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Abstract 

The transition currents and the power losses were observed for 

superconducting wires that were carrying 60 cps. currents. The 

wires were made of niobium, niobium alloyed with 107o, 25% and 33% 

zirconium, and PbBi 18%. The wire diameters ranged from 10 mils to 

62.5 mils. 

Near 4.2°K all the wires containing niobium remained supercon¬ 

ducting until the peak value of the 60 cps. magnetic field at some 

point on the wire surface had reached or exceeded the bulk critical 

field of niobium. For the Le-ad alloy the peak value was higher than 

expected for pure lead. The d.c. transition currents were also 

measured and were usually greater than the peak a.c. values. 

In addition, the experiment showed that alternating current 

power losses occurred while the peak field was far below the transi¬ 

tion field. For any given wire, the losses were observed to in¬ 

crease as In. The magnitude of these power losses also varied with 

the material and the diameter of the wire. The results agreed rea¬ 

sonably well with data from other experiments. 

To study the results a model was used which had a supercon¬ 

ducting cylinder surrounded by a shell of normal material. 

Maxwell's and London's equations were solved for this situation. 

The solutions did not predict the observed relation between the 

current and the power loss, but they suggested that some form of 

flux trapping or hysteresis behavior should have been included in 

the model. 
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I. Introduction. 

Since the discovery of high field d.c. superconducting alloys, 

much interest has developed in the behavior of superconductors in 

low frequency alternating fields. The behavior of pure supercon¬ 

ductors in high frequency alternating fields had been studied quite 

a few years before the advent of high field solenoids.^ It was 

assumed that at low frequencies pure materials behaved as ideal 

superconductors. As soon as superconducting solenoids were built 

that could produce high d.c. fields, it was hoped that similar ones 

could be made to produce high a.c. fields. Therefore, several re¬ 

cent studies have been made of superconductors in low frequency 

fields. 

One investigation that is related to this present work was by 

2 
T. A. Buchhold and P. J. Molenda who have made measurements in ex¬ 

ternal fields on niobium and lead ingots. By using calorimetric 

methods to determine the heat developed in the sample, they found a 

power loss PoCfH^’^ to for the field H between 300 and 1000 

gauss and the frequency f from 20 to 1000 cps. 

3 
In another experiment, Jones and Schenk used gas flow deter¬ 

minations of the rate at which liquid helium boiled to find the 

losses developed in a solenoid of NbZr 25% wire. The 2020 turn coil 

carried up to 10 amp developing 1000 gauss and showed that Poc(H^f^y? 

4 
H. London considered their investigation when he proposed his 

model for power losses. He felt the behavior they observed was 

partly due to temperature effects and suggested a power loss propor- 

4 
tional to I f for a current carrying wire. 
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In addition to a.c. power loss measurements some studies have 

been made of a.c. currents at which superconduction is destroyed. 

E. C. Rogers^ has studied the 50 cps. transition currents of straight 

wire superconductors near 4°K and has found surface fields at the 

transition of pure lead to be as high as 598 gauss, pure niobium to 

be as high as 2460 gauss, and NbZr 25% to be as high as 2160 gauss. 

The object of this experiment was to examine the behavior of 

superconducting wires that are carrying high a.c. currents. 

Initially the tests were made by inducing a.c. currents into sole¬ 

noids and rings. One sixteenth inch pure niobium wire was wound to 

form a closed coil of 92 turns with a diameter of 1-1/2". The 

transition currents of this solenoid and also a single turn coil 

were studied. The transition currents were found to depend on the 

geometrical configuration, and the sample went normal when the mag¬ 

netic field at any point on the superconductor reached about 

2000 gauss. 

For a better approximation of the behavior of a current in a 

long straight wire, a design that externally supplied the current 

was used. Then it was possible to have the field at the surface 

of the wire at all points on the sample within 3% of that expected 

for a straight wire. With this design the transition currents for 

Nb, and Nb alloyed with 10%, 25% and 33% Zr could be measured for 

both d.c. and 60 cps. a.c. Also, the emf. along the wire was re¬ 

corded for currents below the transition to study a.c. power losses. 

These losses showed some agreement with other results. 
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II. Experimental Procedure. 

The two types of measurements required two different experi¬ 

mental arrangements. The inductive measurements will be described 

first. These tests required as much as 60 kilowatts for the driv¬ 

ing solenoid and therefore had to be made in the Rice Electrical 

Engineering Labs. The second type of measurements had the current 

fed directly to the sample. Although the current was high, the 

voltage was low, and the power requirement was less than 3 kilowatts. 

These tests were made in the Rice Physics Laboratory. 

Induction Measurements. 

