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Abstract 
2+ 

The spin-lattice interaction of V in MgO was 

measured by applying uniaxial stress and observing the 

shift in the EPR spectrum. The effect of uniaxial stress 

is explained by the addition of a spin-lattice Hamiltonian 

of the form = D. .S.S. to the spin Hamiltonian. The 
SL ij i J 

D, tensor is related linearily to the strain by the re- 
1J 

lation D. . = G, ,, . e. , where e. is the strain, and 
ij ijki. KA KA 

^iJkA 3 ran^ tensor called the magneto-elastic 

coupling tensor. Because of the cubic symmetry of MgO, 

the G tensor has only two independent elements, which were 

determined as G = -.4 -.1 and G. = -2.1 -.4 cm-1/unit 
11 44 

strain. These values are compared to measurements of the 
3+ 

G tensor for Cr in MgO. 
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I. Introduction 

paramagnetic materials contain loosely coupled 

permanent magnetic dipoles. These dipoles can be nuclei 

or ions possessing magnetic moments. The magnetic moments 

of paramagnetic atoms and ions are caused by the angular 

momentum of the electrons. An atom or ion will possess a 

residual angular momentum whenever it has a partially 

filled electron shell. The atoms and ions having partially 

filled electron shells beong to the transition groups. 

They are the 3d (iron group), the 4f (rare earths), the 5f 

and 6d (actinides) and the 4d and 5d (platinum and palladi¬ 

um groups). For low concentrations of paramagnetic ions, 

the magnetic moments of the ions are loosely coupled and 

may be treated as independent to a good approximation. 

In ferro- and ferrimagnetic substances, on the other hand, 

the concentration of magnetic dipoles is sufficiently large 

so that the exchange forces between the dipoles are very 

strong, and the magnetic dipoles may not be treated as 

independent. 

Let us consider a state of a free ion, or atom, with 

a permanent magnetic moment. Let J and be the total 

angular momentum quantum numbers of that state. If the 

ion is placed in a magnetic field B, the level will be 

split into a system of Zeeman energy levels with 

f1'1) EZeeraan = , Mj - -J, -J+l, •••, J 



2. 

where p is the Bohr magnetron and g is some constant. 

2+ 
The free V ion has an outer electron configuration 

of 3d^ and a ground state of ^3/2* When subBtituted as 

2+ 
an impurity into MgO, it goes into an Mg site and is 

thus in an octahedral electric field of the neighboring 

diamagnetic ions. This electric field strongly distorts 

the orbital motion of the 3<^ electrons and splits the 

seven-fold orbitally degenerate , state into a low sing- 
3/2 

let and two higher triplets. In the ground state (i.e. 

the low singlet) the orbital motion of the electrons does 

not contribute to the magnetic moment of the ion. The 

electron spin, however, is not affected by the crystaline 

electric field. In a magnetic field, the ground state is 

split into four Zeeman levels, corresponding to a total 

spin of 3/2 of the three electrons. The four Zeeman levels 

are found to obey 

(1-2) E = g&BM 
Zeeman » 

(neglecting for the moment the effect of the magnetic 

moment of the V nucleus) where M = -3/2, -1/2, 1/2 and 3/2, 

and g differs from the g = 2 value of a free electron by 

only a slight amount. Thu£ the Zeeman splitting of the 

ground state may be explained by a fictitious Hamiltonian 

called the "Spin Hamiltonian" 



3. 

(1-3) H = gaB'S 
spin ' 

where S’ is the effective electron spin and is taken to be 

3/2 to explain the four Zeeman levels. 

The normal EPR (electron paramagnetic resonance) ex¬ 

periment is performed by placing the paramagnetic sub¬ 

stance in a magnetic field B, then applying a small 

oscillating radio-frequency magnetic field B perpendi¬ 

cular to B. When hvrf equals the energy level spacing 

between two Zeeman levels, some of the electron spins in 

the lower level will be excited up into the upper level. 

Thus the spin system will absorb energy from the applied rf 

field. Paramagnetic resonance can be observed by placing 

a sample in an rf field and varying the dc magnetic field. 

When the magnetic field is such that hy ^ equals the Zeeman 
rf 

energy level difference, power will be absorbed from the rf 

field. Measuring the power absorbed as a function of mag¬ 

netic field provides a knowledge of the Zeeman levels. 

