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ABSTRACT

The interactions by which a system of paramagnetic ions maintains
thermal equilibrium with the crystal lattice Containing them have been
studied experimentally by both non-resonant and resonant methods.
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A resonant pulse method was employed in this investigation because it
allows a direct monitoring of the return to equilibrium of a disturbed
paramagnetic spin system.
The spin system is described by a set of simultaneous rate
equations for the populations of the various energy levels of the
system.

In the pulse method a quantity proportional to the difference

between the populations of two energy levels is measured as a function
of time.

Since solutions of the rate equations are sums of exponentials,

the characteristic time constants or relaxation times are the quantities
of interest.
The relaxation time has been measured for the 1-2 and 2-3
transitions in

0.05>$ ruby at 9.328 Gc./s. as a function of the angle

between a constant magnetic field and the
lu20K.

c

axis of the crystal at

A pulsed spectrometer was built for making these measurements.

Cross relaxation, or spin-spin interaction, was found to be present
as well as spin-lattice relaxation.

THEORY

A OoO$% synthetic ruby crystal is formed by melting a mixture of
CrgO^ and AlgO^, 0a0$%

by weight.

When the melt is allowed to

cool to room temperature, the resulting crystal is A^O^ with some of
the aluminum sites now occupied by CrJ

ions.

For 0.0£$ ruby the con¬

centration of chromium ions is approximately 1.5xlO^^Cr^+/c»c<>^
The A^Chj structure is quite complicated, the conventionally
chosen unit cell being a distorted rhombohedron containing thirtythree atoms.^

The axis of three-fold rotational symmetry is called

the

Each Cr^'r ion is surrounded by six oxygen ions as

c

axis.

nearest neighbors.

The crystal field at the site of a Cr^+ ion has a

strong octahedral component and a small trigonal component along the
c

axis because of distortion of the octahedron (see figure l).
The energy level scheme of Cr

3+

in AlgO^ has been investigated

by Sugano and Tanabe^ and Sugano and Peter,^ beginning with the energy
levels of the free ion and introducing the cubic field, the spin-orbit
interaction, apd the

axial

field as successive perturbations.

The

ground state of the ion in a strong cubic field is an orbital singlet
with four-fold spin degeneracy.

The axial field and spin-orbit inter¬

action split this energy level into two Kramers doublets.

According to

Kramer's theorem these doublets can be resolved only under the influence
of a magnetic field.

The splittinq&of the ground state level in fields

of from one to ten kilogauss correspond to frequencies in the microwave
region.

The first excited orbital state lies far above the ground

state energy levels as indicated in figure 2.

At low temperatures, then,

only the ground state levels are appreciably populated.

FIG. 1. Portion of the AI2O3 lattice. The aluminums are found
between equally spaced planes of oxygens. They are octahedrally
coordinated with the octahedran severely distorted, the site
symmetry being only Cj. The Al3+ sites are all physically equiva¬
lent; however, there are two types of sites which are magnetically
inequivalent. All Al3+ sites between adjacent planes of oxygens are
magnetically equivalent, i.e., (b) and (c), while they are magneti¬
cally inequivalent to those in the next set of planes, i.e., (a; and
(f), in that their <p axes are rotated from each other by nearly 60°
as explained in the text, (d) and (e) are interstitial sites which
have site symmetry Cu, whose cubic axes are rotated from each
other by (60°—2a), about the c axis.

Fig-1 Alj,03 lattice. With Cr** in the Al sites the above
mentioned magnetic inequivalence has no effect on the EPR
spectrum since the cubic field does not lift the four
fold
spin degeneracy of the ground state.
The

picture

is

from

Geschwind and Remeika, Phys. Rev-, ]22 , 757 (1961).
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The four ground state energy levels can be described by an
effective spin Hamiltonian, which, for Cr^+ in

Al^O^,

Hs =eDj.B,S.+

takes the form^

+ D[SHS(S-MV]

where Bj is the ith component of the magnetic field, S=3/2 is the
effective spin (also the actual spin in this case),
magneton, and

^

and

5

D

is the Bohr

are constants which have been determined

7
by spin resonance experiments®

The four energy levels which are seen

to be functions of the magnitude and direction of the magnetic field
are the eigenvalues of this spin Hamiltonian®

The direction of spin

quantization, or

c

z

axis,

is taken to be the

Only when ®, the angle between the
field
For

axis and the constant magnetic

B, is zero are the energy eigenvectors also eigenvectors of S ,
0°

the energy eigenvectors are linear combinations of eigen¬

vectors of Sz®
for ©

c

axis of the crystal.

