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ABSTRACT 

A COMPARATIVE STUDY OF SOME RECURSIVE 

DIGITAL FILTER DESIGN TECHNIQUES 

by 

Ralph E. Warmack 

This study explores four techniques for 

simulating analog filters by recursive digital filters. 

A uniform basis for comparing these methods is pro¬ 

vided by requiring each digital filter to maintain 

the D.C. gain and order of the given analog filter. 

Three of these techniques are modified versions 

of existing methods found in the literature. The fourth 

is a proposed compensation scheme for the bilinear 

transformation which preserves the finite critical 

frequency locations of the original analog filter. For 

band-limited filters and for sampling Intorvals^app'rosehing 

zero, it is demonstrated that the D.C. gain requirement 

with the standard Z-transformation of the analog filter 

transfer function results in the so-called impulse- 

invariant method. The nature of the mappings induced 

by the bilinear transformation is investigated and some 

contours generated by this mapping are given. 

While under the most general conditions, none 

of these methods minimizes the mean**squared error at the 

sampling instants, it is shown that the frequency 

responses of these digital filters (in the Nyquist interval) 



and their unit-step responses are often acceptable 

approximations to those of the given analog filter 

and warrant their use as simulators. 

Some numerical examples are given which illustrate 

implementation of these filters. Roundoff accumulation 

errors are encountered and bounds which show the effect 

of filter order and sampling rate are discussed. 
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I. INTRODUCTION 

A problem of particular interest to the hybrid 

systems designer is the determination of an appro¬ 

priate algorithm which digitally simulates a given 

analog filter. This algorithm, which operates on a 

sequence of numbers to yield another sequence of 

numbers, is referred to as a digital (or discrete) 

filter, and is generally characterized by a difference 

equation. The attention of this thesis will be 

restricted to the simulation of lumped-parameter, low- 

pass type analog filters by recursive digital filters. 

It will be shown in a subsequent section that recursive 

digital filters employ a feedback mechanism. 
* 

Greaves and Cadzow have shown that if the 

spectrum of the input signal to an analog filter is 

rational and if the error is defined to be the difference 

between the analog and digital filter outputs (at the 

sampling instants), then digital simulation which 

results in the minimum mean-square error (MSE) is 

possible only if the transfer function of the given 

analog filter and the second-order ^statistics of its 

input signal are known. They have properly noted the 

tendency among engineers to indiscriminately use the 

Z-transform of the analog filter as the corresponding 

digital filter. Related to this is the frequent; albeit 

erroneous^ application of various substitution methods. 

These digital filters are dependent solely upon the 

analog transfer function and are not, in general, 
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optimal in the least mean-square error sense. It will 

be shown in this paper that they are often acceptable 

approximations so as to permit their widespread use 

as simulators. 

Digital filters are classified as approximating 

either the convolution integral or the differential 

(state) equation of an analog filter. This study 

explores the so-called impulse-invariant method and 

three rational substitution methods. Another work is 

cited which shows that the impulse-invariant method is 

the first-order approximation to the convolution integral. 

It will be shown that substitution methods lie in the 

category of approximations to the state equation. 

A practical way to minimize the total number of 

calculations required in realizing the recursion equation 

of a digital filter is to make the filter order (and 

the numerator polynomial degree) as small as possible. 

But the number of natural modes of response of an analog 

filter is determined by the order of that system. Sim¬ 

ulation of this analog system by a digital filter of lower 

degree would reduce this number of natural modes. In 

order to minimize the error in simulation, it appears 

desireable to allow the digital filter as many degrees 

of freedom in response as the original analog network. 

Thus, the techniques of this study preserve filter order. 

Furthermore, attention is restricted to the sim¬ 

ulation of low-pass analog filters and since the bilinear 

transformation (with linear interpolation compensation) 

has the same D.C. gain as the analog filter, it is 
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apparent that a desireable criterion for comparison 

would be that each digital filter have the same zero- 

frequency characteristics.:rAlthough the methods of this 

thesis have been individually described in the liter¬ 

ature, their commonness is enhanced by requiring this 

D.C. gain invariance. In certain situations, this 

requirement on the standard Z-transformation leads to 

the impulse-invariant method. 

An analysis of the mapping induced by the bilinear 

transformation is given and some contours generated 

by this mapping are given. Properties of the techniques 

are discussed, which may affect the designer's choice 

of methods. The numerical examples illustrate imple¬ 

mentation and substantiate the theoretical development. 

A normalized sampling rate is defined and bounds on the 

roundoff accumulation errors are shown to be highly 

dependent upon this rate and upon the order of the 

filter. These bounds, determined in a previous article, 

may be interpreted as "error-to-signal" ratios. Numerical 

errors are encountered in the realization of the digital 

filters and these errors are compared with the bounds. 
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II. PROBLEM FORMULATION 

2.1 Definitions and Certain Fundamental Concepts 

(a) Continuous-time Signal 

This term is used to refer to real functions (not 

functionals) of the real, continuous variable, t. Actual 

signals of this type will be necessarily time-limited, 

but consideration of theoretically band-limited signals 

will not be precluded. 

(b) Discrete-time Sional 

Discrete-time signals are sequences of numbers, usually 

thought of as being obtained from continuous-time signals 

by/sampling. The index for these sequences is a linear 

function of the continuous time variable if the sampling 

process is to form inner products of the continuous-time 

signal and time-shifted impulse (delta) functionals. But 

the index need not be linearly dependent upon "t". 

Steiglitz^ employed functions of the Laguerre poly¬ 

nomials as the orthonormal expansion upon which the 

sampling process and discrete-time signals were defined. 

He proved that with this expansion, digital and analog 

signal processing are equivalent since an isomorphism 

exists between the continuous- and discrete-time signal 

spaces. However, it is assumed in the following develop¬ 

ment that expansion of continuous-time signals is via 

time-shifted delta functionals (an orthonormal expansion) 

and that discrete-time signals are generated by uniform 

sampling using this basis set. With this assumption and 

for realizable analog filters and input signals, none of 
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the transformations considered in this paper has the 

isomorphic properties necessary for equivalence of 

analog and digital signal processing. 

(c) Laplace transform pair 

The unilateral transform and its inverse for causal, 

continuous-time signals are: 

F(s) = J f(t) e-st dt 
0 o+j« {2*1) 

f(t) = 1/2TTJ J F(s) est ds 
- o- j» 

T . 
This transform pair will exist provided lim / g(t) e“ot' dt 

T*«> 0 

is finite; where g(t) is the absolute value of f(t) and 

o is the "convergence factor". 

(d) Z-transform pair 

The Z-transform and its inverse for causal (i.e. 

fn ~ 0 for n strictly less than zero), discrete-time 
signals are defined by: 

T(z) = E fn r*
n 

n=0 (2.2) 
fn 

s V2nj $>F(z) zn"1 dz 
o 

F(z) will exist provided the magnitude.ofvthevvalue, df) 

of z is strictly greater than max lim (absolute value of 

J/n 
fn> ; where a is a circular contour, centered at the 

origin, such that o lies entirely within the region 

of convergence of F(z). 

In the sequel, all signals (continuous- and discrete¬ 

time) are assumed to be transformable. Two important 

properties*^ of the Z-transformation are stated in 

the following theorems. 



6 

THEOREM #1 

If fn and gn are two discrete-tima signals, whose 

Z-transforms are F(z) and G(z) respectively, then 

fn = 9n » n = 0,1,2,... , if and only if F(z) = G(z). 

PROOF 

Suppose fn = 9n » n = 0,1,2,... . Then F(z) = 

OO CO 

E fn z“n = E gn z~n = G(z). 
n=0 n=0 

OO 

Now, suppose that F(z) = G(z). Then Z fn z"n = 
n=0 

OO 
E < 3n z" n. Or, Z (fn “ 9n) z“n = 

00 
1 _Bn z* 

•n s 0. ► 
n=0 n=0 n = :0 

But upon inversion , ek = 1/2TTj fi 
oo 

(2 <*„ **") 2k‘ •1 j dz 
a n= =0 

for k = 0,1,2,... . Therefore, en = 0 for all n and 

f_ = gn for all n. 
Q.E.D. 

