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ABSTRACT 

CURRENT ALGEBRAS AND PION LAGRANGIANS 

Chen-yu Hu 

The theory of weak interactions of non-strange 

and strange particles is reviewed. The algebra of currents 

is discussed briefly and applied to the soft pion calculations. 

The phenomenological non-linear Lagrangians of pions are 

developed in detail. 
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I. INTRODUCTION 

A. Outline 

This thesis presents a discussion and, we hope, a 

lucid derivation of some recent theoretical developments 

in the theory of weak interactions. Our particular aim is 

to understand the phenomenological Lagrangian method for 

calculating meson decays which was first put forward by 

Weinberg on the basis of Gell-Mann and Levy's a model, and 

then elaborated by Schwinger and subsequently by other authors 

notably Gursey and Chang, Lee, and Brown. Our own work cannot 

claim to make any original contributions to this fast moving 

and profound subject, but we do hope that our unified and 

simplified discussion will have pedagogic value. 

Following this outline we review the theory of weak 

interactions of the non-strange particles (pions and nucleons), 

and the strange particles (we limit our discussion to the 

time reversal invariant decays of the K mesons). This review 

introduces the notions of current-current interactions, 

conserved vector current (CVC), partially conserved axial 

vector current (PCAC), the Cabibbo angle, the AI=l/2 rule, 

octet dominance in the K meson weak interaction Lagrangian, 

and the symmetry group SU(3) x SU(3) which is believed to 

govern the algebra of currents entering the weak interaction 
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Lagrangian. We then proceed to Section II to the soft 

pion calculation using PCAC and the algebra of currents to 

discuss K meson decays. Following this, in Section III we 

develop the phenomenological non-linear Lagrangians which 

are guaranteed to reproduce the soft pion calculations of 

Section II. Application, discussions and conclusions are 

presented in Section IV. 

B. Weak Interactions of Non-Strange Particles 

The story of weak interaction began at the period 

of discovery of radioactivity (beta decay). The first big 

breakthrough came when Chadwick discovered the neutron in 

1932 and Pauli made the suggestion that another particle 

(neutrino) is also emitted in the beta decay of the neutron. 

Then Fermi constructed his famous theory of beta decay in 

which the electron and neutrino are created at the moment 

of emission in the same way as a photon is formed at the 

moment of its emission from an atom. So he supposed that the 

four fermion interaction Lagrangian density is a Lorentz 

scalar product of vectors bilinear in the fermion fields 

without derivatives: 

Lint‘Fermi> - Gv(Va V'V'V 

After this important step, people worked in order to determine 
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the interaction form as a scalar of the combination of 

products of scalar, vector, tensor, axial vector, and 

pseudoscalar terms (SVTAP). At this time, the meson and 

pion were discovered. Their comparatively long lifetime 

led to the conclusion that their decays are the same form 

as neutron beta decay. The concept of universal weak inter¬ 

action rose. In 1956 the great revolution in the theory of 

weak interactions was brought about by the T-9 puzzle now 

more familiarly designated as and decays. All the 

physical properties of the particles T and 0 seemed to be 

the same, but T decayed into two pions whereas 0 decayed into 

three pions. Deep analysis showed that the parities of final 

states were opposite. If parity is conserved, T and 9 must 

be different particles in spite of the identical masses and 

lifetimes. Lee and Yang pointed out the fact that whether 

the parity is conserved in weak interaction can be determined 

by measuring some pseudoscalar quantity, such as a spin- 

angular correlation. The experiment was done by Wu and her 

collaborators who showed that the weak interaction seemed to 

be "maximally parity violating" and to contain approximately 

equal scalar and pseudoscalar parts. The same conclusion 

was also obtained by Telegdi and coworkers in the rrpv decay. 

A simple two-component theory of the neutrino was soon (1957) 



4. 

suggested independently by Landan, Salam, and Lee and Yang 

to explain the maximal parity violation. They supposed 

that the neutrino was fully polarized with its spin opposed 

to its momentum, i.e. left handed. The wave function of a 

left handed neutrino can be written as 1/2(1 + Y5)^v• Since 

the massless Dirac equation is 

(p-a*p) i]fv = 0 

then 

where w is an arbitrary Pauli spinor. The projection 

A 

operator 1/2(1 + YO applied to i|t gives i|i for a*pw=-w, 
^ v v 

A 

and zero for a*pw=w, i.e. left handed neutrino. 

We first consider the decay of the muon: 

|j+ -» e+ + v + v 

Because the neutrinos are completely left handed, the most 

general four-fermion interaction without derivative couplings 

is 

Lint ~ ltAtCv-Vsl'i%’'I(lt',5)*vHl-C- U) 

From the experimental data on longitudinal polarization of 

the electrons, we get the relation 

C . 
v 
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The interaction (1) can be then written in the form 

Lint = yf"(^eYa
(1+Y5)^) (?vy

a (1+Y5) tv)+^.c. (2) 

By Fierz-Michel reordering theorem, we see that (2) is the 

same as 

Lint = yf“(1'rvYa(1+Y5) V} V+h*C* (3) 

