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ABSTRACT 

A THREE-VARIABLE MODEL 
OF 

THE BLOOD GLUCOSE REGULATORY SYSTEM 

Dean Gregory Holland 

A three-variable model of the blood glucose regulatory system is 

developed and conformed to glucose and insulin measurements from 

oral glucose tolerance tests. Three experimental conditions are 

considered: 1) resting normal humans, 2) exercising normals, and 

3) a diabetic. Respective parameter values are compared and are 

shown to closely correlate with known physiological phenomena. The 

disappearance rates of radioglucose during fasting and absorption are 

used to derive a technique for estimating the rate of glucose injection 

following an oral load. This estimate of the glucose input is utilized 

in the model studies. 
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Chapter 1. INTRODUCTION 

This thesis is concerned with modeling the regulation of the amount 

of glucose in the blood as a function of the concentrations of glucose, 

insulin, and other hormones. 

In 1964, Ackerman et al. * presented a linear, two-variable, time- 

invariant, lumped-parameter model of the blood glucose control system. 

The first variable represents the concentration of glucose in the blood, 

and the second, the combined effects of insulin and the other hormones 

involved. 

The objection to this model concerns the second variable. Insulin 

has an effect on the control of blood glucose which is opposite to that 

of the other hormones with which it is grouped. It is the contention 

of this thesis that the understanding of the mechanisms involved in 

blood glucose regulation can be improved by separating insulin from 

these hormones. 

A three-variable model is formulated in which the second variable 

represents only insulin and the remaining hormones are represented 

by the third variable. This refinement enables more physiological 

significance to be assigned to each term in the model equations. 

The model is conformed to data obtained from oral glucose tole¬ 

rance tests using a parameter identification technique based on least 
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squares minimization. The method of Lagrange multipliers is incor¬ 

porated into an algorithm to calculate the gradients of a non-quadratic 

performance index with respect to the model parameters. A modifi- 

49 48 
cation of the method of Fletcher and Powell uses these gradients 

to adjust parameter values within a constrained region so as to mini¬ 

mize differences between the model and the data. 



Chapter 2. THE PHYSIOLOGY OF BLOOD GLUCOSE REGULATION 

2. 1 Introduction 

The survival of a living organism is intimately related to its 

ability to maintain a relatively unchanging internal environment in 

the face of external pertubations. So it is, that over eons of evolu¬ 

tionary time, the more advanced forms of life have achieved their . 

position through the development of intricate, multi-component systems 

which regulate the composition of the organism's internal medium. In 

higher vertebrates one such system controls the amount of glucose in 

the blood. ( Glucose is an essential six-carbon sugar whose structure 

is illustrated in Appendix I. ) 

At any instant of time the rate of change of the concentration of 

glucose in the blood is the difference between the rate at which it is 

entering the blood and the rate at which it is exiting. A rising blood 

glucose concentration ( BG ) causes certain specific cells to react in 

such a way as to modulate the rise and subsequently produce a fall in 

the direction of the equilibrium level. On the other hand, a declining 

BG is a signal to other specific cells to act so as to elevate the BG to 

its equilibrium value. 

2.2 Sources of Blood Glucose 

Glucose can enter the bloodstream in three ways. The obvious 

route is by absorption from the gastrointestinal tract. An impair- 
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ment of this process could seriously lower the amount of glucose which 

enters the blood. Similarly, overly rapid absorption could put a severe 

strain on the remainder of the BG regulating system. Fortunately, 

such defects are rare. 

The second source of blood glucose is the liver. Blood leaves the 

intestinal region via the portal vein and flows through this vessel to the 

liver ( Figure 1 ). The liver exerts a certain amount of autonomous 

control over the composition of the blood leaving it by means of the 

hepatic vein. If the BG is low, the liver can release glucose into the 

blood. There are two principal processes involved in the liver's ability 

2 
to secrete glucose into the blood . The first, glycogenolysis, the break¬ 

down of glycogen stored in the liver, is the faster response, occurring 

in a matter of minutes. The second, gluconeogenesis, the transforma¬ 

tion of deaminated amino acid residues and other small molecules, is 

much slower, requiring hours and maybe days. On the other hand, 

a high BG ( as after eating ) will result in an uptake of glucose by the 

liver. There it is stored as glycogen until needed. ( Glycogen is a 

polysaccharide of the form ( C.H O ) . See Appendix I. ) Modula- 
o 10 5 n 

ting the hepatic response, however, are several hormonal factors. 

Hormones are chemical substances which in the blood can accelerate 

hepatic processes so that an adequate level of BG is maintained even in 

the absence of gastrointestinal glucose absorption. Since vertebrates 

often must go for long periods of time without food, the survival value 
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Figure 1. - Portal System. Source: Netter, Frank H. : The Ciba Col- 
lection of Medical Illustrations (New YorkrCiba, 1957) 
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of such an adaptation is obvious. 

The third means of entry is a device of man, not nature. Glucose 

can be injected directly into the blood for the purpose of treatment or 

experimental analysis. 

2.3 The Hormones Involved in Blood Glucose Regulation 

Four hormones have been proven to be principally responsible for 

the elevation of blood glucose concentration. They are glucagon, epi¬ 

nephrine, cortisol, and somatotrophin. Glucose is removed from the 

blood by hepatic uptake and peripheral tissue utilization, both of which 

are enhanced by the presence of the hormone insulin. In addition, the 

kidney will excrete glucose into the urine if the BG rises much above 

180 mg/100 ml. ( All glucose in excess of 375 mg/100 ml is passed 

into the urine. ) However, the BG seldom reaches this high a level 

in the normal individual. The amount of glucose in the blood as a 

function of time is almost entirely the result of the relative abundances 

of the hormones listed above, tissue usage, and intestinal absorption. 

Each of these factors will be discussed in detail and then a model pro¬ 

posed to explain their interaction. 

A. Insulin 

Insulin, the lone hormonal factor known to remove glucose from 

the blood, is synthesized in the beta cells of the islets of Langerhans 

3 
located in the pancreas . The hormone appears to be stored in the 

beta cells in the form of granules which migrate to the cell surface 
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when the cell is stimulated. There the membranes of the granules ap¬ 

pear to fuse with the membrane of the cell and their contents are re¬ 

leased into the extracellular space. The hormone then makes its way 

into the blood flowing through the pancreas and into the portal vein 

( Figure 1). 

The first organ encountered by the freshly released insulin is the 

4, 5, 6, 7 
liver. A number of investigations ’ ’ ’ indicate that hepatic glucose 

output is reduced by the presence of insulin. This may be the result 

8 
of accelerated glycogen synthesis . Only part of the entering insulin 

survives its initial passage through the liver to appear in the systemic 
i 

circulation. Much is deactivated by a specific hepatic enzyme insulin;- 

9 ase . 

Even though much of the newly secreted insulin is consumed in the 

liver, insulin's effect on hepatic metabolism might be secondary to its 

8 
action elsewhere in the animal body . Insulin promotes the uptake of 

glucose by the peripheral tissues, mainly muscle and adipose tissue, 

by making their cell membranes more permeable to small molecules 

such as glucose and amino acids. 

Recently a plausible hypothesis has emerged suggesting that a 

barrier to glucose exists at the surface of insulin-sensitive cells. It 

has been experimentally demonstrated that the intracellular production 

of high-energy phosphate compounds is strongly inhibited by oxygen 

deprivation together with specific poisons^. At the same time, the 
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affected cells increase their uptake of glucose and amino acids dupli¬ 

cating, to some degree, the action of insulin on the cells. Hence, Randle 

and Smith^ have suggested that the glucose barrier at the cell surface 

is maintained by the constant application of energy to it, the energy 

source being phosphates such as adenosine triphosphate ( ATP ) . 

( See Appendix I. ) It is then assumed that insulin acts by interfering 

with the application of energy to the glucose barrier ( Figure 2 ). The 

exact details concerning the barrier and insulin’s effect on it are un¬ 

known at this time. 

If the level of circulating insulin is low, glucose utilization is im¬ 

paired and the normal metabolic routine of the body is altered. Adi¬ 

pose cells synthesize fatty acids from glucose, and thus a decrease in 

the amount of glucose entering the adipose cells effects a decrease in 

the fatty acid synthesis. Since other hormones continuously stimulate 

the breakdown of fat stored in these same cells, the net result is that 

free fatty acids are released into the blood. The* ensuing high concen¬ 

tration of FFA in the blood causes these acids to diffuse into the other 

cells of the body, with the exception of central nervous tissue, where 

they become the major metabolic fuel when there is a shortage of intra¬ 

cellular glucose. Simultaneously, protein synthesis in the cells ( esp¬ 

ecially muscle ) comes to a halt due to the reduced ability of the small 

amino acid molecules to penetrate the cell membranes of insulin- 

sensitive tissues. This has the effect of promoting net protein catabolism 
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( breakdown ) with the release of amino acids into the circulation. In 

the liver the amino acids are transformed into glucose by the process 

of gluconeogenesis. 