To induce currents in superconducting solenoids, a water 

cooled coil was used. It had 133 turns of 3/8n copper tubing. The 

central field was 1000 gauss at 150 amps. The single layer 92 turn 

test coil of copper wire was wound so that its wires lay between 

adjacent turns of the niobium wire. At room temperature the induced 

emf. in the test coil was that expected due to the external field, 

about 2.8 volts per 1000 gauss. Up to about 1200 gauss, the induced 

voltage was linear when the sample was superconducting. It was 

about .003 volts per 1000 gauss and was believed to be due to the 

test coil not coinciding with the superconductor. At higher fields, 

the voltage increased about .001 volt above the linear effect, but 

the actualshape of the voltage change could not be accurately 

determined. (See Fig. 1.) The solenoid went normal for a peak 

external field of 1520 gauss. 
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1" 
Single turn coils of -j-jr niobium wire were also studied. The 

test coil which was wrapped close to the sample gave .44 volts at 

room temperature for 667 gauss and approximately .0005 to .001 volts 

when the sample was superconducting. These voltages were near the 

limit of sensitivity of our instruments-but did seem to show some 

The shape may have been associated with mechanical displacements. 

After several unsuccessful attempts to study lead bismuth alloys in 

external fields, we decided to study the behavior of samples with 

externally supplied currents. 

Measurements with Externally Supplied Currents. 

The experimental arrangement was basically quite simple, but 

construction was complicated by the high currents that were neces¬ 

sary. First the construction of input leads able to carry as much 

as 300 amperes into liquid helium had to be considered. The cryo¬ 

genic design for these is pictured in Figure 2. The nature of the 

electrical tests is shown in Figure* 3. 

Naturally of first concern for high current input leads was 

the heating of the liquid which boiled liquid helium at a rate of 

approximately .8 liter per watt hour. To see the importance of this, 

one might consider a .01 ohm resistor with a typical current of 
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2 
100 amperes. With P = I R a resistor of this size would boil off 

about 80 liters per hour. In addition, the heating could raise the 

temperature of the sample. This happened at the resistive junction 

where the superconductor joined the input leads. If the temperature 

went above the critical temperature, sections of the sample would 

become normal. 

The input leads were optimized by choosing their lengths and 

areas to give a minimum heat flow into the cold reservoir of liquid 

helium for a given current I. The input lead was assumed to be a 

cylinder of cross section A with x = 0 at the hot end and x = L 

at the cold end. The total heat flow (X ^ into a small element of 
tot 

length dx would equal the heat flow out of it in equilibrium con¬ 

ditions. Vapor cooling was neglected, and the heat flow in the 

axial direction was given by 

Q = - M-r) A 

where k(T) is the thermal conductivity. In equilibrium for an 

element of length dx. 

Qoox + Id^ 

cr(T) A O . 

Where Q. is the heat flow at x, and Q is the heat flow at 
m „ 9 out 

I doi, 
x + dx. ^ (i^ A t*ie rate resistive heating, withing the 

element, and 0~(T) is the conductivity at a given temperature. If 

JLQ 

cr(r) A 'd'Tt 5T S'* 
(_ j%(cU 

2T l Jk A) 
Then 
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Thus 

-QdQ - I1 dr 

Integrating 

Q> + 21 dT 

Jkir)  -—4 is determined by the material, and I, T and T are fixed crm H L 
2 2 

by the problem. Thus Q can only be minimized by making Q = 0. 
L H 

Since L and A are still at one's disposal, they can be chosen so 

that QH = 0. 

Again from 

= 

2T ^ \ 

one finds 

r r\ 

CT(T) S& dT 
dT 

Integrating by parts on the right 

IaL 

/-Ti 

- <TQH 
Q(r) cJT 

cIT 

Setting QJJ = 0 in this expression and using the previous result 

with QJJ = 0, we find 

IL _ 
A = °z 

a r 
rT" MiidTi 

<rtr) 

* f 
_dcr 

dT 
21 K(T) 

otr'J 
dT' dT 

Since I is chosen as a constant 
-T\ 

IL 
A 

r N 

orn 
do~ 
dT 

n 
4rdr 
cr(r) 

-
1
 3L 

I dT 

/T 
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By numerical integration with the available data ’ for CP (T) 

IL 3 
and k(T) for copper, it was found that = 132 x 10 amp per cm. 

for optimum conditions between 85°K and 5°K. From room temperature 

XL 3 
to 85 °K, — = 39 x 10 amp per cm. The rate of heating the helium 

was .009 watts per amp. 

This derivation entirely neglected vapor cooling which can be 

quite significant because the specific heat of the helium vapor is 

1.25 calories per gm. per degree K. As the latent heat of helium is 

only 6 calories per gram, raising the temperature of the vapor 5°K 

could cool the leads as much as boiling the liquid to form the vapor. 

