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Abstract 

BASIS REPRESENTATIONS FOR ATOMIC COLLISION PROBLEMS: 

APPLICATION TO He + He*, +, TWO-STATE CALCULATION 

James Samuel Cohen 

The .coupled equations for the heavy-particle motion in atomic 

collisions are reviewed with emphasis on the transformation of the 

equations between different basis representations, in particular the 

adiabatic and diabatic representations. The application to the two- 

state approximation neglecting angular coupling is made and the 

required matrix elements and methods of evaluating these matrix 

elements are discussed; the various coupling terms are examined. 

Elastic and inelastic transition cross sections are calculated for 

collisions between metastable helium, He(ls2s,^S), and ground state 

helium. The inelastic transition He(ls2s,^S)  > He(ls2p ,^P) cam 
i o 

occur in this collision due to the avoided crossing of the lowest 

two adiabatic 3 2* potential curves for He_. The close coupling 
& ^ 

results are compared to results obtained using the adiabatic and 

diabatic decoupling approximations and the distorted wave approxi¬ 

mation. 
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I. INTRODUCTION 
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The formulation and analysis of heavy-particle collisions involving 

inelastic processes is still a troublesome and unsettled problem. Two 

opposing points of view have been taken. The older established view 

is that the collision is basically described by molecular potential 

curves satisfying the adiabatic noncrossing rule of von Neumann and 

1 
Wigner which holds exactly in the static limit. It was early observed 

2 3 4 
by Landau, Zener, and Stueckelberg that inelastic transitions tend 

to occur where two adiabatic potential curves approach closely and the 

adiabatic states exchange their electronic characteristics. This 

observation suggests a dynamic view describing the collision in terms 

of smooth potential curves which maintain their electronic charac¬ 

teristics but do not satisfy the noncrossing rule. 

5-7 In the method of perturbed stationary states, the time- 

independent wave function of the colliding system is expanded in terms 

of adiabatic molecular states, which have the advantage of being 

rigorously defined by the variational theorem. From the adiabatic 

point of view all inelastic transitions result from a breakdown of 

8 
the Born-Oppenheimer approximation in which the couplings of the 

.different adiabatic states as well as some usually minor diagonal 

terms are neglected. These non-Born-Oppenheimer terms have been 

formally set up by several authors^1but have seldom been 

evaluated. The nonadiabatic coupling terms tend to be large near 

adiabatic avoided crossings. 

2 3 4 
Landau, Zener, and Stueckelberg showed that if, in the case 

of an adiabatic avoided crossing, the system is represented in terms 

of approximate molecular orbitals which cross instead of the exact 
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adiabatic wave functions, the transition probability can be simply 

expressed. Because of its simplicity the Landau-Zener formula has 

been widely used, but defects which restrict its range of applicability 

13 
have been pointed out. The Landau-Zener treatment has often been 

carried out by starting with the adiabatic representation but taking 

some linear combination of the adiabatic states in the vicinity of the 

avoided crossing so that the identifications of the two curves sire 

interchanged inside the crossing.^ The observation of regularity 

14 
in many elastic cross sections even when the adiabatic states strongly 

interact , at an avoided crossing suggested that the adiabatic poten- 

tials might not really be basic to the collision, but that other more 

smoothly varying potential curves might provide a better interpre¬ 

tation of the elastic cross sections, including interference 

patterns^""^7 involving two or more states. Lichten^ has suggested 

that the adiabatic representation be abandoned and the collision 

initially represented in terms of "diabatic" states which vary smoothly 

through the crossing; he shows that such a basis set may consist of 

single configuration wave functions built up from molecular orbitals. 

A principal objection to the diabatic basis in the past was its 

lack of a rigorous definition so that the exact scattering equations 

12 
could be set up in this basis set. Smith has eliminated this 

objection by providing a rigorous and unique definition for the diabatic 

representation. In particular Smith shows that the adiabatic and 

diabatic representation basis sets are related by a unitary transfor¬ 

mation sind that the scattering equations in intermediate representations 

can be set up equally as rigorously by other unitsiry transformations. 
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19 
Levine et al. have made some model calculations in various decoupling 

approximations including intermediate representations as well as adia¬ 

batic and diabatic. 

The primary aim of the present investigation is to examine the 

type and magnitude of the coupling terms which appear in various 

representations, in particular adiabatic and diabatic, and to solve 

the coupled equations describing the collision for a specific inelastic 

collision. First, starting with the general Schroedinger equation, 

the coupled equations for a N-state inelastic atomic collision are 

12 11 
formulated following the ideas of Smith and others. In order to 

use molecular wave functions as basis states the operators in the 

Schroedinger equation must be transformed to a molecular coordinate 

system which rotates with the internuclear axis. The resulting terms 

in the coupled equations are separated in a convenient manner and the 

individual terms are examined to see what molecular states they can 

couple. Transformation of the basis set, in terms of which the 

scattering wave function is expanded, and .the corresponding transfor¬ 

mation of the various matrices is discussed with the adiabatic and 

diabatic representations given special attention. 

At that point the discussion is specialized for application to the 

two-state calculation of the collision of metastable helium, He(ls2s,^S), 

2 1 
with ground state helium, He(ls , S), in which the inelastic transition 

He(ls2s,^S) —He(ls2pQ,^P) can occur. Numerous studies,^® both 

experimental and theoretical, of the interaction between metastable 

3 2 1 
He(ls2s, S) and ground state He(ls , S) have .been carried out, but no 

publication concerning the inelastic transition He(ls2s,^S) —> 
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He(ls2p #^P) is known# The interaction of metastable and ground state 

helium has been of interest because of the maximum which exists in the 

21 'ac 
potential curve# The transition He(ls2s, S) He(ls2po, P) can 

occur because of the avoided crossing of the ^ potentials asso- 

dated with Heds2,3^) + He(ls2s,5S) and HeCls2,3^) + He(ls2po,
5P). 

Also there is a g state associated with He(ls2,^S) + He(ls2pQ,^P) 

which can interact with the ^ 2 + states through angular coupling. 
s 

The present neglect of this state will be partially justified. 

The two-configuration wave functions for the ^ £ states obtained by 

22 
Browne were used in a special way as will be described. All the 

possible coupling of the ^ 2 + states is discussed in detail. In 

particular the formalism for the evaluation of the momentum coupling 

matrix element in the original orthogonal basis set, which has thus 

far been neglected, is developed. The equations for the two-state 

calculation are written in a form which is appropriate to any 

representation—adiabatic, diabatic, or intermediate. 

A partial wave analysis of the coupled equations was performed. To 

solve the resulting close coupling equations in the adiabatic repre¬ 

sentation it was necessary to find and program a method to solve 

coupled second-order ordinary differential equations containing first 

derivative terms. The method used for the solution and the method 

used to determine the cross sections from the solutions are described 

in detail. Calculations were performed in the adiabatic decoupling, 

diabatic decoupling, and distorted wave approximations as well as with 

close coupling. Close coupling results in the adiabatic and diabatic 

representations agreed as expected. Cross sections were calculated 
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over a very limited range of low energies; the hypothetical case of 

reduced interaction was also considered at an energy of 10 eV. Results 

calculated in the various approximations are compared with special 

attention given to the transition of the character of the collision 

from adiabatic to diabatic. 



II. THEORY 
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A* Derivation of the equations for the atomic collision problem 

The equations of motion will be formulated by expanding the total 

wave function as a sum over products of nuclear and electronic wave 

functions as is done in the Born-Oppenheimer separation, but no terms 

will be- neglected as is done in the standard Born-Oppenheimer separa¬ 

tion of electronic and nuclear coordinates. The non-Born-Oppenheimer 

terms are the source of inelastic transitions; the forms which these 

terms can take will be examined. Following the formalism developed by 

12 
Smith, it will be shown that the collision problem can be written 

in terms of three fundamental matrices involving matrix elements of 

the electronic states as a function of the internuclear distances. 

First the general form of the equations resulting from the 

expansion of the wave function will be obtained. Assume a diatomic 

system with n electrons where the nuclei have masses M& and M^, and m 

is the electron mass. The total Schroedinger equation with all 

coordinates, electron and nuclear, measured with respect to a fixed 

origin is 

+ V(r 
oi* 

(II.l) 

where r ^ are the coordinates of the electrons, and R& and R^ are the 

coordinates of the nuclei. Transforming so that the motion of the cen¬ 

ter of mass of the system is separated, the equation becomes' ,23 

[- 

•fi 2 
2(M&. + Mb + nm) 

VCM 
JL 
2m 

VZ - 

VR +V( 

i 2(Mft + iy i,j v± 

(?., R) - = 0, 

Yj 

(II.2) 
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where E is the internuclear vector and r^ is the position of the electrons 

with respect to the center of mass of the nuclei. The term in 

2 
is of order m/(M + M, ) with respect to the term in V . so is neglected, 

fit D 1 

It may be noted that sometimes it is desirable to use as the 

relative coordinate between atoms the vector between the atomic centers 

of mass rather than the internuclear vector, since experimentally it is 

actually the relative motion of the entire atoms and not just their 

pij. 
nuclei which is observed. Differences between the atomic centers of 

mass sind the positions of the corresponding nuclei will be neglected 

in this thesis; it can be shown that this is a good approximation as 

long as 

k • (E„„ (atom) - H (nucleus) )J « 1 • 
rel CM • 

(II.3) 

Separating out the center of mass motion, the stationary-state 

solutions can be written as 

= 
* T 

^(ri, E) exp £i(Ma + + nm) VCM* E^/fiJ (II.^) 

where VrM is the velocity of the center of mass. UN 

The Hsimiltonian of the system in .the center of mass coordinate 

system is conveniently written as 

H = 
-*nu *nu 

2/1 
+ H 

where 

• el 
H = T + V(E, r). 

(II.5) 

(II.6) 

Here E represents the internuclear coordinates and r the electronic 

coordinates. In the Hamiltonian pnu = (h/i) is the momentum 

operator for the relative nuclear motion, T6^ = (-fi^/2m) ^ *7? is the 
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electronic kinetic energy operator, and 

2 

V(R, r) = V (R, r) + 
Z Z, e 
a b 

R (II.7) 

Also define 

He = T®1 + Ve(R, r). 

Assuming the electronic Schroedinger equation, 

(II.8) 

He(R, r) Xk (R, r) = ^ (R) Xk (R, r) (II.9) 

has been solved for the electronic wave functions Xk, the wave function 

¥ of the entire atomic system can be expanded as 

St^R, r) = 2 pk (R) Xk (R, r). (II.10) 

Since the X are bound state molecular wave functions, they can be 
K 

chosen real without loss of generality. The mathematical require¬ 

ment behind this assumption of reality is that the electronic 

Hamiltonian, H , be real; e.g. H cannot contain the operator L 
C , 6 2 

25 
associated with a magnetic field. The solution of the above electronic 

equation is carried out considering the internuclear coordinate fas a 

parameter, at each value of which the electronic functions X are 
k 

assumed to form an orthonorraal and complete set with respect to the 

electronic coordinates. Multiplying the Schroedinger equation for the 

entire system, 

(H - E) ^(R, r) = 0, 
* 

by X . , inserting the expansion for \]/(R, r), and integrating over 
J 

r yields 

<^j | H - E | k^> Fk (R) = 0 (II.11) 
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where the bracket notation is used for integration over r only* These 

coupled equations, one for each j, describing the collision problem 

are conveniently written in matrix notation by defining the following 

matrix elements: 

U^k (R) = <j I H'| k> (11.12) 

and 

Pjk <B> = (<j|pnu|k> )• (II. 13) 

Now the matrix element of the nuclear kinetic energy can be written, 

using the completeness property of the . as 

T1k = -i- <3 I 5nu • ?"U| *> = -i-’ ? <3 I 
3 2/1 

mSk HU 

Using the convention that p operating inside a pair of parentheses 

is not considered to operate beyond a close parenthesis, 

jr. , ■»nu . .v , ,v -*nu / , -“nu . . v » Si 
<J I P ly 8 (ah) P + ( O j p 1) = oj±.p 

-*nu 
+ P.. 

where the orthonormality property has been used in the last step. 

Hence 

z^3k- ? 
(v 

-*nu 
+ p«) • ( Sj,.?

qU + P,J 
ji ik ik 

= 8jkp 
•±nu 

+ (P • P). 
jk 

+ P 
dk 

■*nu . -»nu 
P + P jk 

= 8^ 5“ . yu * (I • I). jk - -dk 

♦2^.?“+ (5 ** • P-J. 
jk 

In matrix notation, 

T = -A- fl 
2jJL L” 

-*nu 
P 

■^nu fa -»nu , _■£ -^nul 
p +(P*P + P • JP) + 2P • p 

(II.14) 
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It is interesting to observe that if a generalized momentum, £gen» 

is defined by 

P 
-gen I P + 

the nuclear kinetic energy matrix can be written simply 

Recalling 

T = 

H = 

P 
-gen 

P 
-gen 

1 -*nu 
  P 

~hiu p + H 
2fL 

and inserting the matrices U and T in Eq. (II.11) yields the set of 

12 
coupled equations describing the heavy-particle problem, 

(T + U - I E) J (R) = 0, (11.15) 

where F is the column matrix (or vector) of the nuclear wave functions 

A 
F, (R). It should be noted that this matrix equation is exact to with- 
£ 

in order m/(Ma + M^) as long as all the states F^ are retained (which 

cannot be done in a practical calculation). The only requirement 

which has been imposed is that the electronic wave functions 

must form a complete and orthogonal set at any particular' internuclear 

separation. 



13 

B. The equations in the molecular coordinate system 

The terms in the coupled equations for the collision problem which 

cause inelastic transitions are computed more conveniently in a molec¬ 

ular coordinate system, which rotates with the internuclear axis 

R = (R, .9, <§), than in the nonrotating frame of reference XYZ which 

has been implicitly assumed so far. The angles & and $ are the 

spherical coordinate angles made by the internuclear axis with respect 

to the nonrotating XYZ axes. In the discussion in the previous section 

assuming a nonrotating coordinate system, derivatives with respect to 

the nuclear coordinate R in T (Eq.'(II.l4) ) are taken with the elec- 

tronic coordinates r^ fixed in the nonrotating XYZ system. We now 

want to be able to take these derivatives with the electronic coor¬ 

dinates fixed in the rotating molecular system. The transformation 

\ * (ri- ei- V —> r. <r,, e' p\) 

will be made where r^ is the position vector of the i& electron mea- 

sured in a nonrotating system, whereas r^ is measured in a system whose 

polar axis is fixed along the internuclear' axis. This transformation 

is essential if the expansion of the total wave function is to be made 

in terms of molecular wave functions with electronic coordinates referred 

to the internuclear axis. As will be shown in this section, this transfor 

mation leads to terms in the Hamiltonian which couple the electronic 

and nuclear rotational angular momenta. The advantage of the molec¬ 

ular coordinate system is that functions such as the electronic wave 

mol /„ , , „mol 
k 

associated with the molecule depend on & and $ only implicitly 

functions (R, r) and the potential Vmo (R, r) which are 
A> • 
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through the angles and p_! in the molecular representation. 

The molecular-coordinate system should not be arbitrarily used in 

a collision problem without some justification however. When the two 

colliding atoms have large kinetic energies and are far apart, 

evidently the adiabatic electronic states computed by solving the 

Schroedinger equation for the motion of electrons in the field of 

"clamped" nuclei do not properly describe the electronic motion. 

These states describe motion of electrons relative to stationary 

centers of force, but in a collision these centers translate relative 

to the molecular center, and when the atoms sire widely separated and 

fast moving the bound electrons tend to translate along with one or 

the other of the atom centers. The adiabatic wave functions in this 

case will not be the correct eigenfunctions at infinite separations 

of the atoms and scattering cross sections cannot formally be defined 

in such a basis. If one ignores this formality and tries to calculate 

inelastic scattering cross sections, one finds that the electronic 

interaction matrix elements which couple different electronic states 

may not go to zero in the limit of infinite nuclear separation. The 

meaning and accuracy of the inelastic cross sections obtained are not 
t 

clear. On the other hand, clearly, separated-atom states cannot be 

used in the region of smaller R where the molecular-orbital-type 

interaction is large because then the strong nonorthogonality of 

such electronic states leads to complicated exchange interaction. 

One way around these difficulties would be to use a separated-atom 

coordinate system in the asymptotic region and to convert to molec¬ 

ular coordinates to describe the colliding system for smaller 
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internuclear separations. The error incurred in the work described 

in this thesis due to the use of the molecular representation is 

negligible at the relatively low energies used. 

The relations between the coordinates r^ = (r^, ©^, in 

the stationary frame of reference to the coordinates r^ = (r^, ©T, p\) 

in the molecular representation, which rotates with the internuclear 

vector R = (R, <9, $), sire given by Smith‘d or Kronig.^ In the nonro¬ 

tating coordinate system, the gradient with respect to the inter¬ 

nuclear coordinate is, as usual, 

( d 13 1 3 s 
V- 

=
 TR" * R 9 © * S sin© d § * * 
A * 

The gradient with respect to the internuclear vector becomes in 

molecular coordinates, 

mol 

V = < 
3 i _2-l i 
3R’ * R ’ -h 

Lx, + cot© L^, 

R 
-) (II.16) 

R 

where Lmo^ = (L ., L , , L ,) is the total orbital angular momentum 
x»» y» * z* 

operator for the electrons in the molecular system. In terms of the 

molecular angles, the components of the total orbital angular momentum 

operator are 

l 

L , = E 'll / . 
T sin 

» 5 

<P. —r 
x' d i 3- 3© 

J 

L , = E 1 (cos q> . 
y' 3 i *e\ 3 

tan Q% COS 
j 

» 

T, 
» 

tan 
®jsin 

f 

(11.17) 

and 

Z $ fr 
o i d<p' 
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Now the matrix equation, Eq. (11.15), which describes the collision 

problem can be written in the molecular representation by evaluating the 

matrices T and U in this representation; the electronic eigenfunctions 

depend only on the molecular coordinates and the internuclear separa¬ 

tion; i.e. 

