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PREFACE 

The object of this thesis is two-fold: first, to treat 

the general existence theorems for universal (simply connected) 

regularly branched covering surfaces; second, to show by 

example how the utilization of such covering surfaces yields 

some interesting results in the theory of functions. In par¬ 

ticular we shall find that there exists a Blaschke product 

f(z), defined in Jz| < 1, which assumes as a radial limit 

any given value of modulus one on a set of radii having locally 

the power of the continuum, whose endpoints form a dense set 

on jzj = 1 having linear measure zero. Moreover the set 

of radii on which f(z) does not possess a radial limit 

also has locally the power of the continuum. 

A generalization of this example shows that, given an 

arbitrary perfect set E on |w| =1, there exists a Blaschke 

product f(z) defined in |zj < 1 with the following pro¬ 

perties: f(z) assumes a given value a s E as a radial 

limit on a set of radii having the power of the continuum, 

while a given value b <s [|w| = ij - E is the radial limit 

of f(z) on a countable set of radii. 

The author wishes to acknowledge the invaluable super¬ 

vision of Professor 6. R. Maclane during the writing of this 

thesis. 
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CHAPTER I 

PRELIMINARIES 

The purpose of this first chapter is to collect together 

most of the notation, definitions, and theorems which are 

assumed, but not written out, in the sequel. No attempt is 

made for completeness and few details are included. Dis¬ 

cussions of most of the material mentioned here can be found 

in [3] and [10]; as usual, numbers in square brackets refer 

to the references at the end of the thesis, 

The term iff! will be used in place of the expression 

"if, and only if"; the end of a proof will be signified by a 

heavy vertical bar; | , Theorems, lemmas, definitions, and 

examples are numbered consecutively throughout each chapter# 

A knowledge of general topology, such as found in [4], 

is assumed. The following notations will be observed: let 

A be a subset of a topological space X; then 

A0 is the interior of A; 

A" is the closure of A; 

B A* = X - A is the complement of A; 

Ab is the boundary of A. 

The fact that a set V is a neighborhood of a point x will 

usually be denoted U(x). A map f: X^ -* Xg, where X^, Xg 

are topological spaces, is a local homeomorphism iffi for any 

x s X^ there are neighborhoods U(x) and V(f(x)) such 

that f: U(x) 7(f(x)) is a homeomorphism onto. The follow¬ 

ing standard result will be needed [7* P» 37] : 
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- THEOREM 1.1. (Lebesq.ue*s Lemma) Suppose U is 

an open covering of the compact metric space X. Then there 

is an e > 0 such that anv subset A of X with diam (A) < e 

is contained in some one of the G^. 

We shall consider an arc (or path, curve) is a topological 

space X as a continuous map from a compact real interval 

[a,b] into X. We shall usually take [a,b] = [0,1] = I and 

denote the arc a by a = (a(t),l), where a(t) represents 

the value of the map a at a point t s I. a(I), the carrier 

of the arc a, is a compact, connected point set beginning at 

a(O) and terminating at a(1). Usually we shall think of 

a and a(I) interchangeably. The notion of simple arcs, 

and simple closed arcs is as customary. 

A space X is locally arc-connected iffi given any 

point x e X and any neighborhood U(x) there exists a 

neighborhood V(x) c U(x) such that any two points of V(x) 

can be joined by an arc in U{*). 

The basic ideas of combinatorial topology, in particular 

the concepts of homotopy and fundamental group, are assumed; 

[14] and [11] may be referred to for a treatment of these 

topics. The definition of simple connectivity used here is 

the following: a topological space is simply connected iffi 

its fundamental group exists (i.e., the space is arc connected) 

and consists only of the identity. A space X is locally 

simply connected iffi given any x e X, for each neighborhood 
\ 

U(x) there is a neighborhood V(x) c U(x) such that any"\ 

closed arc in T(x) is homotopic to a constant in U(x). 
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The following facts about covering spaces are collected 

in [10], 

A topological space X is an \A -space iffi X is 

Hausdorff, arc connected, locally arc comiected, and locally 

simply connected. If X and X are two o# -spaces and 

f: X -* X is a continuous map into, then X, along with the 

projection map f is a covering space of X, which is denoted 

by (X,f). A covering space (X,f) of X is unbranched 

iffi f is a local homeomorphism; an unbrancheoL.hovering 

is unbordered iffi given any point P e X and any arc 

a = (a(t),l) in X with a(0) = f(P) = P, then there exists 

an arc a = (a(t),I) in X such that f(a(t)) = a(t) for 

all tel, and a(0) = P. a is called the continuation 

over a from P. Two covering spaces (X'pf^) and 

(X2,f2) of X are equivalent iffi there is a homeomorphism 
V A# 

h: X1 -* X2 onto such that f^ = fr?h. 

THEOREM 1.2. (Monodromy Theorem) If (X,f) i_s an 

unbranched, unbordered covering space of X, and X is 1 

simply connected, then X is simply connected and f is 

a homeomorphism onto. 

THEOREM 1.3. Let (X,f) be an unbranched, unbordered 

covering space of X with P s X and P = f(P). The homo- 

topy classes of all closed curves from P .on X which are 

projections by f of closed curves from P on X form a 

subgroup 6 of the fundamental group F of X. For differ¬ 

ent P^ over P, the totality of groups IB ^ form a com¬ 

plete set of conjugate subgroups of F . Conversely, to 
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each, complete set of conjugate subgroups of F there corres¬ 

ponds an unbranched, unbordered •covering space (X,f) of X 

A/ 
with the above property, and (X,f) i£ unique to •within 

equivalence. 

Thus we speak of a set of conjugate subgroups of F 

corresponding to a covering space of X, and conversely of a 

covering space corresponding to a subgroup IB of F , 

i.e., corresponding to the set of subgroups conjugate to B . 

THEOREM 1.4. let F be the fundamental group of an 
/V 

unbranched, unbordered covering space (X,f) of the space 

X with fundamental group F . If B is the subgroup of F 
/V A** 

to which (X,f) corresponds, then p = 03 (isomorphic). 

The universal covering space (X,f) of X is the 

unbranched, unbordered covering space of X corresponding to 

the identity subgroup of the fundamental group of X. The 

universal covering space is simply connected and unique to 

within equivalence. The universal covering space of the 
A A 

universal covering space (X,f) of X is (X,i), where i 

is the identity map. If (X,f) is any unbranched unbordered 

covering space of X and (X,g) is the universal covering 
A 

space of X, then (X,f«g) is the universal covering space 

of X. If (X,f) is any unbranched unbordered covering 
A 

space of X and (X,g) is the universal covering space of 

X, then (X,f <>g) is the universal covering space of X. 

A declctransformation of the unbordered covering space 
A/ 

(X,f) of X is a projection preserving homeomorphism of 

X onto itself. A decktransformation is uniquely determined 
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by its effect on one point of X. The collection of deck- 

transformations, alongwwith the obvious operation, form a 

group IP which, is isomorphic to the subgroup IB of the 

fundamental group F of X to which (X,f) corresponds. 

IP is transitive iffi there is a homeomorphism in ID which 

carries any point over P into any other prescribed point 

over P. Then it follows that ID is transitive iffi the 

subgroup IB of IF to which (X,f) corresponds is normal. 

(X,f) is a regular unbranched, unbordered covering 

space of X iffi all curves a of X lying over a closed 

curve a in X are either all closed or all open. Then we 

have 

THEOREM 1.5. Let (X,f) be a regular unbranched un¬ 

bordered covering space of X, let ID be the group of deck- 

transf ormations of X-, and let 0 b£ the subgroup of (F , 

the fundamental group of X, t£ which X corresponds. Then 

ps F/B . 
As a corollary, ID is transitive. It is clear that 

the universal covering space is a regular unbranched cover¬ 

ing. 

A surface is a triangulable, connected, Hausdorff space, 

possessing an open covering by sets homeomorphic to plane 

discs. The concept of triangulability is well known and may 

be found in [3], [5], and [11], all of which are good sources 

for surface theory and combinatorial topology. We shall con¬ 

cern ourselves only with orientable surfaces, i.e., those 

surfaces possessing coherent triangulations. The Euler 



6 

Characteristic ^ of a compact surface (or bordered surface) 

is defined in the following way. In a given triangulation 

of a surface, let s° be the number of vertices, s* the 
» . 2 

number of sides, and s the number of triangles. Then 

P 5S -*B^ + S^ *»«’S^« 

(D is a topological invariant* It is of course an integer, 

and has the property p > -2, For the sphere p = -2; for 

the disc <p = -1? for the annulus, p = 0. 

The theory of measure, group theory and theory of trans- 

finite numbers play an important part in later results. The 

tools needed are basic and well known, however. 

The next three the or ems ^provide an introduction to the 

idea of Blaschke products# We first prove 

THEOREM 1.6. Let F(z) be holomorphic and bounded in 

|z| < and let a^., k = 1,2, .., , be the zeros of f(z) 

in \z\ < 1. Then the series 

k = 1 

converges. 

Proof; We may assume that the series ^ajJ is so 

arranged that 0 < la^l < < V* lor II f(z) 1130 a zero 

at z » 0, of order m, we treat the function f^z) as 

Wow the function 

n 

b (z) = 
n TT. *k ak ~ 

z 

k a 1 I ajj-l 1 - a^z 



is holomorphic in |z| < 1 with modulus 1 on |z| = 1. 

Then f(z)/t>n(z) is holomorphic in |z| < 1 with 

f(z) 

Vz) < 1. 

Hence 

or 

|f(o)|< |bn(0)| < 1 

n 

0 < |f(0)l < J~[ |ak| < 1 
k = 1 

CQ 

But this means that the infinite product j j |ak| con- 
K-l 

verges, and hence the sum J (1 - |a, | ). 
k = 1 * 

By way of converse we have 

THEOREM 1.7. Let (a^J he a sequence of points satis 

0 < lakl < lak+il < 1* II 
oo 

k = 1 

converges then there is a function bounded and holomorphic 

in | z| < 1 with |akJ as 3-bs zeros. 

Proof: Define 

B0<z) = limn-- n |alcl 1' ^ 
k = 1 1 - a ^z 

= lim. rr 
k = 1 

ak ~ 2 

1 “ V 

Clearly this infinite product converges if the series 
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oo 

1 “ z/ak 

1 - a^z 

1)(1 + (|akl/ak) z) 

m - afcz 

converges. But it is easy to see that, for 

< (1 - I®*!) lialJ ~ 1 •|l + (|a]cl/Bk).z| 

1 - V 

z| < r0 < 1, 

1 + r 0 
1 - ro 

so that the series does converge uniformly and absolutely 

in |z| < r0. But this implies that the infinite product de- 

fining BQ(z) converges to a function holomorphic and bounded 

in |z| < 1.0 

We call B0(z): a Blasohke product with zeros {aj . 

The condition a^ 0 is removed by considering the function 

B(z) = zm BQ(z). 

THEORM 1.8. Any function f(z) holomorphic and bounded, 

|f(z)| < 1, in |z| !< *1, has the representation 

f(z) = es(z) B(z) 

where g(z) is holomorphic with ^ (g) < 0 in |zj < 1, 

and B(z) is the Blaschice product determined by the zeros 

of f(z). 

Proof: This follows directly from the facts that 

f(z)/B(z) is holomorphic without zeros in |z| < 1 and that 

f(z) — Hm f(z) 
B(z) 

«•* JLJUtU 
Zm hn(z) 

in l z l <1.0 



CHAPTER II 

UNIVERSAL REGULARLY BRANCHED COVERING SURFACES 

I. BRANCHED AND REGULARLY BRANCHED COVERING SURFACES! 

The definitions of covering space* unbranched covering 

space* unbordered unbranched covering space, regular un¬ 

branched covering space, etc., go over into equivalent de¬ 

finitions in terms of surfaces simply by specifying that 

the spaces involved are surfaces. 

