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ABSTRACT 

In this research, recurrent codes used to correct bursts of 

error have been studied in detail. A mathematical formulation of 

these codes is presented which shows them to be convolutional codes. 

The encoding and decoding procedures are presented mathematically, 

and practical methods of implementation are given. The work of 

Wyner, Hagelbarger, and Berlekamp is reviewed and discussed. A 

new class of codes with low transmission rate is presented, and the 

merits of these codes are discussed. A procedure for construction 

of a generalized code from known codes is presented, and two theorems 

concerning this construction are proved. Finally, the advantages 

of various codes with different rates are examined carefully. 
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1. Introduction 

Recurrent codes were first introduced by Ellas [\] in 1955 as 

parity-check symbol codes and convolutional parity-check symbol codes* 

They were later studied by Wozencraft LXI and Hagelbarger CXI * 

Hagelbarger’s study is of principle importance because it presented 

a simple method of synthesizing and Implementation of codes which 

correct bursts of error. Kilmer IkJ also studied recurrent codes, but 

it remained for Wyner and Ash [bj in 1963 to present a suitable analysis 

and development of their mathematical properties. This paper will 

review some of the findings of Wyner and the code construction methods 

of Hagelbarger and Berlekamp [bj as well as present the contributions 

of the present author. 

1-1. Objective 

The purpose of this paper is to analyze binary recurrent codes 

suitable for burst-error correction and to explore some methods of 

synthesizing. The standard coding problem is still our problem: given 

the channel characteristics, design an encoder and decoder which perform 

with high reliability and which have minimum redundancy. We also want 

the encoder and decoder to be as economical and simple to build as possible. 

Since information is almost universally handled by machines in binary 

form, we will restrict ourselves to binary codes, although recurrent codes 

can be generalized to any alphabet. 
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The information system will be composed of a source of binary 

message digits, an encoder which encodes the message digits into binary 

channel digits in some prescribed manner, the channel along which the 

channel digits are transmitted and corrupted by noise, and the decoder 

which decodes the channel digits to find out what message was sent. In 

order that we may understand the system more thoroughly, let us look at 

the channel. 

Figure 1. The System 

1-2. The Channel 

The means by which we transfer information is the channel. The 

encoder must encode the message digits into signals which are acceptable 

by the channel. As the signal is transmitted along the channel, noise 

causes it to become corrupted. Thus at the other end of the channel, the 

corrupted signal is received by the decoder. For binary channel digits 

the noise corrupts one channel symbol into the other, 0 into 1 or 

1 into 0. We will call the message sequence M, composed of message 

digits, the encoded message sequence U, composed of channel digits, the 

error sequence E, composed of l*s corresponding to positions in U 

which are corrupted by noise and 0*s corresponding to uncorrupted 

positions, and the received sequence V, composed of corrupted channel 

digits. Since the channel digits are binary, we can represent V by 
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U o E, where o means modulo-2 addition of corresponding terms in the 

sequences. We can characterize the channel as the means by which the 

encoded message is transmitted and which adds an error sequence to it. 

The 
Message Encoder Channel Decoder 
Source ->- 

Noise 

Figure 2. The System 

There are two types of channels which are of interest. The first is 

the memoryless, or zero-memory, channel. In this channel, noise which 

occurs does not depend upon any previous noise or signal. The error 

sequence E can be thought of as a sequence of statistically independent 

random variables. The second channel, and the one which is of primary 

interest, is the burst-error channel. In this channel, the errors are 

not random but come in clusters or bursts. The burst-error channel more 

appropriately models a real channel in most situations. 

1-3. Types of Recurrent Codes 

There are three types of error correction available with recurrent 

codes. The first type is for the errors which occur in memoryless channels. 

A type A recurrent code can be constructed which will correct any error 

sequence E of statistically independent errors, provided that no set of 

nc consecutive entries contains more than e l«s; nc is known as the 

constraint length. This type of code was introduced by Wozencraft and 

has been more recently studied by Kilmer, Massey /7/, Bussgang £87, and 
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Lin /9,1Q7 and Pfeiffer [\\J. 

Recurrent codes which are used to correct errors in a burst-error 

channel are type B codes or burst-error-correcting codes. These codes 

are divided into two main categories. Type B1 codes can correct any burst 

of length for jj<nc, provided that the burst is followed by a guard 

space of nc-l ••clean" digits (digits which have not been corrupted by 

noise). Hagelbarger codes are of this type. Type B2 codes are exactly 

the same as type B1 with an additional restriction: the burst must be 

confined to r blocks. In other words, the burst must be of a known 

phase. This, of course, is impossible to know in an actual system, but 

type B2 codes are studied because they are easier to analyze and the 

results can be applied to type B1 codes. Throughout this paper emphasis 

will be on type B1 codes. 

A third type of recurrent codes is type C, low-density, burst-error- 

correcting codes, first proposed by Wyner f\2]. These codes are for 

burst-error channels in which the probability of error is not large 

during the burst. Type C codes can correct any error sequence E provided 

that the nonzero entries of any nc consecutive digits are confined to 

r blocks as in type B2 codes, and now each of the r blocks can have 

no more than e errors. 

1-4. Block and Parity-Check Block Codes 

In block encoding, a sequence M* of blocks of k message digits 

is transformed into a sequence U* of blocks of n channel digits by 

some prescribed method. The code is then called an (n,k) code. 
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Message Mf ■ (• • *in^!Ti2* • • ) Encoder U9 « (•.«u^U2*•*un.• 
Source r ... 

Figure 3. Block Encoding 

At the decoder the received sequence of blocks of n channel digits 

is decoded by a prescribed method* This decoding method i& based on a 

statistical decision such that the received sequence V* will be decoded 

into the original message sequence with high probability. Since there 

are 2 possible combinations of the k binary message digits, there 

k 
are 2 blocks, or codewords, or n-tuples of the n channel digits, 

which can be sent from the encoder. There are 2n possible n-tuples 

which can be received at the decoder. The statistical decision of the 

decoder determines to which codeword the received n-tuple corresponds. 

Parity-check block codes are block codes which are best defined in 

terms of modulo-2 sums of binary digits. In these codes, k of the n 

channel Input digits are the same as the k message digits, and the 

remaining n-k channel digits are a linear combination of the first k 

channel (or message) digits. Mathematically, the parity-check block 

code is constructed as follows: 

M* - (mjn^raj...m^) » a block of the message sequence. 

U* - (UJ^U-J...un) » a block of the channel input sequence. 

Uj - mj for 1 £ i *6 k 

uk+i " ,3} 4^1 for 1i £ n-k 
j-1 

where the a^j are arbitrary binary digits. 

(1) 

(2) 

Therefore, from expressions (1) and (2), we see 

a^ .u, - 0 for lrfis$n-k. Jk+i 
j“l 

o (3) 
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In matrix form this becomes A U* * 0, or 

S11 ®12 alk 1 ? U 
U1 0 

a21 a22 •**• a2k 0 1.*** 0 u2 0 
• • • • 

• 
u3 

m 0 

fpl ap2 apk 0 0 ••• l_ 
• 
u 

0 

n 

where P n-k (4) 

A is an n-k X n matrix and is called the parity-check matrix for the 

code. To decode, we multiply the received sequence V* by this matrix. 

The resulting (n-k)-tuple is called the syndrome S’. 

S' - A V* - A (U* o E») - A U» o A E» - A E*. (5) 

To be able to correct every error sequence, we must have a different 

syndrome for each different error pattern. In decoding, we will receive 

a block of n channel digits, calculate the syndrome, correct the 

error accordingly, present the corrected message at the output of the 

decoder, and receive another block of n channel digits to decode, etc. 

This analysis is important in the study of recurrent codes, for we will 

see that these codes belong to the class of parity-check codes. 
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2. Burst-Error-Correcting Recurrent Codes 

2-1. Definition 

We can define a recurrent code as a set of binary sequences which 

satisfy a suitable parity-check relationship* We shall see that this 

definition is very similar to that for block codes, with one outstanding 

difference. We will still encode k message digits into n channel 

digits, the first k digits being the same as the k message digits; 

but now the n-k check digits are a linear combination of message digits 

from several blocks. We will call the first k channel digits data 

digits and the last n-k channel digits check digits. 

2-2. Encoding 

The encoding procedure is the formulation of the relationship 

between the message digits and the channel digits. It is the equivalent 

of specifying a code. The first and perhaps simplest way to formulate 

the encoding procedure for a recurrent code is to give the recurrence 

relations, or parity-check equations. To do this we define the message 

and encoded message sequences as semi-infinite vectors: 

M ■ (mllm12* * *mlk in21in22* * *m2k ntil* * *mlk* • •) 

U • (uj•*^2^ u21^22** *^2n** * *#^i1* * *^in** *)* 

The first subscript of each digit indicates the block number; the second 

subscript indicates the position of the digit in the block. The code 

is specified when we formulate the encoding procedure. 

Let u^j - my for l£j£k and all i. (6) 

That is, the first k digits in any block are the message or data digits 
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u, * Z0 • „ t for Utfin-k and all 1, 
l*k+t tro W t,J Uq,J 

(7) 

for that block. The n-k check digits are determined by 

5i.f' 
q-0 j 

where the a*s are arbitrary binary digits. This means that the check 

digits for any block are determined from the message digits for that 

block and the b-1 preceeding blocks. Therefore, from equations (6) 

and (7), we obtain 

b-1 k „ 
q 

ui,k+t ° ^ 5Lat,jui-q,j " 0 for l-t^n-k and all i. (8) 
q-0 j-1 

These are the parity-check equations for the code. We can also express 

equations (6) and (7) in matrix form as follows: 

n 

* 

k 

n-k 

(b-l)k r k 

« 

0 

b-1 b-1 b-2 
 a . .   