X(R» t) —> xmo1 (R» 
Each of the last three terms in 

Tmo1 = — [1 + (f"01 . f"01 + f1? f01) + 2 P®01 • p™] 
2IM (11.18) 

will now be evaluated. Since the molecular representation is used 

exclusively henceforth, the superscript "mol" to indicate a molecular 

representation and the prime to indicate an electronic coordinate in 

the molecular system will be dispensed with in most cases. 

Using Eq. (II.16), the components of the angular momentum matrix 

P, defined by Eq. (11.13), in the molecular representation become 

if - s [<iy > + cot® < hi >] • 
- I < ^ > • (II-19> ■ 

and 

PB = ^ <li * 

where the notation < JL | y represents the matrix whose (i, j) 

mol 
element is <i |Ll j y . The term P • P in T becomes 

P • £ = Pg (H) +' [<£x + cot© Lz)
2 + L2 1 

H • 

= (r) + ; cot®+ 4]. 
(11.20) 
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Next note that the matrices L , L , and L depend only on the inter- —x —y —a 

nuclear separation R since the bra-ket implies integration over the 

molecular coordinates r., &., and <p. . Hence the only angular depen- 

dence of the momentum vector matrix P is the factor cot & multiplying 

^ (L^l y in the component P ^ ; so the divergence operator for the 

■2* 
term p • P need only be written in terms of the nonrotating 

coordinates, 

V- = ( l + 4u . | <cot6>+ -—-), R 3 R 

Operating on P gives just 

R sin & -)< 

ir- » -1 **♦ •R 
cot © 

d R -y 
(11.21) 

The remaining term in T to be evaluated is P • p111*; -p311 here just 

operates to the right on the nuclear wave function so is only needed 

in terms of nonrotating coordinates (R, © , $ ): 

i ^nu 
Z l 9

 P R 
R 

L 
-y 

1 

R2 sin© 

(L 
-oc 

+ cot© L ) 
—z 

a 
a§ 

(11.22) 

Inserting Eqs. (II.20), (11.21), and (11.22) into Eq. (II.18) to 

form the kinetic energy matrix Tm°\ and following Smith^2 in 

grouping the terms, Tm°^ is written as the sura of three matrices: 

(1) a unit matrix multiplied by the nuclear kinetic energy operator 

(which will operate only on the nuclear wave function); (2) a matrix 

containing all terms depending on the radial momentum matrix PD; and Tft 
i 

(3) a matrix containing all terms involving matrix elements of the 

electronic orbital angular momentum. Hence 
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Tm°l = " ~~ ^ + — - S , 
— 2jx fi 2fj, -R Si- 

where 

2 
V_> 
s 

2pLT 

2 a 
aR

2 + fi dR + E2 ^©2 

1 a 

(ii.23) 

+ —~ cot & 
a 
a© 

R2 sin2© 
(11.24) 

P r P <J£p 2} n 

^ = -R (R) + i [ R ^ (R) + ( a R * + 2 RR(R) “CTH] * 

(11.25) 

and 

S sLfCRjcot2© - "jffi-f • L (R) + X (11.26) 
—ui- —z i sin 0 —z a (£ — 

with 

X = L2 + L2 - cot^TL (R) L (R) + L (R) L (R) - ifi L (R)1 — —x —y l-x —z -z —x —y J 

2*6 L (R) -s 
+ —x o 2 h L (R) 

-y (11.27) i sin @ a $ i a© 

It is important to remember that all the matrices in these equations 

are to be evaluated in the molecular representation. 

The molecular coordinate axis z, which coincides with the 

internuclear axis, is taken as the quantization axis so that Lis 

quantized; i.e. is diagonal. All singular coupling is contained in 

2 
the terras of X. The Hamiltonian doesn't commute with L since the 

2 
diatomic molecule lacks spherical symmetry; so L and hence 

2 2 
1^ + 1^, are in general not diagonal. In sin eigenstate of L^, the 

expectation values of L and L vanish, so L sujd L have zero 
x y x y 

diagonal elements. This mesins that in the specisil case of a two- 

2 
state interaction, the matrix L is diagonal. 
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The angular momentum couplings between electronic states with 

different components, A » of electronic angular momentum along the 

internuclear axis are perhaps made clearer if substitutions are made 

in X, using the cbmmutation relation, 

LL-i&L = L L , —z —x —y —x —z 

and then using the raising and lowering operators for L and L , 
* ¥ 

£* * 2 <£♦■♦ £->. 

k, - a<£+-£_>• 

The result is an expression of X which agrees with that given by 

Thorson,^ 

X = L2 + L2 - L Q - L Q 
— -x -y —+ -*+ — 

(11.28) 

where 

o = + i•& (~-) - (-•'1 a*) ri« 
— 9® sin© 1_— i 

-K (9 /Or 
- - cos & L 
<9<§ -*i \ * (11.29) 

The terms in can be distinguished as dynamic or static 

depending on whether or not they contain derivatives of the heavy- 

particle wave function with respect to $ or $ . The static terms go 

as l/R asymptotically; the diagonal elements of the static terms 

can be combined with the centrifugal barrier term, + l)/R , in 

the effective potential which occurs as a result of the partial wave 

expansion (see Sec. (II.H) ). If the expectation value of the square 

2 
of the total orbital angular momentum, L , is small compared to the 

value of J? (j? + 1) for the contributing' partial waves, as is usually 

the case, the contribution of these "gyroscopic" terms is negligible. 
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The low partial wave cross sections are significant only at very low 

23 
energies (corresponding to say 20° K or less). Also the off- 

diagonal static coupling terms just act like potential coupling and 

are usually negligible. Next consider the dynamic angular coupling; 

the states coupled together are determined by and L _. Nonzero 

matrix elements occur only when the two electronic states have quantum 

numbers A which differ by unity, e.g. a 2 and a IT state. As con¬ 

trasted with the static coupling, the dynamic coupling increases as 

the relative heavy-particle velocity increases. For example, 

- i€ —— can be identified semi-classically with the nuclear angular 
d © 

momentum component 

JI = ^ b 

where v(«*>) is the relative velocity as R —<■> oo and b is the impact 

parameter. 

In the Born-Oppenheimer treatment of a diatomic molecule, the 

potential matrix U is diagonalized and all terms in the kinetic 

energy matrix T except the first are neglected; i.e., 

T B0 = - — 1 . (11.30) 
B’°- 2 fJL R 

This is not the same as neglecting only all coupling (i.e. off- 

diagonal) terms in the matrix equation. 
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C. Transformations between molecular representations; adiabatic and 

diabatic representations 

In Sec. (II.A) the total wave function was expanded in terms of 

the orthonormal basis X, 
k 

¥ - S \ X* (11,31a) 
k 

which can be written as a matrix product if column matrices containing 

the Xjj and. F^ are defined 

. ¥= X.T I* (II.31b) 

The orthonormal basis _X is not unique. If _X is multiplied by an 
orthogonal matrix C, a new orthonormal basis is formed (in general C 

can be any unitary matrix, but it is convenient in the immediate 

discussion to just include real matrices) 

x! = c_x. (n.32) 

Now the total wave function expansion can be written 

\j/ = x.T I 

= if CTCF 

= (c X)T (c F) 
1 

from which it is seen that with the identification 

F* = C F (11.33) 

the total wave function may be written 

^ = X.T l • (II.jh) 
The Schroedinger equation, (H - E)^ = 0, in the initial representation 

is 

X (H - E) XT 1 = 0 (11.35) 
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where the matrix H = _X H can be defined (integration over the 

electronic variable is implicit here). In the transformed basis, the 

Schroedinger equation is 

X.* (H - E) X'T l = °* 

Using the transformation relations, this equation becomes 

C X. (H - E) _XT CT F' = 0 

from which it is evident that the corresponding transformation of. 

the matrices is 

H' = C H C
T
. (11.36) 

So that our transformation will correspond to the usual definition of a 
1 

similarity transformation, let 

T 
C C 

in the following. 

As derived in Sec. (II.A) the coupled equations describing the 

heavy-particle collision can be written in matrix form 

( I + U (R) - 1 E) F (R) = 0, (11.37) 

where 

T = JL r.! *2 v| +(2 -s +! 
2ft L " . 1 “ 

in any coordinate system. The components of the column matrix solu¬ 

tion F may be mixed by a unitary transformation C(R)which depends on 

the internuclear separation (and in principle could also have angular 

dependence). Under this unitary transformation, the potential matrix 

U (R), which is assumed to have no derivative terms, transforms simply 

U* (R) = C"1 (R) U (R) C (R). (11.38a) 
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(It should be clear the vector space of the solution is being trans¬ 

formed, not the coordinate system.) The momentum matrix P which 

contains derivative terms transforms in a slightly .more complex way, 

P* (R) = C"1 (R) P (R) C (R) + C-1 (R) ( "I Vj. £ )■ 
R 

(II.39a) 

This is easily shown from the definition of P (R), 

|f (S) - <<i | vt\ k>) 
XI 

where the matrix element denotes the matrix itself. Then 

|p' = (c’1^ |vJ k>£) = £_1 <0 |VU k>)£ + £-1 <j|k>(Vx£) 
R R R 

where the parentheses delimit the action of the gradient operator. 

Ry the orthonormality of the electronic states, ^iJ = 8. so 

.Jt 

applying the definition of P again, the result is 

' J.» _1 -a. * _1 . . - 
p =£ £c + T £ ( V-* £)• 

1 R 

A unitary transformation dependent only on the internuclear separation 

R is the most general transformation between molecular representations. 

ac (R) 

12 

In this case the matrix PR transforms to 

PR (R) = C
_1 (R) PR (R) C (R) + | C'

1 (R) d R (II.39b) 

and the matrices U, P , and P_ transform in the simple way, e.g. 
& $ 

u' (R) = C_1(R) U (R) C (R). (11.38b) 

12 
The definitions proposed by Smith will be used to define the 

"adiabatic" and "diabatic" representations which are, in a sense that 

will be explained, opposite extremes for the form which the coupling 
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terms in the matrix equation can take. The adiabatic representation 

is defined by the Requirement that the potential matrix U* (E) be 

diagonal at all-internuclear separations. (Note: A matrix in 

adiabatic representation will be denoted by a superscript "a"; simi¬ 

larly diabatic by "d".) Conversely various diabatic representations 

are defined by the requirement that some "part of" the momentum matrix 

P, e.g. Pfi, L^, or Ly, be diagonal. (1^ is considered always diagonal 

since the electronic wave functions are taken to be eigenfunctions of 

L and only unitary transformations are considered.) In general it 
z 

is not possible to simultaneously diagonalize all components of the 

momentum matrix. The most important case of diabatic representations) 

and the one which is assumed unless otherwise specified) is the 

representation in which the radial momentum matrix PR is diagonal; 

in fact it is always possible to find a unitary transformation from 

any molecular representation to one in which the radial momentum 

matrix not only is diagonal but actually vanishes at all values of 

E by solving the matrix differential equation 

* 2 C(E) 
PH (E) C (E) + | -5~-r— = 0. (II.40) 

i 

The kinetic energy matrix in this representation is just 

where S is given by Eqs. (11.26) and (11.27). Actually the condi- 
~jCL 

tion that the radial momentum matrix PR (E) vanish defines the 

representation only to within an arbitrary constant (independent of 

E) unitary transformation. In particular, two radial diabatic 

representations are of interest and can always be obtained from any 
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given radial diabatic representation by a constant unitary transforma- 

tion: (1) the representation in which the potential matrix U (R) 

is diagonal at R —> oo ; (2) the representation in which (R) is 

diagonal at R = 0. In the first case, which is generally the most 

useful case in collision problems, the diabatic states go asymptoti¬ 

cally to states which are uncoupled (except for possible angular 

couplings) and which are identical to the states in the adiabatic 

representation. These states are usually assumed to be products of 

unique atomic states. In the second case, the diabatic states go to 

unique atom states at R = 0. 

There is no concensus in the literature as to what is meant by 

the adiabatic or diabatic '’approximation'* • Here the adiabatic 

approximation will be defined as the decoupling approximation which 

neglects the off-diagonal terms in the adiabatic representation. 

Similarly the diabatic approximation will be defined as the 

decoupling approximation which neglects the off-diagonal terms in 

the radial diabatic representation. 



26 

D. Application to the two-state approximation 

The full matrix equation formulated in Sec. (II.A) actually 

contains an infinite number of coupled second-order.partial differ¬ 

ential equations, one corresponding to each of the electronic 

eigenfunctions in the complete set. Since an infinite set of coupled 

equations obviously cannot be solved numerically, the number of 

electronic states X^ (R, r) which are included in the expansion 

¥ (R, t) = 2 \ (R) Xk (R, r) (11.41) 
k 

is confined to a few of the states which couple together most strongly. 

This is called a "close coupling approximation". In fact, in the 

calculations to be described in this thesis a two-state close coupling 

approximation is used, so the T and U matrices in Eq. (11.15) are 

2x2, and the column matrix solution F has two components. Clearly 

it is important to determine criterions for when the two-state approxi¬ 

mation gives good results for elastic and inelastic collision cross 

sections. Two cases in which the two-state approximation (call the 

two states m and n) may be good are: (1) all nondiagonal coupling 

elements Umn, and Tmn, are small with the possible exception of the 

term with n' = n; (2) there is an energy resonance between the two 

states. As will be demonstrated in Sec. (II.F), it is the first case 

which justifies use of the two-state calculation in the present work. 

Assume that orthonormal wave functions X^(Ri *0 and X2(R* r) 

for the two electronic states are available. The method used to 

construct these wave functions and their properties, such as the 

united-atom (R —> 0) and the separated-atom (R —> <*0 limits, are of 
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interest in determining their appropriateness to the collision problem 

at hand; otherwise, however, the solution of the coupled equations 

describing the collision problem is independent of the process of 

obtaining the electronic wave functions. In order to write down the 

complete coupled equations in some molecular representation, the matrix 

elements 

Hij = <X± IT®1 + V(R, r)| Xj> , (11.42) 

^ij = ^ili TR I » (11.43) 

(L ). . 
-x ij ■ *j> 

(11.44) 

and likewise (L.). . and (L ). ., must be computed where i and i = 1, 2 
-y ij 13’ 

for the two-state approximation. In the discussion in this section, 

as well as in the numerical results to be described later, the 

angular terms involving matrix elements of the electronic angular 

momenta will be neglected. This approximation will be partially 

justified later; only in the case that both atoms are in S-states do 

all the angular terms vanish identically. The matrix form of the 

coupled equations in some initial molecular representation is then 

(r) i ^ R —R ® 

SlS CB> 
+
 TR 

+ 2 PR (R) yg) + U (R) - El] F (R) = 0. (11.45) 

As explained in Sec. (II.A), the electronic wave functions X^ 

can be assumed to be real without loss of generality. That the momen¬ 

tum matrices P^, , and P ^ are Hermitian can be shown using the 

fact that the X ^ are orthonormal, 
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I ^k> = f%i ^k ^ = S-jk* 

Operating on this equation with the momentum operator gives 

ffxj vs Xkd?+fj'(^ xj)Xkd r = 0, 

fXj ( i Vf 
5 d r = ”/Xc i Vg ^0 d r* 

Written in bracket notation 
*" 

<x3 m xk> - -<x; |?“| x;> =<xk m xs>. 
(11.46) 

which implies that P^, P ^, and P^ are Hermitian, and also, since 

the are real, that PR, P^ , and P^ Eire antisymmetric so their 

diagonal elements vanish. In particular the two-state radial momentum 

matrix can be written 

' 0 -i 

PR (R) = * PQ (R) (II.4?) 

where 

P„ (R> - f *1 <H* ?> S 3X,(K, r) R 
d r. 

(11.48) 

Also note that since the potential V (R, r) contains no derivative 

terms, the potential matrix is symmetric, 

U (R) = 

Un(R) 

TJ12(R) 

U12(R) 

U22(R) 

(11.49) 

Multiplying by - 2^1/fi. , the two coupled differential equations in 

the initial representation are 
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Po(E) + .“^T (E 
^ (S - Ou)] ^(S) . [- f P0(B) - 

Ppo(R) 
d B 

- 2 po(H) -f 
B 

+ -# ni2(E)] F2(e)’ 
* (II.50a) 

P?(B) Jit (E - U22^ ] F2(B) (B) + 
a'p0(B) 
a B 

♦2 p
c(E) Is E12<E>] 

F^R). 

(II.50b) 

In general, since no special assumptions (except orthonormality 

and reality) have been made about the basis electronic wave functions 

Xx (E, r) and X£ 
r) "terms of which the total wave function 

is expanded, the coupling terms involving p_ (R), 5PQ(B) ^ U, 0(R) 

° a R 
may be large. Physically large coupling means that the "trajectory" 

of two atoms which approach asymptotically in molecular state X^» 

for example, does not really tend to follow the potential curve 

Un(R). The object of the transformation is to find linear combi¬ 

nations of Xx and %2 suc^ that the potential curves associated 

with the new wave functions better describe the trajectories of the 

atoms, and the small coupling terms which remain can really be’ 

considered transition-causing perturbations. In the new representa¬ 

tion a decoupling approximation, which neglects the coupling matrix 

elements, may yield accurate values for the elastic cross sections; 

or if the inelastic cross sections are also wanted, it may be 

possible to use a weak-coupling approximation, such as the distorted 

wave method, 
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In the present discussion, we want the transformed electronic 

wave functions XR to still be real, and also we will be mainly 

interested in diagonalizing the potential matrix U which is real and 

symmetric; so C will be restricted to an orthogonal matrix which is 

a special case of a unitary matrix. (Note: A well-known result of 

linear algebra is that any Hermitian matrix can be diagonalized by a 

unitary matrix transformation; if the matrix term which we desired 

to diagonalize were Hermitian, but not real, an orthogonal transfor¬ 

mation would not be sufficient.) A 2 x 2 orthogonal matrix C can be 

written in terms of a parameter Ot(R), 

GOB Ct sin CL1 

I; (II.51) 
C (E) 

(-sin CL cos CLj 

X-[ * cosQ Xx + sintt X2, 

X2 = -sin a Xx + cos a X2. 
(11.52) 

According.to the formalism developed in Sec. (II.C) the effect of the 

transformation on PR and U, given by Eqs. (11.47) and (11.49), is as 

follows: 

, ’ « T *£<B) 

PR (R) = Cf (R) PR (R) C (R) + CT (R) | —g—R— 

f cos CL -sin O'' 0 -i\ f cos a sinCt^ 

* PO (R) 

i sinGt cos a (-sinQ cos CL 

'cos CL -sinCeX 

* d 

/ cos a sin a 

i T* ( 
sin Q cos CL/ \-sin CL cosce 



H
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* <p. ® (II.53) 

and 

n'- (R) = CT (R) U (R) C (R) 

'11 ^12 ^ /cos Of sin Of 

J12 U22 J \“sin Of COSQ; 

where 

/"u <2^ 
l u 1 

<1 

II 2_ 
cos a + *22 

2 
sin a - 2 *12 

COS Q 

U22 

It 

H
 . 2 

sxn a + U22 
2 

cos Qi + 2 *12 
cos Of 

(II.5^a) 

(Il.^b) 

U-0 = (U_ _ - U_0 sin Q! cos Of '+ Un_ (cos
2 Of - sin20l ). 