DEFINITION 2.1, The covering surface ( *3* ,f) of the 

surface y is branched iffl f is a local homeomorphlsm 

except on a set of isolated points> called branch® points of 

y , at which points the map f is characterized in the 
A/ ^ | 

following way: if P is a branch point of j< and f(P) = P 

then there are neighborhoods U(P) and U(P), and homeo- 

morphisms 

01 U(P) - {|t| < 1], 

0: U(P) - {\t\ < 1/, 

such that the map 

f: U(P) -* U(P) 

induces the map 

g: J|t| < ij - j(t| < l), 

where g is defined by 

t = g(t) = 0(f(jT1(t))) = t ^ 

for some positive integer • 
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The integer JJL > 1 is called the multiplicity of the 

order of P. Points for which p = 1 are called ordinary 

points of y * We shall be interested only in those cases 

where the multiplicity of a branch point is finite, thus 

ruling out of consideration the so called "logarithmic 

branch points," This restriction shall not mean, however, 

that in dealing with infinitely many branch points the 

associated multiplicities are necessarily bounded. 

It is seen from figure 1 that the neighborhood U(P), 

where P is a branch point of 7 of multiplicity p » con¬ 

tains p points which are mapped into the same point in the 

projected neighborhood U(P). This is the characteristic 

property of a branch point. 

branch point P and the number p - 1 is called the branch 

p b ( 

ltl< 1 

Figure 2.1 
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Though the branch points of £ are isolated, their pro¬ 

jections on y hy f need not be. The following two ex¬ 

amples illustrate this property, 

EXAMPLE 2,2. Take the unit disc as the base surface 

y . We construct a branched covering surface in the follow¬ 

ing manner. Let FQ be the unit disc cut from the point 

z = 0 along the negative imaginary axis, as in figure 2.2; 

i.e*, the identification of points on opposite sides of the 

negative imaginary axis is destroyed. Let Fj be the unit 

disc cut from the point 2 = 0 along the negative imaginary 

axis and from z = 1/2 along the line parallel to the nega- 

Figure 2,2 

tive imaginary axis. In general J?n is the unit disc cut 

along lines parallel to the negative imaginary axis from the 

points z = 1/n and z = 1/(n 1). low form by iden¬ 

tifying the cut edges of PQ and "crosswise" along the 

cut from z = 0, similarly P.j and Pg along the cut from 



12 

z = 1/n» Bach,of the so identified discs FQ forms a sheet 
A/ /V 

of the surface 7 * The projection map £: jfr ~ 7 is the 

natural one# i,e#» f relates a point in the sheet Fn to 

the similarly located point in the disc 7 , Then the branch 

points of y , all of multiplicity two# are isolated# whereas 

the point z = 0 on 5* is not Isolated from the other 

branch point projections. 

EXAMPLE 2,3. Again take the unit disc as the base sur¬ 

face 7 , , There exists a set of points {PjJ in the unit 

disc which are dense there and have the property that 

■|P +1 - P | >2/5# For, draw parallels to the imaginary 

axis through the points z = -3/5, z = -1/5# z ~ 1/5# z = 3/5# 

and number the five parts of jzj < 1 which result as in 

figure 2,3* low choose P^ from part 1# P2 from part 3# 

Pj from part 5# P^. from part 2 and so on* In general, if 

Pa is chosen from part 1, 

then P ^ will be selected 

from part 1+2 (mod 5)* 

Clearly we may also select the 

set {pj so that 

s \\z\ 1}. low let 

F be the unit disc cut from 
o 

Pj to |z] = 1 along a line 

parallel to the imaginary axis 

and passing through the upper 

half plane. Let F be the unit disc cut along similar lines 

from P1 and P2J in general let Fn be a unit disc cut 

Figure 2.3 



13 

along such lines from 3?n and Pn+1, How form a branched 

covering surface r of 5» in. the following manner. Iden¬ 

tify PQ and P,j ’'crosswise" along their common cuts, simi¬ 

larly Fn and P ^ along their common cuts. Take the pro¬ 

jection map as the natural one. Then clearly the branch 
/V 

points of 3T » which lie over the points P^, are Isolated, 

whereas their projections, the set {p^ , is dense in |zj< 1, 

DEFIHITIOI 2*4. Let { 5* *f) be a branched covering sur¬ 

face of y and let a = (a(t),I) be any arc in y . Then 

(y ,f) is an unbordered branched covering surface of y 

iffi given any point B e? , such that f(P) = ct(tQ) is 

a point of a(I), then there exist continuations from P 

over both = (a(t0 - t), [p,tQ] ) and a2 = (a(t), [t0,1]). 

A branohed covering surface which is not unbordered is called 

bordered. 

through P, Thus continuation on an unbordered branched 

covering surface is always possible, but unique iffi the 

continuation does not pass through a branoh point. A continua¬ 

tion which meets a branch point of multiplicity ^ can be 

extended locally in exactly /A* distinct ways. 

Example 2,2 affords an example of a bordered branched 

covering surface of the disc, for it Is Impossible to continue 

over the curve 

In other words, given any point P s5» such that 
/V 

f(P) s a(I) there exists a continuation over a passing 

TT < 0 < 2TT 
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from a point in F • over z = 1/2. 

THEOREM 2,5* If ( £ ,f) is a branched covering; sur¬ 

face of £ , then any arc in J' passes through at most a 

finite number of branch points. 

Proof: The carrier a(I) of any arc a ~ (a(t),I) in 

y is a compact point set. Suppose there were countably 

many branch points of ? in a(I). Since the branch points 

are isolated from each other, a(I) may be covered by count¬ 

ably many neighborhoods no one of which contains more than 

one branch point. By the compactness of a(I), finitely 

many of these neighborhoods cover a(I), contradicting our 

assumption of infinitely many branch points in a(I), 1 

The usefulness of this theorem consists in the fact that 

any continuation in an unbordered branched covering surface 

over an arc in the base surface will encounter at most a 

finite number of branch points. 

Rote that if a covering surface is unbordered, the pro¬ 

jection map Is necessarily onto. Throughout the remainder of 

this thesis unborderedness shall be assumed. 

The following theorem will be needed. 

THEOREM 2.6, Let ( °!F ,f) be a branched covering sur¬ 

face of and suppose a and £ are two homotoplc arcs 

in S’* . Then their projections in ? , a and are 

homotopic. 

The proof is easily set up by considering the composi¬ 

tion of f and the function bringing about the homotopy 

between a and this composition brings about the 
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homotopy between a and 0* The converse to this theorem, 

unlike the case for unbranched surfaces, is false. Example 2,2 

points this out, for the continuations over the arcs a and 

p in i (figure 2.4), from the point in 3?0 over P, do 

not have the same endpoints and 
0 

hence cannot be homotopic* 

and ending at z = 5/4, as shown in figure 2*5* Continua¬ 

tions over a and 0, from a point over z = -3/4 in one 

of the discs composing ? , are arcs which have the same 

end point but are not homotoplc, This results from the fact 

that the surface IF is topologically equivalent to the 
<3- 

annulus, and continuation over a and 0 in ? is in 

This fact is supplemented with 

another example. 

EXAMPLE 2.7. Take as the 

base surface IF the unit disc 

Construct a branched cover- 
/>/ 

ing surface ^ by ^joining 

together in the usual fashion 

two copies of the disc cut on 

the real axis between z == -1/2 

and z ss 1/2, The projection 

map is the natural one. Let 

a and 0 be the upper and 

lower portions respectively of 

the circle jsj » 3/4 In j1 »j 

both beginning at z = -3/4 Figure 2*4 
V

H
I 
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effect the same as traversing two portions of a circle in 

the annulus which is not homotoplc to a point* 

DEFIBIIIOH 2» 8*. A branched covering surface ( , f) 

of the surface is called!regularly branched iffl for all 

all points in f"1 (P) (i*.e* * all points lying over 

P) have the same multiplicity*, f 
If P^ is the projection (of a branch point of a regular¬ 

ly branched covering surface* then we write /U(P^) to mean 

the multiplicity of the branch points over P^. 

Slnoe the branch points on a regularly branched covering 

surface °p are isolated* it follows that the set {Pj] of 

points of the base surface f' for which /U-(P^) > 1 consists 

of Isolated points* For suppose that every neighborhood of 

the branch point projection PQ contains a second branch 

point projection Pi# If f(P ) = PQ, then in any neighborhood 
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tJ(PQ) there is a point lying over some P^, since U(P^) 

projects into a neighborhood of PQ* But all points over 

P^ are branch points of order /^(P^) - 1. Hence there is 

no neighborhood of PQ which contains no other branch point 

of 5" , contradicting the stipulation that the branch points 

of a branched covering surface be isolated points. 

Hence the points {P^j of 7 for which yu.(P^) > 1 

are necessarily isolated, unlike the situation for a sur¬ 

face which is branched, but not regularly so. Since S’ is 

unbordered, the set {P^J has no limit points in S’ * More¬ 

over, IPJ is countable. For is a surface and hence 

triangulable. The number of triangles is countable, and each 

triangle can contain only a finite number of the P^. 

In the following, to say that the regularly branched 

covering surface ( ,f) of has the branching {p^, /xj 

means that 7 is branched only at points over the zv and 

that the branch points over all have multiplicity 

The points P^ so distinguished will be referred to as 

distinguished points. /x.^ is sometimes called the signature 

of P,, and we speak accordingly of signatured coverings. 
| ' j.' 

Several examples of regularly branched covering surfaces 

will be given. In general there is more than one regularly 

branched covering surface of a given surface with a given 

branching {p^, ^±1 • I’or instance, suppose the base surface 

y is the unit disc, A regularly branched covering surface 
A/ 

3» of J' with branch points of order two over the points 

z = -1/2, z = 1/2 in is found by simply taking 2n 

copies of T cut on the real axis from -1 to 1/2 and 

from 1/2 to 1 and hanging them together in the usual 
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fashion (figure 2.6). For ej 

n, n = 2,3, ... , we obtain i 

different regularly branched 

covering surface. There is 

only one simply connected 

such covering, i.e., the one 

determined by letting n = °° 

All finite sheeted coverings 

are doubly connected, being 

topologically equivalent to 

the annulus, This follows 

from Theorem 2,17, for the 

characteristic of such cover¬ 

ings is 

(5 = H(-1 + 2*1/2) = 0, Figure 2,6 

EXAMPLE 2,9, The Riemann surface associated with the 

function w = f(z) = z1/n, n a positive Integer. As is 

well known this function maps an n-sheeted Riemann surface 

c. over the z-sphere one-to-one onto the w-sphere* ^ 

is simply a regularly branched covering surface of 2f hav¬ 

ing two branch points, one over z = 0, the other over z =oo. 

Each has multiplicity n, 

EXAMPLE 2,10, The Riemann surface associated with the 

function w = f(z) = cos z. Here f maps each "period strip" 

defined by (k - 1)IT < $(z) < krr onto the w-sphere. Hence 

f maps the z^sphere onto an infinitely sheeted Riemann sur- 

face YV over the w-sphere ” . W is a regularly branched 

covering surface of YY with branch points of multiplicity 

ach 

a 

I ' 
I ! 

3, 
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two over the points w = 1, w = -1. The sheets of W hang 

together over w -<*> in a logarithmic fashion. 

EXAMPLE 2.11, The Riemann surface associated with the 

Weierstrass ffi-function. As is well known the Weierstrass 
' • r.y. 

p -function, with periods 2 and 2 takes each value 

twice in every parallelogram obtained by translation from 

the period parallelogram P, formed by joining the points 

0, 2W|, 2<og, 2^. + 2<og ijy straight lines (figure 2.7); 

we think of P as closed along its boundary between 0 and 

and between 0 and 2wg, as open otherwise. Jjp(z) 

is an even function, so it maps 

each triangle of P formed by 

drawing the diagonal between 

2w1 and 2 wg onto the 

w-sphere (here we must include 

all the boundary of the upper 

triangle). Hence $>(z) maps 

the z-sphere onto an infinitely 

sheeted covering surface 

of the w-sphere. ^(z) is 

seen to be zero at C0g, <o.j + cog and hence, by the 

periodicity, at all points congruent to these* Thus all 

points of "W over ^o(t°^)» J)( w2)» $>( wi + ^2) 011 

the w-sphere are branch points of multiplicity two, and 

W is smooth elsewhere. The sheets of 7T are identified 

along the Images of the sides of the triangles. Due to the 

evenness and periodicity the image of the side between 0 
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and coincides with the image of the same side between 

£o,j and 2 njj, and similarly for the other sides bounding 

the triangles, 

The following theorem shows that if there exists a 

regularly branched covering of a surface IF » then there 

exists a simply connected one. 