The electron spins interact only weakly with each 

other, however, they do interact strongly enough so that 

thermal equilibrium is established within the'spin system 

(in the absence of an rf field). When this thermal 

equilibrium is disturbed by the application of an rf field, 

it takes a characteristic time after the rf field is 

turned off for the spin system to return to equilibrium 



4. 
with itself. This time is called the "spin-spin" relaxa¬ 

tion time and is generally of the order of 10“9 sec. 

After energy has been added to the spin system by 

the rf field, the spin system will return to thermal 

equilibrium with the lattice by losing some of its energy 

to it. By "lattice" we mean the vibrational degrees of 

freedom of the crystal. The mechanism by which this trans¬ 

fer of energy takes place is called the spin-lattice 

interaction. It is the purpose of this investigation to 
2+ study the spin-lattice interaction of V with its host 

lattice. 
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II. The Spin Hamiltonian and EPR Spectrum. 

2+ 
The free V ion has an outer electron configuration 

3 ii 
of 3d and a ground state of Fg/2* ^ Soes into an Mg 

site and is thus in an octahedral field of the neighboring 

diamagnetic ions. The cubic field splits the seven-fold 
li 

degenerate F state into a low singlet and two higher 
3/2 

triplets. The ground state responsible for the paramagnetic 

4 
resonance acts like a S state. 

The paramagnetic resonance transitions at high fields 

can be explained by the spin Hamiltonian 

(2-1) 

where 

H = g |& B*S + A I-S’ 

+ (1) 
g = 1.9830 - 0.0005 

= Bohr magneton 

A = 74.24 - 0.2 x 10"2* cm 

B = magnetic field 

T = nuclear spin 

S’ = electron spin 

The energy eigenvalues of this Hamiltonian may be obtained 

in a power series of A/g pB by either carrying out a per¬ 

turbation calculation or by diagonalizing the Hamiltonian. 

A perturbation calculation carried out to second order 

(2) 
gave the same results van Wieringen and Rersen ' obtained 

by diagonalization. These methods give the energy levels 



6. 
corresponding to S = M and I = m as 

z z 

(2-2) i jfg [ in*i) - 
+-Avn^M-vyi) + higher order terms 

where I is the nuclear spin ( = 7/2 for V), and S is the 

2+ 
effective electron spin (= 3/2 for V :MgO). The resonance 

fields for the allowed electron transitions M-l, m-*M, m 

are 

(2-3) B = 
)n v) 

<3. 6 

JL 
a R 

— -V-L fia+OC2 w- o] 

where V is the fixed frequency of the EPR spectrometer. 

Low^1) obtained an expression for the resonant fields 

which is the same as (2-3), except for the sign of the last 

term. It is assumed that the results of the perturbation 

calculation and diagonalization are correct. Eqn. (2-3) 

gives an EPR spectrum of eight sets of three closely 

A 
spaced lines; the hyperfine splitting being or about 

80 gauss, and the fine splitting being^~-j or about 

6.5 gapss for m =-7/2 and = 10 g.c. 

As the formula predicts, the locations of the lines 

are angularly Independent; however, the two satellites of 

each of the eight triplets broaden as the magnetic field 

is moved away from the 100 axis in the (001) plane. This 

effect is illustrated in Fig. 1, in which the derivative 



7. 
of the absorption is plotted versus Increasing magnetic 

field. These three lines correspond to m = -7/2; the 

M = 3/2, 1/2 and -1/2 lines are equally spaced at 6.5 

gauss intervals for each angle, although they do not 

appear equally spaced in the strip chart recordings because 

the horizontal and vertical scales are not the same for 

the six angles. The height and width of the center line 

did not change with 9, although it appears otherwise. The 

broadening can be explained by random strains produced by 

dislocations and is discussed further in section VII. 



FIG. I (See Text for Explanation) 



III. The Spin-Lattice Interaction 

and Relaxation Times. 

8. 

When the crystal Is strained the relative positions 

of the diamagnetic ions of the lattice are changed; thus 

a change in the electric field at the site of a paramagnetic 

ion is effected. This affects the orbital motion of the 

paramagnetic electrons and through spin-orbit coupling pro¬ 

vides an interaction between the lattice and the spin system. 