12 11 22 12 (11.54c) 

The three terms in T involving the momentum matrix are then 

^ = i‘2 <P0 00 ♦ IR^21)2 

which is diagonal and causes no coupling; the "static" divergence term 

(11.55) 

R *—R = 
d po (R) . d2a(R) . 2/ m . dO(R).1 + -^2 + H(PO(R) + dR 

(11.56) 



32 

and a dynamic coupling term 

*P v = 
i -R VR [ p„<« ♦ ^ 1 J d R* 

(11.57) 

Substituting these transformed terms into Eq. (11.37)» the coupled 

equations become: 

[vl - <Po * f >2 + ^ <E - Dn> ] ri 

■ t 
2 ( dOK / dpo d^ 
R(po+ dT5 “ (dR- + ^ 

(11.58a) 

? (rs * -ifih JL ■ 
• 2 (po + dR} 1R +

 * 
-n £ q F2 = 0 

and 

[V- 
2 

R - <P0 
+ f)2 ♦ ^jr(E - ] 

= If (p + SO.) 
dR 1 ( **0 

dR 
d2a ) 

dR 

da X d_ 
+ 2(po + dR“} W 

(11.58b) 

+ W D12 ] F1 *'0- 

It should be observed that the formalism of Sec. (II.A) 

separates the terms resulting from the transformation, in particular 

those resulting from the transformation of Laplacian, in a convenient 

and revealing manner. For example, it may be desired to transform to 

a representation where the coupling of a particular term is small; to 

see what kind of transformation will suffice, the characteristics of 

that term must be examined, e.g. whether or not it is Hermitian. 
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The transformation itself is purely mathematical; only if some term is 

neglected after the transformation has been carried out can the physi¬ 

cal solutions to the coupled equations be different. 

As a special case of the transformation by an orthogonal matrix 

£, consider the transformation to the adiabatic representation in 

which (R) = 0. According to Eq. (II.5^) this is accomplished by 

an orthogonal matrix with parameter QJ(R) specified by 

: 2 U 
tan 2d = = . (II.39) 

U22 " U11 

If the potentials U^'and U^p cross, CL. will be equal to 7T/4 at 

the crossing. Defining * 

U+. = 2 ^li + U22^* 

and 

- 

the following relations hold; 

tr+ -u. 

and 

d2q 

dR2 

U22 = U
+ 

+ U * 

dQL = 
dR 

-1 

2u* 

r du du 1 
[U- dR^ - U12dR-J * 

M dU 

^ dR - dR 

dU12 
+ U12 dR 5 

d2!! 

+ ^12 2 “ 2 
^ dR dR 

12 -] • 

(11.60) 

(11.61) 

(11.62) 



54 

E. Crossing of potential energy curves 

An "exact" potential curve of a diatomic molecule may be defined 

(to within an additive constant) as 

■ 2 i 2 Z 

Uk (R) = Ek (R) + ~ 'A g B  (11.63) 

where (R) is an eigenvalue of the equation 

H (R, t) Xk (R, r) = E. (R) Xk ?). 
e k * k (11.64) 

An exact solution of this eigenvalue equation, for any fixed value of 

R, yields a set of energy states belonging to each possible molecular 

symmetry. From basic quantum mechanical considerations, it can be 

shown that the exact potential curves associated with any two molecular 

states of the same symmetry, whose variation with R is continuous, 

cannot cross^ (although they may be tangential). These states and 

associated potential curves are generally known as adiabatic (the 

adiabatic potentials are the potentials used in the adiabatic 

representation of a collision). In practice, however, the molecular 

eigenfunctions of a given symmetry are constructed' as a linear 

combination of states having the desired symmetry, but since the basis 

set is of necessity incomplete, the resulting wave functions will 

only be approximate eigenfunctions. The matrix elements 

<xk K|xk> 
of the approximate eigenfunctions yield potential energy curves, which 

because of the approximate nature of the eigenfunctions may intersect. 

In the above procedure R is regarded as a parameter; if the incident 

relative velocity of two colliding atoms is made arbitrarily small, 
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this treatment is reasonable and it is expected that the resulting 

diatomic system will move on a single, noncrossing, adiabatic energy 

curve. However if the two atoms have nonzero relative velocities 

the momentum matrix will be nonzero and there can be interactions 

and transitions between different adiabatic states. In the treatment 

of scattering problems the adiabatic representation is often not a 

satisfactory basis for computing collision processes since the 

12 
correction terms may become large. 

Although exact adiabatic potentials of the same molecular 

symmetry must satisfy the noncrossing rule, they sometimes approach 

each other closely as some particular internuclear separation R ; c 

this situation is known as an "avoided crossing" (or "pseudocrossing"). 

It is found that the adiabatic eigenfunctions essentially exchange 

their characteristics in the region around R ; the close approach and 

abrupt bending away of the adiabatic curves before they intersect 

corresponds to a rather sudden switch from one molecular orbital 

configuration to another* If a collision is sufficiently slow the 

adiabatic theorem guarantees that the state of the system will remain 

on the same adiabatic curve* On the other hand, if the velocity is 

higher, the adiabatic theorem does not apply and there will be 

coupling between the adiabatic states which is felt most strongly 

near the internuclear separation R • In this case a dynamic view of 
c 

the scattering process in terms of smooth potential curves which cross 

where the adiabatic curves avoid crossing may be a more accurate 

description of the physical situation; the wave functions associated 

with each of these potential curves then maintains its characteristics 
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through the crossing. Lichten has proposed abandoning the represen¬ 

tation of non adiabatic collisions in terms of adiabatic states in 

favor of a "diabatic" basis set of states consisting of single 

configuration wave functions built up from one-electron molecular 

orbitals and having the same MO configuration both inside and outside 

the crossing. Lichten's formulation gives a good qualitative view of 

what happens in a nonadiabatic collision; however the treatment has 

validity over a limited range of velocities. At higher velocities, 

diabatic transitions between different single-configuration wave 

functions occur, whereas at lower velocities the effect of configu¬ 

ration interaction between different singl’e-configuration molecular 

orbitals becomes important and the collision is better represented 

by the adiabatic states. 

The restricted velocity range of Lichten's formulation doesn’t 

apply to the formulation of Smith which is applied in this thesis. 

In Smith's formulation a unitary transformation of the basis set to 

any molecular representation is possible so that the coupling in any 

particular energy range may be minimized. In particular it would be 

possible to start with any basis sufficient for the expansion of the 
l 

molecular wave functions; calculating the potential matrix U and 

momentum matrix P the full coupled equations can then be set up and 

transformed to any other representation. It might also be noted that 

if in the initial molecular representation the states don't separate 

to the proper separated-atom states, a constant unitary transforma- 

12 
tion which diagonalizes U (°°) will achieve this condition. 
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F. Potential curves for He^j U and PR matrices in the initial 

representation 

Our calculation of the collisions due to the -Y interaction 
^ g 

between helium [^He(ls2s,^S) or He(ls2pQ,^P)J and ground-state helium 

^He(ls2s,^S)J atoms used the two lowest 3 g states of the He^ 

molecule which were calculated ab initio by Browne using two- 

configuration trial wave functions with configuration interaction. 

A configuration is defined as a linear combination of products of 

atomic orbitals with spin factors assigned to the orbitals such that 

the combination is antisymmetric with respect to electron interchange. 

The eigenfunctions of the Hamiltonian are made•simultaneous eigen- 

functions of Lz, S , S^, O' ^ (the operator reflecting all electron 

coordinates through a plane containing the internuclear axis), and 

i (the operator inverting the electron coordinates through the center 

26 
of the molecule). The wave functions used in Browne’s program are 

27 
described as generalized valence bond functions, ( The trial wave 

3 \. -f- 22 
function used for the ^ T states was^ 

S 

¥(3Z*) = Cx^x (Is2, Is' 2s). + C2<£2 (IS
2
, IS' 2Pq) 

(11.65) 

where and $2 are eac^ linear combinations of Slater determinants, 

containing the indicated atomic orbitals, giving symmetry 3 2 +* In 
s 

addition to the two linear parameters, c^ and four nonlinear 

parameters were used for the four distinct atomic orbitals Is, Is , 

2s, and 2p^, In order for the two terms to have the required symmetry, 

each must be written as the sum of four Slater determinants: 
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<#>x = |lBa(l) 1TT2T 2i^3T ls^(4)J + |lsa(l) lsa(2) 2sb(3) lSjTCF| 

+ terms with a «-»b, (II.66a) 

and 

£2 = |isau) irrsT IB-(4)| + |isau> 2pob(3) njw| 

vhere a, b and 1, 2, 3t 4 index the nucleus center and electron 

coordinate respectively. 

Since, as will be discussed below, calculations on this system 

are proposed which require matrix elements not previously calculated 

by Browne, the explicit form of the Slater-type orbitals used will 

be given. The orbitals sure defined in spherical polsir coordinates 

centered on the nuclei sind having the z-axis parsillel to the inter- 

28 29 
nuclear axis as follows: ’ ^ 

+ terms with a«*b, (II.66b) 

exp(-Qtra.) ( 0aj, V.) (11.67) 

where 

j is the electron index, 

a is the nucleus origin, 

rftj is the distsmce from nucleus a to electron j, 

N^, L^, are the quantum numbers for orbital t, 

Qt Is the orbital exponent ("nonlinear parameter"), 

is a normalization constant, and 

is the normalized spherical harmonic. 
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Browne's program solves the secular equation 

2 

2 
3=1 

«3(H13- Ai3E) = 0 

where = <&i I He I 4>j> ' 

(11.68) 

(11.69) 

at various values of R to get the roots E^(.R) and E2(R) which are the 

adiabatic potentials. The orbital exponents are then varied at each 

value of R to minimize either E^(R) or E^CR); in the present case 

E1(R) was minimized. Since the orbital exponents were optimized 

with respect to the first root, the lower adiabatic curve is expected 

to be the more accurate. 

In our collision problem, it is more convenient to use the 

and (with optimized orbital exponents) rather than the and 

^2* determined by the solution of the secular equation, for the 

following reason. Recall that setting up the full coupled equations 

(neglecting singular coupling) requires the potentisil matrix U and 

the radial momentum matrix Pg. The matrix U csin easily be calculated 

from H. Obtaining the matrix Pg however requires evaluation of the 

matrix element 

ij = K1
 I i 2R I 0* * 

(11.70) 

Now the adiabatic wave functions of the form 

^ = c1(R)<jf>1 (R, ?) •+ C2(R)<£2 (R, r) (II.7L) 

contain strong R .dependence in the coefficients as well as the usually 

weak R dependence of the orbital exponents which occurs in and 

<^>_. In the case of the ^ 2 + states of He_, the R dependence of the 
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coefficients is especially strong near the real or avoided crossing. 

The R dependence of the orbital exponents ("nonlinear parameters") 

is quite small (less them. 6%) for the exponents of the orbitals Is 

t 
and Is , but may make a detectable contribution to the momentum 

coupling in the case of- the 2s and 2pQ orbitals (34% and 39% maxi¬ 

mum deviation, respectively, from their values at large internuclear 

separations). The momentum coupling is most important in the region 

near the crossing (or adiabatic avoided crossing), which occurs at 

about R = 3.1 aQ. The total variation of the orbital exponents in 

the region from R = 3*5 a to R = 2.5 a is .9%» »9%» 16%, and 33% 
o o 

for Is, Is , 2s, and 2pQ, respectively. Each of the four orbital 

exponents is shown as a function of R in Fig. (1). As of this time, 

the contribution of the R dependence of the orbital exponents in 

<j)^ and <f)g to 4as been neglected. Plans are to eliminate this 

approximation by either actually calculating the matrix elements 

Pij = C^i I I 1 ^ , i = 1, 2; j = 1, 2 (11.72) 

or by making an alternative calculation as outlined later in this 

section. 

It is important to notice that the formalism of Sec. (II.A) 

and Sec. (II.B) does not automatically apply to the basis set 

consisting of and since and are not orthonormal. The 

wave functions and <j)^ must be orthonormalized and their matrix 

elements in U and correspondingly altered before they can be used 

in the coupled equations. In terms of the overlap matrix, 

Aij - <SM 4>i> (11.73) 



Fig. 1. Optimized parameters of the orbital 

exponents as a function of internuclear 

separation. 
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arthonormalized wave functions are 

• *1 = ®l ^1* 

X2 = ^^2 " ^^1^* 

where 

■ A 

and 

0- 

11 * 

( A ^ ■ 

Aj2 

An' 

l12 
->*. 

(11.74a) 

(11.74b) 

(II.75a) 

(II.75b) 

•11 

(II.75c) 

AlV A22» and A^ which were calculated by Browne's program are 

shown as a function of R in Fig. (2a). The orthonormalization process 

can be written as a matrix transformation of the basis, 

X. = A (11.76) 

where 

and 

A = 
*1 C 

a2/. (II.77) 

A depends only on R; the quantities a^, a2, and a2j8 are shown ast a 

function of R in Fig. (2b). This orthonormalization transformation 

should not be confused with the representation transformation 

discussed in Sec. (II.B); in particular it is' not a similarity 

transformation 



Fig. 2. (a) Overlap matrix elements of the 

nonorthonormalized valence bond wave func¬ 

tions, given by Eqs. (11.66 a, b), as a 

function of internuclear separation; 

(b) Elements of the orthonormalization 

transformation matrix, 
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Now we need the matrices H and P^ (Note: - <MHel 3> ; 

U is obtained from H simply by adding the nuclear potential term and 

adjusting the zero level) for the orthonormal basis set in terms of 

NO NO 
the matrices H and Pg for the nonorthogonal basis which we suppose 

have already been calculated (the integration to form matrix elements 

Is implicit in the notation below): 

H = X He XT 

= i) He (A j£)
T 

= A (i_Ee iT) AT 

. Aff 

and 

n v nu -vT 
- APR X 

- p“iT A
1 

= A pjjU £T) A1 + A p“U A1 

= A P™AT - A^C^A1). 

Hence, explicitly, the matrices in the orthonormalized basis are: 
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and 

\ °\ /C c 

-a^aj ^ 

*1 

0 

_dfi 

(11.79) 

where PR is given by Eq. (11,72). 

30 
Evans has carried out the numerical orthonormalization procedure 

for H. So far, both terms in Pg as given by Eq. (11.79) have been 

neglected. The first term, which results from the R dependence of 

the orbital exponents, has already been discussed. The second term, 

which results from the orthonormalization transformation, will be 

trivial to calculate. As can be seen from Fig. (2), its contribution 

to the elastic cross sections is also expected to be relatively minor. 

Clearly the neglect of Pg in the basis set _X is equivalent to the 

assumption that this basis is the exact diabatic (Smith’s definition) 

basis. The neglect of the momentum coupling tends to be justified 

by the large interaction potential in this basis. This large 

interaction potential causes the adiabatic potential curves to be 

widely split with the result that the transition cross section is 

small. This means that the neglected Pg is not expected to have 

much affect on the elastic cross sections. 

Another method for evaluation of Pg would be to evaluate it 

directly 
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* 
i dR 

(11.80) 

The disadvantage of this direct evaluation is that X^ and Xg 

contain R dependence in both their linear and nonlinear parameters 

(although not nearly as much R dependence as contained in the adia¬ 

batic basis functions ^ • There exists a possible 

alternative to actually differentiating the basis functions X^ to 

obtain P„. This alternative calls for the evaluation of the force 

. . 12 
matrix 

-<*l V (/'r)-1 J> 

/ * 3^ . v 

-<*1-^—i o 

(II.81) 

ZAZB 

R 

2 
e 

in an orthonormal basis; here 

V (R, r) = V ‘ (R, t) + 

Rj can then be evaluated by using the commutation relation 

(11.82) 

A comment which applies to any of the three possible methods given 

for evaluation of Pg in the real orthonormal basis _X is that 
theoretically the matrix Pg in such a basis is antisymmetric (which 

implies that the diagonal elements vanish) as proved in Sec. (II.D). 

This result may serve as a check on the accuracy of the Pg calculated. 

In terms of the electronic energy matrix H, the approximate 

diabatic potentials are (in atomic units) 
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Du (E> = Hn (R) + 4/R - ^ (~.), (11.83a) 

B22 (s) = E^2 (R) + 4/R - E±1 (oo), (11.83b) 

and 

' . U12 (R) = Hi2 (R). (II.83c) 

These potentials are shown in Fig. (3). It is convenient for some 

discussions (e.g.asymptotic boundary matching) to redefine the 

diagonal elements of the potential matrix U such that they are zero 

at infinity; these modified potentials will be represented by V, 

V.. (R) = U.. (R) - U.. (oo). 
ii xx xx 

(11.84) 

When considering transformations of the representation basis, however, 

it is the matrix U, whose diagonal elements have the correct energy 

separation at infinity, which must be used. 