/N/ 

THEOREM 2,12. Suppose ( »f) is a regularly branched 

ooverl^ surface of S' with branching {Pj.. Su^ose 

also that ( ,h) is the universal covering surface of p . 

Then ( ,f«h) is a simply connected regularly branched 

Proof? Let g = f°h. It is clear that ( ^ ,g) Is 

a covering surface of “-F , as g is continuous and maps 

‘p into ‘p ; it must be shown that it is regularly branched 

First, we note that h is a local homeomorphism from 
A ^ sys 

p to p t and f is a local homeomorphism from 7 to 7 

covering surface of °p with branching $P^, yU^}. 

with the prescribed branching 

4' li 

o 
o 

ltl< 1 

Iil< i 

Figure 2.8 
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except at points over the P^., Then by the composition of 

the maps h and f it is clear that g is a local homeo- 

morphism from S' to p except at the points over the P^„ 

How suppose P^ is a branch point of ^ and let 
A A/ ^ 

P^ s h (P^), Let U(Pj^). be the neighborhood homeomorphic 

to |t| < 1 by 0 and let U(P^) be the corresponding 

neighborhood homeomorphic to j t| <1 by 0 (definition 2.1) 

There exists a neighborhood U(P^) homeomorphic to U(p^) 
As /w 

by h; for the components of IF over 0(1^) are unbranched 

coverings of U(Pjl, since U(P^) is simply connected: U(P^). 

is that particular component over ^(P^) containing P^«. 

Topologically it is clear that any neighborhood ( such as 

U(P^.)') homeomorphic to 5(1^) covers UfP^) in exactly the 

same fashion that U(P^) covers U(P^), so that P^ must 
As 

be a branch point of W with multiplicity The follow¬ 

ing sets up this argument explicitly} -p refer to figure 2.8. 

¥e have U(P^) homeomorphic to |t| <1 by $<h, If we 

define t = t and 0 - 0°h,. we have U(f^) homeomorphic to 
A A A 

|tf < 1 by 0. How the relation between jt| < 1 and 
A 

Jt| <1 induced by g: 7 -» T is 

t = (0-g-jH) (t) 

= (^ogoh-1® 0“1) (t) 

- (0»f°0~^) (t) 

Mi rZ = t (since ( S' ,f) is branched over P^) 

= 

which is the desired relationship, Q 

Thus we know that a simply connected regularly branched 

covering surface exists provided a regularly branched covering 



surface exists. We now prove the unicity of this simply 

connected regularly branched covering surface, assuming that 

it exists. 

22 

THEOREM 2.13. Suppose ( F ,f) and ( T ,h) are regu¬ 

larly branched covering surfaces of , both with branching 

jPp . Moreover, let be simply connected. Then 
j ^ 

tlaere exists a map! g; T -* 7 * onto, which makes (^ ,g) 

an unbranched covering surface of T and which preserves 

projections onto % . 
A 

Proof: 1. Definition of g. Let PQ be any ordinary 
A 

point of "t . Let PQ = f(PQ). Pick an arbitrary PQs h’"'(P0); 

^ c~- A 

PQ is an ordinary point of S' . Let P be any point of S' 
A ^ ^ 

and a any arc on S joining PQ to P which passes 

through no branch points of * , though we allow it to termi¬ 

nate at one. a is projected by f onto a uniquely determined 

Figure 2. 9 



23 

arc a beginning at PQ and ending at P. As we assume 

unborderedness, above a in ^ there is a uniquely determined 

arc a beginning at PQ, for a does not pass through any 

distinguished points. We define 

g(P) =s a( 1) = P. 

The situation is described by figure 2.9. 

2. g is well defined, i.e., single valued. We must 

show that g(P) depends only upon P, not upon the choice 

of arc a used in defining g. 

Thus let | be a second arc in ¥ joining PQ to P 
A 

and passing through no branch points of with the possible 

exception of P» We must show that the endpoint of the cor¬ 

responding arc p\ in 
cf coincides with a(1)* 

A 

As & is simply connected, a~p, so a~ p by theorem 

2^6. This means there exists a continuous function 

P: I* I -* W , into 

with the properties 

F(t,0) = a(t) 

P(t,1) = p(t) 

F(0,X) = a{0) = p(0) = PQ, 

p(1,X) = a(1) = p(1) = P. 

That is* F maps the unit square I* I into the region 

"between" a and p, Now cover I'* I with a net of small 

squares d^ defined by 
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< t < 3 — 1*2, »•» , &» 

(k~1)/n < A < k/n, k = 1,2 #*• 9 2l< 

particular, 'D^ = D^. Denote by cr^ the boundary of D^; 

we shall regard it as a simple closed curve beginning at the 

point F(((3~1)/n, k/n)) = Q(3~1* fc) and oriented so that 

At most a finite number of the P^ lie in F(I*I)» if not, 

they would have a limit point in F(I* I), contradicting 

the fact that (p^J has no limit points in T, 

We now show that an n can be chosen so that no D1k 

contains more than one ; P£. First, $ is a surface and so 

has a base of simply connected neighborhoods [vf which are 

homeomorphlc to discs. Thus there exists a covering of 3** 

by simply connected neighborhoods U, none of which contain 

more than one distinguished point P^, as the P^ are isolated 

RI*D 
(j'-i)/n J/n 

2>r Figure 2.10 
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points. As F(l*I) is compact, we see that F(I* I) has 

a finite covering by these neighborhoods: 

M 
F(I * I) c U U . 
' ' i m 

How apply Lebesque’s lemma, theorem 1.1, to F(I*I): there 

is an e > 0 such that, if c * I) ahd diam (D^c) < e, 

then Bji c UB for some >. How f Is continuous, hence 

uniformly continuous on 1*1, This means that, given the 

above e of lebesque’s Lemma, there is a $ >0 such that 

diam (d^) < & implies diam (l.^) < s* Since we can select 

enough to obtain diam (d^) < S , we have diam (Dp.)< n large 

so that 

distinguished point. 

D., c TJ . Then no D,v can contain more than one jk m jk 

. j rj 

LEMMA |2.14. Let P^ e Um. Then any component Um of 
i ’" ! -i h~ (Hm) | is a -sheeted simply connected regularly branched 

covering!surface of Um containing exactly one branch point 
X \ 

SH£££. %» 
Proof; We chose Hm simply connected and homeomorphic 

to a disc. For our purposes then we may assume that Um is 

a disc. It is clear that each component Um of h**^(U ) 

a regularly branched covering surface of 1J '»■ for if not, 

then ( 3T,b.) could not be a regularly branched covering 

surface of %. Thus Um contains at least one branch point 

P^ over Pi. How let Uffl be cut along a radius Rj that 

is, the identification between points of Um on "opposite’1 

sides of R (locally speaking) is destroyed. The resulting 

slit disc, Um, remains simply connected, since a transformation 
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,1/2 maps Um conformally onto a half disc, of the type z 

which, being convex, is known to be simply connected. Now 

cut the component Um along all continuations over R from 

the branch points in over *lS there are distinct 

continuations from each branch point. Clearly these cuts 

separate Um into sheets each of which is homeomorphlc to 

Um. We now hang these sheets bach together across the cuts 

along the continuations over R. Beginning with an arbitrary 

first sheet, we identify one of its "free"edges along the 

cut to the ‘'opposite” free edge of a second sheet; then 

we identify the remaining free edge of the second sheet, 

which corresponds to the cut edge 3ust used in the first sheet, 

to the "opposite” free edge of a third sheet, and so on. After 

/Asheets have been so identified, two free cutw-edges, one 

on the first sheet and one on the yW^th sheet, remain un¬ 

attached, They are "opposite” so we may identify them. The 

endpoints over P^ of the identified cut-edges are thus 

identified to fora a branch point P* of multiplicity ^ 

over P^. If tJm contained more than one such branch point, 

hence more than the just identified sheets, then the 

additional cut sheets must be identified among themselves so 
A/ 

as to give the proper branching. But then Um would not 
A/ A/ 

be connected. Thus Um contains but one branch point P^, 

and consequently consists of sheets, since it is a 

regularly branched covering surface of Um. It is clear that 
/V 

U„ is simply connected, for any closed curve in Um is m 

homotopic to a point. 6 
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We can now prove that a ~ p, First, let TJ^ be the 

open neighborhood containing and hence PQ, which, we 

recall, is not a distinguished point. Let be the com- 

pondnent h (IJ^) containing PQ, There exists a simple 
A/ /v 

closed curve in which begins at PQ and projects 

into or^, the boundary of which we regard as a closed 

curve beginning at F((0,1/n)) = Q(0,1) = PQ, That 
/V 

exists can be seen by considering the nature of (i.e., 

whether branched or not) and the possible locations of a dis¬ 

tinguished point in U.j, Moreover, coincides in part 

with a portion of 0, since IT, is the unique continuation 

from PQ over p, and p coincides in part with (T^. Let 

(fjj be that subarc of which coincides with p, and 
2 the arc inverse to the arc whose carrier consists of 

or^(I) - 6^ | (I); figure 2.11 illustrates the situation, S'jj 
~ 2 and ^ are homotopic since 

they join the same points, 

have the same orientation, and 

lie in W-j which by lemma 2.14 

is simply connected. Wow define 

L00 to be the arc ?. and 

to be the arc L with the oo 
/V 1 

part coinciding with i re- 
^ p 

placed by <5^. Then clearly 
^ ^ Figure 2.11 

L,, — L B, 
11 00 H 

Wow repeat this procedure with the open neighborhood Ug 

containing $21’ ^2 comPojae3:rk °£ h“^(Ug) 
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containing points of 1^(1). There exists a simple closed 

curve &21 in VQ begins at the point of L^(I) 

over Q(1,1) and projects onto bgj* coincides in part 
~ 1 with a portion of L^; let Og^ be that subarc of Og^ 

which coincides with and let 7r^ be the arc inverse 

to the arc whose carrier consists of £?g.j(I) - (I)* As '21 

before <?2j and 3g^ are homotopic, how define I»21 to 
/w 'j 

be the curve with the part coinciding with Og,j re¬ 

placed by o'r 21 Then L 21 and hence Ii21 0. 

After n such steps, we obtain - e. low repeat the 

process with the neighborhood Un+-j containing D^g and thus 

obtain L^g^L^, kehce **12 ~ l*1 Seae:ca3-» then, ^ 0 

for all values 1 < j <: n and 1 < k < n. In particular 

Ln]a ~ 0. But in the construction of all arcs l^n* 1< j< n, 

we make use of closed arOs I 0^ which project into ^jn* 

Since for all j, 1 < j <jn,! coincides in part with a, 
^ J** 

it follows by our construction that coincides in part 

with a, and hence that 11 is a* 

sired, . 

/v ^ 

Hence a ~ 0, as de- 

3, g is onto and preserves projections. This is clear 

from 1. 

4, ( & ,g) is an unbranched covering surface of d1 , 

For, g is a local homeomorphism, hence continuous: if 

P s lb t tilth P = g(P), then there is a neighborhood TJ(P) 

and a neighborhood H(P) such that g: U(P) -* U(P) is a 

homeomorphism onto. This is obvious if Pis not a branch- 
A 

point of J", Otherwise lemma 2,14 applies,! 



29 

COROLLARY 2.15. If, 'fender the hypothesis of the theorem. 
A/ ^ 

^ .!§. also simply connected, then 3^ and are eauiyalent. 

Proof; We simply interchange the roles of r and c$ 

in the proof of the theorem. It Is clear that the map g^ 
-1 so constructed is g , provided the pair of initially picked 

points are PQ and PQ, 1 

The last result also follows by a trivial application 

of the Monodromy Theorem, theorem 1.2. 

Thus we have shown the unicity of a simply connected 

regularly branched covering surface. The proof here encom¬ 

passes that of the uniclty of the universal (unbranched) 

covering surface, the case which arises When the set of dis¬ 

tinguished points {pj is void. Thus we speak of the 

universal regularly branched covering surface. 