Under equilibrium conditions the temperatures of the spin 

system and lattice are equal; when the equilibrium condition 

is disturbed the spin-lattice interaction allows the system 

to return to equilibrium. Several relaxation mechanisms have 

been proposed; the one which this investigation is concerned 

(3) (4) with was proposed by Kronig and Van Vleck. . It is the 

"one-phonon" process, in which the spin system absorbs a 

quantum of energy from the lattice or imparts a quantum of 

energy to it. The one-phonon process is dominant for mag¬ 

netically dilute solids at liquid helium temperatures. As 

the temperature Is raised, the indirect, or Raman, process, 

in which the spin system absorbs a quantum of one frequency 

and emits one of another, becomes dominant. 

The spin-lattice interaction has been described by 

Mat tuck and Strandberg^"^ and by Orbach^^ in terms of a 

spin-lattice Hamiltonian added as a perturbation to the spin 

and lattice Hamiltonians. The total Hamiltonian they consider 



9. 
is 

(3-1) H — H + H + H 
lattice spin spin-lattice 

The spin-lattice Hamiltonian is quadratic in spin operators 

and linear, to first order, in lattice strain. It has the 

form 

(3-2) Hspin-lattice 

where D^ is related linearly to the strain by a fourth rank- 

tensor, called the magneto-elastic coupling tensor, or G 

tensor. 

(3-3) Dij GijkJ? \je. 

(7) 
Dr. P. L. Donoho has computed the spin-lattice relaxa¬ 

tion times for the transitions between the 4 levels of Cr^+ 

p . 
(which has the same electronic configuration as V ) in 

A ^2° using the spin-lattice Hamiltonian (3-2), and the 

experimentally measured components of the G tensor. He 

obtained reasonably good agreement with the experimentally 

measured relaxation times. He has also computed the relaxa- 
3+ 

tion time for the ground state Kramers' doublet of Nd and 

of U^+ in CaPgj however, for these ions the experimentally 

measured relaxation times do not agree with Dr. Dohono's 

(8) results . Section VIII explains how the relaxation times 

can be computed from the G tensor. 
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2+ 
IV. The G Tensor for V in MgO 

The total Hamiltonian to be considered in a static 

strain experiment is 

(4-1) H = gp B*S + A I’S + S•D»S> 

The effect of the §‘«D*S’ term is quite small and is com¬ 

parable to the second order effect of the A term, thus 

the first order perturbation effect of the S’*D*S’ term can be 

added to the first and second order perturbation effect of 

the A I'S' term. 

The G tensor has 8l elements. Since Hg^ Is Hermitian, 

DJJ Is real and symmetric. This requires G^^ = G • 

Since e, » , without loss of generality we may take 
ki -8 k 

G, .. = G. . This reduces the number of components of 
ljkt ijAk 

the G tensor to 36 and allows us to write the G tensor as 

a second rank tensor in Voigt notation, just as the elastic 

compliance tensor can be written in Voigt notation. 

Suppose the coordinate axes are chosen parallel to the 

crystalographic axes. Let us now transform the coordinate 

system by rotating it around the origin and/or reversing 

the direction of an axis. Such a transformation Is repre¬ 

sented by a second rank tensor of the form 

*(*'l.) 

(4“2) ^ (xj) 
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where the prime denotes the new coordinate system. In the 

new coordinate system the components of the G tensor take 

on the form 

(4-3) G: 

ijkjT 

The cubic MgO lattice is invariant under a 90° rotation 

about a crystalographic axis or under reversing the direction 

of a coordinate axis, hence the G tensor will be unaf¬ 

fected by such a transformation and G’ = G 9 1JW ijk* 
Consider the transformation represented by reversing the 

direction of the x axle. Then 0'1222 - -0^. Symmetry re- 

quires that G'1222 = G1222* hence Gi222 = Consider the 

transformation represented by interchanging the x and y axes. 

Using equation (4-3)# G'n22 = G2211* Because' of cubic 

symmetry we also have G'1122 = G1122> hence Q1122 = G2211* 

By continuing this process one may write the G tensor in 

Voigt notation as 

G = 

11 °12 

CVJ 
1—

1 
o

 0 0 0 

12 G11 G12 
0 0 0 

12 G12 G11 
0 0 

1 

0 

1 0 0 
°44 

0 0 

I 0 0 0 G44 
0 

1 0 0 0 0 G 

(11) 
44 J 

Hemphill ' shows that no generality is lost in taking D 

to be traceless, which requires G12 = "l/2 G
11• 
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V. Calculation of the Strain Dependence. 

