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ABSTRACT 

The equilibrium states of a thin-walled hollow 

cylinder containing a 'Weak link", (e .g. a Josephson junction) 

are examined in a Bose gas model calculation. It is found 

that these states may be such that the fluxoid is not an 

integer multiple of the flux quantum. The deviation from 

integer flux quantization depends upon the coupling strength 

of the "weak link" and the externally applied magnetic flux. 

The first order reduced density matrix (the i-matrix) for 

the boson system is then investigated utilizing the general 

features of the model calculation. The fluxoid quantization 

and persistent currents are considered in terms of the 

modifications (due to the link) of the off-diagonal long- 

range order of the 1-matrix. 
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I. INTRODUCTION 

Consider a doubly connected superconductor which 

contains a "weak link". A "weak link" is defined to be a 

spatially small region of a superconducting ring which is 

associated with a coupling strength parameter, g , that 

may assume values from zero to one. When g =0 the ring is 

broken or uncoupled by the link while for g = 1 one has a com¬ 

pletely coupled or uniform ring of superconductor. Obviously, 

intermediate g values will correspond to intermediate coupling. 

We wish then to consider what effect the link has on the quan¬ 

tization of flux, and the existence of persistent currents for 

different values of g . 

The separation of the superconducting ring into two 

separate regions may be both artificial and undesirable. 

Artificial because there exists (In principle) a solution of 

the many-body problem no matter how complicated the ring. 

Undesirable because in splitting the ring Into two regions 

spurious and physically misleading solutions may be generated. 

However, in the absence of solutions to complicated many-body 

problems, one must be content with (a) general statements about 

the character of the "real" solutions and (b) approximate 

solutions which hopefully contain the phenomena of major 

Interest. 

Flux quantization and persistent currents have been 



examined from both directions. The fundamental papers of 
1 \ 2) 

Yang ' and Bloch provide criteria of the type (a) which 

clarify many of the problems associated with superconductors. 

In this paper the "model" problem of a ring containing a 

link will be examined with a view to relating its properties 

to those expected on the basis of the general theory. 

Chapter II is a review and discussion of some of the 

work which has been done on "weak links", flux or fluxoid 
* 

quantization and the idea of Off-Diagonal Long-Range Order 

(ODLRO). The Bose gas model is used in Ch. Ill to treat a 

thin-walled hollow cylinder containing a link parallel to the 

cylinder axis . It is found that depending upon the value 

of g , the flux within the cylinder may or may not be quan¬ 

tized in units of the usual flux quantum hc/e*^0 Chapter IV 

considers how the effects of non-uniform pairing may be ex¬ 

hibited within the general discussion of persistent currents 

and flux quantization with ODLRO in the appropriate reduced 

density matrix. 

1. C . N. Yang, Rev. Mod. Phys. 3Jb 694 (1962). 

2. F. Bloch, Phys. Rev. 137. 7&T (1965). 

* Unless specified otherwise fluxoid will be used to 
mean either flux or fluxoid whichever is applicable. 

/ We mean ho/e* = hc/2e the electronic charge. 
In the boson problem we shall drop the star on e* but will 
mean that a boson has twice the electronic charge . 



II. WEAK LINKS, FLUXOID QUANTIZATION AND ODLRO 

A Josephs on junction is probably the most familiar type 

of "weak link". If two bulk superconductors are separated by 

a thin (usually of the order 30 A.) layer of dielectric, it 
3) 4) 

was predicted and has been found that they are coupled to¬ 

gether in the following senses if a current is passed through 

the system no voltage is developed across the junction until 

a certain critical current is reached. Thus, in the absence 

of magnetic fields, a Josephson junction allows a supercurrent 

to flow just as if the barrier were absent. The current 

density through the junction is given by 

j = j sin {<j> — c{) J2A*d£} (l) 

where ^ and <j>2 are the phases of the pair condensation 

amplitudes (Gor'kov's F) or the pair potential A on the 

respective sides of the junction and A is the vector potential. 

Equation (1) has been derived in many ways. Josephson-3' used 

time-dependent perturbation theory and the tunneling Hamiltonian 

3. B. D. Josephson, Phys . letters 1, 251 (1962). 

4. P. W. Anderson, J. M. Rowell, Phys. Rev. Letters 
10. 230 (1963) and many others since. 
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Anderson used time-independent perturbation theory to 

calculate the energy and obtained the current density by 
6) 

differentiation! De Gennes determined the boundary condi¬ 

tions on the pair potential using the self-consistent field 

and then arrived at the desired result. Probably the most 
7 ) satisfactory derivation 1 uses Gor'kov’s thermal Green's 

functions F and G. It shows in some detail why the lack of 

an effective electron-electron attractive interaction in the 

junction does not uncouple the superconductors. We also note 

that on this microscopic level the pair potential is not 

slowly varying so that the Ginzburg-landau equations will not 

be expected to apply in the immediate region of the junction. 
9,10) 

Another type of weak link is that made by pressing 

two pieces of superconductor* e.g. niobium* together to form 

a small area contact. The geometry of this type of link is 

5. P. W. Anderson* lectures on the Many°Body Problem„ 
Ed. E. R. Caianiell© (Academic Press* N. Y. 196fT? P• 113 • 

6. P. Go De Gennes* Phys. letters 22 (1963). 

7. B. D. Josephs on* Adv. in Physics 14* 419 (1965). 

8. Ibid., p. 443. 

9. J. E. Zimmerman* A. H. silver (to be published). 

10. J. T. Carter* M. A. Thesis* Rice University* 1966 
(unpublished). 



not well understood. 

Both of these links respond to the flow of a direct 

current through them as does a superconductor without a 

link (neglecting magnetic effects) only they will not sustain 

as large a current density. Thus they act as "current 

limiters". Hence the name "weak link" is applied to them. 

The Bohr-Sommerfeld quantization rule <lq. = nh 

is often used to discuss the quantization of the flux old in 

a multiply connected superconductor. The justification for 

the use of such a rule rests on the assertion that the super¬ 

conducting state may be treated as a macroscopic quantum 

state. Thus to the extent that a superconductor may be so 

treated such a procedure is acceptable. Without becoming 

involved in the microscopic theory let us just consider the 

conditions under which the phase integral quantization is a 

good approximation to the actual solution to a Schr’ddinger 

equation. Using the JWKB method'*''^* approximate solutions 

to the Schr’ddinger equation are obtained. The boundary con¬ 

ditions are then applied and the quantization rule results. 

Thus it is seen that the range of applicability of the JWKB 

solution determines the range of applicability of the quanti¬ 

zation condition. For regions in which the potential energy 

11. N. Frftman* P. 0. Fr°6man* JWKB Approximation 
(North-HoHand* Amsterdam* 1965). This is a thorough and 
rigorous treatment of the JWKB method. 

