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ABSTRACT 

This thesis reports an analytical investigation into the import¬ 

ance of local stresses in influencing the behavior of concrete beams 

under combined moment and shear* A method of analysis which has 

recently become available was used to make calculations predicting 

the behavior of certain beams which were tested earlier by others and 

reported in the literature. Results of these calculations were com¬ 

pared with test results and also with computations made earlier which 

neglected the effect of local stresses. In all of the beams consid¬ 

ered, the local stresses were created by the application of loads and 

reactions through bearing on the top and bottom surfaces of the beams. 

All of these beams were rectangular beams with longitudinal rein¬ 

forcement but without web reinforcement. 

This investigation indicates that local stresses created by 

bearing tend to stabilize the propagation of tensile cracks as they 

approach the load points, and to increase predictions of beam 

ultimate load capacity, but usually the magnitude of the influence 

is small. One particular beam and crack path were studied for which 

consideration of local stresses gave rise to a significantly differ¬ 

ent prediction of failure from that predicted when local stresses 

were neglected, but in all other cases the predictions of behavior 

at failure were very similar, both with and without local stresses. 



As expected from a consideration of Saint-Venant1s principle, the 

quantitative effect of local stresses is negligible at considerable 

distances from the loads and reactions. In overall effect, the in¬ 

fluence of local stresses on beam behavior seems less important than 

certain other factors, for example, the amount of shearing force 

transferred across a tensile crack by dowel action of the longi¬ 

tudinal reinforcement. 
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1. INTRODUCTION 

1•1 Historical Development 

Investigation into the problem of analyzing concrete beams has 

followed two lines of approach: theoretical and experimental. As 

this thesis is primarily a theoretical analysis, the literature men¬ 

tioned will consist mostly of theoretical work done. 

One of the first theoretical publications regarding the behavior 

of concrete beams was made by Morsch in 1907 in which he studied the 

statics of a beam with a tensile crack (1)*. Morsch also formulated 

the well-known shear relation (2) 

v = 

where v = 

V 

b 

jd 

V 
bjd 

nominal shearing stress 

shearing force 

beam width 

moment arm for the internal resisting 

moment of the cross-section 

* Numbers in parentheses refer to entries in the list of references. 
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Talbot in 1909 (3) stated that the strength of a beam under combined 

shear and bending moment depended on the following factors: 

(a) Geometry of cross-section 

(b) Concrete strength 

(c) Ratio of longitudinal reinforcement 

(d) Beam slenderness —|jjp- 

Factors (a) and (b) were recognized by later building codes, but 

the importance of factors (c) and (d) was overlooked by the profession 

until later. In 1945 Moretto (4) brought to light Talbot's factor (c) 

when in a series of tests he concluded that v is a function of f and 
c 

f, where f1 = compressive strength of the concrete and p = . As 
C bd 

and d are the area of the reinforcing steel and the effective depth 

of the beam, respectively. In 1951 Clark (5) brought to light Talbot's 

a 
factor (d) . He said that v is a function of f, p and —, where a is 

the length (Fig. 3), which he called the "shear span" of the beam. 

As defined in this way the shear span has no meaning in a beam with 

uniformly distributed load. 

To make up for this shortcoming, Laupa, Siess and Newmark (6) 

cl 
suggested that the — ratio should be generalized to the quantity 

M 
rrr where M is the moment. 
Vd 

In 1962 a Joint Committee of the American Concrete Institute 

and the American Society of Civil Engineers (7) suggested that the 

nominal ultimate shearing stress of a beam could be estimated by the 
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empirical expression 

_V 
bd 

v 1.9 J f*" + 2500 ^-7^ but not greater than 3.5 J f1 . v c M c 

In the above relation is assumed to be proportional to the 

tensile strength of the concrete. It is to be noted that the above 

expression involves all of Talbot*s factors. 

The importance of local stresses in the vicinity of the points 

of application of the loads was demonstrated by Ferguson in 1956 (8). 

He tested differently loaded beams with different rj- ratios. In one 

set of tests he applied the loads and reactions in the form of shears 

across the sides of the beam by means of cast-in-place concrete 

brackets. In other instances the loads and reactions were applied 

in bearing on the upper and lower faces of the beam. In general he 

demonstrated that the local stresses may be a significant part of the 

combined stresses. One of his conclusions was that the beams loaded 

through shears on the sides failed at lower loads than otherwise 

similar beams loaded through bearing on the top and bottom surfaces. 