Since low insulin levels are normally associated with a low con¬ 

centration of blood glucose, the above-outlined responses to insulin 

lack represent an efficient adaptation to the problem of temporary 

starvation. However, reduced insulin activity over an extended period 

of time results in death. Diabetes mellitus is the defining term for 

either ( or both ) of two defects of the insulin system: 1) underproduction 

of insulin by the beta cells of the pancreas; 2) the manufacture of bio¬ 

logically inactive insulin. In diabetes the liver is saturated with fat, 

much of which is oxidized only as far as acetyl CoA ( Appendix I ) 

due to an overload on the liver’s enzymatic machinery^. Acetoacetic 

acid and beta hydroxybutyric acid ( Appendix I ) are formed from the 

two-carbon acetyl CoA , and these two compounds ( ketones ) are re¬ 

leased into the hepatic venous blood. The pH of the blood becomes 

progressively lower as more and more of these acidic ketones appear 

in the circulation producing a condition know as metabolic acidosis. An 

additional negative effect results when the blood ketone concentration 

exceeds the renal ( kidney ) threshold for reabsorption, and ketones 

are excreted into the urine. Only about half of these strong acids can 

be excreted in the free acidic form, the other half are removed in com¬ 

bination with some strong cation such as sodium^. Due to the concen- 
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tration gradient sodium diffuses out of the cells and water follows in an 

attempt to maintain a constant intracellular ionic concentration. This 

is one of the most serious of the complications that occur in diabetes 

mellitus or in starvation. 

Prolonged hepatic gluconeogenesis also has less than desirable con¬ 

sequences. In the liver amino acids are first oxidatively deaminated 

( i. e. , NH^ groups are removed ) and then their carbon skeletons are 

2 
transformed into either glucose or ketone bodies . These additional 

ketones contribute to the already severe acidosis, and the NH^ is ex¬ 

creted by the kidney in the form of urea. Progressive water loss leads 

to the diffusion of intracellular electrolytes such as potassium and sodium 

out of the cells. Actually this effect is compounded by an increasing de¬ 

gree of intracellular dehydration which favors catabolic processes^. 

The control of insulin secretion is an extremely complicated pro¬ 

cess involving the interaction of several different signals. Observa- 

12,13 
tions 9 have shown that a high concentration of blood glucose is a 

strong insulin releasing factor. However, the magnitude of this response 

is dependent on the means of entry of glucose into the blood. McIntyre 

14 
et al. have demonstrated that the plasma insulin response to the glu¬ 

cose entering the blood through the intestines is much greater than to 

glucose entering intravenously. The intestinal enzyme pancreozymin 

and the intestinal hormone secretin have also been shown to stimulate 

2 
insulin release , and the hypothesis has been forwarded that the pre- 
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sence of glucose in the intestine somehow calls forth these factors. 

The question of central nervous system involvement in insulin re- 

2 
lease has been debated for years . Early studies by Houssay and 

g 
others suggested that insulin secretion is enhanced by stimulation of 

1 5 
the right vagus nerve. However, the recent work of Nelson et al. 

indicates that vagal denervation of the pancreas has no apparent effect 

on pancreatic endocrine function. 

Insulin production is increased by glucagon^. However, this ef¬ 

fect has been obtained using relatively large doses of glucagon and poss¬ 

ibly reflects pharmacologic rather than physiologic action. Insulin se- 

' 17 
cretion is also stimulated by certain amino acids . This may be con¬ 

sidered as a solution to the problem of getting amino acids into the peri¬ 

pheral cells following a protein meal. In addition, the presence of amino 

acids in the blood stimulates gluconeogesis in the liver and results in 

the elevation of blood glucose levels; but the magnitude of the insulin 

17 
response cannot be accounted for by the increase Of BG alone 

18 
Insulin release appears to be inhibited by epinephrine. Porte et al. 

noted that the intravenous infusion of epinephrine caused a rise in blood 

glucose bu the insulin level did not change. 

B. Glucagon 

Another pancreatic hormone, glucagon, which is synthesized in the 

alpha cells of the islets of Langerhans, acts on the liver to stimulate 

hepatic glucose production to increase the blood glucose level. Glucagon 
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can rapidly raise BG by glycogenolysis and also, over an extended 

1 9 
period of time, by gluconeogenesis , even in the absence of liver 

glycogen. The latter effect is very important in starvation when the 

glycogen stores are depleted. 

Glucagon secretion appears to be triggered by a low or falling 

20 
blood glucose concentration. Unger et al. observed that, with a 

declining BG, glucagon appeared promptly in pancreatic vein blood; 

and, if the hypoglycemia was terminated by intravenous glucose, 

glucagon secretion ceased. 

The details of the control of glucagon secretion have not yet been 

elucidated. Considerable evidence has accumulated which suggests 

19 
that glucagon release is stimulated via neural pathways . Certain 

chemicals ( epinephrine, for one ) applied to the floor of the fourth 

ventricle in the brain result in a rapid elevation of blood glucose levels, 

21 
as after glucagon administration . It is possible that this center may 

signal the pancreas to secrete glucagon. 

2 
Glucagon is the most powerful glycogenolytic agent known . The 

breakdown of liver glycogen can be demonstrated with as little as 0. 01 

micrograms of the hormone. An increase in hepatic glucose output 

can be detected within a few minutes of exposure to the hormone, the 

19 
effect subsiding within ten minutes . The liver rapidly deactivates 

glucagon. 

It has generally been thought that glucagon exerts its glycogenolytic 
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effect by activating the hepatic enzyme, phosphorylase, which cata¬ 

lyzes the breakdown of liver glycogen*® . However, recent investi¬ 

gations*®’ 22 reveal that enough active phosphorylase is present in 

unstimulated livers to support a significantly higher rate of glycogeno- 

lysis than has been observed during maximal glucagon action. These 

findings have led Sokal*® to hypothesize that most glycogen molecules 

in the liver are not exposed to enzymatic action, and that glucagon in¬ 

duces glycogenolysis by facilitating contact of glycogen with active 

phosphorylase already present. 

Sokal23 found that glucagon concentrations within the physiologic 

range stimulated both glucose and urea production in glycogen-depleted 

livers, confirming the existence of hepatic gluconeogenesis. The 

action involved a delay of approximately thirty minutes, but persisted 

for more than an hour after glycogenolysis would have ceased. 

Little is known about the mechanism of the gluconeogenic effect 

of glucagon. Miller2'* has reported that the source of urea produced 

following glucagon administration is liver protein rather than protein 

circulating in the blood, and that insulin inhibits the catabolic process. 

Thus it is possible that insulin inhibits the hepatic glucose output by 

24 
antagonizing gluconeogenesis instead of glycogenolysis 

C. Epinephrine 

Epinephrine is a product of the adrenal medulla, a gland lo¬ 

cated on the apex of the kidney. When specific loci in the brain 
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detect a fall in BG, an efferent message is carried via the pregang¬ 

lionic adrenomedullary nerves, and a discharge of epinephrine is 

effected. It is significant that certain brain centers are sensitive to 

hypoglycemia since it is the central nervous system ( CNS ) that so 

vitally needs a continuing supply of glucose. Unlike other cells, 

central nervous tissue can metabolize only glucose, possibly because 

of the so-called "blood-brain barrier" which permits only very small 

molecules to diffuse from the capillaries into the interstitial fluid of 

the CNS. 

Like insulin in the pancreas, epinephrine is stored intracellularly 

in discrete granules3. When the adrenomedullary nerves are stimu¬ 

lated by higher centers acetylcholine ( Appendix I ) is released at the 

synapses with the medulla cells. In a manner not clearly understood 

this compound effects release of the hormone. 

Epinephrine is called forth by a low or falling BG, and a subse¬ 

quent elevation of BG^ in the intact animal suggests that epinephrine 

plays some role in the process. In skeletal muscle epinephrine pro¬ 

motes rapid glycogenolysis with the accumulation of sufficient lactic 

acid to raise the level of lactate which is resynthesized into glycogen 

by the liver and recirculated as glucose^. 

In addition to glucagon, epinephrine has been identified as an 

hepatic glycogenolytic agent. In fact, the mode of action on the liver 
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1 Q appears to be identical . However, reinvestigation of the effect of 

epinephrine2® on blood glucose elevation shows it to be more pharma¬ 

cologic than physiologic. Glycolysis could only be induced in the 

isolated liver with epinephrine concentrations in excess of 100 micro - 

grams per liter, a near-lethal dosage. On the other hand, 0. 3 micro¬ 

grams of glucagon distinctly reduced hepatic glycogen and raised blood 

glucose. Hence, at physiological concentrations, epinephrine appears 

to have no direct effect on the liver. 

There is a second adrenal medullary hormone, norepinephrine, 
i 

though its effect on the control of blood sugar is negligible. Even 

though norepinephrine seems to act on glycogen metabolism in the 

same manner as epinephrine, it has only about one-fifth the gly- 

cogenolytic effect of epinephrine . 

As previously noted, it is quite possible that epinephrine stimu¬ 

lates certain centers in the brain to effect the release of glucagon by 

the pancreas. It is also known^ that epinephrine can induce release 

of free fatty acids from the lipid cells and, together with insulin 

inhibition, may be interpreted as a coordinated response to carbo¬ 

hydrate deprivation. It has been postulated that mobilized FFA may 

provide one of the major signals instructing the liver to begin to 

make new glucose out of deaminated amino acid residues . It must 

be remembered that glucagon, cortisol and an absence of insulin 
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are also associated with gluconeogenesis. At physiological concen¬ 

trations, epinephrine appears to have no direct effect on peripheral 

glucose uptake'1 . Therefore, the effect of epinephrine on blood 

glucose regulation would seem to be indirect, consisting of an in¬ 

hibition of pancreatic insulin output, the breaking down of muscle 

glycogen to lactic acid to appear later as glucose, stimulation of 

gluconeogenesis by mobilizing FFA, and possibly enhancing glucagon 

secretion. 

D. Cortisol 

,The adrenal cortex forms the outer layer of the two-part adrenal 

gland. This gland produces a number of vital hormones; but only one 

of them, cortisol, is generally associated with the maintenance of 

adequate blood glucose levels. 