= 10°.

Figure

2

shows these levels as a function of B=lB|

The levels are conventionally numbered 1, 2, 3, and U

from top to bottom as shown in the figure.
ion from level
Let

1

to level

2

1-2

transition®

W2, N3, and be the populations of the four energy

levels, where N]_ + N2 + JLj +
the sample.

is called a

A transition in a chromium

=N, the total number of Cr

ions in

At equilibrium, the relative populations are given by the

Boltzmann factor:

NjNi

=

iei'£MkT

Suppose the equilibrium distribution of

level

populations is

somehow disturbed and then the disturbing influence is removed.

By

(The

first

excited

level

is

at

420,000 6c./s.)
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exchanging energy with the lattice the paramagnetic spin system can return
to thermal equilibrium with the lattice (or back to its former equili¬
brium situation if the lattice is in contact with a heat reservoir).
If WJJ is the probability per unit time that a transition from the
ith level to the jth level occurs because of interactions with the
lattice, the rate equations describing the behaviour of the level
populations are
(1)
dt
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If a magnetic f ield = B^(r) sinu>t with U>
is applied to the sample and

A. B,

will be induced between levels 1 and 2.

IB^I^ |B| , then transitions
If Vjj is the probability

per unit time that a transition from level

i to level

j

will be

induced by B^, then a term ^2 ^2 - N^) must be added to the right
hand side of equation (l) and - K^) must be added to the right
O

hand side of equation (2), since V-j * Vj£.°

The solutions of the rate

equations are in general sums of n-1 exponentials if there are

n

equations.
In addition to interacting with the lattice, the paramagnetic
ions can exchange energy among themselves.

If for example ion A has

energy and ion B is in level E®j and if E^j - E\. - E^jj - E®j ,

/

k
then energy will be conserved if ion A makes the transition i

k and ion

B* the transition j-> J.
Case I
E, -E.

E

i -Ek

-^E

>r

*

If ions A, B, and C are in states i, j and j respectively* and
if E. - E^ = 2(Ej - Ej), then energy can be conserved if ion A makes
the transition i -*• k while B and C make the transition j
Case II

xr?

3
J

-E:■b

i-E

i

$

E

i -

E

=

2(Ef - Ej)

k

If 2(E* - E^) = 3(E| - Ej)* a process is possible involving five
ions* and other more complicated processes are also possible. When
account is taken of these processes the rate equations must be modified.
For Case I a term proportional to -N.Wj + must be added to the
right hand sides of rate equations (i) and (j) and a term proportional
to NjNj -

must be added to the right hand sides of equations (k)

and (#,).
For type II processes a term proportional to -Njln2 + 2 must be
vJ

added to the right hand sides of equations (i) and (j)* and a term pro0

portional to N^Nj -

0

o

must be added to equations (k) and (it).7 The

equality of probabilities of induced transitions i-» k and k-> i has
been assumed.
When cross relaxation (or spin-spin interaction) is present* then*

5
the rate equations must be modified, and clearly the observed relaxation
can be different from that seen when only the spin-lattice interaction
is effective. The higher the concentration of paramagnetic ions in a
host lattice, the more likely should cross relaxation processes be.

6
APPARATUS

The resonant pulse saturation technique first employed by Davis,
Strandberg, and Kyhl^ was used in this relaxation study.

This method

allows a direct observation of a quantity proportional to the difference
between the populations of two energy levels as a function of time.

The

older methods of measuring relaxation times require continuous rather
than pulsed time varying magnetic fields at the sample and can be
divided into two types: resonant and non-resonant.
The first paramagnetic relaxation studies were made by the Dutch
group at the University of Leyden^- in the late 1930's and early 19l|0’s.
They measured the real and imaginary parts of the magnetic suscepti¬
bilities of various paramagnetic samples, and from the formula for the
susceptibility derived by Casimir and Du Pre* from thermodynamic con¬
siderations they calculated relaxation times.
all of the non-resonant type.

