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ABSTRACT 

SUPERCOOLING AND TRAPPED FLUX IN 
SUPERCONDUCTING MOLYBDENUM 

Daltro Garcia Pinatti 

The supercooling properties of Molybdenum were studied through 

the use of a Dynamic Method. The KAPPA factor of Ginsburg-Landau 

was calculated. Using the De Gennes correction this value is 

0.22 ± .02. The structure of the phase transition as a function of 

the rate of sweep of the magnetic field, both for increasing and 

decreasing field, was studied. An attempt was made to interpret the 

superconducting-normal transition in terms of the electrodynamic 

theory of Pippard and Lifshitz. This was not sufficient, and a slow 

process in the beginning of the transition is necessary. Experimental 

evidence for this process is presented, and it suggests that surface 

thermal resistance may be the cause for the slow process. The dynamic 

method proves to be a potentially useful method for measurements of 

electrical conductivity. At .751 °K for Molybdenum we measure 

-2*1 "1 
a = 1.1*10 “ sec. , with a corresponding p^73yp(75l)= 5>750. The 

character of the normal-superconducting transition indicates that 

2/3 of the cross section of the sample has a sudden flux expulsion. 

The remaining 1/3 seems to have a gradual expulsion with decreasing 

field. 



ACKNOWLEDGMENTS 

I wish to express my appreciation to H. E. Rorschach for his 

suggestions, guidance and patient teaching in all the steps through¬ 

out this work. My thanks go to my colleagues, J. T. Carter, C. A. 

Wells, D. C. Chang and D. 0. Pederson, for overpassing the language 

barrier, and making the work in the Low Temperature laboratories, 

enjoyable and profitable. In particular I thank M. E. Melich for 

helpful discussions. 

I wish to express my gratitude to the Fulbright Commission of 

the U.S.A. and to the Physics Department of School of Engineering of 

Sao Carlos, S.P., Brazil, that through their scientific and educa¬ 

tional agreement, they made possible my study at Rice University. 

This gratitude extends also to FAPESP (Foundation of Help to Research, 

State of Sao Paulo, Brazil) for their economic supplement during 

these two years. 

For the constant support of my parents and wife I am deeply 

indebted. 

I hope that all these efforts may be some day useful to 

humanity. 



TABLE OF CONTENTS 

Page 

I. INTRODUCTION 1 

II. EXPERIMENTAL METHOD 3 

11.1 The firyostat 3 

11.2 Temperature Calibration 5 

11.3 Field Calibration 7 

11.4 The Dynamic Process of Measurement 8 

11.5 Sample and Sample Holder 10 

III. DISCUSSION OF THE EXPERIMENT 12 

111.1 Experimental Data 12 

111.2 Supercooling and Determination of the 

KAPPA factor l6 

111.3 Dynamic Characteristic of the Phase Transition 

A - Analysis of Results 21 

B - Electrodynamic Theory of the S-N Transition 25 

IV. CONCLUSIONS AND FUTURE PLANS 31 

V. APPENDIX 33 

VI. REFERENCES 35 



I. INTRODUCTION 

Superconductivity in Molybdenum was discovered in 1962 by 

Geballe, Mathias, Corenzwit and Hull (l). Since then various research 

has been done on Molybdenum (2) to (8). An equal number of different 

techniques has been used in these experiments. The results are given 

in Table 1. The different results have been attributed to the 

presence of impurities, primarily because it is very difficult to 

compare the sample purity of the samples used by different workers. 

With respect to the critical temperature, Tc, the agreement between 

the different workers is within a spread of 4$.^ This can be accepted 

as reasonable if we recognize that the data are from different workers. 

However with respect to the magnetic properties, including the critical 

magnetic field, the results cannot be regarded as satisfactory. The 

mean value for the critical field for the various experiments is 

98 gauss, and a spread of 16$ shows how unsatisfactory the data are 

for this quantity. Results for two other magnetic properties, super¬ 

cooling and trapped flux, have not been reported by all authors, and 

we cannot make statements about these points. 

The main purpose of this work is to study the supercooling 

properties of high purity Molybdenum and from them calculate the 

KAPPA factor of Ginsburg and Landau. A dynamical process of measure¬ 

ment was used. The method is proved to be valid and high precision 

could be attained. However, because of the fact that we have worked 

'We drop one of the data of Rorer, Onn and Meyer. We can take 

the eight data as small sample, and apply statistical arguments. 
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only with one sample, the results should he recognized as representa¬ 

tive of this particular sample as well as representative of the 

element Molybdenum. 

As a by-product of the dynamical technique, an interesting 

structure of the phase transition has been observed. This structure 

is not symmetric with respect to increasing and decreasing field, 

and most important of all it depends on the rate of change of the 

magnetic field H. These results support arguments that are helpful 

in understanding some of the different results reported in the litera¬ 

ture . These results bear on the form of the flux distribution in the 

bulk of the superconductor rod (intermediate state or a fine-grained 

distribution of flux, or a vortex structure, etc). 
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II. EXPERIMENTAL METHOD 

II.1 The Cryostat 

A Helium-3 cryostat of the single condensation type was used in 

this experiment. This cryostat is described in detail by R. G. 

Mallon, Ph.D. Thesis-Rice University (1966), also R. G. Mallon and 

H. E. Rorschach, Jr., Phys. Rev. (j) (9)* No major change was made 

in the cryostat. A "slot" was introduced in the silver holder of the 

Molybdenum sample in order to avoid eddy currents during dynamical 

measurements. We will return to this point when we describe the 

dynamical process of measurements. However some modifications have 

been introduced in the routine of operation of the cryostat. In the 

startup procedure described in (7) Helium-4 is transferred only one 

time, (single charge). This gives a working time of 3-5 hours. In 

order to study supercooling this time had to be extended. A double 

charge of Helium-4 was used and as a matter of record we describe 

the startup procedure for the double charge. 