This form of interaction suggests that lepton pairs 

also occur in the bilinear combination, f, y (l+y-Jijr , in 
oc ^ z 

leptonic decays of neutron and pion: 

n -> p + e” + v 

TT -* (i + V 

rr -♦ e + v 

Under such assumption, the electron will be almost left 

handed because of the small rest mass. Therefore the decay 

process IT -♦ ev is almost forbidden by the conservation of 

angular momentum. In fact, the calculated branching ratio 

by using this assumption is 

S-r. ev = !.3 x 10-4 

TT -* 

in excellent agreement with the experimental data. In this 

case, the multiplicity of possible bilinear covariants is 

reduced from SVTAP to just one, V-A. 
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In neutron decay, assuming that the nucleonic part 

of the interaction is also pure V and A, experimental data 

give the result 

Lint = ('irpYa(l+1.2y5)1lrn) (?eY
a(l+Y5)tv)+h.c. (4) 

The experimental value of G and G1 are very closed and are 

assumed to be equal. The factor 1.2 in the axial vector part 

in eq. (4) is believed to be an effect of strong interaction 

renormalization of an interaction which is originally of 

the form 

Lint = -f-(Va<1+Y5)V)(*eVa(1+V5)*v)+h^- (5) 

Therefore we get a V-A universal Fermi interaction. Theo¬ 

retically, it was obtained when expanding the ideal of two 

component theory of neutrino by Sudarshan and Marshak using 

a principle of chiral invariance, by Feynman and Gell-Mann 

using a two component theory of fermions, and by Sakurai 

using a principle of fermion mass reversal invariance. We 

note that (5) is invariant under CP, T, and chiral transfor¬ 

mations in which the fermion fields are transformed according to 

* “ 1 AfsIfS (pc) 

1 3 
f -• i Y y f (T) 

i|r "* Y5ijf (chiral) 
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The weak interaction Lagrangian density (3) can be 

written as 

where 

L. _ G 
int V2 

jU)ajU)+ + h<c 

a 

U) = 
a 'vV1+V +T Y (1+Yc) 

i a T5' 

(6) 

(7) 

is the leptonic current, 

as 

L 
int 

G 

V2 

Similarly, eq. (5) 

J(N)aJU) + + h.c. 
a 

can be written 

(8) 

where the nucleonic current is 

j <H> 
a ♦ Y (1+YCH 

pa 5 n 
(9) 

Thus we describe the weak interaction as a current current 

interaction form. Each of and contains a vector 

part and an axial-vector part. 

The electromagnetic current of nucleons and pions 

is 

G • ITt • *— , . f . . _ \ 
j = ilr Y ^ + i (jzfd $ “5 $ {6 ) . (10) 

a pap a a 

Using isospin notation, this current can be written as 

where 

.e.m. 
3 

a 

.(B) . 3 
3 +3 

a a 

. (B) i — 
3 = -=• it Y it 

a 2 T
N a N 

(11) 
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is the isoscalar current, and j is the third component 

of the isovector current 

k = f'♦NW 
+
 t x aa i ■ (12) 

Inspection shows that the vector part of the nucleonic 

1 2 
current of eq. (9) is just the first term of j + ii in 

a a 

eq. (12). It was suggested by Feynman and Gell-Mann that 

we must add a pionic vector current to the nucleonic weak 

interaction current, 

V = j 1 + i j 2 (13) 
a a a 

= Va^n + 

and the total vector current is conserved: 

3 Vtt = 0. (14) 
a 

With this assumption of CVC (conserved vector current), 

one can calculate the decay rate of 

+ o . + - 
TT -* TT + e + V 

and get 0.39 ± 0.04 sec-'*'. The experimental value is in 

agreement with this prediction. 

The axial vector current can not be conserved, otherwise 

the decay 

IT -* p. + v 

will be forbidden. This decay is governed by the matrix 

element 
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(15) 

where q is the momentum of pion. But 

(16) 

a 
is not zero, therefore 9 A ^ 0, and the axial vector 

a 

current is not conserved. The eq. (16) suggests that 

the divergence of the axial vector current is proportional 

to the pion field 

This is the assumption of PCAC (partially conserved axial 

vector current). 

with the currents (7), (13) and (15) are the realization 
v * 

of the universal Fermi interaction for non-strange particles 

incorporating the experimental facts of CP, T invariance, 

left hand neutrinos, CVC, PCAC, and coincidentally by our 

definition of neutrinos, lepton conservation. We should 

also differentiate between meun neutrinos and electron 

neutrinos. 

C. Weak Interactions of Strange Particles 

The next step is to extend the theory to include the 

strange particles, the K mesons and the hyperons. By analogy 

a 2 , 
9 A = f M jzf . 
a TT TT 

(17) 

The interaction Lagrangian densities (6) and (8) 
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to non-strange particles, we seek an interaction Lagrangian 

that is product of a vector-axial vector current with its 

Hermitian conjugate. In doing so, some basic experimental 

facts must be noted. First, the branching ratio K-*ev/K-*pv 

is undetectable small, it seems that the leptonic current 

has the same form (7) and that K leptonic decays are 

inhibited by the same mechanism that inhibits pion leptonic 

decays. Second, there are several selection rules for weak 

interactions: 

1. |AQ|=1 for leptonic decays. AQ is the difference of 

charges between final and initial states excluding leptons. 