These experiments were

Three different experimental techniques

were used: the bridge method, the calorimetric method, and the heterodyne
beat method.
In the bridge method the sample is placed in a coil which is part
of a mutual induction bridge.

The coil produces a time varying magnetic

field parallel to a larger constant field.

The real part of the susceptf

bility causes a change in the mutual inductance between this coil and a
second coil wound coaxially with the first.

The imaginary part of the

susceptibility causes a change in the energy absorbed from the time
varying field.

Both effects are measured by noting the adjustments

necessary in inductance and resistance in the reference arm of the bridge
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to compensate for them.

This method was used at frequencies from 16 c.p.s.

to 256 c.p.s. at temperatures from 1.3°K to 1|..20K.
The calorimetric method determines only
the susceptibility.

,

the imaginary part of

Again the sample is subjected to parallel constant

and time varying magnetic fields.

The temperature of the thermally

isolated sample is monitored, the heat absorbed by it being proportional
to

Ct!*.

This method has been used at frequencies from 100 kc./s. to

78 Mc./s. at temperatures from lii°K to 90°K.
The heterodyne beat method determines only /X/, the real part of
the susceptibility.

The sample is placed in the coil of a high

frequency oscillator, the coil being in a constant magnetic field para¬
llel to its axis.
change.

Changes in

tf!

cause the oscillator frequency to

The signal from this oscillator is mixed with a reference

signal of constant frequency, and the differential audio frequency is
accurately measured.

This method has been employed at frequencies from

100 kc./s. to 11 Mc./s. and at temperatures from 61;°K to 290°K.
Since these methods are the non-resonant type, the relaxation
times obtained do not necessarily describe the relaxation of a single
transition, but represent instead an average of the relaxation times
of all possible transitions.

Their connection with the solutions of

the rate equations is not clear, therefore.
More recently continuous wave resonant saturation experiments
have been performed.

2 3 11

In this type of experiment the sample is

placed in a resonant microwave cavity where microwave magnetic fields
of frequency

\f

are large.

A much larger constant magnetic field B

is applied perpendicular to the microwave field.

If

the

8

sample absorbs energy from the microwave fields.
proportional to ft1*.

The power absorbed is

The power absorbed by the sample is monitored as

the strength of the microwave field at the sample is increased, .ft? is a
function of Bp the microwave magnetic field, and g( y )Tj, where g( V )
is the line shape function and T^ is the spin-lattice relaxation time.
From a plot of ft11 vs. B^, then T^g( )J ) can be determined, and, if
g( V ) is known, T^ can be found.
This method has several disadvantages also. As with the non-resonant
methods interpretation of results depends upon a theoretical expression
for ftf •

In cases where the number of energy levels is greater than two

the relaxation can be characterized by more than one time constant.

In

these cases there is no way to separate the time constants unambiguously.
Only in the resonant pulse method are measurements made in the
time domain.

The exponential nature of the relaxation can be directly

observed, and if the relaxation is characterized by several time constants,
they can ideally be separated with the aid of a semilogarithmicplot.

The

results of such an experiment are most closely related to solutions of
the rate equations, and therefore, they can be most easily compared with
theoretical solutions.
The spectrometer is shown in the block diagram of figure 3. The
oriented ruby sample is placed in a rectangular microwave cavity designed
to operate in the TE^Q^ mode.

See figure

The sample is in a region

where the only component of the microwave magnetic field

is always

perpendicular to the externally applied d.c. magnetic field B for all
magnet orientations.
If the magnitude and direction of B are such that the frequency of

FIG. 3
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corresponds to the separation between two energy levels of
Cr3+($\U)

a

Ej - Ej) then transitions i -* j and j -> i will be induced

with equal probabilities.

If Ej< Ej, then W£>Wj in equilibrium and

there will be more transitions i -► j than j
of energy from the microwave field.
is proportional to B^.

If

i, or a net absorption

The transition probability V^j

is stiff iciently large, ij

transitions induced by B^ will be so numerous that the relaxation
processes cannot cause enough j -*■ i transitions to restore equilibrium,
and the net result will be that Wj and Nj become nearly equal.
these conditions the i

Under

j transition is said to be saturated.