1- Evacuate vacuum insulation region and seal it off. 

2- Evacuate liquid Helium-3 region and admit Helium-3 gas to a 

pressure of about 1 mm. 

3- Lift the moveable assembly and hold it in the "up" position. 

4- Evacuate the Helium-4 region and admit Helium-4 gas to a 

pressure of 1 atmosphere. 

5- Flush jacket of Helium-4 dewar with air and reduce jacket 

pressure to about 1 mm of air. 

6- Precool apparatus with liquid air; maintain the 1 atmosphere 
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pressure in the Helium-4 region. 

7- Evacuate the jacket and close the jacket stopcock. 

8- First transfer of liquid Helium-4. In order to insert the 

transfer tube it is necessary to remove the lifting solenoid. After 

completion of the transfer, the solenoid is replaced and the moveable 

assembly is lifted and held up. 

9- Pump on liquid Helium-4 until ultimate temperature is reached 

(~1° K). 

10- Increase Helium-3 pressure to about 20 mm. The Helium-3 will 

reflux, condensing in the Helium-3 transfer line, running down into 

the liquid region and evaporating on the guide tube and the silver 

sample holder. 

11- When the liquid Helium-3 region has reached Helium-4 bath 

temperature admit Helium-3 gas until all of it has liquified. 

12- Keep open the bypass valves of the Helium-3 circuit. 

13- Stop pumping the Helium-4 and admit Helium-4 gas until atmos¬ 

pheric pressure is reached. The temperature of the Helium-4 bath is 

now 4.2?K. The pressure in the Helium-3 circuit will rise a little 

above 20 mm of Hg. This is the maximum on the dial of the Wallace 8s 

Tierman pressure gauge but this gauge has protection against over 

pressure, and there is no harm in this step. 

14- Second transfer of Helium-4 (See step 8). 

15- Pump on liquid Helium until ultimate low temperature is 

reached (~1° K). The pressure in the Helium-3 circuit will be reduced 

at the same time. 

16- Lower moveable assembly. 
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17- Pump on liquid Helium-3 until desired temperature is reached. 

The steps 13, l4, 15 can be repeated whenever a new charge of 

liquid Helium-4 is necessary. With a double charge the working time 

was extended to 12 hours. 

II.2 Temperature Calibration 

Temperature measurements in the cryostat are made with an Allen- 

Bradley l/2 watt carbon resistor having a nominal room- temperature 

resistance of 2.7 0 (7)* In (7) "the parameters of the temperature 

characteristic curve given by Clement and Quinnell (10) were deter¬ 

mined on the basis of the T62 Helium-3 temperature scale, forT>0«53K. 

For T <0. K the temperature was determined by an extrapolation of this 

characteristic curve. 

This extrapolation was the object of some study. The Molybdenum 

sample was replaced by a powder sample of Potassium Chrome Alum, 

CrK^SO^)^.12HgO• The variation of the mutual inductance between the 

main solenoid (primary) and the pick-up coil (secondary) was measured 

as a function of the temperature as measured from the vapor pressure 

and the resistance thermometer. As the temperature changes the mutual 

inductance changes proportionally to the susceptibility of the salt. 

The susceptibility of Potassium Chrome Alum follows the Curie law for 

T>0.?K (ll). IP Currie's Law is valid, then M = A/T where M is the 

mutual inductance and A is a constant of proportionality. Note that 

A depends on the particular salt used and on the dimensions and 

materials involved in the apparatus. 
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[KCr (804)3] 12H20 

Figure 1- The susceptibility measurement circuit 

The circuit used in the measurements is shown in figure 1. It 

is a type of Hartshorn A.C. bridge working at 33 c/sec. (12)(13). 

The generator and detector function was executed by a Lock-In Ampli¬ 

fier unit (PAR Model JB-4). This unit has a phase detector, and the 

inductance (in-phase signal) can be balanced independently of the 

resistance (out-of-phase signal). The sensitivity was such that a 

change of inductance of 1 pH could be detected. 

The procedure for the calibration is as follows: The cryostat 

is stabilized at an arbitrary temperature. A set of three data is 

taken at that temperature: a reading of the variable inductor 

(magnetic temperature), a reading of the Helium-3 pressure (T62 

Helium-3 temperature) and a reading of the resistor (resistor tempera¬ 

ture). This set of three readings is repeated at various temperature. 

In figure 2, two graphs are plotted. Line 1 (square points) is 

the plot of inductor reading vs inverse of T62 Helium-3 temperature. 

Line 2 (ball points) is the plot of reading in the variable inductor 

vs. the inverse of the resistor temperature. Both lines are least 

square fit to their respective points. The close coincidence of both 
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lines shows that the use of the Clement and Quinnel temperature 

characteristic curve is valid in the entire range 0.4° K <T<4.2°K. 

The fact that line 2 is slightfey above line 1 in the lower tempera¬ 

ture region could he due to a break down of the Clement and Quinnel 

formula in this region. It could however also be due to another 

cause; the salt sample has very low heat conductivity (lower than 

the Molybdenum sample), and uniformization of temperature is a very 

slow process. We then have an uncertainty with a negative sign, and 

this would lead to a coincidence of the two curves. 