-5- 



is rapidly varying the JWKB solutions are not satisfactory. 

Consequently, if one considers the “weak link” as such a 

region then the quantization rule is suspect for the treat¬ 

ment of systems containing such a link. Of course, the 

use of connection formulae may in some cases obviate the 

above objections but in a superconductor the entire idea of 

a Schr°6dinger-like wave function in the region of the link 

may then come into question. 

An alternative way of saying the above is to assert 

that the non-linear or non-local effects in the region of the 

link are no longer adequately approximated by the Landau- 

Ginzburg theory. If this is indeed the case then the deriva- 
12 13) 

tions 3 9 of fluxoid quantization which depend upon the 

landau-Ginzburg formula for the current density are here 
lit) 

questionable. In fact, it has been observed ' that London's 

original argument and the subsequent ones based on the Landau- 

Ginzburg theory are not compelling since solutions to 

Schr5dinger-like equations exist for all values of the enclosed 

flux. We must therefore consider the question of fluxoid 

quantization or lack of it in a ring containing a "weak link" 

l£. J. Bardeen, Phys. Rev. Letters 162 (I96I). 

13. J* B. Keller, B. Zumino, Phys. Rev. Letters 7, 
164 (1961). 

14. J. M. Blatt, Theory of Superconductivity (Academic 
Press, N. Y. 1964), Ch. IX, particularly sect. 6. 

-6- 



I 

in a way which acknowledges the failure of the phase 

integral approach. 

The general properties of a system of particles in 

both thick- and thin-walled hollow cylinders have been 

v . 1,2,15,16,17) ,, . v 15) discussed by several authors . Byers and Yang 

proved a theorem which states that the partition function 

(and consequently the free energy excluding magnetic field 

energy) is an even, periodic function of the flux with period 

ch/e*. They then considered a thick-walled hollow cylinder 

and used the fact that the body current in the superconductor 

is proportional to the derivative of the free energy with 

respect to flux. Since the Meissner-Ochsenfeld effect re¬ 

quires a zero current inside the cylinder, they concluded 

that the equilibrium state occurs at the minimum of the free 

energy as a function of the fline. Thus the question of 

fluxoid quantization reduces to determining the extrema of 

the free energy as a function of the flux. Subsequently 
1) Yang considered flux, quantization in a thick-walled hollow 

2) 
cylinder exhibiting ODIRO. Bloch recently utilized ODIRO 

to investigate persistent currents and fluxoid quantization in 

a thin-walled hollow cylinder. We shall discuss Bloch’s and 

15. N. Byers, C. N. Yang, Phys. Rev. Letters 7, 46 
(1961). 

16. M. Peshkin, Phys. Rev. 132. 14 (1963). 

17. B. B. Schwartz, L.N. Cooper, Phys. Rev. 137_. A829 
(1965). 

-7“ 



Yang's work in a later paragraph of this section. 
16) 

Peshkin ’ treated the interacting electron gas in a 

thin-walled cylinder with a BCS-model interaction. He found 

that for the fluxoid an integral multiple of the flux quantum 

the energy was minimized. This result was obtained by 

pairing angular momentum eigenstates in a non-uniform way, 

i.e., with different center-of-mass momenta. The uniformly 

paired states were found to lead to a lower energy. He then 

assumed that the BCS state was invariant under a symmetry opera¬ 

tion involving the electron velocity. This was shown to 

imply that the phase integral around a doubly connected super¬ 

conductor was quantized (hence fluxoid quantization). 

In a similar but more quantitative way, Schwartz and 
17) 

Cooper investigated a thick-walled hollow cylinder. Using 

a BCS-type theory with a generalized (non-uniform) pairing 

scheme they calculated the total Gibbs free energy including 

the energy of the magnetic field. Minimizing the free energy 

with respect to the flux they found that if the electron- 

electron interaction is non-rota tionally invariant then under 

certain conditions the fluxoid may assume any value . They 

ascribed the fluxoid quantization which has been observed 

to the fact that the energy from the electron-electron inter¬ 

action has very sharp minima at values of the fluxoid equal 

to nhc/£e, n = integer. If, however, the electron-electron 

interaction was sufficiently non-rota tionally invariant then 

-8- 



these minima would not be so deep. Thus the competition be¬ 

tween the magnetic field trying to become uniform and the 

interaction energy trying to assume its minimum value would 

result in some intermediate value of fluxoid being found in 

the cylinder. In their calculation they paired states of 

good angular momentum. This choice of single particle states, 

out of which they constructed their state with non-uniform 

pairing, naturally led them to use rotational invariance as a 

symmetry criterion for sharp minima in the energy. A differ¬ 

ent choice of single particle states would presumably have 

led to a different symmetry principle as a criterion for the 

existence of sharp minima in the free energy and the conse¬ 

quent fluxoid quantization. 
„ 18) 
Zawadowski has suggested that the appropriate symmetry 

is gauge-invariance. Using’gauge invariant Gor'kov F and G 

Green's functions, combined with known physical properties 

of thin- and thick-walled hollow superconductors, he finds 

the fluxoid to be quantized. These ideas are closely related 
1) 2) to Yang's ODLRO 7 criteria and Bloch's analysis of a thin- 

walled hollow cylinder having OBLRG, which we shall now 

discuss . 

For a system of N identical particles the first and 

second order reduced density matrices (or simply the 1-matrix 

18. A. Zawadowski, Phys. Rev. Letters 14, 557 (1965). 

-9- 



and 2-matrix) in the coordinate representation are 

TraceP'Kx') >Kx) and <Cxi ^ lp2 |x,ix2^= Trace (x^’Kx')'Kx^'Kx^ P 

where the ^ are the field operators for the particles 

and P is the density matrix. 

1) Yang has characterized the superconducting state 

in terms of the thermal equilibrium density matrix for a 

fermion system. He asserts that if the diagonal and off- 

diagonal elements of the 2-matrix are of comparable size, then 

the system is superconducting. (Thus ODLRO in the pth reduced 

density matrix means large off-diagonal matrix elements in 

that p-raatrlx.) For example, ODLRO in the 1-matrix fora 

Bose system means that <x|p |x«> (for | x - x" | -»■ » ) 

is of the same order as <x|p | x> . This is equivalent to 

the existence of an eigenvalue for the 1-matrix of order N , 

Such a large eigenvalue (of the 1-raatrlx) in a Bose system 

means that a condensation has occurred into that eigenstate. 

Thus Yang associates the phase Hell of liquid helium with the 

existence of ODLRO in the 1-matrix. 