2+ 
Two different samples of V :MgO were used; in the 

first stress was applied along the 100 axis; in the second 

stress was applied along the 110 axis. In both cases the 

magnetic field was rotated in the (001) plane. 

We apply first order perturbation theory to the 

Hamiltonian 

Let R be a transformation which rotates the coordinate sys¬ 

tem so that the new z axis is parallel to B. Then 

The eigenstates to be used in the first order perturbation 

calculation are the eigenstates of O' ; the first order cor- 
z 

rection to each eigenenergy of the Hamiltonian 

(5-1) H = gpB-S + S-D-S 

(5-2) H = gp (RB)-(RS) + (RS ) • (RPR-1) ♦ (RS~) 

Letting o-' = RS" and <5 = RDR 

(5-3) 

The four energy levels 



13. 
are then 

(5-4) E( o' ) = E ( <r ) + En ( o' ) 
z o z 1 z' 

= g B o' + \ >o' | • ~r’ \o* / 
Z ^ Z " • Z f 

where O' can take on the values -3/2* -1/2* 1/2, 3/2. We 
z 

find that 

(5-5) <T- 1/2/ o' • £ * * I - 1/2^- -3/2 #33 

<\t 3/21 ^ • £ • *•(- 3/2^>= 3/2 £ 

We now add the first and second order corrections of the 

A T’S- term to the first order correction of the S’*D*S’ term. 

(5-6). 'Wm -(^T^ [lri^ -^ + m(ZM-l) 

<M|£.S.*|M> * gp ^ M-) | ^ ^ I M-i^J 

For the triplet corresponding to m = -7/2, the M = 3/2 

transition lies higher in field than the M = -1/2 transition 

(M is o' of the terminal state). Let the difference in 

field between the two satellite lines be called A B 

(5-7) AB = - 7 A7 
3 5 

In the experiment A B was measured for several different 

values of strain, so that the quantity — ^ could be ob- 



tained by plotting AB versus e 

14. 

(5-8) a(AB) , _ _6_ d ^33 
de de 

We now calculate <5^. Le^ us orien^ the x* 

along the crystalographic axes, and let 0 be 

tween the 001 axis and B. 

y and z axes 

the angle be- 

(5-9) 

R » 

0 0 

cos 9 sin 0 

-sin 0 cos 0 

Evaluating £ ■=. R D R"1, we see <5 ^ = cos2 9 - 2 sin 0 

2 
cos 9 + sin 9 D2g. 

For the 100 rod the stress T is given by 

(Voigt notation) 
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The strain^ is given by e. = S11T.. The values of S 

for MgO have been measured by Hearnionw' to be 
lj 

(5-11) 11 

44 

4.01 

6.4 6 

S = -0.93 In units of lO”1^ em2/dyne, 

This yields 

(5-12) D22 - 1/2 Gu T(S12-Sn) 

D33 = GH T< W 
D23 = ° 

- D 1/4(3 cos 2 0 + 1) 
33 33 

- 1/4 G11 T(SU-S12)(3COS 2 9+1) 

d(A B) 
de 

zz 

S -S 
11 12 

2g |S wil g (3 cos 2 0 + 1) 
11 

Prom this equation and the experimental data G was 

determined to be -.44 - .08 —— . 
.S • 

We now consider the 110 rod. 

“ 0/0 
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Let us orient a double prime coordinate system so that 

the z" axis is parallel to the applied stress; the stress 

tensor in the double prime coordinate system takes the form 

(5-13) 

T" = 

✓ 0 0 0 

0 0 0 

0 0 T 

In the unprimed coordinate system the stress tensor is 

given by T - P T" P _1, where P is the transformation which 

rotates the unprimed coordinate system into the primed coor¬ 

dinate system. 

