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ABSTRACT 

FAULT DETECTION IN LINEAR SEQUENTIAL CIRUCITS 

by 

Aleksa Petrovic 

This thesis is concerned with the detection of non¬ 

transient faults in digital networks. A procedure for 

detection of faults in a simple controlable Linear Se¬ 

quential Circuit (LSC) over GF(2) is developed. The 

following is assumed: 1) The faults are those which cause 

the LSC to behave as if some of its primary (external) or 

secondary (interna]) terminals were permanently stuck at 

zero, or permanently stuck at one; 2) That all testing 

must be performed on the external terminals of the LSC. 

The characterizing matrix B, s vectors of the form 

AnBS^(v=l,2,...,s), s unit input vectors and the zero in¬ 

put vector are used instead of the fault table. (s is the 

number of primary input terminals, n is the dimension of 

LSC, A is its characteristic matrix and Sv is the unit in¬ 

put vector having 1 on the position v.) 

It is shown that the set of s+1 tests is sufficient to 

detect the existence of any fault that belongs to the set 
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of defined faults. The test is defined here as a procedure 

consisting of: 

a) Application of the unit input vector (or zero input 

vector) followed by 2n zero input vectors, 

b) Comparison of the resulting output vectors with 

the vectors AnB6^. 

There are no faults in the LSC if and only if these 

vectors agree. 

It is further shown that for an arbitrary LSC over 

GF(2) realized in pseudocanonical realization of m simple 

controlable LSCs, the set of (s+]).m tests is sufficient. 

(m is the number of primary output terminals.) 
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I. INTRODUCTION 

This thesis is concerned with the detection of non¬ 

transient faults in Linear Sequential Circuits (LSC) over 

GF(2) [8]. It is assumed that all testing must be performed 

on the external terminals of the circuits. That is, a 

detection test in this case must consist of applying certain 

signals at the circuit's external input terminals and ob¬ 

serving the circuit's response at its external output 

terminals. Internal signals may not be observed. 

To test a digital network, we could apply all possible 

combinations and sequences of the input signals on the pri¬ 

mary input of the network, and compare the resulting outputs 

with the corresponding correct outputs of the network. Any 

resulting output which differs from the correct one will 

indicate the existence of a certain fault in the network. 

Having a table that shows which fault causes such an output, 

we are able to distinguish that fault from the others. The 

faults whose effects on the network output are identical 

cannot be distinguished. This procedure is satisfactory for 

many types of digital networks, but unfortunatelly it is ex¬ 

haustive and usually too extensive to be practical. Hence, 

the main problem in this area is to find a small subset of 

the set of all possible inputs such that, if applied on the 

primary input, it will detect the existence of any fault in 
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the network and, if possible, locate the fault- 

Many attempts have been made so far for solving the 

mentioned problem in a satisfactory fashion. As a result 

of these attempts there exist several proposed solutions, 

some of them given in [1], [2], [6], [7], [10], [12] - [20] . 

Still, the following must be said: 

General procedures for the detection and location of 

faults in completely arbitrary digital networks, computers, 

systems and subsystems are either unavailable or inadequate. 

There exist satisfactory procedures for detection and 

location of a limited number of specified faults in the 

class of combinational networks which are not too large and 

in large combinational networks for the detection and lo¬ 

cation of the most common types of faults. Also, there 

exist procedures for some special types of small and medium- 

size sequential circuits. For all the other cases, the 

procedures which are available can not be considered 

completely satisfactory, because they are either too long 

and difficult or they lack generality. 

In most of the proposed solutions it is assumed that 

a general-purpose computer will be used to carry out the 

generation of the set of primary inputs which must be applied 

to the given circuit, and the set of corresponding outputs. 

Otherwise, the size of a tested circuit must be reduced. It 
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is also assumed that the corresponding testing procedure 

can be expressed as a computer program. 

The problem, considered in this thesis, belongs to 

the class 2 of unsolved problems listed at the end of the 

paper by Kautz [12]. More precisely, it can be stated as 

follows: For a given simple controlable LSC over GF(2), 

find a satisfactory procedure for the detection of faults 

in it. Extend the procedure for an arbitrary LSC over GF(2) 

realized in pseudocanonical realization with the corre¬ 

sponding number of the simple controlable LSCs over GF(2). 

The procedure proposed here will detect those faults 

which cause the LSC to behave as if some of its primary 

or secondary terminals were permanently stuck at zero, or 

permanently stuck at one. The same kind of faults were 

assumed in many of the previous proposed solutions. For 

detection of the assumed faults neither the fault table nor 

the use of a computer is necessary. It is enough that the 

experimenter (the person who performs the experiments) has 

the equipment that will enable him to apply the proposed 

set of input vectors on the primary input of a given LSC and 

to observe the corresponding outputs. Instead of the fault 

table, he will have the characterizing matrices A and B of 

a given LSC over GF(2) and s vectors of the form 

3 



AnB6v(v=l,2,...,s), where 

s is the number of primary input terminals, 

n is the dimension of a given LSC, and 

<5^ is the unit input vector having 1 on the v position, 

and which can be obtained in advance. 

Chapter II of this paper contains some general proper¬ 

ties of Linear Sequential Circuits. This material was 

chosen from [5], [8] and [11]. 

Chapter III is divided into two sections. The first 

section contains procedures for the detection of the de¬ 

fined faults in primitive components of the LSCs over GF(2). 

It is assumed that an s-input adder is composed of (s-1) 

two-input adders in such a way that the output terminal of 

any two-input adder connects to only one input terminal of 

the next two-input adder. It is shown that the set composed 

of s unit input vectors and one zero input vector is su¬ 

fficient to detect the existence of any fault that belongs 

to the set of defined faults in an s-input adder constructed 

in the above mentioned way. The second section contains 

procedures for the detection of the defined faults in a 

simple controlable LSC over GF(2). It is shown that a set 

of s+1 tests is sufficient to detect the existence of any 

fault in an LSC that belongs to the set of defined faults. 

The test is defined here as a procedure consisting of the 
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application of the unit input vector (or zero input vector) 

followed by 2n zero input vectors at the primary input, 

observation of the corresponding outputs and conclusion 

whether or not some fault exists. Finally, for an arbitrary 

LSC over GF(2) realized in pseudocanonical realization with 

m simple controlable LSCs (m is the number of primary out¬ 

put terminals) it is shown that (s+1).m tests is sufficient 

to detect the existence of any fault that belongs to the 

set of defined faults in it. 

The algebraic methods used in this thesis are well 

covered in references [3], [4] and [9]. 

Conclusions and suggestions for the possible extension 

of the presented solution are given in Chapter IV. 

5 



II. SOME GENERAL PROPERTIES OF LINEAR SEQUENTIAL CIRCUITS 

One class of sequential circuits in which only adders, 

scalers and delayers can be used is the class of linear 

sequential circuits (LSC). These three types of logic 

elements are called primitive components. The input and 

output signals of primitive components, as well as those of 

an LSC, are elements of the finite field GF(p) for some p. 

Any interconnection of any finite number of primitive com¬ 

ponents is permitted in forming an LSC, with one exception: 

No closed loop is allowed which does not contain at least 

one delayer. 

If p = 2, the finite field GF(2) = {0,1}. In this case 

we have a binary LSC (or an LSC over GF(2)). An LSC over 

GF(2) consists only of adders modulo 2 (known as "EXCLUSIVE- 

OR gates") and delayers (commonly implemented by means of 

"flip-flops"). Scalers with constants 0 and 1 signify an 

open connection and a closed connection, respectively. Only 

this kind of LSCs will be considered here, and in the next 

chapters. 