While both are under the control of the central nervous system, 

the adrenal cortical cells, unlike the adrenal medullary cells, have 

no visible innervation^ . Therefore, the activity of these cells is 

regulated by chemical substances present in the blood circulating 

through the gland. When the message that BG is low or is decreasing 

arrives in a specific region of the brain stem, the hypothalamus, the 

cells in that region release certain chemical substances into the 

capillary plexus whereby they travel to the adenohypophysis imme¬ 

diately below (Figure 3). There they cause the secretion of the 

hypophysial hormone, adrenocorticotrophic hormone (ACTH). Such 
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Figure 3. - Diagram of hypothalmic regions which have been 
implicated in blood glucose regulation. Source: Tepperman, 
Jay,M.D.: Metabolic and Endocrine Physiology ( Chicago: 
Year Book Medical Publishers Inc. , 1968 ). 
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responses are termed neuroendocrine reflexes, since they involve a 

transfer of information from the nervous system to blood-borne hor¬ 

mones. ACTH then acts on the adrenal cortex to effect release of all 

its hormones, including cortisol. ACTH apparently promotes the 

conversion of the hormone precursor, esterified cholesterol, into 

cortisol. 

The role of cortisol during acute hypoglycemia is unclear^ even 

OQ* 

though Greenwood et al. have demonstrated that blood cortisol con¬ 

centration rises substantially following a fall in blood glucose. Cor¬ 

tisol is known to be a powerful depressant on protein synthesis in 

muscle cells and has recently been shown to enhance hepatic glucon- 

eogenesis from amino acids^ . Thus, it simultaneously favors the 

catabolism of muscle protein to amino acids for glucose production. 

However, protein catabolism is a relatively slow process and the 

concentration of amino acids in the blood due to the action of cortisol 

would be expected to be low for some time following the signal for 

cortisol production, a subnormal or a falling BG. Hence, the effect 

of cortisol on blood glucose regulation is probably a long term one 

and comes into play most dramatically during starvation. 

E. Somatotrophin 

As with ACTH, somatotrophin generation involves the inter¬ 

action of neural and humoral components. A physiological 

sensor in the hypothalamus detects a fall in BG and transmits 
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the information via neural pathways to another region in the hypothal- 

amus. It has been postulated0 , but not conclusively demonstrated, 

that in the hypothalamus a chemical releasing factor is secreted 

which makes its way to the adenohypophysis via the hypophysial 

portal vessels (Figure 3) and induces the secretion of somatotrophin. 

An interesting possibility is that the same BG detector serves 

both the region of the hypothalamus related to ACTH production and 

the region associated with somatotrophin generation. The preliminary 

observation that these two regions overlap somewhat ( Figure 3 ) 
* 

would seem to strengthen this conjecture. A more remote possibility 

is that the stimulation of glucagon secretion might be tied into this 

same detector. The reader should be reminded that no evidence 

whatsoever has been found in support of these speculations. 

Distinguishing somatotrophin from the other BG-elevating hor¬ 

mones is its mode of action. As far as is understood, somatotrophin 

raises the blood sugar primarily by inhibiting the egress of glucose 

go 
from the blood ° . In this sense it is an antagonist to insulin. The 

mechanism of this action is not known. Somatotrophin also stimulates 

FFA mobilization. Therefore, it may have an indirect effect on 

gluconeogenesis. However, somatotrophin*s role in gluconeogenesis 

is secondary to its importance in the blocking of peripheral glucose 

utilization. 
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Plasma levels of this hormone have been shown to rise following 

on 31 39 33 
a rapid fall in BG levels , during hypoglycemia ’ ’ , and also 

after vigorous exercise ’ . Knopf et al. have reported that 

somatotrophin secretion is also stimulated by the intravenous ad¬ 

ministration of certain amino acids. Again a response of this sort 

is advantageous in that starvation results in the breakdown of muscle 

protein to amino acids; increased somatotrophin levels would then 

shut off peripheral glucose uptake, thus shunting all available glucose 

to the brain. 

An interesting question to pose is why a number of blood glucose 

elevating hormonal systems exist while there is just a single BG de¬ 

pressing hormone, insulin. The CNS requires large quantities of 

glucose to stay alive and needs to be assured of receiving an adequate 

supply; hence, the evolutionary value for the redundance present in 

the glucose mobilizing system. At the same time, CNS cells do not 

require insulin for the ingestion of glucose. Granted that a severe 

glucose shortage eventually results in death, the process is slow and 

extremely complicated, thus reducing the probability that evolutionary 

adaptation would occur. On the other hand, severe hypoglycemia is 

rapidly fatal and the reason is simple. These conditions strongly 

encourage the development of parallel systems. 
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2. 4 Intestinal Absorption 

Glucose is absorbed primarily in the upper half of the small 

intestine. Considerable evidence indicates that the process is one 

of active transport^ ; i) Making the gut anaerobic (without oxygen) 

strongly inhibits glucose absorption. 2) Metabolic inhibitors decrease 

glucose absorption. 3) Glucose is absorbed against a concentration 

gradient. 

In the lumen of the gut glucose is taken up by the cells of the 

intestinal mucosa, from which it can enter with equal facility either 
i 

the blood or lymph vessels of the small intestine^ . Since blood 

flows much more rapidly than lymph, more of it is available to pick 

up and remove substances which permeate the capillary endothelium. 

Thus, most of the absorbed glucose is carried from the intestine by 

the portal blood ( Figure 1). 



Chapter 3. A MODEL OF THE BLOOD GLUCOSE CONTROL SYSTEM 

3.1 Remarks On Modeling 

This thesis will propose a mathematical model to explain the inter¬ 

actions of the various factors involved in the regulation of the concen¬ 

tration of glucose in the blood. The complexity of all biological systems 

inherently restricts the nature of any model that attempts to characterize 

such a system. A system model should: 1) be simple enough to be man¬ 

ageable, 2) be in reasonable agreement with the experimental data 

observed from the system, the desired end-product being the model 

parameters and 3) increase the understanding of the mechanisms in¬ 

volved. A sufficiently complete model of the blood glucose regulating 

system would provide the clinician with a powerful quantitative tool 

( the range of parameter values ) for the identification of abnormal 

states. Finally, the model developed should sugge9± experiments that 

will test its validity and provide insight into the salient features of the 

system. 

3.2 A Generalized Characterization 

The net rate of change of the concentration of glucose in the blood 

is a function of several factors: 1) intestinal absorption, 2) passive 

diffusion into the cells, 3) insulin-assisted uptake by the cells, 4) in¬ 

hibition of cellular uptake as a result of hormone action, and 5) hormone- 

modulated hepatic production of glucose. The excretion of glucose into 
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the urine may be neglected except in the case of an extraordinarily 

high blood glucose level. A simplified block diagram of the system is 

shown in Figure 4. Considering only the most important factors, if 

we let 

G = concentration of glucose in the blood 

I = concentration of insulin in the blood 

H = concentration of glucagon in the blood 
G 

H = concentration of epinephrine in the blood 
E 

H = concentration of cortisol in the blood 

Hs. = concentration of somatotrophin in the blood 

GI(t) = rate of absorption of glucose from the intestines 
( in BG concentration per unit time ) 

and Rj (t) = rate of production of glucose independent of 
variables defined 

then we may write 

dG/dt = Fj( G,I,HG,HE,HC,HS ) + GI(t) +R1(t) (1) 

In the introduction it was noted that glucose has been shown to sti¬ 

mulate the release of insulin by the pancreatic beta-cell. Insulin is 

deactivated by the hepatic enzyme insulinase. In addition, glucagon 

and epinephrine along with certain amino acids have also been shown 

to affect the rate of insulin production. Since cortisol and somatotro- 
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phin are associated with cellular protein catabolism which results in 

an increase in the quantity of circulating amino acids, they also affect 

insulin production. Thus 

dl/dt = F2( G,I,HG,HE,HC,HS ) + R2(t) 

where 

(2) 

R2(t) rate of production of insulin independent of 
variables defined 

Each of the hyperglycemic hormones appears to be regulated in 

» 
a similar manner. The evidence cited in the introduction indicates 

that the release of these hormones is affected by the level of glucose 

in the blood. Since each hormone functions in physiological processes 

other than blood glucose control, some hormone is secreted indepen¬ 

dent of glucose variations ( e.g. , anxiety elevates epinephrine concen¬ 

tration ). Like insulin, these hormones are enzymatically deactivated 

It is possible that epinephrine enhances glucagon secretion. Certain 

amino acids have been showm to stimulate somatotrophin production, 

and it is known that insulin promotes cellular uptake of amino acids 

while cortisol enhances the release of amino acids into the blood. 