The microwave fields in the sample cavity are of sufficient
intensity to saturate a transition.

When the transition is saturated,

Bj^ is switched rapidly to a value too small to cause saturation.
Equilibrium is now approached as the relaxation processes re-distribute
the level populations.

The amount of power absorbed from the weak

monitoring field increases as Nj and Nj approach their equilibrium
values.

The receiver detects the growth of this absorption signal.

A frequency-stabilized X-l3 klystron generating approximately
200 raw. of microwave power supplied both the saturating power and
the monitoring power.

Two IN31*82 diodes mounted in the wave guide were

used as switches to decrease the power level by approximately 60 db.
In the "on" position the diodes pass approximately 1$0 raw. of rf power,
sufficient to saturate the sample.

In the "off" position, the diodes

pass only enough power to monitor the change in level populations.
The monitoring power could be changed by 33db (from 0.l£ raw, to 0.02y*iw.)
by adjusting the phase shifter between the two diodes, maximum isolation
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being attained when the effective separation between the diodes is an
odd integral number of quarter wavelengths..

This method of switching

is superior to the usual practice of using a separate pulsed klystron
or magnetron as a source of saturating power.

One klystron, stabilized

to a high Q reference cavity whose frequency is tuned to the frequency
of the sample cavity, allows frequency stability of the saturating
power as well as the monitoring power.
An indication of the magnitude of the power necessary for
saturation was obtained from a calculation of the power level correspond¬
ing to S

B

1, where S is the saturation factor appearing in the Bloch

susceptibility.

The average power absorbed per unit volume,

proportional to the imaginary part of the susceptibility

//__
-

■s/XottVT^
i

+-tf(w-u)0r-hs

= static Curie susceptibility.

£0©

s

is

ft!1 %

A*

•> S^BTTT,

rtt,

A,

Bo

* “ 3fmc
T2

0

Tg

« Bloch’s spin-spin relaxation time.

Bloch’s spin-lattice relaxation time.

At resonance

o»»co0 , and

/*//=

•

As B-j2 is increased from

a value so small that S « 1, A first increases linearly with B^.
as

becomes large enough so that S

no longer valid.

But

1, the linear approximation is

For S > 1, Acc Bbecomes independent of B-^2, and

saturation is said to be occuring.

B^

can be related to P, the power

Hi

incident on the unity-coupled cavity:

Q

~ 8TTp ^6,

JVz

where V is the volume of the
c
sample cavity, and the sample
losses are assumed small*

Tg is taken from the line width of a typical ruby transition as

(9.3x109)secand Vc

s

5*16 cm,^ the expression for S gives

S » (3*8x10^) P, with P expressed in watts*
On the basis of this rough calculation, then, appreciable satu¬
ration might be expected for P « 100 raw , as in this experiment*
The magnitude of the power necessary for saturation was checked
experimentally*

The diode switches were disconnected and continuous

power was supplied to the sample cavity*

It was found that the power

could be decreased from lf>0 mw* by 6db before any resonance signal could
be detected.
The monitoring power was kept to a value approximately l5db
below the level at which the signal ceases to be proportional to the
monitoring power.
Use of a superheterodyne receiver was dictated by the small signal
expected with less than one microwatt of monitoring power

The local

oscillator power is obtained by coupling off one-tenth of the klystron
output power through a 10 db directional coupler inserted between the
klystron and the diode switches.

Amplitude modulation at 60 Me is

provided by another IM3U82 diode driven by a 60 Me generator*

The

12.
amplitude modulated wave can be expressed as a sum of three waves of fre¬
quencies

and

eu

where

» (2TT)X(60 MC/S.)

Following the modulator is a transmission cavity, tunable by means
of a dielectric rod, which acts as a band-pass filter.

The cavity is

tuned to the frequency of one of the sidebands, say

ou jp, and, be¬

UJ-

cause it has a Q of f>00, rejects the fundamental and the other sideband.
This local oscillator wave of frequency

U>- uj ^ is then mixed in'a

balanced mixer with the reflected wave of frequency ai from the nearly
unity coupled sample cavity.