• 

: i 
• 
i 
• 

“11 lk “11 
• 

*b-l b-1 

Lp1 Pk 

l-k, or 

4- k—~ k >   • 

n . n   

k ><-- k-~> 
• • ~ 

. . n . T 

• • 
Hb-1 ‘nb-2 • 

• • 

• • 

. . H0 
• • 

.a 

a 

0 
lk 

0 
pk 

1 —-> -*r 1 

m 

m 

m 

i-b+1,1 

i-b+l,k 

i,l 

™i,k 

1 _ 

bk 

i,l 

n 
(9) 

i ,n where 

Mi-b+1 

or 

■<_ k :< k 

" hb-l *Gb-2 * 
« I  • • 

• ••••• 

k k 
• • 

. G. . Gt 

bk 

Mi 

1 

M 

bk 
- M# (10) 

i-b+1 

li 

bk r«.i an 
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We should note that there are b blocks of the message sequence needed 

to encode one block of the channel input sequence. Conversely, each block 

of the message sequence is used in encoding b different blocks of the 

channel input sequence. To encode b blocks of channel digits, the 

operation is 
bk )r*f— 

(b-1)k 

bn 

1 ^b-2 ^b-3 •• • • G0 
0 0 

Gb-1 Gb-2 ***• G1 G0 0 

0 Gb-1 g2 G1 G0 

0 0 .... Cb_i Gb-2 Gb- 
V V   — 

that all the mjj-0, for i < 1 

> blocks is 
bk — 

4 ’ oi
 

o
 o
 

o
 

• < 0 

G1 Go 0 • < »• • 0 

bn 

, 

g2 G1 G0 
• 

• i • • • 0 
• 

! 
r 

• 

pb-1 Gb-2 Gb-3 • »• • Go 

or Mi U1 

M2 u2 
[GJ • m 

• 

“b k 
bn X bk matrix and is called 

• • • 0 

> • • • 0 

• •• 0 

... GQ 

 •/- 

1 
Mi-b+l 

Mi 

(2 

Mi+b-l 

A 

j-l)n 

«i 1 

sn 

uifb-i 

(12) 

Mj L 

M2 

bk 
U2 

M3 
Hi u3 

• • 

• • 

Mb •r «b 

bn 

(13) 

(14) 

transpose of the matrix called the generator matrix often used in the 

literature concerning convolutional codes. 

G0 G1 • • • • G 

G0 G1 • • • • G 

b-1 
t 
b-2 

bn 

•t 
.... GQ 

bk (15) 
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t C U L 
The first k rows of G - /GQ GJ ... Gb-1/ are called the generator 

1. 
sequences. We define an operation DO) which shifts a row vector to the 

right by kn places. Letting Si»g2>***»8k be t^'e k generator sequences, 

we can encode a burst-error-correcting recurrent code in the same manner 

as other convolutional codes; i.e. 

U - mi]8i o m12g2 o ••• mlkgk o m21D
1(g1) o "^k0^8^ ° *'* 

t-1 t-1 
o mfclD (gj) o ••• mfckD (gk) o **• . (16) 

This relationship shows that recurrent codes are the convolutional codes 

used in the sequential decoding systems pioneered by Wozencraft IzJ• These 

codes have also been studied extensively by Bussgang /8J and Lin [\QJ. In 

the sequential decoding schemes referred to, decoding is maximum-likelihood 

or minimum-distance decoding. The recurrent codes we are interested in 

have been developed to use algebraic decoding of the parity-check type. 

They may not have the desirable distance properties sought by Bussgang and 

Lin. We will want them to have an algebraic structure which enables them 

to correct bursts of error as efficiently as possible. 

In a manner similar to that of block codes, we can also define a 

parity-check matrix. We divide the blocks of the channel input sequence 

into data digits and check digits: 

N 
ui , 1 

‘ 

• Di 
ui,k 

n 

• • 
ui,k+l 
• Ci 
ui,n 

(17) 

We know that the check digits are formed by parity-check equations which 

extend over b blocks of the code. We can write these equations exactly 

as we did the last n-k columns of equation (10). 
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Hb-2 Hb-3 Ho] Mi-b+l ui,k+l 

Mi-b+2 ■1 ui,n 

u * 

■ Dj , we can write (18) as 

Hb-2 Hb-3 * * * * Ho] Di-b+l ui,k+l 
• 

Di-b+2 m ui,n 
• L * ^ 

H (18) 

N (19) 

Multiplying in (19), we get 

[Hb-il[Oi-b+l]o[Hb-2][Di-b+2]o ][^i] - [qj (20) 

Now 

N 
ui,k+l 

Ui,n . 

•*u 1 
[° ijfuj, and [DJ - .ifl - [i o][Ui]. (21) 

.ui »kJ 

(22) 
Substituting the above equations (21) into equation (20), we have 

["b-l][l °][“l-b.l] ° <>][«l.b+2] » ••• [«ol <.][»,] - [0 l][u,']t 

Since jHjjt 0] - jHq o], we have 

["b-i °][“i -b+l] ° [Hb-2 °]£ui-b+2]° —[«0 I][UJ “t°J (23) 

In more compact form, equation (23) becomes 

[»b-l 0 "b-2 0 ••• H0 J] 

u 

i-b+1 

i-b+2 

u, 

0 , (24) 

or [H] U i-b+1 - L°J- (25) 

H is a (n-k) X bn matrix and is called the parity-check matrix. We 

should note that this gives us only n-k parity-check equations. 
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2-3« Decoding 

In the same manner as for parity-check block codes, we will 

decode the received channel digits by inspection of the syndrome. 

If we multiply b blocks of the received sequence by the parity- 

check matrix, we have 
bn ^ 1 

Vb+i 
• - [Hi 

"Ui-b+l ° Ei-b+l "Ui-b+l 
E. , _ 
i-b+1 

• bn • • • • • 

?t _ 
o Ej 

 
1
 

■ M Ei-b+r 
• 

“ [Si]p* 
i 

(26) 

is a (n-k) X 1 matrix which thus contains n-k digits of 

information about the error pattern. We have already noted that 

each message block is used to encode b blocks of channel digits. 

Therefore, there is information about the data digits of each block 

in the check digits of b different blocks. Thus we should look at 

b sets or b(n-k) check digits to receive all the information about 

one block of data digits. 

We now state the decoding rule: To decode a block of the received 

sequence Vj, we look at b(n-k) ■* bp ■ N digits »•••»^j+b-l 

called the syndrome. These are found as in equation (26). 
  (27) 

bn 

i 

i/ 

We make a decision about Vj based on these N digits and then shift 

the decoded to the output of the decoder. We discard S^, shift 

V1+b into the decoder, and calculate Sj^. We then decode V^+j by 

m Vi-b+l 1- ["] Vb+2* f“ [Si+l]»***»[H 3 vi 
• 

• 
bn 

• 

• 
bn 

• 

• 

_Vi _ 1 _Vi+l . 
i 
i/ .Vi+b-l 
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observing the N digits now in the syndrome si+i»»»*>
si+b» We 

continue to decode sequentially in this manner. Each time we are 

decoding one block of n channel digits by observing b blocks of 

n-k syndrome digits which have been calculated from 2b-l blocks of 

n channel digits* 

We can combine the equations in expression (27) to obtain a 

single matrix equation. Since 
 bn ^ 1 _ JL _ 

P fib-! o Hb_2 0 ... Ho i) fv1_btli]- [SjJI* 

we have 
—..... 

bp 

(2b-l)n   

0 0 .... HQ I 0 0 .... 0 

0 H b-1 0 .. < Hi 1 .... 0 

0 0 

or [p] 

>1 0 H0 

0 •••• 0 ® •••• HQ X 

▼i-brt 

,vi 

IP 1 —* 
1 

1 

vi-b*i 
• 
a 

Vi (2b 
• 

•*»
 

♦ O'
 

t  
 
 

bii 

Si 1: 
(28) 

“e Iu‘ 

i i*H; 
bp 

Vi si+b-lj . (29) 

Vi+b-l 

P is a bp X (2b-l)n matrix called the generalized parity-check matrix. 

When we multiply any 2b-l blocks of the received sequence by this 

matrix, we will have the N syndrome digits necessary to decode one 

block of the received sequence. 

The code is constructed so that it corrects bursts of length 

or less for a particular l. When the value for $ is chosen, this will 

fix b. We have seen that to decode the first block affected by a 

burst, we use that block and the next b-1 blocks of the received 
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sequence, which may include blocks affected by the burst, to calculate 

the N digits of the syndrome necessary to decode. The burst can 

extend over Jf digits, but then there must be no errors in any of the 

following digits used to calculate the syndrome. If there were more 

errors, then the burst would be of length greater than and we cannot 

correct it. For each block of the burst, we require that there be no 

errors after the burst in the remaining digits needed to calculate the 

syndrome to decode that block. Thus to correct the last block of the 

burst, the next (b-l)n digits of the received sequence can have no 

error in order that we correct this last block. For the worst case, 

one error is at the first digit of the last block of the burst, and 

there must then be n-l+(b-l)n - bn-1 error-free digits in order that 

we are sure we have decoded all the burst correctly. Thus the guard 

space for a burst-error-correcting recurrent code is bn-1; and the 

constraint length is bn. 