THEOREM #2 

If fn is a causal discrete-time signal whose Z-transform 

is F(z) then the Z-transformation of the signal fn_£ is 

z-ifCz), for all i. 

PROOF 
oo oo , 

F(z) = Z fn z“n. Therefore: z-iF(z) = Z fn 2“(n+i)^ 
n=0 n=0 

OO 

Let m = n + i. Then z”*F(z) = Z fm-i z”m = 
m=i 

1 n
fm-i1 2’m ~ § n

fm-i z"m* But f A = 0 for m less m=u m=u 1,1 x 
00 

than i. Therefore z”*F(z) = 2 fm-i z“m
# 

m=0 

Hence, by the uniqueness of the Z-transformation proven 

in Theorem #1: the Z-transformation of the signal 

fn-i is z“*F(z), for all i. 
Q.E.D. 
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(e) Filter transfer function 

For analog filters, the transfer function is the 

Laplace transform of the impulse response and the 

frequency response is equal to this function evaluated 

along the imaginary axis in the complex s-plane. 

Similarly, the transfer function of a digital filter 

is the Z-transform of its weighting sequence (digital 

impulse response) and the frequency response is equal 

to this function evaluated along the unit circle in 

the complex z-plane. 

The subject of this study is linear, causal, and 

time-invariant filters which have transfer functions 

of the form: 

H(s) = 

k 
2 a<s* 
i=0 i—r 
2 bis 
i=0 

for analog filters; and 

(2.3) 

m 
2 aj z"1 

D(z) ■ 1=0 (2.4) 
n < 
2 Pi z-1 
i=0 

for digital filters. It is assumed that k, j, m, 

and n are finite constants. 

Analog filters under consideration are not alli- 

pass; i.e. j is greater than k. The design techniques 

determine the digital filter coefficients, a£ and Pi, 

from the analog filter coefficients, ai and bi, while 

preserving the order of the filter; i.e. n = 5j. 



8 

The digital filter is called non-recursive if and 

only if Pi = 0 for all i = 1,2,3,... . Clearly, non¬ 

recursive filters have finite digital impulse responses 

and the present output is independent of previous values 

of the output sequence. Only recursive filters (i.e. 

(3^ 0 for some i greater than zero) are treated in 

this paper. 

An analog filter, H(s), is called band-limited 

if and only if: 

( G(jw) magnitude of "w" less than or 
H(jiu) = ( equal to some wc (2.5) 

( 0 otherwise 

where "magnitude" means the "absolute value of", s = 

a + jw, and wc is a constant. Generally, wc is the 

"half-power" frequency such that for low-pass filters 

the magnitude of H(jw) at wc is down -3db from its 

D.C. value. The interval between w = 0 and w = wc is 

the passband. 

Similarly, a continuous-time signal is defined 

to be band-limited if its spectrum vanishes outside 

of some passband. It will later be shown that the 

frequency response of digital filters, being periodic 

in nature, can never be band-limited. 

The convolution integral of the analog filter 

has, as its counterpart, a convolution summation in 

the digital filter. If xn is the input signal, such 

that x-[ = 0 for i less than zero, then the output 

sequence, yn, is given by: 

y^ dm *n-m n— 0,1,2,*.. 
m=0 

(2.6) 
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where dm is the digital filter impulse response. 

Applying the Z-transformation of (2.2) to (2.5) 

yields: 

Z(yn) = Z(xn) Z(dn) (
2-7) 

or simply: 

Y(z) = X (z) D(z) (2.8) 

2.2 Continuous-time Systems with Impulse-modulated Inputs 

Although the history of digital processing of 

number sequences can be traced to the early 1600's^, 

the more recent work of sampled-data control theorists 

may be considered the foundation upon which the area 

of hybrid system analysis and design has developed. 

However, the viewpoints of the control system engineer 

and the network (filter) engineer are not the same. 

The purpose of this, and the subsequent, sections is 

to delineate the differences between these two similar 

problems. 

Figure #1 illustrates the problem studied by many 

sampled-data control engineers, where: 

Sy • x(t)  > (x(t) I t = nT) a xn (2.9) 

PT : x(t)  -> xp(t) = x(t)£ <T(t-nT) (2.10) 1 n=0 

Sj : y(t)  > (y(t) | t = nT) = yn (2.11) 

and where the impulse (delta) functional is specified 

by its integral property: 

J f(x) <f(x-x0) dx = f(x0) 
M0O 

(2.12) 

f(x) is any function, continuous at x = x0. 
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CONTINUOUS-TINE SYSTEN WITH 

IMPULSE-NODULATED INPUT 

FIGURE #1 
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H(s) is an analog system and D(z) is a discrete¬ 

time system. It is assumed that the operations (Sj) 

and (Py) ars driven by the same uniform clock pulses. 

Freeman^ has investigated this configuration and states 

that "for impulse-modulated inputs, a continuous-time 

system followed by a sampler is indistinguishable from 

a discrete-time system having a weighting sequence which 

is equal to the sampled weighting function of the former. 

In other words, the discrete-time signals y(n) and y(n) 

will be equal if (and only if): 

D(z) = Z(h(t):t = nT) (2.13) 

where h(t) is the impulse response of the system whose 

Laplace transform (transfer function) is H(s). 

Henceforth, the Z-transformation of the number 

sequence obtained by sampling the impulse response of 

an analog system will be denoted by Z(H(s)) or by 

H*(z). Thus (2.13) becomes: 

D(z) = H*(z) (2.14) 

Invoking Theorem #1, the output sequences are equal 

if and only if (2.14) is satisfied. 

Furthermore, if it is assumed that any dis¬ 

continuity of h(t) at t = 0 actually occurs at t = 0”, 

then the relationship between the analog and digital 

. . 6,7 
systems is 7 : 

H*(z) E, , Residues of 
at poles 
of H(s) 

1 

H(s) 
-prrpr (2.15) 

or equivalently: 
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( °° 
H*(z) = ( ? E H(s + j2nn/T) 

( 1 n=-co 

Inspection of (2.16) reveals that the spectrum 

of the sampled analog filter is periodic in frequency. 

This phenomenon, inherent to the sampling process, is 

spectrum of Xp(t) is equal to the sum of the period¬ 

filters) this will be called aliasing. 

In the case of equation (2.14), neither the input 

signal not the analog filter spectra need to be band- 

limited since aliasing will affect both systems (analog 

and digital) equally. 

2.3 Continuous-time Systems with Continuous-time Inputs 

Simulation of a continuous-time system with a 

continuous-time input by a discrete-time system is shown 

in Figure #2. The solution is not nearly as straight¬ 

forward as the result acquired when considering 

continuous-time systems with impulse-modulated:inputs. 

While the spectrum of the analog filter is again affect¬ 

ed by the folding phenomenon, the aliasing of the input 

signal spectrum affects only the discrete-time channel and 

so (2.14) does not necessarily apply. 

There is also the possible requirement that the 

output of the discrete-time system be a continuous-time 

signal. In that event, an “inverse sampling", or 

reconstruction process, must take place. It is often 

sufficient to say that the digital system simulates 

the analog system if some performance index, which is a 

called folding. It can also be shown^*? that the 

ically repeated spectrum of x(t). For signals (not 
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CONTINUOUS-TIME SYSTEM WITH 

CONTINUOUS-TIME INPUT 

FIGURE #2 
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function of tha diffarence between the signals y(n) 

and yXn), is minimized, for selected input test functions. 

In the remainder of this thesis, this criterion will 

be used. 

2.4 Digital Simulation of Analog Filters 

Digital simulation of analog filters is concerned 

with the problem described in Section 2.3, where H(s) 

is the transfer function of a given analog filter. D(z) 

is the transfer function of the corresponding digital 

filter and it has been shown^ that for an analog filter 

with input signals whose spectra are rational, the 

digital filter resulting in minimum mean-square error (fflSE), 

where the error is the difference between y(n) and y(n), 

will have a transfer function which is dependent upon 

both H(s) and the autocorrelation of the process x(t). 