An LSC with n delayers is said to be n-dimensional. The 

outputs of the delayers will be labeled as d^,d2,...,d . A 

given LSC has certain terminals designated as input terminals 

and output terminals of the overall circuit. The input 

terminals will be labeled as *^2''*’'^s' and the output 

terminals as , z2 , • • • ,zm* For a 9^ven binary LSC labeled in 
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this way, the following sets of variables exist: 

1. The input variables are the discrete time functions 

i,(t),i„(t),...,i (t), where i.(t) = 0 or 1 is 
X ^ s ^ 

the input signal applied to input terminal i^ at 

time t. 

2. The output variables are the discrete time functions 

z ^ (t),z2(t),.../zm(t) , where z^(t) = 0 or 1 is 

the output signal appearing on output terminal z^ 

at time t. 

3. The state variables are the discrete time functions 

d^(t),d2(t),...,dn(t), where d^(t) = 0 or 1 is 

the signal appearing at the output of delayer j 

at time t. 

These variables will be represented as column vectors: 

ix(t) 

i2(t) 

d±{t) 

d2(t) 

i (t) = • 

• 

is(t) 

q(t) = 
t   

dn(t) 

where: 

L 

z^t) 

z
2 ^ 

z (t) = 

Z(t) m 

(ii.i) 

i(t) — is the input vector applied on the input 

terminals at time t, 

q(t) -- is the state vector of LSC at time t, and 

z(t) — is the output vector appearing on the output 

terminals at time t. 
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When t is understood then i(t),g(t) and z(t) will be 

written as i, q and z, respectively. 

The elements of the next state vector q(t+l) and 

z(t) can be written in terms of the values of q(t) and i(t) 

in the following form: 

n s 
d, (t+1) = E a. .d. (t) + E b. .i.(t), k = l,2,...fn (II.2) 

j=l J j=l ^ J 

n s 
z,(t) = E cv.d.(t) + E h, . i . (t) f k = 1,2,...,m (II.3) 

j=i 3 3 j=i K3 3 

where all scalars a^^, b^j, c^j and h^^ are elements of GF(2). 

The additions and multiplications are per rules of GF(2). 

(II.2) and (II.3) can be written in matrix form as follows: 

q(t+1) = Aq(t)+Bi(t) (II.4) 

z(t) = Cq(t)+Hi(t) (II.5) 

where: 

A ^aij^nXn 
is the state-transition matrix 

B = [b. .] „ L iITnXs 
is the state-input matrix 

is the state-output matrix 

is the direct-output matrix 

A, B, C and H are called the characterizing matrices of a 

given LSC. A is also called the characteristic matrix. 

C “ [cij]mxn 
H = [hij]mxs 
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For a given initial state 2.(0) and an input sequence 

i (0) ,i (1) ,... ,i (t) , the corresponding state and output 

sequence z(0),z(1),...,z(t), can be computed directly from 

the characterizing matrices A, B, c and H as follows: 

. t-1 . . , 
q(t) = A 2(0) + E Ar-:)"XBi(j) for any t>0 (II.6) 

j=0 

. t-1 . , 
z(t) = CA q(0) + E CA 3~ Bi(j) + Hi(t) for any t^l (II.7) 

j=0 

The formula (II.7) is called the general response formula. 

It is composed of two parts: 

1. The free response (zero-input response, autonomous 

response) 

zT(t) = CAtq(0) (II. 8) 

2. The forced response (zero-state response, signal 

response) 

t-1 . 
z^t) = E CA 3 Bi(i) + Hi (t) (II.9) 

"s j=o 

Remarks: Sequential machines and sequential circuits are 

related, but there are differences between them. A sequen¬ 

tial machine is a mathematical system which can be used to 

describe the behavior of sequential circuits, as well as 
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other devices. Thus, a sequential machine is an abstraction 

of a sequential circuit. The definition of a sequential 

machine can easily be modified to reflect the structural 

properties of a linear sequential circuit. Hence, given any 

LSC characterized by A, B, C and H, there is an LSM (linear 

sequential machine) characterized by the same matrices. This 

LSM will describe the behavior of the corresponding LSC, and 

many of the definitions and results for sequential machines 

can be applied to LSCs. For example, we can say that two 

states of an LSC are equivalent if they are equivalent as 

states of the corresponding LSM. Similarly, two LSCs are 

equivalent if their corresponding LSMs are. We also say that 

an LSC is minimal if and only if no two states are equivalent. 

The definitions of equivalence classes, strongly connection 

and isomorphism can be applied to LSCs. 

The internal circuit of an LSC is that part which is 

specified by the matrix A alone. It can be obtained from 

the complete LSC by deleting all input and output lines. 

Adders with a single input may be replaced with a direct 

connection. Thus, an internal circuit consists of delayer 

interconnections only, and is said to be a realization of the 

matrix A. An internal circuit realizing a companion matrix 

such as 

1 
1 (II.10) 

M 
d (x) 

. -a 
n 
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(where d(x) is some monic, nonconstant polynomial over 

GF(2)), is called a shift register (Fig.II.1.). 

An internal circuit realizing a transposed companion matrix 

such as 

M TR 
d(x) (II.11) 

11 



is called a multi-adder shift register (Fig.II.2) 

Fig. II.2 

TR 
Multi-Adder Shift Register Realization of 

These two internal circuits are easy to construct and control. 

Hence, they are considered highly desirable as internal 

circuits for LSCs. In the case that the state-transition 

matrix has the form 

A= (11.12) 

A 
u 

then the internal circuit consists of the "union" of the 
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individual realization of the (j=l,2,...,u). If the A^s 

are companion matrices or transposed companion matrices, the 

realization of A consists of the union of u shift registers 

or u multi-adder shift registers, respectively. 

If an LSC, denoted by S, is characterized by A, B, C 

and H, and the other LSC, denoted by S', is characterized by 

A'=PAP 
-1 

B'=PB, C'=CP-1, H'=H (11.13) 

(where P is some non-singular matrix over GF(2)), then S and 

S' are said to be similar. The state-transition matrices of 

similar LSCs are similar. The state q of S and q'=Pq of S' 

are equivalent. Similar LSCs are isomorphic and hence 

equivalent. 

The diagnostic matrix of an n-dimensional LSC is defined 

by 

K 
n (11.14) 

CA n-1 

This matrix can be used to check whether the LSC is minimal 

or not. The LSC is minimal if the rank of K is n. If the 
n 
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rank of K is r<n, then K is used for the determination of n n 

the equivalence classes and for the minimalization procedure. 

The minimalization procedure can be described as follows: 

First pick r linearly independent rows of Kn and form the 

rxn matrix T. Find the right inverse of T, i.e. the nxr 

matrix R such that TR=I. Then the r-dimensional LSC is 

characterized by the matrices 

A'=TAR, B'=TB, C'=CR, H'=H (11.15) 

State £ of S is equivalent to state q'=Tq of S' and q' of S1 

to q=Rq' of S. S' is a minimal form of S, and 

A'^=TA^R for all t£0 (11.16) 

K' =K R (11.17) n n 

T1=1 (11.18) 
r 

Let S' be a minimal form of S characterized by A', B', C', 

H'. The canonical realization of S is an LSC S* equivalent 

to S' and characterized by 

A*=PA'P“1f B*=PB', C*=C'P-1, H*=H' (11.19) 
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where A* is the rational canonical form of A. This realization 

has the properties of being minimal and of having an internal 

circuit which consists of the union of shift registers. An 

LSC already in a canonical form is called a canonical LSC. 

Thus, every LSC is equivalent to a canonical LSC. 