With the ODLRO characterization of a superconductor 

Yang considered the fluxoid quantization of a thick supercon¬ 

ducting ring. Since B = curlA= 0 , he used a "pseudo11 - 
14,15) gauge transformation to eliminate the vector potential 

from the tfemiltonian. The transformed wave functions now 

satisfied a new boundary conditions the wave function must 

change by a flux dependent phase when an electron coordinate 

-10- 



is taken once around the ring. The discussion of the exis¬ 

tence of fluxoid quantization and persistent currents was 

then reduced to a determination of the dependence of the 

free energy on this flux dependent phase. If the energy 

depends on the flux, then the periodicity of the free energy 

in the flux determines the unit of quantization. In the 

presence of ODIRO the free energy was found to be flux de- 

pendent, and without ODIRO the flux dependence disappeared. 

For the Fermi system the periodicity was hc/2e . 
2 ) 

Bloch treated a rotationally invariant hollow cylinder 

the wall of which was thin enough to allow the neglect of the 

radial variations of the vector potential. He found that if 

ODLRO was present then the fluxoid was quantized and there 

were solutions corresponding to persistent currents. Since 

in this case the angular momentum L about the cylinder axis 

commutes with the density matrix, the p-matrices are all 

diagonal in the L-representation. The current was then 

written in terms of the velocity distribution function, which 

is the diagonal part of the 1-matrix in the L- representation. 

Using the fact that the vector potential occurs only in the 

gauge-invariant combination ( L ~ eA/c ) , the general 

form of the current as a function of the flux was determined. 

Insisting on consistency with Maxwell's equations the allowed 

current and flux values were determined. 

-11- 



Bloch's use of rotational invariance allowed him to 

deal with a concrete model which could be investigated in 

considerable detail. However, rotational invariance was 

not an essential element in the results which he obtained. 

The critical elements of his analysis were the existence of 

ODIRO and the gauge-invariance of the density matrix. We 
18) 

thus see that Zawadowski's suggestion concerning the gauge- 

invariance of the F and G Green's functions is a special case 

of the assumptions made by Yang and Bloch. The existence 

of a non-vanishing F Green's function is a particular example 

of ODIRO in the 2-matrix. 

In view of the above comments we see that the questions 

of fluxoid quantization and persistent currents in a ring 

containing a weak link revolve around the existence of ODIRO 

in the 2-matrix for fermions in thermal equilibrium. However, 

we shall not attack this fermion problem directly, but rather 

will examine the Bose gas model in an attempt to find an 

approach which would be suggestive of a solution for the real 

superconductor. Thus the work in the next section is a 

"model" calculation for a non -rota tionally invariant system, 

i.e. we shall always assume that we have "bosons" (i.e. ODIRO 

in the 2-matrix of the fermions) and will take account of the 

non-rotational invariance in a schematic way which recognizes 

the limitations of the Bose model. 

-12- 



III. BOSE GAS MODEL FOR A THIN-WALIED CYLINDER 
WITH A "WEAK LINK" 

A. Self-Consistent Equations and the Total Energy 

We shall use the geometry treated by Bloch and 

19) Rorschach y> and their self-consistent method for dealing 

with the electric and magnetic effects. Consider N free 

bosons of mass m and charge e in a cylinder of wall 

thickness d , length L and outer radius R . A "weak 

link" parallels the 2-axis in the angular region 0 < 0 <2u , 

we define b = ( 2ir - e^R . Let us designate the regions 

0 <_ 0 < 0 and 0^ 0 < 2TT as RI and RII respectively. 

In principle, of course, the equations derived by BR 

will be applicable to this problem as long as the idea of 

a boson is applicable. And as BR point out in their intro¬ 

duction, the Bose model will best describe the long-range 

electromagnetic properties of a superconductor. The persis¬ 

tent currents and flux quantization are just such long-range 

properties and should therefore be amenable to discussion 

within the model. The short-range or internal properties of 

the boson must not be important for the phenomena being 
20,21) 

investigated . If we consider our bosons to be electron 

19. F. Bloch, H. E. Rorschach, Phys. Rev. 128„ 1697 
(1962) hereafter referred to as BR. 

20. J. M. Blatt, op. cit., Ch. II., Sect. 4. 

21. G. Riekayzen, Theory of Superconductivity (John 
Wiley & Sons, N. Y., 1965) p.2 5l7“ 
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pairs then the internal dimension will be of the same order 

as the coherence length, S0 ^ 10 cm. Thus the Bose model 

is macroscopic in the sense that any phenomena requiring 

spatial description over distances smaller than KQ may not 

be adequately accounted for by the BR equations. With this 

in mind we define RI to be the region of the cylinder which 

is adequately described by the BR equations. Any detailed 

treatment of Rll though will in general be beyond the grasp 

of the Bose model. 

To obtain a solution we shall use the fact that the "weak 

link" has the property b << R , so that we may consider 

Rll to cause a small., though important change in the boson 

wave function of the entire ring. To account for this change 

we shall introduce an additional degree of freedom described 

by a parameter <J> . Associated with this new freedom is an 

energy which must be included in the BR expression for the 
/ 

total energy . The parameter can then be determined from 

the self-consistent field equations that are found by demanding 

that the total energy be an extremum against variation of <f> 

and the quantities used by BR. 

We note that in general the wave function in RI will 

depend on <)> through the boundary conditions and that the 

energy in RII will depend on g s the coupling strength. 

/ This approach is in the spirit of the tunneling 
hamiltonian treatment. 

-14- 



B. Calculation of the Total Energy 

The wall of the cylinder is assumed to be thin 

enough to allow us to neglect variation of the flux across 

it. Thus the radial dependence of the vector potential and 

of the boson wave function may be ignored. Since effects 

with a z-dependence are not of interest here we shall deal 

only with the 0-dependence . Defining a new variable 

x = R 0 we have 

RI. 0 <_ x<2irR-b and RII, 2rr R - b < x < 2TTR 

The points x=0 and X=2TTR are identical so that 

the boson wave function must satisfy a periodic boundary 

condition. 

1. Calculation of the Energy of RI . 

The energy of RI is given by the equation (1) of BR: 

V’k T ^ dV + 1 
sir. 

2 
{ curl Aj_} ~d 2* + electrostatic energy (2 ) 

where Ns is the occupation number of the s— state, ^i 

is the vector potential for the magnetic field due to the 

boson currents and T = A- ( p -eA/c)2 is the kinetic energy 
2m — — 

operator. For the thin cylinder T becomes a one-dimensional 

operator 

T — (i 2m 
- a/R J2 (3) 

-15- 



where 

a 
0 

2 TTR A(R) 
hc/e 

a i + ae (*& ) 

a 
i 

E 2 Aj(R) 
hc/e 

a 
e 

2TT R Ae(R) 
hc/e 

(4b*c ) 

and Ae is the angular component of the vector potential for 

the external field. 