It is, however# the intention of this study to compare 

some methods for designing digital filters which have 

transfer functions which are recursive and are not 

explicitly functions of the input process. Of course, when 

the frequency response of these digital filters is 

compared with the frequency response of the original 

analog filter, the comparison will be dependent upon 

the input (sinusoids, band-limited to the Nyquist 

interval). 

The difference, or recursion, equations of these 

filters are (from (2.4)) of the form: 

m n 

Vi * j=o
aiXi-J ' 1 = (2.17) 

where x(n) is the input and y(n) is the output sequence. 
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Each element of the output is a weighted sum of the 

present input, "m" past outputs, and "n" past inputs. 

The continuous-time output of the analog filter 

in Figure #2 is related to the input by the convolution 

integral: (where x(u) = 0 for u less than zero) 

t 
y(t) = J x(t-f) h(t') dt' (2 10) 

0 

where h(t) corresponds to the function H(s). Or: 

y(t) = E a-ix^Ct) - E Piy^U) (2.19) 
i=0 i=1 

where: 

(i)(t) = d^xu)) 
dt1 

} all initial (2.20) 

( conditions are 

(l)(t) = d^vft)) 
dt* 

( assumed to be zero 
(2.21) 

The Laplace transform of (2.19) is the analog 

filter's transfer function, H(s) = Y(s)/X(s). 

Digital filter design techniques approximate 

either equation (2.18) or (2.19). When x(t) and h(t) 

(and their derivatives of all orders) are expanded 

around the sampling instants by their Taylor series 

then, upon integration, the convolution integral is 

equal to the formula attributed to Gregory®: 

nT n 
/ x(nT-t) h(t) dt = T(E x(n-k)h(k) - ^(x(n)h(O) + 
0 k=0 

x(0)h(n) - 1/12(a(n-l) - a(0)> - l/24(a(n-2)2 + (2.22) 

o(0)2) - ... ) 
where: 
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o(k)r+^ = o(k+l)r - o(k)r 

o(l<)° = x(n-k) h (k) 

If the convolution integral is approximated by only 

the sum in (2.22), i.e. rectangular integration, the 
g 

result is the so-called impulse-invariant method. Vich 

has investigated the convolution approximation problem 

for differences up to order two and has shown that it is 

possible to relate the higher-order approximations 

to the impulse-invariant method by: 

Gi(z) = G'i(z) + H£(z) (2.23) 

where G^(z) is the transform of the i^*1 difference 

equation approximation to the convolution integral and 

Hj[(z) is a well-defined function of the complex 

variable, z. 

If the filter design is approached through (2.19) 

then it is a difference equation approximation to a 

linear, differential equation (constant coefficients), 

and is called a "substitution" method. (2.20) and (2.21) 

correspond to powers of "s"; i.e. 

x^) (0 •-> s*X(s) (2.24) 
(transform of) 

and: 

(fr)   >£- s*Y(s) (2.25) 

where x(t) o- X(s) and y(t) Y(s). 

Therefore, rational substitution methods require 

.. . (corresponds to) triBt * i _ / \ _ 
s < s- fj.(z) (2.26) 

where f^(z) is a rational polynomial in the complex 

variable, z, and in general: 
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fi(z) 4 f£(z) (2.27) 

However, if the substitution for "s" is not dependent 

on the power of "s"; that is: 

si <- > g^(z) for all i (2.28) 

then for H(s) = P(s)*Q(s): 

H(si = gi(z)) = (P(si = gi(z))*(Q(si = gMz)) (2.29) 

This cascading property will be discussed in Section 5.1. 

It is worthwhile to reiterate that this thesis is a 

comparison of the first-order convolution integral 

approximation and three rational substitution methods. 

Since eJw^ = cos(wT) + j»sin(wT) and since the 

frequency response of the digital filter is: 

m .. T 
£ aiB-J

lwT 

D(z)z=e jwT =  ^  (2.30) 

i {Jie-j1'"1 

i=0 

then the response of these filters will be periodic in 

the variable w, of period 2wfyj. wpj R TT/T is called the 

Nyquist frequency. But the frequency response of a 

realizable analog filter is not band-limited and not 

periodic. Only in the Nyquist frequency interval (i.e. 

for w between 0 and WN) is it possible for the frequency 

response of the digital filter to "approximately" duplicate 

the frequency response of the given analog filter (cf. 

the examples of Section l/l). 

But the response of the digital filters to selected 

excitation functions (such as the unit-step function) 

may provide small MSE with respect to the sampled 

output of the analog filter, even though their frequency 

responses are quite different. Herein lies the 
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approximation dilemma of digital simulation of analog 

filters. 

At the conclusion of the theoretical development of 

this paper, examples which show the degree to which 

the techniques considered here approximate the responses 

of a given analog filter* are given. 
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III. SOME RECURSIVE DIGITAL FILTER DESIGN TECHNIQUES 

3.1 The Impulse-Invariant Method 

As a consequence of the successful use of the Z- 

transformation of the analog system transfer function 

as the corresponding digital system in sampled-data 

control theory, it has been generally accepted4>10 

as a digital filter design technique. The standard Z- 

transform, or the "impulse-invariant" method as it has 

been frequently called, stipulates that the digital 

filter impulse response be the discrete-time signal 

corresponding to the impulse response of the analog 

filter. Equations (2.15) and (2.16) give the relation¬ 

ships between H*(z) and H(s). 

Linear, time-invariant, causal analog filters 

which are of interest to the hybrid systems designer 

are usually available in the factored form: 

nN / \ 
TT (s+ai) n 

H(s) = K -j--l  = ID (ci/s+bi) (3.1) 

SD (s.bi) i=1 

i = l 

where n|g is strictly less than n^. Weinberg^ describes 

K as the level of the transfer function, the a^ and bj 

(and 00) are the critical frequencies, and the bj[ are 

the natural frequencies, assumed to be distinct. 

A variation of (2.15) used to find the Z-transformation 

of H(s) is to compute the residues (the c^'s) and apply, 

to each of the individual terms, the transform pair^; 
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c 
s + b 

«ef- fc- C 

1 „ e-b'f2-1 
(3.2) 

Since this Z-transform is rational in "z", and 

H(s) is rational in "s", H*(z) will be recursive. If 

H(s) is not band-limited to the Nyquist frequency interval, 

the frequency responses, in the "baseband", of H(s) and 

H*(eJw^) will differ. This difference, termed the 

folding error, is evident from equation (2.16). 

Furthermore, the D.C. gains of the two filters will 

not be equal because, except for the trivial case in 

which all of the poles are equal to zero: 

H(0) = L° (ci/bi) / 1° (ci/l-e“biT) = H*(l) (3.3) 
i=l i=l 

In order to preserve D.C. gain, H*(z) must be 

pre-multiplied by the ratio of the D.C. gains, provided 

they are both finite, non-zero constants: 

D^z) = K1H*(z) (3*4) 

where: 

*1 * (3.5) 

The impulse response (digital) of Di(z) will not 

be the sampled impulse response (analog) of H(s) because 

of the constant . Equations (3.4) and (3.5) completely 

specify Di(z), which will hereafter be called the digital 

filter determined by the impulse-invariant (I.I.) method. 
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Now observe that: 

lP (ci/bj;) 
K-i = H(0)/H*(1) = 

(Ci/l-e“
biT) 

i=1 

But: 

e“x = 1 - x + x2/2 - x^/3 + X4/4 

Therefore: 

K-. = 
1 no 

nr> 
1° (c^b^ 

I ci/(biT - biT /2 + •••) 
i=l 

(3.6) 

(3.7) 

(3.8) 

Now: 

lim 
(as T goes to zero) 

>} 

^3.9) 

Thus: Ki « T (3.10) 

for high sampling rates. 