(5-14) 

Then 

(51-5) 

r = 

T 

0 

1/ 

1/ 
2 -^2 

2 V2 

e = 

1/2 (S 
11 

+ S )\ 
12' 

1/2(sn + S1S> 
-1/2 S 

44 

\o 

Evaluating D » Ge and S = r D P _1 
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(5-i6) S33 =|i/4 

Gn(sn-s12) 
+ x/2 sin 2 9 G44S44)

T 

A strain gauge was cemented on the rod along the axis 

of stress, so that the quantity e" was measured. In the 

double prime coordinate system the strain is given by 

£" = P <e £ , where £ must be expressed in tensor notation 

(10) 
rather than in engineering notation . This process 

yields 

(5-17) ii/2 (sn+si2> ♦1/4 S
4^
T 

(5-18) Iff 3) . -1 6(S11-S12> 
de zz 8 0 S<S11+S12)+S1(4 

After substituting in the value of G 

G 
12 s„„ s,,,2e 

11 

44 ^sll+si2 

obtained from 

the first rod, this equation allows us to determine G as 

-2.1 - .4 cm ^/unit strain, from the experimental data. 
44 
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VI. Experimental Apparatus and Results. 

The experiment was carried out on a sample purchased 

from the Norton Company. The equipment used in this experi¬ 

ment was.designed and built by Dr. Robert Hemphill to 

measure the G tensor for ruby. In his Ph.D. thesis^11^ he 

describes in detail the equipment and its principles of 

operation. The microwave circuit illustrated in Hemphill's 

thesis was altered somewhat, as is illustrated in Fig. 2. 

AB was measured at room temperature and at 9.8 g.c. 

as a function of strain for the two rods with different 

values of 9. Broadening of the satellites prevented deter¬ 

mining —for all values of 9. A computer program using 

the method of least squares was employed to fit the data to 

a straight line. Typical experimental results for two dif¬ 

ferent angles are illustrated in Fig. 3. The experimental 

values of d(4 B)/de and the fitted curves are plotted in 

Figs. 4 and 5. The large error bars on the data points in 

these graphs are due to the fact that the applied stress was 

not quite uniaxial, so the strain gauge cemented on the side 

of the rod did not measure the average strain in the rod. 

The nuclear spin turned out to be a great help in per¬ 

forming the experiment. The movement of a line was often 

less than its width, thus, if the three lines overlapped 

at zero strain, A B would be difficult to measure accurately. 
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It would also have been impossible to tell the difference 

between the M * -1/2 and M = 3/2 transition at room tempera¬ 

ture, had it not been for the nuclear spin. An attempt 

was made to measure the strain induced splitting for Cr^+ 

in MgO, but only a broadening of the line could be observed. 

(12) 
Watkins and Feher' ' have measured the G tensor for 

Cr^+ in MgO and obtain G11 = .6 ± .6 and G^ = 4.2 ± .6 

cm ^/unit strain. The G tensor for Cr^+ should be almost 

2+ 
the same as for V ; the difference in sign probably repre¬ 

sents an error. The calculations presented here have been 

thoroughly checked and are believed to be correct. In 

studying spin-phonon interactions, only the absolute value 

of the terms of the G tensor enter into the calculations, so 

for this purpose the signs of G and G^ are not important. 

Shiren^1^) has measured the G tensor for Cr^+:MgO by ultra¬ 

sonic techniques and obtained | ^1 *3 and j G^ J = 
6.5 - 1.0 cm_1/unit strain. 
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VII. The Effect of Random Strains 

on the EPR Spectrum. 

As was mentioned earlier, the broadening of the 

satellites of each triplet, illustrated in Pig. l^can be 

explained by random strains due to dislocations. We have 

shown that for any arbitrary strain the resonant field of 

the center line is not changed to first order, but the satel¬ 

lites are moved either closer to or further away from the 

center line by equal amounts. Thus we would expect that ran¬ 

dom strains would broaden the satellites by equal amounts, 

but would not affect the center line appreciably. Pig. 1 

shows that this is the case. One might argue that the 

broadening could be caused by spin-lattice interactions, 
(U) 

but Armstrong and Szabo have found that spin-lattice 

relaxation times of Cr^+ in kSL 20~, which is very similar 

to V in MgO, show no angular dependence for T> 100°K. 
(18) 

Feher and Weger have treated the broadening of the 

EPR lines of the iron group elements in MgO by assuming an 

uncorrelated Gaussian distribution of internal stresses. 

This assumption is not valid, however, because the components 

of the stress tensor at a particular point are not uncor¬ 

related.* Application of their result leads to the con- 

*This was pointed out by Dr. Robert M. Asimow. 



elusion that the off diagonal terms of the stress tensor 

are much larger on the average than the diagonal terms. 

