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ABSTRACT 

PROOF: AN IMPLEMENTATION OF THEOREM-PROVING WITH EQUALITY 

JOSEPH VAN ZANDT PRESSON 

Mechanical theorem-proving has, in the past, been 

hindered by the lack of an efficient method of treating the 

equality relation. A system (developed by E. E. Sibert) of 

first-order logic has been defined based on the structure 

of the equality relation. The program PROOF implements this 

system on the Rice University Computer. 

The three rules of inference making up the system are 

presented, and modified to a more algorithmically suitable 

basis for PROOF. Certain heuristic additions to the system 

are presented, and examples are given. Finally, conclusions 

and suggestions for future applications of PROOF are discussed. 
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CHAPTER ONE 

INTRODUCTION 

The problem of handling the equality relation in semi- 

algorithmic proof procedures for first order logic has greatly 

complicated most work in this field in the past. It has been 

necessary to characterize equality as just another binary re¬ 

lational predicate and introduce special axioms to give it the 

required properties (Robinson [19671). These axioms tended to 

increase the complexity of the problem and give rise to numer¬ 

ous redundant inferences. 

Sibert [19681 has developed a logic system which removes 

this difficulty by treating equality (and its negation, ineq¬ 

uality) as special predicates, and absorbing the required 

properties into the structure of the system. The result is a 

more efficient treatment of the problem. 

In this paper, we deal with the implementation of a re¬ 

stricted. version of the above .system by the program PROOF on 

the Rice University Computer. The restrictions imposed are 

of two general classes. The first is purely an alteration of 

form in order that the procedures be algorithmically specifiable, 

and the second includes those modifications permitting imple¬ 

mentation by a finite machine and extending the power of that 

implementation. Primarily, PROOF is intended to provide both 
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a verification of the accuracy of the above system and a 

working model by which future extensions to that formal system 

may be tested. 

A brief summary of the paper is in order. The second 

chapter discusses the syntax and semantics of the formalism, 

and presents general and introductory aspects of the procedure 

Chapter three is devoted to derivation of the (three) rules 

of inference. The fourth chapter discusses the implementation 

and describes the heuristics employed. Several examples are 

treated in chapter five, and general conclusions are given. 
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CHAPTER TWO 

FORMAL PRELIMINARIES 

We present a summary of the structure given by Sibert, 

borrowing freely from his presentation, and treat the proof 

procedure in general. 

Function symbols and predicate symbols of each degree, 

and variables are assumed to exist in infinite supply, and 

are represented by the conventional letters; the negation sym¬ 

bol is The alphabetical order well orders the collection 

of symbols, with the negation symbol last. 

,A term is either a variable, or a string consisting of 

a fxmction symbol F of degz*ee n- 0 followed by n terms. 

An atomic formula (atom) is a string consisting of a 

predicate symbol P of degree n- 0 followed by n terms. 

A literal is either an atom or an atom preceded by 

A ground literal is a literal containing no variables. 

A clause is a finite set (possibly empty) of literals, 

n is the empty clause. 

A ground clause is a clause containing no variables, 

o is a ground clause. 

The lexical order well orders the set of all terms and 

literals by the rule that A precedes B if A is shorter than 

B, or if A and B have the same length, then A has the alpha¬ 

betically earlier symbol in the first position at which A and 
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B differ. An exception occurs, in this implementation, where 

A and B are both variables. In this case, they are already 

assumed to be in order. 

Two additional kinds of literals are allowed: equations, 

having the form 

:={a>3} (2.1) 

or 

={a} (2.2) 

and inequalities, having the form 

* * '•* an^ 

where a,g, c^, are any terms. This "labeled" set no¬ 

tation expresses the lack of ordering among the terms, and 

is the result of absorbing the symmetric property of equality. 

(2.1) is equivalent to the more standard forma= Q. (2.2) is 

the trivial equation a=a. (2.3) is interpreted as "a^,...,a 

are not all equal." The case n = 1 represents the trivial in¬ 

equality sPe°ial forms = and £ are not considered 

to be predicate letters, and the negation symbol is never used 

with them. Literals formed in the usual way with predicate 

letters are known as type I literals, and equations and in¬ 

equalities as type II literals. 

A formula is either a term or a literal of type I. 

The set of terms appearing in a type II literal L will be 

denoted Ls. 
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We shall represent a list of terms a^, ... ,an by <£, 

and write X(a ) for Xta^, ...,an), where it is understood 

that if X is an n-ary symbol, then a has n entries. "a = B" 

means that a and t have the same cardinality, say n, and that 

Similarly, "a/B" means that & and $ have the same cardinality, 

but precisely not (a = S). We shall use (a/£} to denote the 

set of literals 

A term a is said to be maximal in a clause C iff <* is 

not a proper subexpression of any term appearing in C, and 

is said to be primary iff a appears in C as an argument of 

a predicate letter or as a member of an equation or inequality. 

A substitution component is any expression of the form 

T/V, where V is a variable and T is any term different from 

V. V is called the variable of the component T/V, and T is 

called the term of T/V. A substitution is a finite set (pos¬ 

sibly empty) of substitution components, no two of which have 

the same variable. The empty substitution is denoted by e . 

If E is a finite string of symbols and 9 is a substitution, 

then the instance of E by 9 (denoted E9) is the string ob¬ 

tained by replacing each occurance in E of a variable which 

is the variable of a component in 9 by an occurance of the 

term of that component. If C is a set of strings, we denote 

by C9 the set (E9: E^CK 
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The composition of two substitutions, 9 = { T-j/V^,...,T^/V^.} 

and X, is the substitution 9*Ux 1, where A* is the set of all 

components of x whose variables are not among •••*Vk, and 

9f = {T1A/V1, Tkx/Vk }. 

The following facts are due to Robinson [1965a]. For 

any substitutions 9,A , y, 9e=e9=9; (A9)y = A(9y); and E(X9) = 

(Ex)9, where E is any string. If C is any.set of formulas, 

and 9 is a substitution such that C9 is a singleton, then 9 

is said to unify C, and G is said to be unifiable. An algo¬ 

rithm, called the unification algorithm (Appendix A) is given 

in Robinson [1965a] which can be applied to any non-empty, 

finite set of formulas. The algorithm determines, first, 

whether the input set is unifiable, and, if it is, produces 

a substitution known as the most general unifier (MGXJ) of the 

set. If A is a unifiable set with MGU o and 9 is any substi¬ 

tution which unifies A, then there is a substitution A such 

that 9 = aX. 

Sibert presents an extended unification algorithm (see 

Appendix B) which can be applied to a collection 

A — [A^, •.•, An ) 

of finite, non-empty set of formulas, not necessarily disjoint. 

The algorithm determines whether there exists a substitution 

<r such that • 

A^ a, i = 1,..., n 
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are all singletons, and if so, produces such a a, which is 

said to unify A, and A is said to be unifiable. o is then 

called the MGU of A. If A is such a unifiable collection 

of sets, and 9 is any substitution which unifies A, then 

there is a substitution X such that 9 = oX . If A is a dis¬ 

joint collection of sets and 9 unifies A, we say 9 contracts 

A iff there exist A6<4, Be A such that A^B and A9 = B9. If A 

is a disjoint, collection of sets and 9 unifies A, then o 

(the MGU of A ) induces a partition <P on the set 

A1 = A-.UAJJ. . .UA , 1 d n 

where (P is the partition of A' determined by the equivalence 

relation X - Y iff X9 = Y9. (Pis unifiable and is not con¬ 

tracted by its MGU, a . 