II.3 Field Calibration 

The magnetic field for the experiment is provided by a Nitrogen 

cooled end corrected solenoid. This field was measured with a Harvey- 

Wells nuclear magnetic resonance magnetometer. Due to the fact that 

the maximum field provided by the solenoid is only 359 Gauss, and also 

due to the geometrical dimensions available for the probe, a special 

probe was built. The substance used was water and proton resonance 

was detected. In order to reduce the proton relaxation time ^(NOj)^ 

was added until a 0.05 M. solution was obtained. The field along the 

axis of the solenoid is plotted in figure 3» The mean value is 284 

Gauss/amp. with l/2$ precision over the region of the sample. 

The earth's magnetic field was canceled using a pair of 

Helmholtz coils. The axis of the Helmholtz coil was oriented in the 

direction of the earth's magnetic field at the location of the ex¬ 

periment. The vertical component is less than 0.01 gauss and the 

horizontal component less than 0.05 gauss. 
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II. b The Dynamic Process of Measurement 

The magnetization measurements (7) show that Molybdenum is a 

Type I superconductor. They also show that Molybdenum can be super¬ 

cooled, and also that Molybdenum can exist in a third state of magne¬ 

tization different from the normal or superconductive state. In this 

third state, flux is trapped inside of the bulk of the superconductor. 

These previous measurements did not ascertain the structure (mixed 

state, intermediate state, etc.) of this trapped flux. 

A way to study this point is to measure the voltage induced in 

a picjf-up coil wound around the sample, as a result of the flux motion 

during the phase transition. In the magnetization measurements (7) 

the critical magnetic field at the phase transition is found by step¬ 

wise procedure: the field is set at a value, the sample is pulled out 

of the pick-up coil, and a deflection is observed on the galvanometer. 

The exact field of the phase transition is found by repetition of this 

measurement for successive steps of the field. This method involves 

three or four measurements at each temperature. 

In order to study the supercooling properties (l4) to (19), a 

large number of points at different temperatures is needed. The use 

of the ballistic technique requires a total time longer than the 

working period normally available in the cryostat. In order to fulfill 

those two requirements, i.e. determine the structure of the phase 

transition and diminish the length of time involved in the supercooling 

study, we have used a dynamical measuring process. 

A block diagram of the apparatus is shown in figure 4. The pri¬ 

mary piece of equipment in the measuring process is the duo-channel 
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SANBORN RECORDER (Model 320). It is a fast recorder with 0.5 megohm 

input impedance and recording scale with sensitivity variable from 

20 v/cm to 0.5 mV/mm. 

The voltage induced in the pick-up coil is fed through a SAN¬ 

BORN differential pre-amplifier (Model 8875A) into the first channel 

of the recorder (signal channel hereafter). The time response of the 

amplifier is 100 p,sec. to 99*9$ of the final value for a step input. 

The time constant of the input circuit of the pre-amplifier was mea¬ 

sured to be less than 60 fisec. This measurement was made by inserting 

the pre-amplifier between a square wave generator and an oscilloscope 

and measuring the decay time of the step function. 

The magnetic field used in the experiment can be swept at an 

adjustable constant rate. This is done in the following way: a cur¬ 

rent is supplied to an integrator (SI-100 or SI-120 Integrator) and 

the integrator output voltage is applied as input to the remote pro¬ 

gramming terminals of a Harrison DC power supply (Model 6265A). In 

this way a controlled swept current (0 to 1.2 A) is supplied to the 

main solenoid. 

A low value resistor (~1 Cl) was introduced in the circuit of the 

solenoid. The voltage available across this resistor is applied to 

the second channel (field channel hereafter). In this way we obtain 

a record of the signal and the field on the same paper and precise 

measurements can be made. 
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Figure 5- Negative Step Voltage Circuit 

Because the graph paper is of limited size and in order to have 

high precision in the field measurement, a negative step voltage was 

introduced in the field channel circuit (figure 5)• The graph on the 

field channel looks like a saw-toothed function because of the intro¬ 

duction of the step voltage. When the needle of the recorder reaches 

the border of the paper a step is made in the resistor R. 

II.5 Sample and Sample Holder 

The molybdenum sample used in this work is the sample No. 3 

referred to in (7)* It was purchased from the Materials Research 

Corporation. It had been zone refined using three passes. It was 

vacuum annealed during 68 hours at 1,100°C. The dimensions of the 

sample are diameter 3mm and length 82mm. If we associate this with a 

long ellipsoid of revolution, the demagnetization coefficient D can be 

calculated (20), and in this case we have D = 0.004. We should keep 

this number in mind in any discussion of the width of the phase 

transition. 
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The sample holder is a 99*999$ pure silver tube. The resistiv¬ 

ity of high purity silver at low temperature is very low (9.10"%l-cm) 

and eddy currents can take a long time to disappear. In order to see 

if these eddy currents have some effect on the measurements, a longi¬ 

tudinal "slot" was made in the silver tube. No major difference 

between the results before and after the introduction of the slot was 

observed. 
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III. DISCUSSION OF THE EXPERIMENT 

III. Experimental data 

The type of data obtained in the dynamical measurements is 

shown in figure 6. Between the time tQ and tm the field is increased 

at the desired rate H (0.27 < H < 70*00) Gauss/sec. The field can be 

kept constant at any desired value for any length of time tQ - tm. 

Between the time tn and t^ the field is decreased. 

The background voltage e in the signal channel has different 

values throughout the process. The diameter of the sample is 3 mm 

and the I.D. of the pick-up coil is 6.35 mm. Four levels of the back¬ 

ground are possible depending on the state of the sample and the magni¬ 

tude and sign of H. 