We now direct our attention to establishing the exist¬ 

ence of universal regularly branched covering surfaces, That 

is, given a surface jf , to determine the universal regular¬ 

ly branched covering surface with a prescribed branching 

iPi* /*J* 

The following theorem permits us to assume that the 

base surface is simply connected, 

THEOREM 2.16, Let ( J ,f) be the universal covering 
A A 

surface of , and denote by those points of ^ 

which lie over the distinguished point P^ in *> . 

A. If ( y ,g) is the universal regularly branched 

coverlng surface of °+ with branching ^P^, /A.J, then 
/V 

( S’ ,f*g) is the universal regularly branched covering 
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surface of with branching fe±* yU-jj * • 

B. If ( ^ ,h) is the universal regularly branched cov¬ 

ering surface of y with branching ] P^, JA. , then there 

exists a map g: y -» 7 such that (T »s) Is the universal 
/v 

regularly branched covering surface of 5* with branching 

f^lj» J * 2£& 
Proof; A. We -wish to show that {‘7 ,f«g) is the 

universal regularly branched covering surface of *3* with 

branching fpi, /+J . First, g is a local homeomorphism at 

all points of S’ except those points lying above the P^ 

in cF , hence above the P^^ in ^ . As f is everywhere 

a local homeomorphism, the composition f°g is clearly a 

local homeomorphism except at points over the P^, • HOT? for 

ary point P^ « S’ over the point P^, there.are neighbor¬ 

hoods WCP.,.) and UfP^) which are]homeomorphic by f. 

Then the corresponding neighborhood U(P^)j where P^ is a 
A/ 

point of c5' over P^,;covers U(P^) in exactly the same 

way as it covers W(P^^). Here we use the argument of 

theorem 2,12. Thus ( *T ,h) is a regularly branched cover¬ 

ing of Sh with branching \s^, It is the universal one 

since ^ is simply connected. 

B, This part of the theorem can be proved by the arc 

construction methods of theorem 2,13. Bather than proceeding 

in that direction, however, we trill show by A, without the 

use of B, that the universal regularly branched covering 

surface with prescribed branching exists, except when the 

base surface is the sphere; then certain prescribed branch¬ 

ings are impossible, as will be seen. But B is trivial 
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when ± is the sphere, for the universal covering surface 

of is then also the sphere. In all other cases we may 

prove B as follows, assuming that the universal regularly 

Branched covering surface of 3* exists. Using A, if 

( £ ,h) is the universal regularly branched covering surface 

of y with branching /*■ ±1 » then ( ,f°k) is the 

universal regularly branched covering surface of ^ with 

Figure 2,12 

branching fp^ • By the'hypothesis of B, (°? ,h) is 

also the universal regularly branched covering surface of 

y with branching Ail * since we assume the existence 

of this universal regularly branched covering surface, it 

is unique to within homeomorphisms, by corollary 2.15, Then 

there Is a homeomorphism q from ^ to ^ (figure 2.12), 

Thus ( ,fc°q) is the universal regularly branched covering 
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surface of * and we-define g = k°q.. Then clearly h = f*»g 

as desired. I 

Part A of the preceding theorem is useful for the follow¬ 

ing reason. In attempting to show the existence of a uni¬ 

versal regularly branched covering surface of a given base 

surface IF , we may assume T to be simply connected. For 

if not, by part A, we consider the universal covering surface 

of % which is simply connected and which has the pro¬ 

perty that its universal regularly branched covering surface 

coincides with that of 
ej' * 

It can be shown [5, p.143] that any simply connected sur¬ 

face is topologically equivalent to a simply connected domain 

on the sphere. If the surface is open (i.e., non-compact), 

it follows that it is homeomorphic to the disc. If the sur¬ 

face is closed (compact), it follows that it is homeomorphic 

to the sphere. 

Thus we reduce the problem of finding the universal 

regularly branched covering surface of * to the case where 

IF is either the disc or the sphere. 

First we develop the following useful tool. 

THEOREM 2.17. (Riemann-Hurwitz) Let ( ^ ,f) be a 

regularly branched covering surface of with branching 

yuj" which consists of a finite number E of sheets 

(i.e., E = card f~1(Q), where Q £ i = 1, ... , n). If 

Q is the characteristic of jT and p is the characteristic 

of , then 
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p = < p +Z <1 - 
i=1 

Proof: The characteristic of a surface is defined by 

(p = -s° + s1 - s2 

0 12 
where s , s , s are the number of vertices, sides, and 

triangles in a triangulation of the surface. It is no loss 

of generality to assume that each of the points P^ is a 

vertex in the triangulation, low if ( ^ ,f) were an un¬ 

branched 1-sheeted covering of ^ , then we could project the 

triangulation of the base surface 7 up to r by f“ . It 

is then clear that the characteristic (p of * would be 

(0 = -is0 + Is1 - Is2 = 1(0 . 

However, ( 3T ,f) has branching , and so we must 

take into account the fact that instead of 1 vertices above 

each P^ there are only l//^, while the number of sides 

1 2 
and triangles remain Is and Is respectively. The ad¬ 

justment to be made Is 

n 

(0=1(0 +2 (» - 

1=1 

hence E 

(0 = ( (0 + (1 - !• 0 

1=1 

We now procede to the construction of the universal re 

gularly branched covering surfaces of the disc, later we 
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shall deal with those of the sphere, 

II, UNIVERSAL REGULARLY BRANCHES COVERING SURFACES OF IHE DISC. 

We consider first the possibility of constructing a 

finite sheeted universal regularly branched covering surface 

If N Is to be the number of sheets, then clearly /^(N. 

Another restriction that can be imposed Immediately Is that 

the number of distinguished points P^ be finite. For, if 

there were infinitely many P^, then two of the sheets would 

hang together about two different branch points, due to 

the regularity of branching. But this rules out simple 

connectivity, as figure 2,13 Indicates. 

-of the disc <£) with a prescribed branching 

though closed, is 
not homotopic to a 

this curve, 

point. 

Figure 2,13 

Thus we may apply theorem 2,17. Since the character 

istic of the disc Is ^ = -1, we have 

n 

(? = ( -1 *21 <1 - VW)) ® 
1=1 

(1) 
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n 

or p = (a - 1 - 2 V/^) H* 

i=1 

Clearly is an integer, as Since 2» we have 

0 > (n —1 - n/2) H s (n/2 - 1) N. 

Hence if n > 2, then p > 0, which implies that the covering 

surface is not simply connected. Thus the only possibility 

for, a finite sheeted universal regularly branched covering 

surface of the disc is when there Is only one distinguished 

point. The characteristic of & must be f = -1. The only 

other possibility is p = -2, in which case would be topo¬ 

logically equivalent to the sphere, but then we would have a 

compact covering of a non-compact base surface. Since the 

projection f(Jd) is compact, & would be a bordered cover¬ 

ing surface, contrary to the fact that we are dealing only 

with unbordered covering surfaces. 

Thus with p = -1, relation (1) reduces to 

-1 = (-1 + 1 - ) u 
so that 3J = yt/t * 

Thus we have 

THEOREM 2.18. A finlted sheeted universal regularly 

branched covering surface of the disc is possible when there 

is,one, and only one, distinguished point P; if the associated 

multiplicity is AJL , then the covering contains only one 

branch point and consists of ^ sheets. 

¥e actually construct such a covering by taking jt/' 

copies of the disc, all cut along a radius from the point P, 
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and joining them together across these cuts so as to give the 

proper branching. The resulting surface, depicted in figure 2.14, 

is clearly simply connected. 

We have the result, then, 

that the universal regularly 

branched covering surface of 

the disc, branched over moref 

than one point, must necessar¬ 

ily be Infinite sheeted. The 

following two constructions 

show that these surfaces do 

exist in all cases* 

First Construction* The general idea of the first con¬ 

struction is to cut copies of the disc in a suitable fashion 

from the distinguished points to the boundary and identify 

the free edges of the cuts so as to obtain the proper branch¬ 

ing, If the so constructed surface, which will be denoted 

£ V is not simply connected, we obtain the universal regular 

ly branched covering surface by applying theorem 2,12, 

Suppose first that the set of distinguished points of 

the prescribed branching is finite, say fPjJ, • I»et H be 

the least common multiple of the associated /^. Take W 

copies of the disc and on each make n cuts k|, ... ,kn 

from the n distinguished points P|, ,’^n bound- 

~-ary, --in such a way that the cuts do not intersect, Wow hang 

the W slit discs together in the following fashion. 

First join them cycllcly in groups of ^ along the 

. cuts k1; this means join a first copy along ^ to a 

Figure 2,14 
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second, the second to a third along kj, finally a 

/^.th copy Is joined back to the free edge of the cut along 

k^ In the first copy, Then repeat for each additional group 

of discs available (there will of course be 

such groups). In each group the end points of these 

cuts are thereby Identified to form a single point, P^, which 

is clearly a branch point of order and lies over the 

point P-j in the base disc (assuming, of course, that the 

projection map is the natural one). Similarly we hang the 

If discs together in groups of /^g across the cuts kg, 

obtaining the proper identifications of the points Pg, and 

so on. ?y our choice of P, in each instance there are pre- 

cisely enough sheets (i,e.» slit discs) to form l//^^ groups 

of sheets each, 

Q?his structure of the so joined slit discs can be 

represented by the scheme of figure 2.15. she figure indicates 

U 

l N/A'/*rw lN/A'A'w 

Pigure 2,15 
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the way the discs comprising & are5joined together. The 

columns of brackets show the grouping of the discs along the 

cuts given at the top.of each column. The brackets give 

the number of discs hanging together in each cyclic grouping 

along the designated cuts; they also point out the fact that 

in a given column (i.e., along a given cut k^), no disc in 

one grouping (bracket) is joined to a disc in another group¬ 

ing (along the same cut k^), e.g.* the //^st disc i3 not 

joined to the (/i^ * t)st disc along the cut k^. 

^ is a surface. For, it is Hausdorff and possesses 

an open covering by neighborhoods homeomorphic to discs, 

since, each separate slit disc making up possesses these 

properties, and the identifications made in hanging them to¬ 

gether along the various cuts do not disrupt these properties. 

Moreover, o© is arc connected, hence connected, as is evident 

from figure 2.15: we simply make use of the branching scheme 

indicated there to join any point of & to any other point 

by a simple arc which crosses finitely many of the cuts. This 

corresponds to the fact* since N. is the least common multi¬ 

ple of the that a horizontal line in figure 2.15 must 

Intersect some bracket, in some column, or else lie above 

the top most brackets, or below the lower most ones. 

Thus A is a surface, and with the natural projection 

map onto the base disc it clearly forms ..a regularly branched 

covering surface of the disc with branching . <& 

is not simply connected, but according to theorem 2.12 the 
A/ 

universal covering surface of <j5 is the desired universal 
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regularly branched covering surface of the disc. 

The next case to consider is when the set is in¬ 

finite and the associated set of multiplicities is 

bounded. In this case there are only finitely many different 

values of the say /^ , » /Cj^v can then apply 

an argument similar to that of the previous case when the set 

was finite. The main difference is that infinitely 

many cuts must be made in the discs and hence the scheme 

corresponding to that of figure 2.15 must have infinitely 

many columns} of course# each such column contains finitely 

many brackets^ We thus obtain a finite sheeted regularly 

branched covering surface of the disc with branching /^jjj » 

it is not simply connected, so again we apply theorem 2.12 to 

obtain the universal regularly branched covering surface with, 

branching K- /"if- 

The last case to consider is when the set is 

infinite an! the net is not bounded. With the obvious 

alterations, namely !!' = «*> and infinitely many columns# the 

same argument works here; , we need not go into the details. 

Since the plane and the disc are topologically equivalent, 

it is clear that the same construction applies to surfaces 

lying over -the plane»- rat her than -over the disc. ■ Thi s • i s 

useful for conformal considerations which distinguishshetween 

the disc and the plane. 

Second Construction. A second method of construction, 

useful for later pruposes, will now be described. It leads 

directly to the universal regularly branched covering surface 

of the disc with a prescribed branching |p^, , without 
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appealing to theorem 2,12 for the simple connectivity condi¬ 

tion. We shall consider only the case where the set 

is Infinite. The finite case can be treated in a similar 

fashion. 