This rule is concluded from the fact that decay modes like 

+ + _ 
K -* TT + V + V 

+ + 
K -* TT + e“ + < 

— 4- A' -* n + e + e 

have never been seen. Therefore no neutral leptonic currents 

or doubly charged leptonic currents exist. 

2. |AS|< 1. There is no evidence of the decays 

K° -* K_ + e+ + v 

-* N + leptons 

3. AQ=AS for strangeness violating weak leptonic 

decays. Thus the following decay modes are forbidden: 
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K+ - + 
TT + 

+ 
TT + e + v 

K° - 
+ 

TT e~ + V 

f 4- — 
S -* n + e + v 

Combining this rule and |AQ|=1, one concludes that 

|AI3I = 1/2. But there is a stronger assumption which requires 

that not only the third component of isospin, but also the 

value of isospin itself changes by 1/2. AI = 1/2 rule works 

well in many cases, for example, it predicts 

r(K° TfVv) = 2 
T(K+ -* TT°|i+V) 

r(A - pn~) _ 2 
T (A -> nn° ) 

in agreement with observation within experimental errors. 

The largest departure from AI = 1/2 rule is given by the two 

pion decay mode of K+. The rule predicts a zero branching 

ratio K+ -* TT
+
TT°/K° -* TT

+
TT~ , but the observed value is some 

five times larger than can be accommodated by electromagnetic 

corrections. This rule may be only an approximate selection 

rule. 

To treat the decay of strange particles, we must 

consider the strangeness changing currents. Because of 

the selection rule |AS|^ 1, we need to discuss AS=1 current 

J (1) only. Let V be its vector part, and A (1) its 
H 11 |i 

axial vector part, then 
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J = V + A (18) 

The first point to be noted is that the vector current 

V cannot be conserved. If it were, then there would 
H’ 

exist a conserved quantity 

Q
(i» - i d3 x V ^ o 

which would commute with the total Hamiltonian H. It 

follows that 

<p| [Q(1),H] | A) = (M -Mp)<p|Q(1) | A) = 0 

s d3x <p| VQ^ (x) | A) = 0 

•d) But the current Vv ' leads to A-p transitions, it cannot 

be rigorously conserved. In the SU(3) limit, however, 

all the baryon masses are equal, the above argument breaks 

down, therefore it is possible that V ^ is conserved in 

that limit. In view of the association of Vwith the 

i-spin current (13), i.e. 

V <°> = j 1 + ij 2 

M H H 
(19) 

Cabibbo proposed that is the SU(3) generating current 

which transforms as V+, i.e. 

V (1) = i 4 + ii 5 Vfi Du (20) 

By the analogy with vector currents, it was assumed that 

i 
there exists an octet of axial vector currents j 

p5 ' 
and 
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A 
U 

(0) 
i 

A + i 

(21) 

An immediate consequence of this hypothesis is that the 

strangeness changing currents obey the AS=AQ and AI=% rules. 

This is clear since they transform like an isospinor. The 

AS=0 currents transform like an isovector. Therefore the 

total weak current is 

J j M + j <H> 

H P 
(22) 

(JJ) 
where J v 7 is the leptonic current defined in (7), and 

(H) 
J v ' the hadronic current which contains two parts, i.e. 

AS=0 and AS=1 currents. We can write J 
(H) 

as 

J (H> - a(V <0)
+ A <°>)+b(V 

U U U / L 
(!> + A (1)) u / (23) 

Under the assumption of the universality of weak interactions, 

the strength of the hadronic current is the same as that of 

the leptonic current, hence we must have the identity 

a2 + b2 = 1 , 

or a = cos 0 (24) 

b = sin 0 . 

0 is called Cabibbo angle. If the symmetry SU(3) were 

exact, the separate strength of the AS=0 and AS=1 parts 

(H) 
of J would have no invariant meaning. Because SU(3) 
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symmetry is violated by weak interactions, we can determine 

Cabibbo angle by experiment. Either from the comparing 

4" 4* 4* , 

the rates for K -* \x + v and TT -* p + v decays or comparing 

4" -4- + 4“ 

the rates for K -* TT° + e + v and TT -* TT° + e + v, we get 

9 - 0.26. 

The generalized PCAC relation is also assumed: 

d^j ~(x) = f M “jzT (x) . 
2 ,i 

fi5 TT TT 
(25) 

There is some ambiguity in the extension of PCAC to the 

strange currents since it might be thought that the K meson 

mass should appear in (25). The prescription (25) predicts 

the same Cabibbo angle for the axial vector currents from 

K-»pv/TT-*pv decay as it does for the vector currents from 

K-»rrev/TT-*rrev» and is preferred for this reason. 