We now assume that all the Ns are zero except for 

N0 = N , i.e.* only the ground state is occupied. We shall 

also assume that the electrostatic energy is approximately 

constant and has just the effect of keeping the boson density 
19) 22 

almost unifora throughout the region . The wave function 

is then given by ^ = C exp (ikx) where C = {(2TTH -b)ld}“1/^ 

and k is to be determined by the boundary conditions. Thus* 

ET = ( k - a/R )2 + magnetic energy (5) 
2m 

neglecting the constant electrostatic energy. 

The boundary condition that determines k is 

Physics LT9 (Plenum Press* N. Y. 1965) P. 432 • These authors 
treat the same problem in a similar manner. Their results* 
however* differ in several respects* in particular the flux 
dependence of <t> and its importance for non-integer flux 
quantization. 

V(x + 2TTR ) = e1 * tx) 0 <_ x < 2rr R -b (6a) 

-16- 



with 

<f> = <t>2 — 4>x = 4> CarH) - 4>(2irR - b) ^ (6b) 

so that 4> is just the shift in phase of the boson wave 

function across Rll . We take 4> as the parameter that 

describes the freedom introduced by having Rll . The con¬ 

dition (6a) implies exp i(2irRk -<!>) = 1 thus 

k = — ( n + 4/2T ) with n = integer (7) 
R 

and inserting (7) into (5) 

J2. 2 

ET = ----- ( n + 4>/2ir - a) + magnetic energy (8) 
2mR 

2. Calculation of the Energy of Rll . 

The energy E^ as a function of 4> may be obtained in 
5 7) several ways . The general result that the current 

density j for equilibrium states is 

and the fact that ^ is a phase difference and must, because 

of gauge invariance, appear in E;E in the combination 

( <t>2 - <(>1 - ~ J2 A°d& ) allows us, by integrating j , 

to find E<j)) . 

/ The points 27TR - b and 2nR will be referred 
to by subscripts 1 and 2 respectively. 

-17- 



Thus 

E IE 
bLd^K 
eR 

0 (* bot/R ) d 4- constant (9) 

The determination of the energy then reduces to finding 

an expression for the current density in Hll . such an ex¬ 

pression for a real superconductor must be derived from the 

microscopic theory. However, if we make some assumptions 

about the behavior of the boson wave function then an expres¬ 

sion for may be obtained. 

As previously noted the "macroscopic" boson wave 

function, v , cannot really be a rapidly varying function 

over a region as small as RII . Thus the detailed properties 

of v in RII are not descriptive of the real superconductor. 

To take more realistic account of RII (which may be viewed as 

a plane-like region since b << R ) , we shall assume that 

Y on one side of the link can be expressed as a linear 
f Jvi/ 2^ ) 

combination of Y and v = on the other ' . This 
dx 

is plausible since t in RI is a solution of a second 

order differential equation. The boundary conditions for 

such equations require that v and V be specified at the 

boundaries. The linear relationship is reasonable since b 

is small. The final justification for these assumptions 

23 • P. G. DeGennes, Rev. Mod. Phys . 36. 225 (1964). 

-18- 



though, ultimately rests within the microscopic theory. 

The boundary conditions are then 

'i'l = A*2 + B^2 V2 = + Kfi (10a ,b) 

where the constants A , B , c and D are determined by the 

following considerations: 

i. with the origin in the middle of the link we assume 

that the system is invariant under the symmetry 

operation (x,z) (-x,-z) (no external fields)j 

ii. the current density is the same on both sides of 

the link. 

Condition i. implies 

?2 = A Tj - By’ ^ a C?2 - (10c, d) 

which, comparing (10c) with (10b) and (lOd) with (10a), gives 

A = c and B = - D . 

Condition ii. requires ^ = j 2 for arbitrary <P , 

Where = |T£| e1'*’*. , 4*1,2 j « = 2 irRdL • A = I A| e1 6 , 
h I 

B = |B| 4" and 

i = Im ^%{ (A| |'i'lj2 sin ( ) - I'P T*| sin ( $ - 6') } 1 m n * dx m ft |B 1 2 11 

f <«-«■> - 

-19- 
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and so that <5 = <5' = 0 

Ne-K 
an|B| IW sm = 3, (11a ) 

The current density at the boundary of RII in the 

presence of a weak magnetic field, as shown in the appendix, 

is the n 

Nejfi 
mlTpf IV I sin ^ ♦  e_ ,2 

<U ) j . (11b) 
2 

Inserting (lib) into (9) and integrating we find 

EIC = E0 { 1 . - cos (<j> - ba/R)} + magnetic energy (12a) 

where 

fl-fi 3o _ iU2 Nejj4£j£ 
2TT eR 2 iteR m fi B (12b) 

Combining (8) and (12a) the total free energy at 

T = 0° K. , including the magnetic field energy of the bosons, 

is 

2 2 

F (a^, (j) ) = HP + Q(n + <t>/2TT-a} + EQ{1 - cos (4> - b a/R)}(l3a ) 

-2 0- 



where 

P = h.q/e q =-» c2L/2irR2e Q = N ^2/2mR2 . (13b) 

C. Equilibrium States 

The minima of F(ai,<}>) as a function of 

determine the equilibrium states of the system. Thus we 

find the equilibrium values( ai , <p ) from 

?JL = 0 = 0 (14a,b) 
3a± 3<|> 

and for a minimum require 

P 
• l 8cx» 3<f> 

3±Z < o, ft 

3a^ 3 — 

32F 

3o^2 
+ 

32F 

8 4>2 
0 (15a,b) 

evaluated at the equilibrium points . 

Using (13a), equations (14a) and (14b) become 

Pt^ = 2Q {n + <I/2IT - a } + g E0 sin ( <f> - ba/R) (16a ) 

n + <^2 ir - a = - sin ( <f> - ba/R ) (16 b ) 

-21- 



while (15a) and (15b) are 

Dx = - |£2[l + cos ( <f> - b a/R){ + ^(1 -b/irB + #/Hrl£)}] (ija ) 

El < 0 

= P + 2Q( 1 + l/4ir2 ) +■ E0(l + tf/I? ) cos( + - bo/H) (17b) 

D2 > 0 

evaluated at the solutions of (16a) and (16b). 