We have seen above that decoding involves a syndrome calculation 

by a matrix multiplication. A more practical method of calculating the 

syndrome is to recalculate the check digits from the received data 

digits and compare these “new*1 check digits to those which were 

transmitted along the channel. When they are alike, we know there is 

no error, so we put a zero in the syndrome. When they are different, 

we know that an error has occured somewhere, and a one is placed in the 

syndrome. Modulo-2 addition of the "new" check digits and the received 

check digits accomplishes this. We can easily see that this method of 

syndrome calculation is equivalent to the matrix multiplication method. 

We will call the blocks of received data digits DJ and the 
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blocks of received check digits Cj. We divide the error pattern Into 

1 2 
Ej for the data digits and Ej for the check digits. Thus, 

[ol] ” o Ejj « [DJ o Ejj, and [cj J » jcj o Ej] ■ o [EJJ. (30) 

We know from (19) the check digits are found as 
bn 1 ... _1 

*D pJ^Hb-l Hb-2 *••• Hoj i-b+1 Fi]' 
(31) 

bn 

Recalculating the check digits from the received data digits, we have 

[Hb-1 Hb-2 Ho] i-b+1 

t 
i 

■H- 
(32) 

where the Cj are the Mnew" check digits. 

Now, [Hb-1 Hb-2 ** •• Ho] Di-b+l “ [Hb-1 Hb-2 Ho], 
D i - b+1 

J 
Hb-2 **•• H0 J 

E}.b*ii - [Ci] » K-l Hb-2 •••• Hol 

9 
PS
 

1 c
r
 

+
 

H J E1 LEi 

(33) 

Adding the "new" check digits to the received check digits and 

substituting in equations (30) and (33), we have 

[ct] ° [cl] - [Ci] o [nhml Hb-2 .... H0J 

Since [Ci] o {Cjj «» [oj , 

[Ci] ° [Ci] * [Hb-1 «b-2 ••••Ho] 

Ei-b+l 

pi 
h] o [■!]. (34) 

pi Ei-b+l 

*1 
HI- (35) 

■ [Hb.l]^.b.l]0[«b-2][El.b.2]» ° HI * (36) 

NOU’ “t1 * °j tE*f - MN ““^t0 ii t£ii- 
Therefore, we can write equation (36) as 

^ ° [Cl] * [Hb-l][l °][Ei-b+l] o ....[H0]& o][EiJ o [O iJOJ. 

(37) 

(38) 
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k4> w 

Since P oJ« |Hq equation (35) becomes 

(pi ° CtJ - [Hb.j 0][Ej.b+J o [Hb-2 0][Eub+2] o ....[H0 i]£
Ei]*(38> 

“ [Hb-1 0 Hb-2 0 ....H0 I] 

• [H ] 

Ei-b+l 

E, 

i-b+1 

LEi 

■ M- 

(39) 

(40) 

Thus, we see that we can calculate the digits in the syndrome by 

a modulo-2 addition of the received check digits and the recalculated 

check digits. In order to decode, we know that we must have N - 

bp digits in the syndrome. Then to decode Vj, we must have 

bp 

o
 

1 

M
-
 *

 • 

; 

1 'Si 

C* Ci+1 
• 

O 
i 

cI+i 
• 

si+i 
• 

• 

r* ci+b-l 
u a 

Vi 

• 

fi+b-l 

bp (41) 

To decode Vj+1» we shift out Cj and c|, and shift in D^+b and 

v if 
Ei+b* cfllculate C$+b from the parity-check equations and then add 

it to Cj+b to find Sj+b. Then we decode by observing 

bp 

i 

* 
si+l Ci+1 ci+l 
• • o • 

• • • . 

Si+b 
r* ci+b Ei+b 

- J 

A 

bP 

, and so on. 

(42) 

The remaining operation in decoding is the error correction of 

the erroneous data digits. Since each error pattern of burst length £ 

or less will give us a distinct syndrome, we have a decoding table in 

which to look up the error corresponding to each syndrome pattern. We 

can do this by building an error-correction circuit into the decoder. 

This circuit will check for each possible syndrome pattern and correct 

the data digits accordingly. 
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2-4* The A and 8 Matrices 

The A matrix has o£ten been used in the literature to specify 

a recurrent code. (See Wyner and Ash /5/•) We can easily see how the 

A matrix is obtained by examining the generalized parity-check matrix. 

From equation (28) we have 
V,   (2b-l)n   

bp 

0 Hjj_2 0 .... HQ 10 0 .... 0 

0 0 j 0 .... Hj 0 HQ 0 .... 0 

I • • • • • 
JO 00 0 .... Hb-1 0 Hb-2 o .... H0 I 

Assume that we have errors which start at the i 

°1b-l)n 

r —* A r 
> vi-b+l 

s' 

Si 
m 1 

> Vi m* SJ.b-1 
i 2b-1 Jn 

vi+b-l i 
(43) 

>P 

ith block; i. e. 

t 

(2b-l)r 

Vi-b+l" 

Vi - 

Ui-b+l 

«i o 

\r vi+b-l ui+b-1 ^ a 
. 

Since [H] [uj - [Oj , then 

and equation (43) becomes 

El 

Eb« 

M 

t 
bn 

i 

i-b+l 

U 
i+b-1 

ra, 

(44) 

(45) 

bp 

» L 

(2b-l)n  
Hbaj 0 Hb—2 ^ ...• HQ 10 0....0 

0 0 Hb„j 0 .... 0 HQ I .... 0 

. . . . 
0 0 0 0 .... H|jej 0 Hb-2 0 .... HQ 

- > 
0 

0 

I 

bp 
El(2b-lfn _si+b-l,. 

LEb. i <46> 

We can delete the first (b-l)n columns of the generalized parity- 

check matrix in the above equation since they multiply all zeros. Thus, 
  bn  ^ 

bp 

HQ 10 0 .... 0 0 

Hx 0 H0 I .... 0 0 

• • • • 

Hb-1 0 Hb„2 0   HQ I 

El1f Pi 

Eb 

bn 

si+b-l 

1 

bp 

1 

(47) 

This truncated generalized parity-check matrix which is used to 

calculate the N digits of the syndrome necessary to decode the first 

block of the error sequence is the A matrix. Knowing the A matrix, 
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we can easily construct the other matrices needed in encoding and 

decoding. The H matrix is the matrix made up of the last p rows 

of the A matrix. Looking at the A matrix, 

  b"     % A 
0 .... 0 0 i HQ I 0 

H, 0 HQ X «••• 0 

Hb-1 0 Hb-2 0 Hr 

bp 

i. 
(48) 

we see that there is an easily observable pattern. The matrix known 

as the B matrix is the matrix made up of the first n columns of A. 

This N X n matrix can also specify a code and is easily seen to be 

related to the H matrix. 

* n ' 

M- 
H, 0 

H, 

Hb-1 0 

I P - p bn  

bp [Hj» [Hb-1 0 Hb-2 0 .... H0 l)J. (49) 

We define Bj as B shifted down by i rows with zeros 

placed in the vacated rows. Now we can define a new matrix A* as 

^   bn  
[A»J « [»0 Bp B2p .... ®p(r»1)J H 0 

H, 

I 0 

0 Hr 

0 .... 0 

I .... 0 

Hb-1 0 Hb-2 0 .... H0 I 

0 H, b-1 0 ••• • Hi 

0 0 0 .... Hi b-1 

(50) 

(2b-l)p 

We see that the first N « bp rows of A* are the A matrix. A* 

times b blocks of the error sequence will give us (2b-l)p blocks 

of syndrome digits. Thus, the A* matrix allows us to calculate the 

syndromes necessary to decode b blocks of the received sequence. 

We will use the A, B, and A* matrices in the following portions of 

this paper. 
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3. Analysis 

We now want to analyze some of the mathematical properties of 

burst-error-correcting recurrent codes. To do so, we will use the A 

matrix to specify the code. The first question we want to ask is what 

are the conditions necessary for a matrix to specify a recurrent code. 

3-1. Conditions on the A Matrix for Burst-Error Correction 

In order to state an important theorem, we make the following 

definitions: 

A ■ a matrix with N rows and nc columns; N » bp, nc « bn. 

til 
C(i) « the i column of the A matrix. 

I, J m sets of integers. 

Kn ■ ^1*2, . •. »n/. 

z, - ^Lcd) and Z2 • Ec(j> are linear combinations of 
ic-I j«J 

columns of A. 

Theorem 1. The A matrix defines a burst-error-correcting recurrent 

code with constraint length nc which corrects dll bursts of length 

or less iffi Zj - Z2 implies IfUCn “ Jf>Kn * whexe I and J have 

no more than Jl consecutive nonzero integers. 

Proof: (a) Necessity. 

Given A, the matrix for a code satisfying the hypotheses; suppose 

« Z2 and lAKn ^ jnKfl. Suppose IOKn is not empty. Then I 

corresponds to an error pattern which affects the first block of n 

channel digits, and Zj is the syndrome calculated from that error 

pattern. Since Z^ - Z2, and Zj is a syndrome due to J, a different 

error pattern, we will have one syndrome corresponding to two different 
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error patterns. But this means that we cannot decode, and thus A 

does not define a code. This contradicts the assumption that A 

specifies a code. Therefore Zj - Z2 implies IHKjj » JAKQ. 

