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ABSTRACT 

AN ANALOG/HYBRID COMPUTER FOR THE SOLUTION 

OF PARTIAL DIFFERENTIAL EQUATIONS 

by 

PETER TORGRIMSON 

The design of a specialized analog/hybrid computer for the solution of 

partial differential equations was investigated. The solution is computed 

with an analog computer controlled by a digital computer. The system de¬ 

signed has low cost and low accuracy. 

The interconnection of analog elements required for a general class of 

PDE's was derived. Several types of digitally set potentiometers were com¬ 

pared and the one selected was designed Into a basic module. If the pot is 

used as a multiplier (with one digital input and one analog input) the speed 

of the integrator is severely limited by the time required for the digital com¬ 

puter to generate the necessary multiplication. 
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1. INTRODUCTION 

1.1. Statement of the Problem 

Partial differential equations (PDE's) arise in many engineering problems: 

fluid flow, electric fields, and meteorology. There is considerable literature 

on analytical solutions of PDE's. 1,2,3,4J However, for many cases of eng¬ 

ineering interest, an analytical solution may not be conveniently calculated. 

Thus numerical techniques are of interest. 

„ , Recent work on estuary pollution has used digital computer algorithms to 

solve the diffusion equation describing the pollutant concentration. These 

solutions require large amounts of expensive computer time, particularly when 

time-varying and/or nonlinear functions are used for the equation parameters. 

The situation has motivated this search for a cheaper, quicker method of pro¬ 

ducing numerical solutions of partial differential equations. The relatively 

lax accuracy requirement (10% error may be reasonable) indicates that a 

special analog/hybrid computer may be economically feasible for such problems. 

Analog computers have been used for solving partial differentia! equations, 

but applications have been limited by the large number of components generally 

required. The high cost pf high accuracy analog components has made large 

machines unreasonably expensive. With present integrated circuits, the pos¬ 

sibility exists of constructing much cheaper’components of lower accuracy. 

1 
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Thus, it may be economically feasible to build an analog computer with the 

large number of components necessary for PDE solutions. 

This study investigated the construction of a machine to solve pollution 

problems. The study also investigated requirements for solving other PDE's. 

1.2, Background and definition of the problem 

It is desirable to speed up digital algorithms by increasing the step size in 

time, maintaining accuracy just within the required accuracy. This cannot be 

,accomplished in generql because of instability in many algorithms as the time 

step size increases with respect to the spatial step. |^'^j 

With present technology, analog simulation of problems of this type ccn 

always be made faster than digital simulation. The speed of the integrating 

process is the factor limiting the speed of the simulation. Integration can be 

performed faster with analog integrators than with their digital counterparts. 

The computer studied here will use a hardwired analog processor for the 

actual solution of the PDE„ A digital computer will be used for controlling 

the simulation and for interacting with the operator. 

System requirements 

The system considered contains 800 integrators arranged in - a 20x20x2 or 

in a 20x40x1 grid for solving systems which are first or second order in time. 

The number of sections which are required for a particular problem depends 
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upon the solution and thus is difficult to calculate before the solution is found. 

The system size above is reasonable for an investigatory study such as the present 

one. 

Most analog computers are as accurate as the state-of-the-art permits. 

This study investigated a system for minimum cost. The accuracy of the solution 

is related to the accuracy of the components in a very complicated way and is 

dependent upon the solution itself. This relationship was not investigated in 

this study. The accuracy requirement for the system components (pots, inte¬ 

grators) is 1% or I mVolt, whichever is greater. This requirement was arrived 

at through a trade-off between accuracy and cost. The cost of components with 

tolerances less than + 1% increases rapidly with decreased tolerance while the 

cost of 1% components is only slightly greater than less accurate components. 

The percentage requirement becomes very difficult for small signals. Thus the 

I mVoIt lower limit of the error was set. This is the limit for many present analog 

computers such as the EAI 680. 

Since the computer contains more than 1000 pots, some automatic pot set¬ 

ting system must be used. This is one of the primary requirements for the pot. 

A secondary requirement (desirable but not mandatory) is to perform multipli¬ 

cation with the pot as a multiplier with one analog input and one digital input. 

This requires that the pot setting be changed very rapidly while the solution is 

being computed. 

This study investigated three tasks: 
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1, Determine the required analog computer configuration. 

2. Investigate the design of the analog components. 

' 3. Investigate the interaction between the digital subsystem and the design 

of the analog subsystem. 

2. Interconnection of the analog components 

The required topology for several equations was investigated. The topology 

was determined using the finite difference technique in the spatial variables 

with continuous time,, The discrete time formulation can also be used, solving 

for several time steps simultaneously. The topology selected is capable of 

handling both first and second order problems in time up to two dimensions such 

as the diffusion, wave, Poisson, and Laplace equations. The requirements of 

moving coordinate systems were also investigated and incorporated into the 

system. 

The basic module of the system is shown in Figure 1. This basic module 

is defined to be the two integrators and associated components at one node in 

a second order problem. For first order problems, the two integrators of a basic 

module become members of separate grids which are interconnected at the edges 

to form a 20x40 grid. This interconnection is shown in Figure 2. The integrat¬ 

ors are assigned to the two grids in an alternating sequence. The integrators 

marked (dark spot) are members of one grid. The unmarked integrators are mem¬ 

bers of the other grid. The right edge of one grid is connected to the left edge 
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of the other grid. 

The inverted versions of the Zjj portion of the solution and its derivative 

(where i refers to the Xj value of x and { refers to the yj value of y) are in¬ 

cluded to handle the requirements of moving coordinate systems. 

3. ANALOG COMPONENTS 

3.1. Introduction 

• The analog portion of the computer will produce the problem solution. 

The accuracy of these analog components will, in general, limit the accuracy 

of the solutions# 

This computer has only two basic analog components: amplifiers and po¬ 

tentiometers. Each of these components must be digitally controlled. If multi¬ 

plication is to be performed with the pot (as desired in the specification for 

the system), its response time to setting changes must be very fast with respect 

to the speed of the solution. 

Because a large number of analog components will be required, and since 

cost is of primary importance, each individual component must have very low 

cost. 
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3.2. The potentiometer 

3.2. lo Introduction 

The pot in traditional analog computers is a constant multiplier. The value 

of the constant is in the range (0,1). Standard programming practice is to keep 

the pot coefficient (multiplier) between 0.1 and 1.0 for greatest accuracy. 

The pot considered for the present machine has several requirements which 

are not normal. The first is that it must be set under control of a digital comput- 

. er (i.e., the pot translates the contents of a digital register into an analog at¬ 

tenuation factor). If possible, reset time should be very short. The large number 

of pots which the system will contain makes the automatic or programmable 

feature a must for a useable system.. High speed will permit the pot to be used 

as a multiplier which multiplies a digital signal with an analog signal; This is 

a valuable tool with nonlinear functions v/hich may appear in the problem, and- 

will eliminate the need for normal multipliers and the attendant problems for 

automatic patching systems. This second desideratum eliminates consideration 

of uncalibrated pots, i0e., pots whose absolute value is not known, but which 

are set correctly by comparison with a standard when a reference is input to 

the pot to be adjusted. 