In 1963, Krahl, in a doctor*s thesis directed by Khachaturian 

and Siess (9) suggested an analytical method by which the load capa¬ 

city of a concrete beam under combined shear and bending moment 

could be estimated. This method has been adopted for this thesis and 

is discussed in greater detail in Chapter 2. It basically consists 

in analyzing a free-body diagram cut of by a section which passes up 

along a tensile crack to its root and then vertically to the compres¬ 

sive face of the beam. Equations can be written involving the forces, 
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moments and strains on the cut section and these equations can be 

solved to give the stresses in the steel and concrete, and hence the 

beam load to keep this crack in equilibrium at this crack depth. 

This makes possible the tracing of the crack path and the computa¬ 

tion of the load versus crack depth relationship for any crack and 

hence makes possible predictions of critical crack location, mode of 

beam failure, and magnitude of failing load. 

Krahl illustrated the application of this method to several dif¬ 

ferent types of beams and loading conditions. He studied analytically 

the behavior of the beams under commonly accepted theories of failure 

and also studied the influence on behavior of the variation of cer¬ 

tain important parameters. 

In Krahl1s study the effect of local stresses due to application 

of loads and reactions was neglected. Certain cracks were studied, 

however, which were found to propagate to points quite close to the 

bearing areas of the loads and reactions. Near such areas the magni¬ 

tude of the local stresses is known to be significant when compared 

to the tensile strength of the concrete, and it is believed that neg¬ 

lecting these local stresses may have somewhat impaired the accuracy 

of results. 

1.2 Objective 

The basic objective of this thesis is to use the method of 

Reference 9 to study analytically the effect of local stresses on 

the behavior of concrete beams. These local stresses, due to 
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application of loads and reactions, will be evaluated using solutions 

which are available in the literature and are based on the theory of 

elasticity. Analytical predictions of beam behavior taking account 

of local stresses will be compared with earlier predictions which 

neglected local stresses and also with observed beam behavior. 

Specific beams to be studied will be those for which, by Krahl's 

calculations, there was reason to believe that local stresses might 

be most significant. All of the calculations to be presented deal 

with concrete beams of rectangular cross-section with longitudinal 

reinforcement but without web reinforcement. 

1.3 Notation 

The notation used in this study is given below and is essentially 

the same used in Reference 9'.:* Since frequent comparisons will be made 

with Reference 9, that work will be referred to as Study I and the 

work presented in this thesis will be referred to as Study II. 

a 

ah 

A 
s 

A' 
s 

b 

c 

d 

— = ratio of uncracked beam depth to overall beam 

depth, dimensionless 

uncracked beam depth, in. 

2 
cross-sectional area of tensile reinforcement, in. 

2 
cross-sectional area of compressive reinforcement, in. 

width of rectangular beam, in. 

h 
2 > in- 

effective beam depth, that is, distance from compression 

face of beam to centroid of compressive reinforcement, 

in. 
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<V«icr 

‘VOicr 

modulus of elasticity of concrete, psi 

modulus of elasticity of steel, psi 

longitudinal stress in concrete at compressive face 

of beam, psi 

value of f when £ =£, at root of crack, psi 
c 1 lcr 

value of f when 0”=CT at root of crack, psi 
c 1 lcr 

II o 
M-l EC -€c for^p’ PSi 

^£cf^lcr = value of f , when €- 
cf 1 - Slor 

(£cftoicr = value of f whenCJl 
cf 1 

f' 
c 

< lcr 

^s^lcr 

f' s 

<fP6lcr 

(f;bicr 

f. 

^ft^icr 

(ftbicr 

compressive strength of concrete as determined by a 

standard cylinder test, psi 

yield point of concrete on an idealized elasto-plastic 

stress-strain diagram, psi 

modulus of rupture of concrete as determined by a 

standard flexural test on an unreinforced specimen, 

psi 

stress in longitudinal tensile reinforcement, psi 

value of f when6- = €- at root of crack, psi 
s 1 lcr 

value of f when CT- = Ol at root of crack, psi 
s 1 lcr 

stress in longitudinal compressive reinforcement, psi 

value of f1 when C, = at root of crack, psi 
s ^1 lcr 

value of f' when OT = (Y at root of crack, psi 
s 1 lcr 

longitudinal stress in concrete beam at root of 

tensile crack, psi 

value of f when £ - = €- at root of crack, psi 
t 1 lcr 

value of f when = C[cr 
at root of crack, psi 
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f 
y 

g 

gh 

L 

M 

^lcr 

■ M€lcr 

N 

P 

P' 

P 

Pelcr 

^Icr 

q 

q' 

yield point of reinforcing steel, psi 

^ = ratio of crack depth to overall beam depth, 

dimensionless 

vertical projection of tensile crack, that is, crack 

depth, in. 

beam span, in. 

bending moment calculated for a particular free-body 

diagram and beam section, lb. in. 

value of M when rr* = 01 at root of crack, lb. in. W1 lcr 

value of M when 6- = £- at root of crack, lb. in. 
1 lcr 

Es , dimensionless 
E 
c 

number of equal spaces into which the overall beam depth 

is divided for computation purposes, dimensionless 

percentage of longitudinal tensile reinforcement, 

dimensionless 

percentage of longitudinal compressive rein¬ 

forcement , dimensionless 

total load superimposed on beam, lbs. 

load required to produce £^cr at root of tensile crack 

for a particular crack depth, lbs. 

load required to produce (7^ at root of tensile crack 

for particular crack depth, lbs. 