The proof procedure is based on refuting the consistency 

of a truth-functionally unsatisfiable set of clauses called 

the sentence, S, which is in prenex form, with no existential 

quantifiers in the prefix. The clauses are in disjunctive, 

and S in conjunctive, normal forms. As an example from group 

theory, the statement "3esVx, xe = x," which states the exis¬ 

tence of a right identity, becomes 

f(x,e) = x, 

where f represents the binary operator. The statement ex¬ 

pressing right inverses, ,Vx3x~'*‘9 xx~^ = e,M becomes 

f (x,g(x)) = e, 

. where, a (Skolem) function replaces the existentially quan¬ 

tified variable. 
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The clauses in S are assumed by the system to be con¬ 

sistent (satisfiable).. By their construction, the truth of 

the new clauses produced by the rules of inference depends 

on the truth of those in S. In fact, the rules are derived 

(Sibert) to insure this for the ground case and then lifted 

to the general case. This lifting process insures that no 

possibility of contradiction is introduced by the rules them¬ 

selves (i.e., other than that inherent in the clauses from 

which the deductions are made). 

Deductions are actually performed at the general (as 

opposed to ground) level, in the manner of Figure 1, where 

the general deduction parallels a ground deduction. These 

deductions are linked by a substitution p which replaces 

each variable by a ground term. The utility of this scheme 

may now be seen: a single general inference covers any number 

of corresponding ground inferences, depending on the terms 

used in p. 

Each inference is checked to see if it.is a terminal 

clause, a clause which is either the empty clause □ (which, 

containing no true literals, is trivially false), or has 

the form 

C = {L-, V. . .VL } 1 m 

where the literals are all inequalities and ( L^,...,L^ ) 

is unifiable. 

The clauses in S, and those produced from S, are all 

assumed true 'until one is found (terminal) which corresponds 

to the false ground clause a. The chain of deductions leading 
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Figure 1 Correspondence of Ground and General 

Deductions. 
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to this clause then corresponds (via P , which unifies the 

terminal clause) to a ground chain leading to o; i.e., a 

proof of the unsatisfiability of the original S has been 

found. In fact, applying p1 to the general proof will pro¬ 

duce this ground proof, where pT is the composition of P 

and any (ground) substitutions or substitution components 

made in the course of deriving the terminal clause. An ex¬ 

ample is given in Appendix C. 

The clauses in S are combined or expanded by applica¬ 

tions of the rules of inference, to produce new clauses. 

Let E^(S) denote the set S together with all the clauses 

that may be deduced from S by applying the rules. E'Hs) is 

finite, so we may recursively define En(S) = E‘*'(En~'*'(S)) for 

all n>0, where E^(S) = S, and where En”'*‘(S) Cl En(S). Sibert 

has shown that if S is unsatisfiable, then En(S) contains a 

terminal clause, for some n. 

We define a reduction operator, <51, to be applied to a 

clause, with the following properties: 

1° A trivial clause is deleted. 

2° Intersecting inequalities are merged, and trivial 

inequalities and duplicate terms within inequalities 

are deleted. 

3° A clause which duplicates some previously derived 

clause (to within a change of variable) is deleted. 



11 

To this end, applies an ordering to the clause, 

as follows: 

1* Type I literals are lexically ordered within 

the clause. 

2’ Terms within type II literals are lexically 

ordered. 

3* Equalities are ordered by the lexical order 

of their first terms, or if these are idenr 

tical, of their second terms. Variables are 

assumed to be identical for ordering purposes. 

4' Inequalities are ordered, first, by the num¬ 

ber of terms they contain; within that order¬ 

ing they are ordered as for equalities, with 

the procedure extended to all their terms, if 

necessary. 

4° Variables occuring in the clause are made unique 

to that clause. 

5° If the clause is terminal, (ft- ends the proof. 
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CHAPTER THREE 

THE RULES OP INFERENCE 

We now present the rules of inference to be used in 

theorem-proving with equality, beginning with the binary 

forms of the (formal) ground and general rules given in 

Sibert [19681. These statements of the rules are then modi¬ 

fied, primarily to permit their algorithmic specification 

for implementation, and rules 2 and 3 combined to take advan¬ 

tage of certain mutual hypotheses. 

The ground forms of the rules are now given. In what 

follows, /and B denote sets of literals, (zVtf) = AVB> and, 

if Lis a literal, {/v'L}=/U{L). 

Rule 1: Let P be a predicate letter and let 

A = {AV P( a ) V...V P( a.)} 

and 

B = V... V ~P(Bk)) 

be clauses, A ^ B. Then infer 

C = 0\{.{AVBV ... ,£ j,^,... ,ek>}) • 

Both A and B may also contain literals with the predicate 

letters P and-'P. The deduction here is that if A or B is 

true, C is true. If Z and B are false, then at least one 
^y _y _y _y 

each of P(a ,... ,P( a^) and ^P( B^),... ,~P( &k) is true. First, 

consider the case j = k = 1. Since both P(a^) and^P(B^) are 

true, ^{a^, B-j} must be true. Recalling that the notation 
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3^ {a^,..., <*n } means "not all the terms cu are equal," the 

extension to j>l, k>l is simple, since the P(cL) and 
^ ' • 

<vP( B ) which are true insure a. ^ B . 
n in 

Rule 1 expresses the resolution principle (Robinson 

[1965a]), and is the only rule manipulating clauses con¬ 

taining type I literals. The form of the rule is such as 

to alter the resolvant (deduction) so that the other rules 

are applicable (i.e., transform the information contained 

in type I literals into type II literals). 

Rules 2 and 3 are to be applied only to clauses con¬ 

sisting entirely of equations and inequalities. 

Rule 2: Let 

A = ( 4 V a = B V a = B 0 V.. . V a =3 ) 
12 r 

and B be clauses such that a appears, and is maximal, in 

both A and B and « does not appear in A. Then infer 

c = CR( { A v/a= e2 V ... \/ a = B V Bl^/ a]}), 

where the notation BtB^/a ] means replace each occurance of 

a in B by an occurance of B^. The deduction here is that if 

A or one of a = B2>•••> a= 8r is true, C must be true; other 

wise, a= B^ must be true, and C becomes equivalent to B 

(which is assumed true). Rule 2 replaces the axioms pre¬ 

viously required to express the property of replacement 

associated with equality. 

Any rule may be used for choosing B^ from among the 
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3•s in.A (provided a suitable form of this selection rule 

can be applied also in the general case); indeed, more 

than one B may fulfill the conditions of the rule, and the 

inference is then to be performed for each such B. The 

method chosen for selecting 6^, in our implementation of 

rule 2, requires that B^ possess the alphabetically highest 

initial function letter among the B's in A. 