Single-output LSCs. If S' is an r-dimensional minimal LSC 

with a single output terminal, characterized by A', B', C', H' 

and obtained by the minimalization procedure, then C'A'^ is 

an r-dimensional row vector and the diagnostic matrix K' of 

S' is an rXr matrix. Since S' is minimal, r rows of K* must 

be linearly independent and 

(11.20) 

If we denote the j 
th 

row of A' by a^, then (11.20) implies: 

C'=(1,0 f • • • / 0) (11.21) 

C'A,=a1=(0 ,1,0 f • • • f 

C'A,2=(0 ,0 ,1,0 r • • * f o) > (11.22) 

C'A' 
r-1 

0.1) r • • • r 

These identities imply that A' has the form of a companion 



matrix, and hence, that the internal circuit of S' consist of 

a single shift register. The output of a single-output LSC 

(as it is indicated by C') is taken directly from the first 

delayer. This realization of an LSC (which is not necessarily 

canonical) is highly desirable from the practical point of 

view. Since its internal circuit and its output connection 

is very simple it is called a simple LSC. 
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Every single-output LSC is equivalent to a minimal simple 

LSC, obtainable by the minimalization procedure. 

The state-transition matrix 

A' = 

*Ot-l mmmCLr^ • • • 06 -i CL 1 2 r-1 r 

(11.23) 

of a simple LSC is the companion matrix of the polynomial 

2T“" 1 3T 
(J) (x) =a^+a2X+... arx +x (11.24) 

which is a nonconstant monic polynomial over GF(2). This 

polynomial uniquely determines the scaler constants in the 

feedback lines of a simple LSC, and is called its feedback 

polynomial. 

If 

q(0) = 

d1(0) 

d2(0) (II.24.1) 

dr(0) 
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is the initial state of a simple LSC, then (II.8) will give 

zT(0)=z1=C'q(0)=d1(0) 

zT(l)=z2=C'A'q(0)=d2(0) 

zT(r-1)=zr=C *A'r-1q(0)=dr(0) 

(11.25) 

and 

zT(r)=zr+l=Vr+0‘r-lzr-l+- • •+“2
z2+“lzl 

zm(r+l)=z ,_=a z .,+a . z +...+a~z_+a,z_ 
T r+2 r r+1 r-1 r 2312 

zT(r+t)-zr+t+1-arzr+t+ar_1zr+t_1+. . •+a2
zt+2+alzt+lj 

(11.26) 

When a given LSC has m output terminals (m>l) , a minimal 

simple LSC can be obtained with respect to each output ter¬ 

minal individually. The resulting m simple LSCs can be 

connected to the same input lines to form an LSC S" which has 

the following property: For every state jin S there is at 

least one state ^ in S equivalent to c[, but not necessarily 

18 



conversely. Thus, although S does not generally simulate S, 

S always simulates S. S is called the pseudocanonical re¬ 

alization of S, and has the advantage of extremely simple 

output connections. Its disadvantage is that, generally, it 

is of higher dimension that S'. 

Controlability of an LSC. If S is an n-dimensional, s-input 

LSC, characterized by A, B, C and H, then S is said to be 

k-controlable if there exists a fixed integer k such that, 

for all possible q^ and there is an input sequence of 

length k which takes S from c[^ to c[^. From this definition, 

it is clear, that, if S is k-controlable, it is strongly 

connected. 

An LSC is k-controlable if and only if the nxks matrix 

Lk=[A
k_1B,Ak_2B,...,AB,B] (11.27) 

has rank n. 

An LSC is k-controlable for some k, if and only if it 

is r-controlable, where r is the degree of the minimum poly¬ 

nomial of A. 

An LSC is k-controlable for some k, if and only if it 

is n-controlable. 

Observability of an LSC. If S is an n-dimensional, s-input 

and m-output LSC, characterized by A,B,C and H, then applying 
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an input sequence J(k), we will have 

Z(k)=Kkq(0)+4;kJ(k) 

where 

Z(k) = 

mkx 1 

z(0) 

z (1) 

:z (k-1) 

is the output sequence of length k, 

(11.28) 

(11.29) 

J (k) = 

i(0) 

i(±) 

i(k-l) 

skxl 

is the input sequence of length k, 

(11.30) 

mkXn 

Kk= 

C 

CA 

CA^ 

i k-l 
(11.31) 
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and mkxsk 

H 

CB H 

CAB CB H (11.32) 

CB H 

In the case that K. is of rank n, then there exists its left 
k ' 

inverse and (11.28) can be solved for q(0), i.e. 

We say that the LSC is observable, because, by applying J(k) 

and ovserving Z(k) we are able to find out what the initial 

state of the LSC was, as well as its present state. From 

this definition, it is clear, that, if S is n-observable, it 

is minimal. 

An LSC is k-observable for some k, if and only if it is 

r-observable, where r is the degree of the minimum poly¬ 

nomial of A. 

An LSC is k-observable for some k, if and only if it is 

n-observable. 

For some k<r an LSC may be k-controlable, but not 

k-observable. In such case we have: 

Assertion: If the LSC is controlable and observable, it is 

a(0)=K^Z(k)-K^kJ(k) (11.33) 
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it is also r-controlable and r-observable. (r is the degree 

of the minimum polynomial of A.) 

Proof: Let the minimum polynomial of A be 

mA(x) =aQ+a1x+.. .+ar_1x
r-'1+xr (r^n). (11.34) 

By the assumption 

LV=[A
V-1

B,A
V
~
2
B,...AB,B] (11.35) 

has rank n. 

But 

ArB=-aQB-a1AB-...-ar_1A
r_1B (11.36) 

and the columns of A11^ (for m^r) are linearly dependent on 

the columns of Lr. Thus, if Lv (for v>r) has rank n, then Lr 

must also have this rank. 

Also, by assumption 

C 

CA 

CA^ 

CA 
v-1 

(11.37) 

has the rank n. 



But 

CAr=-a()C-a1CA-. . .-ar_1CA
r-1

f (11.38) 

and the rows of CAm (for m^r) are linearly dependent on the 

rows of Kr> Thus, if (for v>r) has rank n, then Kr must 

also have this rank. 

To find the minimal k such that LSC is both k-controlable 

and k-observable, we must check matrices and (for k<r) 

to see whether they have rank n or not. If such a k does not 

exist, then k=r is the minimal k such that the LSC is both 

k-controlable and k-observable. 
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III. DETECTION OF FAULTS IN AN LSC OVER GF(2) 

As mentioned in Chapter II, an LSC over GF(2) consists 

only of adders modulo 2 — known as "EXCLUSIVE-OR gates", 

and delayers — commonly implemented by means of "flip-flops". 

Scalers with constants 0 and 1 signify an open and closed 

connection respectively. 

Before starting with the detection of faults in some 

specified circuit, a few common definitions will be given. 

Definition III.l. The primary input of an arbitrary cirucit 

is the set of its input terminals accessible from the outside. 

Definition III.2. The primary output of an arbitrary circuit 

is the set of its output terminals accessible from the out¬ 

side . 

Definition III.3. A secondary input terminal of an arbitrary 

circuit, is an input terminal of an element included in the 

circuit, which is not accessible from the outside. 

Definition III.4. A secondary output terminal of an arbitrary 

circuit, is an output terminal of an element included in the 

circuit, which is not accessible from the outside. 

From the above definitions the term "primary terminal" 

will refer to the circuit's terminal accessible from the out¬ 

side, and the term "secondary terminal" will refer to the 

circuit's terminal not accessible from the outside. 