The main characteristic of these data are the non-symmetry 

between the superconductor-normal transition (S-N hereafter) and oppo¬ 

site transition (N-S hereafter). The shape of these curvegis the 

second important characteristic. We postpone to section III.3 the 

discussion of these shapes and we concern ourselves here with the 

meaning of the characteristic points Hc, Hf, and Hs, where Hc is the 

initial field and is the final field of the S-N transition, and Hg 

is the initial field (supercooled) for the N-S transition. It is 

particularly interesting to know how these fields change with varia¬ 

tions in H; the limiting values for H-*0 should be comparable with the 

static magnetization measurements. 

In figure 7 we plot Hc, Hf, and Hs as functions of H- Hc appears 

to be independent of H. Since this is the beginning of the S-N transi¬ 

tion it is identified as the critical field. In the literature 
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(table 1) a wide range of values for Hc(0) has been reported. Dif¬ 

ferent degree of superheating could account for such differences. 

Superheating is rare, but Garfunkel and Serin (2l) show that the mid¬ 

dle parts of tin rods may superheat quite considerable. If Molybdenum 

superheats it is likely that Hc would be dependent on H. Because of 

this argument and because of the shape of the S-N transition curve 

(discussed in III.3) we do not believe that the measurements on 

Molybdenum are affected by superheating. 

Figure 6- Type of data from the dynamical measurement 

The supercooling field Hs shows a small dependence on H. ■ For 

small values of H, the dependence can be described by a straight line. 

The supercooling field at H = 0 is then given by 

Hg(0) = Hg(H) . ( 1 + 0.007 H ) 

where HS(H) is the transition field got with rate of decrease H. H is 
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in Gauss and H in Gauss/sec. As long as we work with small rates of 

change the correction will he negligible. This correction was not 

considered throughout this work. 

The same conclusion is not true with respect to H^. It is 

strongly dependent on H. We postpone a discussion of the dynamical 

aspect until section III.3* We only point out here, that as 

H-*0 AH = H-f - Hc-»0 (more strictly, AH-*n.Hc = 0.004.HC where n is the 

demagnetization factor discussed in II.5). That AH-*0 as H-O is in 

agreement with the static magnetization measurements of Mallon (7). 

Fabel (l4) in 1952 observed in tin that the supercooling field 

was a function of the maximum field to which the sample was subjected. 

In Table 2 we present 3 groups of values, which show that in Molyb¬ 

denum the supercooling field is extremely stable with respect to 

variations in H^y, and in the cycling sequence. 

TABLE 2 

_ ?max 
±0.3 Gauss 

Hs Hmax Preset Hs 

±0.3 Gauss ±0.3 Gauss min. ±0.3 Gauss 

34,7 22.4 

I 47.0 22.4 

78.3 22.4 108.2 0.0 22.4 

110.5 22.1 91.5 1.2 22.4 
III 104.1 7.5 22.4 

34.7 22.4 105.4 30.0 22.1 
II 65.6 22.7 102.9 • 22.7 

108.2 22.4 

In group I the temperature was kept constant and the field was 

increased to maximum value subsequently H was reduced to zero. 

Four successive measurements with different H^ay were made. 

In group II between each measurement the temperature was raised 
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above Tc in order to destroy any traces of superconductivity. 

In group III except for the last point the procedure was the 

same as for group II, but the time that the sample was exposed to 

high field (lreset) 
was changed. For the last data point of group III 

the field was applied before the sample was cooled. This can be 

understood as giving an infinite time to destroy any trace of 

superconductivity. 

For all cases the field Hs was the same. The small variations 

shown are probably due to the fact that the temperature was constant 

only to within 2 m°K. 

Finally the reduced threshold curve Hc/Tc VS (T/Tc)^ is plotted 

in figure 8. The temperature Tc was first determined in a separate 

plot of Hc vs Tc by an extrapolation to zero field. This value was 

determined to be Tc = 0.910 ± 0.002 °K. Mallon's determination extrap¬ 

olated from magnetization measurements in the earth's magnetic field 

was O.906 °K. From our data however as can be seen in figure 8, a 

change in the slope of the critical field very close to Tc cannot be 

overruled. 

The critical field at T = 0, H0, was determined to be 102 ± 1 

Gauss. This value was determined by drawing a straight line through 

the points taken at the 7 lowest temperatures and extrapolating to 

0 0 K. The static value obtained by Mallon was 98 Gauss and this dif¬ 

ference can only be resolved by measurements at lower temperatures. 

The deviation of the critical field from the parabolic relation 

is also plotted. The deviation of the BCS curve from the parabolic 

can also be plotted, if we know the value of the Fermi-Sommerfeld 

specific heat constant y (See Muhlschlegel, ref 22). The heavy line 
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2 
is the curve for y = I.85 millijoule/mol-deg which is the mean value 

found by Rorer et al (5). The best fit to our data is obtained for 

y =1.99 millijoule/mol-deg^. This is consistent with other values 

reported in the literature (table l) (23) to (26). 

It is puzzling that such good agreement with the BCS theory is 

found in a sample that displays the flux trapping effect to be dis¬ 

cussed in III.3. 

III.2 Supercooling and Determination of the KAPPA factor. 