For a system with the following dimensions and current 

carrying capacity R = 1 cm. , dL = 10“2 cm2. , dLj0 = 10“ 3 amps, 

N = 1022 the constants P, Q, q and E0 are approximate 

ly P = k x lO^&rgs s Q = 5 x 10“8 ergs } q = 3 x 103statamps and 

E0 = 6 x 10”12 ergs . Thus (17b) is in general satisfied while 

(17a) restricts the possible choices of 0^, 4> by requiring 

cos ( $ - b O/R ) \> 0 . (18) 

Eliminating sin (<f> - ba/R) from (16a ) using (ija) 

and (16b) the reduced flux due to the boson current is 

a. _ n + <f>/2ir - a P 
1 " 1 / iA 

y/2* 
1 + 177 (19) 

where 

y = 2TT ( n - a e ) + <|> ? Y = (1 - b/2uR) = |^£L - b/2 TTR) (20a , b ) 
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and x^r ■ • (A is the London penetration depth.) 
4'Tr (g 2N 

Inserting (19) into (16b) and using (2C&) we obtain 

y = - gym sin { y - y27rR^; yyj + 3101 e 
(1 “ H) 1 (21) 

where 

gym = (1 + 1/ y)(l - b/2»R) 5Jl (22) 

is the maximum real value that y may assume . The coupling 

strength g , is defined by this equation and ym is deter¬ 

mined by letting g = 1 and b = 0, i.e., it is a material 

dependent constant. 

We would generally have x > d , b ^ A ^ lo“6cm. 

so that 106 and b/R ^ 10”
6. Thus the tern 

2n R ( 1 + 1/ y) = 2TtR(l + 1/y) gym 

Mo 
(ST^1 - V2»R)(23) 

in (21) may be neglected if b^,J° ■ « 1 , which im- 
q(2^R)z 

plies 0jo /2*R « 1 amp for R = 1 cm. For the "weak links" 

we are considering $$/ 2TTR ^10” 
2 or 10” 

3 amps 

at most, so that we may write 

y/gym = - sin ( y + 2^(1 _ b/2irR) ) 

0jo/2'fR<< 1 amp 

-23- 
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Define an integer s and a number n by 

ae (1 - b/2 TTR) = s + n/2ir with -IT < n 4 IT (25) 

Equation (24) then becomes 

y/gym 
sin ( y + n ) (26) 

The solutions yt of (26) determine «i as a function of 

a e • 

Define an integer t and a number 5 t such that 

yt + n = 2ift - 6t with 0 <• ^ < 2it . (27 ) 

The cycle of - sin ( y + n) which begins at y + n = 2^t 

will be referred to as the t£ii cycle. Note that t = t(s) 

i.e., it depends upon the external field. 

The solutions of (26) may be obtained graphically. 

From figure 1 we see that for a given t there will general¬ 

ly be two values of 6t ^. The exceptional case of line III 

will be discussed later. Neglecting l/Y << 1 and b/2'*rR<<i 

(17a ) becomes 

which for a given t selects only one of the two solutions *51 • 

/ Note that 60 for n> 0 and for n< o are in 
general triple valued. 

( 1 + gym cos \) > 0 (28) 
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The stable solutions are those values of <5^ such 

that for 

gym > 1 0 4 6
t < V2 and 3 f/2=: V 2" (29) 

and 

gym <1 0 <: 6t < 2TT 

The fluxes (4b) and (4a) are then 

a = yt _ t - \/2 * - n /2 TT 
1 2 ir ( 1 + l/f ) 1 + 1/Y 

(30) 

(31) 

a = a i + a
e = t + 5 ~ 61/37 + ae + b/a^R) t + s -6t/2ir (32 ) 

1 + 1/Y 

We note from (32) that the flux in the ring will not 

generally be an integer multiple of the flux quantum. In 

some cases TT/2 and ~ 317 /2 , in accord with 

(29), so that a may range from an integer to half an 

integer, i.e., to flux quantization in the usual units 

down to one half the usual unit. Thus the link changes the 

equilibrium states of the ring in such a way as to allow the 

fluxoid to be a non-integer multiple of the flux quantum. 

Before discussing the solutions of (26) and the subsequent 
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effect this has on (32) we investigate the conditions under 

which the stable solutions of (26), marked with solid dots 

in figure 1, are valid for our thin cylinder model. 

There is an integer t = t* >0 (neglecting for the 

moment solutions of the type III of figure 1) beyond which 

yt >0 (similarly for 7t< 0 ) do not exist. This is 
2 ) 

indicated in figure 1 for line II with t' = 2 „ As Bloch 

points out this doesn't necessarily allow us to conclude that 

there is a critical field for our system. Only if the thin 

cylinder is a satisfactory approximation can we make such an 

assertion. The thin cylinder approximation requires 

a = a(r) to remain almost constant across the wall. In 

fact, as we see from (13a)* changes Aa ^ l across the 

wall are Important so we require Aa « i . This means that 

the total flux inside the wall itself must be much less 

than a flux quantum. The flux was already assumed to pene¬ 

trate the wall uniformly so that d < X and Aa ~ a d/R 

Thus a K< R/d which implies, using (te), (23) and (31)* 

a= a e + ^ jQ/bq << R/d J usually j0/q2irR 4 1C? and 

d < X 'v 1<76 cm. thus we require a
e 

<<c 106 . The thin eylin 

der approximation will therefore be adequate for external 

fields Hext# « lo"1 gauss (for the values R = 1 cm., 

d = 1CT 6 cm . ) and a coupling strength gym 
<<: R/d ^ 106 

Returning to the determination of 5 t^n ) we find for 

a given t using (26) and (27) 
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= - ( 1 + gym cos6^ )"1 (33) 

For gym>> 1 > (33) is approximately zero except in a very 

narrow* region around <$t = v/z 9 which occurs at t = t' 

for some value of n . At this point (33) becomes equal to 

minus one. Figure 2a is a plot of<St(°fe)vs» «e for gym-7° 

For gym> 1 <$t may change rather rapidly for t 

near t' and have a finite, though small, slope at t = 0 

The case gyra -18 is plotted in figure 2b. 

From figure 2 it is clear that for t = t" and some 

n , will not exist. This means that the state t = t' 

is stable only for certain values of the magnetic field and 

if a certain critical value is exceeded the system becomes 

unstable. The equilibrium model which we are treating is 

generally unable to tell us into which new state the system 

will go. Although we might expect a transition to the lowest 

energy state, this does not necessarily seem to be the 
Q24) 

case 3 . We shall discuss this briefly in the following 

section. 

let us now consider the energy of the equilibrium states. 

* This transition region for larger values of gym 
is approximately l/gym . Thus the transition will occur 
over a rather narrow region. 