As before we take Infinitely many copies of the disc 

and make cuts from each of the to the boundary along 

simple arcs k^ which do not intersect* Denote an arbitrary 

slit disc by W; along each of the cuts k^ of W we join 

- 1 additional slit discs in the obvious cyclic fashion 

described on pages 36 and 37* A"scheme is drawn in figure 2,16 

which indicates that - 1 additional slit discs hang to¬ 

gether cyclicly with W along the cuts k^. Of course, a 
similar scheme corresponds to each cut k^ on W» but to 

draw them in would make the figure unnecessarily complicated. 

Figure 2.16 
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The notation W(1,m), 1 <m < ^ - 1, is defined as follows: 

the single pair (1,m) indicates that the slit-disc W(1,m) 

is joined to ¥ along some cut in the first stage of con¬ 

struction. The number 1 in (1,m) indicates that W(1,m) is 

one of the group of slit discs hanging cyclicly together along 

the cuts k.j. The number m denotes the position of 

W(.,m) in this cyclic ^grouping. 

Wow ‘,J0 each of the infinitely many discs W(i,m), 

1 < m < A - 1, so joined to ¥ along the cuts k^, we 

make the further addition^: to each W(i,m), along each k^, 

i 4 attach //j-1 additional slit discs in the same 

w 

W(h/iri) W(l,l) 

X 
WC|,3) 

K. / Kf kT 

W (1,2) 

W(l,2jC,^r,) 

W(l,Z5 6,2) 

W(l,2j t,3) 

Figure 2.17 

cyclic fashion. We do not attach to W(i,m) any of.ithe 

other W(j,m) which were affixed to W in the first stage 

of the construction. The tree-type scheme drawn in 

figure 2.17 indicates that ^ - 1 additional slit 
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discs hang together with ¥(1,2) along the cut k^ of ¥(1,2), 

j1. As before similar schemes are set up for each cut on 

¥(1,2)(other than k^, of course), but have been omitted from 

the figure. The notation ¥(1,2; l,n), 1 < n < - 1, is 

explained in the following way. The quadruple (1,2; i,n) 

shows that the disc ¥(1,2; i,n) is joined In the second 

level of construction to ¥(1,2) along some cut of ¥(1,2); 

it is the number i which Indicates which cut. The number n 

indicates the position of ¥(1,2; i,n) in the group of discs 

hanging together cyclicly with. ¥(1,2) along the cuts k^. 

We repeat the construction with each of the just attached 

discs ¥(i^, n^; ig, n2), and so on; After the m-th stage 

the newly added discs will have the:?notation 

¥(i1,n1; ig,n2; ... ; im,nm) where i^ 4 3 = 1. 

At each level in the construction we are adding additional 

slit-discs not using any of the discs which are already 

attached to the structure. Thus a curve which leaves a given 

slit disc in the structure by passing across a cut cannot 

possibly return to the same disc by passing across a different 

cut. 

let Y denote the structure of slit discs so formed. 
Clearly Y is Hausdorff and possesses an open covering by 
sets homeomorphic to discs; for each of the component discs 

possess these properties. From the construction we see that 

Y is arc connected, so it is connected. Thus Y is a 
surface, and from the construction it follows that it is a 

regularly branched covering surface of the disc with the 
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prescribed branching Of course, the projection 

map is the natural one. 

A final result is that X, as constructed, is simply 

connected and hence represents the universal regularly 

branched covering surface of the disc with branching • 

let X^ represent the structure after the m-th stage of 

construction. Clearly XtY , so If each Vm is simply 

connected, then it follows that X is also. We prove that 

each is simply connected by induction. Clearly = W 

is simply connected. We form lYm from by attach¬ 

ing to each free cut of a group of slit discs which 

are joined together in a cyclic fashion along the particular 

cut. But each such group of attached discs constitutes a 

simply connected substructure, as is evident from consider¬ 

ing the neighborhood of a branch point (see definition 2.1). 

Denote by V , . the structure X , with, the first p r m-i,p m-i ■ 
substructures, which are disjoint from one another, hung-on 

along the first p free cuts of Then 

and If each Vm.1>p lo simply connected, then no in W;. 

But Xm_.j is assumed simply connected, and the addition of 

the p disjoint simply connected substructure to 7^., 

along the p free cuts certainly results in a simply connected 

structure. With this the simple connectivity of X is 

proved. 

We note for future reference that the universal regular¬ 

ly branched covering surface of the disc with branching 2} 

has a particularly simple interpretation by means of this 
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construction, as shown in figure 2.18 (we assume the set 

{ P,J is infinite). 

Y 
^ \fJ(sA)- 

W(3> . > 
I 
M \ 

\W,0 . 

/ / 

\H It,3; 
' V-/ i x' 

Figure 2.18 

For convenience later (chapter III) we develop the follow¬ 

ing notation, corresponding to the simplified branching scheme 

£p^, 2j, We replace the notation 

W(i^,n^j i2*^2’ ^5*^3’ • ** jim,:Dm^* ^ ^ ^*3+1 

for the discs attached in the m-th stage of the construction 

by the notation 

W(n^ ,n2, **. 5^ ^2f 

since i^ = 1 for all j ( = 2)* Also, I^n-j, ... jn^) 

denotes the cut along which W(n.j, ... ,1^) and W{n^, ... »^jc-'j) 

are identified. There are two cut edges on both W(n.j, ... ,n^) 

and W(n.j, ... »&£_}) which are associated with the identi¬ 

fication along l(n^, ... ,nj);.we denote the two edges on 

W(n1? ... ,nlc) by L*^, ... ,3^) and L"(n1f ... jn^). 

The cut-edge of W(n^, ... identified with L+(n.j, ... jn^) 
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is also denoted by L^n.,, ... jn^) and similarly for the 

edge of W(n.j, ... ,nfc-.|) identified with L“(n^, ... ,nk). 

As seen in figure 2.19, this serves to illustrate the identi 

fication between W(n.j, ... ,11^) and W(n1t ... 

L*ft*) 

Mn, V 

Figure 2.19 

Of course, the out edge L+(n1t ... ,nfe) on W(n.j, . 

and the corresponding cut edge L+(n.jt ... ,n^) on 

¥(n^, ... are one and the same curve on . 

•V 

III. UNIVERSAL REGULARLY BRANCHED COVERING SURFACES OF THE 
SPHERE 

Before considering a general existence proof for the 
-A *. 

universal regularly branched covering surface A of the 
sphere A with a prescribed branching |p^, (theorem 2.22), 
we can first develop a few particular results. It Is clear 

that the set jp^J of distinguished points must be finite 

since A is compact and the P^ cannot have allimit point 

In A . 

THEOREM 2.19. There exists no universal regularly branched 

covering surface A the sphere A set of distin¬ 

guished points consists of only one point. 
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Proof: Suppose the branch,points P of A lie over 
  /v ** 

the point P of, /$,. A ~ \ P^j is a smooth covering, of 

A - {pj, and is connected, since removal of isolated points 

can‘t disconnect A . But / - jpj is simply connected, so 

by the monodromy theorem (theorem 1.2) A - {P„} is homeo- 

morphic to A - {?] * then A - {fjJ consists of one sheet, 

so that A could not be any type of branched covering of 
A . B 

THEOREM 2,20, A universal regularly branched covering 
A 

surface ( ,<f ,f) of the sphere A branched over two points 

P.j, Pg is possible only if the associated multiplicities are 
❖ 

equal* In this case, A exists and is finite sheeted with 

two branch points, the number of - sheets being equal to. the 

multiplicity of the branch points. 

Proof : Let a be a simple arc in A joining P1 to 

Pp* Make outs in A along all continuations over a. These 

cuts decompose A into smooth sheets covering A - a(I)j each 

has two ’’free” cut edges. 

How fasten the sheets back together in the following way. 

let Uj be a neighborhood of P1 not containing P2 and 

homeomorphic to a disc. Each component of f”^(U<j) is a 

neighborhood of ;a branch point P^ cut along the continuation 

over a fromj 1^. Observe that if two components over IT^ 

are identified "cross wise” along one of their free cut 

edges, then the sheets containing these components must be 

identified along the entire cut over a(l). Thus by identi- 

Tying components of f” ) together in the obvious 



cyclic fashion so as to obtain a branch, point of multiplicity 

over . P^> we must extend the identifications to 

of the sheets, along continuations over a(I). But 

then we must have a branch point of multiplicity over 

Pg also. Since we assume A to be regularly branched, all 

branch points have the same multiplicity; 

How after these sheets have been so joined there 

can be no additional sheets remaining unidentified. For 
A 

if so, since Ji is regularly branched, we must be able to 

affix them together in bunches of each. Then each 

bunch of sheets so formed is disjoint from each other and 
A 

hence //is not connected? contradiction* 
A 

it follows that the surface A can actually be constructed 
by hanging together in the described fashion copies of 

the sphere A cut along the arc a. A is seen’to be simply 

connected since any closed curve on A is homotopic to a 
point, 0 

A of the above theorem is simply the Riemann surface 

associated.with the function w1^n, where the base surface 

is the w-sphere* 

We now take up the question of determining the existence 

of finite sheeted universal regularly branched covering sur¬ 

faces ( A ,f) of the sphere A branched over more than two 
points. Suppose first that the number of distinguished points 

A 

is three. A is to be simply connected, hence topologically 
equivalent to a sphere, hence compact, with characteristic 
A ■ 
p =s -2, We can apply the Memaxm-Hurwitz relation 
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n 

P - <p +2 (1 - ^ 
1=1 

H 

to obtain 

or 

(2) 

-2 = (-2 + 3 - (1/^c(.-, + 1^. 1- :1 //Aj)) M 

2/N +1 = 1//l/t ^ + 1 //u. 2+1 • 

Thus 1//^1 + 1/^2 + 1/^3 > 1« We may assume </^ < 

then 3//^ > 1 or < 3. But as > 2 (or else P.j 

cannot be a distinguished point), the only possibility is 

ft'y = 2. Then 

(3) 1//^2 
+ > 1/2» /A2 $/Ly 

Using condition (3), we can obtain the only possible solutions 

of (2), which are presented in table 1 along with the corres~ 

ponding sheet numbers 

JUL 1 

2 

2 

2 

2 

M* 2 
2 

3 

3 

3 

/*3 

n 

3 

4 

5 

Table 1 

I 

2n 

12 

24 

60 

n > 2 

As theorem 2.21 will show, table 1 represents the only 

possibilities for finite sheeted universal regularly branched 

covering surfaces of the sphere. As to the actual existence 

of such Coverings, we describe, as an example, the 12-sheeted 
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covering of the sphere branched over the points Pg, P^ 

with multiplicities 2,3,3 respectively. We take 12 copies 

of the sphere and out them along simple arcs between rt,P2 

and between P.j, Pj. The scheme of figure 2,20 indicates the 

method of Joining the 12 sheets across these cuts. Thus we 

see that a path around Pg or P~ requires three revolu¬ 

tions to return to its initial position, whereas a path 

around P1 requires two trips. The so constructed surface 

is simply connected since its characteristic, by the Rlemann- 

Hurwitz relation, is -2, All the universal regularly 

branched covering surfaces of the sphere corresponding to 

table 1 may be constructed in a similar fashion. These cover¬ 

ings correspond to the finite rotation groups of the sphere 

(l.e., the group of decktransformations of the surface) which}; 

as is well known, are associated with the regular solids £2,6], 

P 

Pigupe 2.20 
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She next theorem closes the question of finite sheeted 

universal regularly branched covering surfaces of the sphere. 

THEOREM 2.21. It is impossible to construct a finite 

sheeted universal regularly branched covering surface of the 

sphere branched over more than three points. 

Proof: Prom 

we have 

or 

n 

p = ( p + 2 0 - V/^)) » 
1=1 

n 
-2 = (-2 + n - 2 1/>i) »»■ 

1=1 

n - 2 + 2/H = (1/yUsj + ... + 

so 

(1//x,1 + ... + 1/An) > a - 2. 

We may assum^ that Ai < A 2 < *** <( An* "biie3:1 
! ! ~ 

1/A 1 1 /Ai» ^ = 2»3» ... »n, 

so that ! n/Ai > n. - 2, 

or /1 < n/(4-2). 