Hence, these two hormones indirectly influence somatotrophin secre¬ 

tion. It follows that 
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dHQ/dt = F3(G,HG,He) + R3(t) (3) 

dH
E
/dt = F

4(G>HE> +R4<t) (4) 

dH /dt 
L» 

= F5(G,Hc) + Rg(t) (5) 

dHg/dt = F6( G,I,HC,HS ) + R6(t) (6) 

where 

R(t) = rate of production of hormone independent of 
glucose 

3. 3 Ackerman^ Model 

In 1964, Ackerman et al. ^ presented a linear, two-variable, time - 

» 
invariant, lumped-parameter model of the BG regulatory system and 

conformed it to data from the oral glucose tolerance test*. The var¬ 

iables in the model developed by these researchers were the deviation 

of the blood glucose concentration from the fasting value and the devia¬ 

tion of the nnet effective blood-hormone concentration” from its fast¬ 

ing value. The second variable represents the combined effects of 

insulin, glucagon, epinephtine, cortisol, and somatotrophin. In equation 

form: 

dg/dt = -m^g - m^h + GI(t) (7) 

dh/dt = m3g - m^h (8) 

* After an overnight fast, the experimental subject is given a concen¬ 
trated solution of glucose in water ( approximately 50-100 gms. glucose 
total) to drink and then blood samples are taken periodically for several 
hours thereafter. The samples are analyzed to determine the concen¬ 
tration of glucose in the blood as a function of time. 
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g = G - = deviation of BG concentration from the 
fasting value 

h - H - HQ = deviation of the net effective blood hormone 
concentration from the fasting value 

While this model can be forced to agree with the experimental data 

and is of some use as a diagnostic tool in the identification of diabetics, 

it gives little insight into the actual mechanism involved in blood 

glucose regulation. Although lumping hypo- and hyperglycemic fac¬ 

tors into a single variable greatly reduces the complexity of the model, 

such an assumption has a drawback in that no physical significance 

can be assigned to any term on the right hand side of the equations other 

than GI(t). The shortcomings of this assumption propogate into the 

terms containing g, as well as those in which h is a factor. For ex¬ 

ample, one might try to interpret the term n-mjg,r as representing 

the removel of glucose from the blood because of passive diffusion 

into the cells. But suppose the glucose concentration drops below the 

fasting level, i.e. , g is negative. Does this mean that glucose Mdif- 

fusesM out of the cells with the same rate constant that it is diffused 

in for g positive? Since intracellular glycogen is not in a form that 

can readily exchange as glucose with the blood, it is obvious that very 

little glucose diffuses out of the cells when the extracellular concen¬ 

tration of glucose is low. What actually happens is that a low level of 
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BG triggers the release of hormones which act on the liver and peri - 

pheral tissues to raise the concentration of glucose in the blood. But 

certainly the rate at which glucose is added to the circulation by these 

factors is not equal to the rate at which it is removed by passive dif¬ 

fusion, i. e. , m^g / nij(-g). Similar arguments may be applied to 

the other terms of Ackerman's model. 

3. 4 The Derivation of _a Three -Variable Model 

It is the contention of this thesis that the understanding of the 

mechanisms involved in blood glucose regulation can be improved 

by separating insulin from the hyperglycemic hormones. 

Let us define as variables the concentrations of glucose, insulin, 

glucagon, etc. , in the extracellular fluids. Small particles such as 

glucose and hormone molecules move freely between the blood and 

interstitial fluids. Thus, the concentrations of these substances in 

the bluid bathing the cells is very nearly the same as their concen¬ 

trations in the blood. We can then write 

dG/dt = -aj ( G - Gt) (9) 

G = extracellular glucose concentration 

G^ = intracellular glucose concentration 

to account for the egression of glucose from the extracellular fluids 

where 

and 
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by passive diffusion into the cells. 

As a first order approximation it is reasonable to assume that in¬ 

sulin affects glucose removal in a linear manner. Combining such a 

term with the one for passive diffusion and adding expressions for the 

effects of the hyperglycemic hormones and independent factors, we 

obtain 

dG/dt = -a’^G-G) -a I + f (H.) + GI(t) + R (t) (10) 

where 

' .Si= <HG'HE'HC’HS,T 

and 

f, (H.) 
1 —i 

effect of hyperglycemic hormones on extracellular 
glucose regulation 

I, H , H , H , H are now defined as extracellular fluid 
G ill C o 

concentrations. 

Metz reported that the rate of insulin release by the pancreas is 

very nearly proportional to the blood glucose concentration. If it is 

then assumed that insulin is deactivated by the enzyme insulinase at a 

rate proportional to its concentration, insulin regulation may be charac¬ 

terized by the following equation: 

dl/dt = a G -a 1 + f (H.) + R ft), i = l,2,3,4 
4 b Z —a Z (ID 
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where 

f (H.) = effect of hyperglycemic hormones on extracellular 
insulin regulation 

and 

R2(t) rate of insulin production independent of the 
variables defined. 

Because of the complexity of the processes being characterized) 

fj(H^) and f (H.) are extremely complicated functions. Expanding 

each of these functions in a Taylor series about the fasting hormone 
i 

levels gives 

£1®10» 
(HrHio> + higher order 

terms (12) 

f2®i> ■ *2® „> * tz\ 2 

t=i i 
ui0 

where 

+ higher order 
terms (13) 

H = fasting value of H. 
iO B i 

The next step is to write equations for the regulation of the hyper¬ 

glycemic hormones. It was noted in the introduction that the release 

of each of these hormones is enhanced by a low and/or falling BG level. 

Also, a rise in BG results in a decrease in hormone concentration. It 
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has been observed that the biological activity of a hormone diminishes 

with time. A plausible assumption is that each hormone is metaboli- 

cally deactivated at a rate proportional to its concentration. If we 

ignore the secondary effects the hormones have on each other, the 

regulation of each hormone might be approximated by the following 

expression: 

where 

dG/dt = -Cj (dG/dt)-u (-dG/dt ) - c2 (G - GQ) - c H + R(t) 

(14) 

and 

u (-dG/dt) = 0 if dG/dt is positive 

= 1 if dG/dt is negative 

GQ = fasting value of glucose concentration 

What I am proposing here is the existence of unidirectional rate sen¬ 

sors which detect a decreasing BG and trigger the release of these 

hormones. In addition, hormone release must be inhibited by a high 

BG and stimulated by a low BG. Hence it is reasonable to postulate 

a second detector-trigger mechanism which acts on deviations of the 

36 
glucose level from the fasting value. Clynes has demonstrated 

that the control of the pupil diameter of the eye may be accurately 

described by the sum of two such terms. The first term represents 
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a proportional response of the pupil to light-intensity changes and the 

second term involves a unidirectional rate sensor which provides for 

a rapid decrease in pupil diameter when bright light is encountered. 

The complete model equations may now be written as 

dG/dt = -a. (G - G ) - a I + f. (H.J + 
1 t 2 1 — IO t bli(H"Hi< ) + 

1=1 

GI(t) + Rj(t) (15) 

dl/dt = -a4G - a5I + f^) + 2. b
2i ( H"HiO) + R

2
(t) 

£=i 

(16) 

dH./dt = c (dG/dt)-u(-ldG/dt) - c (G - GQ) - c H + 

R (t), i = 1,2, 3,4 
i+2 

where 
(17) 

li H. 
-iO 

and b . = 2 
21
 "HT 

-iO 

Unfortunately, a model with such a large number of terms puts a 

severe strain on the requirement that the model be simple enough: to 

be manageable. With this in mind, a few parameter-reducing assump¬ 

tions can be made: 

1) As stated previously, intracellular glycogen is not in a 

form that can exchange readily as glucose with the extra- 

37 
cellular compartment . Hence, intracellular glucose can 
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be considered negligible, and we assume G 0. 

2) Assume that external disturbances are minimal so 

that R.(t) remains constant. Then suppose that the 

animal is fasted and a steady state condition is 

reached and is maintained until the animal is fed. 

Then, just before feeding, i. e. , t = 0 , 

GI(0“) = 0 

;■ G(0“) = GQ 

1(0") = I„ 

Hi(° ) = H.0 

and dG/dt(0“) = dl/dt(0") = dH./dt(0") = 0. 

Therefore, 

V = 
aiGo + Vo"W ■ V°> 

R2(t> * -A + a5I0 - W - R2(0) 

and 

R. _(t) = c. Hn = R.,_(0) , i = 1,2, 3,4 
i+2 i3 IO i+2 

3) Suppose that an animal has been prepared with all hyper¬ 

glycemic hormone systems disabled, and one is faced with 

the problem of prescribing a single replacement hormone 

whose action on blood glucose regulation most nearly dup¬ 

licates the combined effects of the hormones it is replacing. 

Further, assume that its concentration is regulated in the 
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same manner as has been hypothesized for each of the 

hyperglycemic hormones. 

These assumptions enable us to construct the following three-variable 

model: 

dX /dt = 
"alXl “ a2X2 + a3X3 + GI(t) (18) 

dx2/dt = a4Xl “ a5X2 + a6X3 (19) 

dX3/dt = -a?(dX1/dt).u (-dXx/dt) - a8Xx - a X3 (20) 

where 

. X! * G - Go 
X2 = 

1
 - 

and X3 = H ~H0 

While it appears that we have returned to a model that is similar 

to that of Ackerman et al. , it should be noted that a major refinement 

has been made. The separation of insulin from the hyperglycemic hor¬ 

mones enables us to ascribe physical significance to each of the terms 

of equations (10) and (11). Now, even.: though one cannot say that the 

first term on the right-hand side of equation (18) , above, represents 

the passive diffusion of glucose into the cells, the coefficient n-a " 

is the rate constant for passive diffusion as expressed in equation (10). 

Thus, by studying the model equations (18), (19), and (20) one can 

gain insight into the mechanism of blood glucose regulation that 

Ackerman's model does not provide. 



Chapter 4. RESULTS AND DISCUSSION 

4. 1 Preliminary Refinements 

To test the validity of the model ( i. e. , match experimental glu¬ 

cose and insulin curves and obtain a set of parameters which pro¬ 

vide insight into unmeasured physiological phenomena ), the com¬ 

puter program described in Appendix II requires the following input 

information: 1) glucose and insulin data from the glucose tolerance 

test, 2) initial "guesses" on parameter values and 3) data on in¬ 

testinal glucose absorption. 

Because the system being modeled cannot be exactly defined by a 

finite number of equations, it has been found that many points in para¬ 

meter space satisfy the criteria for a local minimum. Therefore, to 

determine the "best" set of parameter values, one must confine the 

search for an optimum to a region which has physiological credibility. 

It is advantageous to begin by setting as many parameters as poss- 

3 8 ible based on available information. Berson and Yalow measured 

the rate of insulin deactivation in twelve normal individuals and found 

a range of 1. 2 - 3. 2%/ minute, with an average of 2. 0%/minute. Simi- 

39 
lar studies show that somatotrophin activity decays at about 3%/min. 