There is no reason to expect this to he true, so we must 

conclude that their method is questionable. It is well es¬ 

tablished that the line broadening is due to dislocations, 

but the angular dependence of the line width has not yet 

successfully been quantitatively explained. 
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VIII. The Calculation of Spin-Lattice 

Relaxation Times from the G Tensor. 

Let us consider a system consisting of one spin 

and the lattice. The total Hamiltonian is 

(8-1) H = II + H 4- H 
Spin Lattice S-L 

The classical Hamiltonian of the lattice Is 

2 
(8-2) H F 

Lattice 
1 + 

2M. 
f; ij i y 

<r R 
y 

+ higher order terras. 

where 1 is summed over all atoms In the crystal, and 

is the displacement of the 1th atom from Its equilibrium 

position We can express £1?^ as a function of the 

normal modes of the lattice 

(8-3)  1 

•\TNFI 
q fe e 
lc,p Xp 

ik.R1O 

where q is the normal coordinate corresponding to the 
k,p _ 

wave vector k and polarization p(p =* 1, 2, or 3). g 
_ 1c,p 

is the polarization vector for that mode, k is to be 

summed over the first Brillouln zone. N is the number of 

unit cells In the crystal and M is the mass of a unit cell. 

The corresponding equation for the momentum is 



(8-4) 

23 • 

ik»R 
pt °iN P__ _ 

E,p k,p k,p 

lo 

where p is conjugate to q . We can write H 
Icp icp Lattice 

as 

(8-5) H = 1/2 e- (p± P_ + M q* q_ ) 
Lattice K,p ic,p k,p E,p Ef,p k,p 

We now consider the Hamilton operator. Considering the 

variables in (8-2) as operators, we have the commutation 

relations 

[Fi ’£
S
JH 

(8-6) Fs Rt 

1J 

, SR 1= 0 
3} 

[ P, . F I.O 

With the aid of the orthogonality relation 

(8-7) 

we can show 

e 
1(K-E')-Kn « no = N d 

n k,k* 

(8-8) 

h, 

K 
[\ 

p 

hi »p»J 1
 k,£' p,p» 

]oO 

7= 0 •,k'i 
We now introduce the creation and destruction operators 

a* and a_ $3 follows 
E,p k,p 
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(8-9) 

P_ 
kp 

q_ 
kP 

fi cO \ 1/2 
 HE] i (a+ - a ) 

2 1 ^P -k,P 

(al 4-a ) 
kp -k,p 

which obey the commutation relations 

(8-10) j a , a^_ 1=5 8 
L Icp k'p'J k,k' p,p* 

The Hamiltonian operator can then be written as 

(8-11) H=| Hw_ a* a_ + 1/2 
kp k,p L W,p k,p 

which is in the form of a sum over oscillator Hamiltonians. 

Therefore we can specify the state of the lattice by 

specifying the quantum number of each normal mode. 

We will only consider phonons whose wavelength is 

long compared to the distance between atoms, therefore we 

may take the crystal to be a continuum and write the dis¬ 

placement as a function of r in analogy with (8-3) as 

(8-12) JH(r) 
k,p 

q_ e _ 
kp k,p 

ik*r 
e 

which can be rewritten as 

_ _ < / fi N1/2 _ ik*r 
(8-13) (r) = 1 (a_ ) ^_ e 

k,p / k,P ■ -k,P kP 
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Classically, e^r) = 1/2 ), 

so we can form the operator for e in terms of the creation 
U 

and destruction operators. The result of this is 

" / li WI 2 * * 

(8-14) 'st = -1/2 
k,p 2M w k,p, 

(al + a ) 
k,p -k,p 

-iTc 
^ T( ) K * ( €_ ) K 1 L ko s t ko z sj kp s u kp 

Thus we may write the spin-lattice.Hamiltonian in terms of 

the creation and destruction operators. 