Rule 3: Let A be a clause and F(a) be a terra which appears 

in A and is maximal in A, where F is any function letter of 

positive degree. Let F(£) be some other term such that 

F( o) is not a subexpression of F(B). Then infer 

C =CR.({a^p VA[F( B)/F(a}]} ). 

The deduction here is quite simple: if C is true; other 

wise, a = B and C is equivalent to A. 

Rule 3 will be used primarily to break up the nesting 

of functions. This behavior will be much more apparent in 

the general form of the rule. 

We now present the general form of Sibert's rules. 

Rule 1; Let P be a predicate letter (not one of the special 

forms for equality) and let 

A = (>IVP(^) V... V P(Oj)}. 

and 

B = {£-V~P( &,_) V...V~P(Bk)) 

be clauses with no variables in common. Then infer 

C =0L( { A V B W{a1,..., cyB-jL,...^})). 
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A and B may also have literals with predicate letters P 

and -vP. 

Rule 2: Let A and B be clauses with no variables in common, 

A ^ B, and let M be the set of all the primary terms in A 

or B. Let be a unifiable partition of M (whose MGU, °, 

# ' # 
does not contract (P ), and put A = A a and B = Ba. Require 

that A have the form 

.*■ 
Aw = {JT V aw Va“ = 3^ V.V a = ep 

where a appears, and is maximal, in A and B , and a * does 

' ^5. 

not appear in /fv*. Then for each 3 ?, where 3 ? is either a 

variable or possesses the alphabetically highest initial 

M- 

function letter among the B'v,s in A”, infer 

= <H( (A* -(a * =3 l } ) V B,r[3T/a?] ). 
# * Mm Mm 

ft? m _ 4\ / W- 

Note that the selection rule for choosing 3 £ must now . 

include the possibility that 8 7 (general) is a variable, since 

the substitution linking the general deduction to the ground 

deduction may bring the variable into that ground term (8^) 

on which the inference is based. 

Rule 3? Let A be a clause and let M be the set of all the 

primary terms of A. Let <P be a unifiable partition of M 

(not contracted by its, MGU, ° ), and set A4' = Ao. Let a’*' 6 A 

be maximal and begin with a function symbol F of degree n > 0, 

a* = F(8,‘"). Then let X = X1,...,Xn be variables not appearing 

in A“, and infer 

C* = ' A(( V A* tP(X)/ a *
:]} ). 

-:c- 
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Here, the "de-nesting" operation of rule 3 is more 

readily apparent, since variables may replace more com- 

plicated subterms 3^ in F. 

The restrictions on variables appearing in the clauses 

A, B in both rules 1 and 2 motivate the unique variable part 

of the (ft operator. In future statements of these rules we 

will drop this requirement, and assume that S is actually 

(dUC): C^S'} where S' is the initial input sentence, so that 

S, and all inferences produced from S, meet this requirement. 

At this point, we begin the modification of these rules 

to their logical form as implemented in PROOF. In what follows, 

we choose to sacrifice a certain amount of rigor in order to 

increase the clarity and directness of the presentation. 

We now restrict rule 1 to allow only P^- deductions 

(Robinson [ 196£b ]). 

Rule 1: Let P be a predicate letter (not one of the special 

forms for equality), and let 

A = { /l VP(^) V... V P(a .)} 

and 

B = {B V~P( 8^ V... V~P(3k)} 

be clauses, where B is restricted to contain no unnegated 

type I literals if A contains any negated type I literals. 

Then infer 

C =&( {A VB {ax, . .., a., . ..,Bk}}) . 

The use of the P^ form for rule 1 reduces the number 
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of clauses produced from a given input set, while retaining 

the soundness of the rule. Both positive and negative P^- 

deductions are included as a convenience to the user, al¬ 

though the system would be complete with either. 

Prom an algorithmic standpoint, the present statements 

of the rules are not particularly workable, with the pos¬ 

sible exception of rule 1. Therefore, we now reformulate 

them to be more straightforward in that context. 

We first consider the. construction of the partitions 

(P. The problem of finding all such partitions may be cir¬ 

cumvented by restricting the class of eligible partitions to 

a single one from which the others may be derived (i.e., con¬ 

fining our attention to that partition which may be further 

partitioned to produce all other elements of the class). Such 

a partition exists because all elements of the class must meet 

certain requirements, as set forth in the rules using them. 

This partition of interest is generated solely by these re¬ 

quirements (and is, therefore, uniquely constructible to with¬ 

in a change of variable). In fact, we need not directly con¬ 

sider this partition at all, since its MGU,o , is actually 

generated by the requirements, and is the only information 

needed about (P. 

It is worth commenting on the manner in which c is 

generated, perhaps best done by studying rule 3. For each 

a e A, if a is maximal, we set a = c and A" = A. If, how¬ 

ever, a appears as a subterm of a term in M, we attempt to 
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eliminate that term from M. We can only do this if that 

term is a member of an inequality (not the same literal in 

which a, itself, appears), and a must unify that inequality. 

If more than one such term includes a as a subterm, we must 

continue the above process until either we are forced to halt, 

since a term to be deleted appears either in an equality or 

in an inequality which cannot be unified, or we succeed, 

having produced the cr for which we are searching. Likewise, 

in rule 2, the requirement that a’'* not appear in may re¬ 

quire the unification of certain inequalities, again producing 

the desired o. We shall call the a derived in this fashion 

a minimal MGU. 

The effect of considering only this ’'minimal" partition 

is to produce a clause which "covers" all those that would 

have been deduced; that is, a clause from which any of the 

others is still obtainable by applying a further partition 

(equivalently, a substitution). 

Although further analysis will be presented, it is 

useful to state rules 2 and 3 in their present forms. 

Rule 3? Let A be a clause and let M be the set of all the 

primary terms of A. For each a€ M, let a be that minimal 
.V. 

MGU, if any, such that a" = aa is maximal in A“ = A0. If 

a’*" begins with a function symbol F of degree n> 0 (a-* = F(3*-))> 

then let X = X2,...,Xn be variables not appearing in A’'", and 

infer 
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0* = (R({ f ^ 6 V A* [F(i)/ct'::‘]} ). 

Before presenting the analogous form of rule 2, we 

must extend our earlier analysis of the class of partitions 

generated. Recall that rule 2 requires A"*' to have the 

form 
.'C . -W. W w A» 

A" = V = 6" V a" =62
v V . V a’' =B “} , 

r 3 

and that there exists a ground clause A1 corresponding to 

A*" in the inference about to be made. But the class of all 

partitions includes those (if any) which unify two or more 

of the B'l’s (one of which is the key term, BV), in addition 

to meeting the requirements on a'v. In order that the gen¬ 

eral dedviction correctly correspond to the ground deduction, 

we must specifically include these partitions (equivalently, 

their corresponding unifiers) in the following version of 

rule 2. 