A technique presently used is the servo set system. A small d.c. motor 

is connected to the shaft of each pot (a conventional rotary pot). A servo loop 

minimizes the error between the pot output with reference input and the desired 
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coefficient-. The advantage of the system is its high accuracy. This system has 

two disadvantages: 1) the time required to set the pot, and 2) the need for a 

reference input while setting. This pot cannot be effectively used for multipli¬ 

cation with functions other than constants. 

The pots which will be considered in this paper will use semiconductor 

switching elements to eliminate inherent speed problems and the high cost of 

the servo technique. Each pot will transform the contents of a digital register 

into an analog pot setting. 

, . Pots constructed from switches have a finite number of well defined pot 

settings unlike the continuously variable traditional pots. The set of pot coef¬ 

ficients must be chosen to optimize some error criterion. 

3.2*2. Error criteria 

The desired set of pot coefficients will be determined using the following . 

constraints: 

1. Assume that the desired pot coefficients are uniformly distributed over 

the range (0,1). 

2. Let the error criterion be the Chebyshev criterion, i.e<>, minimize the 

maximum error. 

3. Let the number of pot coefficients be 2n where n is the number of bits 

in the digital register. 

4. Let the coefficient 0 (zero) be a member of the set. (This v/ill allow 
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interconnections to be broken). 

5. Let the coefficient 1 (unity) be a member of the set.- (This will allow 
• • o 

the same scaling for both Z and Z integrators in a second order problem),, 

The desired set of pot coefficients is 

P = i e (0,2% 1), integer 

max 
1/2 

( 2n- 1 
The maximum error is 

2n - 1 
This error is tabulated as a function of n in Table I. The table indicates that 

six bits will be required to achieve the desired 1% accuracy. 

In the investigation of pots, binary fractions were used for the set of pot 

coefficients for ease of experimentation; 

PA= \ —n  * i € (0,2° ^ ), i integer/ 

2n-l 
Each coefficient P is related to P by a scale factor, f = 

A on 

3.2.3. Switches 

The switching elements used for all designs were field effect trcnsistors 

(FET's). These elements are very convenient for this type of application be¬ 

cause of their lack of offset errors, and because they will function with volt¬ 

ages of either polarity. These features, coupled with falling prices in FET's, 

makes them very desirable as switches. They depart from ideal switches in 

several respects: 

I. There is some non-zero ON resistance between source and drain. This 



TABLE 1 

n Error 

1/2 

2n- 1 

i 0.5 

2 0.167 

3 0.0714 

4 0.0333 

5 0.0161 

6 0.00793 

7 0.00394 

8 0.00196 
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resistance is generally in the range 10-2000 ohms. 

2; There is some leakage from the gate and the drain in the OFF position. 

3. In chopping applications at high frequency, source-to-gate capacitance 

couples the drive signals through the switch. This causes spikes to 

appear in the output. 

The FET's used for all testing were Fairchild 2N4360'3. These P-channe! units 

were used because of their availability and low cost. 

3.2.4. T network 
M T ■ >mm, ■ ■ ' 

Consider a network as shown in Figure 3. The set of switch settings must 

be mapped into the desired set of attenuation factors. This can be done for the 

cases with one and two switches. For higher order cases, the number of equa¬ 

tions (constraints) becomes larger than the number of variables. These systems 

cannot be solved. The technique is not an efficient user of the information; 

this type of pot may be built by using more switches and by not using some of 

the possible switch combinations, which increases the cost and complexity of 

the circuit. Other techniques are more efficient users of the information. 

3.2.5. D/A converter techniques 

Two basic digital-to-analog (D/A) converter techniques are described in 

the literature |VJ : 1) the weighted resistor network, and 2) the ladder network, 

and are shown in Figure 4. The coding shown is the binary coding used in the 
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a) weighted resistor network 

b) ladder network 

Figure 4. D/A converter circuits. 
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present work. Other coding can be implemented by a proper choice of re¬ 

sistors. Although the operation of the two circuits is equivalent, the ladder is 

generally more convenient to use since only a few sizes of resistors are required. 

The networks are more convenient if they are reconfigured to put the switches 

at the summing junction. This is shown in Figure 5 with FET switches. 

For P-channel FET's, when V . = 0, the switch is ON. When V is a 
95 gs 

large positive voltage, the switch is OFF. The switches can be driven with 

simple inverters as shown in Figure 6, or with integrated circuit inverters de¬ 

livering a large voltage swing. 

Several of the FET parameters become important in this circuit. 

1. leakage current. For the 2N436Q, the typical leakage current is 0.15 

nA but the maximum leakage current is 10 nA. Therefore in the worst case the 

total leakage info the summing junction will be 300 nA to 400 nA (5-6 pots at 

6-7 switches per pot). If the feedback resistor is on the order of 100 k ohms an 

error of 30 mV is produced. For a normal sampling, however, the average leak¬ 

age should approach the typical leakage value producing an error of approxi¬ 

mately 0.3 mV which is reasonable for the present design. 

The switches shown are series shunt type. The shunt switch is driven with 

the complement of the series switch driving signal. This action is required in 

the ladder network to ground the resistors in the OFF position. It is desirable 

in the weighted resistor case to avoid noise problems. Each of these circuits 

has constant input impedance irrespective of switch position. Note that the 
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Figure 5. D/A converter circuits—reconfigured. 
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Figure 6. FET switch drive 
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shunt FET need not have as high leakage performance as the series FET, 

2. ON resistance. The ON resistance can be corrected for in the resistor 

value if it is a known value. Unfortunately this parameter has wide variation 

for most FET'so The best solution then seems to be to make the resistors in the 

input network have large values to reduce the effect of the FET resistance. For 

the 2N4360, the typical ON resistance is 350 ohms and the maximum is 700 

ohms. The typical 350 ohms should be corrected in the resistor value. The 

350 ohms expected deviation should fall within the overall error criterion. 

3. Gate-to-source cutoff voltage and maximum voltage rating. The Vcc 

which is required is 

V = V (off) 
CC gs 

The required gate -to-source voltage rating is 

VgS(max) = Vcc - (max negative voltage input) 

Vj^max) = max voltage input 

Vdg(max) = -Vgs(max) 

For a + 10 V input, using the 2N4360, Vcc = 10 V. 

VgS(max) required = 10 V - (-10 V) = 20 V which is the rating for this 

unit. To solve possible problems of overscale voltages, a higher performance 

unit may be specified or circuit complexity may be increased to allow for per¬ 

formance limitation. 

Pots were constructed to test the use of circuit modifications for limited 

maximum ratings and to investigate designs for poor leakage performance. 
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The circuit is shown in Figure 7. A series shunt switch was used to improve 

leakage performance and to prevent exceeding the maximum voltage rating. 

To fully implement these techniques a combination weighted resistor-ladder 

network was used. In each switch, the shunt FET on the summing junction 

side serves as a low impedance ground path for the leakage current when the 

switch is OFF. The leakage is attenuated in the current divider which is formed 

by the following resistor and the shunt FET. The shunt cannot be placed directly 

at the summing junction because it would introduce catastrophic errors. For 

the weighted resistor switches, the shunt FET's on the input side prevent the 

6 * • 

" voltage from exceeding the V rating. 