For good vapor cooling, one would want thin leads with large surface 

2 1c 1c 
areas. Since depends on^ , and since the Lorentz number is 

almost the same for all metals, it seems that one would want materi¬ 

als of lower conductivity. This would make smaller, and if I and 

L were fixed, A would be larger. If the cross section A of a cylin¬ 

der of length L were increased, then the surface area available for 

vapor cooling would also increase. Thus, poorer conductors may re¬ 

duce the heat into liquid helium. Q would be even further reduced 
JL 

if the input leads became superconducting near the cold end. This 

problem requires much more study and some useful references are 

given in the bibliography.^ 

In our tests copper tubing was used with ^ optimized for about 

70 amps. The vapor flowed inside the tubes. When the liquid helium 

level dropped below the junctions, the heat from the input leads had 

to flow through the sample to the liquid. The thermal conduction 

of the sample was small and this heat flux raised the temperature 

of the top of the sample above the critical temperature. To reduce 
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this heat flow, a resistor heater on the bottom of the dewar con¬ 

trolled the vapor flow. This arrangement cooled the system so well 

that even after the helium level was far below the junctions, the 

sample would remain superconducting for currents as high as 100 amps. 

However, in most cases, heating at the junctions seemed to be 

the factor that determined the transition current for NbZr alloys. 

Junctions with higher resistances had lower transition currents. 

Furthermore, the results did not indicate any definite dependence 

on the amount of zirconium in the samples. The most reliable junc¬ 

tions used aluminum blocks with 8 or 10 brass screws. The sample 

ends were wrapped with indium foil and placed between two copper 

sheets. These parts were placed within a hole drilled through the 

aluminum block. The brass screws came through threaded holes in 

one wall. They squeezed the sample against the opposite wall. The 

differential contraction rates between aluminum and brass may have 

helped. 

In addition to preventing heating, it was necessary to determine 

the magnetic and electric fields at the sample. The object of the 

experiment was to determine the behavior of long superconducting 

wires carrying alternating currents. The sample was actually shaped 

like a hairpin half a meter long with the straight sections separated 

an inch and a half. Thus the curved part was a semi-circle of radius 

3" 
R = —. Fields at the surface of the wire were highest at the mid¬ 

point of this curved section where = 0 in figure 2. There both 

the straight sections and the curved part contributed to the total. 

Calculations showed that the surface field at the midpoint was within 
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2.5% of the surface field of an infinite straight wire with the same 

current. Therefore, the sample should have given a good indication 

of the behavior of currents in a long straight wire. 

The shape of the sample also had to be considered for inter¬ 

pretation of the emf. that was measured. The self inductance of the 

hairpin shape gave voltages as high as .1 volts which obscured the 

signals that were of interest. The important electric fields along 

the sample gave voltages less than .005 volts. If one of the poten¬ 

tial leads was taken around the hairpin close to the sample, the in¬ 

duced emf. could be reduced by a factor of 5 to 20 depending on the 

radii of the wires. To cancel remaining lossless induced voltages, 

the coil shown in figure 3 was used. The vertical voltage seen on 

the oscilloscope was 

v = I 
vert c 

 7; 
SAMPLE UJ ( u 

- wM 
SAMPt£ 

iujt 

COIL 
L © 

LU>t 

+ terms not of the form ie 

lujt 
The terms not of the form ie could have been resistive or some 

non-linear behavior as hysteresis. If the coil were rotated, its 

emf. could be varied in sign and magnitude so as to cancel any sample 

emf. which had the form ie . The voltage patterns observed in 

this way may be seen in figure 4. 
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III. Results. 

First the results for the transitions with induced currents will 

be given. The the readings for the samples with external currents 

will be presented and their accuracy discussed. Finally, some of the 

more interesting characteristics of the a.c. power loss will be ex¬ 

amined and the results will be compared with other tests. 

Induced Currents. 

Although the external field on the 92 turn niobium coil was only 

1520 gauss when the sample went normal, the field at the wire surface 

was higher. Currents in the superconducting wire also contributed 

to the field. It was calculated that the wire carried 245 amperes 

with the external field at 1520 gauss. This current would have given 

620 gauss at the wire surface. On the outside surface of the solenoid 
r 

this field was in the same direction as the external field. Adding 

these fields gave 2140 gauss for the highest fields when the sample 

became normal. (See Fig. 1) 

Likewise with the single loop, although the external field was 

only 650 gauss when the transition occurred, the superconducting wire 

carried 685 amp due to this field. This gave 1750 gauss at the wire 

surface due to its own currents. The critical surface field was 

then 2400 gauss. However, all rings that were tested did not behave 

the same. The ring which was superconducting for 650 gauss external 

was supported by thin nylon strings and was free to move. Other rings 

of similar size that were clamped in place went normal at about one 

third this value. 
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External Currents. 

1" 
The same rrr niobium wire that had been used in the coil was also 

16 

tested with external currents. The apparatus for the 60 cps. currents 

was limited to 280 amp peak. This gave 735 gauss at the surface, and 

no losses or normal behavior appeared at this value. 

The highest d.c. current at which the sample remained supercon¬ 

ducting was 640 amp which gave a surface field of 2180 gauss. Heat¬ 

ing by the input leads may have limited the d.c. currents. Later 

tests were made with 10 and 20 mil NbZr wires. 