If it is assumed that the other hyperglycemic hormones are deactivated 

at the same rate as somatotrophin, then the value 0. 02 may be assigned 

to a,. and 0. 03 to a^, the deactivation rates of insulin and composite 
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hyperglycemic hormone, respectively. 

40 
The work of Arnould et al. provides quantitative information 

on the intestinal absorption of glucose. By implanting catheters into 

the portal vein, left and right hepatic veins, and the femoral artery 

these investigators were able to estimate simultaneously the rate at 

which glucose is transferred from the lumen of the intestine to the 

portal blood and the changes in hepatic glucose outflow. Hepatic 

41 
blood flow is determined by the method of Bradley et al. using the 

selectively absorbed dye bromsulphthalein. If it is assumed that the 

rate at which the blood flows through the intestinal region is rapid as 
i 

compared to the rate at which glucose is injected into the blood, and 

that mixing with the entire extracellular fluid space is instantaneous, 

then 

GI(t) = ( PV - A ) Q/V 
mg/ 100ml 

min 
(21) 

where 

PV = concentration of glucose in the portal vein 
( mg/100 ml ) 

A = concentration of glucose in the femoral artery 
( mg/100 ml ) 

Q = rate of flow of blood in portal vein 
( 100 ml/ min. ) 

and 

V = extracellular fluid volume ( in units of 100 ml) 
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These studies indicate that GI(t) rapidly rises to a peak and then 

falls off. A typical input curve is shown in Figure 5. Since GI(t) 

was of this form for several dogs, it is plausible to assume that the 

absorption process in humans may be characterized by a three-part 

curve: 1) a linear initial phase, 2) a brief period during which the 

rate of absorption is constant and 3) an exponential fall to zero. The 

area under the curve times the extracellular fluid volume (V) gives 

the total amount of glucose absorbed. The work of Arnould et al. also 

indicates that the maximum value of GI(t) should be reached just be¬ 

fore the deviation of glucose from its fasting value reaches it maxi- 
I 

mum. 

The region of parameter space restricted only by a,., a^, and 

GI(t) ( from Arnould et al. ) proved to be insufficiently constrained to 

calculate a stable set of coefficients. The trajectory in parameter 

space determined by the minimization routine was highly sensitive to 

changes in the initial values of all unconstrained parameters, and, al¬ 

though the glucose and insulin curves were usually well-matched, each 

"optimum" set of parameters produced obvious distortions in Xg(t) 

( composite hyperglycemic hormone ), every Xg curve being domi¬ 

nated by a large negative component ( i. e. , a large ag ). 

One logical method of solving this problem was to obtain additional 

information to enable more parameter values to be set, thus more 

narrowly constraining the region of search. The paper of Arnould 
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Figure 5. GLUCOSE ABSORPTION RATE 
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et al. also includes data on the disappearance rate of radioactive glu--. 

14 
cose. They injected a small amount of glucose- 1-C ( i. e., the num¬ 

ber one carbon is replaced by a radioactive isotope ) into the circulation 

and then measured the decline in radioactivity as a function of time. 

This technique defines the rate of glucose utilization since the labeled 

glucose is taken up by the cells at the same rate as the natural glucose. 

Their studies show that the uptake of glucose is exponential in form 

both prior to and during absorption, the rate constant being greater 

during absorption. The average disappearance rate coefficient of seven 

experimental animals before the administration of a glucose load is 

1. 5%/min. and while thei.load is being absorbed it is 2. 0%/min. Cahill 

42 
et al. found that the average rate constant of labeled glucose disap¬ 

pearance in absorption was 2. 1%/min. for six normal humans and in 

four severe diabetics was approximately 0. 55%/mini. The former value 

closely agrees with Arnould's findings on dogs. In addition, if it is 

assumed that the insulin-aided uptake of glucose in the diabetic is neg¬ 

ligible, then we have arrived at a good estimate for a , the rate con¬ 

stant of glucose disappearance due to passive diffusion. 

Returning again to equation (10) in the light of findings of Arnould 

and. Cahill, 

dG/dt = -a G - a I + a H + R (t) + GI(t) 
1 6 0 1 

(10) 
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Assume a fasting condition, i. e. , GI(t) = 0, and dG/dt = 0. The 

term "a H + R (0)" provides for the glucose required by the fasting 
O U JL 

animal while -a G _ a I " represents the uptake of glucose by the 
XU c* \j 

body. ( An overnight fast does not elevate somatotrophin concentration 

31 
significantly and consequently the hormone's inhibiting effect on 

peripheral glucose utilization is negligible. ) Thus, 

FDR'G0 * aiG0 + Vo =a3H0 +E1(0) (22) 

where 

FDR = coefficient of glucose disappearance during 
fasting ( approximately 1. 5%/minute ) 

Since we have good "guesses" for FDR and a^ , we may derive an 

approximate value for a 

a2 = ( FDR - ax ) G-j/lQ (23) 

However, a may also be estimated using information on the rate of 
Ci 

glucose uptake during absorption, i. e. , 

DR-G = a G + a I (24) 
1 ^ 

and 

a2 = ( DR - a ) G/I . (25) 
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where 

DR = coefficient of glucose disappearance during 
absorption ( approximately 0. 020/min. ) 

This last result would seem to suggest that a is time-varying. 

Fortunately, the time course of insulin follows that of glucose quit e 

closely during the glucose tolerance test. Hence, the ratio of 

G(t)/I(t) may be approximated by a constant. 1^ ( in (JL-units/ml ) 

is generally much less in magnitude than ( in mg/100 ml) but 

with the onset of absorption I(t) rapidly rises and G(t)/I(t) quickly 

approaches a nearly constant value. It follows that a^ as calculated 

from equation (22) is too large for a best fit and that a better initial 

estimate may be obtained inserting the values of G and I at some 

time after the beginning of absorption into equation (25). Combining 

data obtained from resting humans during the oral glucose tolerance 

43 
test and the assumed values of a^ and DR we obtain 

or 

(0. 0200 - 0. 0055) 150/133 

0. 0174 ( in 
mg/ 100 ml 
If iinit£. / ml / min. ) 

With a fixed at 0. 0055 and a initialized at the estimate above, 
1 £ 

another attempt was made to conform the model to experimental 

data. Even though it was possible to obtain reasonably well-matched 

glucose ( Figure 7) and insulin ( Figure 8 ) curves, the values of 
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9. 0 

Figure 6. GLUCOSE ABSORPTION RATE 
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Figure 7. GLUCOSE DEVIATION 
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Figure 8. INSULIN DEVIATION 



Figure 9. COMPOSITE HYPERGLYCEMIC HORMONE 

DEVIATION 
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several of the parameters could not be considered to fall within the 

physiological range. The most serious objection again concerned the 

form of the composite hyperglycemic hormone (X^) curve ( Figure 9 ). 

These hormones should have significant positive components after the 

fall of X^(t). 

4.2 Technique for Estimating Glucose Input 

No additional experimental evidence could be f ound which would 

allow one to estimate other coefficients. Therefore, the only available 

vehicle to a more suitable region of parameter space was to obtain a 

method of estimating the glucose input which would be compatible with 

the findings regarding rates of glucose utilization. It was noted that 

FDR*GQ = a HQ + R (0) (22) 

If it is assumed that the concentrations of all hyperglycemic hormones 

remain essentially constant during short-term hyperglycemia, ( as 

during absorption ) , and further, that the production of glucose by 

outside influences remains constant, then 

a H(t) + R (t) = a H + R (0) = FDR-G (22a) 
<j ^ u U 1 

while absorption is taking place. We may now rewrite (10) as follows: 
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dG/dt = -ajG - + FDR*G0 + GI(t) (10a) 

But recall that DR*G = a G + a I. This gives 
1 2 

dG/dt = -DR-G +FDR*GQ + GI(t) (10b) 

Thus, given the data on glucose and the disappearance rates during 

fasting and absorption, we may obtain a good estimate of GI(t), i. e., 

GI(t) = dG/dt +DR-G - FDR*GQ (10c) 

Absorption is considered to be terminated at that time when GI(t) first 

becomes negative. Any additional glucose that is added to the circula¬ 

tion after this initial period is mostly the result of the action cf the 

hyperglycemic hormones. 

When this technique to estimate GI(t) was employed, it was possible 

to locate a physiologically reasonable region in parameter space. How¬ 

ever, the area under the input curve was not sufficient to account for 

the total glucose absorbed from the intestines. 

The studies of Arnould! and colleagues indicate that the liver re¬ 

moves great quantities of glucose from the portal blood during ab¬ 

sorption ( Figure 10 ). With this in mind, a comparison was made 

between the total aihount stored in the liver and the amount calculated 
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Figure 10. HEPATIC GLUCOSE OUTFLOW 
( Source: Arnould et al.^ ) 
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using information on glucose disappearance rates. For each of 

Arnould’s seven dogs, GI(t) estimated by the disappearance rate 

delivered an amount of glucose very nearly equal to the difference 

between that absorbed by the intestines and that taken up by the liver. 

Thus, this method provides a good estimate of the rate at which glucose 

overflows the hepatic barrier as a function of time. 

If we review the curves of Figures 6-9 in the light of these findings 

it may be noted that the curve of the composite hyperglycemic hormone 

( Figure 9 ) closely resembles Arnould's hepatic response curve (Figure 

10 ).• In retrospect, it is seen that the affect of the liver is so large 

that it completely obscures any affects which may be attributed to the 

hyperglycemic hormones. 

