in holography, information is used to recon¬ 

struct virtual and real images and the central order. Thus we have 

a larger redundancy factor (the information necessary to reconstruct 

the image is contained many times over in our data, thus preventing 

the image from being severely affected by noice). (3) Thirdly, since 

we have our reconstructed image in digital form, we can choose any of 

several ways to display it--printer plots, photographic plots on the 

IBM 1780 or a visible wavelength hologram or kinoform generated in 

the computer. 

The problems inherent in our system are: (1) Since we are mak¬ 

ing phase measurements and working with wavelengths . 3mm, we 

must have a very rigid scanning system. (2) Since we are process¬ 

ing the image digitally, we must have accurate measurements 
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of parameters. This is not a trivial job with our set-up. (3) Our 

reconstructions are only good when the Fresnel approximation is 

good. But here we can avoid using the Fresnel approximation in 

our calculations at the expense of computer time and reprogramming. 

(4) The processing of the data now takes 11/2-3 hours of 360/44 

time. This time lag can be considerably reduced, but it would not 

become comparable with that of developing of film as in the ordinary 

case of ultrasonic holography. 

We also have the standard problem of coherent imaging-- 

speckle. This problem will have to be investigated more thoroughly 

later. Another similar problem is resolution of our image. With 

our present problem, if we restrict ourselves to f/6 or slower, our 

highest resolution is 1. 8 mm in the vertical and 4. 5 mm in the hori¬ 

zontal direction. A larger program will improve this, and we can 

rid ourselves of the unequal spacings in the two directions. Until 

this is done, we do not know the physical resolution capabilities of 

our system. 

Our results are encouraging and we believe that improved 

experimental technique will show our system to have much greater 

capabilities. We have many problems that need to be worked on. 
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We would like to obtain diffuse illumination with our trans¬ 

ducers to eliminate the problem of specular reflection. Much 

more work also remains to be done using the ultrasonic lens. Such 

lenses could be invaluable in many areas; in particular, medicine, 

where it might be able to be used to destroy malignant tissues with 

high intensity ultrasound and yet not disturb the surrounding tissues. 

More immediate uses of the lens involve the spreading of our ultra¬ 

sonic beam and the formation of images directly in the scan plane. 

We have not yet done a thorough investigation on the nature of 

the baffle used over the receiving transducer. Our baffles are large 

2 
compared to many in use in ultrasonic holography . We are also 

unsure as to the sensitivity of our technique to errors in measurement 

of parameters. Our past experiences indicate that many precautions 

are necessary in setting up our system. One of our main problems 

has been in getting the fringes to line up. The plots indicate that 

there seems to be systematic misalingment of fringes when scanned 

in opposite directions. We suspect this to be caused by a slight 

displacement of the scan plane in the z direction when scanning in 

opposite directions. We could overcome this by taking only every 

row of data or getting our system more rigid. We also seem to be 
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approaching the limit of the response time of the vector voltmeter; 

but this can be overcome by slowing down our scanner. For more 

complex objects we must be more wary of our sampling rate to 

prevent aliasing. Finally, we would like to enlarge our scan plane, 

which would increase our resolution. 
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Appendix 

When using Fourier transforms, it is to be understood that actually 

we are inserting a window function and extending the limits to ±co, i. e. , 

Obviously this does not change our results, but only adds a bit 

more rigor to the theory. However, when reconstructing and perform¬ 

ing the inverse transform, we are not using all of the frequency content 

of the original object. We are low-pass filtering. The effect of this is 

to diffuse the edges of the reconstructed image. With our arrangements, 

the image degradation is relatively minor for the simple objects used, 

but this problem can cause intolerable degradation in more complex 

images. 

The extension to a finite Fourier series is now trivial, provided 

we satisfy the Nyquist sampling criterion. 

f(x) e ^^dx = W(x) f(x) e dx 

object - 00 

where W(x) =1 x£ {object } 

= 0 otherwise 

object N 
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An interesting point to note about using a finite Fourier series 

here is that we cannot magnify our reconstructed image by putting 

in spherical illumination. We saw (see page 25) that physically 

the magnification was 

k R 
M =    

k R + k 'Z' 
o f 

From our data, we have an equivalent spacing condition for the 

object (see pages 27-31 for notation). 

A x A a = ' Z 

N~ 

VZ = 7(z' - v 4X 

k Z 

k'(Z' - Zfc) 
AX 

But from the focusing condition we have 

k'R (Z' - Z, ) 
 o k 
" k R + k'(Z'-Z, ) 

o k 

k R 
 o  

k R + k' (Z'-Z, ) AX 

o k 
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Thus, our spacing has just increased by the magnification 

parameter - so no magnification is observable. For non-spheri- 

cal illumination, we get A o' = A x 5 e*» our spacing in the image 

plane is determined from the sample rate in the recording plane. 
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