These smaller wires did show losses for a.c. currents. Their 

voltage versus current curves all had similar shapes. Figure 4 shows 

some typical ones. These are tracings of the oscilloscope patterns 

for the 10 mil NbZr 33% wire. To be exact the average power loss 

should be obtained from around a complete cycle. The results of the 

integrations for the available scope tracings are shown in figure 5. 

The slope for NbZr 33% wire is about 3.8. The scant data for 20 mil 

wires of Nb and NbZr 25% indicates a slope between 4.0 and 6.0. 

The major problems in taking the readings were the large back¬ 

ground noise, poor settings of the coil that canceled the inductive 

effects, and the ability to read the oscilloscope. Background noise 

broadened the vertical width of the oscilloscope lines. It was studied 

and found to be the same frequency as local radio stations. Filters 

greatly reduced its magnitude, but pickup in the canceling coil gave a 

J, 
-O 
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background level of .05 mv. This was the thickness of the lines in 

the observed voltage patterns. In addition, the losses in our Variac 

and transformer cores induced stray signals in the canceling coil and 

test leads. These gave small ripples similar in magnitude to those 

along the x axis. Also Vp was increased if the canceling coil*s 

position changed from its best setting. This gave uncertainties 

which could be quite large when proper care was not taken. Values 

for the current were limited to the accuracy of the scope. The in¬ 

struction manual gives limits of 3-5%. With all these possible 

sources of error considered, readings were probably only accurate 

to 30% near .1 mv. peak and perhaps 10% near 1 mv. peak. 

It was found that .17VpI^ was always within 25% of the power 

loss obtained by numerical integration of the tracings. Since it 

was easier to take a series of these readings than to make a tracing, 

most measurements were just recordings of Vp and I^» The results 

are given in figures 6 to 10. The approximate a.c. and d.c. cur¬ 

rents at which the sample went normal are also shown on these figures. 
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IV. Discussion of Results. 

The transition to the normal state seemed to depend princi¬ 

pally on the junction resistance. At room temperature and 85°K 

— 6 — 7 
the resistance was usually between 10 and 10 ohm. At 4°K the 

resistance increased to 10 ^ ohm. Poor junctions at 4°K had resist¬ 

ances that were a function of current. The junction resistance would 

abruptly change at some current below the transition current as is 

shown in the following V-I curve. 

In most samples the transition behavior on a.c. seemed to be due to 

heating from both the junctions and the input leads. For many wires 

superconductivity existed briefly at higher currents when the cur¬ 

rents were abruptly turned on with the switch than when they were 

increased more slowly with the Variac. Superconductivity was observed 

for all NbZr wires up to a surface field of at least 2160 gauss. 

Both NbZr 33% wires went normal in a.c. peak fields of this strength, 

and it may have been characteristic of the material. In general the 

d.c. transitions occurred at higher currents. 
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The a.c. voltages below the transition were perhaps more im¬ 

portant than the transition current itself. It is interesting that 

all samples had V_ = K I**. n was close to 3 for all NbZr alloys 
P M 

and about 9.5 for PbBi 18%. Also of note was the close similarity 

of voltages for Nb, NbZr 10% and NbZr 25%. Whereas, NbZr 33% had 

much higher voltages. Since the samples were given identical heat 

treatment and cold working, the results may give some suggestion 

of the source of the a.c. losses. In processing, each material was 

quenched then care was taken not to reheat the sample while it was 

cold worked as severely as possible. The cold working and surface 

conditions may determine the losses for the samples with 0 to 25% 

Zr. Lattice deformations caused by the alloying of Zr could account 

for the higher losses in NbZr 33%. 

To see if losses were related to surface or volume effects, 

one may compare the losses of samples with different surface to 

volume ratios. In the present experiment 82 cm. of 10 mil wire had 

1/4 the volume and 1/2 the surface area as the same length of 20 

mil wire. Using the data from figure 6, one finds that if P = 

,17VpI^, then at a given current the losses were 4 times greater 

for the 10 mil wire than the 20 mil wire. This is the same result 

that one expects for a resistive wire with losses uniformly distrib¬ 

uted throughout the volume. However, figure 7 shows that 10 mil 

NbZr 33% had losses 8 times larger than the 20 mil wire. 

If losses were a surface effect, one would expect them to 

depend on the magnetic Afield at the surface. For identical surface 

fields, the 10 mil wire would have to have half the current of the 



15 

20 mil wire. One would also expect surface losses to be proportional 

to the surface area. For example, consider 82 cm. of 10 mil wire 

with 100 amp and the same length of 20 mil wire with 200 amp. Surface 

fields would be identical, but the smaller wire would have half the 

surface area. If the losses occurred in a thin region at the surface, 

one would expect the 10 mil wire to have half the power loss of the 

20 mil. 