Also, it is interesting to notice that for strictly 

band-limited analog filters, equation (3.4) is the same 

digital filter found to be "optimal" (fflSE sense) by Greaves 

and Cadzow*'. For suppose that: 

( H(s) magnitude of "w" less than or 
H(s) = ( equal to WN (3.11$ 

( 0 otherwise 

where: s = o + jw (3.12) 

Then: 

OO 

H(s) = I H(s + j2nn/T) for w in the Nyquist (3.13) 
ns«o interval (+ or -) 

And, by equation (2.15): 



22 

H*(z) = T 1 H(s + 2TTnj/T)s _ ln(2)/T n=-°° 

i 
T for UJ in the Nyquist 

ln(z)/T frequency interval 

(3.14) 

Therefore: 

K1 = H(0)/H*(1) = H(O)/(1/T)H(0) = T (3.15) 

Di(z) = TH#(z) = T* Z(H(s)) (3.16) 

In this case, the frequency responses of H(s) and 

Di(z) will be precisely the same in the Nyquist interval. 

And, for continuous-time signals (sinusoids) band-limited 

to this interval, the output sequences y(n) and 7(°) will 

be identical (see Figure #2). 

Blackman^ discarded the standard Z-transformation 

for his data-smoothing and prediction application 

primarily because of the non-invariance of moment values 

under this transformation. It is noteworthy that at 

least the zero-order moment remains invariant under the 

(I.I.) method described by equation (3.4). 

oo oo 

mD = Jh(t) dt = (£h(t)e**st dt)s=g = H(0) 
0 0 

m0 = S dx(n) = (I d1(n)*(nT)k)k=0 = Dx(l) 
n=0 n=0 

(3.17) 

(3.18) 

Therefore, since H(0) = 0^(1): 

m0 = m0 (3.19) 

Kaiser4 has said that "the numerator coefficients of 

(the standard Z-transformation) may be varied slightly 

so as to satisfy an equality for the first few moments 

without seriously affecting the overall frequency char¬ 

acteristics of the (transformation)". In the examples it 
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is shown that the frequency characteristics of the I.I. 

method, in the Nyquist interval, are often quite similar 

to those of the analog filter. Certainly the D.C. gain 

(zero-order moment) is the same as the original analog 

filter. 

3.2 The Matched Z-Transformation 

In order to eliminate the necessity of finding the 

residues of H(s), the so-called "matched" Z-transform- 

ation was proposed^. This technique replaces each 

factored term (numerator or denominator) in H(s) by: 

s + si <■ -> 1 - e”siTz”1 (3.20) 

The relationship between the complex s- and complex 

z-planes is z = eJw^ (or z - es^). Therefore all poles 

and zeros of H(s) remain in the same locations as'io 

see iEfejn (3i2T). As in the impulse-invariant method, the 

matched Z-transform digital filter will be recursive but 

will not preserve D.C. gain. The D.C. gain of this 

digital filter will be the same as the analog filter if: 

critical 
Do (z ) = Ko* (H(s) :all frequencies SdtS. , (3.21) 

replaced by 1 - e~siT. z’1) 

where: 

^ (H(s):s+Sj_ replaced by Eqn. (3.20) )2 = i (3.22) 

provided K2 is a finite, non-zero constant. 

For comparative purposes, the technique of equation 

(3.21) will be designated the fll.Z. method. The denom¬ 

inator polynomial (order) for this method will be the 
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same'as for the I.I. method but the numerator poly¬ 

nomials will, in general, be quite different. An 

example is later cited where the M.Z. and 1.1. are the 

same. 

Theoretically band-limited filters do not conform 

to equation (3.1). Therefore the matched Z-transformation 

is not applicable to these ideal analog filters since 

H(s) must be in factored form for its use. It is 

difficult to comment on WSE (at the sampling instants) 

optimality. However, this technique is optimal in the 

sense that the locations of all of the analog filter's 

critical frequencies are invariant. 

3.3 A Bilinear Transformation 

A bilinear transformation which has been used 

extensively in the design of digital filters and in the 

simulation of analog systems if the so-called "Tustin 

method". It requires that the digital filter be 

designed according to: 

where Hc(s) is a compensated version of the analog 

filter's transfer function, which will be discussed 

in the sections to follow. For rationa:! ; H(s), Df(z) 

will be recursive. This method does not require 

factorization of the analog transfer function. 

The transformation can be approached from two 

relatively distinct directions and so there has been 

some confusion ia3 to its applicability and motivation. 

(3.23) 
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The substitution s = (2/T)(z-1/z+1) has bean concurrently 

viewed 4>^5,16 as; 

(a) an approximation to ln(z)/T by the power series 

ln(z) = 2((Z-1/Z+1) + 1/3(Z-1/Z+1 )^ + ... ). Truncating 

this series at the first term gives ln(z)/T « 2/T(Z-1/Z+1). 

And, if H(s) is approximately band-limited to the Nyquist 

interval, then'(see (3.13)): 

H*(z) » ^-(H(s) ) S=in(z)/T 
w J-CHCS) ) s=2/T(z-l/z +l) 

Therefore: Dj(z) »T»H*(z) 

Hence, since Df(z) is an approximation to the 

impulse-invariant method when H(s) is assumed to be 

band-limitad, the approximation to ln(z)/T seems valid. 

(b) and, as an application of the trapezoidal rule 

of integration for the ideal integrator, 1/s. If H(s) = 

1/s, then the approximation to the convolution integral 

(see (2.22)) using a trapezoidal scheme will be the 

same as using the Tustin substitution into 1/s. However, 

the approximation will not be the same as the bilinear 

transformation for other analog filters (other than the 

ideal integrator). 

These interpretations of the Tustin substitution 

method are not descriptive of the exact nature of this 

transformation. Therefore, in this paper, it is studied 

in the following manner. 

To eliminate the folding errors of the impulse- 

invariant method, when applied to non-band-limited analog 

filters, the bilinear transformation maps the entire s- 

plane into the horizontal strips in the si-plane bounded 

by s1 = j(2n i 1 )TT/T for n = 0,1,2... . 
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This can be accomplished by the mapping: 

s = Y tanh(siT/2) (3.24) 

But the hyperbolic tangent function is: 

Qx -x _2x i 
tanh(x) =   = o 

e* + e-x e2x + l 
(3.25) 

Therefore, if: z = esl^ (3.26) 

then: 

s = ~(eslT - l/eslT + l) = |.(z-l/z+l) (3.27) 

Equation (3.27) is just the Tustin substitution for 

"s'1, or the bilinear transformation. Since the frequency 

response is determined by evaluating the transfer function 

along the unit circle in the z-plane ^, DT(eJw1^) = 

HC(2/T tanh(jwiT/2)) is the frequency response of the 

bilinear transformation digital filter. 

Every point s = o + jui in the complex s-planB is 

mapped into the point s^ = + j(w«i 1 2rtn/T) for n = 0,1, 

2,... in the s^-plane, such that the absolute value of 

ui«l is less than or equal to the Nyquist frequency, TT/T. 

This map is, by (3.27): 

s = oi + jwi a fln(-2^r _ s) = iln(ReJ^) (3.28) 

oi = ln(R)/T (3.29) 

mi = 0/T (3.30) 

where: 

( (2/T + o)2 + w2 )* 

( (2/T - o)2+ w 2 ) 
(3.31) 
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and for UI-J in the Nyquist interval: 

0 = Arctan(wT/l - T/22(OZ + wz)) (3.32) 

Hence: 

, ( (2/T + o)2 + iu2 ) 
G]T = ^InC , / x2 2 < (3#33) 1
 ( (2/T - o)^ + ur ) 

wjJ = Arctan(wT/l - (T/2)2(O2 + w2)) (3.34) 

If o^T = constant, then the following contour in 

the s-plane can be derived: 

w2 + (a - cl)2 = r2 (3.35) 

where: 

cx = 2/T* l/tanh(o1T) (3.36) 

ri = c (1 - tanh2(oiT)/ (3.37) 

and, c-j = absolute value of c«j = greater than or equal 

to 2/T. 

Clearly: 

ri/ci = (l - tanhz(o1T))
2 is less than or equal , v 

to unity, for all 13.38/ 
and T 

Equation (3.35) indicates that the vertical line, 

(T|= constant, in the baseband of the s-j-plane is induced 

by a circle in the s-plane, centered at the point (c-|,0) 

with radius r-j. These contours are shown in Figure #3. 

Upper-half-plane semi-circles are mapped into line 

segments in the upper-half of the baseband in the s-j- 

plane, and similarly for the lower-half-plane contours. 