(b) Sufficiency. 

Suppose we have given an appropriate matrix of N rows and n 
c 

columns. Suppose an error pattern of J? or less consecutive errors 

corresponding to index set I occurs. Then a unique syndrome Z^ 

is produced. Since it is possible to determine by exhaustive 

examination the syndrome corresponding to each linear combination 

of any % or less consecutive columns of the matrix, a decoding scheme 

is possible which allows us to decode the first block of n digits. 

Once the first block is decoded, we shift by one block and repeat for 

the second block, etc. Thus we can decode any sequence with a burst of 

length j? or less, and the matrix is the A matrix for a burst- 

error-correcting code which corrects all bursts of length or less. 

Q.E.D. 

In order that we decode as efficiently as possible, we want to 

minimize the number of digits in the syndrome which must be observed 

in order to decode a block of the received sequence. This will result 

in the smallest possible A matrix and guard space. We will now 

present a bound developed by Wyner fl3J for the number of syndrome 

digits necessary to correct the first block of a burst which may extend 

over r blocks 



(
b
+
r
-
l
)
p
 

3-2-1 

3-2. Lower Bound on N for Type B2 Codes 

We assume that a type B2 (n,k) code has been constructed with 

a constraint length of nc - bn digits. It will correct all bursts 

of length or less where the burst is contained in r blocks of n 

channel digits; i. e. $ » rn. The number of syndrome digits necessary 

to decode the first block of a burst is N « bp. Since we decode the 

first block by observing N digits and each additional block by 

observing p more digits, the burst which extends over r blocks 

will require N+(r-l)p digits in the syndrome to be decoded. From 

equation (47) we can calculate the first N digits in the syndrome 

by the relation 

bp 

-bn 

H, 

I .... 0 0 

0 .... 0 0 

Hjj_ i 0 .... HQ I 

* 
E1 J- Ei 'Si 
• f • • 

• sn " A • • 

• i • • 

J Eb i Eb, .Si+b-l. 

! 
bp-N (51) 

We need (r-l)p more parity-check equations to give us the (r-l)p 

extra syndrome digits needed to correct the burst. Thus we can 

extend the matrix by adding to it the parity-check matrix (r-1) 

times in the appropriate places. We will then have 

 (b+r-l)n- 
0 .... 0 

0 

. 0 

A 

H 
H 

• • • • • ' 

0 0 .... 0 

)| 
) 

El 
• 

► 

► k 
) Eb+1 
) • 

i • 

Eb+r-l, 

10 0....0 
0 HQ I .... 0 

H, b-1 0 H, b-2l 

0 0 .... 
. 

0 00 0.»». Hr 

(b+r-l)n 

*i+b+r-2 

Eb+r-l 

(53) 

(b+r-l)p - N +(r-l)p 



3.2.2 

We will call this N+(r>l)p X (b+r-l)n matrix W and will use it to 

develop Wyner's bound on N. We want to show that the dimension of the 

vector space generated by the first 2J? columns of the W matrix ■» 2$. 

Since the length of all the vectors will be N+(r-l)p, then we must 

have N+(r-l)p£2$ , and the bound will be established. The first 2% 

columns of W will be used to generate the syndrome space. 

Lemma 1. The first columns of W are linearly independent. 

Proof: Assume they are dependent. Then C(i) » ^C(j), where i£ I 
j«J 

and ij^J. I € ^1,2,and J £ {l,2,...,j|. C(i) corresponds to a 

t* h 
syndrome due to a single error, which we can suppose to be in the t 

block. Thus, from equation (47), we can write 

H0 10 0 .... 0 o' 

Hj 0 HQ I .... 0 0 

E1 

0 

st 
• 

• 

• • • • • • 

^b-1 ® ty>-2 0 •••• HQ I 

• 

0 
r 

• 

St+b-l_ 

(53) 

The syndrome will be the first bp digits of C(i) and we can correct 

the error by observing C(i). However, Xlc(j) corresponds to a 

syndrome due to a different error pattern. From theorem 1, this implies 

IAKJJ “ jr\Kn, which contradicts the assumption that i^J. Thus we 

cannot write C(4) - £c<j> for i^J, so that the first $ columns of 

W must be linearly independent. 

Q . E. D. 

Corollary 1. The dimension of VQ *>Jj , where VQ is the vector space 

generated by the first $ columns of W. 

Proof: From lemma 1 we know the first f columns are linearly indepen¬ 

dent. Thus, dim VQ ■ J[. 
Q.E.D. 
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Lemma 2. If Z is a non-trivial linear combination of the first J? 

columns of W, then the first (b-l)p digits of Z are not all zero. 

Proof: Consider the matrix Q made up of the last p columns of each 

of the last r blocks of the columns of W. 

rp —* 
0 0 ... 0 rp- 

(fb-Dp 

Q 
0 

I 0 
0 I 
. 0 r+b-1] 

cp (54) 

0 0 

Since each of these columns has at least (b-l)p zeros above the first 

non-zero entry* then any linear combination will have (b-l)p zeros 

above any non-zero entry. The last rp rows of Q form an identity 

matrix which is nonsingular. It follows that the columns of Q will 

span the set of vectors of length (b+r-l)p whose first (b-l)p digits 

are all zero. Thus, if the first (b-l)p digits of Z are zero* we 

can write Z as a linear combination of the columns of Q; i. e. 

Z » £C(i) where K is confined to the last p digits in each of 
itK 

the last r blocks. Note that this means for each i€K* we will have 

i5 bn. Since* in our definition of type B codes* we assumed that ^<nc; 

for J? ■ rn, then rn<nc » bn, and r < b. This is a valid assumption 

to make* since we should never be able to correct a burst whose length 

is greater than or equal to the constraint length. Therefore, for each 

i€K* we will have i^bn>rn *• 5., or i>Ji?+ 1. 

Now Z- £c(j> for j s by hypothesis. Thus, 

C(i) 

i K 
have 

-5 
K^K0 

yj 
C(j) where Jf>K But from the fact noted above, 

£. This contradicts theorem 1; therefore the first 

we 

(b-l)p 

digits of Z cannot all be zero Q.E.D 
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Corollary 2. The first Jl columns of W, when truncated after (b-l)p 

rows, are linearly independent. 

Proof; If these columns were dependent, there would be some non¬ 

trivial combination which would equal zero. However, in lemma 2 we 

have shown that there is no combination of the first J? columns of W 

which will give us (b-l)p zeros. Thus there is no combination of 

these truncated % columns which give us all zeros, and the columns 

are linearly independent. 

Q •£ • D* 

Corollary 3. The dimension of Vj » Jl ,where Vj is the vector space 

generated by the second Jl columns of W. 

Proof: The second Jl columns of W are just the first Jl columns 

truncated after (b-l)p rows and,shifted down by rp places, with 

zeros placed in the vacated positions. Thus, they also are linearly 

independent. Therefore, dim Vj » Jl , 
Q.E.D. 

Lemma 3. VQ n \Oj. 

Proof: If X is a non-zero vector in VQ, then X can be expressed 

as some linear combination of the first \ columns of W. If X is 

also a non-zero vector in Vj, it can be expressed as some linear 

combination of the second J} columns of W. A linear combination of the 

first J[ columns is the syndrome due to errors in the first % 
digits. A linear combination of the seconnd Jl columns is the syndrome 

Z2 due to errors in the second # digits. From theorem 1 we know that 

Zj y4 Z^. Thus X cannot be a non-zero vector in VQ and in Vj. 

Therefore, VQHVJ - (0$. 

Q • E • D • 
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Theorem 2« Any type B2 code must be ouch that N^2i -(r-l)p. 

Proof: Let VQ O VJ be the sum of the subspaces VQ and V^; 1* e. 

V0o Vj “ \ 
v " VQ O VJ? VQ^VQ, VjtVjJ. Prom vector algebra, we know 

dim (VQ O VJ) - dim VQ + dim VJ, whon VQHVJ (oj. Therefore, 

dim (V0 o VX) • i + j( - 2j? . 

The space VW generated by the columns of matrix U must contain 

V0 O VU therefore dim 
VW* 2Jl . The number of non-zero rows of W 

must be at least as great as the dimension of vw and hence, 2j(. 

Thus, N + (r-l)p £ 2$ or N£2J? - (r-l)p. 

Q.E.D. 

Since type B1 codes must satisfy the conditions for type B2 codes, 

the same lower bound on N must hold for all type B codes. All 

burst-error-correcting codes which satisfy this bound we will call 

optimal. It should be pointed out, however, that type B1 codes which 

satisfy this bound will correct any burst of length « rn or less, 

regardless of phase. No bound has been established for bursts which 

correct all bursts of length *» rn + t or less where l^t'^n-k. 

3-3. Optimal Codes 

We will now prove two theorems about optimal codes which we will 

use later in the construction of a generalized (n,k) recurrent code. 

In both theorems we will assume that we have two codes: One code is an 

(n^,kj) code which corrects all bursts of length « rn^. The second 

code is an (n2*k2) code which corrects all bursts of length ® rn2. 