The phenomenological approach to superconductivity of Ginzburg 

and Landau (27) abbreviated as G-L hereafter) describes the behavior 

of the superconductor near the transition temperature Tc. Basically 

this theory is concerned with finding an expression for the Gibbs 

function of the superconductor: 

GS(H) = Gs(0) + H
2/&rT + l/2m [ - i-h vt - (q/c)A t(f]2 

III.3-1 o , k 
Gs(0) = Gn(0) +<x|*p +3/2 |t| 

2 
where G is the Gibbs function, || is the order parameter used to 

describe a two-phase system in equilibrium. Here |i)i| = ns is the 

density of condensed electron pairs and assumes values in the range 

0<|\lf| <lj | can also be considered as the quantum mechanical 

probability density for the center of mass of the electron pairs. 3 

is a constant, and a is assumed to be a linear function of the tem¬ 

perature: a = (TC-T)^-|TJT _ Tc. H2/8rr is the intrinsic energy of 

the magnetic field and the last term is the kinetic energy of the 

electron pairs in a vector potential A. 
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Minimization of G with respect to |\|i|2 yields |ty0|
2 - - d/3 • 

2 2 
From this Gs(0) - Gn(0) = Hc/% = a /2 0 

Minimization of GS(M) with respect to ty* and A yield the two 

nonlinear G-L differential equations 

G-L.l l/2m( -ih v - qA/c)2 Jr + ^ Gs(0)/,H* = 0 

G-L.2 v2A = - 4nJs/c = 2rr iqh/mc(i|i*v\ll - + 4rTq^/mc2(i|! |2A 

Solutions of these equations have been discussed extensively in 

the literature. We limit ourselves to the one dimensional case where 

half of the space is occupied by the metal and the other half is 

vacuum. If the z axis is in the direction of the field and the x axis 

perpendicular to the phase boundary, A = Hx j, and G-L.l reduces to 

where K2 = 2q2/fi2c2.H2 XAQ and \2 = mc2/4rrq2tyo are, r'.espcc.iively^hes^aa.red 

KAPPA factor and , . , the London penetration depth (28). q = 2e is the 

charge of the pair, and m, c and *h have the usual meanings. KAPPA, 

XQ and Hc, two of them independent, are the three parameters of the 

G-L theory. 

For temperatures very close to Tc the third order term Q
2 

can be neglected and the resulting equation is of the form of 

Schrodinger equation for the simple harmonic oscillator. This 

equation has periodic solutions that vanish at x = ±°° if the condition 

below is satisfied: 

III.2.b K = /2(H/HC) (n + l/2) 

This solution corresponds to nucleation of local regions. The 
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highest value of H/HC would he for n = 0. Then Hs/Hc =/2 K 

Depending on whether K < l//2 (type i) or K > l//2 (type II), we have 

the condition H = Hs < Hc or H > Hc. We are concerned here with 

type I superconductors and Hs is the supercooling field; from Hs/Hc 

the KAPPA factor can he measured. 

However the solution above does not consider two important facts. 

The first is the existence of a surface (i3eal surface) that is present 

in any experiment. In De Gennes' solution (29) (30) of equation G-L.l 

the ideal surface boundary is taken into account. The boundary con¬ 

dition is 

111.2.5 ["(- it iL - S£x) =0 
L b x c -Jx=o 

and if we assume a solution of the form f = f(x) e1^ G-L.l reduces to 

111.2.6 - -i- Thk - — Hxl^f = -af 
2mdx2 2m L c J 

This again has the form of the Schrodinger equation for the harmonic 

oscillator of frequency u) = qH/mc and origin at xQ = -hck/qH. The 

solution of this equation with the boundary condition above can be 

given in terms of Weber's functions. 

An approximation can be gotten in successive steps: 1- The 

boundary condition above is neglected, and we have solutions of the 

form 

- e-4<^>2 

2 2 
where § (T) = -fi /2ma and the eigeinvalues are -a = (n + l/2)qhH/mc. 

For n = 0 —^ -Ct = l/2.qhH/mc. This solution is true in the case of 

XQ» §(T). 
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2- What we need to know is how the eigeinvalue -a changes 

with change in xQ. C. Kittel (30) has used as a solution of 111.2.6 

2 
a Gaussian with adjustable width f(x) = e“rx and minimizes -a with 

respect to r and XQ. The integral necessary to apply the variation 

method is: 

+ [ilk - S Hx]2f} 
2m c J 

dx 

The result of this calculation gives 

x2 = l/(2rrr) = /6/[2n(l - 2/n)2]ihc/qH 

and - a = 0.66/2 . qhH/mc 

The result of the complete calculation with Weber's functions 

(29) (30) gives 

0.59010 qiiH 
" a 2 me 

2 2 
and using the value of a /g = H^ATT and -a/p = It I c o 

Hs _ & 
Hc 0.59010 K 

Another fact not taken into account by the G-L theory is the 

presence of imperfections. More particularly the imperfections at the 

surface (flaws) have a strong influence on the supercooling field. 

Fortunately this point has been investigated experimentally (Faber 

1952) (i4). F°r temperatures very close to Tc, Hc is small and the 

flaws are not effective as a catalyst for the N-S transition. This is 

called the "ideal condition" and it is experimentally identified when 

the relation between Hs and Hc is linear. 

For Molybdenum, the plot of Hg vs Hc_is shown in figure 9* The 

points for small field are plotted on an expanded scale. The heavy 



line is the least squares fit through the first four points. This 

linear fit shows that the ideal condition was reached. With this 
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value of Hs/Hc = 0.52 ± 0.05 the measured K value is 0.22 ± 0.02. 

The G-L theory gives expressions (20) relating the penetration 

depth XQ, the coherence length §Q, the surface energy parameter A, all 

in zero field, and the KAPPA factor: 

A = 1.89 XQ/K K M O.96 As, 

With these expressions and the expression for K factor from III.2.3, a 

tabulation of these parameters in A° is given in table 3j for various 

superconducting elements. The measured values were taken from 

ref. (20). 

TABLE 3 

elements KAPPA ^■0 A. measured §0 ^measured A Ameasured 

A1 0.015 190 500 12.160 16.000 24.000 18.000 

In 0.066 230 640 3.450 4.400 6.600 3-400 
Sn O.O98 270 510 2.650 2.300 5.200 2.300 

Mo 0.22 700 - 3.070 - 6.000 - 

Based on the results of the G-L theory the penetration depth is 

larger in Molybdenum than in the other three elements, but the surface 

energy parameter is of the same order of magnitude (See appendix). 