This circuit has several severe performance limitations and undesirable 

design features. 

1. When the switches are moved away from the summing junction to permit 

leakage shunting, a more complicated floating switch drive is required, and a 

potential problem with the maximum voltage rating is introduced. This is eli¬ 

minated with the leading shunt. To eliminate the leading shunt for the ladder 

switches, a resistive divider is used at the input of the ladder. This divider is 

very critical and severely limits the performance of the circuit. The resistors 

must be high enough in value so the input source is not loaded but must be low 

enough in value so the divider is not loaded by the ladder network. 

3 
The maximum input impedance for the ladder shown is j- R. (R= 118 k ohms) 

.24 
The minimum input impedance is — R0 The 27.7 k ohm resistor is especi- 
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all/ critical in this application. 

Although the components used did not ensure that the accuracy requirement 

would be met for all tolerance deviations, the accuracy was acceptable in gen¬ 

eral, Figure 8 shows the error performance of the pot. 

A much better (and probably cheaper design considering labor, materials, 

etc.) design is the ladder of Figure 5b using FET's with a slightly better leakage 

specification. 

If the maximum value of ON resistance is 700 ohms, the 2R resistor should 

,be a 140 k ohm, 1/2% unit to ensure proper error control. The feedback resistor 

should be a 1/2% unit also. The"^“ R values in the ladder may be 1%. Although 

this scheme may require a slightly more expensive FET, the simplicity of the 

design compensates for this. The FET's here may be driven by integrated circuit 

inverters such as Signetic's N8T90. 

Pots of high accuracy can be constructed by this method. The cost is high• 

due to the large number of precision components used. 

* 

3*2.6. Pulse width modulation techniques 

Potentiometer action can be obtained by generating a pulse train and then 

forming the average value of this train. If the frequency components of the 

pulses can be made much higher than the desired frequency response of the pot, 

only simple low pass filters are required to obtain the average value. 

Two basic techniques may be used here. The first is to generate a varying 
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a) Individual components 

b) Components summed in increasing order 

c) Components summed in decreasing order 

Figure 8. Combination network error. 



23 

density of constant width pulses. This could be implemented with one shot multi¬ 

vibrators. The disadvantages with normal one shots is that the variations of their 

periods will in general cause accuracy problems. The second technique is to 

vary the width of the pulse. This function can be implemented with standard 

integrated circuits. Two factors which affect the basic accuracy of the pulse 

width technique are 

a. transition times of the circuits 

b. frequency instability of the clock. 

•' A variable width pulse generator was constructed using standard integrated 

circuits. The basic concept is shown in Figure 9. 

The comparator was synthesized from Exclusive OR gates constructed with 

readily available two input gates (Motorola MRTL series logic). The resulting 

pulse width generator is shown in Figure 10. 

With the synchronous system shown, a small pulse ( 1 clock period) appeared 

when the shift register contained all 0*s. A zero detector was constructed from 

additional gates to disable the output flip-flop when this condition occurs0 An 

improved design is presented in Section 5.1.1. 

Most DTL and TTL logic families have the "wired OR" capability which 

makes possible a significant simplification in the construction of the comparator. 

A comparator constructed with these circuits is shown in Figure 11. Unfortu¬ 

nately, these circuits are considerably more expensive than the RTL circuits. 

Several manufacturers are making 8 bit comparators in a single integrated 

circuit. However, these are at present even more expensive than DTL circuits. 
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Clock 

Figure 9. Variable pulse width generator, Block diagram. 
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OUTPUT 

Figure 11. Pulse width generation 
with DTL integrated circuits. 
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A different approach has been proposed j^SJusing MOS dynamic shift regis¬ 

ters. These units offer small size, and rapidly falling prices. A recirculating 

shift register 100 bits long would contain I's and 0's to produce a pulse whose 

width could be changed. The counter/storage register/comparator circuit could 

be used to load a large number of shift registers. A problem area for this tech¬ 

nique is the interface between the dynamic shift register and the FET analog 

switches due to: 

1. A precharge system used by some manufacturers. 

2. Excessive deviation of the "O'* logic state from 0 volts. 
4 * * 

The cost of the MOS shift register is presently higher than the RTL circuit cost. 

In the future, however, the prices of MOS components are expected to fall ra¬ 

pidly. 

Whichever technique is used, the result v/ill be the generation of a pulse 

whose width represents the pot coefficient. 

Tests of the pulse width technique 

The circuit of Figure 12 was used with the pulse width generator of Figure 

10 for testing. The clock frequency was selected to be 4 MHz which is the 

maximum clock frequency for this logic family. The low pass breakpoint for 

the amplifier was placed at 300 Hz which attenuates all switching components 

by at least 40 db. 

The EAI 680 analog computer was used for all measurements. The high 

performance and the measuring system made the testing convenient and 
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eliminated errors introduced by amplifier drift. 

The first test was to determine leakage with the pot in the OFF position. 

The circuit of Figure 13a was used. Since the expected leakage was very small, 

it was amplified, integrated, and stored for measurement. The measured leak¬ 

age was independent of input polarity as expected. The measured leakage was 

0.55 V at the output. This corresponds to a leakage current of I nA, causing 

a voltage error of 55 fN at the output of amplifier 95. 

The next test was to determine the setting accuracy of the pot. The circuit 

,of Figure I3b was used. The performance of the pot was very poor for low volt¬ 

age inputs and for low pot settings. For output voltages of + 100 mV, the error 

was as high as 20%. Some error was expected because the ON resistance of 

the series FET had not been compensated for but this source of error was small. 

Several factors lead to the identification of the error source. 

1. The magnitude of the error voltage was relatively constant, independent 

of setting or input voltage. 

2. The error had the same polarity, independent of polarity of the input 

voltage. 

3. The error was reduced with decreased clock frequency. 

The source of the error was identified to be the switching transient produced 

by the gate-source capacitance in the FET switch. The fact that this transient 

existed was well known, but the magnitude of error introduced was not expected. 

The switching time should be large to reduce the transient, but, a fast rise 
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time is needed in order to permit well defined pulses with a high frequency 

clock necessary for reasonable bandwidth of the amplifier. 

Alternately the effect of the transient on the output of the amplifier can 

be reduced. The transients were not measurably reduced nor inverted at the 

amplifier output compared to the summing junction. The explanation is that 

at the very high frequencies of the transients, there is very little signal trans¬ 

fer through the amplifier. The narrowest gate pulse is 200 nsec wide and the 

rise and fall times are much less than this. 

An explanation for the problem follows: At the frequencies in question, 

the circuit is actually as shown in Figure 14a. Figure 14b shows the circuit 

with the gate waveform as input. The assumed gate-source capacitance of the 

FET is 5 pf0 Figure 14c shows the impedance at 5 mHz and Figure 14d is a sim¬ 

plification of this. The transfer function is 60 _ 100 k 

e; 100k- J6600 = 1 

This is what was measured. 

Consider the use of a series inductor to filter the spikes. (Figure 15a) Then 

eo 100 k 

ej 100k + jwL - j6603 

Some attenuation is obtained when wL > 10^:z> L = 30 mH for 6 db 

attenuation. For more attenuation larger inductors are required. This is not 

practical considering the size and cost of such inductors. 