Definition III.5. A single fault (f) in an arbitrary LSC 

over GF(2) is one which causes the LSC to behave as if only 
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one of its primary or secondary terminals was permanently 

stuck at O(s-a-O), or permanently stuck at l(s-a-l). 

Definition III.6. A multiple fault in an LSC over GF(2) is 

a set of single faults. 

The symbol F will be used to denote the set composed of 

all multiple and single faults. 

111.1. Detection of faults in the primitive components of 

LSC's. 

111.1.1. Detection of faults in adders. 

An adder, as a primitive component of an LSC, can be 

either a two-input adder or a multiple-input adder. The 

definitions III.l.,...,111.6. remain the same for any adder, 

with the exception that every terminal of a two-input adder 

is a primary terminal. 

Definition III.1.1.1. A detection set D for an arbitrary 

adder, relative to the set F, is a set of input vectors that 

will detect the existence of any f€F. In other words, an 

input vector v is a member of D if and only if 

z'(v)4z(v) for some f?F 

where, z'(v) is the output of a faulty adder, and z(v) is the 

output of a good adder. 

Definition III.1.1.2. The following procedure is a detection 

test for an arbitrary adder: 
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1. Sequential application of the adder's detection set 

D on its primary input 

2. Observation of the adder's primary output for every 

element of D. 

3. Conclusion, whether or not some fault exists. 

By definition III.1.1.1., if 

D={vx,v2,...,vn> 

is the detection set of an adder, then the detection test can 

be represented by the following flow chart: 

Fig. III.l 

Flow chart of a detection test for adder 

where, z(v^) is the output of a tested adder, and z(v^) 

is its correct output. 
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The following lemma, for a two-input adder holds: 

Lemma III.1.1.1. The set 

D={0>61,62) 

is a detection set for a two-input adder relative to F, where 

0 is the zero input vector of dimension 2 

6j(j=l,2) is the unit input vector of dimension 2, 

th having 1 on the j position. 

This lemma can be verified by observing the fault 

Table III.l, with reference to Fig. III.2. 

Fig. III.2 

A two-input adder 
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Table III.l. 

Adder Fault 
Boolean output 

expression 
Input vector gives output 

E 0 3=0 

A0 good adder iii2+rii2 0 1 1 

Ai fi: ii s-a-0 12 0 0 1 

A2 f2: ii s-a-1 1 1 0 

A3 f3: i2 s-a-0 ii 0 1 0 

A4 f4: i2 s-a-1 11 1 0 1 

^5 f 5 s z s-a-0 0 0 0 0 

A6 fs: z s-a-1 1 1 1 1 

A7 f {ii s-a-0-, 
7* li2 s-a-0i 

0 0 0 0 

As f,= 
 ^ 0 R"a"l 

0 0 0 0 

Ag f9: 
s'a-?} 

12 s-a-1 
1 1 1 1 

Ai 0 
. rii s-a-1-. 
f 1 ° : -i 9 s-a-0 ^ 1 1 1 1 

Ai 1 
. rii s-a-0-. 
fli:{z s-a-0 ' 0 0 0 0 

Ai 2 
, rii s-a-0-, 
fl2:{z s-a-l} 1 1 1 1 

Ai 3 r: rii S-a-1-. 
fls:{z s-a-0' 0 0 0 0 

Ai 4 
^ rii s-a-1-, 
fl*:{z s-a-l} 

1 1 1 1 

Ai 5 
~ ri2 s-a-0-, 
fls:{z s-a-0} 

0 0 0 0 

Al 6 r: . ri2 s-a-0-, 
fl6:{z s-a-11 1 1 1 1 

Ai 7 ■F . -T^-2 s—a—1-, fl7:{z s-1-0} 0 0 0 0 

Al 8 ~ ri2 s-a-1-. 1 1 1 1 

Ai 9 
fi'i s-a-0. 

f 19: ji2 s-a-0 }■ 
Lz s-a-0J 

0 0 0 0 

A2 0 
(-i 1 s-a-0 ^ 

f2 0 s Ti2 s-a-0 ^ 
^z s-a-1J 

1 1 1 1 

A2I 

rii s-a-0. 
f2i:ji2 s-a-1 [ 

kz s-a-0J 
0 0 0 0 

(Continued) 
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A2 2 
,ii s-a-0. 

f22 n i2 s-a-1r 
cz s-a-lJ 

1 1 1 1 

A2 3 
r i 1 s-a-1. 

f 2 3 :■{ i2 s-a-0 r 
1 z s-a-0J 

0 0 0 0 

A2 4 
ii s-a-1 

f 2 4 i2 s-a-0 }• 
Lz s-a-1J 

1 1 1 1 

A25 
ii s-a-1 

f 2 5 i2 s-a-1 l 
''z s-a-0 

0 0 0 0 

A2 6 
j"i 1 s-a-1. 

f 2 6: \i2 s-a-1 \ 
z s-a-1J 

1 1 1 1 

From the Table III.l, we can conclude the following: 

1. The set F of faults has 26 elements, i.e., 

2. For every f^€F (j=l,2,...,26) there exists a v in D such 

that z' (v) 7^z (v) . 

3. The faults (f2'
f4'f6'f9,f10'f12'f14,f16,f18'f20,f22'f24, 

and f2g) will be detected by the zero input vector, or 

we will say, they are detectable by the zero input vector. 

The other faults are detectable either by 6^ or by 62, except 

that f^ is detectable only by <5^ and f^ is detectable only 

by <$2 • 
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Conclusion: D is sufficient to detect F, and by definition 

III.1.1.1., it is a detection set for a two-input adder 

relative to F.   Q.E.D. 

The detection test, represented by the flow chart in 

Fig. III.l, can be used for a two-input adder with v^=0, 

V2=<^1 and v3=^2' i*e*' n=3, and D={v1 ,v2 , v3 } = {0,<5^,62 } . 

Every s-input adder can be constructed from (s-1) two- 

input adders. Many forms of interconnections are possible. 

If the form is chosen such that the output terminal of each 

two-input adder connects to one and only one input terminal 

of some other two-input adder, then there exists a unique 

path from each primary input terminal to the primary output 

of the s-input adder. 

Definition III.1.1.3. A tree adder (TA) is a network of 

2-input adders defined inductively as follows: 

a (TA) of height 1. 

s^-input (TA) of height k, 

1° Any 2-input adder is 

2° If 
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and 1 2 

of height less 

than or equal to k, 

then 

and 
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3° A multiple-input adder is a (TA) if and only if this 

fact follows from 1° and 2°. 

An s-input (TA) will be represented by 

An s-input (TA) 

A (TA) as defined above is a primitive component of an 

LSC over GF(2), and all the previous definitions hold for 

a (TA) . 

Lemma III.1.1.2. Let 

be an s-input (TA), which may, or may not contain faults, 

and let 
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(XXX-1) J={1,2 t • • • r 

Then, there exists 

J'cj 

such that either 

or z=l+ (III.2) 

(If J'=0, we adopt the convention that E i.=0). 
j€0 3 

Furthermore, if the (TA) contains faults, then J' is a 

proper subset of J, i.e. J'cjr. 

Proof: By induction on height k of a (TA). 

If the (TA) has height 1, then the above result follows 

from lemma III.1.1.1. on 2-input adders. This is the in¬ 

duction basis. 

Assume that the result is true for all (TA)1 s of height 

less than or equal to k. This is the induction hypothesis. 

To prove that the result is true for any (TA) of height 

k+1, (induction step), consider a typical (TA) of the form 
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Fig. III.4 

An (s^+S2)-input (TA) of height k+1 

Where 

(TA)^ is an s^-input (TA) of height k 

(TA)2 is an S2-input (TA) of height £k 

(TA) is an (s^+s2)-input (TA) of height k+1. 