The above observations lead one to conclude that the hepatic response 

during glucose absorption is too large and too localized a phenomenon 

to be included in a lumped-parameter characterization of the blood glu¬ 

cose regulatory system. Arnould and associates found that the liver 

could remove 20-70% of the entire quantity of glucose absorbed. This 

large and unpredictable variance means that no systematic relationship 

exists between the rate of intestinal absorption and rate of glucose 

concentration changes in the peripheral blood, i. e. , a reliable esti¬ 

mate of the absorption rate cannot be easily obtained. However, it 

should be noted that if a good approximation of the intestinal glucose 
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input could be found, then the glucose disappearance rate could be used 

to estimate the response of the liver during absorption. 

where 

and 

L(t) = dG/dt + DR G - GI(t)* + LQ (26) 

L, FDR GQ 

L(t) = rate of hepatic glucose output (mg/lOOml/min) 

GI(t)*= estimated rate of absorption of glucose from 
the intestines ( mg/lOOml/min. ) 

Perhaps this technique provides a relatively simple method of deter¬ 

mining hepatic efficiency. 

If it is desired that the blood glucose control system be character¬ 

ized in terms of accessible measurements, i. e. , from the peripheral 

blood, then during absorption it is necessary to lump the liver in with 

the intestines and call the hepatic overflow the system input GI(t). 

Since no other single tissue has the enormous capacity of the liver to store 

glucose, it is feasible to lump the remainder of the tissues into a single 

"black box" whose properties with respect to blood glucose regulation are 

to be determined. 

4. 3 Examples 

Using the glucose disappearance rate technique to estimate GI(t), 
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glucose tolerance test data from the following experimental situations 

43 
was investigated: 1) normal humans under resting conditions* , 

43 44 
2) normal humans during exercise* and 3) a resting diabetic 

The proposed model was successfully conformed in each case and sig¬ 

nificant differences in respective parameter values were compared. 

The optimum set of parameters for each case are given at the end of 

this section. 

A. Resting Normals 

Since the data investigated did not include measurements on dis¬ 

appearance rates using radioglucose, the average FDR, 1. 2%/min., 

and average DR, 2. 0%/min., for dogs as determined by Arnould et al. 

were taken as a first approximation in the calculation of GI(t) for the 

resting humans. These assumed values are supported by Cahill s 

42 
work on humans. The resulting curves from the literature cited 

above are shown and limits corresponding to plus and minus one stan¬ 

dard error of the mean are indicated. The model equations are: 

X1 ■ 
-0. 0055X1 - 0. 0159X + 0.0393X + GI(t) 

c* O 
(27) 

*2 = 0.0577X1 - 0. 02X2 + 0.0165X3 (28) 

X = -1. 8838ZX, - 0.0 130X - 0. 03X„ (29) 
3 1 1 3 

It should be noted that only the terms "a^X^" and "agX^" can be as¬ 

cribed any physical significance. The same effect on glucose regulation 
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could be achieved by dividing X by ten and multiplying a and a by 
O O D 

ten. Therefore, Figure 14 reflects only relative changes in the com¬ 

posite hyperglycemic hormone concentration. 

The small fluctuations seen in GI(t) ( Figure 11 ) are partially 

the result of the method of interpolation which generates data points 

between the measured values and are not to be interpreted as repre¬ 

senting real variations in the absorption process. 

It is noteworthy that the source from which the experimental data 

was obtained stated that as much as 25% of the glucose load remains 

43 
unabs'orbed after ninety minutes . The area under the GI(t) curve 

after the ninety minute point was found to comprise 17% of the total 

area, indicating close agreement with the^above findings. 

The overshoot seen in X^(t) near its peak ( Figure 12 ) may be due 

to either or both an error in the estimation of GI(t) or nonlinear effects 

at high concentrations which cannot be accounted for by a model with 

constant coefficients. 

Since FDR and DR were no determined in this study, some error 

in the calculation of GI(t) is probable. To investigate this possibility 

FDR and DR were varied sequentially, ihe difference DR - FDR being 

maintained at 0. 5%/minute, until the best curve fit was obtained. This 

procedure produced a minimum overshoot for FDR = 0. 9%/minute and 

DR = 1. 4%/minute. However, there is no further justification for using 

these values other than they gave the smallest overshoot. 
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Figure 11. GLUCOSE INPUT FOR RESTING NORMALS 
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Figure 12 GLUCOSE DEVIATION FOR RESTING NORMALS 
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Figure 1 3 INSULIN DEVIATION FOR RESTING NORMALS 



57 

Figure 14. COMPOSITE HYPERGLYCEMIC HORMONE 

DEVIATION FOR RESTING NORMALS 
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Figure 14 and the magnitude of the term "a X " indicate another 
u O 

possible source of error in the estimation of the input. In deriving 

the disappearance rate technique, it was assumed that the hypergly¬ 

cemic hormone concentrations remained nearly constant at their 

fasting values during absorption. Admittedly, this supposition is 

not completely valid. However, the findings of Arnould et al. (Figure 

10 ) suggest that the effect that a fall of these hormones would have 

on hepatic glucose production is secondary to the huge uptake of glu- 

45 
cose by the liver duting absorption. Reichard and co-workers ar¬ 

rived at a figure of about 120 mg/kg/hr. for the rate of hepatic out¬ 

put in fasting man. For the 70 kg. man with approximately 18 liters 

of extracellular fluid, the figure above converts to 0. 8 mg/lOOml/min. 

Thus, if GI(t) were redefined to be the rate at which glucose overflows 

the liver in excess of the time-varying rate of hepatic production, there 

would be an increase in the maximum value of GI(t) of at mostO. 8mg/': 

lOOml/min. The maximum negative value of "a X 11 is (0. 0393H-16. 3) = 
J O 

-0. 64 mg/ lOOml/min. However, it is extremely unlikely that the acti¬ 

vity of the hormones which affect hepatic glucose production would fall 

this dramatically during the brief absorption phase. It is doubtful that 

a is as large during hyperglycemia as after the glucose fall. Since 
O 

the exact levels of the hyperglycemic hormones cannot be measured, 

and in any case, their effects cannot be expected to change significantly 

in shortterm hyperglycemia, it is reasonable to assume that the more 
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important aspects of the rapid initial rise of glucose can be accounted 

for by the expression "-a X - a X “ and GI(t) as calculated by the 
11 Ct Ct 

disappearance rate technique. 

When the extracellular fluid concentration of glucose begins to fall, 

Xg (Figure 14) is rapidly elevated and counteracts the fall of glucose 

through the term "a^X^". Glucagon-stimulated hepatic glycogenolysis 

is the most plausible explanation for this rapid effect. It is unlikely 

that excessive catabolism would occur in such a brief time in response 

to a relatively mild stimulus and thus, contributions due to hepatic 

gluconeogenesis are minimal. Additional evidence in support of this 

conclusion are the measurements of circulating free fatty acids made 

along with those of glucose and insulin (Figure 15). For the first 

three hours following glucose ingestion there is decline in FFA con¬ 

centration for the resting subjects. Epinephrine and somatotrophin 

are known to stimulate FFA mobilization. Hence, the involvement of 

these hormones in glucose production would seem to be slight. 

In the introduction it was pointed out that epinephrine inhibits 

insulin secretion while glucagon and certain amino acids stimulate the 

pancreatic beta cells to release the horjnone. For the reasons men¬ 

tioned above with regard to protein catabolism, significant quantities 

of circulating amino acids are not probable during the first few hours 

following the glucose load. Since the optimum fit was obtained with 

the composite hyperglycemic hormone aiding insulin secretion through 



Figure 15. FREE FATTY ACID CONCENTRATION 

FOR RESTING HUMANS 
( Source: Reinheimer et al.^9) 
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the term "a^Xg", strength is added to the contention that glucagon is 

the primary hyperglycemic hormone involved in glucose regulation 

immediately following the initial fall in glucose concentration in the 

resting, normal humans. 

After the 165th minute (Figure 12) the glucose data, X^, 

experiences a fall that the model, X^, cannot follow. Recall that 

"agHg + R^(0)" represents the rate at which the liver produces 

glucose in the unfed animal and that GI(t) is assumed to be the rate 

at which glucose flows out of the liver during absorption in excess of 
i 

the fasting production rate. Near the termination of intestinal ab¬ 

sorption it is quite possible that there is a brief period of time during 

which the hepatic outflow of glucose is less than the fasting level, 

i. e., GI(t) O’. In the present case since insulin concentration 

(Figure 13) is still well above the fasting level at the 165th minute, 

it is entirely possible that the liver is still removing more glucose 

than it is releasing. Such a response would explain the late-appearing 

fall in blood glucose concentration. 

B. Exercising Normals 

Additional studies on the same normal experimental subjects 

AO 

were conducted by Reinheimer et al. to investigate the effects of 

exercise on blood glucose regulation. They found that an hour of 

exercise beginning ninety minutes after the oral glucose load 
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produced a rapid fall in glucose and insulin. Immediately following 

cessation of exercise, both glucose and insulin were dramatically 

elevated to a peak at the three hour mark, declining thereafter. 

46 
Recent findings suggest that the increased uptake of glucose 

(as much as threefold) during exercise is due to increased insulin 

effectiveness. It is hypothesized that exercise alters the circulation 

at the cellular level so that insulin contact with the metabolizing 

cells is facilitated. 

The above information was incorporated into the model by mul¬ 

tiplying a.^ by a constant factor for the interval of exercise ( 90-150 

minutes). The best curve fit was obtained using 2. 4 as the multiplier. 

The curves associated with the exercising data are shown in 

Figure 16, 17, 18 and 19. The parameters which differ significantly 

from those determined from the resting data are listed below. 