Again from figure 6 for pure niobium 

P20 mil (20° aMp) 

P10 mil <10° amp) 

and from figure 7 for NbZr 33% 

P20 mil <20° °mP> 

P (100 amp) 
10 mil x r 

With the scant data, the results are not conclusive, but they do 

indicate that the power losses in cold drawn niobium wire for a 

given surface field decreased as the volume of the wire. However, 

for NbZr 33 % the losses were more nearly proportional to the surface 

area than to the volume. The difference in power loss may be partly 

due to surface effects which occurred after the section of 20 mil 

wire had been cut off and while the remainder was being drawn down to 

10 mil. Nevertheless, for many a.c. applications considerable reduc¬ 

tion in power loss and the amount of material would be possible if the 

losses decreased as the volume rather than as the surface area. 

200 x .4 

  = 4 

100 x .2 

200 x 2 

  = 2.66 
100 x 1.5 
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2 11 
Buchhold 5 felt that the power losses in his ingots were 

surface effects. He used electron beam melted niobium ingots and 

observed that the losses varied greatly from sample to sample. The 

power losses he observed for 1000 gauss are from 20 to 300 times 

smaller than those observed in the present experiment for the same 

field. This difference may stem from the preparation of the samples. 

His samples were machined, but one would not expect them to be as 

severely cold worked as drawn wire. 

There is much better agreement between the losses of the present 

3 
experiment and those seen by Jones and Schenk. They used 8.5 mil 

NbZr 25% wire and found about .2 mw. per ft. at 1000 gauss. In 

comparison, one finds = .05 mv. at 63.5 amp from an extrapolation 

of the results in figure 6 for 10 mil Nb wire. The current gives 

1000 gauss at the wire surface. Then using P = . 17VpI^, one finds 

that the power loss is .54 mw. for 82 cm. or .2 mw. per ft. How¬ 

ever, one must remember that our results have been extrapolated. 

Also, the fields given by Jones and Schenk are the highest fields 

in the solenoid, and much of their wire would have seen lower fields. 

In addition, they were not certain of the sample temperature. 

These comparisons were only for a given field. However, at 

other fields the results should not vary too greatly. In all the 

experiments it was observed that PoC Hn. In the present experiment 

n was 3.8 to 6.0 for NbZr alloys. Buchhold observed n was 3.5 to 

5.0 for niobium. Jones and Schenk observed n = 6 for NbZr 25%, but 

they thought this was too large because of heating in their solenoid. 
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4 
H. London considered Jones and Schenk* s result when he dis¬ 

cussed his model for power losses. He assumed that a hard super¬ 

conductor could carry a current without resistance below a critical 

current density J^. In addition, he assumed that was independent 

of H up to the field of the hard superconducting knee which is about 

40,000 gauss for NbZr 25%. J£ was taken to have the same value 

throughout the sample. When J exceeded at some point, resistance 

appeared at that point and rose continuously to its normal value 

within a narrow range. London felt that alternating fields induced 

currents which exceeded the critical current density in some regions. 

This allowed the flux to penetrate and gave rise to a hysteresis 

pattern. London stated that a wire of radius r carrying a current 

I and obeying the above conditions would have an energy loss per 

2 21 
cycle of Q ® 21 (emu.) for I c- I and Q = •==— for I « I where J ^ c c 31 c 

2 1 C 4 
I = 7T r J^. He then said perhaps J of — which gave Q ot H for 

4 
I £< 1^. The power loss at a frequency f would then be P eC H f. 

2 
However, the maximum hysteresis power loss given by Q = 21^ is less 

than all of the values observed for 10 mil wire in the present experi¬ 

ment and also smaller than many of the values observed for the 20 mil 

wires. Perhaps London * s model should be modified by including 

12 13 
strands of pure superconducting material. ’ This may lead to 

higher fields inside the wire in a way that would be related to the 

derivations in the next section of this report. 

On the practical side, one might want to compare the a.c. losses 

in superconductors with the losses expected for pure copper. One can 

R I2 

a v 
find an average superconducting a.c. resistivity by saying P = —-— . 
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The average 60 cps. resistivity of 10 mil niobium wire is then about 

-12 
1.7 x 10 ohm-cm. with a peak surface field of 1000 gauss. How- 

2 
ever, it increases approximately as H . In comparison pure copper 

-9 
at 4°K has about 2 x 10 ohm-cm. Thus, the losses of our 10 mil 

niobium wire with 63.5 amp at 4°K would be about 1000 times smaller 

than those of an annealed copper wire in the same conditions and 

about a million times smaller than a similar copper wire at room 

temperature. Actually, at room temperature 10 mil copper wire fuses 

at 40 amps, and 160 mil wire is recommended to carry 60 amps. Even 

though the 160 mil wire would be about 250 times heavier, it would 

still have 4000 times as much power loss as the superconductor. So 

that although a.c. power losses are present in superconductors, the 

small size of the losses may permit superconductors to be used in 

situations that demand low weight and high currents. 
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V. Theory 

It is somewhat surprising to see a voltage across a super¬ 

conductor. For a better understanding of the behavior, a simple 

model was studied theoretically. At the center was a superconducting 

cylinder of radius a. It was surrounded by a normal sheath that ex¬ 

tended from a to b. A vacuum region existed from radius b to f. 