For the (TA) of Fig. III.4. we have 

—{1/2J...,s1>f ^2 ^s^+1,s^+2f...fs^+sp} 

and J=Jn Uj„ -L 2. . 

By the hypothesis, there exists a set J^c J 

z 
r 

or z =1+ 
r 

I 
j€J« 

i . 
3 

(III.3) 

such that 

(III.4) 
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for r=l,2.. 

Futhermore, if (TA)r contains a fault, 

Consider now the following cases: 

V Q 

1 (TA)^ has the fault corresponding to f^ 

Then, whether (TA) ^ has faults or not, 

z= E i. or z=l+ . E i. 

and' 

J'cd 

2° (TA)^ has the fault corresponding to f2 

Then, whether (TA^ has faults or not, 

z= E i . or z=l+ E i. 
3 j€J;L U 

and 

J-JcJ 

3° (TA)2 has the fault corresponding to f^ 

Then, by lemma III.1.1.1., z=Z2=l+z2' i 

then J1cJ . 
r r 

in Table III.l. 

Z-Z2 , 2. • 6 • f 

(III.5) 

(111.6) 

in Table III.l. 

Z —Z t 2. • 6 • f 

(111.7) 

(III.8) 

in Table III.l. 

• 0 • f 
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zml+ E i. or z=l+l+ E i,= E i. (III.9) 
j€j' 3 j€j' 3 3 

and 

(III.10) 

4° (TA)^ has the fault corresponding to in Table III.l. 

Then, z=^1=l+z1, i.e., 

z=l + E i. or z = E i. (III.10) 3 j€j| 3 

and 

J-jQj (III.12) 

i5° (TA)^ has any of the faults listed in Table III.l, 

giving output z=0. Then, no matter whether (TA) ^ and 

(TA)2 have faults or not, z=0, i.e., 

z= E i. and 0CJ. (III.13) 
j<=0 3 

6° (TA)3 has any of the faults listed in Table III.l, 

'giving output z=l. Then, no matter whether (TA^ and 

(TA)2 have faults or not, z=l, i.e., 

z=l+ E i. and 0CJ. (III.14) 
j€0 3 
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so that 7° (TA)3 is good. Then, in any case z=z^+z2, 

z— E i. or z=l+ E i. (III.15) 
jej^UJ^ 3 j €J2 

3 

and 

J^UJ^SJ (III.16) 

" But, if there are some faults in either (TA) ^ or in 

(TA)2 or in both of them, then 

or J2CJ2 or (J1CJ1 an<^ J2CJ2^ * In an^ case 

J' = (J[UJ^)c:j (III.17) 

Conclusion: The result is true for any (TA) of arbirtary 

‘height k. Q.E.D. 

Note: If S2=lf we will have the second form of a (TA) in 

definition 111.1.1.3.-2°, and the proof is similar. 

Lemma III.1.1.3. The set 

D={vl,v2,•..,VS+1}={°,61,62,•.•,6g} (III.18) 

is a detection set for an s-input (TA), relative to the set 

F of its faults, where 

0 is the zero input vector of dimension s, and 

37 



6j(j=l,2,...,s) is the unit input vector of dimension s 

til having 1 on the j position. 

Prooft If a (TA) has faults, then by the lemma III.1.1.2. 

z' = E i. or z'=l+ E i- (III.19) 
j€J' 3 j€j' 3 

where 

J'GJ (III.20) 

a) If the fault is such that 

z'= E i . (III.21) 
j€J' 3 

then, for the input vector vr+i
=^r^

D such that 

r&J' , we have 

z'(6r)=0 (III.22) 

but z(6r)=l (III.23) 

i.e., there exist 5r€D that will detect this kind of 

faults. 
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b) If the fault is such that 

z'=l+ Z i. (III.24) 
j€J' 3 

then, for the input vector V-^=0€D we have 

z' (0)=1 (III.25) 

But z(0)=0 (III.26) 

i.e., there exists v^6D that will detect this kind of 

faults. 

Conclusion: D is sufficient to detect F. Q.E.D. 

The detection test, represented by the flow chart in 

Fig. III.l. can be used for an arbitrary (TA) with 

‘VL=0,V2=61, .. . ,VS+1=6S , i.e., n=s+l. 

III.1.2. Detection of faults in delayers. 

For a delayer, as primitive component of an LSC, de¬ 

finition III.5 holds. 

A delayer, will be represented by the following symbol. 
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i (t) 
« zt=i(t-1) 

Fig. III.5 

A delayer with a means for resenting to the zero state. 

zt(i) will denote the output at time t as a function of an 

input applied at time t-1. A pulse on the terminal labeled 

R will set zt=0 

Definition III.1.2.1. The set of faults in a delayer is the 

set F={f,f 2} > where 

f^ is the fault - z permanently stuck at 0 

f2 is the fault - z permanently stuch at 1 

Lemma III.1.2.1. The set 

D={0,1} (III.28) 

is a detection set for a delayer, relative to the set F of 

its faults. 

The detection test, for a delayer can be represented 

by the following flow chart: 
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III.2. Detection of faults in a simple LSC over GF(2) 

Using the elements defined above, a simple LSC over GP(2) 

can always be realized in the form of Fig. III.7., 

Fig. III.7 

A simple LSC over GF(2) 
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and characterized with the matrices 

1 

A = i 
• 

(III.29) 

• 

• 

i 

"al 
• 

_a2 -a3 • • • "an aj=0 or 1; j=l,2,...,n 

bll b12 
• • • bls 

b21 b22 • • • b2s 

bij=0 or 1 for i=l,2,...,r; 

B = • 

• 

• 

b..=0 for i=r+l,...,n; (III.30) 

b <1 
L nl 

b o n2 • • » b 
ns j = ”1^2 f m m m / S • 

C = [1,0 t • • • ,0] ; H= [0] (III.31) 

Assertion III.2.1. A simple LSC is always observable. 

Proof: The diagnostic matrix of a simple LSC is: 

• m 

C 1 ■ ' 

CA 1 

K = 
n 

CA2 

• 
• 

= 1 
• 

CA"-
1 

1 
 1 

• 

=1 
n 

(III.32) 

Hencerit has rank n.A simple LSC is observable* Q.E.D. 
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The faults in a simple LSC over GF(2), if realized in 

the form of Fig. III.7., will be either in (TA)^(j=l,2,...,r), 

or in delayer g (g=l,2,...,n), or in the two-input adder 

between delayers jand j+1, or in its feedback (TA)Q. SO, 

the set F of faults will be the union of the sets of faults 

in the above mentioned elements. The tree adder (TA) ^ together 

with the two-input adder between delayers j and j+1 is (by 

definition 111.1.1.3-2°) a tree adder with one input more and 

of height one more than the height of (TA)^. Let this new 

(TA) be denoted by (TA)\. 

Definition III.2.1. The symbol F^ will be used to denote the 

set composed of the following faults: 

1° Delayer g(g=l,2,...,n) has a fault - its output is 

s-a-1; 

2° (TA)l(j=l,2,...,r) has a fault detectable by the 

zero input vector; 

3° (TA)o has a fault detectable by the zero input vector. 