24. J. M. Blatt, op. cit., Ch. IX, Sect. 8. The rate 
at which the external field is changed is of prime importance. 
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Using (16b), (26 ), (31) and sin( <}>- b a/R) =sin(yj. + n) from (21) 

and (24), we find 

Fequil.= *%o(2E0/P + E0/Q) sir? ^ + E0 (1 - cos 6t ) (34) 

Using the estimates previously obtained we find 

2E0/P ^ 3xlC? , EQ/Q O. 10"4 and E0<\, 6 x l0"12ergs so we 
2 

see that the first tern of (34) corresponding to #p01i 

of (13a) is dominant. These estimates show that the minima 

are very sharp since the coefficient of sir?<$t is 

approximately 104 ev. 

If the coupling is strong so that EQ/P >> 1 the 

values of near 'E/2 will be those for high energy 

states. However, if the coupling decreases so that 

2 TT%o/P = sym/2 < 1 and yet gym > l , then 6 t 

near ir/2 is not so energetically unfavorable, i.e. the 

energy is no longer a strong function of 6^ .In fact, 

in just this case the solutions of (26) are much easier to 

consider since for any value of a e there are, at most, only 

two stable solutions. This means that if we start the sys¬ 

tem in one of the states and raonotonically change the field, 

then when the initial state becomes unstable the system can 

only make a transition to the other state. In other words 

for 1 < gym < 2 the system exhibits a "flip-flop" be¬ 

havior. Figure 3 is a plot of a vs. ae for this 

situation. 
-30- 



a 

Figure 3. Plot of a vs. a£for gym >, 1 ,exhibiting 
the'flip-flop' behavior of a two state system. The 
hysteresis is not shown in this figure. 

a 

 Otg 
Figure 4. Plot of total flux as a function of ex¬ 
ternal flux. The unit size, w, of the horizontal 
scale is (a)gy -70, w = 5 (b)gy -18, w = 1. The 
vertical scale is arbitrary except that the total 
flux a is always within plus or minus one-fourth 
of the integer v.< v.,. . 

^ i I + I 



Similar behavior would be expected of the case 

gym
> 2 except that the number of final states is much 

larger. Using figure 2 and (32) we obtain the plot of 

a vs. a e in figure 4,for gym = 18 and 70 . The 

transitions which must occur at the unstable end points are 

indicated in the figure by steps of arbitrary size between 

vi and vi+1 . Since there are several possible final 

22 ) 
states figure 4 shows hysteresis . The slope of the lines 

reflects the field dependence of the phase difference. We 

also note that the transitions in figure 4 will not in 

general be between states that differ by an integral number 

of flux quanta. Thus such hysteresis measurements would con¬ 

firm the non-integral flux quantization. 

When gym < i the solutions of (26) have |y | < l . 

Thus we write the solution for this case -ir 4 y0 4 v 

- y /gy„ = sin y cosn + sinn cos y - yD cosn + sinn o m o o 

hence 

2 
yo = - gym 

sinn + order (gym) (34) 

which is an adequate approximation (2C$) for 0.6>gym . 

Inserting (34) into (32) gives 

a = s (35) 
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In figure 5 we plot (35) for gym = 1/2 , s = 0 . 

As gy increases toward one the deviation from the m 

line a= n/2ir becomes greater. The slope of <*(n) 

for s = 0 from (33) using *•— = 1 + is 
an an 

§- = ( l + gym cos( y. +n ) )"1 
dn 2" » ° 

which^ with yQ + n - ±ir 3 becomes very large as gym 

apprcaches one from below. In the limit gym = 1 , 

at the points y - 0 and n - ±7r , a( n) is discontinuous 

thus the curve of figure 5 approaches those of figures 3 and 4o 

It is clear from line III of figure 1 that for g = 0 

the only solution occurs for yQ = 0, independent of the 

flux. Thus no current flows and the ring is disconnected. 
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D. Summary and Discussion of Results 

With the view that flux quantization and persistent 

currents are long-range phenomena and that a "weak link" 

may be accounted for parametrically, the energy states of 

a Bose gas in equilibrium have been obtained. The energy 

of the link was found by making plausible assumptions about 

the character of the boson wave function. This heuristic 

approach must find its justification within a microscopic 

treatment (for a real superconductor) since the boson idea 

itself may not be valid. Assuming the validity of the boson 

idea we examined the flux dependence of the solutions. 

Clearly, since the persistent current is proportional to the 

internal flux a non-zero internal flux gives a non-zero 

current. Thus by determining the flux of a given state we 

have determined its persistent current. 

The flux was found to be quantized in units which de¬ 

pended strongly upon the coupling strength. For g approxi¬ 

mately one we found that although there are states with a 

not an integer, they tend to have very high energies. As 

g decreases the deviations from a = integer are ener¬ 

getically less objectionable. 

The dependence of <f> on the flux lead to a finite slope 

for a = a(ae) . Thus as long as the phase difference is 

strongly flux dependent we expect hysteresis curves like 

figure 4. If the link was a point contact we might expect 
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that the limited area of the junction was the major factor 

in restricting the current flow. In such a case <t> would be 

more like the phase difference in the bulk superconductor 

and we would not expect the non-linear effects of the junc¬ 

tion to be as apparent as the case when the link was a 
9) 

Josephson junction . The hysteresis curve would look more 

like that of a regular superconductor with the usual flux 

quantization. 

As previously mentioned the transitions which must 

occur when the flux exceeds a certain value cannot be taken 

into account within an equilibrium theory. A time dependent 
7) equation for <f> has been derived by Josephson for the 

case of an Insulating link. This equation with its boundary 

conditions would have to be solved to determine into which 

states the system will make its transitions. The equation 

is highly non-linear and consequently very difficult to solve 

in general. We shall therefore just present an argument 

that indicates that the transitions would be such that the 

final state is t' - l , where t'>0 is the initially 
/ 

occupied unstable state . 
25) 

It is known that a superconductor assumes a state 

with a definite fluxoid value in a very short period of time 

The author wishes to acknowledge helpful discussions 
of this point with Dr. W. G. Chambers. 

25. A. L. Kwiram, B. S. Deaver* Jr.. Phys. Rev. Letters 
ii, 189 (1964). 
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i TS , as the temperature is lowered through T = Tc 

the critical temperature. We wish to compare this time with 

those associated with the inductive processes which occur 

as the equilibrium state is taken past its stability point. 

Presumably at the unstable point for the state t' 

a process occurs which leads to energy losses. Let us sup¬ 

pose that a qua si-particle (normal fluid) current begins to 

flow. This then leads to an eraf V = -L« and a loss 

VI = R'l2 , where L' and R' are the inductance and re¬ 

sistance of the ring respectively. The total flux in the 

ring will decrease until the superconductor reaches a new 

equilibrium state, t' - r where r >0 is an integer. The 

time which characterizes the decay of the normal current is 

T = I'/R' . i?or a system with a Josephson junction, 

L' - 10"3 henrys and R' - 0.1 ohms. Thus T = 10_4sec. 

and this is to be compared to xg < 10 5sec, v/e are also 

assuming that the decreasing external field which caused 

the instability changes slowly compared to x . 