In figure 10 the degree of supercooling §s = (H^ - H|)/Hg is 

plotted against (T/Tc)
2. The results are very similar to those for 

In and Sn. The results for A1 differ considerably from Sn, In and Mo. 

(FAber 1955) 
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III.3 Dynamical Characteristics of the Phase Transition 

A- Analysis of Results 

In this section we turn our attention to the phase transition 

curves of figure 11. In order to introduce a vocabulary we list 

below some of the main characteristics of these curves. 

a) Complete asymmetry between both curves. It is true that the 

S-N and N-S transitions are not symmetric, and symmetry in the shape 

of the curves is not expected. In the S-N transition, the normal 

phase forms at the surface of the sample and propagates into the 

interior. In the N-S transition a superconducting shell forms on the 

surface, but its propagation into the sample is a complicated matter. 

The area under the curves is the flux change involved in the transi¬ 

tion and a considerable difference exists between them. In the static 

magnetization measurements the flux change involved in the N-S transi¬ 

tion was 2/3 of that in the S-N transition. In our dynamic measure¬ 

ment that factor is 1/3. This difference needs an explanation. 

b) The shape of the S-N transition is very characteristic. It 

starts with zero slope and rises to a maximum. Then it decays to a 

plateau of small slope, and finishes sharply with a finite slope. 

Besides this general feature there is a small interesting detail. 

Superimposed on the general increasing part there are small jumps, in 

contrast to the decreasing part which is smooth. It may be of small 

significance to discuss such detail in the present stage of precision, 

but the jumps can be interpreted as the "flux spot" (flux bundle) 

photographed by Baird (31) (32) in Indium (99*99$)• The sample in 

which the spot was photographed was a short cylinder of one inch 
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diameter and 10.6 mm thickness and hence has a very high demagnetiza¬ 

tion factor. To postulate the flux spot in a long rod (demagnetiza¬ 

tion factor equal to 0.004) is without doubt a strong extrapolation. 

But Melich (33) calculates the interaction potential of two spots 

inside of a superconductor sea. The interaction appears to be weakly 

attractive when the spots are widely separated (beginning of the 

transition). 

The S-N transition curve could be separated into two regions. 

The increasing part corresponds to the flux spot penetration and no 

delineated N-S boundary is present. The decreasing part would corre¬ 

spond to the inward propagation of a delineated boundary. 

c) In the N-S transition the two main features are the small 

area and the "infinite" peak at the beginning of the transition. Here 

we are in a situation where a drastic decision must be made. In 

Tin, Haber (l6) observed that first there is a formation of a super¬ 

conducting filament that propagates in the longitudinal direction at 

speeds of ~ 10 cm/sec. Simultaneously but with lower velocity there 

is radial and azimuthal propagation. Here however, we start from a 

state where the sample is normal (flux throughout the sample area) 

and proceed to the superconducting state with no flux inside of the 

superconductor. The total flux variation must appear in any case, and 

if the exponential tail contains only one third of the flux, then the 

remaining 2/3 has to be below the "infinite" peak in the form of a 

"i - function". That one third of the flux is contained in the tail 

is also supported by the static magnetization measurements. In 

figure 12 is shown the magnetization curve (Mallon) (j) as a function 

of the field for increasing field -1- and for decreasing field -2-. 
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The amplitude of Hc and Hs correspond to the flux changes involved in 

the S-N ($SN) and N-S ($Ng) transition respectively. §T is the flux 

trapped. Here is 2/3 of Then if the remaining third of the 

flux is present in the tail following the N-S transition, the only 

conclusion possible is to admit the "-function" concept. 

Figure 12 - Magnetization curves 

To do so means that 2/3 of the cross section of the sample has 

transformed to the superconducting state at Hs. The time involved in 

that transformation would he of the order of the relaxation time intro¬ 

duced by Keesom and Van Laer (1936) (3^)- This time can be determined 

from the width of the "^-function". This will be the object of 

future measurements. 

Now the question is how is the remaining one third of the flux 

distributed inside of the superconducting phase? There are two pos¬ 

sible ways. First, a centered normal nucleus remains, giving rise to 

a multiply connected superconducting region. Second the flux is 

distributed throughout the superconducting phase in the form of "flux 

spots" or intermediate state regions. Experiments on the intermediate 
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state (17) show that the normal phase is connected to the exterior 

by "gates", and the flux could escape in a relatively short time. 

Energetically, the formation of the intermediate state is extremely 

unfavorable when the surface energy parameter listed in table 3 is 

taken into account. 

We are then left with the "flux spot" as a stable structure. 

We will not attempt to give in this work theoretical calculations of 

the N-S transition because the precision in this measurement is too 

small for comparison with any calculated curve. 

Finally we discuss in this section experimental data that 

strongly support the idea that two thirds of the flux is contained 

below the initial peak as a " $-function". In one run, the sample was 

painted with polystyrene (Q-Dope). The thickness of the paint was so 

small that measurements of the diameter of the sample before and after 

_2 
the paint showed no difference to within 10 mm. The result is 

given in figure 13. The S-N transition curve showed only slight 

changes. The decreasing smooth portion showed no shanges at all, and 

this indicates that propagation of the N-S boundary was not affected. 

The increasing portion showed some changes. The initial linear "flux 

spot" penetration is followed by a rapid rise with a different slope. 

However the N-S transition showed drastic changes. The "infinite" 

peak gave place to a smooth curve, and the tail extended all the way 

to zero field. We will not discuss all the consequences of this ex¬ 

periment, but it seems that the Polystyrene had lengthened (from a 

small time of ~ 10 ^ sec. to a time of the order of seconds) the N-S 

process. For the moment we point out the important fact that the area 

under this curve is now of the order of magnitude of the area involved 
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in the S-N transition. 