The asymptotic energy separation of the two ^ 2 g n10!®011!®1, states 

3 
is the same as the separation of the helium atomic states He(ls2s, S) 

and He(ls2p ,^P), 

U22 (<*) - Uu (°°) •04l8 a.u. 

The curves shown in Fig. (3) are numerical fits (see Sec. (III.A) ) 

to the points calculated from Browne's matrix elements by the 

orthonormalization process. It should be noted that the crossing 

occurs at R = 3»H aQ and energy *076 a.u. It may also be noted 

that the diabatic potential (R) has a relative maximum at 

R = 3»8 a , and a minimum atR=2.2a. The wave functions and 
o’ o 

potential curves go asymptotically to the separated-atom states 

He(ls^,1S) + He(ls2s,5S) and He(Is2,1S) + He(ls2pQ,
3P). The 

wave functions at R = 0, however, do not go to unique united-atom 



Fig. 3* Approximate diabatic potential curves, 

(R) and (R), for the 5 £ * (ls2s,3S) and 

^ 2 g (ls2po,^P) states of He2, respectively, 

and the potential interaction, U^i between 

these diabatic states 



2 6 
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states. These states could be determined using the technique outlined 

26 
by Greenawalt. In the calculations described in this thesis, know- 

ledge of the wave functions and potentials at very small values of R 

is not required; moreover, the potentials are dominated by the 4/R 

term at small R values. 

The corresponding adiabatic curves (computed by diagonalizing the 

diabatic potential matrix as described in Sec. (II.D) are shown in 

Fig. (4). For comparison purposes the potential curve calculated and 

adjusted by Greenawalt^ for the lowest ^ 2 + state of the helium 
£ 

molecule using a five-configuration wave function is also shown. 

It may be noted that it would be possible tut more difficult to use 

wave functions with more than two configurations (say five) in a 

two-state collision calculation. The wave functions of the two states 

could not be taken as just two of the single-configuration terms 

selected from the five as was done above since the energy is minimized 

with respect to all five configurations at once and these configu¬ 

rations are not orthogonal. Instead the two adiabatic wave functions 

corresponding to the two lowest adiabatic potential curves and each 

consisting of a linear combination of five terms would have to be 
l 

used; then the momentum matrix elements would have to be evaluated. 

These considerations would also apply if only two-term wave functions 

were used, but the orbital exponents were separately optimized with 

respect to each of the roots of the secular equation. 



Fig. 4. Adiabatic potential curves, (E) 

and U^2 (R)» corresponding to the diabatic 

potential curves shown in Fig. 3* For 

comparison, the five-configuration wave 

function for the lower 3 Y + state (calcu- 
g 

lated by Greenawalt), which the variational 

principle guarantees will lie lower than the 

two-configuration wave function, is shown. 

Also shown is the potential curve for the 

3ng state of He2 (calculated by Watson) 

which can interact with the 3 V + states 
g 

through angular momentum coupling. The 

3n potential curve crosses the lower 

3 2 + potential curve and is degenerate with s 
the upper 3 2 + potential curve at infinite 

internuclear separation. 



8 
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Q. Angular dependence 

Recall that the angular dependent terms in the coupled equations 

are given by Eqs. (11.26) - (11.29) as 

1 

ZfJL R2 

£ + 

1 
TL

2 
cot2© - 

2fi cos © T a 

2JJL R2 
[-Z i 

sin2© 
ii -z a$ 

X II - L Q - 
— + i + L _ £_ » 

♦ 1* cTe>- (lib-5 [i ! if - ~*S.] • 

First consider the contribution to the coupled equations including 

only the two states ^ 2 g [(ls2t^S) + (ls2s,^S)J and ^2 g £(ls2,^S) 

+ (ls2pQ,^P)] • For two 2 states = 0, and for any case where the 

two states have the same molecular symmetry the matrix elements of 

L+ and L_ vanish. This leaves only the terms 

As mentioned previously, since and 1^ are nondiagonal, and 

2 
L will be diagonal in a two-state problem; hence there is no y 
angular coupling. 

That the diagonal contributions are quite negligible is also 

easy to see. Neglecting the fact that the nuclei are indistin¬ 

guishable, the molecular wave function goes to a product of atomic 

wave functions. In the two-center coordinate system 

— 2 V ST 2 T 2 — 2 \ /* 2 _ 2 .2 V 
It —^ (L + I* + L ) + (L + Ii + Ii ) 

x y z x, y, z, 
a *a a D *b b 

2 (L. _ + L Ii +L L ); 
X *b ya yb Za Zb 
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2 
so the expectation value of L with respect to the product of the two 

atomic states is2^ 

<L2> = [L (L + 1) + L, (L, +1) + 2 M M J *2 (11.85) 
DO a DJ 

where the quantization axis is the internuclear axis. Now consider 

the two 2 states in our-two-state interaction.. For the 2 state 

which goes to two atomic S states, ^J
2^ = 0. For the 2 state which 

goes to atomic S and P states, <^L2^ —> 2 ”fi2. As was pointed out in 

Sec. (II.B), this term just substracts from the centrifugal barrier, 

but since 

H l + 1) »2 

for partial waves which contribute significantly to the total cross 

section, it is negligible. 

Now in the physical problem of the collision of the two atoms, 

■Z *2 2 1 
He(ls2s, S) or He(ls2p , P) with ground state He(ls , S), there is 

3
 Y 

+ 

be taken into consideration. That is the molecular state of He 

j > *4* 
another molecular state other than the two v V states which should 

6g 

with symmetry 3 which also arises from, the atomic states He(ls2p ,3P) 
g - c 

+ He(ls , S) and hence is degenerate with the upper 2 state at 

31-33 ^ 
infinite internuclear separation. The potential curve for this 

state,^ along with the adiabatic potential curves of the 32 + 
& 

states, is shown in Fig. (4). There is no potential coupling between 

states of differing molecular symmetry so the state only inter- 
g 

3 _ + 
acts with the ^ state through angular momentum coupling. If it 

g 

is assumed that the electronic wave function of the 3 TT state is lLS 

orthogonal to the wave functions of each of the two 2 states, then 

since these wave functions are eigenfunctions of Lz, the matrix 

3 v + 



elements of L between the II and a 2 state vanish. Also since 

+ L = (L + i L ) (L - i L ) = L 
-y -y -x ±u » 

this matrix element makes no contribution. Only the coupling terms 

2/i 

[-+2+ * £_ sj 

are left. L and L couple electronic states which have the same 

molecular symmetry except for their quantum numbers A which differ 

by unity 6uch as 2 and II states. Similarly Q couple the corres- 

n n ” 
ponding rotational functions. 

It is observed from Fig. (4) that the ^ H state is degenerate s 
with the upper ^ 2 * state at infinity and crosses the lower ^ 2 g 

state at about R = 3*3 aQ which is just outside the avoided crossing 

of the two ^ 2g states at R = 3*1 aQ. Because of the l/R^ depen¬ 

dence of the angular coupling term, this coupling is negligible at 

large values of R where the ^U and ^ 2+ states approach degen- 

eracy, so the main concern is the coupling near the point where the 

lower ^ 2 + the ^ ij state cross. At 10 eV, for example, the 

region R»3»3 aQ is important to the scattering cross sections for 

partial waves below about 200 which constitute roughly 2C$ of the 

total elastic cross sections. It is seen that the difference of the 

slopes of the two curves is not too large at the crossing (it is 

smaller than in the case of the two + diabatic potentials) so 
8 

the coupling could extend over a significant region if the size of 

the interaction is significant. Evaluation of the magnitude of 

the coupling terms would require calculating the matrix elements of 
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L with respect to the II and lower 2 states. It may be noted, as 

mentioned in Sec. (II.B), that the angular derivatives of the heavy- 

particle wave function can be identified semi-classically with the 

nuclear angular* momentum, e.g. 

- i * -jg- /i.v (oo) b. 

That is the angular coupling increases with velocity. The calculations 

performed for this thesis however were made at relatively low energies 

so the neglected contribution from singular momentum coupling is 

not expected to be layge. 
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H« Partial wave analysis 

34 35 
The partial wave expansion * takes advantage of the fact that 

the rotational angular momentum is either an approximate or exact con¬ 

stant of the motion, depending on whether or.not terms containing 

angular derivatives remain in the coupled equations after the partial 

wave analysis has been performed. The n8> component of the n’tt solution 

to the general coupled differential equations, Eq. (11,37)» can be 

expanded in terms of spherical harmonics, 

F 
nn i 

(H) 2 
f'm‘ 

ynn' w (e, f) (XX.86) 

Neglecting the angular dependent terms in , the coupled equations 

in matrix form sire (in atomic units) 

R 

2 2 
+ 2/1(1 E-U(R) ) - PJ(R) + i(§PR + 

+ 2
^

(R)
 IT

5
] 

R —R dR 

0. (11.87) 

Since U(R) sind PR(R) are spherically symmetric, the heavy-particle 

wave function (R) will be independent of $ (Note: the Z axis is 

along the direction of incidence) so that Fnn,(R) may be expsinded in 

Legendre polynomials 

'nn- (S) * 5 ^ «<t yj’, (E) P{, (cos ©). 

Using this expsinsion of Fnn, (R) sind the recursion relations 

Legendre polynomials, the well-known results aire obtained: 

^-Fnn»^ " R f ajd l'( + l) 
ynn'(R)j 

.dR2 R2 J 

3F ,(R) 
nn' 

dR = H f V 
y^ ,(R) dy* ,(R) 
•'nn* ^nn' 

.f' 

R dR 
P . (cos 
e 

(11.88) 

for the 

P^. (cos©), 

& ). 
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Substituting these forms in Eq. (II.87) yields 

* ft1? * - 4 
+ i(-gj- + 2 Pg )J (c°s © ) = 0 . 

Multiplying by ^ (cos' ©), integrating over ©, and using the 

orthogonality of the Legendre polynomials, the angular dependence is 

separated and the matrix equation becomes 

+ 2/l(l E - U) - 1 ^2
+ 1) - p| 

H 

dPp 
ti(di- +^E 3R>] * °V <n-89) 

Note: Eq. (II.87) could have been written so that it always held 

exactly when only 2 states are involved (see comments in Sec. (II.6) by 

2 2 
including the term P (R) + P (R); since this term .doesn't involve 

y 

the angles & or <§ explicitly, the separation of the angular part of 

the partial differential equation would still go through exactly as 

above. Also note that if terms depending on © but not $ were 

retained in Eq. (11^87), expansion in Legendre polynomials would still 

be possible, but equations for different partial waves would be 

coupled. 

The coupled equations, Eq. (II.58), for the two-state scattering 

problem as a result of the partial wave analysis become (in atomic 

units) 



6l 

JS.Lt,?:). . (P +. da )2| / 
b2 dR ; I yln !1 

* [" (dT + 1 - 2(po + If ) I) * 2/Xni2 ] *L 

- 

and 

(II.90a) 

[J + 2M(E - B22) - -"2--'-1 ' <P0 
+ f- >2 1 / >2] 

2n 

■f 
,dpo a2a 
(dT + “X dR 

) + 2 (p^ + ) ^ + 2^. U^J 

(II.90b) 

o dH dR ' ‘T*’ “12 | Jln 

where the orthogonal transformation matrix C(R) is given by Eq. (II.51), 

the momentum matrix in the initial representation in terms of PQ(H) 

is given by Eq. (II.47)* and the elements of the transformed potential 

» 
matrix TJ are given by Eqs. (11.5*0. 
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I* Differential and total cross sections 

The N x N matrix second-order differential equation, Eq. (II«89), 

has in general 2N (N = total number of states or channels) linearly 

independent column matrix (vector) solutions; the requirement that 

vanish at R = 0 (so F^,(R) will be regular at the origin) 

eliminates half of these. Each of these solutions ^,(R) will be a 

column in an N x N matrix ^ (R) defined such that the n'& column is 

i 
the solution for the system initially being in state n • In the limit 

of large R, Eq. (II.89) becomes 

n * + PI 
B2 J 0 

where 

k2 = 2/KI-V-) >i 

the general solution of this equation, in terms of Bessel functions 

of the first and second kind, is 

*1-(E> " E [Ai- \ <V> + BL< n, <kn E>] * 
The asymptotic form can be written in terms of the scattering matrix as 

~ Snn- I'1 (kn'E ‘ 

- (kn,/kn)^ (n, n') exp [i(kflR - P7T/2)J . (II.91) 

In order to get the scattering amplitudes, this form must be compared 

to the components of the physical asymptotic scattering wave function 

1 
when the initial state is n , 

F 
nn i nn' 

(0) 
eiknR 

R R -»<*» 
(11.92) 
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Inserting the boundary matching asymptotic form for y^, (R) given by 

Eq. (n.91) into Eq. (II.88), the mathematical asymptotic form of 

(R) is obtained. This mathematical asymptotic form is then set 

equal to the physical asymptotic form of Fnnt(R) given by Eq. (11.92). 

Expanding the plane wave in terms of Legendre polynomials and comparing 

ikR 
coefficients separately for the two linearly independent terms, e 

—ikR 
and e f yields the scattering amplitude 

f
m. ( e > -    c 2 (2^ + 1) T (n, n ) P (cos © ), 

2(k k ,J l ' * ,T_ __x n n' x . . . (11.93) 

where (n,n ) is an element of the transition matrix defined by 

T (n,n') = 8^, - $n (n,n'). (11.94) 

The differential cross section for the n n transition is given by 

d Q~(n,n ) 
dll r: IWM* 

= —§“ 12 (2^ + 1) T (n,n ) P (cos ® )l 2 

4k , 1 i * ■ i 1 . _ 
(11.95) 

1 
and the total cross section for the n -» n transition, obtained by 

integrating over solid angle, is 

CT(n,n') = 2 (2i>+l) |T (n,n')| 2. (11.96) 
P I £ I 

The partial cross section is defined as 

IT CT(n,n ) = _ 
* lr2 

(2 i + 1) | T (n,n')| 2. (11.97) 

In the numerical solution of the coupled equations, it is convenient, 

to work with real functions, in which case the asymptotic form of the 

radial functions is^ 
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R 
Sjm, st“ <kn. 

E - i'7r/2) 

+ (k ,/k )** R (n,n') cos (k R - i7 77/2). 
a1 a 9 a 

(n.98) 

Requiring that this asymptotic form be the same as the asymptotic form 

of Eq. (il.91) to within a constant factor gives the relation between 

S and R, 

1 + iB 
S = (1 + B2)”1 [(1 “ E2) + 2 i R] . (11.99) 

37 

k2 cr(n,n') = k2 CT(n .,n)< 
af a 

1-3^ 

The S matrix can be shown to be unitary and symmetric•* 

Unitarity. ensures conservation of particle flux, Z> J S(n,n ) j =1. 
'S 

The symmetry of the S matrix is a result of invariance under time 

reversal. From the symmetry of the S matrix follows the principle of 

detailed balancing which relates the cross section for an inelastic 

process to that for.the inverse process: 

(II.100) 

The R matrix is real and symmetric. It may be noted that when the S 

matrix is derived from an approximate R matrix using Eq. (11.99)i 

the resulting S matrix will always be unitary and hence consistent 

5 
with the conservation of particles. 

It should be noted that in the collision problem solved for this 

thesis involving the 2* states of Heg, all the summations over 

partial waves should just include even values of $ . In the results 

given later, the total cross sections are renormalized (multiplied) 

by a factor of two) so that the total cross sections given correspond 

to unit-amplitude flux being incident in even partial waves. This 
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renormalized cross section will be essentially the same result as 

would be obtained by including the odd partial waves if the variation 

of the partial cross sections with 1 is not too large. The partial 

cross sections themselves are not renormalized, however, so the par¬ 

tial cross sections correspond to a true unit-amplitude total flux. 

The reason only even partial waves contribute is as follows. The 

k 
He nucleus has total spin zero and hence is a boson so the total 

wave function must be symmetric with respect to interchange of the 

two helium nuclei in ^2* The total wave function in the center of 

mass system, excluding the spin functions since S = 0, is written as 

a stun of products of nuclear and electronic wave functions of the type 

¥ = Fk(R) Xk (R,?) 

Now the electronic function Xi_ has symmetry ^ 2+ 50 doesn't 
R g 

change sign when the nuclei aire interchanged (Note: it is easy to 

show that the effect on X °f interchanging the two nuclei depends 
k 

on the product of the g, u symmetry with the +, - symmetry; i.e., the 

combinations (g, +) and (u, -) result in no change of sign while 

the combinations (g, -) and (u, +) chainge the sign under interchange 

of the two nuclei). Next consider the nuclear wave function, Fk» 

Fk is expanded in partial waves 

F. (R) = E A. (2i + 1) y/ (R) P (R • k) 

Under the interchange of the two nuclei R 

(R • k) 

- R so 

J 
(-R • k) = (-1) (R • k) 

so the even partial wave nuclear functions are symmetric and the odd 

partial wave nuclear functions are antisymmetric under interchange 
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of the two nuclei. The net result is that only even partial waves 

appear in the above expansion since the total wave function must 

be symmetric. 



III. NUMERICAL PROCEDURE 
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A. Numerical fits of potentials 

Approximate numerical fits of the electronic potentials (i.e* 

not including the nuclear repulsion term 4/R) associated with the two 

3 rn + 
lowest 2. states of He_, and of the interaction between these two 

S c. 

states' in the approximate diabatic representation were made. The 

potential and momentum matrix elements in other representations were 

calculated by transforming from this representation so no further 

approximation due to numerical curve fitting was involved. The numer¬ 

ical fits were obtained by the method of least squares with constraints 

using exponentials as basis functions and optimizing the fit with 

respect to the linear coefficients only. The fits obtained were of 

the form 

_elec (p _ c e“
,lR + c e“*^

R + c e”’^R 
U11 or 22 or 12 '‘R'b; " cie + c2e + °3 

-R -1.5R -2R -2.5R -3R -3.5R, -4R 
+ c^e + c^e +c6e +cye +c8e +cye +cine * '10 

-elec -.9R -1.4R -1.9R -2.4R^ -2.9R 
U11 or 22 (R>6) = cle + c2e + c3e + c4e +cf » 

_ tc -.7R -R -1.5R -2E- -2.5R 
U^?(6<R £11) = c^e + c-p + c_e +c^e + c^e , 

U12(R>11) = c3e-*^> 

-3.5CR-11) ^ „ -4(R-ll) 
5e 

+ c^e + c,.e 

The coefficients acre given in Table 1. The function and its first and 

second derivatives were, in each case, exactly or partially constrained 

to be continuous at each point where .the numerical fit was changed. 