By the analogy with non-strange particles, we write 

the Lagrangian density for the leptonic decays of strange 

particles as 

LL . = -2. JU>+ J(1)u + h.c. (26) 
lnt 42 » 

Since J does not carry isospin, the fact that J has 

I=% implies the selection rule M=h for leptonic decays of 

strange particles. For non-leptonic decays, 

T NL _ G (H)+_(H)n 
Ju . —   J J 
mt H 

(27) 
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Because ^ ±s an isovector and J ^ is an isospinor, 

L ^ contains both AI=J5 and AI=1 parts. The AI=iS experi¬ 

mental rule AI=^ cannot be derived from the assumption of 

current-current interaction. In order to get this rule, 

one can assume that for some reason, the M=h part in L. NL 
int 

is more effect than the other one. The natural generaliza¬ 

tion of this selection rule in the framework of SU(3) 

symmetry is to assume the octet enhancement, i.e. the octet 

NL . 
part in L^nt is more effect. The strange members of an 

octet are isospinors, so that AI=J5 rule for strangeness 

changing decays follows. Under such an assumption, we can 

write the non-leptonic Lagrangian density as 

NL 
L 
int 

sin 20 
J2 

1 i i i u 
+:L) (jJ+jc) 5 (j. 5 6ij 

(28) 

This interaction incorporates the desired current-current 

form, but the property of universality of weak interactions 

is sacrificed. The neutral currents are introduced into (28) 

whereas there are no neutral' leptonic currents. The problem 

now is to use (28) to compare its predictions with the decays 

of strange particles, especially of K mesons in which we are 

particularly interested. There are two equivalent methods 

of calculation which we will now discuss for calculating 

non-leptonic decays. The basic technique employs the current 
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algebra together with the postulate of PCAC to relate a 

decay process involving a pion to the corresponding process 

without a pion, for example to relate K-*TT|J.V decay to K-*pv. 

The second equivalent technique which is preferred for its 

simplicity and close relation to perturbation calculations 

is that of phenomenological Lagrangians. The phenomenological 

Lagrangian is constructed to have the same group theoretic 

invariances as are used in the algebra of currents, which 

are violated by symmetry breaking pion mass terms which 

cause the axial vector current conservation to be broken 

by a term of just the PCAC form. Lowest order perturbation 

calculations with such a Lagrangian are guaranteed to give 

the same predictions (in a more transparent way) as current 

algebra and PCAC. 

II. ALGEBRA OF CURRENTS AND THE SOFT PION LIMIT 

We first discuss the algebra of current. The hadronic 

currents of weak interactions are assumed to be the octet 

currents of SU(3), the corresponding charges are 

(29) 

and 

(30) 
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Q 's are the generators of SU(3), therefore they obey 

the following equal time commutation relations: 

[Q1 (t) , Qj(t)] = ifijkQ
k(t). (31) 

where f's are the structure constants of SU(3). The axial 

currents are supposed to have octet transformation properties, 

so that 

[Q1(t), Q5
j(t)] = ifijk

Q
5
k(t)' (32) 

and the equal time commutation relations between Q,.1s are 

[Q5
1(t), Q5

j(t)] = if±jkQ
k(t). (33) 

These relations follow from the quark model, and are just 

those of the group SU(3) x SU(3). If SU(3) symmetry is 

exact, vector currents are conserved, and the Q^s are 

independent of time. The equal time commutation relations 

for currents themselves instead of charges are 

^o1<x)' jo:l(y)1xr)=y0
= ifijk£'3(5-y)Sok(x) 

O O J 

[j 1(x), j 2 (y)] = if . .. 63 (x-y) j k (x) 
o o5 x0=y0 iJk o5 

tj „ (x), j ~ (y)] 
o5 o5 xo=y0 

= if^vS
3 (x-y)j k(x) 

1]K O 

(34) 

Many important properties of weak interactions do not depend 

on the form of the currents but only on the commutation 

relations between them. Because there are some difficulties 
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in the quark model, Gell-Mann proposed that we can treat 

these commutation relations as the fundamental assumption 

instead of assuming the currents are in the form of the 

quark model. 

Now consider a process of the type 

a -* p + n^(k) 

where a and p are arbitrary states. The amplitude for 

this process is (p, TT'
L
| H(0) | a) . By the reduction formula, 

<P,TT
1
|H(0) |a)=i(k2-MTT

2) J<p| Tf^1 (x)H(O)) d4x. 

Substituting the PCAC relation (25), one can write 

k^—M ^ c 
<P,TT

1
|H(0) |(x)=i£^2(2TT)3/2(2k }l/2 (x)H(O)) |a)slkxd4x. 

Using the identity 

k^S<p|T(j 1 (x)H(0))| a>elkxd4x 
(J.5 

=i§<p| [ (x) ,H(0)] | a) 6 (Xq) elkxd4x+i^(p | T 1(x) H(0)) |a )elkxd4x. 

and taking the soft pion limit k^-*0, assuming there is no 

pole in the term ^(p|T(j^^ (x)H(0)) | a)e'*'kxd4x at k^=0, we 

get finally the relation: 

lim(2n)3/2(2k0)
1/2<p,TT1(k) |H(0) |a>v^- <P | [Q,1 (0) , H(0) ] | a) . (35) 

k^-0 lfn 

where Q^1 is defined in (30). 
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At first, we apply (35) to the decays 

and 

TT -» TT° + e + V 

+ + 
rr -* e + v . 

(36) 

(37) 

Using the Lagrangian (26), the amplitude of process (36) is 

<n»e+v|L.^|w+> 
int1 

= -f 1 -L- u YV+YJV <rt°|V (0) + |n+> , 
V2(2^7E J2E v 5' ex 1 a 1 

r
4 

(38) 

and that of (37) is 

_X.u Y
a(l+Y.)v<0|A„

(
°
)+

|TT
+
> . (39) 

V
 (2TT) VE V2E v T5 e i a 

1 

p v 

By Lorentz invariance, we can define the form factors as 

<0|A 
(
°
)+

|TT
+
> =  ^ rr) J2 f k N 1 a ' (2TT)3/2(2ko)

1/2 TT a 

<TT° | V 
(0)+

|TT
+
> =  3   T72“ f+(^+q) n 1 a 1 (2n)3(4k0q0)

1/2 + a 

(40) 

(41) 

where k and q are momenta of TT and TT° respectively. 