B- Electrodynamic theory of the S-N transition. 

The electrodynamic calculation was independently given by 

Pippard (1950) (35) and Lifshitz (1950) (36). The original calcula¬ 

tion was made for the case where a magnetic field HQ > Hc is suddenly 

applied, and the propagation of the boundary is calculated. Following 

the same method we calculate the case where the field is progressively 

raised. 

Figure l4- Cross section of the superconducting rod 

In figure l4, a is the radius of the sample and r0 is the radius 

of the superconducting core. As rD shrinks, current is induced in the 

normal region. The main boundary condition is to require H = Hc at 

the phase boundary. The external field will vary with time: 

HQ = Hc(l + p +o<t) where p can take any value and a, is positive for 

increasing field. The flux §(r) inside of a circle of radius r is 

given by 
r jr 

B.l *(r) = | 2rrr'H dr' = n (r2 - r2)H,, + \ (H - HC)2TT r'dr' 
Jrn 

Jrn 
and 
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r 

B.2 Jr = -2TTH.r +— f (H - H )2TT r'dr' 
dt c ° dt Jv c 

■‘o 

d$ Jrr . 
B.3 Now = -2n rcE; J = crE; v x H = = %J/c 

dH_2a 1 d$ 

dr r dt 

where E is the electric field and a is the conductivity of the normal 

phase, and J is the current density. 

We solve these equations by successive approximation where we 

first neglect the second term in B.2 and find a first value for H; 

substituting back in B.2 then gives a better approximation, and so 

on... 

Then 5^ = ro d-’-’o and integrating 

dr ?T r dt 

B.4 p0lnp0 I-^-5 (p + at) where pQ = rQ/a 0<pQ<l 

and a further integration with initial condition pQ = 1 for t = 0 

gives 

2 

B.5 1 - P0(l - 21np0) = 2 p/atQ • (t/tQ) + (t/tQ)
2 where t0 = "pr- 

The next approximation for the expression B.5 is obtained by 

the integration of B.3 and substituting that expression for H in B.2. 

Before we find the corresponding expression for B.4 and B.5 let 

d$ 
us calculate — in order to see if the electrodynamics of the process 

CL’C 

can be responsible for the shape of the S-N transition curve. From 

now on we set p = 0, and this corresponds to the case that flux pene- 

dTT tration begins at H = Hc. Integration of with the boundary con¬ 

dition H = HQ at r = rQ gives: 
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_ 2 

B.6 H(r,t) - H0[l + P0 UnPo - lap)] 

= Hc[l+ at - atgL] 

where we have used B.4. Then 

3 

* 
= Jro

H2rTrdr '= + at)|(l - P0
2) + i ] 

where equation B.5 was used. Then 

, d§ 
’to^ 2TTH/[<:L+CU) top0^2+ 

iatJ* f 
JoJ (*,: inp0)2 

¥ 1 lnf^l 

U - P<3] 

3 
+ 

di 2 i \ 
or “tocFE = 2TTHC a f(t) where f(t) is the function in brackets. 

This can be numerically calculated. The routine used was to start 

with p0 and from B.5 calculate the corresponding t/tQ, and from them 

f(t). The corresponding induced voltage .in the pick-up coil is given 

by 

V = - N 2nHPa
2 f(t) 

C dt C to 

Because our factora is very small (0.11 s the first term in 

f(t) is on the order of 20 times bigger than the other terms. Keeping 

only this first term, the first order expression corresponding to 

B.4 and B.5 is: 

B.8 

B.9 

dfb ct or t 

P° at 4naa^ 1 + a t 

2 2 2 
1 - a, (1-2 lnp0) = 

ac 3 \ 
* °' 2rTOa^ (l+4tit) 

Where in the last expression, the expansion l/(l + a t) = 1 - at was 
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2 
used twice. For pQ -* 0 p0 (l - 2 lnp0) -* zero and t = t1} it 

follows that: 

t = Wrt+ i i 1 c L 
Figure 15 is a plot of the experimental points t^ vs l/a t . 

The points can be fitted very well with a straight line which does 

not pass through the origin. This shows that the first order ex¬ 

pression is more appropriate than the zero order expression. The 

conductivity can be calculated from the slope of this line. It is 

21 -1 
a = 1.1x10 sec . From this the resistivity ratio can be calculated 

and we obtain P^73/PCO.T)= 5;710. The value quoted by the supplier is 

10,000 and such difference should be taken as normal. 

The conductivity can also be determined from the intersection 

of the experimental line with the t^ axis. This method gives results 

in agreement with those above only if the constant 2/3 is increased 

to ~5/3. This suggests that the previous equation should be 

written as 

ti + tv = Snaa' 
+ + = r k +  = 1 

1 k -52- [k atl(i+ V^)] 

where t^ would correspond to the electrodynamic time of propagation 

and tfc to some delay in the beginning of the propagation, perhaps 

caused by thermal effects. In the present stage of development the 

precision does not permit carrying this analysis further. This 

discussion was introduced here because it will appear also in a dis¬ 

cussion of figure l6. 

In figure l6 the voltage V is plotted. The heavy line is the 

experimental curve and the dashed line is the theoretical electro¬ 

dynamic result. Because we have kept only the first term in f(t) 
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the zero and first order curves are identical. 