If they are optimal, Nx - 2 ^ - (r-Dpj and N2 «* 2 J?2 - (r-l)p2, 

where « n^-k^ and P2 m 
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Theorem 3. Given two codes, (n^,k^) and (n2,k2), which correct bursts 

of lengths jfj and J|2 respectively, we can construct a third code, 

(n3,k3> with n3 » nj + n2 and k3 » kj 4 k2, which will correct 

bursts of length ^3 » + I2 “ m3. Then N3} Nj 4 N2. 

Proof: bj - Nj/pj » number of blocks in syndrome necessary to decode 

the first n^ digits of the first code. b2 « N2/p2 ■ number of blocks 

necessary to decode the second n2 digits of the second code. When 

we combine the codes, we must use the maximum number of blocks to decode 

the first S3 digits of the third code. That is, b3 ■ maximum of b^ 

and b2* b3 » N3/P3 ■ number of blocks in syndrome necessary to decode 

the first n3 digits of the third code. Thus, N3 • and since 

P3 ■ Pi + P2» n3 " ^(pj + p2) - b^pj + b3p2. Since b3>b and b^ 

N3^ b^p^ h2P2 — Nj 4 N2, ■ and ^3^ N^ 4 N2* 

Q. E. D. 

Theorem 4. Given two optimal codes, (n^,k^) and (n2,k2), which correct 

bursts of length and i?2 respectively, we can construct a third 

code, 013,1(3) with; ^ - nj 4 n2 and 
k3 - kj 4 k2, which corrects bursts 

of length -?3 “ \ m3. The third code is also optimal iffi 

bi-b,. 

Proof; (a) Necessity. 

Assume we have an optimal code constructed from two other optimal 

codes. Therefore, N1 - 2 jfj - (r-l)pj, N2 « 2 i2 - (r-l)p2, and N3 - 

2 ^3 - (r-l)p3« Now N^ + N2 ■ 2(^ 4^) - (r-l)(pj 4 p2) «■ 2 ^3 - 

(r-l)p3 « N3. Since bj - Ni/pi, ■ N2/P2» and N3/P3, then 

Ni 4 N2 “ biPi 4 t2p2 " t3P3 ■ bj(pi +P2^ “ ^3Pl + ^3P2* F°r positive 

Pl» P2» bi» b2» b3» this holds iffi ^3 " ^1 “ *>2 or b2 •» b2« 
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(b) Sufficiency* 

We hQVQ two optimal codes. Therefore, Nj » 2 - (r-l)pj and 

N2 - 2 J?2 - (r-l)p2» From theorem 3 we know to choose bj ■ maximum 

of bj and b2* Since bj • b2» then b3 ■» bj » b2,,and N3 - b3p3 

■ bjpj + bjP2 " Nj + N2* NJ + N2 •» 2 - (r-l)pj + 2 ^2 - (r-l)p2 «* 

2( " (r-l)(pj + p2) - 2 J^3 - (r-l)p3* Therefore 

N ■ 2 J?3 - (r-l)p3, which means that the (n3,k3) code is optimal. 

QoEoD« 
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4. Synthesis 

4-1. Hagelbarger Codes 

The first method of synthesizing a recurrent code was due to 

Hagelbarger &]• He presented a straightforward method to formulate 

a code with transmission rate - (n-l)/n. These codes are designed to 

correct bursts whose lengths are no greater than some fixed multiple 

of the block length, and they are very easily implemented. However, 

we will show later that these codes are far from optimal. 

To construct a Hagelbarger (n,n-l) code which corrects all bursts 

of length n or less, we will form an array of n rows and n 

columns of binary numbers. On the diagonal we place the binary 

representations of the odd numbers 3 through 2n-l followed by 1 

as the last entry. Each number will have as many digits as those 

needed in the number 2n-l. All the entries off the diagonal are zero, 

and the leading columns of zeros can be dropped. When this array is 

rotated counter-clockwise by 90°, we will have the B matrix for 

the desired code. 

As an example let us construct the (4,3) code which corrects all 

bursts of length 4 or less. The entries on the diagonal will be the 

binary representations of the odd numbers 3, 5, 7, and 1. Therefore 

the array is Oil 000 000 000 

000 101 000 000 

000 000 111 000 

000 000 000 001 . 

Dropping the first column of zeros and rotating by 90°, we see that 

the B matrix for the code is 
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0001 
0000 
0000 
0010 
0010 
0010 
0100 
0000 
0100 
1000 
1000 

To extend a code so that it will correct all bursts of length 

rn or less, we simply add r-1 rows of zeros between every row of 

the B matrix. Thus, if we want the (4,3) code which corrects bursts 

of length 12 or less, we simply add 2 rows of zeros between every 

row of the above B matrix to get the new B matrix. 

Given the B matrix we can easily find the parity-check matrix, 

the parity-check equations, and the generator matrix. For the (4,3) 

code we have seen the B matrix is 

B - 

DOOf Ho I 
OOOO1 Hi 0 
0000 H2 o 
0010 H3 0 
0010 H4 0 
0010 m H5 0 
0100 H6 0 
0000 H7 0 
0100 Hg 0 
1000 H9 0 
1000 Hio 0 

(55) 

Thus, the parity-check equations in matrix form are 

[boooooooooil 
[H10 H9 H8 H7 H6 H5 H4 H3 H2 H! HQJ 

m 

i-10,1 
i-10,2 
i-10,3 

m 

1,1 
1*2 
i,3 

Ui,l 
Ui,2 
ui,3 
lui,4j (56) 
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or 

"000 000 000 000 000 000 000 
000 000 000 000 000 000 000 
000 000 000 000 000 000 000 
100 100 010 000 010 001 001 

000 000 000 
000 000 000 
000 000 000 
001 000 000 

100 
010 
001 
000 

mi-10,l 
®i-10,2 
mi-10,3 (57) 

mi,l 
mi,2 
*"1,3 

From these equations vje can easily build an encoder using delay stages 

and modulo-2 adders. 

a- o - moOUto-2 AD£)t^ 

To build the decoder we use another encoding circuit to 

recalculate the check digits. We add these digits to the received 

check digits to calculate the syndrome. The error-correction circuit 

is built to check the syndromes due to all possible bursts. In the 

Hagelbarger codes, any error at a data digit produces a pattern in the 

syndrome which identifies that error, and no other error interferes 

with that pattern. Since, in our example, we can correct any burst of 

length 4 or less, we can assume that a burst of length 4 occurs in 

the i^ block. We can calculate the syndrome needed to correct this 

block by equation (47), 

“Si 
0 • 

0 BS • 

• • 

0 Si+b-! 

0001 ®1,4 
0000 0 
0000 *el,ll 0 
0010 el,2 

el,3 
0010 el,3 o el,3 
0010 el,4 

el,3 
0100 el,2 
0000 0 
0100 el,2 
1000 el,l 
1000 el,l 

(58) 
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From the syndrome we can see that an error in the third digit of a 

block will yield 3 consecutive 1*8 in the syndrome, an error in the 

second digit will yield a 1 0 1 pattern, and an error in the third 

digit will yield only 2 consecutive l's. Thus, the error correction 

circuit should check for these patterns and correct the data digits 

accordingly. A circuit which does this is shown in the decoder for 

the (4,3) code. 

Figure 5. Decoder for the (4,3) code. 

The Hagelbarger codes are constructed in such a systematic way 

that formulas may be. given for the equipment and guard space 

requirements. Let L(n) be the smallest integer equal to or greater 

than 1 + log2 n. Then the encoder for an (n,n-l) code which corrects 

bursts of length rn or less requires r/L(n)(n-l) + 1/ stages in the 

shift register. The syndrome register of the decoder requires 

r/L(n) • 17 stages. The total number of decoder stages is 

rf(n - n + l)L(n) - vj. The guard space required is rn L(n) - 1 

digits. It is easily seen from table 1 that the number of digits in 

the syndrome necessary to decode the first block is much greater than 

the number required of an optimal code. Since the number of syndrome 

digits governs the number of digits in the encoder and decoder, an 
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optimal code will hove much looo equipment required £or implementation 

than a Hagelbarger code. 

n encoder decoder N ^optimal 8 ^optimal 

2 2 3 4 4 4 7 7 
4 6 0 8 7 15 13 
6 9 12 12 10 23 19 
8 12 16 16 13 31 25 

10 15 20 20 16 39 31 

3 3 7 18 9 6 26 17 
6 14 36. 18 11 53 32 
9 21 48 27 16 80 62 

12 28 72 36 21 107 62 

4 4 10 35 12 8 47 31 
8 20 70 24 15 95 59 

12 30 105 36 22 143 87 

5 5 17 79 20 10 99 49 
10 34 158 40 19 199 94 
15 51 237 60 28 299 139 

Table 1. Requirements for Hagelbarger codes (N » number of 
syndrome digits; g = number of digits in guard space). 

The most serious disadvantage of the Hagelbarger codes is the 

very long guard space which must come after the burst if we are to 

decode correctly. We can see from the table that as we increase the 

rate and the burst length, the guard space increases very rapidly 

and far exceeds the optimum. 