Suppose that only one f€F^ exists. Then the following 

lemma holds: 

Lemma III.2.1. The test TQ represented by the flow chart in 

Fig. III.8., is a detection test for a simple LSC of Fig. III.7., 

relative to the set of faults F^, where 

Zj is the output of a tested LSC at time j, 

Yn is the output sequence composed of y^s, and 
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Zn is the zero output sequence of the LSC without any 

f€F 1* 

Fig. III.8 

Flow chart of a detection test relative to F^ 

Proof: Applying reset, the LSC is taken into the zero initial 

state q(0)=0. This zero state will be the zero input vector 

for the (TA)Q. Applying input vector v=0 (after resetting) 

45 



we will apply the zero input vector on every (TA)\, as well 

as the zero input on every delayer. Doing this we will take 

the LSC into the state q(l). If the LSC has no faults that 

belong to F^f then 

q (1) 

d1(l)' V 0 

d2(l) z2 
0 

• 

• 

• 

d (1) 

• 

• 

• 

z 

• 

• 

• 

0 
n n 

u 4 * • 

(III.33) 

where d^(l) is the output of delayer j at time 1, and z_. is 

the output of the LSC at time j. By (11.25) z^=d^ (1). Applying 

the next n zero input vectors, observing and setting the 

corresponding output zj=Yj/ we can form the output sequence 

* *1 

*1 

!2 

Z1 

*2 
d2(i) 

zn 
dn(D 
L J 

(III.34) 

where d^(l) is the output of delayer j at time 1 of a tested 

LSC, (z^djd)). 

Assume now that: 

1° Delayer g has a fault - output s-a-1. 

If the output terminal of delayer g is permanently stuck 
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at 1, then this 1 will be the input of delayer g-1 at time 0 

and the output at time 1. Hence, we will have d^_^(1)=z ^=1. 

But dg_^(1)=Zg_^=0, i.e. , comparing Yn with Zn, we will detect 

this fault. 

2° (TA)l has a fault detectable by the zero input 

vector. 

If (TA)V has a fault detectable by the zero input vector, 

then at time 0 applying v=0 and dj+^(0)=0 will detect this 

fault in (TA)l, giving input 1 for delayer j at time 0 and 

the output 1 at time 1. Hence, we will have dj(l)=z\=l. But 

d.(l)=z.=0, i.e., this fault will be detected. 
3 3 

3° (TA)g has a fault detectable by the zero input vector. 

At time 0 we are applying the zero input vector on (TA)Q. 

If there exists a fault in (TA)g detectable by the zero input 

vector, then at time 0 we will have 1 at the output of (TA)Q 

' and at the input of delayer n. This 1 will be the output of 

delayer n at time 1. Hence, we will have d (l^z^l. But, 

dn(l)=zn=0, i.e., this fault will be also detected. 

Q.E.D. 

Definition III.2.2. The symbol F2 will be used to denote the 

set composed of the following faults: 

1° (TA)l (j=l,2,...,r-l) has a fault detectable by a 

unit input vector; 

2° (TA) has a fault detectable by a unit input vector, 

except the fault detectable by the unit input vector 
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having 1 on the last position. 

3° Delayer j (j=l,2,...,r) has a fault - its output is 

s-a-0. 

For a detection of some f€F2, the following lemma holds: 

Lemma III.2.2. The set of s tests, each of them repre¬ 

sented by the following flow chart 

Fig. III.9 

Flow chart of a detection test relative to F2 
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is a set of detection tests for a simple LSC of Fig. III.7., 

relative to the set F2, where 

<$v (v=l,2,...fs) is the unit input vector of dimension 

v^ is the column vector composed of the first r elements 

Proof: It is assumed that the test, described by lemma 

III.2.1., has already been applied on the LSC. If no f€p^ 

has been detected, we can proceed to test the LSC on faults 

that belong to F2. Applying reset, the LSC is taken into 

the zero state. If we apply now 6^ on the primary input, 

the LSC will be taken into some other state, say c[ (1) . 

If LSC has no faults that belong to F2, then 

where q^(0) is the zero initial state in test v, and 

th' s, having 1 on the v position; 

Zj and y^ are as in lemma III.2.1.; 

th 
of the v column vector of matrix B taken from the 

left; 

is the output sequence composed of y^s correspond¬ 

ing to the test v. 

q (1)=Aq (0)+B 6 =v 
a-v -*-v v v (III.35) 
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\v” 

b2v 
• 

• 

• 

a^v)(i) 

• 

• 

• 

brv 

m 

m 

d(v)(1) 
r 

• 

• 

b d(v) (1) nv J 1 n L J 

(III.36) 

djV^ (1) in (III.36) is the output of delayer j at time 1 after 

applying 6^. Applying r zero input vectors after 6 , ob¬ 

serving and setting the corresponding output y , we can 

form the output sequence 

(v) 
r 

yi zi 

i 
P-

l 

(i) 

= 

Z2 
  

*1" (i) 

m m 
z 
r ^ 

3(V) 

r (i) 

(III.37) 

where d^v^ (1) is the output of delayer j at time 1 of a 

tested LSC in test v, (z\=div^ (1)). 
3 3 

Assume now that there exists one of the following faults: 

1° (TA)1 (j=l,2,...,r-l) has a fault detectable by 6^. 

If (TA)\ (j=l,2,...,r-lj has a fault detectable by 6^, 

that means that some of the terminals on the path between 

primary input terminal i and. the input of delayer j is s-l-0, 
* 
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implying (1)=z^=0. But, if there is no such a fault, 

then b^=djV^ (1) =z, i.e., comparing Y^.V^ with we will 

detect this fault. 

2° (TA)' has a fault detectable by 6 

If (TA)' has a fault detectable by 6 , then we will r J v 

have the zero input for delayer r at time 0 and the zero 

output at time 1, implying d^V^ (l)=zr=0. But without that 

fault, d^,V^ (1) =zr=b_^0, i.e., comparing Y^.
v^ with this 

fault will be detected. 

3° (TA)1 (j=l,2,...,r-l) has a fault detectable by the 

unit input vector having 1 on the last position 

(i.e., the two-input adder between delayers j and 

j+1 which belongs to the (TA)l has a fault - its 

input terminal corresponding to the output of 

delayer j+1 is s-a-0). 

If (TA)l has this fault, it will be detected as follows: 

Applying such 6^ that will give the input 1 for delayer r at 

time 0 and output 1 at time 1 we will get q^(l) having 1 on 

th the r position. It does not matter what the other elements 

of &v(l) are. The application of r zero input vectors will 
I 

imply the zero output of (TA)^ and zero input for delayer j 

at time t (t=l,2,...,r) and zero output of delayer j one time 

later. Observing and setting the corresponding outputs we 

will have: 

zj+1=d(
v)(2)=0, ij+2=d^

v)(3)=0, ...,zt.=d<v)(r-j+l)=0 
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But, if there is no such a fault, at least zr=d^,v^ (1)=1. 

i.e., comparing Y^.V^ with we will detect this fault. 

4° Delayer j(j=l,2,...,r) has a fault - output s-a-0. 

Applying 6^ as in the case 3° we will get q^(l) having 

1 at least on the position r. 6V followed by r zero input 

vectors will allow us to observe and set z^s. If the output 

of delayer j is s-a-0, we will have: 

z.=d<v)(l)=0,ij+1=d^
v)(2)=0,...,ir=d^

v)(r-j+1)=0 

But, without this fault, at least zr=dr(l)=l, i.e., comparing 

Y^.v^ with this fault will be also detected. 

Q. E. D. 

Note: If we apply all s tests that belong to T^, we can form 

the matrix B of the tested LSC 

B=[q^(1) ,q^(1) ,...,q^(1)] (III.38) 

and compare B with B. If B=B, there are no faults in the 

LSC that belong to F2» Otherwise, such faults exist. 

If no faults were detected as the result of the applied 

tests described so far, we can proceed to test the LSC for 

the existence of remaining faults. 