The "infinite peak" shown by the theoretical curve is character¬ 

istic of the destruction of superconductivity in a shell near the 

surface. Here we can see that a slower process is actually taking 

place and only after some time tjj. is the normal shell formed. That 

slow process we identify as the "flux spot" penetration already 

pointed out in section III.3*b. The other phenomenon that could be 

responsible for the slow process is the surface thermal resistance 

(Kapitza) (37) of "the Helium-3 in contact with the sample surface. 

The amount of heat per unit area that crosses the surface can be 

written as: 

Q = 
1 

R
(TQ) 

T) 

where TQ is the temperature of the bath and T is the temperature of 

the sample. R(T0) is known to have an inverse cubic dependence on 

Tq. This problem is complicated since R(Tq) depends on the properties 

both of the liquid Helium-3 and the metal. If we admit a sudden 

change of the surface of the metal to the superconducting state, there 

would be an equally discontinuous change in R(Tq). In this connection 

we are inclined to assume that the thermal surface resistance is the 

cause for the slow "flux spot" penetration process. 

Finally a word must be said with respect to the latent heat and 

thermal conductivity of the metal. Our calculation of the importance 

of these quantities is in an early stage, but it can be said that the 

importance of these quantities depend on a characteristic parameter 

(Faber 1953) 
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They must be considered if this parameter is of the order of unity. 

The heat conductivity k is known for T > 4.2° K and by making an 

extrapolation of k(T) to our temperature range and using the value 

for the conductivity from figure 15, the parameter above is the order 

-5 
of 10 . This allows us to conclude that the heat conductivity 

through the bulk of the sample does not modify the previous calcu¬ 

lations . 



IV. CONCLUSION AND FUTURE PLAN 
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In this work we have studied the supercooling properties and 

the structure of the phase transition, through the use of a dynamic 

process of measurement. 

The supercooling was used to calculate the KAPPA factor of 

Ginsburg-Landau. However this value should be taken with caution 

until determinations on more samples are made. 

With respect to the phase transition structure, the discussion 

was given separately for the S-N and N-S transition. Electrodynamic 

effects are not sufficient to explain the shape of the S-N curve, but 

we require in addition that some slow process take place at the begin 

ing of the transition. Experimental and theoretical arguments are 

strongly in favor of the "flux spot" penetration. Of the thermal 

effects, the only one that may have some importance is the surface 

thermal resistance. In order to understand the N-S transition curve, 

the sudden transition of 2/3 of the sample volume has to be assumed. 

Experimental evidence for this was presented. 

It was previously suggested (9) that the remaining third of 

the flux would be expelled in a discontinuous fashion with the 

decreasing field (Barkhausen noise). In the present stage of pre¬ 

cision the tail on the N-S curve looks continuous. Observations 

-6 
with the oscilloscope (time resolution of 10 sec.) have not been 

successful in observing how the "flux spot" is expelled from the bulk 

of the superconductor. If this time is taken as a limit of the time 

expulsion, then A§ <10-^ Gauss. This corresponds to 5°0 flux quanta 

in each "flux spot". Further efforts will be made to investigate 



32. 

this point. 

Besides a study of other samples of Molybdenum, the future plans 

include other elements such as Aluminium and Cadmium. The study in 

Cadmium would be of particular importance because in this element 

the penetration depth is 1,300 A0 and a relation between the penetra¬ 

tion depth and the importance of the "flux spot" concept is expected. 

Also the transition temperature of Cadmium is Tc = O.56 °K 

(HQ = 30 Gauss) and the thermal resistance could be kept the same as 

in the case of Molybdenum. 
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V. APPENDIX 

OBSERVATIONS ABOUT THE DE GENNES CORRECTION 

The eigenvalue energy for the first G-L equation is given by 

V.l -a = |i2 — = a $ 
me -a/p 

and the substitution 0G2/|3 = H?/4IT; - 

me 

and ^ o 4n(2e)y$n
2 

(see page 15 and 16) where the index zero denotes zero field, gives 

V.2 H 
2
 \Q

2
 = ^ — H = tif ' § H c 0 4TT (2e) 4TT 

0 

where §Q is the flux quantum. Now, it is known that Hc and \ are 

functions of temperature through the expressions 

Hc = Ho(l - t
d) = (I^jl 

c 0 1 + td 2 

where the last expression is true for T close to Tc. Then equation V.2 

can be rewritten in the following way 

2 2 
HCAO (1 2 -8 

V.3 H “ 2TT $o = ^ *3-3*10 Gauss-cm 

where we have put H = Hs and used the numerical value of fQ (with 

q = 2e). 

The value of Hg/Hc can be obtained from the supercooling experi¬ 

ment and if we use for 4Q(0) the measured value instead of the London 

value, interesting numerical values are obtained; see table 4 below. 

It is interesting to compare these numbers with the right side 

of equation V-3- 



34. 

TABLE 3 

Elements HQ(Gauss) HS/HC MO)(A°) 
H^o (0) 

HS/HC 

A1 99 0.036 (17) 500 (38) 6.9 10~8 

In 283 0.158 (17) 640 (39) 7.3 " 
Sn 306 0.232 (17) 510 (39) 3.4 " 
Mo 102 0.52 (# ) - - 

(# ) This work. 
p 

a) The De Gennes correction |i = 0.59010 makes the agreement 

worse instead of better. 

b) If we drop the correction, and set = 1, we have good 

agreement for Sn. The experimental values for A1 and In have roughly 

twice the expected value. 

\ -8 2 c) On the basis of the theoretical value 3*3X10 Gauss-cm 

a prediction for the experimental penetration depth can be made for Mo. 

This gives XQ = 1,300 A° . 

d) The two experimental results Hs/Hc and \Q are determined 

by two different techniques, and in this we may find the origin of 

the discrepancies. 

In any event, this suggests further study of the De Gennes 

correction. 
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