Furthermore, left-half and right-half s-plane circles 

are mapped, respectively, into left- and right-half 

p-j-plane straight lines. 
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Now, suppose that w-jT = constant. Then, from 

(3.34), the contours corresponding to horizontal lines 

in the baseband of the s-j-plane are: 

a2 + (w - c2)
2 = t\ (3.39) 

' l 

c2 = - 2/(tan(w1T) T) (3.40) 

r2 = C2(tan (w^T) + l) (3.41) 

and, w*i = absolute value of w-j = less than or equal 

to /T. 

Thus: 
2 

v2^2 = (tan (w].T) + l) is greater than or (3.42) 
equal to unity, for all T and w^ 

But tan((w^-« TT/T)T) = tan(w<jT - TT) = tan(w^T). Therefore, 

the horizontal line, w-j = constant, such that w-j is between 

0 and rr/T and the horizontal line, (w-j - TT/T) = constant, 

are induced by the circle in the s-plane whose center 

is at the point (0,02) and whose radius is r2» Circles 

of (3.39) all pass through the pair of points (i2/T,0) and 

it can be demonstrated that the upper- and lower-plane 

arcs of these circles (subtended by the line w = 0) 

correspond, respectively, to upper- and lower-baseband 

horizontal straight lines. 

These contours are illustrated in Figure #4. This 

development has shown that the quadrants in the s-plane 

and in the baseband of the s<|-plane are invariant under 

the bilinear transformation. 

Thus, every point o' + jw' has a corresponding 

point in the baseband of the s-j-plane lying at the 

intersection of the grid lines o^' and w^ ', such that 
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(3.33) and (3.34) ara satisfied. The circles inducing 

these grid lines are unique by (3.35) and (3.39). 

An example of this is shown in Figure #5. 

Conversely, any point in the Nyquist interval 

of the s<j-plane, say s^ = + jw-j, is mapped into the 

point s = o+jw in the s-plane: 

s = o + jra * ~tanh(s^T/2) = 2-tanh( (a^+jw^)T/2) (3.42) 

Therefore: 

tanh(a]J/2) 

oT/2 ° COS2(W^T/2) + tanh(oiT/2)sin2(wjT/2) (3.43) 

1 - tanhZ(o^T/2) 

= cot(w^T/2) + tanhZ(oiT/2)tan(wiT/2) (3.44) 

Hence, the real axes of the s- and s^-planes are related 

by: 

o = |tanh(o1T/2) (3.45) 

and the correspondence between the imaginary axes is: 

w s |-tan(wiT/2) (3.46) 

This non-linear warping of both the real and imaginary 

axes is shown in Figures #6 and #7. 

Since the hyperbolic tangent function is approx¬ 

imately linear for only very small values of its 

argument, then unless the singularities of H(s) are 

clustered very closely around the origin (i.e. s = 0) 

the non-linear warping of the bilinear transformation 

will render a digital filter whose frequency character¬ 

istics differ markedly from the analog's. Figure #7 
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has been interpreted* as the frequency magnitude 

response of the bilinear transformed wideband differ¬ 

entiating filter, H(s) = s. The effect of the non¬ 

linear warping upon this characteristic is evident. 

It is possible to ore-warp, or compensate, the 

transfer function H(s), so that upon applying the 

bilinear transformation, certain characteristics (to 

be discussed in the next sections) of the analog filter 

will remain the same. 

It may appear that since the bilinear transformation 

maps the s-plane into the s^-plane in a well-defined, 

but non-linear, fashion that the inverse hyperbolic 

tangent function could be used to compensate far this 

mapping. However, this technique will not result in 

a recursive filter. For, suppose that: 

s = |.tanh“’^(soT/2) (3.47) 

and then apply the Tustin substitution to the compen¬ 

sated H(s0). But: 

si = |-tanh"1(s0T/2) = s (3.48) 

And since the. complex s«j- and z-planes are related 

by (3.26) the same result could be obtained simply 

by: 

D-j.(z) = H(s):s a ln(z)/T (3.49) 

But now Oj(z) is not recursive since the substitution 

s a ln(z)/T is no longer rational in z. 

A linear interpolation scheme which succeeds 

in compensating for the non-linear warping while 
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retaining the utility (rationality) of the bilinear 

transformation has been used by Kaiser^ and by 

10 
Rader and Gold . Another compensation scheme is 

introduced in this paper which preserves the locations 

of all of the analog filter's critical frequencies. 

This performance measure will insure that the number 

of zerossin this type of bilinear transformation 

compensation will be at least as great as in the analog 

filter, and in addition that at least all of the analog 

zeros will be repeated in the digital filter. In the 

examples, it is shown how this criterion affects an 

inverse Chebyshev filter. 
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IV. COMPENSATION METHODS FOR THE BILINEAR TRANSFORMATION 

4.1 Linear Interpolation 

Any compensation scheme which pre-warps H(s) by 

approximating the hyperbolic tangent function in order 

to reduce the non-linear effects of the bilinear 

transformation must be an odd function, centered at 

the origin. This is readily discernible by observing 

that for realizable analog filters, |H(s s jw)| is an 

even function and the warping (hyperbolic tangent) is 

an odd function. 

The most elementary of these is the linear inter¬ 

polator: 
sD a k«s (4.1) 

where k is an arbitrary constant. 

Then the procedure for implementation is: 

D3(Z) = H^(s) : s » |-(z-l/z+l) (4.2) 

where H®(s) = H(ks). Kaiser’s choice for k is (wQ/ 

(2/T)*tan(wQT/2)), the ratio of unwarped to warped 

values of the half-power frequencies (-3db points). In 

the remainder, wQ will denote the half-power frequency 

of a low-pass analog filter. This choice for k will 

mean that the half-power frequency of the digital filter 

will be the same as for the analog filter. Other 

choices are possible; in fact, k can be chosen so that 

any two points (and the origin) on either the real 

or imaginary axes of the s- and s^-planes coincide. 

This is apparent by drawing a straight line (with 

finite slope) through the hyperbolic tangent function. 
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Therefore: 

D3(Z) = H(s) : s =  His  . (z-l/z+l) (4.3) 
tan(WQT/2) 

H(s) and 03(z) will have the same D.C. gain. It has 

been observed* that if H(s) is band-limited to the Nyquist 

interval and is also piece-wise constant in this region 

that D3(Z) will minimize the M5E at the sampling instants. 

The digital filter of (4.3) is called the linearly- 

compensated, bilinear transformation (L.B.L.) technique. 

4.2 Critical Frequency Compensation 

When H(s) is in factored form then it is possible 

to pre-warp the finite critical frequencies of the 

analog filter. This will mean that the natural 

frequencies (poles) of the analog filter are preserved 

in the digital filter, as was the case of the M.Z. and I£I. 

methods. Recall that in the M.Z. method, all of the 

critical frequencies (finite and infinite) were pre¬ 

served. This performance measure insured that the 

number of numerator and denominator coefficients in 

the M.Z. digital filter is the same as in H(s). When 

compared with other methods, it yields a measure of 

the importance of all critical frequency invariance. 

However, in this compensation scheme for the bilinear 

transformation, the finite critical frequencies are 

maintained. Any infinite zeros of H(s) will be mapped 

to the Nyquist frequency by the bilinear transformation. 

Therefore this method will differ from the M.Z. method 

if and only if H(s) contains infinite zeros. Since 

this study is restricted to the simulation of low-pass 



analog filters which necessarily contain infinite 

zeros, the M.Z. and critical-frequency compensated, 

bilinear transformation will differ. 
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If s^ = + jw^ is a finite critical frequency of H(s), 

then using (3.43) and (3.44): 

H^(s) = H(s) : and w^ are replaced 
2 by o^' and Wi' 

where: 

(2/T)tanh(oiT/2) 

” cos2(wiT/2) + tanh(oj[T/2)sin2(wj[T/2) 

(2/T)(l - tanh2(oiT/2) 
w. i -     

cot(wiT/2) + tanhz(aiT/2)tan(wjT/2) 

By requiring the D.C. gain to be the same 

of H(s), the resulting design equation is: 

D4 (z) = K4H£(s):s = |-(z-l/z+l) 

and: K4 = H(0)/Hf(0) 

provided H(o) and H^O) are finite, non-zero constants. 