Rule 2; Let A, B be clauses, A / B, and let M be the set 

of all the primary terms in A or B. For each a e M, let 
J}/- 

a■ be that minimal MGU, if any, such that <* =aa^ appears 

and is maximal in A" = A^ and B" = B<*^, where A“ is of the 

form 

A = {/T V a" = B“ Va" = p£V...\/ct"=B " } , 

and a '* does not appear in A4'. Then mark as "eligible" each 

BT which is either a variable or possesses the alphabetically 

highest initial function letter among the 6*'1 s in A", and 
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apply the g-matching algorithm, as follows, for each eligible 

ei: 

g -matching algorithm 

Step 1. Set k = 0, 0" = a 

8* ^ — 8 , in 1,..., m, 0 nr ’ ’ 

Step 2. Infer 

l0 r, BJ = B", /rQ =/T- 

0* =R({(A^ -uj- »I>kn V [6-yap >) 

and go to step 3. 

Step 3. For each eligible g. , , j>i, attempt to unify 
J 

g'1! , with gV ,. If successful, go to step 4 with J ,iC 1 ,K 

©k set to the resulting MGU. Otherwise, continue 
.${. 

the search for another g . , . When no other 3 . , can 

be found, go to step 5* 

Step 4* Let be that minimal MGU, if any, such that 

= ^©j^k appears and is maximal in Ak+^ = A^Q^o^ 

and B^+1 = O^, where A^+1 is of the form 

V ... V a = 3 k+1 1 k+1 v k+1 p l,k+l •** k+1 r,k+l 

4\ , • .V 

} ^k+l V “k+1 e 

and does not appear in /Jk+^. If no such a k 

can be found, continue step three at level k. Other- 
j*. 

wise, set g^ k+1 = g^ ^S^k* m = I,***>r* add one to k, 

and go to step 2. 

Step 5>. If k = 0, terminate the algorithm. Otherwise, set k = 

k-1 and return to continue step 3* 
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The 8-matching algorithm is simply a recursive pairing 

procedure, attempting to unify the selected 8^ with other 

eligible 8‘.’s eventually produce (assuming such is possible) 
J 

an A^ in which all eligible 8^»s have been unified into a 

single term. As an example of the application of the algor- 

ithm, suppose A' had three such eligible 8?'s. In Figure 2 

we show the algorithm scheme, together with the inferences 
j/, 

produced for the case i = 1, where unification of 8 V s is 

assumed to succeed each time. The algorithm must terminate, 

since only finitely many (say n) eligible g “ 1 s are present; 
J 

from these there is a maximum of 2n~ possible inferences 

produced by the algorithm. The algorithm is entered once for 

each eligible gV, producing a maximum total of 2-1 = £_^2n_ 

possible inferences from a given A", B~, and a". 

Basically, this form'of rule 2 says that given two 

clauses A, B, we attempt to force a term a“ to appear and have 

certain properties in each; we then note that A has a special 

form and enter the algorithm to insure that all inferences are 

made. The order of this procedure is, however, quite inef¬ 

ficient, for A itself must have also had this form, and the 

algorithm could have been performed once for each g^ in the 

clause A, deferring the selection of clause B, and.its matching 

to Av (via a') until later. 

Additionally, this order of operation would permit the 



A
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6
1,1

V
») = 

6
2,I

v“* ' «!,1J 

At { Va| = 6f j Va| = 62,lV“l = 63,1> 

<i> 
A? = { A* Va% = 0| 2Va£ S2,2V“? e3,2> 

Node Level C* 

a 0 <K({ ^Voj-6j>0\/«j = el0VB*iz*tQ/a*-]}) 

b 1 <R.({/rfVaf =6|>1VB* [efj (sBf#1)/«f3 > )■ 

c 2 <3L({ A* V B£ [g|j2 (=B|j2 
= B3,2^a2 ^ } ) 

d 1 R({4* V«f = B|#1 V Bf[f?^ (=B|#1)/af ]>) 

Figure 2. Example, e-matching Algorith 
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overlapping of certain common requirements in rules 2 and 

3, resulting in a saving of effort. We now present a com¬ 

bined form of rules 2 and 3* motivated by the above con¬ 

siderations . 

Rule 2/3? Let A be a clause and let be the set of all 

the primary terms of A. For each a £ M^, let be that 

minimal MGU, if any, such that V = ac^ is maximal in A1- = A^. 

If af begins with a function symbol F of degree n>0 (af = 

F($)), then let it = X^,...,Xn be variables not appearing in 

A1”, and infer 

C* = CR({X^(5 V Af[F(X)/ of]}). 

In either case, let be that minimal MGU, if any, such 

that a' = at°^t is maximal in A* = At-, where A* is of the 

form 

A» = (4' V a» = B» V ...Vat = B» ? 
1 r 

and a* does not appear in 4 *. Then mark as "eligible" each 

B* which is either a variable or possesses the alphabetically 
i 

highest initial function letter among the 3,fs appearing in 
i 

A', and apply the B-matching algorithm, as follows, for each 

eligible B *: 
i. 

B-matching algorithm 

Step 1. Set k = 0, a ' = a 1, A* = A*, 4' = 4» , and B ’ = B ', 
0 0 o m,0 m 

m = l,...,r, and go to step 2. 

Step 2. Apply the B-clause search, below, to A* with key 
k 

term B1 ; then go to step 3 
i,k 
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Step 3. For each eligible 6 . , , j>i, attempt to unify 
J 

6*. , with BJ , . If successful, go to step 4 with 

©k set equal to the resulting MGU. Otherwise, con¬ 

tinue the search for another gl , . When no other 

61. can be found, go to step 5>. 
J 

Step 4* Let be that minimal MGU, if any, such that 

a^+1 =ajJ9kak appears and is maximal in A£+1 = A£©kak, 

whereA£.+1 is of the form 

Ak+1 = ^k+l V ak+l = 6 l,k+l V • • - V ak+i = 6 r,k+l ^ 

and does not appear in A^+-^. If no such 0 k can 

be found, continue step 3* Otherwise, set /4^+^ = 

Vk"k’!i,k+1 = 6'm,kVk> m = add one t0 k’ 

and go to step 2. 

Step $. If k = 0, terminate the algorithm. Otherwise, set 

k = k-1 and continue the search in step 3 for another 

eligible 61 , . 
J >K 

B-clause search 

Let B be a clause, B^A^, and let 0 be that minimal MGU 

such that av = a^. 0 appears, and is maximal, in A” = A^. and 
.W. 

B* = Bo, where A" is of the form 

A* - r A* \/ * * V/ \/ * - o* \ A ■” {^ Vet B ^ • • • * ct ~ 3p 

.J". .JJ, 

and a' does not appear in A"'. Then infer 

C* = ft( {(A**'* - {a*"' = 6?}) ^ B*'v"[gY/a*]} ), 

where gV is the key term. 
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This combination of rules 2 and 3 may appear to in¬ 

crease the complexity of implementation, but actually this 

version is a good deal more direct than before. Many of 

the tests which occur at several points become subroutines. 

Examples of the application of rules 1, 2, and 3 may be 

found in Appendix D. The general scheme of PROOF may be 

seen in Appendix E. 
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CHAPTER POUR 

HEURISTICS AND IMPLEMENTATION 

PROOF, the program performing theorem-proving with 

equality, was implemented in GENIE language on the Rice 

University Computer. This machine, although designed al¬ 

most ten years ago, embodies certain concepts - notably, 

powerful dynamic storage allocation and array features suit¬ 

able for processing listlike structures - making it in sev¬ 

eral respects competitive with today’s computers. However, 

its use restricted processing speed (average instruction 

time is 70 psec) and, much more severely, the memory size. 