It should be noted that in Hagelbarger's original paper, he 

presented an optimal (2,1) code which corrects any bursts which are 

multiples of 2. This code is slightly different than the (2,1) codes 

found from the above construction procedure. It is presented in 

Appendix 1. 
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4-2. Optimal Type B2 Ccdeo 

Berlekamp has presented a method of constructing type B2 codes 

with rate (n-l)/n which correct bursto of length jl “ rn. Hio 

method la to assume that we have the B motrlit for an optimal code 

with r <■ 1 so that N a 2rn - (r-l)p ™ 2n. Thus the B matrix is 

a 2n X n matrix which he specifies to be of the form 

n 

B 

OZYX . ML 

. o' 

. 0 
, 0 I 
> • 

. 1 C3 

, 0 000 ... 0 
, A 000 .. QA 
CB 000 . OCB 

ML OZYX . ML 

(59) 

Berlekamp*s method is a procedure for choosing the values of the 

letters in the matrix so that the B matrix does specify an optimal 

code. We should note that in these B matrices the check digit column, 

the column with a single 1 in it, is the first column, not the lost. 

Thus, in these codes the check digit is sent before the data digits. 

If we want the check digits to be sent last, we simply change the first 

column to the last. 

Berlekamp's procedure for choosing the values for the B matrix 

can best be understood by an example. For the (4,3) code the B 

matrix is 

B 

1000 
0100 
0010 
0001 
0000 
000A 
OOCB 
OFED 

(60) 



4*2«2 

Since the code lo type B2 end l *» a, It will only correct 

bursts in one block. The oyndrcrae for a burst of length 4 in the 

t**1 block is calculated by equation (47) 

[A] w “ [Bj [E,] - 1000' ®1,1 
0 0100 ®1 2 
• 0010 ®1 3 
• 0801 A 
.0. 0000 

OOQA 
G0CB 

• [OFEDj 

el.l 
e1’2 

1.4 (61) 
0 
A® 1,4 
J®1,3 ° ®el,4 
_fel,2 ° Eel,3 ° Del,4_ 

Thus we need to choose A .through F so that there is a different 

syndroms for every possible error sequence. Berlekamp's method of 

doing this is outlined below. 

The first half of the A matrix will be 

critical line (62) 

1000 0000 0000 0000 
0100 1000 0000 0000 
0010 0100 1000 0000 
0001 0010 0100 1000 
0000“oool $ofo“oToo 
000A 0000 0001 0010 
00CB OOQA 0000 0001 
0FED 00CB 000A 0000 

Now add the columns of B, the first four columns of A, to the other 

columns of the first half of A so that oil the entries above the 

critical line in these columns are zero. The lower half of these 

columns will form three n X n matrices which are 

(63) 

Berlekamp states that the B matrix will specify a code if these three 

matrices are all simultaneously non-singular. After an examination 

of these matrices we can see that to be non-singular requires A, B, D, 

and F all equal to 1 and either C or E equal to 1. Thus, 

00 0 1 0010' 0100' 
00 A 0 0A01 A010 
0C B A CB00 B001 
FECoDB ED0A D000 
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iooo iooo 
0100 0100 
0010 0010 
0001 m 0001 
0000 0000 
000A 0001 
00CB 0011 
0FED 0101 

specifies an optimal type B2 code which corrects bursts of length 4 

or less* 

Modifications of this method may also be used to find type B2 

codes where the top part of the B matrix is not the identity matrix* 

The above method enables us to find type B2 codes which correct bursts 

of length n or less* If we want to correct bursts of rn or less, 

we need only to add r-1 rows of zeros between each row of the B 

matrix. Thus we will have 2n + (2n-l)(r-l) - 2nr - (r-1) rows in the 

B matrix. Since for an (n,n-l) optimal code, N - 2^ - (r-1), and 

we see that the B matrix will be optimal for any r. 

This method enables us to find codes good only for bursts of known 

phase. However, a computer search of these codes may show that some of 

them are independent of phase. Even the type B2 codes which correct 

bursts of length rn or less will correct any burst of length (r-l)n + 1, 

and may be better than the corresponding Hagelbarger code. 

4-3. Optimal or Near Optimal Codes with Transmission Rate « 1/n 

In this section a new class of (n,l) codes is presented which will 

correct all bursts of length rn+1. These codes actually provide a 

methodical way of scattering the message digits throughout the channel 

digits in order that bursts of error are corrected. The codes are 

shown to be optimal, in the case of n » 3, or very near optimal, for 
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codes which correct bursts of length rn or less. They will correct 

one more digit than the optimal codes because of their structure. 

These codes are also very easy to implement and require very little 

equipment. 

To specify the codes, we will give the parity-check equations: 

To find the a»a, divide r by n-2 to get a quotient q and a 

remainder w. Let ap a2» •••* 
8
W ™ q + 1 sad awp •.., an_2 ° q» 

From the parity-check equations, it is easily seen that the 

check digits are just an orderly repeating of the message digits. 

This enables us to formulate easily the requirements for the encoder, 

decoder, and guard space. The encoder requires 2r stages. The 

decoder requires at most 5 + (r-l)n stages. The number of digits 

required in the syndrome to decode the first block is N • (n-l)(2r+l). 

The guard space is g » (2r+l)n - 1 «* 2m + n - 1 digits. 

An example of these codes for n « 3 and ^ - 10 is seen below. 

The encoder, decoder, and syndrome calculation are given. For n - 3 

and X - 10, then r • 3, and the parity-check equations are 

ui,3 ° "i-Cr+aj) ” ui-(r+a1),l 

ui,4 " mi-(r+a1+a2) " “i-Or+aj+aj),! 

u " mi-2r “ ui«2r,l * (65) 

ui,2 " mi-3 ui,3 " mi-6 (66) 
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«// 

Mt a 
1  HZHZHZH-Q-O-D   ««'J 

Figure 6. Encoder for (3,1) code with l «* 10. 

The encoding operation is 

?i,l “1 T&2 m3 m4 m5 ra6 m7 m8 tn^ a
 

o
 

rall • • • 

Uif2 0 0 0 *1 ”2 tn^ m4 m5 m6 m? 
“8 

• • • 

ui,3 0 0 0 0 0 0 ml tnj tn^ m4 m5 ♦ • • 

The burst of error is represented by an error sequence of any 10 or 

fewer consecutive e«s. Note that since jl ■ 10, and e^ are not 

both allowed. 

ui»l 
el e4 e7 e10 0 0 6 • ■ 

ui,2 e2 e5 e8 ell 0 0 0 • I 

ui,3 e3 e6 e9 0 0 0 0 • 1 

Adding the error sequence to the encoded sequence and recalculating the 

check digits, we have 

Ui,2 
0 0 0 tn^oe^ tn

2
oe4 n^oe? m4oe10 m5 ra6 

flty 

°i,3 
0 0 0 0 0 0 mloel m2°

e4 m3oe7 

(P
 

o
 

Subtracting the recalculated check digits from the received check 

digits, the syndrome is found to be 

Ui,2 e2 e5 e8 eloell e4 e7 610 
0 0 0 0 • • • 

ui,3 e3 e6 e9 0 0 0 el e4 e7 e10 0 • • • 

To correct the first data digit in error, we must have 14 digits in 

the syndrome, since N - (2r+l)(n-l) - (7)(2) - 14. It is easy to 
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recognize the pattern in the syndrome caused by a data digit in 

error: both the seventh and the fourteenth digits will be 1. 

(Remember that ej and e^ cannot both be equal to 1 for X *» 

10.) It is easy to design the decoder from this syndrome pattern. 

The decoder requires at most 5 + (r-l)n - 5 +■ 2(3) « 11 stages. 

Figure 7. Decoder for (3,1) code with X “ 10* 

The guard space is 2rn + n - 1 — 2(3)'(3) + 3 - 1 • 20 digits. It is 

clearly seen in this example that there must be a maximum of 20 

"clean" digits following the burst in order that all syndromes be 

calculated correctly as required to correct the data digits in error. 

Another example is a (5,1) code which corrects bursts of length 

11 or less, n - 5, X ° H* therefore r - 2. r/(n-2) - 2/3, therefore 

q - 0 and w - 2- Thus, a^ - 1, a2 - 1, and a-j - 0. The parity-check 

equations are 

ui,l “ mi» ui,2 " mi-2 » ui,3 " rai-3» ui,4 “ tni-4* ui,5 " rai-4* (66) 

in: 
-D O- -o—l—o 

UH 

Uli 

u;t 

Figure 8. Encoder for (5,1) code with X " 11» 
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The encoding procedure for the (5*1) code io 

ui.l mi m2 m3 11*4 m5 *6 m7 mg mg • • 

ui>2 0 0 mi t&2 m3 m^ m5 n>6 m7 .. 

ui,3 0 0 0 mi mj m3 ®5 mg .. 

ui,4 0 0 0 0 mi m2 m3 ill J 0 0 

ui*5 0 0 0 0 m2 m3 1115 0 0 

The error sequence is any pattern of 11 consecutive e*s or less 

Note that when - 1, “ 0^3 a e^ - 0; when e2 
0 1, e^ - 

e14 - 0; when e3 - 1, - 0. 

ui.l 
el e6 *11 0 0 • • 0 

Ui»2 e2 e7 *12 0 0 • • • 

ui .3 e3 e8 *13 0 0 0 • 0 

Ui»4 e4 e9 e14 0 0 • • 0 

Ui»5 e5 e10 0 0 0 ... 

The recalculated check digits are 

ui,2 0 0 mi0ei m2°e6 ra3oell m4 m5 m6 

Ui,3 0 0 0 iftjoe ^ m2oe6 n3oell m4 m^ • • • 

Ul*4 0 0 0 0 m|06| in2oe6 m2 06j^ m4 • • • 

Ui,5 0 0 0 0 m^oe^ m2oe6 m^oe^j m4 • •• 

The syndrome calculation is 

Ui,2 *2 *7 *1°*12 *6 *11 0 0 0 . 