1/2 
(8-15) H •ft 

ijst si sj SL F.p^NMWu^ 

-T?«r f. . . ^ + 
£ h K, (a- kp t SJ ki 

G. . , e ijst ^ [(*_ 
L kp 

)s Kt + (e „ + a_ 
kp -k, 

We have now expressed H and H in the proper coor- 
L SL 

dinates. The probability per unit time for the system to 

make the transition ab is 

(8-16) Wab " TT P(E) <a H 
SL b>l 

where p (E) is the density of final states per unit energy 

interval. Let us represent a state of the system as 

(8-17) I a> - |a> |a> 
' ' spin ' lattice 

I a 'y is an eigenstate of g0B*£T and I a 
'spin r 'lattice 

specifies n__ for all normal modes. Let us consider the 
k,p 
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probability per unit time that the spin system will make 

the transition |a>spln to |b^spln, where - E& = g(&B, 

while a phonon with wave vector k pointing in the solid 

angle dSI , and with & = *Eb-E /fi, is destroyed. The 
Tcp D a 

initial state is 

(8-18) \a> = | 

and the final state is 

spin 
• t • 

TF.P / 

(S-ig) | b> ■ lb ^spin \ ' • •n5rjP'
1 ' ‘ ^ 

The density of states with K in the solid angle d-fl is 

(8-20) 
2. 3 v 

P(E) = Vt^cUl/dTT *6 V_ 
‘ “ 1<P 

The probability of such a transition is 

_ 

(7) 

(8-21) W, «.jtr 

ii- d-V- 

Ci|£ fr, 
J i°=l ‘ * 6 CM 

This equation is for destruction of a phonon; for creation 
_ Tioo/kT _i 

of a phonon the factor n = (e -1) becomes 

n^p + 1 = ^fiw/kT in practice this equation 

must be computed numerically with a high speed computer. 

— (19) 
For each direction of k, the Christoffel equations must 

be solved for /U" . 
kp 
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For the one phonon process we have the selection rule 

AS = -1 or -2, due to the fact that HQT is quadratic in 
Z 0*XJ 

the spin operators. H tells us nothing about the Raman 
SL 

process. To explain-the Raman process, H would have to 
SL 

include a term quadratic in the strain. This would mean 

that H would contain terms like (a^ + a_ )(a^ +a_ )* 
SL kp -k,p k'p' k',p' 

which would provide for simultaneous creation and destruction 

of two phonons, 

There is another process by which spin transitions may 
(20) 

occur, which has been discussed by Bloembergen . Let us 

label the S =3/2, 1/2, -1/2 and -3/2 levels as 1, 2, 3 

and 4 respectively. Suppose two neighboring Cr-3 ions are 

both in state 2, One ion may jump to state 1 while the 

other simultaneously jumps to state 3. The dipole and ex¬ 

change interactions provide the mechanism for this process. 

For Cr^+ the levels are equally spaced, so energy is con- 

2+ 
served in the process; for V ions the four levels are 

not exactly equally spaced, so energy is not quite con¬ 

served. As Bloembergen explains, this small amount of 

energy can be taken up by the spin system. The relaxation 

time characterizing this process is called the cross relaxa¬ 

tion time, and for equally spaced, or nearly equally spaced, 

Zeeman levels is of the order of the spin-spin relaxation 

time, which is about 10”9 sec. for the case under consider- 



28 

ation. If the spin system’s equilibrium with itself* is 

momentarily disturbed, this interaction allows it to come 

into equilibrium with itself in about 10”^ seconds. This 

means that if we momentarily disturb the spin system, then 

wait about 10-^ seconds, the populations of the four levels 

will be given by a Boltzman distribution 

(8-22) 
nl n2 -gpBAT

a 
n2 n3 n4 

B is the magnetic field and T is the spin temperature, which 
s 

is a function of how much energy is in the spin system. 

If we take energy out of the spin system slowly compared to 

the spin-spin relaxation time, the spin system will stay in 

equilibrium with itself and will still be characterized by a 

Boltzman distribution, although the spin temperature will de¬ 

crease as energy is removed. 

This is precisely what happens when we measure the spin- 

lattice relaxation time. Initially the spin system is satur¬ 

ated, so the four levels are equally populated, corresponding 

to. an infinite spin temperature. After the saturating power 

is turned off, the spin system slowly loses energy to the 

lattice. We may say it loses energy slowly because the spin- 

lattice relaxation time is longer than a millisecond. After 

we wait a time long compared to the spin-lattice relaxation 

*Another way of saying that the spin system is in equilibrium 
with itself is to say that the off-diagonal terms in the 
density matrix characterizing the spin system are zero. 
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time, the spin temperature will have returned to the 

lattice temperature. 