In particular, only about 18K memory locations were avail¬ 

able for user programs and data. It was necessary, there¬ 

fore, to employ several methods to reduce PROOF'S store 

requirements. 

These methods fall into two general catagories: those 

whose use does not affect the completeness of the system, 

and those which do. Properly, only those in the second class 

should be called heuristics; however, we choose to consider 

as such all strategies which attempt to reduce the computa¬ 

tional effort or increase the power of the basic system. We 

first describe those of the first class. 

The reduction operator 01 was defined to delete clauses 

which duplicate some previous clause. In some other systems, 
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this is not done, simply due to the effort involved since 

space is not at a premium. 

n+ -I 

En (S) was defined to be the set of all clauses de¬ 

rivable from En(S), together with En(S). According to this 

definition, at least procedurally, many of these derived 

clauses duplicate previous clauses (for example, a clause de¬ 

rived by rule 2 from two clauses in S, which is already pre¬ 

sent in E^CS) would be re-derived for E^(S)). En‘"*'(S) should 

be defined as the set of all clauses which are derivable from 

En(S) and have (at least) one parent in En(S) - En~'*'(S), to¬ 

gether with En(S), where E^(S) = <t>, i<0. This form eliminates 

any redundancy. 

The program which inputs, formats, and stores the 

original S is never needed after it is first used for any 

given problem; hence it is then erased and the space returned 

to the storage pool. Additionally, if none of the clauses in 

S contain any type I literals, or if no new clauses containing 

type I literals are produced by rule 1 at some level, the pro¬ 

grams performing rule 1 are likewise erased. 

As noted in the discussion of rule 1 in chapter three, 

the binary form of P^-resolution (Robinson [196£b]) is imple¬ 

mented. Since it applies only to rule 1, it was incorporated 

into the statement of that rule. 
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Before continuing, it is instructive to consider the 

nature of the resolution-like process of rules 1 and 2, which 

is the foundation for PROOF. 

Systems for theorem-proving are primarily lemma-builders. 

The basic procedure constructs all possible one-step lemmas in 

deriving E'Hs) from S, etc., where any lemmas previously de¬ 

rived for a smaller n may be used in producing ^(S) from 

-jn 1 
PT ^(S). As might be expected, the growth of the set of de¬ 

rived clauses is roughly exponential with the value of n 

(see chapter five). It is this super-abundance of clauses 

(with its consequent storage demand), most of which will 

never be used in the final proof, that has prompted searches 

for wrays to restrict the growth of the clause set (Robinson 

[1965b], Wos et. al. [1964]and [1965], Slagle [1967 ]), and 

for different foundations of proof (Loveland [1968 ], Quinlan 

and Hunt [1968]). To a degree, these strategies have proven 

successful; usually, however, there is a tradeoff in the amount 

of processing required or in the depth needed to find what we 

have called a terminal clause. 

The set of support strategy (Wos et. al. [1965]) is in¬ 

tended to restrict deductions to those having an ancestor in 

some subset of the (unsatisfiable) input set, and hence to 

restrict the proof search to a subtree of that generated by 

the raw procedure. 
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The sentence S is actually composed of three sets: 

the set of clauses specifying the axioms of the system in 

which the theorem is to be proved (denoted K-^); the set 

of clauses specifying the special hypotheses of the theorem 

(K^); and the denial of the theorem itself (K^). A mathe¬ 

matician, in producing a proof by contradiction, would argue . 

as follows: "Suppose the theorem were not true. It would 

then follow that..." Primarily, this is what the set of 

support strategy as presented by Wos does in restricting the 

derived classes in E^(S) to have a parent in the set of 

support (T), which is usually taken as or ^ K^. When 

applied to a resolution-based system, set of support strategy 

has been shown to be complete if S-T is satisfiable. 

By strict analogy with the above mathematician, further 

deductions (beyond E^(S)) should not be restricted; however, 

beyond E^(S) we could require each deduction (for the binary 

rules) to have one parent in S itself (that is, fix the set 

of support T = S). The effect then is that the final proof 

is of the form shown in Figure 3> where e S (not necess¬ 

arily distinct) and E1(S)-S, E2(S)-E1(S), etc.; however, 

we may have to search more deeply into the tree to find a proof, 

having lost the ability to compute in parallel certain required 

lemmas (if any). 

PROOF, in addition to allowing both the above approaches, 

permits user modification of T at each level. This option 
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Figure 3. Proof Structure, T = S. 
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provides what can be a very effective tool in directing a 

proof along certain lines which may be partially known be¬ 

fore use. Certainly, caution must be used with this mode 

of operation to avoid losing the elements of contradiction 

present in the system. To facilitate application of such 

pre-analysis to the search for a proof, separate sets of 

support are maintained for rules 1 and 2, since it may be 

desirable to emphasize each at different stages. This 

feature is certainly justifiable: having produced a (re¬ 

stricted) E^(S), we may noxv consider E^(S) to be a secondary 

input to our system which, being unsatisfiable, will pro¬ 

duce a proof of o. There is, then, a T^ which may be used 

1 2 
with E (S) in producing a restricted E (S), etc. 

The degree to which set of support is applied may re¬ 

sult in a little or a great amount of reduction. Note that 

the "trivial" strategy - taking for T the set En-'L(S) in 

deriving En(S) - results in no reduction at all for that 

level. 

Setting T = S, as in Figure 3, produces a straight¬ 

forward proof in which each statement follows from the pre¬ 

vious statement by direct application of an original rela¬ 

tion in S. The Fortran Deductive System (FDS) (Quinlan and 

Hunt [1968]) has been quite successful in discovering proofs 

of this nature, although based on a different (and incomplete) 

procedure. The simplest forms of certain proofs, however, 



32 

require the ingenuity of combining, at just the right steps, 

several paths of reasoning, which is precisely what the raw 

resolution procedure does (albeit by exhaustion). In add¬ 

ition, proofs which possess the "line-by-line" property are 

certainly amenable to the lemma application approach. It 

is felt that PROOF, which allows varying the degree to which 

set of support strategy is used, provides the flexibility to 

be applied efficiently to finding both types of proofs. 

It may be noted at this point that if T remains fixed 

at S, or at an arbitrary K, the derivation of new clauses in 

j,nH(g) pgquiipQg only the clauses f and En(S) - E11 ^(S); 

hence, the remainder may be deleted, as serving no further 

purpose. These (deleted) clauses may be later re-derived 

and not now being duplicates, will not be deleted by (R.; how¬ 

ever, even the worst case - that all such clauses are again 

derived (and retained) - causes no loss of store by applications 

of this strategy. 