Ui,3 *3 e8 *13 *1 *6 *11 0 0 . 

“i.3 *4 e9 *14 0 *1 *6 *11 0 . 

°i,4 *5 *10 0 0 *1 *6 *11 0 . 
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The number of syndrome digits required to decode the firot block 

is (n-l)(2r+l) » 4(5) •» 20. The guard space is 2rn + n - 1 » 

2(2)(5) + 5 - 1 ■ 24. The decoder requires at most 5 + (r-l)n » 

5 + 5 «* 10 stages. 

a 

ftii Coteecrac 
l (»PTC« £" 

11. 

All of the (n,l) codes can be easily implemented in the same 

manner as the two examples above. We can make some very important 

observations about these (nyl) codes. 

First, is the fact that they are optimal or near optimal. This 

can be easily seen in the table below. 

n i “ rn + 1 N 8 

Optimal for % - rn 
R g 

3 4 6 8 6 8 

7 10 14 10 14 
10 14 20 14 20 
13 18 26 18 26 

4 5 9 11 8 11 
9 15 19 13 15 

13 21 27 18 23 
17 27 35 23 31 

5 6 12 14 10 12 

11 20 24 16 19 
16 28 34 22 26 

6 7 15 17 12 13 
13 25 29 19 23 
19 35 41 26 29 

Table 2. (n,l) codes compared to optimal. 
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Second, is the fact that random errors may or may not have to be 

follotted by a guard space In order that we decode correctly* Any time 

a single error occurs at a check digit, it does not affect the decoding 

in any way, and a guard space does not have to follow. In fact, any 

burst of error which does not affect a date digit does not have to be 

followed by a guard space, unless the burst completely fills the 

syndrome register of the decoder. When this happens, the check pattern 

in the syndrome register causes a correct data digit to be changed. 

Thus a burst affecting only check digits can occur if it is less than 

n(2r+l) channel digits long without causing us to decode incorrectly, 

and a guard space is still not required after the burst. Only when a 

dota digit is in error, do we require a guard space in order to be sure 

we have corrected the error. Any time we have an error at a data digit, 

we must have the guard space. 

Thirdly, we note that when an overlong burst occurs, the last r 

data digits affected by the burst will still be decoded correctly. Thus, 

when an overlong burst ? * occurs, we will be in doubt about the first 

J!» - rn channel digits. They may or may not have been decoded 

correctly. The last rn channel digits of the burst are decoded 

correctly. 

The last observation is very important. If we can add into the 

decoder a circuit which indicates when the burst starts and stops, we 

will know when we have decoded correctly and when we are in doubt. A 

simple example of this is shown below for the (3,1) code which corrects 

bursts of length 10 or less. An indicator circuit is added to the 

decoder which indicates the beginning of nearly all bursts. When Z 

« 1, we know that an error has been received, and we can place a mark 
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by the correoponding data digit (indicated by the arrow). We should 

begin to get a pattern of l's in the error correcting circuit 

corresponding to data digits we think are in error. We can tell 

that the burst is over and a sufficient guard space has occurred 

we receive 2r + 1 successive 0*s at Z. We will then know that 

the last 2r + 1 data digits were correct and the r data digits 

before them were corrected by the decoder. We will be unsure of the 

data digits before these last 3r + 1 digits back to r digits 

before the digit we marked (with the arrow). This simple check 

circuit indicates the start and end of a burst in every case except 

the cases of an error occurring at a data digit followed by another 

error exactly rn + 1 digits later. 

ccgRetreo 
lf\FTt£ 1 

Ptlriy) 

4-4. Comparison of Codes 

In the preceeding three sections we have seen different methods of 

synthesizing burst-error-correcting codes. The Hagelbarger codes and 

the (n,l) codes are easy to formulate and implement. The codes found 

by Berlekamp*s method may require much computation and the use of a 

computer. A comparison of these codes will enable us to make some very 

important observations. 

First, let us compare the two (n,n-l) codes. Since the number of 
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syndrome digits N necessary to decode a block of the received channel 

digits determines all the other features of these codes, we will 

compare N for different burst lengths. The codes found by Berlekamp'a 

method are type B2 for » rn. However, these codes are always type 

B1 for $ ® rn - n + 1, and sometimes they may be type B1 for greater 

burst lengths than this. The table below shows that Berlekamp's 

method yields codes closer to optimal than Hagelbarger codes in nearly 

every case. 

Optimal B1 Codes Berlekamp B1 Codes Hagelbarger Codes 
n % - rn N Jif «■ rn-n+1 N * - rn N 

2 2 4 1 4 2 4 
4 7 3 7 4 8 
6 10 5 10 6 12 
8 13 7 13 8 16 

10 16 9 16 10 20 

3 3 6 1 6 3 9 
6 11 4 11 6 18 
9 16 7 16 9 27 

12 21 10 21 12 36 
15 26 13 26 15 45 

4 4 8 1 8 4 12 

8 15 5 15 8 24 
1 12 22 9 22 12 36 
1 16 29 13 29 16 48 
! 
t 
j 

20 36 17 36 20 60 

| 5 5 10 1 10 5 20 

i 10 19 6 19 10 40 

15 28 11 28 15 60 
1 20 37 16 37 20 80 

25 46 21 46 25 100 

6 6 12 1 12 6 24 
12 23 7 23 12 48 
18 34 13 34 18 72 

24 45 19 45 24 96 
! 30 56 25 56 30 120 

Table 3. (n,n-l) codes compared to optimal. 
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Next* we will compare the requirements of the two classes of 

codes which we have seen are easily synthesized and implemented: the 

Hagelbarger codes and the (n,l) codes. We can see from table 4 that 

for the same r and nt the Hagelbarger codes require much more 

equipment and guard space. However* we must remember that the codes 

have different transmission rates. The Hagelbarger codes have rate «■ 

(n-l)/n; the (n,l) codes have rate ■ 1/n. 

n 
Encoder Decoder Guard Space 

t (n,l) Haglbgr. (n,l) Haglbgr. <n,l) Haglbgr. 

2 1 2 5 7 
2 4 10 13 
3 6 15 19 
4 8 20 25 
5 10 25 31 

3 1 2 7 5 18 8 26 
2 4 14 8 36 14 53 
3 6 21 11 54 20 80 
4 8 28 14 72 26 107 
5 10 35 17 90 32 134 

4 1 2 10 5 35 11 47 
2 4 20 9 70 19 95 
3 6 30 12 105 27 143 
4 8 40 16 140 35 191 
5 10 50 19 175 43 239 

5 1 2 17 5 79 13 99 
2 4 34 12 158 24 199 
3 6 51 14 237 34 299 
4 8 68 17 306 44 399 
3 10 85 20 385 54 499 

6 1 2 21 5 118 17 143 
2 4 42 10 236 29 287 
3 6 63 14 354 41 431 
4 8 84 20 472 53 575 
5 10 105 23 590 65 719 

Table 4. Comparison of (n*l) and Hagelbarger codes 
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An important observation to make about the two codes is that 

bursts which affect the same number of data digits in each code will 

affect different numbers of data digits in the guard space. For 

example, in the (4,1) code which corrects bursts of 25 or less, 6 

or 7 data digits may be corrupted by the burst. The guard space 

requirement will affect 13 data digits. In the Hagelbarger (4,3) 

code which corrects bursts of 8 or less, 6 data digits may be affected 

by the burst, and the guard space affects 72 data digital For a 

burst of length rn, the data digits affected in a Hagelbarger code 

are r(n-l). The data digits in the guard space are (rn2L(n) - 1) 

(n-l)/n. For the (n,l) codes, a burst of rn + 1 will affect either 

r or r + 1 data digits. The guard space trill contain at most 

2r + 1 data digits. These values are tabulated for different n and 

r in table 5. 

When overlong bursts occur, this feature will enable us to have 

a smaller period of uncertainty about the data digits in an (n,l) 

code than in a Hagelbarger code. Looking at the error detection 

procedure outlined in the preceeding section, assume that we have 

overlong bursts of jl ^ in the (4,1) code and J^2 *n the Hagelbarger 

(4,3) code which affects the same number of dota digits. In the (4,1) 

code, we will correct the last 6 data digits corrupted by the burst, 

the end of the burst. Thus for overlong bursts we see that the (n,l) 

and we will be unsure of the preceeding $^ channel digits, or￼ 

data digits. In the (4,3) code, we will be unsure of all of the |2 
+ 

g « + 95 channel digits, or 3/4 f2 
+ 72 data dlSits* which preceed 

codes leave us uncertain about a smaller number of data digits than 

the Hagelbarger codes 
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n r 

(n, 1) codes Hagelbarger codeo 
data dl 

htiMf 

gits in 
bimrrf npnrp 

data di 
 hurnt 

;ito in 
ni/ird nane^ 

3 i 1.2 3 ' 2 18 
2 2.3 5 4 36 
3 3,4 7 6 54 
4 4,5 9 8 72 
5 5,6 11 10 90 

4 1 1,2 3 3 36 
2 2,3 5 6 72 
3 3,4 7 9 108 
4 4,5 9 12 144 
5 5,6 11 15 180 

5 1 1,2 3 4 80 
2 2,3 5 8 160 
3 3,4 7 12 240 
4 4,5 9 16 320 
5 5,6 11 20 400 

6 1 1,2 3 5 120 
2 2,3 5 10 240 
3 3,4 7 15 360 
4 4,5 9 20 480 
5 5,6 11 25 600 

Table 5. Data digits affected by bursts In (n,l) and 
Hagelbarger codes. 