But if n > 4, A| < 2» opposition to the requirement that 

A<, > 2. 0 

We now prove the general existence theorem for the uni¬ 

versal regularly branched covering surfaces of the sphere. 
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A remark following the theorem shows that it actually in¬ 

cludes theorems 2.19 and 2.20. 

THEOREM 2.22, The universal regularly branched covering 

surface /f of the sphere /f with any branching £P^, ( , 

n > 3, exists. 

Proof: First a few remarks concerning the fundamental 

group F1 of the punched sphere AX = / -{pj.% **is 

clear that Fj exists. Taking QQ S A ^ as the base 

point of F1, the only loops—1. e., simple arcs—through 

QQ which are not homotopic to the point QQ are those which 

enclose one or more of the P^, but not all of the P^. De¬ 

note by Y^, 1 < i < n, a loop which separates A^ into 

two domains, one of which contains the point P^ and no 

other distinguished points. We say that Y^ encloses, or 

-1 
surrounds, the point P^. Thus y the loop inverse to 

encloses all the punctures of A^ except the one at 

P^. Any closed curve beginning at QQ which is not homo¬ 

topic to a point can be written as a combination of the loops 

V|, , yn; note that the closed curve V 2 " 

which surrounds all the P^, is homotopic to Qq. let 

denote the homotopy class containing the homotopy class 

of loops homotoplc to QQ is (1), We see then that 

is generated by the elements ( Y^), ( y2), *** 
sillce 

any closed curve through QQ in A^ is a combination of 

loops homotoplc to the loops , ... » As is well known, 

the only non-trivial relation existing between the generators 
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is the relation 

(y,Hy2) ... t/„) = ... Yn) = to. 

Mow let IN be the minimal normal subgroup of IF ^ which 

contains the elements 

(*,/*' . t Yzf
l, ... AYnf". 

IN certainly exists, for there exists a normal subgroup con¬ 

taining these elements, namely IF and ON is the inter¬ 
section of all such normal subgroups. Each element of IN 
is a product of finitely many elements of the form 

(a) ( (a)-1 

where (a) is some arbitrary element of For each such 

product is an element of IN , IN being normal in ; on 

the other hand, the collection of such products forms a 

normal subgroup of F1 which contains the elements ( 

hence which contains (N , (N being the minimal such group. 
The idea of the proof is as follows. We know (theorem 1.5) 

that a regularlunbranched covering surface (/^*g) of 

/fi exists whose group of decktransformatlons (D ^ is 

Isomorphic to F,/N. Our proof consists in showing that 

( /Q 1*g) can be embedded in a regularly branched covering 

surface ( /f ,f) of A which has the prescribed branching 

Mn- We then apply theorem 2.12 to obtain the univera 

sal regularly branched covering surface of A with branch¬ 
ing /*il i * 
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In order to develop notation and terminology, the proof 
A 

of the existence of { A <\tZ) is sketched here; details can 

be found in [icQ, 

The points of Ay let P be any point of Ay Then 

there is an arc p in A ^ joining QQ to P. The homeo- 

topy class (p) is a point of A Two points, P^ = (p.j) 

and Pg = (p2) of A ^ are the same point iffi p.j(1) = p2( 1) 

and (B^)(pg) ^ s [f\|, 

The projection map g: /f^ -* /fjj simply take 

f(P) = f(O)) = p(1). 

Clearly f is onto since for any P s A j there is an arc 

p of the desired type joining QQ to P. 

The topology on A .j, let P s A ^ and U be an open 

neighborhood of P; let P = (p) s A\j lie over P. An open 

neighborhood 0 of P consists of all those points 

(pa) = (p) (a), where^ a is an arbitraryjarc in U beginning 
j ; 

at P. It is easily Verified that the sets | U form a base 
A 

for a topology on A^ provided U is simply connected. 

From these definitions it follows that A y is Hausdorff 

and arc connected, g is seen to be a local homeomorphism 

and hence ( A^tg) is an unbordered, regular unbranched 

covering surface of Ay ■' 

The following lemma shows why A ^ Is useful for our 

purposes.. 

LEMMA 2,23. Let U c A be a simply connected neighbor¬ 

hood of some P^ which contains no other distinguished 
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points and which is homeomorphic to the unit disc 11 j < 1. 

Then in each component TJ^ - of g”^(UO A ^) there are exact¬ 

ly points Qq, ... ,Q^ ^ which project into the same 

point Q of U n A v 
Proof; Let Q e = U fi A ^, let p be an arc in A ^ 

joining QQ and Q, let (0) = Qq* If a is an arbitrary 

arc in beginning at Q, then the points (pa) determine 

a component of f~^(U,j). How let vj he a loop in U 

Figure 2* 21 

beginning at Q and enclosing the point P^» as in figure 2.21. 

Since the loop y^ separates A into two domains one of 
which contains and no other distinguished points, it 

follows that there is a simple arc 5 in A ^ joining QQ 

to Q and having the property that 6?| $ ^ Vi ; figure 2.22 

Figure 2.22 
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Thus we have 

(3 (f* ~ S (fl
 ~ 

But p 5 ~1 is a closed curve in A^ beginning at QQ SO 

that ($ $ ”1) s Fp Thus we have the result that 

(Pnp") = (^)(y£)(t)'1 , m* (pr')e IF,. 

In general, by the same reasoning, 

and 

(’) l(tT[M(3-‘) = (?)(3'l)
,v’ it)" , (?) € (F^ . 

How define 

Q0 — (P)» Qj = (P >j)» Q2 55 (P )»■•«• »Qm = (P>^m). 

All of these points project into Q = p(1), and all are points 
/N 

in Up since they can be written as (pa) for suitably 

chosen a. Then the only distinct points in U^ over Q are 

A A A 

Q0» ^1* •** 

for we prove the fact that 

= Qn iffi |m - n| = M/£ # M = 0,1,2, ... . 

First, ^ = Qn implies that (p>jm)(p^n)“1 e (N 

from the definition of points of /f p Thus 

(pun)*-21 (er1 * IN > 

or using equation (1), 

A 
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(?)tyf'* € N , (FJ. 

But from the previous remarks concerning the nature of the 

elements of IN we see that |m -~n| = M/^, M = 0,1,2, 

On the other hand, |m - n| = implies that 

IQW^LtF « W. 

But then we may choose ( % ) so that, by equation (1), 

(flyim)(M") = W f N. 

Thus <j_ ~ Q. and with this the lemma is proved. § 

Thus we see that if U c A is a simply connected neigh¬ 

borhood of P,, containing no other distinguished points, 
1 A 

then the components of f~1(U n 4 ^) in 4j have a pro- 

perty particular to neighborhoods of branch points of multi¬ 

plicity over P^. 

The nest lemma makes things more precise. 

LEMMA 2,24. Under the hypothesis of the previous lemma 

each component of f“1(un A ^) is homeomorphlc to the punc¬ 

tured disc 0 < |t| < 1. 

Proof: We have ^ust seen that U^ is a /^-sheeted 

covering of Uj. As U^ is homeomorphlc to 0 < |tj < 1, 

by 0, it follows that each sheet of U1 is homeomorphlc to 

0 < Jt{ < 1. How cut the disc |t| <1 from 0 to 1 along 

the radius. This corresponds to a cut in U^ along some 
A 

simple arc a. If we cut U-j along all the continuations 
A 

over a we disconnect into slit-sheets, each 
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homeomorphie to the slit disc 0 < {t| < 1. But the slit 
/s 

disc 0 < |t| < 1 is homeomorphie to a sector in 0 < |t{ < 1 

having angle 2TT/^, SO that each of the slit-sheets of 
A 

U.j is homeomorphie to a sector in 0 <: |t| < 1 with angle 

W/-i- If MW we identify the edgee of such sectors, 

each of which is homeomorphie to a different slit-sheet of 

U.j, so that the identifications of the sectors correspond to 

the identifications between the slit-sheets of 6,, 

the sectors combine to form a punctured disc 0 < Jtj < 1 to 

which D, is homeomorphie. With this the lemma is proved. D 
£ 

We are now in a position to define the covering ( A ,f). 

Let 0 be the homeomorphism - ^0 < |tj < 1^. Wow adjoin 

to U.j a point P^ such that 0; U {p^j -» £jt| < l] is 
-A- 

a homeomorphiBm, Then clearly P, has the properties of a 

branch point of multiplicity /*i. We define ^ to be the 

f 
union of A^ with all such points P^. The projection 

map f.J-J is defined by f I/?, = g and f^) = Pj_. 
A 

With these definitions it is clear that ( /f ,f) is 

the desired regularly branched covering surface of ^ . Thus 

the theorem is proved, § 

We have remarked that the group of de^transformations 

IP 1 of A1 is isomorphic to tF^/QsJ ; then the fundamental 
A £ 

group (F1 of A ^ is isomorphic to IF^/tN , It can be 

shown [11, p. 298] that the relations of IF^/IN » hence of 

F., due to the nature of IN , are 

(7) i£) ■■■ (~K) - ft), 
W*-(V, ■■■ , IK)*- (T)> 

(2) 



where ( y ^) denotes the coset of containing (y.j), 

The relations of the form ( (1) have made them¬ 

selves very useful, in an implicit way, in lemma 2.23* In 

fact, Lemma 2,23 shows that the only branch points in 

over a distinguished point are those of multiplicity 

This corresponds to the fact that a relation of the form (V ~ 
 A 

( y^) , >4 ps M = 0,1,2, .... , cannot be produced from 

the relations given above, as may be verified. 

We proved the theorem for n > 3. If we allow n = 2 

we still obtain the relations in equations (2) above: 

(F,)( Ts) = (T) 

(1^)^'= (T), (~Ysf
l= (Tj. 

But It Is easy to show from these relations that /*, = A2, 

which is just the condition of theorem 2,20, In fact, using 

the same reasoning with n = 1 we obtain the result of 

theorem 2.19, ; 

One last remark in connection with this theorem: the 

same general approach works in other cases, e.g., the disc, 

torus, etc. The difference lies in the fact that the rela¬ 

tions on (Fj will be different. For example, if is 

the disc, then F^ is a free group. 



CHAPTER III 

BLASCHKE PRODUCTS WITH CERTAIN BOUNDARY CHARACTERISTICS 

This chapter is devoted to examining the properties of 

some particular functions which arise in a natural way when 

certain universal regularly branched covering surfaces of 

the disc |w| <1 are constructed. In the first section 

a function f(z), holomorphic and bounded* |f(z)| < 1* in. 

J.z| < 1 is exhibited which possesses the following interest¬ 

ing properties: 

t. f(z) is a Blaschke product (theorem 3.3). 

2. f (z) assumes, as a radial limit, any given value 

a of modulus one on a set of radii having locally the power 

of the continuum, whose endpoints form a dense set on 

(z | = t having linear measure zero (theorem 3*14), 

3. The set of radii on which f(z) does not possess a 

radial limit has locally the power of the continuum (theorem 3.15). 

Generalizations of this example are considered in the 

second section. In particular, given a perfect set E of 

points on |w| a 1 with E 4 h*j = 1> then there exists a 

function f(z) holomorphic and bounded, |f(z)| < 1, in 

[z| <1 with the properties: 

4. f(z) is a Blaschke product. 

5. If a e E, then f(z) assumes the value a as a 

radial limit on a set of radii having power of the continuum. 

6. If a s Ef = {jw| ss lj - E, then f(z) assumes the 

value a as a radial limit on a countable set of radii. 
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We shall use the following notation for radial limits: 

lim^ f(re16) = f(eie). 

Two important theorems which will be needed are [8, p.20t, 

p.209] . 

PATOU'S THEOREM, If f(z) is holomorphic and bounded 

in jz| < 1, then f(z) has radial limits*a.e, on \z\ = 1, 

THEOREM OF F. AID M. RIESZ, If f(z) is holomorphic 

and bounded in lzl < 1, and not constant there, then given 

any a, m[e|f(eie) = aj =0-, 

I. AH IHTERESTIHG BLASCHKE PRODUCT. 

We first describe the universal regularly branched cover¬ 

ing surface ¥ of the disc |w| < 1 with a certain pre¬ 

scribed branching [a. Let jrmj( satisfy 0 < rmf 1, 
oo 

We select the distinguished points {a jj on the circles 

|w| = rm in the following manner: given any sequence * 

of positive integers, such that lim sup v_ =°°, choose on 
iu X- V 

the circle [w| = r precisely vm points equally spaced 

there. It will be convenient for descriptive purposes* 

though it is actually immaterial, to assume that no two 

points of {an]i have the same argument; for we shall want 

to make non-intersecting cuts in the disc from the points of 

{an}( to the boundary, and this assumption allows us to make 

them along radii. This can be set up, for example, by setting 

Sjj =2^ ^ and ' arg(ag ^ + l)= 2na^, and requiring that 

aH = wV2. 