The unit preference strategy (V/os et. al. [1961jJ) has 

given very good results when used with resolution systems, 

by favoring those inferences which are shorter than their 

parents. This scheme is not really applicable here, since 

rule 1 tends to add literals to a clause rather than delete 

them. However, (R., in testing for a terminal clause attempts 

to unify the inequalities, and could, perhaps, append a figure 
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of merit to each clause, based on its reducibility. This 

figure, then, could guide further inferences in seeking a 

terminal clause, perhaps as a method of ordering the search 

at each level, or as the basis for directing a search through 

several levels in advance to seek a proof. 

In the formulation of rule 2, the clause B cannot equal 

the clause A^.. Strictly, this does not prevent alphabetic 

variants (change- of variable) from being used. However, since 

this ability has never been observed as being necessary, it is 

eliminated, as a heuristic tactic. 

If the input set of clauses is unsatisfiable, a proof 

of this fact will eventually be found by PROOF, given suf¬ 

ficient time and memory. Of the deductions required for such 

a proof, there will be a maximum string length and a clause 

containing the maximum number of literals. Hence, restricting 

PROOF to just those deductions no larger than these maxima 

would filter out unnecessary, space-taking clauses. The pro¬ 

blem, however, is to obtain values for these bounds, since the 

proof itself is unknown. 

The solution for the PROOF system is to begin with 

nominally infinite bounds, and allow PROOF to operate until 

no more memory is available. PROOF then searches the de¬ 

ductions it has retained to determine the majcimum sizes pre¬ 

sent, reduces one of the bounds, and deletes any clauses 
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falling outside these limits. The choice of which bound 

to reduce is based on the average ratio of these quantities 

in the clauses present. The danger that PROOF will reduce 

these bounds below those necessary to obtain a proof is thus 

minimized, and, in fact, lower limits for this process may 

be specified (and altered) by the user. 

Each time PROOF performs this task, the user is given 

the option of manually deleting any clauses which, in his 

judgement, can lead to no useful results. Examples of such 

claxises would include those which are purely the- result, of 

repeated application of rule 3 to some source clause or which 

demonstrate a depth or ordering of function nesting unlikely 

to prove fruitful. Again, caution and a certain experience 

must be used wdth this feature to avoid -the possibility of 

deleting clauses likely to be used in the final proof. 

Finally, even the above features may not provide enough 

storage for the completion of a given level in which it is 

suspected the final proof lies, particularly when not enough 

is known about the proof to efficiently apply set of support 

strategy to the problem. Since the new clauses (already de¬ 

rived) in En(S) in no way affect the derivation of the rest 

of that level, they may certainly be deleted, and PROOF pro¬ 

vides the option of not storing current deductions, after 

testing that they are not terminal. Of course, this fully de¬ 

stroys the completeness of the system if any effort is made to 

go beyond that level. 
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CHAPTER FIVE 

EXAMPLES 

We now present several examples of theorems proved by 

PROOF. Before considering these, however, a word is in order 

about the environment of PROOF. 

Due to the dynamic storage features on the Rice Uni¬ 

versity Computer, the number of clauses capable of being stored 

is a function of their size. Generally, this number varies 

from about 200 to. lj.00* This available storage is quite small 

for a "horizontal" procedure like PROOF, in which each level 

must be completed before the next is begun. This limit pre¬ 

vents PROOF (at least in its present form) from being a very 

practical mathematical tool; however, it is sufficient to pro¬ 

duce proofs of simple theorems or theorems in which a small 

number of levels are unknown (i.e., one in which a gap in a 

complex proof is to be bridged.) 

The examples given have been chosen to illustrate the 

use of the heuristics, and are arranged in increasing order 

in that respect. 

The first theorem we consider is as followrs: "If N is a 

non-empty subset of a group, with the property that X, Y e N 

implies (X ® Y ^) e N, then e (the identity element) is also 

in N." We shall denote membership in N by P(*)> X-'*' by MX, 
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is: 

{P( a)} 

S2: {X = FXe} 

S^: (X = PeX} 

S^: {e = FXMX} 

S^: {e = PMXX} 

Sg: {PXPYZ = FFXYZ} 

Sy: {~P(X)V A/p(y) V P(Z) V Z ^ 

Sg: {~P(e)} 

N non-empty 

right identity 

left identity 

right inverses 

left inverses 

associativity 

FXMY} 

hypothesis on membership in N 

denial of theorem 

In this and other examples, we shall follow the proof 

through each level, commenting on the statistics involved as 

we proceed. Here, \-JQ fix T = S, for each level. 

The first level produced 1? clauses, of which 2 were 

trivial and 4 duplicated previous clauses. Included was 

CL : (P(Z)VZ^ FXMY V ? (a, X, Y », 

derived from S-^ and S^, by rule 1. 

The second level produced l8l clauses, of which 10 

were trivial and 99 were deleted as duplicates. Among those 

remaining was 

Cpi { 1 { e, Z, FXMY) V £ {a, X, Y}>, 

derived from Sg and by rule 1. 

A proof was found in level 3> having generated 526 
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clauses, including one which was trivial and 121 which were 

duplicates. In order to reach the proof, the derived clauses 

were prevented from being stored, using the feature described 

in chapter four. The terminal clause leading to a was 

Cy { e / Z V a / X >, 

derived from and by rule 2. Note that 0^° = o, where 

o = (e/Z, a/X). The search was halted when the proof was 

found; PROOF had completed approximately 10% of the level 

(based on the percentage of clauses already considered for 

clause A in rules 1 and 2/3). 

The same theorem, when T = Sg for E^S), and S other¬ 

wise, produced the following statistics (in this and further 

examples, we shall use the shorter notation 'd' for duplicates, 

'g' for generated, and 1t’ for trivial): 

Level 1: g = 6, d = 0, t = 0; 

Level 2: g = 82, d = 45* t = 8; 

Level 3: g = 98, d = 4®* t = 0 (to proof). 

The same proof was generated. Note the marked reduction in 

superfluous clause generation when set of support strategy is 

applied effectively to the first level. 

We next attempt the theorem (on the integers): "If a 

2 2 
is prime and a = b /c , then a is a factor of b." Let P be 

the unary predicate *is a prime', Q(X, Y) be 'X is a factor 
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of Y,' and P represent the product function. For S we choose 

S1: {P(a)} 

S2: {Q(T, U) V U i PTV} 

Sy {~P(X) V/'vQCX, Y) V Q(X, Z) V 

S^: (PXPYZ = PPXYZ } 

S^: {PXY = PYX} 

S^: (Pbb = PaPcc } 

Sji {~Q(a, h)} 

1 a1 prime 

a defining relation for 
factor 

Q(X, W) Y ^ FZW} 

a fact about primes 

associativity 

commutivity 

hypothesis on 'a’ 

denial of theorem 

As before, T = S for each level. 

Level 1: g = 18, d = 6, t -- 2; from and by rule 1, 

C1: (Q(X, Y) V Q(X, Z) V Q(X, W) V Y £ PZW V X/ a). 

Level 2: g = 93* 8 = 53, t = 10; from S2 and C-^ by rule 1, 

C2: {Q(X, Z) V Q(X, W) V ^ (X, T, a } V i Y, U, PZW, FTVH. 