Applying (35) to <TT° | +| rr+^ 

1 <W|Va<°>V> - i(2rV^ <°l t05* ^<0>+ll-+> 

(42) 
q-*0 1(2tt) ‘TT 

(0) + _ . 1 (0) 4- .1 . . 2 
Since Va = ja -ija , and Aa =Da5 - iDa5 the commuta 

tion relations (34) give 

t°5 ' va 
(o)+, - » <°> + 
^ a 

(43) 
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Combining (40), (41), (42) and (43), we get 

lim f = 

q-*0 
(44) 

This result can also be obtained by using CVC, and is in 

agreement with the experimental value 1.5 ± 0.2. 

In K and K decays, the form factors are 
42 43 

<0|Aa
(1) V> -(2n)V^2ko)l/2 Wa <

45> 

<n-|va
(1)+|K+> . ■rA)J(4^ao)Va [fK+0c-Ki)a+fK.(k-q)a). 

(46) 

where k and q are momenta of K+ and TT°. Since A„ ^+=j tj4 

a 

- 5 „ (1)+^ 4 5 
a Ja 'ija5 ' Va » from (34) and (35), 

lim 

*0’ (2<3 ) 

1 <TT°|va
(1)+|K^>= 1 f <0|[Q5

3, va
(1,+]|K+> 

rr 

 1_ 1 <0|A (1)+|K+> 
i(2n)J//fTT 2 

1 a 1 
(47) 

Combining (45), (46) and (47), we get 

2f, 

I
F
KI ITT^ (^K+ 

+
 -^K-H 

q-0 % 

(48) 

The experimental values are 

2f, 

M- 
11 = 0.32 
K 

fK-/fK+ 
= 0,46 ± °*27 

|f | = 0.16 ± 0.01 
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The right hand of (48) has the value 0.074 ± 0.014. The 

experimental value of left hand is 0.070 ± 0.001. The 

agreement is very good. 

The K -* 3TT decay can also be related to K -» 2TT decay 

by taking one pion to be soft. With octet enhancement, 

. NL 
hl=% rule is satisfied. Write L. . as 

where L-^ and are two components of the isospinor, and 

and S2 are coefficients. Applying (35) to K -♦ 3TT decay, 

we get 

We use k, q^, q3 and q3 to denote momenta of K, rr^# rr2 and 

rr3 respectively. K, TTJ_, an<^ H3 ^o isospin functions 

of various particles. Because of the V-A structure of L, 

the commutator in (50) can be replaced by 

(49) 

lim (2TT) 
3//2

 (2q3° )
1//2

<n1n2n3| (SL)|K> 

q3-0 

(50) 

(51) 

From the fact that V is the generator of isospin symmetry 
-^O 

and L is an isospinor, one concludes that 

(52) 
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Now we concern the matrix element (SL)|K). There 

are four independent isoscalars: 

ill *32 x IL3 (SK) 

TTi *TT2 TT3 * (STK) 

TT2 .TT3 TT1 • (?TK) 

TT3 TT2 . (STK) . 

2 2 2 
Because , q^ and k are always equal to the squared 

masses of the appropriate particles, and momentum is conserved, 

we choose the scalar variables to be the pion energies in 

the rest system. 

E
1 = ^/“K 

E2 = qz'VMK 

E3 = Vk/MK 

Using Bose statistics and the assumption of linear dependence 

made by Hara and Nairibu, and Elias and Taylor, we have 

<
1TlVj(SL)|K>= (2TT)"

6
 (16q1

0q2
0q3

0k0)"1/2 

XCTTI'^ITB* (STK) ((X+PE3)+TT
2*£3]II ’ (STK) (a + PEj) 

+ n3*TT1n2 * (STK) (a + fJE2)] (53) 

with constants a and p. Under the limit <23"*0/ E^=0, 

E^=E2=^M^. From (50), (51), (52) and (53), 
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(2TT) (8q^°q2°k° ) [TTl’Jj2TT3’ (sJK)a 

+ (u2 *Jl3^1+Il3‘J3l!l2) * (SIK) <a+ J 

  — <11.11,1 (STT.-JTL) |K> 

TT 

= - (2TT)"9//2(8q1
0q2

0k°)"1/2Yn1*n2(Sn3-TK) (54) 

Where y is defined through the K-*2TT amplitude by 

(n^l (SL) |K)=i(2TT)’"9//2(8q1
0q2

0k°)''1//2YTT1*Tr2(SK) (55) 

Comparing both sides of (54), 

a = a + 1 f3M = 0 (56) 
2frr 2 

Therefore the amplitudes of K-*3TT decays are related with 

those of K-»2TT by eqs. (53), (55) and (56). 