Definition III.2.3. The symbol will be used to denote the 

set composed of the following faults: 
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1° (TA)Q has a fault detectable by a unit input vector; 

2° Delayer g (g=r+l,r+2,...,n) has a fault - its 

output is s-a-0; 

3° (TA)^ has a fault detectable by the unit input vector 

having one on the last position. 

Lemma III.2.3. Let the simple LSC over GF(2) be controlable. 

Then the set T2 of s tests, each of them represented by the 

following flow chart: 

Fig. III.10 

Flow chart of a detection test v€T2, relative to F^ 
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is a set of detection tests for a simple LSC of Fig. III.7, 

relative to F^/ where 

6,,y{v),z{v) are as in lemma III.2.2.; v J j j ' 

z^v^ is the output sequence composed of z^v^s for 

j=n+l,n+2,...,2n in the test V6T2 

is the column vector AnB6 . 
v 

Proof: It is assumed that the tests, described by lemma III. 

2.1. and III.2.2. were applied and none of the f€F^UF2 were 

detected. With the set T2 of detection tests we want to 

detect those faults in (TA)Q which are detectable by the unit 

input vectors, faults in delayers g (g=r+l,r+2,...,n) de¬ 

tectable by the input 1, and the fault in (TA)^. detectable 

by the unit input vector having 1 on the last position. The 

corresponding input terminals of these elements are not 

directly connected to the primary inputs and we are not able 

to apply the corresponding inputs as we were doing in the 

previous tests. Also, it is not true that we are always able 

to take the LSC from the zero state into all states cor¬ 

responding to the unit input vectors for the (TA)Q with only 

one input vector. Hence, the approach for the detection of 

the faults that belong to F, is different. Since a.s(j=l,2, 
D 

...,n) are either 0 or 1, the fault which changes a^ from 1 

to 0 is the same fault as that detectable by the unit input 

vector 6^ for (TA)Q. Furthermore, if a delayer j for j>r 

is s-a-0, this can be detected by the same test vector used 
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to detect the output of (TA)Q s-a-0. The approach here is 

as follows: If (TA)Q has faults that belong to F^ it is 

transformed into (TA)Q which is still linear. The steps in 

the flow chart of Fig. III.10 will help us to write the 

equations of the form (11.26) which the LSC must satisfy, 

whether or not some f^F-j exists. In the obtained system of 

equations we regard a^s as unknowns, and when we have all 

necessary equations we solve them for a^s and compare the 

obtained values with the correct values of a^s. If they are 

the same, we will show that the LSC has no faults that belong 

to F^. Otherwise, some f€F^ exists. With the above remarks, 

we can proceed now in details. 

Applying 6^ on the primary input after reseting, we will 

get 

q1(l)=A'q1(0)+B61=v1 (III.39) 

where, A' is the characteristic matrix of the tested LSC, 

q-^(O) is the zero initial state after reseting, B is the 

correct matrix of the LSC and v^ is the first column vector 

of B taken from the left. If 6^ is followed by 2n zero input 

vectors, then observing and setting the corresponding outputs 

we can form the output sequence 
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K
j|

 

(D_ 
2n 

where 

*il) 

411 

'n1’ ■ n 

,(1) ■n+l 

Y{o1] 
*2n 

-d) 

i(1) 
Z2 

n 

z(1) 
Z1 

z(1) Z2 

z(1) 

n 

z(1) 
zn+l 

5<x> 
2n 

d{1}(1) 

af > (i) 

3n1>(1) 

=B61=v1 

(d^1}(l)=d^1)(l)) 

(III.40) 

(III.41) 

By (El.26) we have 

(III.42) 

ajs (j=l,2,...,n) are elements of matrix A' and the 
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Zj^s (j=l,2,...,2n) are the outputs of the LSC in the first 

test of T2• 

System (III.42) is a system of n equations in n un¬ 

knowns. a^s are unknowns, and zj^s (as observed) are known. 

It can be written in the matrix form 

where 

5(1>=Z(1>a' 

Z(1): 

and 

i(1)' 
n+l 

i(1) 
n+2 

i(1) 
Z2n 

/ af = 

a1 
n 

n-1 

ai 

-d) -d) -(1) z 
n 

Z n 
n-1 * * * 

-d) -d) -d) 
zn+l zn 

• 

• # • 7 z2 

-d) 

• 

-d) 

• 
• 

-d) 
z2n-l Z2n-2 ’ ** zn 

(III.43) 

(III.44) 

(III.45) 

System (III. 42) is consistent, but the rank of matrix Z^^ 

is not necessarily n (no matter whether the LSC has some 

f0?3 or not), and we are not able to solve (III.42) uniquely 

for ajs, 
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Proceeding in the same way, in the test v€T^/ after 

reseting and applying 6V we will get 

q (l)=A'q (0)+B 6 =v 
Hv —V V V (III.46) 

Applying 2n zero input vectors after 6^, observing and 

setting the corresponding output y!V)=ZjV^ we can form the 

output sequence 

Y<v) 
2n 

YiV) y!v) 

y(V) 

(v) 
yn+i 

(V) 
^2n 

-(v) 
Z1 
-(v) 
z2 

-(v) 
n 

-(V) 
zn+l 

2n 

(III.47) 

where 

1—
 1—

1 
IN d{v)(1) 

-(v) 
z2 

• 

• 

~ d<v)(1) 

-(V) d(v) (1) 
n 

m 
n 
m m 

=B6 =v 
v v 

(d!v)(l)=dfv)(1)) 

(III.48) 
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and 

z ^l=a' z ^ +a' 
n+2 n n+1 n-1 n 

ziv^=a'ziv^,+a' ,ziv^ ~+...+alz ^+aJ z ^ 2n n 2n-l n-1 2n-2 2 n+1 1 n 

(III.49) 

System (III.49) can be written in the matrix form 

i(v)=Z(v)a- (III.50) 

where z^, Z^ and a' are the same as in (III.44) and 

(III.45) with v=l. 

Taking together all s systems of the form (III.50) we 

will get 

A 

z=Za' (III.51) 

where 

(III.52) 
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z(1) 

z(2) 

z (III.53) 

and a' is the same as before. 

System (III.51) is a system of s.n equations in n un¬ 

knowns. In the case that the LSC has no faults that belong 

to f we have: 

By assumption the LSC is controllable and the rank of 

matrix 

must be n. In the test, after resetting and applying 

<$^ we get 

The first zero input vector applied after 6^ will give 

/ • • • t AB,B] (III.54) 

qv
(1)=Aqv

(0)+B6v=
B6v (III.55) 

qv (2) =Aqv (1) +B • 0=Aq_v (1) =AB6 v (III.56 

where ABS^ is the v 
th 

column vector of matrix AB. 
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The second zero input vector applied after 6^ will give 

qv(3)=Aqv(2)+B-0=Aqv(2)=A
2B6v (III.57) 

i.e., will give the column vector of matrix A2B, and so on, 

*tl”l 
The (n-1) zero input vector will give 

qv(n)=Aqv(n-l)+B-0=A
n_1B6v (III.58) 

th and n zero input vector will give 

qv(n+l)=A
nB6v (III.59) 

If 2n zero input vectors are applied and corresponding 

output sequence (III.47) is formed, then, in this case we 

have 

q ,(1)=B6 Zv v 

d{v)(1) '-(V)' 
Z1 

d^v)(1) 
-(v) 
Z2 

• — • 

dnV)(1) 

-(V) 
n 

• . 
n 

« ■ 

(III.60) 
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qv(2)=ABSv= 

qv(
n)=An_1B6v 

d{v)(2) 

m • 

-(V) 
z2 

d^v)(2) 

• 

;(v) 
Z3 
• 

• 
• 

if • 
• 

d(v)(2) 
n 

0 m 

5(v) 
zn+l 

d{v)(n) |>>i 

d^ (n) 

• II 

-(V) 
n+1 

• 

• 

d^v) (n) 
m m 

• 

5(v) 
z2n-l 
m « 

qv(n+l)=A
nB6v 

d{v)(n+1) 

d*v)(n+1) 

d(v)(n+1) n 

-(V) 
zn+l 
-(v) 
n+2 

(III.61) 

(III.62) 

(III.63) 

i.e., the column vector and the matrix in 

(III.50) in this case become 

i(v). 