Table 1 

uii 

R — 6 R>6 

U22 

R—6 R>6 

U12 

R — 6 6<R^11 R>11 

C1 -1.0637 1.5785 -1.2217 1.8802 -.02856 .07391 35.960 

C2 -.0853 .0214 1.6796 5.6824 .30581 2.5213 -132.40 

C3 -1.1879 -135.49 -15.222 1676.9 -2.1329 170.75 317.15 

c4 -17.925 4377.1 81.388 -55155. 16.745 -5488.1 -328.38 

C5 147.91 -56213. -466.44 471330. -92.085 44942. 116.24 

c6 -675.95 1577.3 308.10 

c7 1707.1 -3130.5 -598.70 

c8 -2339.2 3585.6 671.03 

c9 1624.5 -2i88.5 -402.59 

o
 

H
 

O
 -447.5 550.0 100.02 
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B. Solutions of the coupled equations 

Numerous quantum mechanical problems are conveniently formulated 

in terms of coupled differential equations, e.g. electronic structure 

of atoms and molecules, molecular vibrations, and scattering of 

38 molecules, electrons, or nuclei. The coupled second-order differ¬ 

ential equations, Eq. (II. 89), to be solved are of the general type 

jr* ' (R) + A(R)£ (R) + B(R) £(R) = 0 (III.1) 

where 

y^R) "A11(R) A^R) ... A1N(R) 

y2(R) A2i(R) App(R) 

II 

>4 • 

• 

, A(R) = • 
• 

yN(R) VE) 

B(R) = 

B^CR) B12(R) ... BJJJCH)" 

B2l(R) B^CR) 

IVB) J 
and the primes indicate differentiation with respect to the independent 

variable R. In our case the diagonal elements of A(R) are zero as a 

result of the expansion in Eq. (11.88). In the diabatic represen¬ 

tation, in which the momentum matrix vanishes, the entire matrix 

A(R) in Eq. (III.l) is zero and all coupling is contained in the off- 

diagonal components of B(R), so the coupled equations to be solved 

reduce to 
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3r”(E) + B(R) 2;(R) = o . 

Severed, numerical methods have been developed for solving this type 

of second-order equation in which the first-derivative term is 

39 40 
missing. * A number of such methods, in particular the Numerov 

36 
method, have been successfully applied to scattering problems. 

One of the objects of the present investigation, however, is to 

solve the atom-atom scattering problem in a representation in which 

the coupling is small. The diabatic representation will not be such 

a representation in general; hence if the resulting coupled second- 

order differential equations are to be solved in full and transition 

cross sections calculated, the numerical method must be able to handle 

the first-derivative term in Eq. (III.l) which results from the 

momentum matrix. The numerical solution of a second-order ordinary 

differential equation including the first-derivative term is much more 

difficult than the solution of such an equation with .the first- 

derivative term missing, and fewer methods have been developed by 

numerical analysts for dealing with the problem. Of course, a 

differential equation of any order can always be replaced by an 

equivalent system of first-order equations. In the present case, 

the two coupled second-order differential equations could be written 

as a system of four coupled first-order equations. However, the 

analysis can be expected to be more direct, and computer solutions 

more accurate and less time-consuming if a numerical method is used 

which is specially designed for the type equations to which it is 

applied. 

No example of the solution of a scattering-type problem 

formulated in terms of second-order differential equations retaining 
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the first-derivative coupling term was found in physics literature, so 

the search was continued in the literature on numerical analysis. 

Numerical methods for solving this type equation were not found to be 

abundant; two essentially different methods were found: (1) step-by- 

step methods using predictor and corrector formulas, and (2) deferred 

correction methods. In ordinary step-by-step methods the value of 

the solution is computed iteratively at each pivotal point until the 

change due to an additional iteration is sufficiently small; the 

work involved in each step may be considerable. In some of these 

methods, it is necessary to estimate some high-order difference which 

must be checked at a later stage so the iterative process may be 

difficult to program; also it is sometimes necessary to use a 

special starting routine to obtain the solution at the first few 

points. 

The more recently developed method of deferred correction, 

k2 
originally due to Fox and Goodwin, offers a simple and powerful 

alternative to the step-by-step methods, and was selected as the 

method to use in the present work. As far as is known, this method 

has not been previously used in the solution of differential equations 

associated with any physical problem related to the present problem. 

Unlike predictor-corrector methods, which generally use finite- 

difference formulas properly classed as integration formulas, 

deferred-correction methods sire based on finite-difference differ¬ 

entiation formulas. Only the function and its differences, but not 

its derivatives, need be csilculated. This is convenient since the 

derivatives are not required in the present problem. The deferred 
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correction or "Fox-Goodwin" method also requires no estimation. A 

special starting procedure is not necessary if the initial conditions 

are given as the values of the solution at two (in the case of a 

second-order equation) different points; if the initial conditions 

are the value of the solution and its first derivative, the starting 

procedure need only calculate the solution at one additional point. 

In this method an approximate solution is first derived over the 

whole range and then the accuracy is improved in one or more steps. 

One reason for the selection of the Fox-Goodwin method is that it is 

especially applicable to linear equations, which the Schroedinger 

equation is of course, on account of the resulting algebraic simpli¬ 

city (Note: the method can be extended to nonlinear differential 

43 
equations, but leads to sets of nonlinear algebraic equations O. 

The Fox-Goodwin algorithm is derived for the case of a single 

linear second-order differential equation with first-derivative term 

39 4 2 44 
in several references'^* ’ and is repeated here. Basically the 

idea of the Fox-Goodwin method is to replace the derivatives 

in the differential equation by their formal expressions in terms 

of finite difference relations, truncated to suitable order, 
1 

and to solve the resulting difference equation. Terms in the finite 

difference expressions of higher order than the order of the differ¬ 

ential. equation itself are included in a correction term. The 

extension of the analysis to a coupled system of such equations is 

simple as will be shown. 

Assume we have the single linear second-order differential 

equation 

y (x) + A (x) y (x) + B (x) y(x) = Q (x) (III.2) 
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where x and y are the independent and dependent variables respectively. 

The inhomogeneous term has been included for the sake of generality 

since it doesn't make the derivation any more difficult. The step 

size, which is the length of the interval between pivotal values, will 

be represented by h. The Fox-Goodwin procedure calls for the 

t 11 
derivatives y and y to-be written in terms of finite difference 

relations. It may be helpful to first summarize the three elementary 

44 
types of difference operators: 

(1) the forward difference operator 

Af = f , - f , ■ 

(2) the backward difference operator 

Vf = f - f T , n n n-1 * 

and (3) the central difference operator 

^ fn = fn+# “ fn-# ’ 

where the shorthand notation 

f = f(x ); f . = f(x + h), etc. n n ’ n+1 n 1 

is used. Higher order differences, in the case A for example, are 

A2 f
n =A(Afn> =Afn+1-Afn = f„2 - 2 fn+1 - V 

and in general Ar fQ = Ar“^~ f^^ - A1***'1' fQ. Differentiation 

formulas expressed in terms of central differences are simpler and 

have better convergence properties than formulas expressed in terras 

of forward or backward difference relations. The obvious difficulty 

with central differences, however, is that only even-order central 

differences lie on the same level as the pivotal values. This 

difficulty can be dispensed with by agreeing to use the mean operator 



75 

fJL , defined by 

A fn = 2 (fn-# + fn+J^’ 

whenever necessary. In terms of central differences the differential 

operator D is given formally by 

K§3 2>S5 

51 + 51 
22 - 32 M87 
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+ 

Using this and the identity 

fx2 = i + 8?/4, 

one can obtain D2, D^t etc. 

In particular the first and second derivatives -are 

hy (n) = i (y(n + 1) - y(n - 1) ) - ^ /i 8\(n) + ^/lS^y(n) 

■pto A^7y(n) +.-••• . (III.3) 

h2y (n) = y(n + 1) - 2y(n) + y(n - 1) - ^ 8*V(n) 

+ ^ 8 6y(n) - ... , (III.4) 

where /lSy(n) and S2y(n) have been written out in the formulas for 

y (n) and y (n) respectively. Substituting these terms in Eq. (III.2) 

gives, after separating out the finite differences of higher than 

second order and collecting the terms in y(n+l), y(n), and y(n-l), 

(1 + | h A(n) ) y(n+l) - (2 - h2 B(n) )y(n) + (1 - |h A (n) ) y(n-l) 

+ Cy(n) = h2 Q (n), (III.5a) 

where 

Cy(n) = (--^=, 8^ y(a) + ^ 8^ y(n) - ...) 

+ h A(n) (- £ /l 8^ y(n) + ^ fJL 8 ^ y(n) - ...), (III.5b) 
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and the notation 

y(n) = y(xQ), A(n) = A (Xq), etc. 

has been used. Eqs. (III.5a,b) form the Fox-Goodwin algorithm which 

is applied as follows. First Cy(n) in Eq. (III.5a) is neglected, 

leaving a simple recurrence relation for y(n+l) in terms of y(n) and 

y(n-l). Starting with two initial values of y separated by the inter¬ 

val h, an approximate solution, y^^, may be found by repeated 

application of Eq. (III.5a) with Cy(n) neglected. Having computed 

this approximate solution over some range of x values, numerical 

values of the C y^^(n) are calculated. Though these values of 

C y^^(n) are approximate since they are obtained from an approxi¬ 

mate solution, when the recurrence relation, Eq. (III.5a), is 

reapplied in the same range as before an improved solution, y^\ 

is obtained. The first improved solution can again be differenced 

and the improved approximation C y^(n) formed and used in the 

calculation of a further improved solution. Convergence is rapid, 

4o 
usually obtained within three cycles. 

In the present application differences through the sixth 

order were retained in the expression, Eq. (III.5b), for the CQrrec- 
1 

tion term 0 y(n). It must be taken into account that the calculation 

of differences requires neighboring values of the function as well as 

the value at the point where the difference is calculated. In the 

present case, this means that in order to obtain a good value of 

86 y(n), the value of the solution at points n-3, n-2, ..., n+2, 

n+3 should be as good as y(n) since they are also involved in the 

formula for 86y(n) . This fact only creates a difficulty in the 
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deferred-correction method at the first few and last few points in the 

range where the recursion relation is being used. One way of obtaining 

values of the solution at points before the two initial value points is 

to use the recursion relations, Eqs. (III.5a,b), backward by replacing 

h by -h. This was done- and proved successful in trial problems, but 

was found unnecessary in the solution of the scattering equations as 

will be explained later. Now because of the large number of pivotal 

points (often on the order of 3000) involved in solving the scattering 

differential equations, it was not possible to defer the correction 

through the entire range of pivotal points used; the maximum number of 

pivotal, points associated with a single segment was limited to about 

500. Consider any one of these segments. After the first approxi¬ 

mation y^^(n) has been calculated, the last pivotal point at which 

§6y(0)Can calculated is the fourth point from the end of the 

segment; it is seen from Eqs. (III.5a,b) that this means y^^(n) 

can be calculated with all due accuracy only through the third point 

from the end. In general at the end of I iterations the last 21-2 

calculated values do not have all due precision. Similar consider¬ 

ations apply to the first few points in the segment, which is more 

serious, unless precautions are taken. This numerical dilemma was 

easily taken care of by carrying over a sufficient number of values 

calculated with all due accuracy from one segment to the next segment. 

The total number of values which must be carried over from the end of 

one segment to the next is determined by the number of iterations 

carried out in the just completed segment—in the case of four 

iterations, which was the maximum allowed by the program in most 

calculations, the number carried .over is ten. 
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The above considerations carry over to the case of a system of 

coupled second-order differential equations. The extension of the 

deferred-correction algorithm, given in the literature for a single 

equation, to a system of equations is simple. In fact, Eqs. (III.5a,b) 

can be reinterpreted as matrix equations so that the algorithm for 

the solution of the matrix differential equation 

l" + A l' + B £ = £ (III.6) 

is just 

(1 + |h A (n) ) £ (n + 1) - (2 - h2 B (n) ) £ (n) 

+ (l-|hA(n))jr(n-l) + C, Z (n) = h2£(n), (III.7a) 

where 

(✓£ (n) = ( - ~ 8^ jr (n) + — 8^ £ “ •••) 

+ h A (n) ( “ r £ (n) + — /l8^ y (n) -...)• 
0 (III.7b) 

This relation can also be worked out directly by considering the 

various components of the vector solution as distinct variables and 

substituting in the proper finite - difference relations for the 

various derivatives. 

It may be worthwhile to write out the two equations which are 

actually solved and the appropriate form of the algorithm. The 

equations are of the form 

it t i 

7X ^ 71 y-L = y2 + y2, (III.8a) 

iii i 

y2‘ + A2 y2 + B2 y2 + Q2 = C2 y1 + 
yi* (HI.8b) 

(A^, A2, Q^, and Q2 sure actually always zero in the partial wave 

equations.)' The algorithm, in terms of these coefficients, is 
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(l + ^ h A1(n) ) y1(n + 1) - ^ h (^(n) y2 (n + 1) 

= (2 - h2B^ (n) ) y1(n) - (1- j h A^n) ) y^^ (n -1) 

- h
2
 Q1 (n) + h^Cn) y2(n) - ^ h C1(n)y2 (n - 1) 

- C(y1(n), y2 (n) ) (III.9a) 

where 

Ccy^n), y2 (n) ) = ( 84 yx (n) + <^5 8 
6
 yx(n) ) 

+ h A^(n) (- ^ ftS^Cn) + ^ [JL S5 y-j^Cn) ) 

- h Cl(n) (- | ^y2(n) + ^ fl >• 

(III.9b) 

plus exactly similar equations in which the subscripts 1 and 2 are 

interchanged. This algorithm was written as a Fortran IV subroutine. 

Allowances for doubling or halving the solution were made. Halving 

the interval calls for an interpolation routine to calculate a few 

previous values of the solution at the smaller interval. This inter- 

45 
polation was performed using Bessel's interpolation formula 

which in the specie! case of half-way interpolation becomes 

l 

u04) = (i/2) (uQ + u^) - (1/16) ( S2UQ + S
2
!^) + (3/256) ( 8\) 

- (5/2048) ( 8
6
U0 + S

6
 U;L) + ... ; (III.10) 

terms through sixth order were retained. 

This integration routine was checked with various second-order 

differential equations for which analytic solutions could also be con¬ 

structed. Differential equations containing all possible terms, both 

coupled and uncoupled, were used in these tests. In all cases, 
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agreement between the numerical and analytic solutions was good. In 

particular the solution of the equation 

£C£^L) + k2j 
y (R) 0 

which has analytic solutions Rj(kR) and Rn(kR) where j and n are Bessel 

functions of the first and second kinds respectively, was obtained with 

2 
Jl = 20 and k = 800. The solution was started with the correct initial 

values at R = 2.00 and R = 2.01 and integrated to R = 16 with a step- 

size of .01. The solution maintained about three significant figures 

of accuracy. 

3y comparison to Eq. (11.90), it is seen that the coefficients 

in Eq. (III.8) become for the scattering problem 

*1 

B. 

C. 
1 

= 
A2 = 

0 

-X ,,/r TT * \ Jf (^ + 1) fll . da x2 = 2 /i.(E - u^) ^ - (P0 + dR ’ 

= 2(P0 
+ >• 

(III.11) 

- 2Ka + <-1>i < S
2 

■ 1, 2. 

,2 
+ d a ) 

2. * 
dR 

where i 
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C. Starting the solution 

As mentioned previously in the case of an arbitrary number of 

equations, two coupled second-order differential equations have four 

independent vector solutions, two of which are eliminated here by the 

requirement that the solutions be zero at the origin. That is, two 

of the four constants required to specify a given vector solution, 

are supplied by 

The other two can be specified by the derivative 0) or by the 

solution at some other point, y (h). Since there are two independent 

requirement we make is that the two solutions be linearly independent; 

this condition is mathematically satisfied if the initial solution 

vectors at the second point are linearly independent, or equivalently 

the corresponding matrix is nonsingular. One obvious possibility for 

the matrices, which turned out to be sufficient, is 

Mathematically this represents starting the solutions with arbitrarily 

steep derivatives, depending on h, but this is of no concern. In 

practice, however, it is not possible to start the numerical solution 

of equations of the type 

i = 1, 2. 

such solutions, they can be combined in a square matrix. The only 

» 

,2 
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d2y2 

dR2 4 - 
Hi +1) 

E 
~ ^22J y2 = ^2^yl^ 

(Note: V±i(E) = U^R) - (<*>) ) 

at or very close to the origin where the kinetic energy, 

2 2 
l£i-/(<f + l)/R - V±i, is v er.y large and negative (coupling 

terms are just indicated by some operators, 0^, here since their 

explicit form doesn't enter into the discussion). The reason for 

this is that the initially linearly independent solutions tend to 

become dependent as the solution is integrated through the nonclassical 

region. Both components grow exponentially in the region where the 

kinetic energy is negative, but the difficulty results from the fact 

that the component with the most negative kinetic energy (i.e. most 

forbidden classically) grows the fastest with the consequence that 

the two initially independent solution vectors eventually have the same 

large component which tends to swamp the smaller component. The 

large component swamps the small component in the sense that all the 

significant figures of the small component are contributed by the 

coupling of the large component—in effect meaning that the prior 

values of the small component no longer even influence its develop¬ 

ment. If the small components are swamped by the large components, 

then the two vector solutions become dependent and the proper asymp¬ 

totic solution can no longer be formed as a linear combination of 

them. In the classically allowed region, this unbalanced growth of 

the components doesn't occur to such a large extent since the compo¬ 

nents sire then mainly oscillating rather than exponentially 

increasing. 
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The loss of linear independence due to the integration through an 

extensive extremely nonclassical region is avoided by starting the 

integration of each component a sufficient distance inside its 

corresponding classical barrier, at R (i), i = 1, 2, but constraining 
s 

it to be zero at smaller values of R. The resort to a lower cutoff 

point for the integration actually corresponds to modifying the 

actual potential so that 

V.. (R) c® for R £ R (i). 
11 s 

The resulting cross sections obtained are independent of R , provided 
s 

R is in the appropriate range, as must be the case. Physically this 
s 

is justifiable by the fact that the probability of the particle pene¬ 

trating farther into the barrier than the cutoff point is negligible. 