Ill. PHENOMENOLOGICAL LAGRANGIAN 

We have seen in the last section that many physical 

predictions can be obtained by using current algebra and the 

PCAC hypothesis. But there is another method suggested by 

S. Weinberg, the phenomenological Lagrangian, which allows 

us to derive the same predictions. The idea of this method 

is to choose a Lagrangian which satisfies the proper current 

commutation relations and is invariant under isospin trans¬ 

formation so that the vector currents are conserved (i.e. CVC) 
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and invariant under chiral transformation except a 

broken symmetry term which will give the correct PCAC. 

In the soft pion limit we treated, there is a factor g, 

the pion-nucleon coupling constant, appearing in the matrix 

element when each pion is taken to be soft (f is inversely 
TT 

proportional to g), hence the same result will be obtained 

if we calculate the soft pion matrix elements to the lowest 

order in g by using the Lagrangian. 

Consider a Lagrangian density L containing the fields 

and their derivatives 3 i|f . , and the infinitesimal gauge 

transformation under which the fields change according to 

^(x) - ^(x) + x(x)Pi[^1(x) , \|f2(x),...] (57) 

where x(x) is called a gauge function. The variation of L is 

6L = — Y + —^  3 Y 
6X x &(aMx> V 

Vi - Vi + VFi + xVi 

(58) 

we have 

6L = &L_ p 
6x 6^ i 

6L 
rcyrr 

6L _ 6L . 
6 l^x) 6 1 

The current generated by the gauge transformation (57) 

is defined by 
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.|i _ 6L 
3 _ 6 (a^x) 

The divergence of the current is 

(59) 

a 6L N 

^IxF 

= 3 ( 6L ^ . 4. Sh 

n TTs-fTT ^ 1 

Using Euler-Lagrange equation of fields 

3 ( 6L ) = SL_ 
H 6(3^)' 6^ 

we get 

H = |L (60) 
H 6X 

If L is invariant under (57) with a constant gauge trans¬ 

formation, or gauge transformation of the first kind, 

then the current is conserved. 

= 0 (61) 

We first consider the gauge transformation 

iJr. —* e"^e^ ijr, i|r -> \l/e^e^ (62) 

for electrons whose Lagrangian density is 

L = "^(iy^S —m) \Jr (63) 
W* 

The infinitesimal form of (62) 



-* (l-iexH» i!r - \[f (1+iex) 

26 . 

(64) 

generates a current 

= Y = eil'YU'l' (65) 
6 

Because (63) is invariant under the transformation (64) 

with constant x* the current (65) is conserved. 

The Lagrangian density for the nucleon system 

LN = (66) 

is invariant under the first kind isospin gauge transfor¬ 

mation in which transforms as 

_ .q 

\jf —♦ e ^ ~ (l-i^uu)i[f (67) 

where 

* = U) = U) ° T 
n, 

The conserved isovector vector current generated by (67) is 

6L 
’N 

6 (d^tu) 

For the pion field 

1 — u 
— g\Jf Y jr^r 

\ M^trOzfjzf) 

(68) 

(69) 

where $ = • T 

law is 

Since $ is an isovector, the transformation 

e ~ 0 - i% [ uu, (70) 



under which is invariant, and the conserved isovector 

vector current 

is generated. 

The chiral transformation of the nucleon field 

where X = X • T# generates an isovector axial vector current 

which is not conserved because the Lagrangian density (66) 

is not invariant under the chiral transformation (72) due 

to the term . The PCAC hypothesis demands that the 

divergence of the axial vector current is proportional to 

the pion mass instead of the nucleon mass, therefore we 

replace M by a function M(iy T*^) whose transformation 

properties are defined by 

(71) 

(72) 

(73) 

(74) 

under isospin transformation, and 

under chiral transformation, so that the Lagrangian density 



28. 

is invariant under both transformations. Within an eigen¬ 

state of with eigenvalue 1, (74) and (75) become 

.a .a 
-i2u> ,. ^ i2u) 

= e M(iT*g)e M(iT•&') (77) 

M(iT*^' ) 
-ifx -ifx 

= e M(iT*jz()e z 
(78) 

respectively. The Lagrangian density (76) must be Hermitian, 

so that 

YOM
+
YO _ M (79) 

Expanding M in power series, 

M(iY5T^) = a(jz(2) + iy5T '0 b (jz(2) , (80) 

(79) implies a*=a, b*=b. Therefore M is a real function: 

M*(z*) = M (z) 

We define a real unitary function U as 

U(z) = [M(Z)/M(-Z)] 

so that 

2 
M(z) = U(z)H(z ) 

with r 

H(z ) = [M(z)M(-z) ] 

Under chiral transformation 

+ _i% 
M(iT*^')M (ix*^1) = e 2 M (iT • j^) M +(iT’0)e1 & 

(81) 

(82) 

as can be derived from (78). This equation implies that 

H(-jrf'2) = H(-^2) . 

Since only isotopic spin rotation can preserve the length 
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of the meson field, H must be a constant m. 

M(iy5T^) = mU(iy5'rv^) (83) 

Then the Lagrangian density (76) takes the form 

L = i|r [iy^ 3 -mU(iyr_T \x 5- 
-0) ] • (84) 

Together with the replacement of the nucleon mass term 

mi|n!i by mi{rU\}f, we also replace the kinetic energy term of 

pions by 
2 

£TT 

4 
tr [3 U(ijr*^)9p,U(iT*^)] 

M* 
(85) 

with some constant frr. From (83) we conclude U has the 

same transformation properties as M, under which (85) is 

invariant. Rewriting (80) as 

U(iT*^) = c(02) + iT *0d (02) . 