Level 3? g = 358, d = 218, t = I4O* from and C?2 by rule 1, 

C^: { ^(X, T, a ) V ^ {Y, U, PZW, PTV > V ^(Z, W, b>> . 

Level U: g = 350, d = 150, T = 30 (to proof); from and 

C3 {a/T, Pcc/V} 

; ( 7^<X, a >V^(Y, U, PZW, Pbb) V ^ (Z, W, b>>. 
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is unified by e = < a/X, b/Z, b/W, Fbb/Y, Fbb/U) . 

An additional 125 clauses were manually deleted in Level 4 

in order to reach the final proof. 

Finally, we present an example where set of support is 

used to an extreme in order to force a proof search along a 

certain path. The theorem to be proved is that in a ring, 

X*0 = 0 for all X. The input set is 

associativity of sum 

right identity 

right additive inverses 

distributivity of product 

denial of theorem 

S1: { SXSYZ = SSXYZ ) 

S2: (X = SXe) 

S^: <e = SXMX} 

Si{ : { PXSYZ = SPXYPXZ ) 

S£: { e 5^ Pae) 

where SXY = X + Y, MX = -X, and PXY = X * Y. The input set is 

restricted, for clarity, to just those clauses required for 

the proof. 

The proof search required very little time, despite its 

complexity. This was achieved by setting T to the smallest 

set possible; i.e., the clause actually to be used in the in¬ 

ference at each level. We begin by listing the statistics 

Level 1: g=7> d = 0, t = 0 

Level 2: g = 3» d = 0, t = 0 

Level 3:g=28, d=8, t = 0 

Level 4: g = 26, d = 5J t = 0 

Level 5: g = 13* d = 3* t = 0 
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Level 6: g = ^ = 0, t = 0 

Level 7: g = 16, d = 2, t = 0 

Level 8: g = 15, d = 2, t = 2 

Level 9: g - 23, d = J, t = 4 (t° proof) 

The proof is as follows: 

C^ {SUV = SSXYZ V U / X V V / SYZ> rule 3 with S-^ 

C2: (SUV = STW VU/XW / SYZ V I ^ SXY V/ t Z> 

rule 3 with ' 

Cy tSUV “eVU^XVVr SYZ V T ?' S.XY V MT / z) 

(C2, s ) 

: {SUV = e V U t PWX V V t SPWYZ V T / PWSXY V MT ^ Z} 

t°3* V 
Og: <U = e V U ? PWX V e J* SPWYZ V T / PWSXY VMT t Z } 

«V S2) 
C6: {U = e V U ^ PWX V e t SPWYZ 1/ T / PVR V MT H Z l/V j* W ' V 

R t SXY} rule 3 with 

CyJ {U = e VU / PWX Vet SPWeZ V T ^ PVR V MT t Z V 

V?fW\/R^X} (C6, S2) 

Cg: {U = e V U /■ PWX 1/ e / e V T / PVR V MT £ MPWe V V t W V 

R /- X) (o?, s3) 

C0: (e ^ e V Pae / PWX V T / PVR V MT t MPWe V V / W V R / X) 

(o8, s5) 
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CQ is terminal as may be seen by applying the substitution 
7 

f = {a/W, e/X, Pae/T, a/V, e/R >. 
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CHAPTER SIX 

CONCLUSIONS 

We now review PROOF and consider various areas for 

future improvements of the system. 

The greatest weakness of PROOF, in its present form, 

is its inability, unaided, to handle even moderately dif¬ 

ficult proofs. If the user were willing to provide the 

effort (and insight) to select, at'each level, enough clauses 

to discard to enable the proof to be found, the time required 

for the program, is at least an order of magnitude greater 

than other comparable systems. This difficulty would be re¬ 

duced by an implementation on a more modern computer. 

The problem of the growth in the number of clauses re¬ 

tained at each level yields a broader class of possible sorti¬ 

tions. As mentioned in chapter four, OV could attach a figure 

of merit to each clause, based on the degree to which it can 

be reduced. This parameter could then order the search at 

each level to begin with those clauses with the best figure. 

A broader revision of the system would allow classes with 

good figures to initiate multi-level look ahead searches. 

Before making such a revision, however, the efficiency of such 

an approach should be theoretically analyzed and compared to 

present capabilities of the system. 
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The subsumption principle, described by Sibert, which 

deletes clauses directly implied by other clauses, would 

delete a fair percentage of the clauses; this gain, however, 

would be paid for by a significant amount of additional compu¬ 

tation. 

More powerful forms of rules 1 and 2 are given by Sibert, 

with the effect that more clauses are included at each level 

(clauses now at levels further along in the proof). However, 

it is not the number of levels to reach a terminal clause that 

bounds the performance of PROOF; it is the storage required. 

For this implementation, the costs in both storage and pro¬ 

cessing time would have been prohibitive. 

Sibert admits that the weakest aspect of the theory is 

the lack of an adequate steering device for rules 2 and 3* 

This has been demonstrated in the necessity for manual deletions 

in even the simple proofs of chapter five. We suspect that 

some way of using rule 3 only when necessary for a rule 2 

deduction would help in this problem; nevertheless, rule. 2 

is still quite blind in its application. 

The simplifications inherent in theorem-proving with 

equality will direct a great deal of future effort to this area. 

The flexibility of PROOF as a basis for various approaches to 

the solution of these problems is perhaps its greatest strength. 
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APPENDIX A 

UNIFICATION ALGORITHM 

The following is from Robinson [ 196jj>a ]. 

If A is any set of formulas, we call the set B the 

disagreement set of A whenever B is the set of all terms, 

of the formulas of A, which begin at the first symbol 

position at which not all formulas in A have the same 

symbol. As an example, if 

A = {P(x,h(x,y) ,y), P(x,k(y),y), P(x,a,b)}, 

then the disagreement set B of A is 

B = (h(x,y),k(y) ,a). 

The unification algorithm is then as follows: 

Step 1. Set a Q = E and k = 0, and go to step 2. 

Step 2. If Ao^. is not a singleton, go to step 3. Other¬ 

wise, A is unifiable with MGU a- cv, and terminate 

the procedure. 

Step 3. Let be the earliest, and U^ the next earliest 

in the lexical ordering of the disagreement set 

of Ao^.. If V-^ is a variable, and does not occur in 

V set °k+l 0k{Uk/Vk}’ add 1 to k, and return to 

step 2. Otherwise, A is not unifiable, and terminate 

the procedure. 
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APPENDIX B 

EXTENDED UNIFICATION ALGORITHM 

The following is taken directly from Sibert [1968], 

Step 1. Set k = 0, o=e (the empty substitution)/ and 

proceed to step 2. 

Step 2. If unifies At terminate the algorithm with 

as output. A is then unifiable. If not, let i be 

the smallest integer for which A^o^ is not a single¬ 

ton and go to step 3. 