Mathematically, it is justifiable by the fact that deep in the 

nonclassical region where - 8(4 + 1)/R - V„ is very negative, 

the nature of the solution is quite exponential and not oscillatory 

so the contribution to the phase shift is negligible. Incidentally, 

because the accuracy of the solution deep in the nonclassical region 

is not critical, it is not necessary to use the recursion relation 

backwards to calculate the value of the solution at points preceding 

the initial value points. 

Before determining the values of R (i), the positions R (i) of 
s o 

the corresponding classical turning points must be found, satisfying 

k2 _ ..1.). _ v (R (i)- ) = 0. (III.13) 
1 (R (i) )2 11 ° o 

There are two obvious ways in which the R (i) may be determined. 
s 

One way is to start the solutions a certain distance inside the 
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classical barriers, 

B (i) - R (i) = A R. 
o s 

* 3 _ + 30 
For the He + He , £ two-state calculation Evans has obtained 

8 

satisfactory results with values of AR from .5 to .6 aQ. Another 

way to determine R (i) is to start the integration at the point 

where the negative kinetic energy is some particular value determined 

by 

1SJ.+JJ. - V±i ( Rs(i) ) = - (A E)i, 

(Rs(i) y (III.15) 

4l 
Lester and Bernstein have used this criterion with 

( A E)± *=# 100 k^. 

Each of the above methods was used some in the present work but the 

principal method used is a compromise between the above two methods 

and seems to require less change, in the parameter for different 

energies and partial waves. The reasoning behind it is that, in a 

crude sense, the potential barrier in the nonclassical region is 

like a square wall potential barrier. Since the wave function dies 

as e“ IKARI a SqUare wall potential barrier it seems reason¬ 

able to start the solution where |KAR| is a certain value. By 

this analogy, the method selected determined R (i) by the condition 
s 

r2 . iU.il 
1 1
 (HS (i) r 

where q is a constant 

satisfactory. 

V,.,(R„ (i))l(R„ (i) - R(i))2= -q, 
xi s 

(III.16) 

A value of q of around 500 was found to be 
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D. Asymptotic boundary matching 

The relationships of the R, S, and T matrices and the cross sections 

to the asymptotic solution matrix and with each other were discussed in 

Sec. (II.I). Now in general the solution matrix £ computed numerically 

will not satisfy 

*mi,(E) 

R — 
8 . sin (k R - 2 TT/2) nn1 n ' 

+ (k ,/k R (n, n ) cos (k R -JP77/2), n1 n n cm.17) 

but the matrix product of the calculated £ with a constant matrix 

will satisfy this asymptotic condition. First, the asymptotic solution 

£ is written as a linear combination of $ and n^ which are spherical 

Bessel functions of the first and second kind respectively 

Z ~ SL J9L + S2 (III.18) 

where (Bn) , = 8__, k R j (k R), (B_) , = - 8 ,k R n (k S), 
1 nn* nn' n f n 2 nn1 nn1 n Q n 

(III.19) 

and the two constant matrices Q_ and jS sire determined by values of 

the solution jjr at any two different points, designated by a and b, 

in the asymptotic region.^ Solving 

Za = <Ix)a a. + (B2)a £ 

Zb - <Vb -2- + %’b & 
gives 

O. - B'1 [<!2>b Za - <S2)a Zt] 

§. = -2'1 [%>„ Za - <Va Zb] 

(III.20a) 

(III.20b) 

where 

D = (B2)b (B1)a - (B2)a (B1)b. (III.21) 
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The constant matrices _Q and are computed by evaluating the spherical 

Bessel functions at a and b. To obtain the R matrix, substitute the 

asymptotic forms of the Bessel functions, 

(E,) , ^ 8 , sin (k R -077/2), ■ T/nn* R -»oo wnn* n 

(III.22) 

^Vnn' R*V~ 8 , cos (k'R -271/2), nn* n 7 

-1 
into Eq. (III.18) and multiply on the right by _CZ ; the result is 

(j Of1). ~ 8__, sin (k R -271/2) + a"1) , cos(k R -$7/2). 
.*» — xm nn n *mmmm " * nn n 

(III.S3) 

Comparing the asymptotic forms of Eq. (III.17) and Eq. (III.23) yields 

R = ( Q _a_1) K' (111.24) 

where K , = 8 ,k . 
nn• nn • n nn' nn' n 

Theoretically the R and S matrices must be symmetric. The 

departure of the R and S matrices resulting from the boundary matching 

from exact symmetry is a good measure of errors in the solutions of 

the coupled equations (assuming any numerical errors.in the boundary 

matching procedure itself sire negligible). As long as the integra¬ 

tion method is performing correctly, the most likely source of "error" 

in the solutions will be simply due to the fact that the two vector 

solutions are too nearly dependent. It may be mentiqned again here 

that since the S matrix is calculated from the R matrix, it will be 

precisely unitary. 

Consider the special case of boundary matching in the two-state 

problem. In order to interpret the accuracy of'the results it is 

sometimes helpful to be able to identify a particular component of the 

solution matrix £ with a particular element of the R matrix. Working 
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out the above matrix relations in the two-state case to find the elements 

of R in terms of the elements of £ and the Bessel functions, it is found 

that except for a factor common to all components of R, R^ depends on 

the solution matrix only through y^ and y^» and R?1 depends on the 

solution only through y^ and y??. Likewise, except for a common 

factor, S^2 and CT depend only on RJ.2’ s^m^ardy Spq and 

depend only on R^. This fact leads to the explanation of an impor¬ 

tant numerical observation made on the specific two-state calculations 

described in this thesis, namely that the elements R?1 and S?1 and the 

cross section sometimes become bad in a situation where the 

solution of the problem is difficult, while R^,» S^i ^12 are ®ti-^ 

good. It may be noted that if the value of could be known a 

priori to be good, then obtaining would be superfluous anyway 

since CT^ is easily ol 

formula, Eq. (II.100), 

since CT^ is easily obtained from CF^? by the detailed balancing 

°kl 12 . (III.25) 

The reason that the 2,1 element has a greater tendency to be bad than 

2 2 
the 1,2 element is explained as follows. Note that since k^ < k^, the 

second component of each independent solution is generally larger than 

the first component as long as there is any significant amount of 

coupling between components (this will be the case even though each 

component of each solution is started at a position relative to the 

particular classical barrier it sees). First consider the cross 

section 0^ which depends primarily on the element y^t the second 

component of the first linearly independent solution. Now 
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contributions to the development of y?1 can be separated into two 

types: (1) The contribution due to coupling of the first component 

y11; (2) The contribution due to the way the second component would 

continue to develop at any point even if the coupling were turned 

off. Clearly it must be the first of these contributions which is. 

the source of the transition cross section . However, contri¬ 

bution 2 tends to make the second component larger than the first 

component with the result that contribution 1, which is important to 

the cross section (T?1, may be numerically insignificant and hence be 

a victim of round-off. On the other hand, consider Oijp. In this 

case it is the coupling of the second component of the second linearly 

independent solution, y^, to the first component, y^, which is more 

important to the calculation. The numerical difficulty which occurred 

in the calculation of 0"^ does not arise to the same extent since 

the coupled component is the larger of the two components. 

Recall that is the cross section for transition from state 

1 to state 2. This is the transition cross section plotted in the 

graphs of results. However, since ? as computed numerically is 

generally more accurate than , the plotted was calculated 

from the computed using the principle of detailed balancing. 
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E* Computer program 

The computer program was written in Fortran IV. A subroutine is 

first called to calculate the diabatic potentials, .and also their 

derivatives in the case a transformation to another representation is 

to be made with the transformation parameter calculated in terms of 

the diabatic potentials. • Next, if specified, the diabatic potentials 

are transformed to another representation. So far only the diabatic 

and adiabatic representations have been used. The resulting non¬ 

identical elements of the potential matrix and of the momentum matrix 

and its first derivative, which are required to calculate the coeffi¬ 

cients in the differential equation, are either stored in arrays or on 

magnetic tape depending on the number of points. After these prelimi¬ 

naries, integration and boundary matching information is input for a 

given set of partial waves to be calculated at one or more energies. 

The first step in the solution for each partial .wave is to deter¬ 

mine the classical turning points associated with each of the two 

potential curves. Then the starting points for the integration of 

the components of the solution are determined as explained in Sec. (III.C) 

The integration subroutine is called twice, once for each of the two 

i 
independent solutions, ynn,, n = 1, 2. The matrix solution £ is 

then matched asymptotically in another subroutine as described in 

Sec.(III.D). The S matrix and the partial cross sections are 

determined from the R matrix. 

The choice of step size for the integration was found to be 

fairly critical for good results to be obtained. For the calculations 

at 10 eV, the integration was started with a stepsize of .0025 aQ 



90 

which was maintained until the coupling was distinctly smaller than its 

peak value, generally a distance less than 2 aQ. The integration was 

then completed with a stepsize of .005 aQ. The integration was 

continued to at least R = 14 a and sometimes as far as R = 16 a . 
o o 

To roughly obtain the step sizes appropriate at other energies, one 

can scale them according to the de Broglie wavelength 

X = h 

P 
2 7T 

(2 jJLE)^ 

£ ,-fc in atomic units; 

(III.26) 

X = .12 aQ at 10 eV. 
Boundary matching was carried out at about three different pairs 

of points with separation 0.2 aQ between points in a pair, typically 

(12.0, 12.2), (13.0, 13.2), and (14.0, 14.2). The results of the 

boundary matching at the various points are observed to determine 

convergence. Lack of convergence indicates either that the integra¬ 

tion has not been carried out far enough or that the two solutions 

are too nearly linearly dependent to obtain good results. In order 

to show that the cross sections are correct, they must also be 

shown to be independent of small changes in the starting position 

of the solution. It was observed, as expected, that the smaller 

the transition cross sections are, the more difficult it is to get 

symmetric R and S matrices; also, as expected, the larger the 

coupling terras are, the more difficult it is to get accurate results. 

It is important to observe that an increase in coupling corresponds 

to larger transition cross sections only so long as the coupling is 

weak 
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The program was checked in the case of the diabatic representation 

(no first-derivative terms in the differential equations) by the 

30 
similar program of Evans using the Numerov integration method. The 

program was run on both the B 5500 at Rice and the CDC 6600 at the 

University of Texas, Austin. All production work was done on the 

CDC 6600 because of its advantage in terms of both speed and preci¬ 

sion. It took about 2.5 min. to calculate one partial wave in the 

adiabatic representation on the B 5500 and about 7 sec. on the 

CDC 6600. 



IV. RESULTS 
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A. Adiabatic vs. diabatic coupling 

One of the important qualitative and sometimes quantitative 

deductions that may be made from the partial scattering cross 

sections, calculated exactly in any molecular representation, is 

the shape of the potential curves (i.e. diagonal elements of the 

potential matrix) which come closest to determining the trajectory 

17 
of the colliding particle. r As shown in Sec. (II.C), these 

"descriptive” potential curves can always be obtained from the 

potential matrix in the original representation by a unitary 

transformation. The new representation is one in which the total 

coupling, potential and momentum, is minimized; in general this 

representation will be intermediate between adiabatic (in which 

the potential matrix £ is diagonal) and diabatic (in which the radial 

momentum matrix is zero). By Eqs. (II.90a,b) the two-state coupled 

equations, neglecting angular matrix elements, can be written 

E 
and 

r- |dR 

K -l + 1) , dG. v2 
J2. “ v dR ; ] 

J 
'In 

- r _ <*2a _ 
L dR2 

2 ^— + 2 
dR dR >Di2] 

(IV.la) 

r2n 

2 + .2A*(B -V - • 
• X /(/ + !) , da x2 

- ( — )‘ v dR ’ ] '2n 

1 
d2a A 3 da d + nr 'i2] J yln’ 

(IV.lb) 

where the initial representation, before the orthogonal transfor¬ 

mation, is assumed to be diabatic so that p = 0. Now the diabatic 
’ *o 



and adiabatic representations are of special interest. The various 

terms in the coupled equations are given explicitly in Sec. (II.D) 

for the case that the initial representation is diabatic and the 

transformed representation is adiabatic. In the diabatic represen¬ 

tation the only coupling is due to the interaction potential 

shown in Fig. (3)* which is rather large. It should be noted 

that the diabatic interaction potential here does not have a maximum 

at some nonzero value of R, which has sometimes been assumed in 

model problems. In the adiabatic representation, there sire two 

coupling terms: 

(1) 
,2 d a 
dR 

and 

(2) P dg d_ 
dR dR* 

It will be seen that, except at very low energies, the derivative 

coupling term dominates the adiabatic momentum coupling. 

Because is so large it is instructive to also consider 

hypothetical situations in which U^p is arbitrarily reduced by some 

factor. The diabatic potential curves P^ and Upp and the corre¬ 

sponding adiabatic curves for various fractions of the interaction 

P^2 are shown in Fig. (5)« According to Eqs. (II.59) and (II.60), 

the separation of the adiabatic curves in the vicinity of the 

diabatic crossing can be written 

(P 
a 
22 

Ba ) U1TR* >R 
(IV. 2) 

at the crossing the adiabatic curves are separated by an energy 



Fig. 5. Comparison of crossing diabatic 

potentials and adiabatic potentials 

corresponding to the indicated fractions 

of the actual diabatic interaction 

potential. 



R(ac) 
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211^2• It can be seen that the smaller the diabatic interaction is, the 

sharper the bends in the adiabatic curves are. The coupling coeffi¬ 

cients - Q* and Q*• (derivatives of Cl will henceforth be 

designated by primes) are shown in Fig. (6) and Fig. (7)* respectively, 

for various fractions of the diabatic interaction. It should be 

observed that Q* is peaked near the crossing of the diabatic poten¬ 

tial curves (which occurs at 3»H a ). For full interaction, the 
o 

maximum of Q’ occurs a distance 0.07 a inside the crossing. As 
O 

U^2 Is decreased, the Q^'VS. R curve becomes higher and narrower 

and the maximum precisely approaches the crossing point. The peaking 

at the crossing is due to the fact that Eq. (II.61) for CL1 bas the 

denominator 

< - 4>2 + 4
 <>2 

which is minimized at the crossing. Near the crossing Q’ can be 

written 

£- (o
d - -a 

et (**«.) * 
0 4 ^ 12 (IV.3) 

At the crossing, CL' is inversely proportional to U^,,; e.g. if the 

diabatic interaction is decreased by a factor of 10 while the 

diagonal elements of the diabatic potential matrix are unchanged, 

the coefficient Q' of the derivative coupling term in the adiabatic 

representation is increased by a factor of 10. The second important 

property of the derivative coupling term is that it is energy depen¬ 

dent. The derivative j- '-~=r is the operator for the radial component 

of the nuclear momentum; operating on the nuclear wave function its 

magnitude can be estimated classically by ^LLv(R) where v(R) is the 
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Fig. 6. Comparison of the derivative - Q* 

of the parameter of the orthogonal matrix 

transforming from the diabatic to adiabatic 

representation, corresponding to the indi¬ 

cated fractions of the actual diabatic 

interaction potential. Within a factor of 

i, a1 is the off-diagonal element of the 

momentum matrix in the adiabatic represen¬ 

tation (assuming the initial representation 

is truly diabatic). 



2 3 4 

R top) 



Fig. 7. Comparison of the derivative Q” 

corresponding to the indicated fractions of 

the actual diabatic interaction potential. 



R(a0) 
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radial velocity at the internuclear separation R, 

1 

2 H- \(R> /( S + 1) 
2 * 

ZfJLR 
(IV.4) 

which depends on the state n and the angular momentum & as well as 

the energy. 

An indication as to whether the collision proceeds principally 

along the diabatic or along the adiabatic potential curves is given 

by forming the dimensionless ratio of the adiabatic derivative 

coupling to the diabatic coupling, 

X^R) 

At the crossing this ratio becomes 

X 

q»(R) JLtv(R) a*(R) v(R) 

d 
^2(R) D12^R) (IV.5) 

1 d (Ull 
U 

lc = i dE 

22) c f y(R) 1 L(<?>2 J . (IV.6) 

12 - c 

From this ratio it is clear that the adiabatic representation is 

expected to be best under the following conditions: (1) the 

d d 
diabatic potential curves and intersect at a small single, 

(2) the diabatic interaction potential U^, is large, arid (3) the 

energy (or velocity) is relatively small. The diabatic represen¬ 

tation is expected to be best under the opposite conditions. In 

particular, at a sufficiently high energy the collision will 

proceed diabaticsilly. As mentioned previously the diabatic inter- 

3 + 
action potential, for the ^ curves of He_ is quite large. For 

the full interaction the adiabatic derivative coupling and the 

diabatic coupling at the crossing sire of about the same magnitude, 

i.e. X ^ = 1, at an energy. 700 eV for £ = 0 sind n = 1. At 



Fig. 8. Ratio X^, defined by Eq. (IV.6) 

of adiabatic to diabatic coupling at the 

crossing for £ = 0, (a) as a function of 

energy for full interaction, and (b) as a 

function of the interaction fraction at 

10 eV. The variation of X^ with / is not 

large as long as / is not too close to 



RATIO OF ADIABATIC TO DIABATIC 
COUPLING AT THE CROSSING 
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lower energies the adiabatic representation is expected to be the 

better. The ratio X^ is plotted as a function of energy in Fig. 