11 
choosing c = — a, d = — , and defining § = fTTU, we get 

frr f TT 

$ = a + i-7'0 (86) 

(85) becomes 

T tr (3 §3 $) 4 p H 
(87) 

From (77) and (78), the infinitesimal transformation laws 

for a and 0 are obtained immediately: 

6a = 0 (88) 

60 = guj x 0 
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under isospin transformation, and 

6a = gX_‘j2* (89) 

b# = -g\a 

under chiral transformation. Since U is unitary, we have 

= $+§ = a2 + #2 = fn2 (90) 

therefore 

a = fjth2-#2 = fn - jzf2 +... (91) 
^rTT 

To get the correct PCAC, we must add a broken symmetry 

2 1 
term to the Lagrangian. Choosing it to be f^M.^ a , where 

a^ = a-fn (92) 

The Lagrangian density for the pion is then 

L = i tr(d 5d^$) + f M 
TT 4 • |i IT TT 

= ^(B ad^a + 3 jrf«a*V)+f_MJ^o1 (93) 
2 |i |i~ — TT TT 

Substituting (91) and (92) into (93), 

L = h- h*'1#2 + 0(#4) , 
TT 2 \JL— — 2 TT — ~ 

which is just the free pion Lagrangian density plus terms 

representing TT-TT scattering. L is invariant under trans- 

2 1 
formations (88) and (89) except the term f^M,^ a which 

breaks the chiral symmetry, therefore it gives the conserved 
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vector current j The divergence of the axial vector 

current (without coupling constant g) is 

3 j / = ± -Z- = f M 2jz( . 
|i~A 9 6X n TT - 

(94) 

We see that the constant £ defined in (85) is just the 

pion decay constant in (25). 

If the gauge function is taken to be coordinates 

dependence, i.e. we consider the second kind gauge trans¬ 

formation, then the various Lagrangian densities are not 

invariant. To make them invariant, we must adopt the Yang- 

Mills trick. First consider the electron's Lagrangian 

density (63), a new vector field A (x) is introduced to 

couple to the electron field, under the gauge transformation 

it transforms according to 

A -» A + d v. 
II (i Ji 

(95) 

The vector field A must be coupled to i|r field only through 

the replacement of 3 i|r by D i|f, where 

D A = (3 + ieA ) iji, 
|iV p. V 

(96) 

in the free Lagrangian density. This is called the minimal 

coupling. If the current (65) is taken to be the electric 

current of the electrons, then A is just the electromagnetic 

field. The total Lagrangian density becomes 
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— u I UU 
L = III (iv D -m) <lr - -F F y v T |i Y 4 pu 

(97) 

where 

!^u = -BA 
u a 

(98) 

L is invariant under the second kind gauge transformation. 

Note that the replacement of 3 i|t hy D i|r is just the same 
4 4 

as the replacement of P by P -eA in classical electro- 
4 4 4 

dynamics, and the invariance will be broken by a mass term 

•^mA^A^ of the vector field. Representing the two parts 

of (97) as LQ and respectively, 

L = L0 + 
L
A 

Lo = ♦’(iY^-m)^r 

La F^F^ 

(99) 

Using the Ealer-Lagrange equation for the field A^, 

BL BL 
USV 

Because 

BL 
u BA, 

4U 

9UF^V = _pA4 + 3uB^AU f 

and defining 

j4 _ _ BL 
BL 

BA, 
4 

BA 
— = etyy^ijf 

4 

(100) 

we get 

4 ^ u u .4 
OA - ByY^A = 3 (101) 
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Since LQ is invariant under the second kind gauge 

trans formation, 

SLc 
6L = —- 

o BA, 

3L 
6A + —2  

H a (a X) 

BL 

V + 

^ 3x 
6A=0 6A=0 

but 

and 

6A = 3 V 
\1 V 

SLo 

ax 
6A=0 

0 

in virtue of the fact that L is also invariant under 
o 

the first kind gauge transformation. Therefore we get 

BL 

BA 

o 
BL, 

a (a^x) 
6A=0 

Combining (100) and (102), 

3 

BL 
 o 

a (a^x) 
6A=0 

(102) 

(103) 

Equation (60) implies that 

Li aL M o n a 3 = -— = o, 
ax 

(104) 

the current is conserved. Looking back at (101), we see 

that the supplementary condition 3 A^ can be imposed. If 

the mass of the vector field is not zero, the broken symmetry 



34. 

but the expression (103) for current and the conservation 

law (104) remain unchanged. We have a vector meson coupled 

to a conserved current in a partially gauge-invariant theory. 

The Yang-Mills trick can be easily extended to the 

case of isospin gauge transformation to make the Lagrangian 

density (66) and (69) invariant. The derivatives are 

replaced by the gauge invariant derivative D where 

where V =T*V is a vector meson field coupling to the nucleon- 

pion field. Because of the isovector character of JV , under 

the isospin gauge transformation, 

the other term -if [UJ,V ] is the isospin transformation. 