Consider a shunt capacitor at the summing junction. (Figure 15b) 

100 k e0 
100 k - j3 

el 1 
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56k 56 k 

5 pF 

56 k 
A/V 

H F 
0.01 n? 

b) 

100 k 

-j6600 56 k 

A/V 

Hh 
-i3 

100 k 

c) f = 5 MHz. 

e. 
i 

• -J6600 

d) 

e o 

100 k 

Figure 14. Equivalent circuits for switching transient analysis. 



33 

a) Circuit with an inductor at the summing junctionQ 

b) Circuit with a capacitor at the summing junction. 

Figure 15, Transient attenuation circuits 
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(100- i3)( J_) 
jwC 

100- j3 + 
jwC 

e. 
in 

6* in 000 - 13) ( 
jwC 

) 

- (6600 

100 - j3 + 
jwC 

Let C = .01 uf which is the largest size possible with the same low frequency 

passband as in the feedback branch of the amplifier. The transfer function is: 

e0 3x10' 

8 0.5 x 10“3 

P* 6x10 

This is considerable attenuation. 

This method was tested in the laboratory. The passband gain of the ampli¬ 

fier was not affected by the addition of this capacitor. The measurements of 

the pot accuracy are shown in Figure 16. Figure 17 shows the switching 

transients before and after insert ion of the capacitor. 

The addition of the capacitor at the summing junction of the amplifier did 

not reduce the error to reasonable levels. The remaining error was compensated 

for by adding a small connection voltage whenever the pot has a nonzero set¬ 

ting. Existing logic signals were used to drive this second switch. The circuit 

is shown in Figure 180 This technique reduced the pot error to 1% or 2 mV, 

whichever is greater. 

Although this circuit came very close to the requirements, it was a poor 

solution because of its complexity and its need for adjustment. 
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a) Switching transient without capacitor. Setting: 0000001. 
Top Trace: Series FET gate waveform. Scale: 5 \/cm. 
Bottom Trace: Amplifier output. Scale: 0.2V/cm. 
Horizontal scale: 1 //second/cm. 
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b) Switching transient with capacitor. .Setting: 0000001. 
Top Trace: Series FET gate waveform. Scale: 5 V/cm. 
Bottom Trace: Amplifier output. Scale: 0.1 V/cm. 
Horizontal scale: 1 A/second/cm. 

Figure 17. Switching transient measurements. 
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Figure 180 Constant additive correction circuit 
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Measurements confirm that the error voltage is reduced linearly with re¬ 

duction in clock frequency. Since an integrator is a low pass filter with a very 

low cutoff frequency the clock frequency of the pulse width generator can be 

significantly reduced. 

3.2.7. Pot conclusions 

The selection of a technique for pot implementation depends upon the 

specific application. The two techniques which are useful are: 

1. Ladder network. This is the most accurate method. The cost is high 

because of the large number of high quality FET's required, and the large num¬ 

ber of precision resistors required. This pot is ccpable of good high frequency 

performance. 

If the error performance desired Is A%, the ladder resistors in series with 

FET's should have a tolerance of l/2A%. The feedback impedance should have 

a tolerance of 1/2A% also0 The minimum ladder resistance R is 

$ _ 100 Ron Ron 
    +  : 
A 2 

where RQn is the maximum ON resistance of the FET. The required leakage 

performance can also be calculated. Let E be the maximum error at the output 

of the amplifier (assume an inverter with a gain of 1). Let N be the total num:- 

ber of inputs (5 pots @6 FET's per pot results in N = 30). Then the total leak¬ 

age of the FET must be less than 1 (off) where 1 (off) = 
NR 

amp. 
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2, Pulse width modulator. This method may be cheaper than the ladder 

depending upon the particular components used. It has limited accuracy and 

limited frequency response. Increases in accuracy can be made at the ex¬ 

pense of frequency response. The requirements for the FET are the same as for 

the ladder. However, .much cheaper FET's can be used since N is much smaller. 

For the present problem note that all pots appear at the inputs of integrators. 

To minimize compensation requirements, the integrators v/i 11 have long time 

constants which will reduce clock frequency requirements in the pulse width 

/generator. Thus this technique seems to be best for the present problem. 

Table 2 shows relative performance of different pots. 

3.3. The amplifier 

As in the case of the pot, the operational amplifier must be as inexpensive 

as possible due to the large number of amplifiers required. Integrated circuit 

amplifiers are generally much cheaper than the discrete component units but 

have lower levels of performance. 

Several parameters of the amplifier are of high importance for the pre¬ 

sent application. These are input impedance, voltage gain, offset voltage 

and current, input bias current, drift, and compensation requirements. 

Consider the effect which non-ideal gain and input impedance have upon 

circuit performance using Figure 19. 

A 
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Figure 19. Non-ideal amplifier equivalent circui 
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e1 “ es 

Z1 
es - e0 

in Z. 
in 

1 
i. + i. 
in f 

Combining these equation results in 

e 
1 '1 

1 

> + > / Zf Zf\ 

^ ,+zT+I7 
which can be extended to multiple inputs with Zj impedance and e. input volt¬ 

age. 

'0 
- z 

f 

el e2 en 
- -f* — ■ i ~f- -f* 1 ■ 1 *9 0 0* ■ 

Z1 Z2 Z3 
— — 

1 / Zf Zf Zf\ 
1+A 1 + 1 

L A V Zin Z] VJ 

Consider the effect which this expression has upon the present problem. In 

the circuit of Figure 20 which simulates six pulse width pots, let Z*n = 50 k 

ohms which is the minimum input resistance of the cheapest operational ampli¬ 

fiers. Let A = 10,000. Calculate the error term: 

/ 



Figure 20. Pulse width pot simulation < 
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e = 

e = 

I 

i + 4i i + IL + £L + .....o. +IL ) 
Zln Z> Z„ 

1 

, ,«-4, , 6000 
1 + 10 ( 1 +   

1000RCS +1 

2000 

1000RCS +1 

R = 100 k ohms,, 

e = 
i 

-4 il06w + 8001 
1 + 10 (J -7  ) jlO^w+l 

*This error is insignificant for the present problem. 

Integrated circuit operational amplifiers require appreciable input bias 

current; R of Figure 20 should be equal to the parallel combination of the 
r 

d.c. input and feedback resistances. This is particularly difficult in the pre¬ 

sent problem since the impedance of each input resistor looking toward the input 

from the summing junction is not independent of switch setting. In this case, 

the bias current cannot be effectively compensated for and must be accounted 

for in the error. The worst case is when only one input is active: consider 

the effect of bias current using the Amelco 810CJ dual amplifier, an inexpen¬ 

sive operational amplifier. This amplifier has a maximum input bias current of 

1 flA resulting in an error voltage of 100 mV which is significant. To reduce 

the error to 1 mV would require an amplifier with a 10 nA input bias current. 

This amplifier is much more expensive than has been previously considered. 

The input current requirements for the amplifier are the most critical 
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parameters for the present application. 