(8a). If the interaction is arbitrarily reduced by a factor 

of two, the energy at which the coupling in the two representations 

become of the same order of magnitude is 50 eV, and for about 

0.3 <£> this energy is 10 eV, the energy at which reduced coupling 

calculations were made in the work described here. The ratio 

X ^ at the crossing is shown as a function of the fraction of the 

interaction in Fig. (8b) for E = 10 eV and # = 0. At relatively 

large internuclear separations the ratio of adiabatic to diabatic 

coupling goes to 

( E/2 

- 4> 

dlnU. 
12 

dR (IV.7) 

(assuming n = 1 in the expression for v) which is independent of the 

coupling fraction assuming f is reasonably small (i.e. for partial 

waves at which contributions to the cross section are still 

occurring). At R = 8 the adiabatic derivative coupling becomes as 

large as the diabatic coupling around 100 eV. At 10 eV, the ratio 

X^ at R = 8 is 0.3* The ratio X ^ is most important near the 

crossing however. 

The second adiabatic coupling coefficient, Qt * *, is independent 

of the energy and angular momentum. Corresponding to X a 

dimensionless ratio X2 cam be defined by 

X2(E) = , „d 
let *1 (R)I 

(IV.8) 
2^.U"2(R) 

Extrema of Q''(R) occur just inside and just outside the crossing 
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as shown in Fig. (?)• For the full interaction the maxima in 

X2(R) occur a distance 0.5 SLQ inside and outside the crossing and 

have magnitude on the order of .001. Hence it is clear that this 

static adiabatic coupling is much smaller than the derivative adiabatic 

coupling except at very small energies. The maximums of the ratio 

X2 approach unity when is reduced by a factor of 10, but here 

again X2
<< X^ except at very small energies. 

The above examination of the relative magnitudes of the coupling 

terms which appear in the adiabatic and diabatic representations bears 

out the physical interpretation of these representations. That is, 

the diabatic representation, which uses basis states which vary 

smoothly through the crossing, such as single-configuration electron 

orbitals, is suitable at high energies or when the potential coupling 

between the diabatic basis states is small. When U^2 is small 

the potential curves of the corresponding adiabatic states obtained 

by transformation will have sharp bends (weak avoided crossings) 

where the diabatic crossing occurred. These sharp bends in the adia¬ 

batic curves are the result of rapid change from one electron orbital 

configuration to another over a short interval 4Rc» Intuitively one 

sees that in fast collisions the incoming particle will not have time 

to adjust its orbital configurations and as a result the particle 

tends to follow the diabatic potential curve. On the other hand 

consider a slow collision or a system where U-T_(R ) is large. When 
JLCL C 

P^p(Rg) is large,, the diabatic single-configuration states interact 

over a larger region so that the transition of the corresponding 

adiabatic states from one configuration to another is not so rapid 



107 

and ]tience has more time to occur (it is assumed that U^?(R) is a rather 

smooth function at the crossing); Of course, also the slower the 

collision, the more time the electron orbitals have to adjust. 
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B. Nature of results and interpretation 

Close coupling calculations, including all radial coupling, 

were initially made in both the diabatic and adiabatic representa¬ 

tions where the adiabatic terms were obtained by an exact transformation 

of the diabatic terms. As expected (see Sec. (II.C), the results for 

the cross sections were essentially the same in the two representations 

as long as the accurate numerical solution of the coupled equations 

in each representation was possible. Small differences are due to 

small discontinuities in the derivatives of the numerical fits of the 

diabatic potentials since such discontinuities are not taken into 

account by the numerical transformation. Because of the large 

coupling in the diabatic representation at small values of R, it was 

not possible to get good results at low partial waves in the diabatic 

representation. Hence, except where specified otherwise, all close 

coupling calculations were made in the adiabatic representation. 

Close coupling calculations were performed for the full range 

of contributing partial waves at energies 2, % 10, and 15 eV. At 

10 eV, the calculations were also performed with the adiabatic and 

diabatic decoupling approximations and with the distorted wave approxi¬ 

mation. As expected at the energies under consideration the collision 

J 

is essentially adiabatic, so the diabatic coupling potential wa-s 

reduced by various factors to observe the behavior of the cross 

sections as the nature of the collision shifted from adiabatic to 

diabatic. Another interesting observation as the diabatic coupling 

is decreased is the transition from distinctly quantum mechanical 

behavior of the transition cross sections to a semi-classical behavior. 
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In the semi-classical picture, transitions from one state to the other 

are considered to occur only near the crossing where the energies of 

the two states are equal. This means that only partial waves having 

classical turning points inside the crossing can contribute to 

the transition cross section. It is found that with full coupling 

partial waves with classical turning points outside the crossing 

still contribute significantly to the (ls2s,^S) —> (ls2po,^P) 

transition. 

The close coupling elastic partial wave cross sections at E = 10 eV 

for each of the two elastic channels are shown in Fig. (9). Also in 

this figure the cross sections calculated by the adiabatic decoupling 

approximation are shown at a few representative partial waves. The 

adiabatic decoupled equations are formed by neglecting the coupling 

terms dependent on Of' and d '' in the adiabatic representation (but 

keeping the positive definite term ( CL ') which adds to the adiabatic 

potentials). On the scale of this graph the values obtained by the 

adiabatic decoupling approximation for the elastic cross sections are 

almost indistinguishable from the exact close coupling results — at 

2 
no partial v/ave do the cross sections differ by more than 0.03 aQ; also 

the deviations are both.positive and negative so will partly cancel 

when the partial cross sections are summed to obtain the total cross 

section. On the other hand the results of the diabatic decoupling 

approximation, which is obtained by neglecting in the diabatic 

representation, as shown in Fig. (10) are clearly different from the 

/ 
close coupling results. At very large partial waves the diabatic Q~pp 

£ £ 
is rather similar to the adiabatic the diabatic CT^ looks 
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* 

different from the adiabatic even at these large partial waves* At 

values of Jl with turning points inside the crossing, the oscillations of 
t JI 

aii and Cr^ in the diabatic decoupling approximation appear in a 
qualitative sense to have exchanged their characters as compared with 

the close coupling or adiabatic decoupling results (a clearer example 

of this will be observed later when the diabatic interaction is reduced). 

The behavior described above can be explained in terms of the 

20 
observation made by Evans and Lane that the variation in Jl of the 

/ 
negative phase shifts -Tj ^ closely resembles the variation in R of 

the corresponding potential U.., including the extrema, as long as 

the energy is not so large that the potential is insignificant. This 

picture will still be applicable in the two-state close coupling calcu¬ 

lation as long as the coupling between the two states is not too large. 

The variation of the phase shifts simply reflects the fact that repul¬ 

sive potentials cause negative phase shifts and attractive potentials 

cause positive phase shifts. It is important to realize that the term 

Jl ( + 1)/R when added to IL ^ to form the effective potential only 

affects the phase shift by determining the classical turning point but 

does not explicitly contribute to the phase shift. A particular turn 

of the potential, say at Rx, can be expected to be first reflected in 

the phase shift of a partial wave whose classical turning point is 

£ £ 
near R^. In terms of the eigenphase shifts 7) ^ and Tj ^ and a mixing 

parameter X^, the cross sections are^ 

47T(2 / -i- 1) 

k-^0^ + k2 Xp2)2 
(IV.9) 
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and 

J 
11 

kTT(2l + l) r .2 e 

4<h^2xh L1 ^ 
. y2 . 2 / 

+ A sin Tj ^ 
n / 
>J“ ^2i* 

(IV.10) 

In the limit of small (small inelastic cross sections) 

477~(2l + 1) . 2 
11 

sin Tj (IV.11) 

g g v 
The relationships of 7^, ^7 2’ ^to ® ® matrices, which 

were actually computed, are given by Mott and Massey^; 

and 

= C 
,T 

= C 

tan Tj^ 

2i Tj* 
e ' 1 

tan 

— > 

(IV.12) 

(IV.13) 

where 
COS g 

y-sing 

sing' 

cos€, 
X2 - (k^/k-^ tang . 

(IV.14) 

9 g 
It is important to recognize that the eigenphases Tj and 7^ 2 can 

associated with the individual potential curves only when X^is small. 

This condition holds for the calculations made with full interaction. 

The condition does not hold unequivocally, however, for the calcula¬ 

tions made with reduced (diabatic) interaction. In the limit of small 

» 
tan Tj* (k1/k2)^X( tan Tj^~ tan Tj^)\ 

R 

(k^/k^ X (tan Tj * - tan Tj *) 

7 

, 
tan Tj ^ 

(IV.15) 
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As a simple example of the similarity of the shapes of the negative phase 

shift and the potential curve, consider a single smooth always repul¬ 

sive potential curve (assume it dies asymptotically faster than l/R 

so the total cross section is finite). Then as discussed above the 

negative phase shift monotonically increases as a function of Jl 

(starting at large / ). Neglecting the fact that $ is quantized, the 

partial cross section will attain one of its relative maxima with an 

amplitude of 4 77" (2 2 + l)/k each time the phase shift goes through 

an odd multiple of 7T/2 and will be zero when the phase shift goes 

through a multiple of 7T. Also note that the steeper the potential 

the faster the cross section will oscillate. Since actually Jl is 

quantized, in general the relative maxima and minima of the partial 

p 
cross sections will not be precisely 47T(2 + l)/k and 0 even for 

a monotonic potential. 

Now the cross sections at 10 eV will be interpreted in terms of 

the above picture. First consider the close coupling elastic cross 

sections of Fig. (9). As mentioned above these cross sections 

essentially represent scattering from the adiabatic potential curves, 

U-Q and U22 of Fig. (5). First note that is a monotonically 

increasing potential (looking at it from infinity). As expected 

a 
from the above discussion the partial cross section CT^ neatly 

_ p 
oscillates in the envelope formed by 477(2 2 + l)/k^ with the period 

of the oscillations decreasing for smaller £ corresponding to the 

increasing steepness of 1122(F) at smaller R. At very small values of 

Jl where the oscillations are quite rapid it may be observed that 

some of the maxima do not quite reach the envelope due to the fact 
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that the phase shift goes through an odd multiple of 7T/2 at a fractional 

value of jl (which is not permitted by quantization) and the period of the 

oscillation itself is not more than a few partial waves. Next consider 

i % 
the cross section The oscillations of CT ^ are seen to have 

o 
much larger periods than the oscillations of Q~?;) in the region of 

large and intermediate values of % . Clearly this is due to the fact 

the adiabatic potential (R) is much less steep than Up?(R) at inter- 

p 
mediate values of R. If the envelope 47T(2 SI + l)/k^ is drawn it is 

jH 
seen that all the relative maxima of <T^ reach the envelope (disre¬ 

garding the maxima that do not reach the envelope because of the 

quantization of H ) except the second and third from the last maxima. 

2 2’ 
At = 160, the maximum is 1.39 aQ while the envelope value is 1.50 aQ, 

and at Jj = 106 the maximum is 0.45 a while the envelope value is 

2 
1.00 a^. At Jl - 160, =-T) turns downward just before reaching 

Jl 
(3/2) 7T » and at J = 106, - T) ^ turns upv/ard again before reaching 

(1/2)7T • To see that the resemblance between the shapes of the phase 

shift and potential curve explain this behavior, observe that the 

classical turning points for S. = 160 and # - 106 are R = 3*15 a and 
o o 

R& = 2.04 aQ, respectively. Looking at Fig. (5) it is seen that the 

maxima and minima in U,.(R) occur at about R = 3»3 a and R = 2.2 a 
11 o o 

respectively. At small values of SI , the cross sections oscillate 

rapidly as ^ varies. This rapid oscillation is due to the strongly 

repulsive 4/R potential which dominates at small values of R. In 

this region the contributions to the total cross sections Q~.| 1 and 

Q~ pp may be determined by the random-phase approximation in which 

2. J? 
sin Tj in Eq. (IV.10) is set equal to its average value of 1/2 so 
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that the contribution of a partial wave in this range to the total 

2 
cross section is taken to be 27T(2 £ + l)/k^. 

Now compare the cross sections shown in Fig. (10) which were 

calculated with the diabatic decoupling approximation. Clearly their 

oscillations are quite different from the oscillations of the cross sec¬ 

tions calculated with the close coupling method or with the adiabatic 

decoupling approximation. Their explanation is similar however. The 

cl d 
average values of the absolute slopes of and Uppi s^own ^ Fig. (5)» 

are not so different as in. the case of the adiabatic potentials and, as a 

result, the oscillations of the two elastic cross sections calculated by 

the diabatic decoupling approximation have periods that are more similar 

than those discussed above. The diabatic curve P^ is quite smooth and 

p 
repulsive and as expected Cfy^ neatly oscillates in the envelope 

47r(2^+ l)/k^ with the period of oscillation uniformly decreasing as £ 

decreases. The diabatic potential has a maximum at 3*8 aQ and a 

minimum at 2.2 aQ. Corresponding to the maximum and minimum are the turns 

Jt 
in the negative phase shift - TJ ^ that occur at about £= 160 and £= 100 

which have classical turning points of RQ = and RQ = 2.04 

respectively. In this case however the reversals in the phase shifts 

do not happen to cause a peak not to reach the envelope. The maxi- 

J o 
mum in P“2(R) at R = 3.8 aQ causes - 7] 2 to turn downward just before 

a 
reaching 57T so that CT^ in the region of i = 150 doesn't quite go to 

P 
zero. The broadness of the minimum in in the region is due to 

the relative flatness of the maximum in Pp?. The minimum in Pp?(R) 

B 
at R = 2.2 aQ causes -Tj ^ to turn upward toward (7/2)7T so that a lobe 
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with a double maximum results. 

o 
The inelastic partial cross section Cr?1 for the transition 

He(ls2s,^S) —^ He(ls2pQ,^P) at 10 eV is shown in Fig. (11) as 

obtained by the close coupling method. The inelastic cross section is 

quite small with a maximum partial wave contribution of about 

-5 2 
5»2 x 10 a • As will be discussed further in the next section, 

o 

semi-classically transitions occur only in the region of the crossing; 

so in a semi-classical calculation, only partial waves with classical 

turning points inside or near the crossing will contribute to the 

inelastic cross section. Clearly a semi-classical approximation will 

not yield the inelastic cross sections of Fig. (11). The partial, wave 

which in the diabatic representation has its classical turning points 

at the point Rc, where the diabatic potentials cross, is £ = 144; 

it is seen that about half of the total inelastic cross section Q~?1 

is contributed by partial waves with 144. In the present case 

where the adiabatic curves are rather widely separated at their 

avoided crossing it is more reasonable to consider the two partial 

waves, £a(l) and ^a(2), for which the turning points associated 

with the lower and upper adiabatic curves, respectively, occur at 

the avoided crossing (which is taken to be at the same value of R 

where the diabatic crossing occurred). It is seen that several 

! 
peaks in CT of comparable amplitude occur in this region. The 

i 
interpretation of the frequency of the oscillations in CT^ in terms of 

l 
phase shifts is not as easy as it was for the interpretation of O" 

o £ J> 
and P'22 s^nc® now, in addition to the variation of 7^ and 7^2» 

the variation of the mixing parameter X^, which was neglected in the 
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o 

previous discussion of the elastic cross sections because of its very 

small size, must be considered. It was found that the mixing parameter 

^ , v/hich appears in Eq. (IV.9), is not a quantity which varies 

i £ 
slowly with £ in this problem; i.e. the phase difference 7] ^ - 7) ^ 

does not determine the positions of the oscillations. However, the 

frequency of the oscillations are in fair agreement. This suggests 

£ £ 
that the addition to 7j^ - 7] ^ of a term which varies relatively 

slowly with £ might give a better representation of the oscillations 

£ 
in CTp-j. A possible source of this additional phase is suggested in 

the next section. 

Because the coupling terms are so small in the adiabatic 

representation, the cross sections were also calculated by the distorted 

wave method to verify the usefulness of this approximation. According 

to the distorted wave method, first the homogeneous Eq. (IV.lb) 

jQ g 
neglecting the coupling of y^n was solved for y^. (Note: The reason 

the coupling in Eq. (IV.lb) was neglected rather than the coupling in 

Eq. (IV.la) as usually specified for the distorted wave method is 

that component 2 of the solution vector is the large component with 

the numerical result that has been discussed in detail in Sec.(III.D). ) 

Then the numerical solution y;f and its derivative v/ere inserted in J2n 
O 

Eq. (IV.la), yielding an inhomogeneous equation for which was then 

solved. The distorted wave method can mean a considerable saving in 

the time required for solution. The maximum deviation of the distorted 

wave transition cross section from, the exact solution was about 

-5 2 
0.2 x 10 aQ which is quite small considering the sensitivity of 

the transition cross section. 
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C. Semi-classical picture of interference patterns in a system with 

crossing potential curves 

First of all it should be emphasized that here this model is 

mainly intended as a way to picture the interference effects^* ^ 

For the full interaction the Landau-Zener approximation, for 

example, is in total disagreement with the close coupling results. 

When the interaction is reduced by a factor of 0.1 or less, the magni¬ 

tudes of the inelastic cross sections predicted by the Landau-Zener 

approximation agree with the close coupling results. Semi- 

classically the particles are thought of as moving on trajectories 

determined by one of the individual diabatic potentials except in the 

region near the crossing 

lK - Ecl - SRC • 

In the region SR around the crossing there will be some probability 
c 

of switching from one trajectory to the.other. It is obvious that, 

in this model, if the particle has turning point 

no transition can occur 

classical turning point 

R o > R + SR , 
C C* 

For a particle incoming in state 1 with 

H ^ R + § R • 
o c c’ 

there are the four possible- trajectories as shown below: 
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I. 

(2) 

1) 

III. 