Step 3. Apply the (ordinary) unification algorithm to 

A. c. . If this set is not unifiable, terminate the 
1 AC 

algorithm; A is not unifiable. If it is, let 6^ be 

the MGU obtained and put Increment k 

by 1 and return to step 2. 
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APPENDIX C 

CORRESPONDENCE OP GROUND 

AND GENERAL PROOFS 

As an example, we consider the proof in the second 

example from chapter five. For clarity, the px*oof is again 

presented. The relevant input set is 

S1: {P( a) } 

S2: {Q(T, U) V U / FTV } 

Sy HP(X) V~Q(X, Y) V Q(X, Z) V Q(X, W) V Y / FZW} 

Sy {Fbb = FaFcc } 

Sy {*Q(a, b) }, 

and the proof is 

C-,.* (~Q(X, Y) V Q(X, Z) V Q(X, W) V Y / FZW V X / a } 

(s1, s3) 

C2: (Q(X, Z) V Q(X, W) V / {X, f, a} V / {Y, U, FZW }} 

(cis s2) 

Cy {/ (X, T, V ■/- (Y, U, FZW, FTV} V / { Z, W, b }} 

(c2, S?) 

Cy {/ { X, a } V / { Y, U, FZW, Fbb } V / { Z, W, b }}. 

(c3, s6) 

C^ is unified by p ={ a/X, b/Z, b/W, Fbb/Y, Fbb/U}, and the 

substitution { a/T, Fcc/V } was applied to C^ in deriving C^. 

Hence, £ - {a/X, b/Z, b/W, Fbb/Y, Fbb/U, a/T, Fcc/V}. Applying 
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to the general proof yields the sequence 

SC-L: {~Q(a, Pbb) V Q( a, b) V Q( a, b) V Fbb j* Pbb V a ? a } 

= {~Q( a, Pbb) V Q(a, b)} 

gC2: ( Q( a, b) V Q( a, b) V a, a, a )W{ Pbb, Pbb, Pbb, PaPcc}} 

= {Q(a, b) V / {Pbb, FaFcc }} 

gC^J {^ {a, a, a)V f-{ Pbb, Pbb, Pbb, Fafcc} V ^ {b, b, b» 

= { i- { Pbb, Palace }} 

gC^: {a, a) ^ {Pbb, Fbb, Pbb, Fbb) ^ {b, b, b)} 

= D ’ 

To show that this ground proof is valid, we must 

first derive the corresponding instances of S by £>' : . 

gS-^ { P( a)} 

gS2i {Q(a, Fbb) V Pbb ^ PaPcc) 

gS^: {~P(a) V~Q(a, Pbb) V Q( a, b) V Q( a, b) V Pbb ^ Pbb) 

= {~P(a)V~ Q(a, Pbb) V Q( a, b) ) 

gS^: {Fbb = PaFcc ) 

gS^,: {~Q{ a, b)) 

Prom gS^ and gS^ by rule 1 

gC^ ={^Q(a, Pbb) V Q( a, b)); 



from gC-^ and gS2 by rule 1 

gC2 = {Q(a, b) V Fbb £ FaFcc>; 

from gC2 and gS^, by rule 1 

gC^ = (Pbb 7^ PaPcc }; 

and from. gC^ and gS^ by rule 2 

S°4 = □, 

so the proofs correspond as desired. 
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APPENDIX D 

EXAMPLES OP RULE APPLICATION 

We present in detail inferences selected from the 

examples of chapter five. 

Rule 1 is applied in the first example of chapter 

five in deriving the clause C^ from clauses and S^. 

A = ( P(a)> (S.^ 

B = (~P(X) V ~P(Y) V P(Z) V/ Z FXMY> (S?) 

where A- $ . If we choose B = { P(Z) \J Z ^ FXMY then 

C = KB V? ( a, X, Y }) (C-j,) 

is produced. We would' also choose B ={~P(X) V P(Z) V 

Z £ PXMY } and B = (~P(Y) V P(Z) V Z ? FXMY} which would 

produce the clauses 

C = (~P(X) V P(Z) V Z t FXMY VK a ? Y>> 

and 

C = {~P(Y) V P(Z) VZ / FXMY V { a £ X» 

respectively, but these did not appear in the final proof. 

Rule 2/3 is applied in the second example of chapter 

five in deriving the clause from clauses and 

A = {Fbb = FaFcc } (S^) 

B = {5^{X, T, a } V? { Y, U, FZW, FTV } V ¥■ { Z, W, b}} 



5i 

We shall apply rule 2/3 to the clauses A, B, having 
t 

chosen « = FaFcc. Since a is maximal in A, °A = 
e , a = a, 

and A + = A, We then infer the clause 

C = { Fbb = FXY V X / a V Y / Fee } 
•j4 

by the rule 3 portion of the rule. Since A is already of 

the form 

Af = to1- = eW, 

a A
+ = e, and A1 = A1, a' = a+, and a’ does not appear in 

t 
/f , since A' = <J>. We then mark (the only) B ^ = Fbb as 

eligible and apply the 6-matching algorithm. 
it* 

V/e set k = 0, a Q = FaFcc, AQ - A, Q = Fbb, and 

apply the B-clause search, as follows. 

I 
B / A, and we seek a a such that a' = aQ o appears, 

and is maximal in A“ and B“. Such a a exists to 

make a*''* appear as required for each of the underlined 

terms in B, above. The o’s are, respectively, (FaFcc/X) , 

{FaFcc/Y}, {FaFcc/U), ( a/Z, Fcc/W>, and ( a/T, Fcc/V}. 

V/e could follow each to the inferences they produce, but 
W. I 

• we shall consider only the last. Note that A"' -■ AQO - A, 

and B* = E ,as 

B* = {/{X,a,a }V/{Y,U,FZW, FaFcc } V/{Z,W,b }} . 

We then infer 

<f' = <R.({(A* - {Fbb = FaFcc}) V B^Fbb/FaFcc]}) 

= <$.{{{& ) V { / ■{ X, a, a } V / ( Y,U,FZW,Fbb} V/{Z,W,b)}> ) 
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(f ={/{X, a}V/{Y, U, FZW, Fbb }\>t (Z, W, b}} 

Now we must exit the B-search: since there are no 

more eligible B’^'s, and k = 0, we are done. 
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Program 

PROOF 

INPUT 

TRASH 

OUT 

DDUPL 

UNIF 

SUBST 

RULi 

INF1 

RUL3 

INF3 

CMAX 

CPRIM 

RU32 

RUL2 

APPENDIX E 

PROOF PROGRAM ORGANIZATION 

Function 

Initialization; entered once for each level. 

Reads and stores S from paper tape. 

Performs except deletion of duplicates and terminal 

check. 

Provides listing of clauses as they are generated. 

Deletes duplicates; checks for terminal clause. 

Performs unification algorithm. 

Performs substitutions. 

Selects A, B clauses for rule 1. 

Performs rule 1 inferences. 

Selects A,a for rule 2/3, and performs prelim¬ 

inaries for $-matching algorithm. 

Performs rule 3 type inferences for rule 2/3. 

If possible, makes a term maximal in a clause. 

If possible, prevents a term from appearing except 

in equalities. 

Performs p-matching algorithm. 

Performs B-clause search and rule 2 type inferences 

for rule 2/3. 

A diagram of the PROOF program organization is shown in 

Figure E-l. Programs whose subroutine structure has been given 

elsewhere are shovm in ovals. 



Figure 1|. PROOF Program Organization. 