Section 5 presents a design for the analog module,, 

4. THE DIGITAL SUBSYSTEM 

4.1. System Functions 

Although the analog portion of the system computes the actual solution, 

the digital computer is in control of the simulation. The functions of the digi¬ 

tal computer are: 

1. Simulation control 

2. Display processing 

3. Analysis of the solution results. 

The simulation control functions can be delineated as: 

lo Control of system topology. This is the act of determining the inter¬ 

connections of integrators and inverters to simulate the problem. 

2. Control of scaling and scaling changes. The computer needs to scale 

the problem initially, and to rescale it when necessary to result in the desired 

solution to the highest possible accuracy. 

3. Generation of the mesh. In the examples of Section 2 a constant mesh 

was assumed. This is neither necessary nor generally desirable. The mesh should 

be smaller where the discretized variables are changing rapidly and larger where 

changes are small. This information is known only after the simulation has been 



46 

performed. This means that the computer should solve the problem many times, 

changing the simulation always to produce a more accurate solution. 

4. Generation of nonlinear functions. The concept of this machine lends 

itself easily to nonlinear function generation. Each pot can act as a multiplier 

with one digital input and one analog input. 

5. System control. This is the determination of and control of the necess¬ 

ary iterations and run times of the solutions. 

Display processing is the transfonnation of the raw data: integrator out- 

/puts and time intervals:, into a presentation which is easily interpreted by the 

programmer. The display may consist of a contour map of the entire solution, 

the time response of selected variables, or functions of several variables. Some 

display algorithms may be conveniently implemented with special hardwire. 

The use of a digital computer for such functions is advantageous because of 

the display processing flexibility of this system. 

Analysis of the solution results includes a wide variety of techniques which 

may be used to help interpret the data after the solution has been found. Such 

techniques might compute some performance index of the system or might deter¬ 

mine the sensitivity of the solution to perturbations in selected variables. 

The digital processing can be divided into three areas in time: 

1. Presimulation processing is the setting up of the topology, computing 

the scaling scheme, and the setting up of any necessary nonlinear function ta¬ 

bles. This latter is necessary because during the actual processing the com- 
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puter may not have time to actually compute the necessary functions, 

2. The simulation processing involves control of the Rep-Op system, 

control of scaling changes, and generation of nonlinear functions, if any. Dur¬ 

ing this simulation, the mesh and the scaling may be adjusted to obtain the 

highest possible accuracy. 

Display processing may be a part of the simulation processing, or may be 

a post simulation function using data gathered during simulation. This will 

depend upon the digital computer available during the simulation phase and 

.also upon the character of the display processing. 

3. The post simulation processing may receive operator inputs and loop 

through the entire processing cycle, or may perform analysis algorithms. 

4.2. Arithmetic capability 

The accuracy goal for the pot is 1% or 1 mV, whichever is greater. This • 

implies that the digital computer should have an amplitude resolution of 1 mV. 

With a full scale of +_ 10 V, there are 20,000 levels. This requires a 15 bit 

A/D converter (including sign) giving a minimum resolution of 0.61 mV. If 

desired, this could be scaled up to 1 mV for a full scale of + 16.333 V. (+16.383, 

-16.384 with 2's complement arithmetic). If the accuracy requirement can be 

relaxed slightly, a 14 bit converter can be used, giving a minimum resolution 

of 1,22 mV0 This is probably the best solution since the most accurate work 

will be for large voltage amplitudes in the analog components and also in the 
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digital area. 

Since a 14 bit amplitude will be generated, the word length of the digital 

computer should be 14 bits or greater. A 16 bit machine has the required 

accuracy. The 16 bit word market is one of the most competitive in the com¬ 

puter industry resulting in a wide variety of computers with a wide range of 

prices. 

Nonlinear functions 

The number of nonlinear functions which can be generated is dependent 
♦ 0 

upon the processing speed of the digital computer compared with the processing 

speed of the analog computer. Consider the time required for a signal to 

change by 1 % of its value. Let the signal be described as 

S = A sin wt 

Find the lower bound on the time for this signal to change by 1%. 

dS 
“ = w A cos wt 
dt 

dS I 
= w A volt/second 

dt Imax 

Then the time to change .01 A is : dt = ft— = —1 sec. 
w A lOOw 

The effect which this number can have on nonlinear function generation 
* 

can be determined by considering the number of nonlinear functions generated 

simultaneously. Let this be N. To maintain the 1% accuracy, the function 

must be generated at a maximum rate of once every dt. (This actually depends 
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upon the slope of the function. Assume a slope of 1. ‘If there are N functions, 

1 
each function must be generated in a time Zlt/N or t 

gen 
lOONw 

In an 800 integrator system the total number of pots is on the order of 5000. 

Thus the lower bound on the time for function generation would be 

2 
*gen (l seconds. 

w 
assuming each pot v/as used for a nonlinear function. If the highest frequency 

were w = 1 (f = 0.16 Hz), t =2 u. seconds , which is unreasonable 
gen ^ 

for the present generation of computers. 

A more realistic bound is one which describes the generation of only one 

nonlinear function for the problem, involving one pot for each integrator. Then 

12.5 
H seconds. 

gen w 

If w= I, t ^ = 12.5 /^seconds which is still a very short time for the digital 

computer. 

Consider the time which is required for a digital computer to generate a 

nonlinear function. Consider as a function the relation 

P = F(x, y) V where P is the set of pots 

F is the function 

V is the variable. 

For each pot this becomes pe = f (xj, yj) v^ . 

Two ways to implement this are shown below. 

Method 1. (Figure 21) This is an indexing technique v/hich maximizes speed 

at the expense of storage. All of the computation is performed before the simu- 



a) Flowchart 

ENTR DAC ** Entry point 
LAA VAR, 1 Load A with ith member of the variable array. 
AMA VENT, 1 Add the starting location of the ith function array. 
STA IND Store in temporary location. 
LAA* IND Load A indirectly from IND. 
STA OUT,! Store in ith member of output array. 
IXS 1 Increment index and skip if greater than or equal to zero 
BRU* ENTR RETURN. 
LIX Resit index. 
DATA STRT 
BRU* ENTR 

b) SEL 81 OB routine • 
Figure 21. Nonlinear function generation, Method 1. 
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lotion. A pg value Is stored for every possible value of v^ and is obtained 

by Indexing upon the value v^ . The routine of Figure 21b implements this. 

The routine is written for the SEL 810B, a fast 16 bit computer. It is assumed 

that the I/O is handled elsewhere. 

This routine requires 11.2// seconds on the SEL 810B. An equivalent rou¬ 

tine on an HP 2116B requires 52.4 //seconds. The technique has one disad¬ 

vantage which makes it unuseable. If a location is required for every possible 

value of Y^g 20,000 locations are required for each variable. If the range of 

the variable can be compressed, or if the character of the function permits 
i ♦ / 

simple testing and hence a reduction of the table length, this technique may 

be useful, but in general the storage requirements are excessive. 

Method 2<> (Figure 22) This method stores the value f(x.,y ) for every x. 
1 i 

and yj. during the problem execution the program indexes to find the proper 

value and then multiplies by the just measured V|<e to find the proper pc« 

This routine requires 12.75 // seconds on the SEL 810B, and 53.6 // seconds 

(182.8 //seconds without extended arithmetic unit) on the HP 2116B. Neither 

of these routines takes care of scaling problems, executive decisions, or I/O. 