^(v) 
zn+l 
-(v) 
zn+2 

=AnB6 
v 

(III.64) 
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i(v>= 

— (v) -(v) “(V) z n z ; n-1 ... Zj. 

-(v) -(v) - (v) 
Zn+1 
• 

z n ... z2 

• 

"(V) -(v) -(v) 
z2n-l Z2n-2 ... z n 

= [An-1B<S ,An_2B6 , L V V' 
,B6v] (III.65) 

As we see from (III.65), the column vectors of Z 

th 

s(v) are the 

v— column vectors (taken from the left) of the matrices in¬ 

cluded in Ln> At the same time (as we can observe) the row 

vectors of Z^ are its column vectors taken in the opposite 

direction, i.e., the row vectors of Z^ are the v*"*1 column 

vectors of the matrices included in L . 
n 

System (III.51) becomes 

zn+l 

i(1) zn+2 • 
• 
• 

i(1) z2n • • • • • 

z (2) 

n+l 

i(2) zn+2 
• 
• 

It 

• 

i(2) z2n 

i(s) zn+l 
-(s) 
zn+2 
• 

i(s) z
2n 
m m 

(B^)* 

(ABS^* 

(An”1B61)* 

(B62)* 

(AB62)’ 

(An-1B62)* 

(B6s)* 

(AB6s)* 

(An_1B6 )* b , 

aA 
aA-]i 

ai 

(III.66) 
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where (A1B6^) * (1=0,1,. .. ,n-l) is the column vector of 

matrix A1B taken in the opposite direction, i.e., the row 
A 

vectors of Z in this case, are the column vectors of matrix 

L only taken in the opposite direction. Since L has rank n n 
A 

n, Z has the same rank. System (III.66) is consistent - the 
• A A 

rank of [2IZ] is the same as rank of Z. Hence, (III.66) has 

a unique solution for als. We can choose n linearly in¬ 

dependent equations from (III.66), solve that system and 

obtain the correct values of the a'.s. 
J 

If the LSC has some f€F^ it may or may not remain 

controllable. Hence, the rank of the matrix Z in that case 
A 

is not necessarily n. If rank of Z Is n, we can choose n 

linearly independent equations, solve them and form the 

matrix A'. Comparing A' with A we can find out whether or 
A 

not a fault exists. If the rank of Z is k<n we can not solve 

(III. 51) uniquely for a'.s and we know that some f€F, exists. 
J *3 

In the case that the LSC has no faults, system (III.51) 

is composed of s systems of the form (III.50), where every 

Z ^ (v=l ,2 ,.. . ,s) satisfies (III.65) and every z^=AnB6v. 

Thus in the test we can compare z^ with W^V^=AnB6^. 

If r^V^=W^v^ for every v {l,2,...,s} the tested LSC has no 

f^F^. Otherwise, some fault exists. Q E D 

Definition III.2.3. The symbol T^ will be used to denote the 

set of s+1 detection tests, the first of them described in 

lemma III.2.1. and all the other are elements of T2. 
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Theorem III.2.1. Let a simple LSC realized in the form of 

Fig. III.7 be controllable. Then the set T^ of s+1 detection 

tests, is sufficient to detect the existence of of any f€F, 

where 

F=F1UF2UF3 (III.67) 

and F^, F2, and F^ are defined by definitions III.2.1, III.2.2, 

and III.2.3 respectively. 

Proof: By lemma III.2.1, the test TQ is sufficient to detect 

the existence of any f^F^. The application of the set T2 of 

s detection tests, described in lemma III.2.3, presumes that 

the given controllable LSC has no faults that belong to F2« 

By lemma III.2.3, the set T2 of s detection tests is suffi¬ 

cient to detect any fOT^. If, on the other hand, there exist 

some f€F2, then this f will imply that some state, say 

djv) (1) \z{v)] Z1 

d^v)(2) -(v) 
Z2 

• = • 

d^V)(1) 
;(v) 

L n j n 

^B5 
v 

(III.68) 

Furthermore, this will imply that (III.64) and (III.65) will 

not be satisfied. Hence, this fault will be detected by the 

detection test v€T2. The set T^ is sufficient to detect the 
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existence of any f€F. 

  Q.E.D. 

Theorem III.2.2. Let an arbitrary LSC over GF(2) with s input 

and m output terminals be realized in the form of pseudo- 

canonical realization with m simple controllable LSC of 

Fig. III.7. Then the set T^ composed of s.m detection tests 

described in lemma III.2.3. and m tests described in lemma 

III.2.1. is sufficient to detect the existence of any f€F, 

where 

F=F (1) UF 
(2) 

U . . -U F 
(m) 

and F) (j=l,2,...,m) is the set of faults that belong to 

the simple LSC whose output terminal is denoted by j. 

Proof: By theorem III.2.1. the set of s+1 detection tests 

is sufficient to detect the existence of any f€F^. Since 

the LSC in pseudocanonical realization has m simple con¬ 

trollable LSCs, the set T^ of ('s^l)m detection tests will be 

sufficient to detect the existence of any f€F. 

.. Q.E.D. 
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IV. CONCLUSIONS 

It has been shown in the preceding chapter how to detect 

the faults in a simple controlable LSC over GF(2). No limits 

have been placed on the size of the LSC, i.e. the dimension 

of the simple controlable LSC over GF(2) can be arbitrary. 

The limits have been placed on the class of faults that can 

be detected and on the primitive components which can be used 

in the realization of the LSC. The described procedure will 

detect those faults that cause the LSC to behave as if some 

of its primary or secondary terminals were permanently stuck 

at zero, or permanently stuck at one. The tree adder (TA) 

has been defined, and it can always be used as a primitive 

component in forming an arbitrary LSC. It has been shown 

that a set of s+1 tests is sufficient to detect the existence 

of any fault that belongs to the set of defined faults. The 

procedure is very short in comparison with the application 

of all possible input combinations and sequences, and it can 

be used for detection of an important class of faults in a 

simple controlable LSC over GF(2). Furthermore, a similar 

procedure with (s+1).m tests can be used for an arbitrary LSC 

over GF(2), if it is realized in the form of pseudocanonical 

realization. It could be said, that a special class of se¬ 

quential circuits has been identified for which a simple 

detection procedure can be used. 
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The procedure described here will only detect the 

existence of some fault. It could be extended to locate the 

fault within the primitive components of a tested LSC. It 

could be further extended for a simple controlable LSC over 

GF(p) for some fixed p>2 (p is prime integer). 

The LSCs considered here have the state-transition 

matrices of the form (II.10) and (11.12), where every 

in (11.12) has the form of (II.10). It should be the natural 

way to consider the same problem for the LSCs that have the 

state-transition matrices of the form (II.11) and (11.12), 

where every in (11.12) has now the form of (II.11). if 

not the same, at least a similar procedure should be possible. 

After that, an attempt could be made to solve this problem 

for LSCs which have arbitrary characterizing matrices. 
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