The 60 Me component created in the mixer

is then amplified and sent to a phase sensitive detector.

This type of

detector was chosen because it provides a better signal to noise ratio
than the diode detector originally built into the if amplifier.^

The

phase sensitive detector yields a d. c« level proportional to the ab¬
sorption signal and maximum when the signal is in phase with a reference
signal.

The sensitivity of this detector can be adjusted with the phase

shifter in the local oscillator arm.

The detector output is displayed on

an oscilloscope whose triggering is synchronous with the diode switches.
With this local oscillator arrangement the need for a second klystron is
eliminated and the intermediate frequency is provided by a 60 Me generator
whose anqolitude and frequency are very stable.
From equation (3»W, chapter 5 of Microwave Electronics by Slater
the reflection coefficient of a cavity at resonance is
r =
Qgl

j-~ $

1+5

, where

£ = Q /Q .
e' a

losses associated with coupling from guide to cavity.
©c

losses in cavity.

Qa1 s Qc1 + Qm1
Q-l eC

losses in walls and dielectrics in the cavity.

Q”^dC paramagnetic losses in the sample.

Qm => Qm(t).

As relaxation progresses, Qnf^QflQ* Qa"*Qao*

r_>r

oa

$o*

signal is proportional to the reflection coefficient.

The detected

The observed ampli¬

tude of the relaxation signal is then proportional to
l-€ _ ir

“

r

o

=

i+S

l+So •
w

This can be expanded in a power series in (

r r =

- o

~

~

-a(«-60) r

TTFI^ U-

-zfc-Go)
(l + So)*

r 3L r
87T J

2

i-i

dVc J

Y1

• '

/6-So\*

+ (l+sf) +

1

J

/$-%<,)
lf

From the above definitions

Q*1 ~
m

/6-So\

g

i + se )

Vl+SoJ^I*

6-S0 = Q

e

Pm, where

I
Q-^ - Q"1 I ,
L.
m
mo _j

is the power absorbed by the

paramagnetic sample.

If the ij transition is being observed ('fitt) = Ej - E^), then
Pm(t) -^tuVjj [l|i(t) -Nj(t)]

.

Similarly Qj^jj is proportional to the equilibrium population difference
between levels i and j, and so if the relaxation were characterized by
a single exponential time constant T-^ , then

i'io

(and hence the

detected signal) would be proportional to exp(-t/T^).
Bowers and Mims and Armstrong and Szabo find that neglecting of
the second term in the above expansion causes greatest error at the
beginning of a relaxation cycle, but even here the error does not
exceed 10* if Qao/Qmo< 0.1.9,17

llu
Q

ao/Qmo ' ? IVj

2

“**

B dV

l

s

*

where V

s
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the

of the sample and P is the total power dissipated in the cavity-

|

2

T

" C *.« 2] (W )

= ,0£ for the Sample used.

volume

.
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MEASUREMENTS

Relaxation of the 1-2 and 2-3 transitions has been observed at
ii.2°K and has been found to be characterized by a single exponential
time constant.

The time constants were taken at first from photographs

of the oscilloscope screen,

interpreted by means of plots on semiloga-

rithmic graph paper (see figures 5 and 6).

After the character of the

relaxation had been established, the time constants were taken directly
from the oscilloscope screen by measuring the time required for the
signal to decay to l/e of its initial value.

The maximum error in these

measurements is estimated at + 5$.
The relaxation times were found to be independent of the repetition
rate of the saturating pulses so long as the time between pulses remained
above lOT^.

It was necessary to keep the klystron frequency tuned

exactly to the frequency of the sample cavity, and the magnetic field
exactly on the resonance value in order to avoid dispersive effects.

10
These precautions are mentioned by Davis, Strandberg, and Kyhl.
The graphs in figures 8 and 10 show the relaxation times plotted
as a function of ®, the angle between the c axis of the crystal and
the constant magnetic field.
is expected.

Figures 7 ahd 9 show where cross-relaxation

Figure 7 was obtained in this manner: the values of the

magnetic field B for various values of

&

were taken from a graph of

frequency vs. field vs. angle for the 1-2 transition (at constant
frequency f^

=

9.328 Gc./s., the resonant frequency of the sample

cavity at lj..2°K).
same

Then the frequencies of the other transitions at the

®,B values were taken from similar graphs and plotted vs.