Now as the flux inside decreases the metastable equi¬ 

librium solution t' - 1 is the first encountered. Since 

x « T the superconductor is more likely to drop into 
S 

this local-minimum energy state than to remain in an excited 

transition condition until it reaches a state of lower in¬ 

ternal flux. Thus we would expect that the system would 

make transitions between states that differ by approximately 
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a flux quantum. We say approximately since in the Josephson 

case, because of the non-integer flux quantization, the 

solutions t' and t' - r may differ by more or less than r 

flux units. This picture of the transition is in accord 
9) 

with experimental work of Zimmerman and Silver 
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M. FLUX QUANTIZATION AND QDLRO IN A 
THIN CYLINDER WITH A "WEAK LINK" 

In the previous section it was shown that if the "weak 

link" can be characterized by a phase shift of the boson wave 

function and a coupling strength parameter, then the flux in 

the cylinder may assume any value as the coupling strength 

varies. For a given value of the coupling parameter the flux 

may have only a certain set of values which, however, may be 

different from the usual integer multiples of the flux quantum. 

We now wish to investigate the same problem from a more 

general viewpoint. As mentioned in the introduction two 

questions need be considered when a "weak link" is added to 

a superconducting ring. What happens to the ODLRO and how 

may the effects of the link be taken into account in a par¬ 

ticular calculation. As before only the Bose gas model will 

be considered. Much of the following is a generalization of 
2 ) 

Bloch's work. 

A. ODLRO and the Coupling Parameter 

The coupling parameter may be related to the existence 

of ODIRO in the 1-matrix for the ring. For g = o the ring 

is uncoupled which means that ^x' IP^X^ =0 for either x9 

or x in RII , but <(X'|PJX) - <x |PJ X} for x9 , x in HI . 

When g = 1 (X'IPJX)^ (XIPJ X) for x9 , x everywhere in the 

ring; thus it seems natural to let g = Minimum^x*|p |x)/^x|p^| X^ 

for x' in RII and x in RI . Clearly g must be obtained 
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from a detailed calculation of a particular system. 

B. The Velocity Distribution Function for Non- 
Rotationally Invariant Systems and the Quan¬ 
tization of Flux 

The treatment of Ch. Ill provides a procedure for in¬ 

cluding the effects of a link. The non-uniform pairing of 
16,17) 

states of good angular momentum also indicates how to 

account for RII . Depending upon the type of link, e.g. 
9,10) 

Josephson junction or point contact , one approach may 

be more direct than the other. The important question in 

making a choice is whether or not the states of good angular 

momentum well approximate the eigenstates of the 1-matrix. 

If they do then the non-uniform pairing scheme will be a 

good approximation. If not then the other method becomes 

preferable. 

It should be noted that the thin cylinder description 

of Ch. Ill is not adequate for treating a purely geometrical 

"weak link", since it specifically neglects any effects due 

to the small area of the contacts, i.e., the r and z dimen¬ 

sions have been suppressed. Thus it is necessary to extend 

Ch. Ill to the case of finite cylinder thickness if an 

adequate description of the point contact experiments is to 

be obtained. This will not be done here. Nonetheless the 

non-uniform pairing work suggests a method for including 

the point-contact effects. The allowed values of the flux 

will now be obtained, first using the methods of Ch. Ill 
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and then using non-uniform pairing. 

Let hk(x) be an eigenfunction of the 1-matrix with 

the index k not yet specified. Expanding in terms of hk(x) 

one obtains 

<X IPJX') = kik. hk(x) h]*i(x' ) <k|pj k«> 

and since hk(x) is an eigenfunction this is just the 

spectral resolution of P^ , thus (k|pJ k") = 0 for k ¥= k*. 

Now the functions h
k(x) are not known but as a 

first approximation one may write as in section B1 of 

Ch. Ill h^x) = c e±kX with x in Rl and where kR is not, 

in general, an integer. With these approximate eigenfunctions 

and using (3) the diagonal element k = k" is a function 
2 ) 

of ( kR - a) . This follows 7 from the fact that only the 

combination ii2 ( kR -a ^fimR2 occurs in the Mmiltonlan, thus 

^k | p | k (a) = 4[k + v|p^|kt+v^ (a+v) 

where the functional dependence on the flux is written in 

parenthesis and v is an arbitrary number. By taking 

k = k' = -v the desired result is obtained. 

Using the velocity distribution function f(vk ) = 

<k|p | k) (a) where vk = h (kR - a )/mR the total current 

around the axis is 

1(a) -JL I 
2 T® k 

vk f(Vk ) 
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The solutions of And as before (16a), i(a ) = q ai 

this equation specify the equilibrium values of the flux. 

It is assumed that RI is always superconducting so 

that has ODIRO there. This has the effect of specifying 

that there is a large eigenvalue for ^k|pj k) , and thus 

limits the velocity spread to Av - -fi/mR . The value of 

g though determines which state the spread AV is about. 

For g going to zero the allowed states k decrease in number 

until only the state with vk = 0 is allowed. It should 

be noted that this large occupation of a single state, k , 

results from hk(x) being an eigenfunction of the 1-matrix. 

If the states of good angular momentum had been used the 

spread AV would remain the same as before though the range 

of angular momentum states would, in general, be quite large. 

This simply means that the hk(x) are not well approximated 

by angular momentum eigenfunctions. 

From the normalization condition on f(vk) and the 

fact that with GDLRO only the state vmin> is occupied the 

current is 

1(a) =—— vmin. ^ ^min.)3 vmin» 
2ir R 2irR 

Let k" be the state with vmirlo then using (4a) the inter¬ 

nal flux in units of the flux quantum is 
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k"R a . 
i 

- ae 

2X2/Rd 

Thus the flux in the system is not in general an integer 

multiple of the flux quantum. The actual values of k"R 

must be determined from an actual calculation such as that 

in Ch. III. 