Combining (64), (70) and (106), we find that 

D * = O + if V H 
|i¥ |i 2 |i v 

D 0 = 9 / + if [V ,&] 
(J H ^ V- 

(105) 

u ~ 

(106) 

D \Jr -* (1-if U)) D # 
p 2 

D 0 -* D 0 -if [w D $z(] 
H U A H 

and 
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just the same way as i)t and $ transform, so that the 

Lagrangian density 

L = + |tr (D^D^) - ^M^tr 

is invariant. The Lagrangian density of the vector meson 

is 

\ - - ltr<GnUGUU> + K2tr<v,/> 

= - 4 Slu'^U + 1 (107) 

where a^ - 3^ + Vy] (108) 

which transforms as 

Snu - 2|au + 92. * 2HU (109
> 

The first term of (107) is invariant, but the second term 

is not except ID is coordinates independent. If we write 

the total Lagrangian density as 

L = 7(iY^D -M)* + ^tr(D^D^) - -|Mn
2tr(^) 

' |tr(GHUGlJU) + X2tr(VHVM) 

and define the vector current 

AV- = BL 
~ a (a^w) ' 

then is conserved because L is invariant under constant 

isospin gauge transformation. 
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Now we will add the Yang-Mills fields to the Lagrangian 

density (93). From (77) and (78), we write the combined 

isospin and chiral transformation as 

_.g + .9 - 
$ _ = e 

r2X- §e
l2 * (HO) 

where x* = = UJ ± X. The infinitesimal transformations 

are 

6$ = -if(x+§ - $x") (HD 

6$+= - i^ (x""$+ “ $+X+) 

Now let x te functions of coordinates, we must introduce 

the vector meson fields to couple to the field $ 

V ± = p ± a (112) 
|i P 

where V ± = T*V ±, and p = T*P,, is the vector meson field, 
p ~ -H Kp — 

a = T»a the axial vector meson field. The fields V 

transform as 

6V * = a x* - if [/, V *] (113) 
p p A ** 

The covariant derivative should be defined by 

V = V + ' *VJ 

iy+ = (D^)* = 8|jt
+ + if[V|J'§

+- §+vu
+] 

(114) 
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so that D $ transforms in the same way as the field § itself, 

i.e. 

6(D $) = -ij[x+(D^*) “ (D(i$)x ] (115) 

6(D $+) = -ii[x"(DQ§
+) -(D $+).X

+]. 
|i 2 r1 r1 

With the vector meson field tensor defined hy 

i i i . CT r ± i_ 
G = 9UV " 9UVU + ' V,, pu u v V- 2l-i u 

(116) 

the total Lagrangian density without nucleons, is 

L
 - - >

+
 K

2.*±
tr(Vv > 

+ ?ir^tr(VDU§) + f
T,MTT2al (117) 

The factor —— is included to make the kinetic energy 

!-p2 ! 
term of physical pion field be of the form 

Substituting (86), (112), (114) and (116) into (117), we get 

2 
L = 

- 7<Duau-Du^>2+ T-LP^V1 

+ | -j-ij { (5uo-g^-au)
2+(D^ + goa^)2} 

+ f M 
TT TT 

(118) 

D =3 - p x 
p H ~p 

where (119) 
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The vector and axial vector currents are 

M ^ 
. |i _ 1 dL _ v |i 

£v “ g 3 (B^UJ) g £ 

and 

^ ^ = A 3L _ 0 

g Buj 

• ^ _ 1 BL 
3A 

M. 

g a (B X) 

V |i 

3 =I3L = f M V 
g ax n V _ 

(120) 

(121) 

Since the interaction gf a *a^V should be eliminated, we 
TT~H — 

make the transformation 

a a — — D . 
Jai ~n M

v 
(122) 

and p must be chosen as 

P = gfn/Mv (123) 

9 
so that the coefficient of (D /) is just 1/2. Thus the 

Lagrangian density becomes 

L =
 ' 4

[3
WPU‘

3
U£H‘

9
£H
X
£U‘

9
V2U'^

(
5H

xD^ 

+ D^x2u> "9 <fe> 2 + \ MV
2
£U

2 

M ^ 

- 1 tD^-D^-1- | 3^7 5/ 

+ 7 <v)2+ 7 nt7 W-9!*' <vfe V>^2 
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+ 2 °'2<^- k D/)2+ga' (-U- V> <DV^2 2U> 

+ M 2 O' 
TT g 

(124) 

1 2 The coefficient of the term — should he the square 

of the mass of the axial vector meson. 

since 

M = M # 
A v 

we get 

(125) 

Because of the transformation 

(122) becomes 

(122), the axial vector current 

-1— D*V) (126) 
V2MV - 

IV. CONCLUSION 

Now we get a non-linear Lagrangian density consisting 

of pions, isovector vector mesons and isovector axial vector 

mesons, from which the vector and axial vector currents are 

constructed. These currents satisfy the current algebras 

and CVC, PCAC relations. In pertubative calculation, we 
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expand the Lagrangian density in powers of the coupling 

constant, apply the Feynman rules to the lowest order 

diagrams, then the current algebras results will be 

obtained. When kaon decays are concerned, the generalization 

to SU(3) x SU(3) is needed. The Lagrangian density should 

contain the octet of pseudoscalar mesons which couple to 

an octet of vector mesons and an octet of axial vector mesons 

But we will not do the generalization in this thesis. 
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