<B) .

Fig. 5

Relaxation

of

The

scales

time

the

1-2
are

transition. ® = 70 degrees;
lOms./cm.

and

lOOms./cm.

B = 1.98 kG.

Fig. 6

Semilogarithmic

plot

of

figure

The angles at which these curves cross the horizontal lines l/2f^g,
fig, 3/2f^2J 2f^2 are the angles where cross relaxation is to be expected.
Figure 9 is the corresponding graph for the 2-3 transition.

These

angles are seen to correspond to maxima of T^. The same sort of behaviour
is reported by Armstrong and Szabo whose investigations were made at
3 Gc/so9
For this concentration of Cr

3+

, then, the cross relaxation

effects are quite pronounced. As mentioned before, the relaxation due
to cross relaxation (spin-spin interaction) and spin-lattice interaction
is expected to be quite different from that due to spin-lattice inter¬
action alone.
P. L. Donoho has solved the rate equations for Cr 3+ in AlgO^.
From the solutions he has obtained relaxation times in terms of the
transition probabilities. He has used the perturbation Hamiltonian of
Mattuck and Strandberg for the spin-lattice interaction to calculate
the transition probabilities. The relaxation times which he obtains
are for the spin-lattice relaxation by direct processes alone. No
account is taken of cross relaxation. His results agree with the
relaxation time measured in a much more dilute sample by Nisida,

1A

who made measurements at one angle only.
Further investigations are planned as soon as more dilute
crystals can be obtained.

It is hoped that for a sufficiently dilute

sample cross relaxation effects will be negligible.

In this case the

angular distribution of relaxation times should be predicted by the
above mentioned calculations. Also, it is possible to extend the cal¬
culations to include cross relaxation. A lower limit to dilution is

ir.
imposed by the maximum sensitivity which can be obtained from the
spectrometer.
sible.

Considerable improvement in sensitivity is thought pos¬

The monitoring power level can be increased since it

is Ifjdb

below the level at which saturation is fifst noticed.

This can be done

by allowing

With the present

some power to bypass the diode switches.

cavity, sample size could be increased for the lower concentration
samples, and

this

would also increase the signal.
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APPENDIX
Modulating Diodes
Philco IN3U82 diodes are used in two places in the pulsed
spectrometer.

One is used in the local oscillator section to intro¬

duce the intermediate frequency, and two are used to square-wave
modulate the power into the sample cavity.
The diodes are of the point-contact type and are mounted across
the waveguide.

The impedance presented to the microwaves by the diode

depends strongly on the bias current, and the diode is able to respond
to changes in bias in a time of the order of 1 ns.

Therefore very

fast switching is possible.
An equivalent circuit for a waveguide-mounted diode is given
below 19

Ls ~ lead inductance of diode whisker wire.
Rj ** diode junction resistance.
Cj = diode junction capacitance.
Cc = shunt capacity of diode package.
RQ

® characteristic impedance of waveguide.

Rg * diode series resistance.

-2v.

IN3482

Fig. 13

Diode

driver

19

When the diode is reverse biased Rj» Xc^

and XCe »

resonance, then, the diode impedance is approximately Rs,

Rs.

At

Since

Rg<< R0, most of the incident power is reflected, and most of the power
which is not

reflected is absorbed.

Very little power is transmitted,

and the switch is in the "off" position.
When the diode is forward biased, the junction impedance becomes
very small.

The diode

with XLs» Rg and XCe

appears as a high Q parallel resonant circuit
= XL& .

Nearly all of the incident power is

transmitted, and the switch is in the "on" position.
When two diodes are mounted in tandem, the total isolation is
strongly dependent upon their spacing.

Maximum isolation is obtained

when the diodes are separated by an odd number of guide quarter
wavelengths, and minimum isolation occurs for a separation of an even
number of guide quarter wavelengths.

Thus the diodes can be considered

to form a resonant (or antiresonant) transmission cavity.^0*^
In the spectrometer, isolation could be varied by changing the
effective electrical distance between the two diodes with a phase
shifter
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