They are presented to give some idea of the time re quired for the minimum func¬ 

tion generation. 

The time required to implement a nonlinear function will depend upon the 

digital computer used, but should not be less than 20 // seconds for the fastest 

machines. 

Recall the relation for the time to generate a nonlinear function as 
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a) Flowchart 

ENTR DAC ** Entry point 
LBA VAR, 1 Load B with the variable 
MPY F,1 Multiply by the function 
STA OUT, 1 Store in output array 
IXS 1 Increment index and skip 
BRU* ENTR Not end of loop. RETURN. 
L1X * 
DAC 
BRU* 

STRT 
ENTR 

Load index register with initial value 

b) SEL 810B routine 

Figure 22. Nonlinear function generation, Method 2. 
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1 . 
*gen ° 
a lOOwN 

1 
Then N = 

2 msec. 

The number of functions generated is thus inversely proportional to the 

bandwidth of the generation with the proportionality factor shown. For gen¬ 

erating 800 functions, the bandwidth becomes 0.1 Hza (w = 0.625). This is 

the widest possible bandwidth and does not allow for functions other than non¬ 

linear function generation,, The final bandwidth also depends upon the type 

of processing desired and the type of digital computer available. 
r * / 

The required aperture time for the b/D converter is 1.6 m seconds to 

maintain the 1% accuracy. The conversion rate for the converter must be 50kHz. 

No sample/hold amplifier is necessary since the conversion time is very small. 

This high speed converter with high accuracy is commercially available. 

(Raytheon Multiverter) 

4.3. I/O requirements 

Present day digital computers have two types of I/O capabilities which 

are fundamentally different: 

1. Word transfer. One word is transferred upon the execution of a com- 

puter instruction. The transfer is under program control. 

2. Block transfer. A block of data is transferred independently of the 

program. The program initiates the transfer but does not participate 

in the transfer itself. 
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Block transfer (DMA, DSA, buffered data, BTC,'depending upon manufact¬ 

urer) utilizes special hardware (a special processor separate from the central 

processing unit) to transfer data as fast as the external equipment requests a 

tansfer,, It is inherently more powerful than word transfer since the program 

can be doing other work while a data area is being filled or unloaded. 

Block transfer controllers control the transfer of data in the block mode0 

These units may contain their own registers for storing the present address and 

the end of block condition or they may utilize memory locations for this. The 

former type is preferrable since one word can be transferred by stealing only 

r ♦ ' 

one memory cycle versus four cycles for the other method. This feature may 

become important in a process like the present one in which speed limit of the 

CPU is pushed. If burst sampling were to be used, a much higher frequency 

could be attained by the first method. In addition, the block transfer con¬ 

troller has priority over the CPU in obtaining memory cycles which means that 

under high demand rates, the CPU can be "locked out" of memory. 

Another necessary feature for real-time computing is a priority interrupt 

structure which automatically forces the CPU(central processing unit) into 

different processing modes, depending upon external requirements. 

A way in which these features can be used for the present problem is shown 

in Figure 23. 

In this scheme, the end of conversion strobe on the A/D converter acts as 

a transfer request and also as an interrupt. The CPU uses the transferred data 

sample immediately in an interrupt processor, and, as in the examples, stores 
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the computed value in an output array where it is transferred to the analog system 

by a block transfer controller. This controller is commanded by a delayed ver¬ 

sion of the end of conversion pulse. The CPU must be finished with the process¬ 

ing before the next data sample arrives. This technique minimizes the time 

required for the CPU to process the data. Display processing is not shown. It 

may involve a third block transfer controller transferring data to some display 

device. System timing for proper operation of this technique is very critical. 

4.4. Digital subsystem conclusions 

The speed of the digital computer presents a severe limitation upon the 

bandwidth of a large system when nonlinear function generation is required. 

Before the system bandwidth can be fully defined/ the particular concept 

of the digital processing must be investigated and timed on the digital computer 

to be used. This bcndwidth will depend on: 

1. The number of nonlinear functions which must be generated. 

2. The time required for inputs to the functions to change by the amount 

specified by the system accuracy requirement. 

3. The type of display processing required. 

4. The type of scaling control and system monitoring functions required. 

5. The time required for system housekeeping such as I/O handling and 

time sensing. 

The time required from the CPU for I/O can be reduced by using more block 

transfer. The efficiency of the CPU can generally be increased by using more 
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memory. The time required for display processing can be reduced by storing •• 

all of the system data for a computer run on a high speed storage device such 

as a disc. This would probably have to be done in any case for post simulation 

processing. 

5. CONCLUSIONS • 

5.1. Module design 

This section will present a design for the basic module of Figure 1 (section 

'2). 

5.1.1. Pulse width generator 

This generator uses the same basic technique investigated in Section 3. 

The design is shown in Figure 24. The outputs of the Exclusive OR gates are 

combined to produce the SET puise. The POT SETTING = 0 condition is also 

combined at this point. The CARRY OUT signcl from the counter is differenti¬ 

ated to produce the RESET pulse. 

One counter is used to drive several pots. The counter/buffer combination 

shown can drive 12 pots. The REGISTER RESET is used to set the pot setting 

to zero. This would probably be connected to a bus for MASTER RESET which 

could be activated by a special command in the digital computer and by the 

computer MASTER CLEAR. 

The following components were used in the generator: 
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Pot Section: 

Data Register: Motorola MC790P Dual J-K Flip- 

Flop ( 3 required) 

Exclusive OR: Motorola MC771P Quad Exclusive 

OR gate (1 1/2 required) 

Inverter: Motorola MC89P Hex Inverter (2 

required) 

Gates: Motorola MC792 Triple 3 Input Gate 

/ .♦ / 

(2/3 required) 

Motorola MC786P Dual 4 Input Ex¬ 

pander (1 required) 

Output Flip-Flop: Motorola MC790P Dual J-K Flip- 

Flop (1/2 required) 

Total number of packages for pot section: 8 2/3 (14 pin DIP). 

Counter Section: 

Counter: Motorola MC790P Dual J-K Flip- 

Flop (3 required) 

Flip-Flop: Motorola MC779P Multifunction Array 

(1 J-K Flip-Flop, 1 Expander, 2 buf- 

fers) (1 required) 

Buffer: Motorola MC799P Dual Buffer ( 3 

required) 

Total number of packages for counter section: 7. 
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5.1.2. The Analog module 

The design presented below assumes that nonlinear functions are required 

and the results of Section 4 are used. 

Several requirements for the analog module can be determined: 

lo The integrator can have a maximum of seven inputs at any time. 

. 2, The amplifier must be able to drive 6 output loads and an inverting 

amplifier. 

3. The highest permissible frequency is 0.1 Hz (Section 4). 

The highest permissible frequency calculated gave only minimum time for 

the digital processing. To have a more reasonable system, let the maximum 

frequency be 0.05 Hz. The highest permissible frequency was computed by 

considering the maximum slew rate of the signal. This slew rate is present when¬ 

ever all inputs to the integrator have maximum value. Let T be the time cons¬ 

tant of the integrator. Let the output voltage range be (-V,V). The maximum 

7V 
slew rate, Smax, is Sm<Jx = — . 