3+ 
Let us consider a spin system composed of N Cr ions 

characterized by a spin temperature T . Then n,/n. . = 

-A AT S 1 1 
e • s for 1=1, 2, and 3, where A is the energy level 

spacing g|3B. These three relations, together with the 

fact that 2: n^ = N, may be solved to give all the n^ as 

functions of T0, n^ = n^Tg). E^-E^ ■Ls t^ie energy the spin 

system gains when a spin jumps from the state i to the 

state jj E^-E^ = -2A j for instance. The rate at which the 

spin system loses energy due to phonon annihilation and 

creation is given by 

(8-23) E . = (E -E )W n 
spin system i,j j i ij i 

Since E =3/2 n. A' + 1/2 n & -1/2 n * -3/2 n, A 
spin system 1 234 

(where we have taken the zero point of energy to lie midway 

between the 2 and 3 levels) eqn. (8-23) may be expressed in 

terms of only one variable, T . The solution of this 
s 

equation gives the rate at which the spin system returns to 

equilibrium. If we put n^ = n^ (Tiattice^ 
in^° the right 

side of eqn. (8-23), we get E . = 0, as we must. 
, ' spin system 
V 21 ) 

Shlren has carried out calculations equivalent to 

those outlined above for most of the iron group elements in 

MgOj he did not, however, take the anisotropy of AT_ into 
k,p 

account. His calculated values of the relaxation times 
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agree to within an order of magnitude with the experimen- 

(lQ) 
tally measured relaxation times." Acoustic experiments 

have also verified that the expression (8-21) for is 

substantially correct for the Iron group elements in MgO. 



31 

Acknowledgements 

I would like to thank Dr. P. L. Donoho and Truman 

Black for their helpful suggestions. I would also like to 

express my appreciation to Robert Hemphill, who designed 

and built much of the equipment used in this experiment. 



32. 

Bibliography 

1. W. Low, Annals New York Academy of Sciences 72, 69 

(1958). 

2. J. S. van Wierlnger and J. G. Rensen, "Influence of 

Lattice Imperfections on the Paramagnetic Resonance of 

V and Cr in MgO," Paramagnetic Resonance, vol. 1, 

p. 107. 

3. R. de L. Kronig, Physica 6, 33 (139). 

4. J. H. Van Vleck, Phys. Rev. £7, 426 (1940) 

5. R. D. Mattuck and M. W. P. Strandberg, Phys. Rev. 119, 

1204 (I960). 

6. R. L. Orbach, Ph.D. Thesis, Dept, of Physics, Univ. of 

Calif, (i960) Unpublished. 

7. P. L. Donoho, Phys. Rev. 133 A1080 (1964). 

8. T. Black, Ph.D. Thesis, Dept, of Phys., Rice Univ. 

(1964) Unpublished. 

9. R. F. Hearmon, Rev. Mod. Phys. 18, 409 (1946). 

10. H. B. Huntington, "The Elastic Constants of Crystals," 

Solid State Physics, Vol. 7, PP. 214-351. 

11. Robert Hemphill, Ph.D. Thesis, Dept, of Physics, Rice 

Univ. (1962) Unpublished. 

12. G. D. Watkins and E. Feher, Bull, of A.P.S. 7, 29 

(1962). 

N. S. Shiren, Bull, of A.P.S. 7, 29 (1962). 13. 



33. 

14. R. A. Armstrong and A. Szabo, Can. J. Phys. 38, 1304 

(1962). 

15. J. D. Venables, Phys. Rev. 122, 1388 (1961). 

16. R. J. Stokes, Trans, of the Metallurgical Soc* of 

AIME, 224, 1227 (1962). 

17. C. Kittel, Introduction to Solid State Physics, New 

York: John Wiley and Sons, Inc. Ch. 19. 

18. E. Feher and M. Weger, Bull. Am. Phys. Soc. 7, 613 

(1962). 

19. H. B. Huntington, op. clt. p. 224. 

20. N. Bloembergen et al,} Phys. Rev. 114, 445 (1959). 

21. N. S. Shiren, "Comparison of Ultrasonic Spin Resonance 

Measurements with Paramagnetic Relaxation Theory," 

Magnetic and Electric Resonance and Relaxation, 

pp. 114-122. 