Beyond radius f was a superconducting shell for the return currents. 

It was assumed that each region was isotropic. Fields were assumed 

i(x>± 14 
to vary as e . London considered this situation when he derived 

V F 4* 
P- __ ^TTjX. _ i qjr U.UOCT 

^ b /C* 
F = O 

Where F may be E, B, J or A. Similar derivations were used to show 

that this form holds in the normal and vacuum regions. In the normal 

region 7\- °° . In vacuum 7\- °° and (7“ = O . Using cylindrical co¬ 

ordinates and studying E, one can take advantage of the 4> independ¬ 

ence of the model to show 

V* ^ -t) - E^. (xu y, t) + L* EJ ^;t) = o 
/c 

V* E (0 a. (t) 

♦ ■ TI 
+
 = 

r(0 

+ 

, a _(£) 
t- L F - - O 

o 
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Where 

V' ✓u $ /\> 
a- U >- ) + 

S'? 

2 
L = 

i 

V*. 6 to3 

/z. 

4TT ju. t m H- o)o~ 

* * 

and i denotes the region. i = 1 indicates the inner superconducting 

cylinder, i = 2 indicates the normal region, etc. For plane wave 

solutions, it was assumed 

. (JO (M 
>t) —>. E^(^) e ^ e 

Then the equation becomes 

.1 r-LV, s  (il 

-'U 
+- L»,-Aa-d> " 1% = O 

2 2 2 
With M = L - h solutions are of Bessel form, 

i i 

U) 
= FL N,(ML/L) 

E*V) * ^ N, 

e> ■ 
Magnetic fields have the same form. To find the relations between 

the coefficients of the electric fields and the magnetic fields, the 

first order solutions to Maxwells equations coupled with London*s 

equations were used. London assumed J = J + J , 

s n 

= <r E . AMO 
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Then 

kW - 1 + * tt 

J = 
With this in Maxwell*s equation 

4- Q- E 

n £ coa __ VTTK _ i V7T4 
/C* -e.1 A 

7~ U oo a~ 1 
^ J 

Hence, 

- tUJ ( 
\ 

= L\ ta> 

J. = L\ E^Vsg) 
^ dels 

p to. 
( If ^ - L" *-%$ 

With 
-=r(i) 

V * E- = 
. j. ^ 

-L _ 5 ^3) 

one finds 

,-(0, 

-(0, .(0, 
K?) = _ Lj^J 

^/u /C- 8%j) 

With our cylindrical symmetry these separate into two situations. 

The transverse electric waves described by B , E . and B do not exist J
 z’ r 

at low frequencies because there is no principal wave and secondary 

waves are damped in the normal region^ At high frequencies this 

represents one of the modes in a waveguide. The solution of interest 

is that of transverse magnetic waves. These are described by E , E 

and B Using the second order and first order solutions, one finds 

B = 0, = 0, B =0 

J0(MLP) +- ^tN/0<K
>9 

P, 

s i A 
Mt d A- 

e“w= _ i 
Jk Mf o>A- 
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The unknowns are the four the four s^^and h. The boundary 

conditions are the continuity of and at a, b and f (six equa¬ 

tions), the fields must remain finite as r -> 0 and r -> oO (two con¬ 

ditions), and the magnetic field at b due to the total current in the 

wire gives the ninth condition. 

There were four possible conditions in which asymptotic ex¬ 

pansions of the Bessel functions permitted approximate solutions. 

These are 

(1.) M a >^> i, IM a| and M b << l 

1 1 2 1 r ) 

(2.) |M a| l » i M a << 1 M b » l 

1 1 1 2 2 

or |M a » i IM a | and M b 1 » l 

i 1 2 2 1 

(3.) M a << i i |M a and | IM b 1 « l 

1 1 2 1 1 2 i 1 

(4.) M a << i M a 
1<<: 1 IM b I >> l 

1 2 1 i 1 2 1 

or |M a 
1 ^ 1 M a 1 and J M b| 

» l . 

i i 2 1 » 1 

Conditions (1.) and (2.) correspond to bulk superconductors. (3.) and 

(4.) describe superconducting filaments. The skin effect is import¬ 

ant for the normal regions in conditions (2.) and (4.) and small in 

conditions (1.) and (3.). The fields for these conditions are given 

in the appendix. In the solutions gaussian units were used with 

K = £ =1. Another approximation was that M = M = M ^ — where 
1 4 S d 
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where k = ^ and is the normal skin depth, M = M = t 

3 a 

At 60 cps. ~j£ 10^ cm. d^_~.45 cm. and d ~ 10 cm. <3‘ is given 

- 6 
for a resistivity of 10 ohm cm. which is typical of our material. 