(2) 

(1) (1) 

Trajectories I and II are elastic whereas III and IV result in 

inelastic transitions from state 1 to state 2. The elastic and 

the inelastic scattering cross sections may each show an interference 

pattern due to interference of paths I and II, and paths III and IV, 

respectively. Of course, the particle could have been shown just as 

easily incoming in state 2 in which case four completely similar 

diagrams could be drawn. In Secs. (IV.A) and (IV.B),' it was shown 

that the collision including the full is almost completely adia¬ 

batic; i.e. the collision can be pictured as taking place almost 

completely along path II. For smaller U^t resulting in larger 

momentum coupling, path I will also be important so that in addition 

to the effect of the minima and maxima of the potentials on the 

elastic cross section, structure due to the interference of paths I 

and II may be observed. If the interaction is reduced still further, 

the collision will be almost completely diabatic and path I will 

dominate elastic scattering. 
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Next consider the application of this model to inelastic 

transitions. In the case of crossing potential curves where 

and dE~ LR11^R^ “ Pp?(R)J can be considered constant in the region 

l» - 

I12(E> 

- 4> 

dR 

(IV.16) 

R = R 

|u^2(R)| « lu^CR) - U22
(r)I 

elsewhere, and 

fuf2
(Rc)l ^ E “ Ull(Rc} “ + D/S/IR?, 

(IV.17) 

(IV.18) 

2 3 
Landau and Zener, using time-dependent perturbation theory, and 

4 
Stueckelberg, using the JWKB method, have showed that transitions 

between potentia3. curves can be considered to occur only in the 

region |R - R | < 8 R , and a finite probability 1 - P for such a 
C C ' * 

transition can be assigned where ^ is the probability that the system 

remains on the same (crossing) potential curve in going through the 

crossing. Since the internuclear separation passes R twice, once 

going in and again coming out, assuming the turning point R^ is inside 

R , the total probability for a transition is 
c 

,tot 

tot 
= ^ (1 - ]> ) + (1 - ]> ) ]> = 2 Pr (1 - ]> ). 

(IV.19) 

Note that P =0 for P = 0 or P = 1 and achieves a maximum of 1/2 
f f 

when "9 =1/2. Landau, Zener, and Stueckelberg obtain 

-2X 
$ 

= e (IV.20) 

where 
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?- 

7T U 12 

I!R 
(D
11 - 

vd 
R = R 

V„ X c 

(IV.21) 

and 

vf
2(R.) = (2/yx) 

[E ‘ • {f* 1/2)2 / 2/XE^J . 

(atomic units) 
(IV.22) 

It is assumed that Q < $ so that v is real. The inelastic cross 
c l 

section is then 

(2 H+ 1) e~2 % (1 - e“2 Y) sin2 T 
w2 ■ f 

cr^ - 
21 

for # £ 

0 for J? >J(! . 
c 

c 

(IV.23) 

Note that ^ will have a maximum at some nonzero value of Q if and 
_2 V g 

only if e ' ° >0.5; the envelope of Or
?1 may still have a maximum at 

some 
S /) -t- i 

nonzero S. , however, since Q"?1 depends on (2x+ 1) P^° . The 

observation that is useful to make here is that, according to the Landau- 

g 
Zener formula, the maximum of the envelope of CT^ moves to larger values 

of g as either the interaction U.^ is decreased or the energy is increased. 

Evans^ has evaluated the inelastic transition cross section He(ls2s,^S)-^ 

He(ls2po,^P) in the Landau-Zener approximation setting the phase factor 

equal to unity; he found that the magnitude of the Landau-Zener cross 

sections are in reasonable agreement with the close coupling cross sec- 

tions only when the interaction is reduced by a factor of 0.1 or less. 

This result is in agreement with the observation that for full inter¬ 

action transitions do not occur just in the region of the crossing. 

As in the case of the elastic cross sections, the phase for the 
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inelastic cross sections can be thought of as arising from two processes: 

(1) the individual phase shifts caused directly by the shape of the 

potential along paths III and IV; (2) the interference of these phase 

17 
shifts. Olson and Smith have separated these contributions by 

formulating the differential cross sections semi-classically in terms 

of the deflection functions and corresponding action integrals asso- 

4 
dated with each path. Stueckelberg obtained the net phase for 

Q 
Eq. (IV. 23) by evaluating 7^ by the JWKB method, integrating along 

the adiabatic curves from the classical turning point, R , to R . 
o c 

This integration has not been carried out for the ^ 2 potential 
S 

* 

curves for fie^ but is expected to give the correct phase for cases of 

reduced interaction ufL, and R not too close to R , i.e. where the 
12* o c’ 

amplitudes predicted by the Landau-Zener formula are correct. It is 

f £ 
seen that this 7^ differs from the 7}^ " ^ °f the previous section in 

that the integration is just carried out to the crossing. If the semi- 

classical picture is at least qualitatively right, this apparently 

£ 9 
explains the fact that the phase difference 7}^ - 7j ^ does not give the 

correct positions of the oscillations of . That is, for both paths 

III and IV, the outgoing particle is traveling on the upper potential 

' 9 jp 
for R > Rc; 7j ^ and Tj , however, tend to be associated with differ¬ 

ent potential curves at all values of R. In any event, if inelastic 

transitions have roughly equal probability of occuring over a large 

region, as was seen to be the case for the full 2, diabatic inter- 

action U^?, instead of just close to the crossing, the phase of the 

transition cross section will be essentially quantum mechanical, and 

there is no hope that a semi-classical treatment will give the correct 

phase. 
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D. Results at reduced interaction and other energies 

As discussed in Secs. (IV.A) and (IV.B), the collision is 

essentially adiabatic, and also the semi-classical assumption that 

inelastic transitions occur only near the (avoided) crossing does not 

hold, when the full diabatic interaction, U^C^), is included. It is 

illuminating to observe the transition to diabatic and semi-classical 

d d 
behavior as U^2(R) is reduced. The result of multiplying U“2(R) by 

0.9 is shown in Figs. (12) and (13)• Qualitatively it is seen that 

the cross sections still have an adiabatic (as discussed in Sec. (IV.B) 

and non-semi-classical behavior. As in the case of full U^2(R), the 

deviations of the shape of from simple' oscillation in an envelope 

precisely correspond to the minimum and maximum in the adiabatic poten¬ 

tial (corresponding to 0.9 u!j|2, of course). It is somewhat sur- 

t 
prising to observe that the maximum partial wave contributions to CT?1 

for 0.9 U^2 are a little smaller than for full interaction. This is 

contrary to the trend toward larger inelastic cross sections as U^2 

is reduced further and is another indication of non-semi-classical 

behavior. The inelastic cross section for 0.3 u!j*2, 
s^own an Fig. (1*0, 

is much larger and has begun to take on a semi-classical appearance. 
1 g d 

Essentially all the contributions to for 0.3 U^2 
are ma<^e by 

partial waves with turning points inside the crossing of the diabatic 

g 
curves. It is seen that the maximum Cis some distance inside 

2 . As the interaction is reduced further the Landau-Zener approxi- 
c 

mation predicts that the maximum will move closer to the crossing; 

the prediction is verified by further reduction of U^2(R). The close 

coupling results for 0.1 U^2(R) are shown in Figs. (15) and (l6); 
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Fig. 14. Inelastic transition partial wave 

cross section at 10 eV for the diabatic 

coupling potential reduced by a factor 0.3. 





135 

* 

CO 
c o 

*H 
P 
O 
<D 
CQ 

CO 
CO 
o 
u 
0 

<D 

1 
H 
cd 

•H 
P 
U 
g 
PM 

O 
•H 
P 
CO 
cd 
H 
w 

lf\ 
rH 

to 
•H 

•H 
P 
3 
O 
P 
o 

&0 

•H 

PM 
2 
O 
o 

o 
•H 
P 
cd 
P 
cd 

a> 

p 

u o 
«H 

> 
o 

p 
cd 

& 
p 
o 

#as 
«H 

£ 

o 
o 

3 
o 



12
0 

f 
1

6
0

2
0

0
 
^
4

0
 
2

8
0

 
3

2
0

 
3

6
0

 
4

0
0

 
4

4
0

 



Fig. 16. Inelastic partial wave cross section 

at 10 eV for the diabatic coupling potential 

reduced by a factor 0.1.. 
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the corresponding results in the adiabatic decoupling approximation are 

shown in Fig. (17)• As predicted the maximum inelastic partial cross 

section, shown in Fig. (16), has moved to a larger 9 value; in fact the 
J! Jf 

maximum CT^ appears on the last oscillation of the vs. 9 plot 

and has 9 = lj8 which is just inside 9 ^ = 144. The inelastic cross 
c 

section here is quite large—the maximum partial wave inelastic cross 

2 - 
section is 0.310 aQ. This compares to a maximum, theoretical inelastic 

cross section allowed at this partial wave given by 

7T(2 9 + l)/k^ = O.326 a^.^ As the interaction is reduced still 

further, e.g. to 0.05 U^, in Fig. (18), the large lobe which occurs in 

the vicinity of the partial wave with classical turning point closest 

to the crossing becomes still more pronounced in relation to the inside 

lobes, and also the inelastic transition cross section begins to 

decrease. Again, both of these effects are predicted by the Landau- 

Zener formula, Eqs. (IV.21) - (IV.23)• The maximum total inelastic 

transition cross section at 10 eV appears to occur for about 0.15 U^?. 

The switch in the character of the collision from adiabatic to 

diabatic as the interaction is reduced as well as the interpretation 

of the elastic cross sections in terms of an interference between two 

paths, as discussed in Sec. (IV.C), are nicely illustrated by Figs. (19) 

and (20). In these figures the results obtained for the elastic cross 

sections in the adiabatic decoupling and diabatic decoupling approxi¬ 

mations are compared to the close coupling results for 0.3 and 

0.1 U°?, respectively. It is seen that for 0.3 u!j\p the cross sections 

are mainly adiabatic and for 0.1 U^, the cross sections are mainly 

diabatic. In the case of 0.3 the detailed structure of the close 
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Fig. 18. Inelastic transition partial wave 

cross section at 10 eV for the diabatic 

coupling potential reduced by a factor 0.05 
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coupling results appears as a perturbation, corresponding to the 

oscillations of the diabatic decoupling cross sections, on the adia- 

batic decoupling cross sections. In the case of 0.1 the roles of 

the adiabatic and diabatic decoupling approximations are just reversed. 

At partial waves with classical turning points .well outside the 

crossing the adiabatic and diabatic decoupling approximations both tend 

to agree with the close coupling as expected since the adiabatic and 

diabatic potentials go to the same asymptotic limit. The detailed 

structure can be interpreted as an interference betv/een the adiabatic 

and diabatic paths, i.e. paths I and II of Secs. (IV.C). It may be 

noted, however, that this interpretation is basis dependent. An 

interesting question is to what extent these detailed elastic scattering 

results could be obtained by a decoupling approximation in some basis 

set betv/een adiabatic and diabatic defined by a R-dependent unitary 

transformation, and to what extent the elastic cross sections actually 

depend on inelastic processes. 

The effect of reducing the momentum coupling matrix P (i.e. ot* 

and CL '* in Eqs. (lV.la,b) ) in the adiabatic representation obtained 

for the full Was also observed. As has been discussed, even the 

adiabatic decoupling approximation gives good results for the elastic 

cross sections so it was the inelastic cross section which was of 

■primary interest. When P was multiplied by 0.8, the resulting inelastic 

partial cross sections were found to be close to a fraction 

2 
0.64 ( = (0.8) ) of the inelastic cross sections for the full P. This 

5 
is just the expected weak coupling result. 

The conclxision reached in Sec. (IV.A) that in the adiabatic 

representation the static coupling due to Qt r' is much smaller than 
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clC£ d 
the dynamic coupling due to 2 ~— -jjj- was also verified by performing 

close coupling calculations neglecting the static coupling. The result¬ 

ing partial inelastic cross section was generally slightly smaller than 

the exact close coupling result, but the maximum deviation observed for 

any partial wave was less than 5# of the. maximum partial wave 

contribution. 

As a further check on the terms in the adiabatic representation 

the effect of the positive definite term ( Q') which adds to the 

diagonal potential matrix elements in Eqs. (lV.la,b) was examined. 

19 
Levine et al. 7 state that in a problem involving curve crossings this 

term can have a significant effect on the scattering cross sections. 

d 5 

In the present problem* including the full interaction this 

term was found to have very little effect* Partial elastic cross 

sections at 10 eV, calculated by the adiabatic decoupling approxima- 

2 
tion both including and neglecting the .term ( CL 1) 1 differed at most 

2 
by about 0.01 a • For reduced diabatic interaction where CXf at the 

o 

crossing is much larger, however, the term is expected to have a some¬ 

what more significant effect* 

Finally, a surprisingly large sensitivity of the inelastic 

transition cross section to the long-range form (R ^ 2R^) 

j 

diabatic interaction was discovered. It was found that as 

U^2(R) is decreased at R ~ 6.5 aQ, the elastic cross sections are 

rather stable, but the inelastic cross section varies over orders of 

magnitude. For example, Q~p-| calculated in the diabatic represen¬ 

tation at E = 10 eV and H - 156 varied from a maximum of about 

p P P 
2 x 10 a to a minimum of 2 x 10" a ; the full diabatic interaction 



150 

potential was used but was cut off at various values of R ^ 6.5 in this 

test (similar calculations were carried out smoothly cutting off ^^(R) 

to eliminate the possibility that a sharp cutoff point was causing 

difficulty). Rather large sensitivity of the inelastic cross sec¬ 

tion to the long-range form of the momentum coupling in the adiabatic 

representation was also found but not as much as in the diabatic case. 

Close coupling cross sections were also obtained with the full 

interaction U^^R) for a small range of energies, 2-15 eV, and 

will be briefly presented. The results for E = 15 eV are given in 

Figs. (21) and (22). The inelastic cross section is rather larger 

than at 10 eV and takes on an even more non-semi-classical appearance, 

and the elastic cross sections are still essentially adiabatic. The 

results at 5 ©V and 2 eV are shown in Figs. (23) thru (25). The 

elastic cross sections are larger at these small energies than at 

10 eV. The inelastic cross section at 2 eV is negligible since the 

classical turning point associated with the upper potential curve is 

well outside the crossing even for £ ■=■ 0. 
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Fig. 25. Elastic partial wave cross sections 

at 2 eV 
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E. Comments and aspects of the problem for further investigation 

The basic physical process which has been investigated will be 

summarized because of its importance to the interpretation of the 

■z 2 1 
results. In the collision of He(ls2s, S) with He(ls , S), the atoms 

can initially follow either the ^ + or ^ 2 + molecular states, 
6 ^ 

which are degenerate at infinity. As has been shown in Sec. (II.I) 

the symmetry requirements due to the indistinguishability of the 

nuclei causes the even partial wave components of the incident 

plane wave to follow the gerade state and the odd partial wave 

components to follow the ungerade state. The difference in phases of 

the gerade and ungerade wave functions as R » determines the part 

of the scattering which has been direct and the part which involves 

excitation transfer. The calculations of the gerade and ungerade 

phases are completely independent since the matrix elements in the 

coupled equations identically vanish when one state is gerade while 

the other state is ungerade. As referenced in the introduction the 

elastic excitation transfer cross section has been both calculated 

theoretically and observed experimentally. In this thesis, however, 

the inelastic transition He(ls2s,^S) —> He(ls2p ,^P) in the 

collision is of primary interest. Since the lowest two ^ 
E 

adiabatic potential curves (which in the separated-atom limit go 

to He(ls2s,‘5S) + He(ls^,1S) and He(ls2po,
3P) + Heds2,^) have 

an avoided crossing, whereas the corresponding states do not 

have an avoided crossing and are further separated, the transition 

He(ls2s,^S) —^ He(ls2po,^P) in the collision will take place 

principally .between the gerade curves rather than the ungerade curves. 



For this reason only the gerade states were included in the present 

calculations* Now considering only the gerade wave function and 

setting the ungerade wave function to zero means that at all times 

the excitation has’ equal probability for being on either atom (i*e# 

the initial wave function of the system is not taken such that a 

particular atom has the excitation)• To obtain the physically 

observable elastic cross section the ungerade phase shift must be 

separately calculated and combined with the gerade phase shift* 

On the other hand, the system He(ls2p^, P) + He(ls , S), which 

results from an inelastic transition, can be regarded as existing 

in a pure gerade state as long as the less probable inelastic 

transitions between the ungerade states are neglected. In this 

approximation precisely half of the inelastic transitions occur 

directly while the other half also undergo excitation transfer. 

All the total (but not the partial) cross sections quoted here 

should be divided by a factor of two if the entire incident plane 

wave is normalized to unity; the inelastic transition cross sec¬ 

tions are expected to then be directly comparable to the measurable 

cross section. The differential cross sections will also be 
i 

calculated. According to the above conclusion almost equal numbers 

of He(ls2po,^P) atoms are expected to be observed forward and back¬ 

ward scattered in the laboratory. Verification of this prediction 

would show that the inelastic transitions do indeed occur mainly 

through the gerade states. The inelastic cross sections obtained 

for the range of energies (2 - 15 eV) calculated here may be too 

small to observe experimentally, in addition to the fact that 
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beam experiments at these low energies are difficult. The inelastic 

transition cross section increases with energy, however, so experi¬ 

ments at higher energies may be feasible. Also some of the interesting 

quantum vs. classical and adiabatic vs. diabatic effects which were 

obtained by reducing the coupling in the theoretical calculations 

are expected to similarly arise as the energy is increased. 

Some aspects of the problem for further investigation will be 

mentioned. So far an approximate diabatic.representation has been 

used. This approximation could be eliminated by evaluating the terms 

in the momentum matrix due to the dependence of the orthogonalization 
* 

transformation matrix and the nonlinear orbital parameters of the 

valence bond functions on the internuclear distance as shown in 

Sec. (II.F). Also the feasibility of using many-configuration 

potential curves along with a lower-order approximate momentum 

matrix should be examined—as pointed out in Sec. (II.F) calculation 

of the exact momentum matrix for a large basis set may involve 

considerably more labor. The size of the neglected angular 

coupling discussed in Sec. (II.G) needs to be more precisely estimated. 

Another ma.tter for investigation is the usefulness of an intermediate 

representation for the decoupling approximation in the relatively 

narrow range where neither the adiabatic nor diabatic decoupling 

approximations provided accurate results. 
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