As previously mentioned the non-uniform pairing ap¬ 

proach is most satisfactory for treating a system where the 

symmetry breaking link is itself superconducting. In this 

case the phase change <t> across the link is well approxima¬ 

ted by b . That is* the link does not signifi- 
dx RII 

cantly weaken the superconductor's ability to fix its phase 

but only restricts the current by making it pass through a 

very small surface area. Thus with a certain current flow¬ 

ing in the ring* the current density in RII will be much 

larger than that in Rl . Hence the boson velocity in 

RII Is greater than in Rl . It is for this reason 

is different. Now because the 

velocity is not the same everywhere and yet the contact is 

superconducting one might expect that the hk(x) could 

be well approximated by a very few angular momentum eigen- 

staites* say and . This is in keeping with the 

work on non-uniform pairing. 

then that dx RII 



Evaluating the current assuming only the states 

and n2 contribute gives 

I (a ) = ■ { f (vn ) (n. - a) + f (vn )(r^ - a) } . 
2 TrR2m nl 1 2 2 

The normalization condition requires 

f (v ) + f (v ) = N, + N2 = N n i n 2 1 

thus using i(a) = the internal flux is 

Nl/N (nl - n
2 ) + 

a2 - a e 
a - •    
i 

1 + 2A2/Rd 

As before, the flux is not necessarily an integer 

multiple of the flux quantum. The quantity Ni/ N here 

plays a role very similar to that of the coupling strength 

parameter. As the mixed pairing is enhanced Nx and N2 

become comparable and deviates most from an integer. 

In fact for Nx = N2 = N/2 

^ ni + ^ V2 ~ 01 e . Thus as before the coupling 
1 + 2A2/ Rd 

parameter picks the state about which the velocity has its 

spread. Clearly we must depend on an explicit calculation 

to determine w and N2 . 
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APPENDIX 

Let us consider what is meant by gauge invariance 

in quantum mechanics. For simplicity take the free particle 

hamiltonian for a thin cylinder equation (3), 

T = %- (i L_ 
2m 3x 

a/R^ 

and a wave function ^ A in the presence of the vector 

potential A } such that 

T I'A = E ¥A (Al) 

and similarly for the gauge transformed (a) vector potential 

A" = A + 9x and(b) wave function ¥ .,= g-i^x/ftc) ^ 
3x A 

with 

T’V EV 

Using these relations we perform the indicated gauge tra ns - 

formation. 

T:’ \.= ■ e1^6 x/^c^ JL_ { i |— - _L_ ( A* - l^-)}2 V.= e1^6 x 
A* 2m ox *Kc Bx A A 

which is just equation (Al). 

and from T to 
'A 

tion is unchanged. 

Thus in going from A to A" 

y , the form of the equa- 
A 
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Now pick a certain gauge so that A is fixed. Taking 

a solution of (Al) vk = C' e
ipx we have 

|£-(p- = * 

and the current density 

j = D* ( P - «/R) l^l2 

where c1 and D' are constants. For this problem the values 

of p would be fixed by the boundary condition on vk . 

Alternatively a new quantity k = p - “/R nay be 

defined then 

¥ = C» ei( k + <X/R)x j = Di U I2 k 
A ° A1 

and 

E = JL*2 
2m 

We note that it is the canonical momentum p which is deter¬ 

mined by the boundary conditions and that k is just the quan¬ 

tity defined above. 

Now asa+o or A + 0 , k+p so that in this limit 

of weak magnetic fields we might expect k =p and thus we 

might try to approximate \ by <Kx) = C' e^-^o + a/R^x_ e 

where kQ is the value of p in zero field. We would now 

insist that ¥ be a good single-valued wave function. 

The preceding can be considered as choosing a gauge 

in which vector potential vanishes along the one dimensional 



curve under consideration. In the three dimensional case 

when curl A = 0 ; as for instance deep inside a supercon¬ 

ductor, a "pseudo1 -gauge transformation^^ can he made to a 

gauge in which A
1
 = O = A + VX SO that in the above simple 

case ex /tic = -eAx/tic = - a x/R and ^ = e"
iaX//R ^ thus 

^A= C' ei(k + a//R)x 

Note that in general this pseudo-gauge transformation 

may not be made, i.e., the vector potential simply cannot in 

general be eliminated by a gauge transformation. And as men¬ 

tioned before k and therefore need not satisfy the 

same conditions as p and SO that it is not, in general, 

a satisfactory wave function. 

Now consider the general situation. Suppose the 

hamiltonian H is written as H( p - eA/c) . The Schrodinger 

equation for this hamiltonian is gauge invariant and the wave 

function v A is assumed to be a local function, i.e., the 

equation determining it is a point relation. A new non-local 
26 27 ) 

wave function may be defined by 

X, P) = \( r,t) exp -i( j A*dfc_ - J- J <p dt ) 

x = x^=(r, t), Cp = scalar potential 

which depends upon the path P from - to (r, t) . This 

function now satisfies the same Schrbdinger equation except 

26. S. Mandelstam, Ann. Phys. (N,Y.) 19, 1 (1962). 

27. P. Rohrlich, P. Strocchi, Phys. Rev. 139. B476 
(1965). 
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that the vector potential has been eliminated and the 

momentum operator tL v is replaced by a new type of "path" 

derivative, which is (relativistically) 

3 $(x,P) = Limit (,x + ,dxx_,PJf(xj.Pl_ 
y dxx-^0 dxx 

where p* is a new path obtained from P by extending it at 

each point an amount <*xx . For simplicity take the scalar 

potential to be zero then § ( x , P) satisfies a Schrbdinger 

equation with a hamiltonian H = H0 , i.e. A = 0 

but now is a non-local function which depends on P 

Thus in principle <£> could be found from the 

Schr’ddinger equation for H0 and an acceptable local wave 

function obtained by taking 

yv 

f A(r, t) = exp J L’&L ) J(x,P) 
— OQ 

26 ) The path dependence ' of is completely determined 

once the fields are specified. If the fields are weak then 

does not depend much on the path. Thus we might try to 

get a first approximation for $ by neglecting the path de¬ 

pendence and treating it as a solution to the problem in the 

absence of magnetic field. This is just what was done in 

the simple example; there a good solution for r - R was 

found. 
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With the preceding in mind an approximate wave function 

for the thin-walled cylinder in a magnetic field may be 

found. Assuming no scalar field we write 

¥A(X) = 'JQ (X ) exp dx') 

where ^(x) is the solution for A = 0 , By using an 

analysis similar to that following (lCa*b) the boundary 

conditions are 

y - V = B 'l'1 = B ’l'1 

A,2 A, 1 A,1 A,2 

which become 
y ei(b 01 /R) 
o,2 

Y a B ( 
o,l dx 

i-l ’o h 

0,2 o,l 
i(b a/R) _ B ( 

s* 
a 

"R 

and thus the current density is 

*l 
Ne h 
m R 

Im m* d - 
A,1 3x ,1 Ne h 

mB ft 
tA , 2 A,!1 sin ( * - ba/R) = j2 

Had the scalar potential not been chosen to be zero it 

too would have appeared in the equation for j . Including 

these terms the current density would have a sinusoidal 

variation in time in the presence of a constant dc voltage . 

This is just the ac-Josephson effect. 
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