For higher frequencies and lower resistivities corrections may be 

However, under our testing conditions the approximations are satis¬ 

factory. 

Once again it must be stated that this is only a model and can¬ 

not be expected to give the results we observed in our tests. How¬ 

ever, this model shows the fields induced in a normal region of arbi¬ 

trary thickness surrounding a superconductor. In this respect it 

predicts magnitudes of power losses expected for eddy currents. In 

addition, the model shows the inductive effects in a wire which are 

caused by having both a superconducting cylinder and a normal sheath. 

To illustrate the use of the derived fields, two line integrals 

will be considered. Since e^Z+ represents a wave traveling in 

the -z direction, the first integral will be 

easily made to the solutions by proper substitutions for d and cQ 

As there are discontinuities in E (r) at 
rv / at a and h 

d-'o + 

+ 
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and s E -dt L H^(o) [ i - Aada] + L E^Ca') ~ A d3J + 

Referring to condition 1 in the appendix, one sees that the important 

terms are 

E • d% = L ■fe.i 
A’-Jfc9 

L UJ LI 

P.E. represents the terms which are in phase with the current and give 

the eddy current power loss. 

P.E. =-i 

i 2 2 
b -a 

The second line integral shows the emf. induced in a lead which has 

its center a distance g from the sample1s surface. 
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Using the fields in region 3 for any of the four conditions 

jt-dl . tuL I A, A. 

This induced emf. is made small by keeping the potential lead very 

close to the sample, i.e., keeping g small. 

If the potential leads to the oscilloscope touch the sample 

at r = b, z = 0 and at r = b, z = - L, and if the emfs. induced by 

changing flux in the loop are given by the last expression, then the 

oscilloscone will show an emf. 

Thus to first order this is the same as the first line integral which 

went to the center of the wire. Using the values for the sample of 

L = 82 cm. and f = 60 cps. 

with 

then 

v= L G,IG> x I0~s I d. + JL^ t RE. 
ft* 
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The following calculation indicates that if the resistivity of 

the normal material is used then eddy current losses should be small. 

-3 
With no canceling coil the observed voltage was 4x10 volt peak at 

60 amp. It was 90° out of phase with the current and increased 

linearly with current. This showed that ln^j+ ln^g^J~l. The 

average size of g could easily have been as large as b or more, and 

ln(a)’*’ was Pr°bably far below 1. However, even if it were 1, 

with b = .0254 cm. and A .45 cm. for our materials near 4°K at 
/YV 

60 cps., the voltage due to P.E. would be less than .0016 times as 

-6 large as that observed with no canceling coil. At 60 amp, the 6x10 

volts which is predicted is far below the sensitivity of our apparatus. 

It would have to be a factor of 15 greater before we could observe it. 

This shows that eddy current losses in the normal material should have 

been a minor contribution to the observed losses. 

In terms of the model, the observed losses most likely represent 

hysteresis of the self inductance associated with the interior of the 

wire. If fields were trapped inside the wire on the first quarter 

cycle, then expelled and replaced by fields in the opposite direction 

on the third quarter of the cycle, patterns similar to fig. 4 could 

Occur. As this is a macroscopic model, it does not predict the flux 

trapping mechanism. Possibly a time dependent shielding occurred. 

Then the derived equations would no longer give the volume of the 

normal regions or the magnitude and the rate of change of the fields 

in the normal material. Perhaps the behavior was that suggested by 

4 16 
H. London or Kim for a superconductor of the second kind. A true 

description of the superconducting behavior will probably be rather 



27 

difficult. For not only does the observed peak voltage increase as 

a high power of the current, but also the relationship differs quite 

strongly between the niobium alloys and the lead alloy. However, 

our model does show that the observed behavior was not that of a 

pure superconductor. In addition, it suggests that eddy currents 

were small and that flux trapping occurred. 



28 

Appendix 

Fields for condition 1. a » d <$n» a Sn » b 

In region 1 for r ^ d. 

.0) 

i Cgj JLUIl X X Ui X U • *j_ \ 

W . ^ a [■- ^ t-^i\ ( 1 - 73') K J r -L *-r . * ^X\n .  

[•- 

B! W -- 

frA^.Js / 0 tr- 4^ d __ 

ZL ^ ^ *i 
KA'*- ^ > M <*- 

■)]/ a ZITTCL 

CL 

d 

fe (a 
[ , - Mi^'( )U i * i - '%')] / d ono~ 

CL 

d 

E^U.) = k L d* ^ 

In region 1 for r » d. 

(0 
6<» 

E^V) 

L <fed ax fi - "-¥d- *-¥)} JI ^ 
I - «Lk\jU ± - v*?') 

ar 
<cx>"0 fi - *¥( * - ^)] J5 e-^ 

| - ♦ *-S^ 

Je. A/ d B!W 

In region 2. 
E lr°?k % [(,-+ i * 

- •*? (i-t * * - 

(a), V ^ 
B* = -E2- 

A; 
A/ 

  Mxw si* Jr ( 6 . e/_   M^_£.a \"1 
  a. I ><au r ~5Z H JJ 

I - (A™ fe + i - 

E“W = i A A. £2 S*V) 
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In region 3. 