This method will be denoted by (C.B.L.). As in 

the case of the matched Z-transformation, little can 

be stated concerning the MSE optimality of this technique 

since H(s) must be factorable. All of the natural 

frequencies are maintained with this transformation; 

thus, the I.I., M.Z., and C.B.L. methods are similar 

in that respect. This important fact will be noted 

in the examples. 

(4.4) 

(4.5) 

(4.6) 

as that 

(4.7) 

(4.8) 
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V. PROPERTIES OF THE DESIGN TECHNIQUES 

5.1 Cascading 

If a is a digital filter design transformation, 

then a preserves cascading if and only if: 

a:G(s)*H(s) = a:G(s) * a:H(s) (5.1) 

where G(s) and H(s) are arbitrary analog transfer 

functions. 

Substitution methods which are independent of 

the power of s, such as the bilinear transformation, 

preserve cascading. The matched Z-transformation, 

applied to factored transfer functions, also has this 

property. However, the impulse-invariant method does 

not satisfy equation (5.1), nor do any of the higher- 

order approximations to the convolution integral. 

The utility of this property is that in the 

simulation of analog filters (which is the concern of 

this thesis), the cascading of new networks with the 

original is relatively easy to implement if the trans¬ 

formation has the cascading property. Otherwise, for 

additions to the original analog filter, a complete 

digitalization of the over-all (cascaded) system must 

take place. 

5.3 Degree of Numerator and Denominator Polynomials 

Recursive design methods which preserve the order 
Q 

of the analog filter have been the most common . Each 

of the methods considered in this paper results in a 

digital filter of the same order (denominator degree) 

as the given analog one. The degree of the numerator 



z-ploynomials of the analog filter, however, is 

generally quite different than the numerator s- 

polynomial of the analog filter. 

Suppose that H(s) has an M degree numerator 

polynomial and an degree denomin&ibor polynomial, 

where N is strictly greater than M since low-pass 

type filters are assumed, 

(a) 1,1, Method 

This method is available to the designer through 

the transform pair (3.2). After recombination with 

the residues of H(s), the digital filter will be of 

degree N-1/N? i.e. numerator/denominator. 

(b) M.Z. Method 

Since all of the critical frequencies are invariant 

under this transformation, the digital filter is of 

degree M/N. 

(c) L.B.L. and C•B•L• Methods 

In these methods, both the numerator and denominator 

polynomials are of degree N. 

For high order analog filters (i.e. when N is much, 

much greater than M) the I.I. and bilinear transformations 

require more past input samples than does the M.Z. method. 

Considerable savings in computation time could be 

gained by utilizing the M.Z. method, under this condition. 

5.4 Stability and Numerical Error Susceptibility 

If H(s) Is an asymptotically stable analog filter 
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then for simulation purposes it is imperative that 

the digital filters corresponding to H(s) be asymp¬ 

totically stable. Any roots of the characteristic 

polynomial (denominator) of D(z) lying outside of the 

region bounded by the absolute value of "z" strictly 

less than unity will lead to unstable discrete-time 

systems^®. Therefore any digital design transformation 

for simulation must map the left-half s-plane into 

the interior of the unit circle in the z-plane. 

Obviously, the I.I. and M.Z. methods maintain 

stability since the natural frequencies are invariant 

under these techniques. And, since the quadrants of 

the s-plane are the same as the quadrants of the s-j- 

plane (related to the z-plane by z = es^T)‘for the bilinear 

tranpf.taEmabian j',!;fcbeh lit'too preserves stability. 

All four of the methods considered herein maintain 

the stability invariance property, provided infinite 

precision is used to calculate the filter coefficients. 

This does not mean that with non-infinite precision 

arithmetic that the poles of each D(z) will be inside 

the unit circle for stable H(s). In fact, it has been 

shown^’^ that the stability of the digital filter 

is highly dependent upon the order of H(s), the sampling 

rate, and the number of bits representing the filter 

coefficients in the machine. Stability is further 

complicated by quantization error of the input and 

output discrete-time signals, but this topic will not 
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be included in this paper* 

At this point, the concept of a normalized 

sampling rate will be introduced. Let: 

Q = 2/w0T (5.2) 

where w0 is the half-power frequency of the given 

analog filter and T is the sampling p^riadCabsolute). 

Recall that the Nyquist frequency is related to T by 

ujjg = n/T. The reason for this choice of Q will be 

apparent in the examples to follow. 

Now, roundoff accumulation errors will be shown 

to be highly dependent upon Q and N, the filter order. 

Moreover, for small Q (Q less than about 1) aliasing 

and folding become acute. Since Q = 1 corresponds to 

the half-power frequency being placed at about 65$ of 

the Nyquist rate, the value of Q resulting in negligible 

aliasing and folding will be greater than 1. For fixed 

N, it will be shown that a distinct minimum in the upper 

bound on roundoff accumulation errors occurs at Q » 1 for 

the L.B.L. method. For the other methods, decreasing 

Q will always yield a lower upper-bound. 

Numerical errors are very much the concern of the 
o n 

digital filter designer , especially when simulating 

high order filters with exceptionally high (or low) 

sampling rates. Errors in the computation of coefficients, 

plotting calculated frequency responses, and in the 

realization of the filter are shown to exist in the 

examples. The direct realization was used for the 

digital filters and no attempt will be made to justify 

this usage (see Kaiser^ for other realization schemes). 
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VI. SOME NUMERICAL EXAMPLES AND COMPARISONS 

Example #1 

Suppose: H(s) = K*(s+a)/(s+b)(s+c) (6.1) 

where K, a, b, and c are real constants. Then the 

partial fraction expansion of H(s) is: 

H(s) = KA/(s+b) ♦ KB/(s+d) (6.2) 

where: 

A = (a-b)/(c-b) (6.3) 

B = (a-c)/(b-c) (6.4) 

Note that A + B =1. And, H(s), being a low-pass 

type filter, contains a zero at infinity. Applying 

equations (3.4), (3.21), (4.3), and (4,7) to this 

analog filter yields: 

1,1, Method 

, . ( 1 - (Ae“cT + Be~bT)z"1 ) 
DiU) = w™e-BTj-fnr---;-cvi)j 

( T*(aT)*(1-e“bT)(1-e“cT) ) 

Kl = ( (bT)(cT)(1-Ae-cT-Be-bf) ) K 

M.Z. Method 

„ , , ( (1-e-aTz-1) ) 

2<Z> = 2( (1-e”^'z“*)(1-e“clz“*) ] 

( T(aT)(l-e"bT)(l-e~cT) ! 
K s (     ) • K 
2 ( (bT)(cT)(l-e"aT) ) 

(6.5) 

(6.6) 

(6.7) 

(6.B) 

L.B.L. Method 

, v ( (1 + (a+K3)/(a+K3)z"'1)(1 + z“1) ) (6.9) 
p3(z) = KA«(  I   ,  ) 

( (1 + (b-K3)/(b+K3)z-^)(1 + (C-K3)/(C+K3)Z“
1
) 
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and, K3 = w0/tan(w0T/2) 

where w0 is the half-power frequency of H(s). 

P.B.L. Method 

K3 = K(K3 + a)/(K3 +b)(K3 + c) (6.10) 

(6.11) 

(6.12) 

and, K4 = K2/2 (6.13) 

This simple example was chosen to illsutrate the 

implementation of the digital filters corresponding to 

a given H(s) and to clarify some properties of these 

techniques. First, 0^(2), D2(z), and 04(2) all have the 

same natural frequencies (roots of the denominator poly¬ 

nomial). For low-pass filters, the constant for 04(2) 

will always be K4 = K2/2^n”m^t where K2 is the constant 

for the M.Z. method and H(s) has order "n", with numerator 

degree equal to "m". 