RESTING 0.0159 0.0393 0.0165 

EXERCISING 0.0382* 0.0177 -0.0206 

* value of a^ during exercise 

Figures 17 and 18 demonstrate the"adequacy of the model to 

duplicate the response of the blood glucose control system during 

exercise, i. e., the rapid fall of the X and X curves at the onset 

of exercise. The high rate of glucose decrease causes the peak seen 

in Figure 19. 
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NORMALS 
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Figure 17. GLUCOSE DEVIATION FOR EXERCISING 

NORMALS 
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Figure 18. INSULIN DEVIATION FOR EXERCISING 

NORMALS 
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70 

Figure 19. COMPOSITE HYPERGLYCEMIC HORMONE 

DEVIATION FOR EXERCISING NORMALS 

I 
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The sudden spike in FFA seen in Figure 20 illustrates a positive 

correlation between observed physiological phenomenon and the peak 

in X predicted by the model. Exercise is known to be a strong 
0 

stimulus for somatrtrophin release and, as previously noted, this 

hormone is associated with FFA mobilization. Epinephrine is also 

known to increase the level of FFA in the blood. A negative a^ in¬ 

dicates an inhibition of insulin secretion by X^ and further strengthens 

the suggestion that epinephrine is an initially prominent component of 

X3- 
1 

The smaller value of a^ in the exercising case could indicate that 

the hyperglycemic hormones are not as active in instantaneous glucose 

production as are those in the resting humans. One might conjecture 

that the diminished flow of blood to the gastrointestinal region during 

exercise results in a decreased amount of glucose added to the general 

circulation by hepatic glycogenolysis. Such an effect could be due to 

1) a reduction in the amount of glucagon carried to the liver, 2) less , . 

contact of glucagon with the glycogen breakdown apparatus because of 

decreased circulation, and/or 3) a simple decrease in the amount of 

blood needed to pick up available glucose. A decline in glucagon- 

associated activity would enhance the importance of other hormones 

during exercise. 



Figure 20. FREE FATTY ACID CONCENTRATION 

FOR EXERCISING HUMANS 
(Source: Reinheimer et al.^9 ) 
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Lactic acid, whose release from the exercising skeletal muscle 

is aided by epinephrine, goes to the liver to reappear as glucose. 

This accounts for at least part of the rise in glucose concentration 

(Figure 17) seen at the conclusion of exercise. In addition, soma- 

totrophin inhibits the uptake of glucose by the peripheral cells. 

However, these effects are probably not of sufficient magnitude to 

produce the large increase observed in the glucose data. Two 

additional factors may be involved. 1) At the onset of exercise it 

is possible that about 25% of the glucose load is unabsorbed. The 

t 

shunting of blood away from the intestines to the muscles inhibits 

the absorption of the remaining glucose. (Compare Figure 16 with 

Figure 11). When exercise is terminated absorption resumes and 

the glucose is added to the circulation. The method of estimating 

GI(t) does not lend itself to detecting a delayed phenomenon such as 

this. 2) Hepatic glycogenolysis may return to prominence with the 

increase in gastrointestinal blood flow. As mentioned in the intro¬ 

duction, epinephrine may stimulate glucagon secretion and encourage 

this process. 

Figure 18 suggests that epinephrine inhibition of insulin secre¬ 

tion apparently present during exercise should decline in significance 

following the cessation of exercise. Insulin-stimulating substances 

such as glucagon and amirio acids, in addition to the rise in glucose 
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concentration, might account for the insulin peak around the 200th 

minute. That is, a better fit might be obtained by allowing a^ to 

assume a new value following exercise. 

43 
Reinheimer ' s group provided supplementary data which tends 

to confirm many of the conclusions derived from the model. Phen- 

tolamine (an epinephrine blocking agent) was administered to four 

subjects and the exercising tests repeated (Figure 21). For the 

duration of exercise insulin levels were not as low (no epinephrine 

inhibition) and post-exercise glucose elevation not as high. The 

I 

latter effect may be due to decreased lactate released into the blood 

or to an absence of epinephrine-stimulated glucagon secretion. 

C. Diabetic 

The last example considered was a resting diabetic. Based on 

42 
studies which show that the glucose utilization rate is relatively 

low during both fasting and hyperglycemia in diabetics, the following 

disappearance rate coefficients were assumed and used to estimate 

GI(t): 

FDR = 0. 006/minute 

and 

DR = 0. 008/minute 

The results are illustrated in Figure 22, 23, 24 and 25. The 

parameters of interest are given below and compared with those 
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Figure 21. EFFECT OF EXERCISE WITH AND WITHOUT 

PHENTOLAMINE ON GLUCOSE AND INSULIN 

( Source: Reinheimer et al^9 ) 
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Figure 22. GLUCOSE INPUT FOR A DIABETIC 
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120 

Figure 23. GLUCOSE DEVIATION FOR A DIABETIC 
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Figure 24. INSULIN DEVIATION FOR A DIABETIC 
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Figure 25. COMPOSITE HYPERGLYCEMIC HORMONE 

DEVIATION FOR A DIABETIC 
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of the resting normals of Reinheimer. 

NORMAL 0.0159 0.0393 0.0577 0.0165 

DIABETIC 0.0049 0.0000 0.0482 0.0114 

GI(t) (Figure 22) as calculated by the disappearance rate tech¬ 

nique agrees with the observation that the rate of glucose absorption 

35 
in the intestines increases in diabetes mellitus . Thus, part of 

the rise in seen in Figure 23 is due to the increase in GI(t). 

However, the most significant factor in the attainment of the high 

glucose concentration is the reduction in insulin-assisted glucose 

uptake, reflected in the low value of a 

The lack of supplementary information such as that provided by 

Reinheimer et al. on FFA and phentolamine effects seriously ham¬ 

pers the interpretation of the remaining coefficients. The lower 

figures for a^ and ag possibly indicate decreased pancreatic 

responsiveness. However, such an effect is secondary to the 

production of insulin with deficient activity. The choice a^ = 0 is 

somewhat unexpected, especially since the response is relatively 

large (Figure 25). The undershoot in the falling portion of X^ 

suggests that some hyperglycemic hormone activity is present. 

Possibly the high blood glucose concentration hampers hepatic 
g 

glycogenolysis, but existing experimental evidence does not 
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support this explanation. Perhaps the assumed disappearance rates 

were too low for this particular diabetic, leading to an underestima¬ 

tion of GI(t) and consequently, aA larger value of a^ would 

necessitate some help from the hyperglycemic hormones (through 

"a^Xg") in matching the glucose data during the falling phase. 

Actually, the difficulties concerned with identifying the diabetic 

parameters are probably a result of the uroundness " of the data 

being matched. In order to achieve stable values for the uncon¬ 

strained parameters there must be a certain degree of "attainable 

irregularity" in the data. In other words, for a given estimation of 

GI(t), the probability that the computed set of optimum coefficients 

is unique increases with increasing disparity between adjacent data 

points, assuming that the model is capable of approximating this 

behavior. 



TABLE OF PARAMETER VALUES FOR EXAMPLES STUDIED 

Resting Exercising Diabetic 

al 0.0055 0.0055 0.0055 

a2 0.0159 0.0382* 0.0049 

a3 
0.0393 0.0177 0.0000 

a4 
0.0577 0.0558 0.0482 

a5 
0. 02 0.02 ' 0. 02 

a6 
0. 0165 -0.0206 0.0114 

a7 ' 
1.8838 1.8838 1.8399 

a8 
0.0130 0.0130 0.0000 

0. 03 0. 03 0. 03 
9 

« 

* value of &2 during exercise 



Chapter 5. CONCLUSIONS 

This thesis has investigated a number of interrelated problems 

associated with the regulation of blood glucose concentration and a model 

for this system has been developed. The following statements summarize 

these studies. 

A three-variable, time-invariant, lumped-parameter model has been 

proposed to characterize the most important features of the blood glu¬ 

cose regulatory system. The model was derived with the intent that 

each term should represent a physiological phenomenon. Based on 

substantial experimental evidence, the existence of proportional and 

unidirectional rate sensors was hypothesized to control the release of 

the hyperglycemic hormones. The separation of the hormones into 

hypo- and hyperglycemic components is seen as the crucial step neces¬ 

sary to transform a mathematical construct ( the model of Ackerman et 

al. ) into a physically more-meaningful set of equations. 

In order to conduct model studies using data from the glucose toler¬ 

ance test, a reliable estimate of the rate of intestinal glucose absorption 

was required. Since the liver exerts a large and unpredictable effect on 

glucose uptake, a technique for calculating the rate at which glucose 

overflows the liver during absorption based on easily obtained measure¬ 

ments was derived and shown to be a reasonable approximation. This 

simple technique is sufficiently valid to justify its use in future studies 
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involving glucose absorption. A modification of this method could be 

used to clinically estimate hepatic efficiency from peripheral blood glu¬ 

cose data. 