E^K) - i. * 

Where 

JC = A" 

* - *] 

, ^ t^k. +■ &* $ *ec: 
JU i ir 

and 

P. E. • - i (JU*+ Q^-k ■<- \ ^ 3.SJ- */<£ ** 

If terms of order — are neglected, the magnetic field is 

i 6*«= 2£r Efw--4e?V) 
In region 4 

E(V)= iiJ \[T -(&) 
SI* fs=. 

-(&) ■?« - (I % 

E^VJ = AJU1 B+V) . 

There are two possible situations under condition 2 

is a » d, 6n » a and & < <• b. 

In region 1 r << d 

One 

n 

r-O'/.v C^l \ 
E^(/l) = K> 

I ^ 1 4 Vd1 

OTTOL 

Qu 
d 

6(;V) N \ arr«u ~ 3 l y, -^_T <0 (“•) J— £ (a3 + ^ 
— cZ 
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- 

B£V) =. 

B* <\) 

In region 2 with /L« <f 

rW, N 
Eiw- 

al A 
cCai 
Jir^ 4MT4 

1 -L CL d. cu 

■%V-g) 

--A- ( l*Q r- -i T / » •> i 1 

c p-Ar El „ fisL i |. '^± 4- d - ^L0- ) 
_ ^ a fT k<S» a ^ — ;j 

"( 

6, 

l-ie £ , Mlo?_ J 
a + ~T «- 

/-Vo-4) 

. , . -1- a«> l + (. e. •" 

/ - t £ 
- t AH,^ 

E^W). UA. <C 6*<s> ,(a>, 

For r » <f 
n 

Qt»V N 3-X 

^<t> ~ &-/C, 

- L A -4) / I — L e 
-a. LM^t 

I - l £ 
■ai-M i> * 

X I- i? 

_ =L — «- c e. 
-al NL-i. \n 

-ai M„ •o_ 

I - ^l(u'^+ ^4 - ^ 

E(’'W = fTAcC 

-li. 

&t^)= i. feA<=c! s$V-} 

+ L a 

, . -zilbA ir 
I - d e ^ 
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In region 3 

E^) - lk 

Where 

A? - I * 

ficL 
Jir 

-2LMiJr. r 

l-lie 

^ V 

~F4 JLiii .-«4fl-g)li 
j 

The other fields in region 3 and the fields in region 4 

have the same form as in condition 1. 

The second situation for condition 2 is the one that 

would be normally expected. This situation has a» d, 

6>n
<< a and 6n« 

In region 1 the fields are similar to situation 1. 

In region 2 

D(a) 2.1 - 
LMJ^) 

= JZ e 

I- e 
- 2L 

| + L dM„ I + e 
-aL 

) + LdM0 
i - e 
I e 

-ac 

-V 

•CO 
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JL ^ f ~1 (<*££)? 
The fields in regions 3 and 4 have the same form as in 

condition 1. 

Condition 3. 

Condition 3 is the case of a small filament. It has a<<d, 

a« <Tn and b« <£n. 

In region 1 

By L'Hospital’s rule 

d /-L\ = " flt*> o 
o 
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In region 2 

EL%- 

(2) Jr 2r 
A. fr'O 

(1- V+F^- * \-L | — M^d 
£dx_ Mia* 
^ ~FT 

I - Mid"*- > 

*L±( 1 
a ^ -m¥) -5| 

1 - ^^JU. + M^glfxL ( 
^ Q J 

M^( , _ 

-&f 
l *U?jL-iz ^ <kt] 

ZL 00 S / 

As a •0 

E(’V) = iJs 

_6». 

I + 

0 
*7 cC!~) (M* P 

) (■ " 

£ «.'<T* TTir^a- 

- TZ % 

In region 3 

Jta = A1 | 

aJL 4*. ( 1 * ro) 

(• * ® 

atcC? /> 
iir' \n + ^ \ 

. f - ** 1«- 
l3S?) 1 > 

4- UcL + s^.7 

* 
ir 

- 

for h as a —>*0. If a —^- d, h would < 

the form in condition 1. The fields in regions 3 and 4 are 

similar to those in condition 1 
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Condition 4 

Condition 4 considers filaments when the normal skin depth 

is important. It has a << d, a X and b X or a<< d. 
n n 

a » cT and b » <£ . 
n n 

In region 1 

A) V-t ^y, 
(' 

+ 
.8^ ) 

0 " ed3-/ 
k Ad* 

In other regions the fields are similar to those in condition 

2, if the proper substitutions are made. Everywhere that 

d appears one substitutes 

d ) 

However, this substitution is not made for the term fL 
f 

since this term is due to the outer superconducting shell. 

As a—>03 one must be careful to properly treat the 

limiting expressions. 
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