The critical frequencies (except for the zeros 

at W(\|) of the 1.1*, M.Z., and C.B.L. methods will be of 

the form e**si^ and are thus functions of the product 

of the critical frequency and the absolute sampling period, 

T. Hence if the poles and zeros of H(s) are sc&led by 

some factor, say k, and if the sampling period T is also 

scaled (in the opposite direction) by k, then the roots 

of the denominator polynomial will be unchanged. This is 

the reason for introducing a normalized sampling rate. 

Finally, notice that the limit, as T approaches 

zero or infinity, of the critical frequencies of 03(r) 

are +1 and -1, respectively. Yet the limit (as T goes 
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to zero) of e“si^ is +1 while the limit as T approaches 

infinity is zero. It will be shown that this property 

accounts for the fact that the L.B.L. technique has 

larger roundoff accumulation errors for large T than 

do the other methods. And while the denominator poly¬ 

nomials for each of the methods a<re dependent only on 

the products of the poles and T, the numerator poly¬ 

nomials (being multiplied by a constant in order to 

maintain D.C. gain) are chanoed when the analog filter’s 

critical frequencies are scaled up or down, as mentioned 

on the previous page. 

Example #2 

With the normalized sampling rate, Q, set at 

0.5, 1.0, and 2.0, the four design techniques were applied 

to the first-order Butterworth filter, H(s) = 1/(s + 1). 

Nyquist-interval frequency characteristics and the responses 

for a unit-step excitation appear on the following pages. 

It should be noted that the frequency responses 

were obtained by evaluating the transfer functions at 

regular frequency intervals. This procedure will be 

called the calculated frequency response, as apposed 

to measuring the response of the filter to a sampled 

sinusoid at those frequency intervals (this latter technique 

will be termed a measured frequency response). The 

curves representing digital filter step responses are 

"smooth" curves drawn through the discrete-time output. 

This corresponds to "ideal" reconstruction of the discrete 

output by sin(x)/x (or "sine") functions and is used 

for the purposes of comparison only. 
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When the digital output fluctuates widely (unstable 

response), the output points will be connected simply 

by straight line segments. 

None of the digital filters duplicates (exactly) the 

frequency characteristics of the first-order Butterworth. 

Since H(jw) is non-zero outside of the Nyquist interval, 

the I.I. and M.Z. methods (which are identical for this 

particular example) experience folding errors. This is 

most noticeable for Q = 0.5 and 1.0 and, for this reason, 

the normalized sampling rate for most simulation purposes 

is chosen to be greater than 1.0. Furthermore, the 

bilinear transformations possess zeros at the Nyquist 

frequency, w^» Due to these zeros, the step responses 

for the L.B.L* and C.B.L* methods appear displaced by 

an amount T/2 with respect to the analog filter response. 

(Notice that what is plotted is y(t + T)$ the analog 

response h&s been shifted because of the problem associated 

with sampling a discontinuous input -- see page ll). This 

displacement is the effective time orioin problem invest¬ 

igated by Fryer and Schultz16; it has the effect of averaging 

the input samples and is, therefore, especially notice¬ 

able for discontinuous inputs and relatively low "Q". 

Yet the discrete-time output of the I.I. and Ifl.Z. filters 

is exactly the same as the sampled analog response (if it 

is shifted by "T" as mentioned previously). This is a 

remarkable result since the MSE is zero in this case. 

This result is only valid, however, for simple, single 

pole filters such as the first-order Butterworth. 

It is obvious that as the sampling rate, Q, is 

increased the frequency characteristics of all four 
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digital filters approach those of the analog filter. 

Although the effective time origin problem still exists 

at higher Q, the step responses of the L.B.L. and C.B.L. 

methods more closely approximate the analog situation 

at increased sampling rates. 

A problem that is not often encountered (because 

Q is generally larger than 1.0) is that when Q = 0.5 the 

L.B.L. filter produces a widely fluctuating response to 

a unit step. Roundoff accumulation errors in the direct 

realization of this filter account for this result and these 

errors will be discussed thoroughly in Example #3. Briefly, 

the reason for this is that whereas the pole for the I.I., 

(fl.Z., and C.B.L. methods 'asymptotically approaches z = 0 

as Q tends to infinity, the pole for the L.B.L. method 

approaches the point z = -1. It has been shown4 that the 

stability (roundoff accumulation error) of a digital filter 

is inversely proportional to the proximity of the poles 

to the points z = il. 

Thus, for reasons of folding error and roundoff 

accumulation error, it is obvious why, in general, a 

judicious choice of Q should be greater than unity. 
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Example #3 

Recall from (2.4) that the digital filter transfer 

function is of the form: 

m 
E z”1 

D(z) = -i = ° :i (6.14) 
n 
£ Pi z”1 

i=0 

and its recursion equation is: 
m n 

y*(n) a E ai x(n-i) • E Pi y*(n-i) (6.15) 
i=0 i=l 

where P0 has been chosen as unity without loss of 

generality. It will not be assumed that the x(n), a^, 

and Pi are floating-point machine numbers and that the 

y*(n) are the numbers (sequence) corresponding to the 

infinite-precision response to the input x(n). For 

simplicity, assume that x(n) = y*(n) = 0 for n strictly 

less than zero. 

Sandberg^ proved that if D(z) is asymptotically 

stable there is a function f(K) with f(K) tending to 

zero as K tends to infinity and constants Ri and R2> 

both dependent upon the ai and Pi» the order in which the 

products on the right sidd of (6.15) are summed in the 

machine, and t, the number of bits allotted to the mantissa, 

(but independent of K) such that: 

(e)^ is less than or equal to f(K) + R]/(X)K 

+ R2«(Y)K (6.16) 

for all K greater than or equal to "n" (the order of the 

filter), in which, with y(n) the computed output sequence 

of the realized filter, 

1 K 2 
KTT n-(fbs* Val* °f (V)K = (6.17) 
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(x)K - |_i_£ 
" > K +1 n = 

(abs. val. of x(n))' 
>* 

) 

(6.18) 

and» / K 2H , v > 1- I (abs. val of (y*(n) - y(n))) ) 
(e)K = ( K+1 n=0 ) 

( (6.19) 

Furthermore, if D(z) is strictly minimum phase 

(i.e. if the numerator has no zeros on or outside the unit 

circle in the z-plane) then there exists a constant, say 

fl3, independent of K and dependent upon the and (Sj_, 

the order in which the products on the right side of (6.15) 

are summed in the machine, and t, the number of bits 

allotted to the mantissa; and a function g(K) with the 

property that g(K) tends to zero as K tends to infinity, 

such that 

(e)« is less that or equal to f(K) + g(K) + 

R3(y)K (6.2D) 

for all K greater than or equal to "n". 

Since f(K) approaches zero for large K and since 

(X)K and (y)« are the root-mean-squared (R.M.S.) values 

of the input and computed output sequences, then R^ and R2 

can be interpreted as the asymptotic error-to-input signal 

and error-to-output signal ratios, respectively. Also, 

since g(K) has the same property as f(K) then R3 may be 

interpreted as the asymptotic error-to-signal ratio if 

D(z) is strictly minimum phase. Notice that the bilinear 

transformation is not applicable to the latter case since 

it always contains zeros at the Nyquist frequency (on the 

unit circle). Ri and R2 are both proportional to the 

maximum of the inverse of the denominator polynomial 

of D(z), evaluated along the unit circle in the z-plane. 
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But Ri contains a factor proportional to the sum of the 

absolute value of the numerator coefficients while F?2 

has a similar factor proportional to the absolute value 

of the denominator coefficients. Since three of the 

techniques of this paper have the same denominator poly¬ 

nomial, the calculation of these bounds is rdduced to 

two distinct polynomials. It should be also mentioned, 

in passing, that f(K), g(K), and R3 are more complicated 

bounds and the reader is referred to Sandberg's^ article 

for a description of these formulae. 

Butterworth filters of order 1, 2, 5, and 9 were used 

to evaluate the above bounds and the plots of these 

results are contained on the following pages. The digital 

computer used to realize these filters was an IBM 7040, 

which employs the floating-point arithmetic operations 

assumed by Sandberg and where t = 27 (number of bits 

allotted to the mantissa). 