61 

The points {anJ( determined in this fashion are isolated 

points, and it is clear that every point on |z| = 1 is an 

accumulation point of the set . 

To form "W we take countably many copies of |w| < 1, 

each cut along radii from the points of {a^j, , and identi¬ 

fy them in the manner described in the previous chapter, 

page 44, with all multiplicities equal to two. . -V, along , 

with the natural projection map h: VK-* ||wj < ij, then forms 

the universal regularly branched covering surface of jw| < 1 

with branching {a.^,2],. 

It trill be convenient to use the notation developed on 

page 44 and to refer to figure 2,18; thus, denoting by ¥ 

the first slit disc used in the construction, the subsequently 

attached discs are denoted W(n.j,n2, ... jn^), where 

^ ni+1, i =1,2, ... ,k-1. W(nt, n2, ... tn^) is the , 

disc in the k~th stage of the construction which is identified 

with the disc W^.ng, ... .a*.,) along their outs from the 

points ^ in each disc* L(n^, ... yn^) denotes the cut 

along which ¥(n^, ... jii^) and W(n^, ... ,n}5>.|) are 

identified, etc. 

It is known from the fundamental uniformization theorem 

[12, p. 224} that W can be mapped one-to-one, conformally 

onto the disc jzj < 1; let 

j | z| < 1 j W 

be the function which brings about this mapj the conditions 

g(O) = 0 s ¥ and g'(G) > 0 determine the map uniquely. 

The projection map h: W -* 'jtwj < l] is a many-to-one, 
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conformal map of "W onto Jwj < 1. It follows then that the 

composition map f = hog is a single-valued, conformal map 

of |zj < 1 onto |wf <1. V is thus the Riemann sur¬ 

face of the function f~^(w). 

V 

-f = 

* IWK I 
Figure 3.1 

It is clear that f(z) is holomorphlc and hounded, 

|f.(a)| < 1, in \z\ < t., Patou's theorem shows immediately 

that f (z) has radial limits everywhere on |z| = 1 ex¬ 

cept possibly on a set of linear measure zero. And from 

Riesz's theorem we see that f(z) assumes a given radial 

limit on at most a set of linear measure zero. 

THEOREM 3.1. If f(ele) exists, then {f(ei0)j = 1. 

Proof: Since |f(z)| < 1 it follows that |f(ei0)|< 1. 

Suppose then that there is a 9 such that f (e ) = b with 

jbj < 1, Then there exists a disc neighborhood U of b, 

H c £|w| < 1 j, which contains at most one distinguished point. 

Due to the composition f = hog, g(e ) must belong to some 

component of h"1(U). %i consists of Interior points 
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of W ,. and hence g“1(^) is contained in |z| < 1; but if 

g(e^®) s %i , we must have e*S = lim^^ re*® e g(U ), as 

g is a one-to-one map. This cannot happen, as we have seen 

that g“ (tj) must consist only of points of |zj < 1,fl 

Thus the only radial limits of f(z) are those of 

modulus one; combining this fact with Fatou‘s theorem, 

|f(e )J = 1 a.e. on |zj = 1. We can now apply the follow- 
7 ;i, 

ing theorem due to Frostman [9, p.33] to obtain statement 1 

mentioned at the outset* 

THEOREM 3.2. If f(z) is a non-constant function holo- 
4 O 

morphic and bounded, |f(z)| < 1, in |z| < 1 with jf(e )j= 1 

a.e. on \z\ - 1, and if f(z) is not a Blaschke product, 

then f(z) takes the value zero as a radial limit. 

Thus, as f(z) cannot assume the value zero as a radial 

limit by theorem 3.1, we have 

THEOREM 3.3. f(z) is a Blaschke product. 

We also have 

THEOREM 3.4. f(z) i_s an automorphic function with re¬ 

spect to a Fuchslan group 05 of linear transformati ons 

which leave the unit circle |z| =1 fixed. 

Proof; A decktransformation of y/ carries a point 

P0 = g(ZQ) over wQ = f(zQ) into another point P£ = g(z£) 

over wQ. This decktransformation is uniquely determined 

once P0 and are specified and corresponds by g to 

a conformal homeomorphism of |z| < 1 onto itself; this 

mapping of |z| < 1 onto itself is brought about by a linear 
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transformation which, leaves |z| =1 fixed. Since the deck- 

transformations of V form a group, the corresponding linear 

transformations of |z| < 1 form a group IB which is obvious¬ 

ly a Fuchsian group: each transformation of IB has | z | =1 

as fixed circle and carries |z| <1 onto |z{ < 1. f(z) 

is an automorphic function with respect to B , since f(z) 

is unaffected by the decktransformations of "W . 0 

We shall show subsequently that IB is a Fuchsian group 

of the first kind? then it follows [2, p.85j that every 

point of |z| = 1 is an essential singularity of f(z). 

LEMMA 3.5. The images under g“* of the sheets of 'Wr 

are fundamental regions of the group IB . 

Proof: This result follows if we can show that R = g~^(W) 

;isa fundamental region, as all the fundamental regions are 

congruent, due to the decktransformations of . Since no 

! two points of R are congruent, R must be contained in 

some fundamental region of B . Suppose R* is a fundamental 

: rdgion and that R* ? R , with H’ - R ^ 0. If z s R* - R 

then g(z) hence g(z) s W(n^, ... for some 

W(n.j, ... ,nk). But the group of decktransformations of W 

is transitive, so there is a decktransformation taking g(z) 

into a point on W. This means z is congruent to a point 

of R, which is a contradiction. 0 

in order to examine in more detail the map g: £ |z| < 

and in particular the images, under g~S of the cuts in "W 

we must make the following conventions. Let z(n^, ... »u^.) 

» 
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be the image under g~1 of the branch point lying over an_ 
K 

in the sheets W(n1t ... jn^,,) and WCn-j, ... ,nk), i.e., 

the image of the endpoint of Lfn^ ... which lies 

in W . Also, let 

R = g~1(W) , 

&(ll^ 9 =2 g (W(llij9 **• f&Jj.))* 

X (n^ 9 •«• :=z' S (li(n^ 9 • ♦ • ) 9 

mm mmi mm X (n^, ... *njj.) =: g (L (n^, ... ,n-^)). 

As this notation is rather cumbersome, we shall shorten 
* 

(n1? ... jii^) to (n,!^) when the meaning is clear from 

the context. Thus we shall have occasion to write WCn,*^), 

etc. Also, when the meaning is clear we shall speak more 

generally of R’s, X’s, etc., rather than writing things 

out. 

LEMMA 3.6.* X+(n^) = g"^ (L+(n^)) is a simple curve in 

|z| <1 starting at z(n^) and approaching a unique point 

on | z l = t. 

Proof: f (z) tends to a uniquely determined point a 

on jw| =s 1 as [z| - 1 on X+(n^), since g(X+(n^)) = L+(n^). 

Suppose now that X+(n^) does not tend to a unique point 

on |z| = 1j then X+(n^) must tend to a subarc a of 

|z| = 1. Consequently we may apply the following lemma 

[Up. 19]. 

LEMMA 3.7. Let F(z) be holomorphic and bounded in 

|zj < 1; let 8l and zg be two distinct points on . |z| = 1; 

let £zj(n)J and £z2(n)j be sequences of points in |z| < 1 
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which converge, respectively* to z^ and zg; let Pn be 

a continuous arc joining z^(n) and zg(n) and located in 

1 - en < |z| < 1, where en > 0 and en -♦ 0. If j F(z)| < ^ n 

on Pn„ where >| n > 0, and 7|n - 0, then F(z) S 0. 

We simply take F(z) = f(z) - a, choose the sequences 

£z.|(n)j and { zg(n)J as points of intersection with X+(n^) 

of two radii ending at distinct points of a, and choose for 

the (Jn subarcs of X+(n.,). The result Is thet P(z) S 0, 

or f(z) = a, a contradiction* This proves lemma 3.6. 1 

Thus X+(n^) terminates at a unique point on Jz| = 1, 

and meets |z| =1 only at that pointj a similar result holds 

for the images of all other cuts in V. Since l*(nj) U L“(n^) 

is connected in Y, X+(n^) U X"(n^) is an arc in Jzj < 1 

which we shall denote by X(n^). X(n^) is simple, as 

L+(n^) and L~(n^) meet only at the branch point in W 
over *n 

Our next result requires the following theorem [13, pg.17#1 

THEOREM 3.8. If f(z) - a as z along two straight 

lines, and f (z) is holomorphlc and bounded in the angle• 

between theia then f(z) -* a uniformly in the whole angles 

With this theorem we now prove 

LEMMA 3.9, X(n^) ends at two distinct points. 

Proof: Suppose notj then X(n.j) is a simple closed 

curve which separates |z| <1 into two simply connected 

parts. Denote by A that part of |z| < 1 whose boundary 

consists of X(n.j) and one point b of Jzj = 1; figure 3.£ 
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illustrates the situation. The part of corresponding to 

A will contain an infinite num¬ 

ber of sheets of W joined along 

various L’s. Hence A contains 

infinitely many of the curves X, 

all of which must end at b. Thus 

f(z) has infinitely many distinct 

asymptotic values along a variety 

of curves in* A, all tending to 

b. But if A is mapped con¬ 

formally onto an angle#, with b 
i 1 

going to 00 # then this would 

contradict the theorem just men- 
Figure 3*2 

Xfrtj) 

tloned. Hence X(n^) ends at two distinct points, of |z| = 1; 

a similar result holds for the image of any other cut in W’ . Dl 

Thusj' any X is a crosscut of |z| < 1, and it follows 

that any R is bounded by infinitely many such crosscuts, 

in addition to points of \z\ » 1. The next result is ‘ 

LIMMA 3.10. Ho two of the crosscuts X bounding the 

R's have a common eMpoint. 
1 ! ' 

Prbof: let us suppose that X(n,n^) and X(m,m^.), and 

in particular .X+(n,n^) and X+(m,mjc), have a common end¬ 

point P on jzj ss 1, as in figure 3.3 (it is clear that 

other cases to be demonstrated, e.g.# X“(n,n^) and X‘i‘(m,m^.), 

follow from this one). Let L+(n,n^) terminate at a point 

over a on jw| = 1j let L+(m,mfc) end at a point over b. 

on |w| = 1, There are two cases to consider. 



68 

First, suppose a ^ b. We apply the following theorem 

[12, p. 179]. 

THEOREM 2.11. If f(z) - a as z •* <*> along a straight 

line, and f(z)-*b as z - 00 along another straight line, 

and f(z) is holomorphic and bounded in the angle between, 

then a = b and f(z) -* a uniformly in the angle. 

Join an interior point of 

X+(n,n^) to one of X+(m,mj£.) 

by an arc a in | z \ < 1. De¬ 

note by A that part of Jz|< 1 

whose boundary consists of a, 

portions of X+(n,n^) and 

X+(m,mjJ.), and the point P. By a 

conformal map we can transform 

A onto an angle with P going 

to °° ; applying the above theorem, we must have a = b, a 

contradiction. 