Since we have seen that the codes found by Berlekamp*s method 

are better in most cases than the Hagelbarger codes, we know that 

their guard spaces will require fewer data digits than Hagelbarger 

codes. However, they will still affect more data digits than the 

corresponding (n,l) code. Table 6 shows how the data digits are 

affected by burst in the (n,l) codes, the (n,n-l) codes found by 

Berlekamp*s method, and the (n,n-l) optimal codes. 
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n 

(n,l) codes Berlekamp Optimal (n,n -1) codes 
data digits 

In 
data digits 

4 n 

data digits 
4n 

JJ » rn+1 burst guard J “ rn-n+1 burst guard $ « rn burst guard 

3 4 1.2 3 1 0,1 12 3 2 12 
7 2.3 5 4 2,3 22 6 4 22 
10 3.4 7 7 4,5 32 9 6 32 
13 4.5 9 10 6,7 42 12 8 42 
16 5.6 11 13 8,9 52 15 10 52 

4 5 1.2 3 1 0,1 24 4 3 24 
9 2.3 5 5 3,4 45 8 6 45 

13 3,4 7 9 6,7 66 12 9 66 
17 4,5 9 13 9,10 87 16 12 87 
21 5,6 11 17 12,13 108 20 15 108 

5 6 1,2 3 1 0,1 40 5 4 40 
11 2,3 5 6 4,5 76 10 8 76 
16 3,4 7 11 8,9 112 15 12 112 
21 4,5 9 16 12,13 144 20 16 148 
26 5,6 11 21 16,17 184 

j 
25 20 184 

6 7 1,2 3 1 0,1 60 ! 6 5 60 
13 2,3 5 7 5,6 115 i 12 10 115 
19 3,4 7 13 10,11 170 18 15 170 
25 4,5 9 19 15,16 225 | 24 20 225 
31 5,6 11 25 20,21 280 30 25 280 

Table 6. Data digits affected by bursts in (n,l), Berlekatnp type 
Bl, and optimal (n,n-l) codes. 

From the last observations and code comparisons, we can state 

an important conclusion: Codes with lower transmission rate will 

have fewer data digits in the guard space than other codes for bursts 

affecting the same number of data digits. The codes with lower 

transmission rate will also require much less equipment in the 

encoder and decoder 
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5. Construction of a Generalized (n,k) Code from Known Codes 

Earlier there are two theorems about the construction of a code 

from two other codes. We arrived at the third code by using the 

data digits of the two codes as the data digits of the third and 

their check digits as the check digits of the third code. From the 

theorems it is obvious that we would like to have the number of 

blocks in the syndromes of the two codes as nearly equal as possible 

and that the two codes be as nearly optimal as possible, Before we 

discuss this further, let us look at an example. 

Suppose we desire a code with transmission rate ■ 2/7 which will 

correct all bursts of length 15 or less. Thus we want a (7,2) code 

to correct for $ - 15 - rn + 1; r - 2. We already know how to find 
near optimal codes with rate - 1/n. Therefore, we can use two of 

them, one with n - 4 and r - 2 and one with n - 3 and r - 2, to 

arrive at the desired code. The code can then be specified by the 

parity-check equations: 

ui,l " mi» ul,3 “ mi-2» ui,4 " mi-4 “ the optimal (3,1) code 

ui,2 " wi» ui,5 “ wi-2* ui,6 “ wi-3’ ui,7 " wi-4 * the near 

optimal (4,1) code. Note that m and w are the message digits. We 

should see that bj - (2r+l) - 5 and b2 - (2r+l) - 5. Therefore, 

■ b^p^ - 5(5) - 25. This code will correct all bursts of length 

rn + 1 ■» 15 or less, and for an optimal code which corrects bursts of 

length rn - 14 or less, we see that N « 2$ - (r-l)p - 2(14) - 1(5) 

■ 28 - 5 » 23. Thus we see that this code is very near to the 

optimal 
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HU 

Uu 

tf,v 
Uie 

uu 
Ui 7 

Figure 11. Encoder for (7,2) code. 

The encoding operation for the (7,2) code is 

ui.l mi m2 m3 TO4 m3 n>6 m7 mg mg • • 

ui»2 Vi w2 W3 W4 W5 w6 w7 *8 W9 .. 

ui,3 0 0 mi m2 m3 ra^ m5 mg my • • 

ui,4 0 0 0 0 «1 m2 m3 m4 m3 • • 

ui,5 0 0 wi V2 W3 w4 w5 W6 to 

ui,6 0 0 0 1 n V2 W3 «4 w3 wj • • 

0 0 0 0 VI w2 w4 w3.. 

The syndrome calculation for this code is below. Note that since 

$ «15, when e^ ® 1, a Qyj a e^g a a 620 » 0| when 62 « 1, 

e17 s e18 a e19 " e20 a etc* 

ui ,3 e3 e10 e17ocl e8 e15 0 0 

UM 
e4 ell el8 0 el e8 e15 

ul,5 °5 e12 e19oe2 e9 e16 0 0 

ui,6 e6 e13 e20 ©2 ®9 e16 0 

u».? 
e7 e14 0 0 e2 e9 el6 

The guard space for this code is 25(7/5) « 1 ® 34 digits* 

Note that this is the same as that for the (7,1) code which corrects 

bursts of length 15 or less; g ® 2 $ + n » 3 « 34. This 



4-5-3 

combination of codes gives us a better code than the method for 

(n,l) codes. 

— 

uu 

U4_ 

«lfc- 

KiL 
uji 

Figure 12. Decoder for (7,2) code. 

Codureo 
UT; 

(AFTER sr 
±7/)*e D££/»f) 

In the same manner as the above we can combine any of the codes 

presented in this paper. We will always get a code which is as near 

optimal as the worst of the codes which we combine. If we use the 

(n,l) codes and the optimal (2,1) codes presented by Hagelbarger, we 

can always get a near optimal code for any burst length with rate £ 

1/2. If we use other codes, we may be far from optimal^depending on 

which ones we use. 
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5. Reoulto and Problems 

5-1. Discussion of Results 

We have seen that recurrent codes can be used for several 

different hinds of error. Limiting ourselves to burst-error-correcting 

codes, we have tried to analyze some of their important properties. 

It was shown that these codes are truly convolutional codeo, and 

that the decoding is a parity-check type decoding. We then developed 

some theorems which enabled us to find a lower bound on N for type 

B2 codes. We have called codes which satisfy this bound, optimal, and 

we developed two theorems about combining optimal codes to obtain a 

third code. 

In the synthesis procedures for burst-error-correcting codes, we 

saw that the Hagelbarger codes were far from optimal. We looked at 

a procedure due to Berlekamp for construction of type B2 (n,n-l) codes 

and saw that these codes may be valuable in helping us find good type 

B1 codes. We then looked at recurrent codes with rate ® 1/n which 

are optimal or near optimal and require very little equipment. These 

codes had many advantages over the other two kinds presented. The only 

disadvantage is that of transmission rate. However, it seems that if 

we can speed up the pulse rate, the rate at which a signal is sent 

across the channel, we can lower the transmission rate and still receive 

the same amount of Information in the same length of time with the 

low rate codes, we have seen that the guard space of a low rate code 

contains much less data digits than a high rate code; we require fewer 

"clean" data digits with the (n,l) codes than with the (n,n-l) codes. 

We have also seen a method of constructing a generalized (n,k) 
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code from other known codeo. The new code will be as good as tho 

codes used in its construction. The criterion used to combine these 

codes was developed in the theorems about optimal codeo. 

2. Further problems 

One of the problems encountered with recurrent codeo is that of 

error propagation. If we hove a very noisy channel with bursts which 

are not separated by a sufficient guard space, the decoder will decode 

incorrectly until a sufficient guard space is received. If there is 

no error detection circuit, it is not possible to know when the 

necessary guard space is received. A procedure which may be developed 

for recurrent codes is that of a restart sequence. If a known sequence 

of digits equal to the guard space is sent, the decoder may be 

"restarted" after this sequence is received. At the time the restart 

sequence is to be received, the decoder disregards the actual received 

channel sequence and "receives" the known restart sequence. Thus, 

this sequence will produce zeros in the syndrome register of the 

decoder and act as the necessary guard space. We may then begin to 

decode the received channel sequence again. 

Another problem is still that of finding an optimal (n,k) code. 

It seems that the most probable way of doing this is to assume a B 

matrix which would specify the code and derive some technique analogous 

to that of Berlekamp to find the values in the matrix. This is a 

"good" problem, and one in which much work ought to be done. 



Appendix 1 

Optimal Hagelbarger (2,1) Codes 

The optimal (2,1) codes presented in Hagelbarger’s paper /3/ can 

be most easily specified by their parity-check equations: 

ui,l ° mi ui*2 " mi-r ° mi-2r • 

These codes correct any bursts of length i - rn or less. We see 

that the encoder will require 2r stages. The decoder requires 

4(r+l) stages, and the number of syndrome digits necessary to 

decode a block of the received sequence is N ■ 3r + 1. We can 

easily see that this is optimal, for N ■ 2rn - (r-l)p ■ 4r - (r-1) 

» 3r + 1. 
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