While it was found, for all orders of Butterworth 

filters, that Ri » 10“7 the plot of R2 clearly indicates 

the asymptotic behavior of the upper bound on the error- 

to-output signal ratio. As Q grows in magnitude (small 

T) the error increases, regardless of technique or filter 

order. But as Q gets small (large T) the L.B.L. method 

shows significantly greater error (upper bound) than do 

the other methods. This phenomena is validated in the 

previous example. Finally, as the filter order is increased 

the error-to-output signal ratio is increased and the 

curve becomes more and more concave (downward) for the 

L.B.L. method. Therefore, it is apparent why, for high 

order filters, a lower sampling rate must be chosen 
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than for a low order filter. It should, however, be 

reiterated for the sake of clarity that Q is generally 

chosen to be greater than unity (and usally less than 

about 10) for the purposes of digital simulation of 

analog filters. 

The error-to-signal ratio for the minimum phase 

filters (R3) is seen to be approximately linear for 

high sampling rates, while at low sampling rates there 

is an indication that the M.Z. method experiences less 

roundoff accumulation error than does the I.I. method. 

This fact was observed to be true with respect to the 

measured frequency responses for these filters. 
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Example #4 

In order to illustrate more clearly the roundoff 

accumulation errors encountered with the L.B.L. method 

at sampling rates (Q) less than unity, the design 

techniques were applied to a third-order Butterworth 

analog filter with unity D.C. gain. This filter has 

a sharper transition than the first-order filter of 

Example #2. Nyquist-interval frequency-magnitude and 

frequency-phase characteristics appear in the following 

plots, along with the response of these filters to a 

unit-step excitation. 

Since the third-order filter is not a single, simple 

pole configuration the step responses of the I.I. and 

M.Z. filters (which are not identical in this case) are 

not exactly the same as the "shifted" version of the 

analog response. The responses, both unit-step and 

frequency, approach the analog filter's response as Q 

is increased. It can be seen from the plot of R2 that 

for low order filters, numerical errors can be expected 

to be negligible even for Q = 2.0. This result is 

verified in this case. But the numerical errors for 

Q less than unity are quite significant for the L.B.L. 

design technique. 

Folding errors are evident (at low Q) in the I.I. 

and M.Z. methods and it is noteworthy that "although the 

C.B.L. characteristics do not duplicate the analog char¬ 

acteristics at low sampling rates, this method is unaffect¬ 

ed by both folding and roundoff accumulation errors. 

Each filter maintains the D.C. gain of the original analog 
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filter, which was claimed in the theoretical develop¬ 

ment. This requirement will not ensure that under any 

value of Q the D.C. gain of any one of these digital 

filters will be the same as the analog^. In fact, 

numerical errors may cause large discrepancies in 

D.C. gains, as will be shown in Example #6. 
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Digital filters corresponding to a fifth-order 

inverse Chebyshev (see Weinberg^) were computed and 

the frequency-magnitude characteristics are shown on 

the subsequent page. The sampling rate, Q, was chosen 

to be 2.0 so that the pass-band lies in the first 30$ 

of the Nyquist interval. 

It is obvious that the L.B.L. technique was superior 

in duplicating the pass-band characteristics of this filter, 

while the C.B.L. method maintains the same "zeros" in 

the stop-band. In general, the degradation of the I.I. 

and M.Z. methods is due to the non-zero stop-band char¬ 

acteristics of the original analog filter. An odd order 

(fifth) inverse Chebyshev was chosen to ensure that 

these folding errors would be finite. 

Kaiser4 has used the L.B.L. technique, with success, 

to digitalize maximally-flat and equi-ripple filters. 

Even though the zeros of the L.B.L. characteristics are 

not at the same place as the analog and C.B.L. responses, 

the equi-ripple stop-band criterion is maintained. 

In this and other filters, it has been found that the 

C.B.L. method generally tends to have characteristics 

which fall off much more rapidly than the analog filter 

response 
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Example #6 

Finally, as an example ef the roundeff accumulatien 

errors encountered with relatively low sampling rates 

in high order filters, the digitalization of an 18th- 

order Butterworth filter was accomplished with the 

design techniques of this thesis. Sampling rates were 

0.2, 0.5, 1.0, and 2.0. Frequency-magnitude responses 

are shown on the following pages along with a table 

indicating the roundoff accumulation problems encountered 

with a unit-step input. 

Numerical errors in the computation of the digital 

filter coefficients and roundoff accumulation errors in 

the realization of the measured frequency responses 

are responsible for the discrepancies between the digital 

and analog filters responses. Two interesting properties 

are worthy of note: first, for sampling rates Q greater than 

unity, the L.B.L. method is superior in duplicating the 

pass-band characteristics but this method experiences 

severe numerical difficulties when Q is less than unity. 

Second, the Nl.Z. method has a large "peak" in response 

(as does the I.I. method for large Q) and this is primarily 

due to the coefficient calculations for this method. It 

is much more sensitive to real parts of the poles than 

the other methods and is, of course, affected by folding 

errors. 

Since all of the filters produced un-acceptable step 

responses when Q = 2.0 and the I.I. and M.Z. methods are 

affacted by folding errors when Q is much less than 2.0, 

and since the L.B.L. method has obvious numerical error 

problems for Q less than unity, this example indicates 
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the serious problems which exist in the digital simulation 

of high order analog filters. A judicious choicB of 

Q would be greater than unity and less than two, so as 

to minimize the folding and roundoff accumulation errors. 

Although the upper-bound does not tell the whole story 

with respect to folding errors and the degree to which 

the digital response approximates the analog character¬ 

istics, it does indicate the susceptibility to numerical 

errors with regard to filter order and sampling rate, Q. 

Hence, the designer must select Q such that the response 

of the filter is an acceptable approximation to the 

analog filter's response, while at the same time minimizing 

numerical and folding errors. 
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Asymptotic Behavior of Response of 1Bth-0rder Buttermorth 

Digital Filters to Unit-Step Excitation 

METHOD Q = 0.2 Q = 0.5 Q = 1.0 Q = 2.0 

1.1. 1.000 0.988 1.009 0.579 

M.Z. 0.997 0.899 0.96B 1.000 

L.B.L. ** ** 0.996 1.011 

C.B.L. 0.999 1.000 1.000 1.004 

** ss unstable response; i.e. unbounded output fluctuated 

widely and exceeded limits of machine 

Note: When Q = 5.0, all of the above filters yielded 

unstable step responses! 
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VII. CONCLUSION 

Four methods for designing recursive digital filters 

from given coefficients of an analog filter have been 

explored. Three of these methods provide invariance 

of the analog filter’s natural frequencies. The bilinear 

transformation was shown to warp the critical frequencies 

of the analog filter in a non-linear manner, and some 

contours corresponding to this mapping were derived. 

Two methods for compensating for this warping effect 

were given; one of these methods provides for finite 

critical frequency invariance and it was demonstrated 

that this is an important consideration in filters such 

as the inverse Chebyshev. 

Each of the techniques provides a digital filter 

which is of the same order as the analog filter and they 

were constrained to have the same D.C. gains. If the 

analog filter had a significant portion of its spectrum 

outside of the Nyquist frequency interval, the impulse- 

invariant and matched Z-transformations would be 

adversely affected by foldino. While the bilinear 

transformation is not affected by folding, it requires 

that all of the infinite zeros of the analog filter 

be mapped into the Nyquist frequency. 

For some low-pass type filters these techniques 

have been successful in digitally duplicating the 

frequency and step responses. It is apparent that 

the impulse-invariant method is the most complicated 

to determine since it requires residue calculations. 

In general, the I.I. and L.B.L. methods are the best 
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simulators of the four considered. Therefore, it has 

been found that invariance of some or all of the critical 

frequencies of the original analog filter is not always 

a meaningful criterion for a digital filter design 

technique. 

Upper bounds on roundoff accumulation errors have 

been evaluated and discusse'd it was shown that these 

bounds, interpreted as signal-to error ratios, are 

highly dependent upon the filter order and the normalised 

sampling rate. A situation not often encountered was 

that the L.B.L. method experiences higher numerical 

errors (as far as the upper bound is concerned) thah the 

other techniques when sampling at very low rates. 
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