How suppose a = b. By theorem 2.8 f(z) tends uni¬ 

formly to a as fz[ -* 1 in the part of |z| < 1 between 

X+(n,n^) and X^m,!^). Let 

z^(n) and z^(m) be sequences 

of points, on X+(n,n^) and 

X+(m,ml5;) respectively, which 

tend to P. We can choose 

these sequences so that z^(n) 

and z^fm) can be Joined by an 

arc such that diam (a^) - 0, 

as in figure 2.4. In fact, since 

Figure 2.3 

Figure 2,4 
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f (z) tends uniformly to a in the manner described! we can 

arrange things so that diam (f(am)) < 1/m, But consider the 

situation on ^: L*(n»n.j) and L^m,!^) are distinct, since 

they cannot emanate from the same branch point of without 

violating the fact that a crosscut X bounding an R has 
i * . 

distinct endpoints* As L (n,n^) and L are dis~ 

tinct, all paths joining a point of L*(n,n^) to a point of 

L+(m,mlc) must cross the same cuts of 'W : this is seen by 
considering the way "W was constructed. Thus all f(am) 

must cross the same cuts, each of which is a positive dis¬ 

tance from X.+(n,n^) and L^m,!^), contradicting the fact 

that diam (f(am)) < 1/m. 0 

We can now prove 

THEOREM 3,12. The Fuchsian group (g of linear trans¬ 

formations corresponding to the decktransformations of IV is 

of the first kind. 

Proof: Suppose not; then, as is well known [2] , there 

exists an arc a on Jz| = 1 which contains no limit points 

of IB . Moreover, some fundamental region R(n,n^) abutts 

along a subarc a’ of a. According to Fatou’s theorem, 

there are two radii ending at distinct points of a* on 

which f (e5-®) exists. Moreover, we may choose the radii 

so that f(eie) takes different values, which is possible 

by the theorem of F. and M, Riesz mentioned on page 60. 

Join an interior point of one of these radii to an interior 

point of the other by a simple arc 0 c R(n,n.j), and denote 

by y the simple arc consisting of £ and the portions 
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of the radii terminating on | z| = 

A c R(n,n^) be the part of 

\z\ < 1 bounded by $ and a 

subarc of a *. In yr, s(/) 

is a simple arc on the sheet 

W(n*n.j) ;)olning distinct 

boundary points. (Then g(y) 

separates ¥(n,n^) into two 

parts, each of which contains 

infinitely many of the cuts 1. 

Then A must contain a cross- , 

cut X bounding R: contra¬ 

diction. 1 

It follows that the set of 

endpoints of the X's are dense on 

to be obtained is formulated In the 

1, as in figure 3.5, let 

|z{ = 1. The next fact 

following lemma: 

LEMMA: 3.13. Let a be a, simple curve In |z|.< t 

which tends to z = e^*®. If' f (z) ^ a as |z| — 1 along 

ct, then f(z)a, as \z\ -* 1 along r, the radius termi¬ 

nating at z.= e^®. 
, ±0% 

Proof: We wish to show that £(e ) = a* Let 

F(z) = f(z) - aj we shall show that iKe*®) - 0, It is 

sufficient to consider only the case 9= 0, as the situation 

for any other salue, of 9 ,cah be reduced to this one by a 

linear transformation. There are two cases to consider. 

First, suppose a Intersects r at most a finite 

number of times. Then in some neighborhood of z = 1 
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a does not intersect r, as 

shown in figure 3.6. 

low reflect o in the 

real axis to obtain 5, and 

consider 

Ft(z) = F(z) F(z). 

By symmetry we wee that Fj(z) 

is holomorphlo and bounded in 

|zj < 1. Moreover, since 

F(z) - 0 as |z| -• 1 on a. 
Figure 3.6 

F(z) -* 0 as i2!j 1 on a, so that F^(z) -* 0 as \z\ -* 1 

on both a and a, low applying theorem 3.8 in the obvious 

manner, we obtain F^(e^) = F^(1) = 0, hence 12?( 1 )l = |f|F^ (1 )|= 0. 

low, for the second case, suppose a intersects r 

infinitely often. Again we reflect a in the real axis to 

obtain a and consider the function F^(z) = F(z) • F(z), 

It suffices to show that given e > 0 there exists a neigh¬ 

borhood U of z as 1 such that JFJCZ)] < e provided 

z,s U H r* Let M be the bound on |F(Z)|, and hence on 

|F(z)i, for z in, \z\ < 1. Then given e > 0 there is a 

neighborhood U of z = 1 such that jF(z){ < e/M for 

z s a 0 U: and |F{z)| < e/M. for z s 5 0 1, Then 

|f|(z)j == |F(z)| 1F(z)| < e for z s (a U a) 0 U. Hence by 

the maximum principle, |F^(z).( < e for any z in that 

region of U bounded by a and a, in particular for , 

z s r 0 U. Q 



72 

THEOREM 3.14. The set |©Jf(e^S) = a], where a is 

any value of modulus 1, has locally the -power of the continuum. 

Proof: Pick a s £|w| = 1 j. Let h he any point on 

js| =1 and U any neighborhood of b. There exists a cut 

of which corresponds to a crosscut X of |z| < 1 lying 

in U. X separates |z| <1 into two domains, one of which, 

D, is contained in U. =.g(D) is arc connected and 

oonsists of infinitely many sheets of W, as is clear from 

the construction of 7K. In Jw| < 1 two sequences, [c°}, 

{Cjjj, of radial arcs joining various distinguished points an 

to points of |w| = 1 can be chosen which satisfy the follow¬ 

ing conditions. 

1) the lengths of the C^i, = 0,1, tend to zero; 

2) the endpoints of the 0®i tend to a; 

3) arg C° 4 arS a and arg -Ir arg a > 

4) arg 0°+1 < arg 0^ < arg 0°., 

Let P (e) = P (, e2, ...), = 0,1, be an arc in 

having the properties 

a) P(e)= Pte^eg, ..,) crosses in succession cuts 

of v, over the arcs in the sequence G22> C3^» **• * 

and meets no other cuts of "IV^. 

b) P(s) tends to a point on the boundary of 

over w = a. This construction of P(e) is possible since 

all the cuts of ^ over C®i lie on one side of 

arg w = arg a and all cuts of V, over toe area C®1 

in arg a < arg w < arg (a + &) , h = l (Vj ), are of length 

< yy . P(e) corresponds to an arc A (e) in Jz|<1 
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which tends to a definite point b(e). s U fi j z{ =1 , by 

lemma 3.7* since f(z)-» a On (e), Then by lemma .3.13* 

the radial limit of f(z) exists at b(e) and equals a* 
r«> 

|W»<I 

Figure 3*7 

By associating b(e) with the dyadic expansions 

0* ^2^3* * * Oft* 

we see that we have found a set of points b(e) in U* 

associated with the radial limit a, having the power of 

the continuum* provided that distinct sequences e 1» b2» 

correspond to distinct points b(e). But this is seen to 

be the case for the following reasons. Two distinct sequences 

O ). ^4 f $0f * ♦ • . 

(2) 

'1; 

s1* e2> *•* 

must differ at some first position* say e^. Then 

CeP and 0^ ^ are ^s^inc^ ^nd the corresponding crosscuts 
P 
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X®P, Xp p of Jzj <1 (in U) subtend two disjoint, closed 

arcs ApP, A^P oa \z\ ~ lemma 3,10. The point 

b(e) corresponding to the sequence (1) must be in A^P ,.and 

so must be distinct from the point b(e’) corresponding to 

the sequence (11), which must be in A®p ,§ 
ir 

THEOREM 3.15. The set £© |f(ei0) does not exist} has 

locally the power of the continuum. 

Proof: Let b be any point of jz| = 1 and U any 

neighborhood of b. Let G^» Cg, be radial arcs in 

|wj < 1 drawn from three distinct distinguished points to 

jw| = 1. ^Suppose a curve P on W crosses, in succession, 

cuts over the arcs in the sequence 

<’> 0*1. 9ea* - . «t - 0,1,2, *i.1 
and meets no other cuts of W. To the cuts of V which 

P meets, there corresponds a sequence of crosscuts of 

\z\ < 1 

(2) Xt, X2, X^,,... 

which subtend arcs An on \z\ = 1 satisfying, by , 

lemma 3.10, the condition A”+1 c A° , The curve 

A= g-VT) in |z| < 1 terids to a well defined point, on 

Jz| = 1 determined by nA°. It is clear that f(z) can¬ 

not tend to a limit as jz| - 1 on for the arcs 

Cj, Cg, Cj are positive distances apart. 

¥e may choose the first cut which P meets, lying over 

C£1, so that the corresponding crosscut is contained in 

U n £|z| < l] . Then given the sequence 

(5) £g, S-j, ... , » 6^ s: 0,1,2 
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there is a point h(e^, eg, ...) = b(e) 1 A° c U 0. {| z| = t}. 
The radius to b(e) must cross all the crosscuts Xn, 

since b(e) s for all n, and hence the radial limit 

of f(z) along the radius ending at b(e) cannot exist. 

Now giventthe sequence e^, ... , e^, there are two possi¬ 

ble choices of ep+1 and the two possible arcs are 

disjoint. Thus there is a one-to-one correspondence between 

the radii so constructed, each of ifhich crosses and hence 

ends at a point in TJ, and the set of sequences (3) which is 

known to have the power of the continuum. B 

II. EXTEHSIOH OF RESULTS. 

We may generalize the preceding discussion by removing 

the restriction that every point of |w| 1 be an accumula¬ 

tion point of the set | anj of distinguished points. We now 

require only that the set E of limit points of » 

E c £|w| = l|, be dense in itself, i.e.» a perfect set. For 

instance, we may restrict the {a^J to lie between two 

given radii and so obtain an arc of [w| = 1 for E. More 

generally, given a perfect set E on [w| = 1, we can choose 

the set ianf so that {an}~ ** = E* Using the same 

procedure as before, we can construct the universal regular¬ 

ly branched covering surface W" of |w| < 1 with branching 

{an, 2}. The function f(z), mapping |zj < 1 onto |w| < 1, 

which arises as before, is holomorphic and bounded, 

(f(z)| < 1, in jz| < 1. There is no essential change in the 

proof that f(z) has radial limits of modulus 1 only, and 

hence is a Blaschke product. And Just as before f(z) is 
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seen to be an automorphic function with respect to a Fuchsian 

group B of linear transformations which leave the circle 

|zj =1 invariant, while mapping the inferior of |z| < 1 

conformally onto itself. However, if E is a proper sub- 

set of Jw| = 1 we shall see that. .B- is a Fuchsian group 

of the second hind £2]. She sheets of W map into funda¬ 

mental regions of B , and the images in jz| < 1 of the 

cuts in are crosscuts with the same properties as before. 

THEOREM 3.15. If B is a proper subset of |w| = 1, 

then the Fuchsian group IB is of the second hind. 

... Proof: As E' = [|w| = l} - E there is a point 

a s E*. But EV is open, so there is an arc of |w| = 1 

containing a and no points of E* Then it is possible to 

draw two radii ending on this arc which enclose an angle A 

of |w| < 1 containing no distinguished points; we suppress 

the possibility that w == 0 be a distinguished point, since 

this will not alter the proof materially* In each sheet of 

there is a component of hf-(A)—where h: Yf-* j |.w| < ij 

is the projection map—containing no branch points and hence 

no cuts (as before we assume radial cuts for convenience). 

Each componentoof h~1(A) projects by g~^: — ^Jz| < l} 

onto a domain 3) abutting an arc A of |z| =1. Ho cuts 

of project into D, so nc crosscuts corresponding to 

cuts of jV' terminate at points of A . Then no point of 

A can be a limit point of B ; hence IB is of the second 

hind.§ 

The fact that the set ^0|f(ei0) = a s E} has the power 

of the continuum follows just as before (theorem 3.14), 
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though if E ^ Jw| = 1 we must weaken the local property, 

as is evident since (B is of the second kind, namely, if 

b is a limit point of IB , then in any neighborhood of b 

the set {© ] f(eiQ) = a} has the power of the continuum. 

Another result which follows as before is that the set 

of radii on which f (z) has no radial limit has power of 

the continuum, but again the local property holds only at 

the limit points of IB . 

The final result is 

THEOREM 3.16. The set 

£e | f(ei0) = a s E', E* = {Jw| = l| - E] 

is countable. 

Proof; let U be a neighborhood of such that 

( U an) n D = t. 

Then contains a countable number of schlicht components 

^1* C^2* 
over V* Each %ln maps onto \ c [|z| < lj. 

where 7n is bounded by an arc of jzj = 1 and a 

crosscut Xn of [z[ < 1. The map f(z) is holomorphic 

on An and there is Just one radius ending on An for. 

which f(e^) = a. Since W contains only this countable 

collection of components over U, the result is clear. I 
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