The examples investigated in this thesis have shown that this model 

is capable of duplicating physiological data using parameter values which 

do not conflict with information known at this time. No direct claim can 

be made on the exactness of the generated parameters due to the lack of 

data for comparison. However, indirect support for their credibility is 

furnished by qualitative data; e. g. , correlation has been shown between 

the rise of the model variable X^» as a result of increased insulin effect¬ 

iveness during exercise, and measureable indications ( phentolamine 

effects and FFA measurements ) of the presence of certain hyperglycemic 

hormones. The values of the coefficients (a and a. ) relating these 

hormones to glucose and insulin production appear to be useful in identi - 

fying the particular hyperglycemic hormones involved. That is, a^=0. 0393 

and a^= 0. 0165 for the resting normals suggest that glucagon is the major 

component of X^. During exercise these coefficients change to a^=0. 0177 

and a, = -0. 0206 for the same individuals, indicating that epinephrine is the 

predominant hyperglycemic hormone. Comparing the low value of a^ 

( 0. 0049 ) in the diabetic with a = 0. 0159 for the normals provides agree- 
Cm 

ment with the observation that insulin -aided glucose uptake is subnormal 

in diabetes. 
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The ability of this three-variable model to account for these effects 

represents a significant extension of Ackerman's work. The lumping 

of antagonistic factors into one variable makes it difficult to place a 

physiological interpretation upon the parameters generated by the 

model. For instance, there is no way to incorporate changes in the ef¬ 

fectiveness of insulin during exercise in a two-variable component 

model. Furthermore, although insulin closely follows the glucose 

curve after a brief ( 15-30 min. ) delay, the hyperglycemic hormones 

vary in a markedly dissimilar manner which cannot be adequately 

modeled by a second order linear system. 
i 

The initial results obtained with the model developed demonstrate 

that this approach to characterizing the blood glucose regulatory system 

merits further study. The model's capabilities would be considerably 

enhanced by the acquisition of experimental evidence which would enable 

narrow limits to be placed on parameter values ( e.g. , data indicating 

the expected variation of a^, the coefficient relating insulin secretion 

to glucose concentration). With knowledge of the expected coefficient 

ranges, this model could be a more effective clinical tool, requiring 

only simple glucose, radioglucose, and insulin measurements. 
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A TECHNIQUE FOR PARAMETER IDENTIFICATION 

It is desired that the proposed model be able to approximate data 

taken on glucose and insulin concentrations during the glucose tole¬ 

rance test. A computer program has been written which will estimate 

parameter values. Basically, the procedure is to iteratively adjust 

the parameters so as to minimize the quadratic performance index 

given below subject to the constraints imposed by the model equations. 

T 

pi = \ 
where 

Xjtfor + (X_ (t) - 
2m 

x2(t)) dt (1) 

X 
lm (t) 

experimentally measured deviation of glucose 
concentration from its fasting value at time,t. 

X 
2m 

(t) experimentally measured deviation of insulin 
concentration from its fasting value at time,t. 

In order to decrease computation time, the differential equations 

are transformed into difference equations: 

x(t) - 

dX/dt 

.X(tk) = 

- ^(tk+l 

k+1 

X(k) 

) - X(t ) — k 
X(k+1) - X(k) 

’ A- fck+l-tk 
A 
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This gives us: 

Xj(k+1) 

X2(k+1) 

X (k+1) 

X,mW 

X, (k) 2m 

X (k) + /^(-ajX^k) - a2X2(k) + a3X3(k) + GI(k) ) 

(2) 

X2(k) + A-^Xjfk) - a5X2(k) + a6X3(k) ) (3) 

X3(k) + A(-a?z (X^k+l) - Xj(k)) - agX^k) 

A 
- a9X3(k) (4) 

❖ 
Xj(k) + rj (k) = Yj(k) (5) 

x2(k) + r
2<k>* = Y2(k> (6) 

where 

if 
Xj (k+1) - Xj(k) 

A ~ 
o 

0 

(k). = difference between glucose data and glucose model 
at k. 

r
2(k) difference of insulin data and insulin model at k. 

Thus, given the data points X, (0), X (0),. . . , X (n) and 6 ^ lm Im lm 

X0 (0), X_ (1), . . . , X_ (n), we wish to determine a. ,a , . . . ,a_ 
Zm Zm Zm 1 Z 7 

In the glucose tolerance test, glucose and insulin are usually measured 
every fifteen minutes. A quadratic interpolation routine ( Stirling’s 

formula) has been used to generate ndata points" between the measured 
values. This routine provides a data-smoothing effects 
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such that 

PI 

is minimized. 

i £(vk>2 + r2w
2] 

k=0 

(7) 

Suppose we define our parameters to additional state variables, i. e. , 

X4(k) = a-1 = X4(k+1) (3-16) 

X 5 (k) = a2 = X5(k+1) 

X (k) = a = X (k) 
12 9 12' ; 

This enables us to write in vector form 

X(k+1) = £(X(k)),u(k)), 12 x 1 

Y (k) = h(X(k)) + r(k), 2x 1 

and 

where 

n 

PI = "-(^(k))| Q(k)|Kk) -W(k)j) 

k=0 

(17) 

(18) 

(19) 

Q(k) is a 2 x 2 positive-definite matrix which may be 

used to selectively weight the components of (Y(k) - h(X(k)), 

T 
K = ( gj.g2. . . • » §12) 

h(X(k)) = (X2(k), X2(k))T 

and 

r(k) = (' r^ (k), r^k)) 

We are thus faced with the problem of minimizing PI subject to the 
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47 
constraints £(X(k)) - X(k+1) = 0. This problem may be replaced with 

the problem of determinimg the minimum of the function 

n 

L = PI + i £(X(k)) - X(k+l]> 

k=0 

(20) 

where P(k) is a vector with twelve components. The necessary con- 

ditions for a minimum of L. at (X (k),P (k)) are 

and 

3L I „ = aPi| 
3x. J (x ‘, p ) ax. lx (£(X*(k)) - X*(k+1 )]> = 0 

(21) 

9L| 
3Pj(X 

1 “ 

g.(XV(k)) -X*(k+1) = 0 
1 — 1 

where i = 1,2,...,12. 

(22) 

From (19) and (21) , it follows that 

9L 
ax. 

n 

y. <Y(k) - h(X(k))l Q(k)[ah(X(k)) 9X(k)\ 

k=0 3X(k) 8X. 

n-1 

y<£(k). 8&(X(k)) 9X(k) -8X(k+ 1)\ 
^ 3X(k) dx

i 
ax, ' 

k=0 

+ 

(23) 

n 

y<X(k) -h(X(k))l Q(k)[ah(X(k)) 9X(h)\ 
^ 3X(k) X 

k=0 9X. 

Notice that 
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and 

<X(n) - h(X(n))j Q(n)[ah(X(n))aX(n)\ 

•aX(n) ' 3X. X 

n-1 " 1 

£<X(k) - h(X(k))] 

k=0 

Q(k) bh(X(k))9X(k)N, 
ax(k) ax. i 

n-l 

YyP(k),3X(k+l)N 
> = <P(n-l), 9X(n)\ 

' ax. / 

k=0 i n-2 3X. 

/p(n-l),9X(n)\ + 

y<P(k),9X(k+l)' 
, n 

3X- k=0 I 
n-l 

7<P(k-i), ax(k)\ 
ax. l v n 3x- k=0 i 

</p(-l),3^(0)\ 

ax. 

Using the above results, we may rewrite (23) as follows: 

3L 
ax = <P(-1), 3X(0)) - <P(n-l),3X(n) > 

ax. 
I 

ax. 

n-l 

<J(n) - h(X(n))| Q(n)|Qh(X(n))aX(n)\ 
3X(n) ax. 

Y <£(k), a&(X(k))2X(k)\ /£(k-l),9X(k)\ 
ax(k) ax. / " \ ax. / 

k=0 

<Y(k) - h(X(k))l Q(k)|3h(X(k)) 3X(k) \ 
' lax(k) ax. x (24) 

Therefore, the necessary conditions for (X (k), P (k) ) to minimize 

L are: 

P(-l) = 0 

P(n-l) = - <^Y(n) - h(X(n))|Q(n)||h(X(n))\ 

(25) 

and 
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P(k-l) = /P(k),gg(X(k)r> /Y(k) - h(X(k))|Q(k)bh(X(k))\ 
N 3 X(k) " X 3X(k) / 

k = 0,1,2,. . . , n (27) 

But inserting k = n into (27) gives 

P(n-l) = <^(n),3£L(X(n))^ ^Y(n) -h(X(n))j Q(n)bh(X(n))\ 
3X(n) / " N 3 X (n) X 

Comparing this last result with (26) yields the right-end condition 

necessary to iteratively solve (27) for F.(k), namely 

P(n) = 0 (28) 

Since (26) and (27) can always be satisfied, (24) becomes 

= /p(-l),_3X(0)\ (24a) 

i dX. X 

Thus, 1 

P.(-l) =_3L , i = 1,2, . . . ; 12 
1 3X.(0) 

x 

and P. (-1) may be interpreted as the gradient of L with respect to the 

initial condition X. (0). Since a = X (0), a = X (0),...,a = X (0), 
i 1425 y 1Z 

P.(-l), ( i = 4,5,.. .,12) may be used to adjust parameter values so as 

to minimize PI, i.e. , 

= a 
i-3 

where £ = 

- e-P.(-l), i = 4, 5, . . . , 12 
x 

magnitude of step in the negative gradient 
direction. 

(29) 
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Hence, the procedure is to iteratively adjust the parameters until the 

condition that P(-l) = () is satisfied. 

The convergence properties of this method depend on the step size. 

If £ is too large, instability results; and if £ is too small, convergence 

may require a large amount of computation time. 

An effective technique for computing an optimum step size is utilized 

48 in the method of Fletcher and Powell using the inverse Hessian matrix 

to obtain the minimum of a nonquadratic function in n variables. This 

technique is available in computer program form on the IBM Scientific 

Subroutine Package ( code name: FMFP ). 

The model equations ( 18-20 ) have been defined such that all para- 

49 meters should be positive, with the possible exception of a,. Tietze 
6 

has added a significant modification to the method of Fletcher and Powell 

which allows such bounds to be placed on the coefficients. 

Thus, given the function to be minimized ( PI ), the gradients cal¬ 

culated by the procedure outlined above, and the constraints placed on 

the parameters, FPMOD ( the computer subroutine FMFP incorporat¬ 

ing Tietze*s modofication) iteratively adjusts the parameter values 

until the magnitude of the gradients ( P(-l) ) is below some pre-selected 

value. 
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