The digital computer can maintain 1% accuracy with a slew rate of Aw which 

is maximum when A = V. 

7V 
max j 

7_ 7 

= Vw 

T = w 
(0.05) 2 0.314 

= 22.3 seconds 

Let the time constant of the integrator be 20 seconds. 
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5.1.2.1. Design A 

A simple straightforward analog circuit is shown in Figure 25. The input 

terminals correspond to the terminals of Figure 1. Two pots are connected for 

the initial condition (1C), one for each polarity. These pots can also be used 

for function inputs in the OPERATE (OP) mode. 

. Several sets of pots are not used simultaneously: B/K and C/L, and 

F/O, Z/Z and -Z/ 0 Only one pulse width generator need be used for each 

of these pairs. 

5.1.2.2. Comments on this approach to the design 

The design has several serious disadvantages: 

The integrating capacitor was selected to be 2 ^F which is the largest value 

which is readily available at moderate size. This dictated that the input resis¬ 

tor be 10 megohms. This high resistance causes error problems because of the 

amplifier input current. The effect of this bias current can be minimized if R 

is made equal to the parallel combination of the dc input impedance and the 

dc feedback resistance. For the switched circuit, the resistance at the sum¬ 

ming junction looking toward the input is not independent of the switch 

position.' Thus it is impossible to choose a proper Rc. The solution here was 

to shunt Rp to ground as shown. This reduces the input impedance of the ampli¬ 

fier and hence its inherent accuracy, but improves the overall accuracy of this 

circuit. The source impedance is now relatively insensitive to changes in 

switch position. The gain of the amplifier is sufficient to keep the accuracy 
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10 Mi? 10 Mi? 

Figure 25a Integrator—Design A 
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within the 1 mW/\% criteria. 

An initial offset must be nulled. This offset is due to two sources. (Assume 

the Amelco 810CJ amplifier is used). 

1. input offset voltage: This is 10 mV maximum,, 

2. input offset current: This is 350 nA maximum. The resulting error 

voltage is (350 nA x 200 k ohms) or 70 mV. 

The maximum initial offset voltage is 80 mVolts. 

There are several sources of amplifier drift: Assume that the maximum 

o 
/temperature change is-10 C. This is probably a reasonable estimate assuming 

a laboratory environment with ample warm-up time. 

1. input offset voltage drift: 0.05 mW/° C. or 0.5 mV. 

2. input offset current drift: 3 nA/*C. maximum or 6 mV. 

3. input noise: 1 nA (assume max) or .2 mV. 

The total expected drift is 7 mV. This does not include drift with time which ' 

is not specified for this amplifier and does not include power supply induced 

drift. The total drift is integrated over time to produce an error at the out¬ 

put of the amplifier. With a 20 second time constant, a maximum of 7 mV error 

is introduced every 20 seconds. Consider the maximum run time to be 100 time 

constants. The maximum expected error due to amplifier drift is 700 mV. As¬ 

sume an average error is 0.1 of this value. The 70 mV error implies that the 

variable must be at least 7 Volts in magnitude if the uncertainty is to be less 

than 1%. 
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This error also does not include the error due to the leakage current of the 

FET switches. If a multichannel switch such as the Philco PL4510C 10 channel 

switch is used, appreciable errors occur. The maximum leakage of the source 

terminal is 35 nA. Assume that the switches are turned off for 50% of the time0 

The maximum en*or voltage is (35 nA x 0,5 x 10^ ohms) or 175 mV. To reduce 

the FET leakage to 1 mV, the leakage of each switch must be reduced from an 

average 3,5 nA to 20 pA0 This performance can be obtained from FET’s such 

as the Motorola 2N4352 ($3,50 in quantities of 100 to 999). 

•' ‘ IF the Analog Devices 118 A Operational Amplifier ($10.50 in quantities 

10-24) is substituted for the Amelco 810CJ, the total drift (using 2N4352) is 

less than 1 mV for 10 C. temperature change after initial offset nulling. 

The deficiencies of this design are summarized below: 

1. It is very expensive. 

2. It is very susceptible to noise due to the very large impedances, 

3. It just achieves the required performance and is hence susceptible to 

parameter variations. 

The 10 megohms resistors could be replaced with a resistive T network using 

much lower resistances but this step does not eliminate any of the problems of 

the circuit. ' 

5,1.2,3. Design B 

Since Design A is very marginal, an alternate approach is presented. This 
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design Is motivated by the fact that operational amplifiers are very inexpensive. 

The circuit Is shown in Figures 26 and 27. 

The pulse generator drives the circuit of Figure 26. The FET's have no 

particular requirements and can be selected primarily for cost. In the ON po¬ 

sition, R of the series FET is reduced by the amplifier feedback. The circuit 

acts as an almost perfect switch which has an attenuation of 10. The output 

impedance is very small,. When the switch is turned off, the d.c. source im¬ 

pedance is approximately 10 k but the signal impedance is very high. Leakage 

, qurrent in the series FET is shunted by the 10 k ohm resistor. 

The initial input offset voltage is 45 mV maximum (10 mV + 350 nA x 100 k 

ohms) which is 4.5 mV at the output of the amplifier. 

The maximum drift is approximately 0o35 mV with 10°C. temperature 

variation. 

When the switch is in the OFF position, the input is not compensated for • 

the bias current. The maximum input error expected is 100 mV which is at¬ 

tenuated by a factor of at least 100 (assuming maximum R of FET is 1000 

ohms ). Thus the maximum error at the amplifier output is 1 mVolt. The high 

OFF impedance of the series FET prevents this error from reaching the integrator. 

In Figure 27, the 1C and OP modes are not mixed (i.e., different pots 

are used for IC's and function inputs). The input impedance is independent of 

integrator mode. 

The maximum initial input offset voltage is 42 mV. The maximum input 
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10 kQ 

a) Circuit diagram 

-o 
b) Symbol 

Figure 26. Analog module. Design B pot circuit. 
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Figure 27. Analog module, Design B integrator. 
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0 

voltage error with 10 C. temperature change is 3 mVi Typically the error is' 

less than 1/3 of this or ImV. 

Since the signal currents are still very small, the same high quality FET 

must be used for the series FET's in the mode control switches. However, only 

3 of these units are required. The shunt units can be inexpensive variety used 

in Figure 26. 

If lower impedances are desired, the 1 megohm resistors may be replaced 

by a T network which will reduce drift due to offset current drift. The present 

design uses a minimum of components and seems to offer reasonable performance. 
r ♦ t 

The effect of R of the FET's is minimized due to the high resistance values 
on 

used. 

In Figures 26 and 27, pots are shown for initial offset nulling. It may be 

advisable to replace this arrangement with 2 resistors, one selectable to form 

the two arms of the pot. 

The resistor Rg of Figure 27 should have a value of approximately 1000 M 

ohms. It should be replaced with a resistor T giving the same equivalent resis¬ 

tance. 

This design does not make any allowances for the error criticism results 

of Section 2. This should be done by adjusting the time scale for the digital 

computer. The gain of the input system should be scaled up by a factor of 1/64. 

To achieve this, the oscillator which the digital computer uses as a time refer¬ 

ence should be scaled down in frequency by a factor of 1/64. This will produce 

the set of pot values desired. 
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The Inverter 

Since the pot used in Design B results in an extra signal inversion, the 

outputs of the integrator and the inverter of Figure 1 are reversed. The in¬ 

verter circuit is shown in Figure 28. It has high enough impedance so that 

drift errors are acceptable,, 

5.1.3. Interface components 

Several types of interface components are necessary for the system. This 

section will deal with pot components and mode control components. Analog- 

to-digital multiplexers and converters, and display processing components have 

been mentioned in Section 4, but will not be investigated in detail in this 

paper. 

5.1.3.1. FET interface 

The pot interface translates the state of the pulse generator output to FET 

switch voltages. The mode control interface translates the mode control infor¬ 

mation into the FET switch voltages as shown in Figure 29. The interface con¬ 

sists of an integrated circuit which converts the MRTL logic levels to 0 V and 

15 V logic levels. 

The HOLD mode is obtained by setting all pot values to zero. This can 

be easily implemented in the pulse width generator of Figure 24 by using the 

REGISTER RESET input. 
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20 k 

Figure 28. Analog module, Inverter circuit 
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Figure 29. FET interface, Design B. 
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5.1.3.2. Pulse width clock frequency 

The maximum slewing rate for the output of the integrator occurs when all 

seven possible inputs are at full scale. 

s = lOVxTjnguts. = 3_5v/sec> 

maX 20 seconds 

The time for the signal to change by 1 mV is 0.3 milliseconds which corresponds 

to a frequency of 3.5 k Hz. The clock frequency should be 2^ times this fre¬ 

quency or 224 k Hz. Let the clock frequency be 250 k Hz. 

What effect will the chopping spike have upon the system accuracy? The 
♦ ' * 

error due to this source decreases linearly with respect to clock frequency. 

With a 4 MHz clock, 1% accuracy can be maintained down to 1 Volt output. 

With a clock frequency of 250 k Hz, the error can be expected to be reduced 

by a factor of 16. Thus 1% error performance can be maintained with pot out¬ 

put as small as 60 mV which corresponds to an error voltage of less than 1 mV. 

If the spiking error is too large, a 0.001 ,uF capacitor at the summing junction 

of the amplifier in Figure 27 should reduce the error to reasonable levels. 

3.2, Feasibility 

The feasibility of such a machine as the one in this paper depends to a 

large extent upon the cost of the unit and its flexibility. 

5.2.1. Cost 

The analog portion of the system consists of four types of circuits, Esti - 
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mated costs of these circuits are shown below for Design B. Costs are estimated 

for large quantities. 

1 o Integrator 1 amplifier $ 1.50 

3 FET’s @ $3.50 11.50 

3 FET's @ $0.25 .75 

1 capacitor 2.00 

$ 19.75 

^ 20.00 

2. Pot amplifier 1 amplifier $ 1.50 

2 FET's @ $0.25 .50 

6 resistors @ $0.20 1.20 

$ 3 .20 

= 3.00 

3. Inverter 1 amplifier $ 1.50 

6 resistors @ $0.20 1.20 

$ 2.70 

= 3.00 

4. Pulse width generator 9 cans @ $1.20/can $ 11.00 

For an 800 integrator system, the following quantities of units are required: 

800 integrators @ $20. $16000. 

8800 pot amplifiers @ $3 . 26400. 

• 800 inverters @ $3. 2400. 
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5600 pulse width generators @$11. ‘ $61600. 

$106400. 

This estimate does not include miscellaneous components, printed circuit cards, 

card files or racks. These items can be expected to cost approximately $50,000. 

The digital computer to be used for this system should have at least a 16 

bit word. The cost of this computer will not be less than $50,000-$60,000. 

A general list of components is shown below: 

1 central processor 

1 extended arithmetic unit and index register 

16 k memory 

approximately 10 priority interrupts 

memory access controller 

3 block transfer controllers 

I/O channels 

ASR-35 te ^typewriter 

The total cost of materials for the system is approximately $200,000. 

5.2.2* Flexibility 

The system, with proper software should be capable of solving a wide range 

of partial differential equations v/ithin its accuracy capability. The digital 

computer by itself has considerable capability and can be used for many scien¬ 

tific problems, especially real-time oriented processing tasks such as experiment 
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control o 

The system is unfortunately hampered by a lack of I/O capability. The 

price for the digital computer does not include peripherals such as high speed 

paper tape readers/punches, card readers/punches, line printers, magnetic 

tape units and disc units which are very expensive and which increase the cost 

of the system considerably. A convenient and useful system contains a card 

reader, line printer, and two magnetic tape units. The cost of these peri¬ 

pherals is not less than $75,000. 

The cost of the entire system would be approximately $300,000 for mater¬ 

ials. The digital portion of the system would be useful for almost any task and 

could be used in conjunction with many special hardware items other than the 

partial differential equation unit. 

5.3. Results of the study 

This study has investigated a specialized analog computer for the solution 

of a class of partial differential equations and has determined that such a pro¬ 

cessor can be built„ The desired topology was derived and some of the basic 

design functions were performed. 

The design used very inexpensive integrated circuit operational.amplifiers 

for the integrators and inverters. Digitally set potentiometers were designed 

using a pulse width modulation technique. If the pots are required to act as 

multipliers in addition to constant coefficient pots, there are speed limitations 
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on the simulation due to the interaction of the digital and analog subsystems. 

These speed limitations were analyzed. 

The cost of the system was also estimated. The high cost raised significant 

doubt as to the feasibility of the system. 

5.4. Future work 

Although the system is extremely expensive the concept is still ver inter¬ 

esting. This processor brings the operator into the processing loop, a feature 

z common to most analog computers. The operator can see the solution as it is 

being computed, can vary parameters, and can see how these changes affect 

the solution. 

Several areas need further investigation: 

1. The effect of system noise. The system will definitely have some noise 

problems which have not been considered in this paper. 

2* Software. Detailed investigation should be made of algorithms for 

performing the system control functions and their timing. This will 

have an effect upon the overall feasibility of the system: the area of 

software for such a system has almost limitless possibilities. Some have 

been mentioned, throughout this paper but essentially nothing has been 

done in this area. 

3. Display processing. This area is one of the most interesting. Tradi¬ 

tional analog computer display techniques are not sufficient for the 
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display of PDE solutions. To illustrate this, the diffusion equation 

was simulated on the EAI 680 computer at Rice University. 

Initially the variable value at one boundary was one unit and the value 

of the variables at all other points in the space was zero. The goal was to 

determine the time response of the variable at all points in the space. 

The equation was 

iX'. 100 JJL. 
9 x2 <9 t 

where 2(0, t) = 1 

Z(l,t) = 0 . 

1 , x = 0 
Z(x, 0) = f(x) = 

0 / x/0 

The simulation used 9 sections. 

The time response of the points in the space was plotted on an XY plotter 

and is shown in Figure 30. 

The node time responses are not very effective presentations of the results. 

A 3x3 section simulation of the two-dimensional diffusion was attempted. 

However, using the plotter, not easily interpreted output could be produced. 

This is one of the basic problems in the design of a partial differential equa¬ 

tion solver. For truly effective use of the analog computer, an effective dis¬ 

play technique must be developed for easy interpretation of the results. 
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