Intensity of loading for a uniformly distributed 

load, psi 

Intensity of the concentrated load on the compressive 

face of the beam and also the intensity of loading at 

the reactions, psi 
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t, s, 1 and r 

V 

V 
x 

V 
xc 

V 
xs 

X 

X. 
1 

X 
s 

X 
sf 

x* 

y 

yi 

ys 

a= es 

^CS 

= Distance of applied loads measured from the midspan 

of the beam, to simulate representation by Fourier 

series of concentrated and uniformly distributed loads, 

ins. 

shearing force in plane of contraflexure, lbs. 

shearing force calculated for a beam section a distance 

x from the plane of contraflexure, lbs. 

that part of which is carried by the concrete above 

the top of the crack in a free-body diagram like that 

of Fig. 7, lbs. 

that part of which is carried by the tensile reinr 

forcement across the crack in a free-body diagram like 

that of Fig. 7, lbs. 

distance along beam measured from origin at plane of 

contraflexure, in. 

value of x at root of crack for the i-th increment of 

crack depth, in. 

value of x at which a tensile crack starts, in. 

value of x at which the fatal crack originated in a 
s 

particular beam test, in. 

Distance along beam measured from the midspan of the 

beam, ins. 

distance perpendicular to x-axis and in plane of loads 

measured from origin at mid-depth of beam, in. 

value of y at root of crack for the i-th increment of 

crack depth, in. 

value of y at which a tensile crack starts, in. 

strain compatibility factor for tensile steel and con¬ 

crete at level of tensile steel, dimensionless 
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I 

strain compatibility factor for compressive steel and 

concrete at level of compressive steel, dimensionless 

$ - 

s - 
s'- 

angle on Mohr's Circle of stress measured counterclock¬ 

wise from (T to f (see Fig. 5), radians or degrees 
It r 

d, dimensionless 

d1, dimensionless 
T~ 

longitudinal strain in concrete at compressive face of 

beam, dimensionless 

(€c^lcr 
value of £ when £. 

c i 

less 

£ at root of crack, dimension- 
lcr 

(€cblcr 
value of £ when CT, = CT, at root of crack, dimension- 

c 1 lcr 

less 

£ = longitudinal strain in concrete at level of tensile 
cs 

steel. When the concrete at this level is cracked, 

£ is a fictitious (but useful) quantity which is 
cs 

linearly related to the longitudinal strains in the 

concrete above the crack. 

€ i 
cs 

€ 
P 

longitudinal strain in concrete at level of compressive 

steel, dimensionless 

compressive strain in concrete at yield point on an 

idealized elasto-plastic stress-strain diagram, dimen¬ 

sionless 

= strain in longitudinal tensile reinforcement, dimension¬ 

less 

^s^lcr 
value of£ when 6 - = £- at root of crack, dimension- 

s 1 lcr 

less 

(Or s'CTlcr 
value of£ whenCT- = CJT at root of crack, dimension- 

s 1 lcr 

less 
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€'s 
= strain in longitudinal compressive reinforcement, 

dimensionless 

«;>6lcr - 
value off 1 when€ - = 6, at root of crack, dimen- 

^ s 1 ler 
sionless 

(€ abler = value of£' when ryi = (X at root of crack, dimen- 
s l ler 

sionless 

= longitudinal strain in concrete at root of tensile 

crack, dimensionless 

^t^€lcr 
value off when = 6, at root of crack, t -1 ler 
dimensionless 

(€ttalcr = value of 6 when 0^ = C^cr 
at root of crack, 

dimensionless 

€u 
ultimate compressive concrete strain, dimensionless 

£y 
strain in steel at yield point, dimensionless 

= maximum principal strain at a point, dimensionless 

elcr 
critical value of € ^ according to maximum tensile 

strain theory of cleavage fracture, dimensionless 

€2 
minimum principal strain at a point, dimensionless 

V = 
= dimensionless ordinate 

c 

I
I
 I

I
 

Yj , dimensionless 
c 
Ys , dimensionless 
c 

0 angle measured from beam axis to direction of (7^, 

radians or degrees 

e. i 
value of 0 at root of crack for the i-th increment 

of crack depth, radians or degrees 

I
I
 I

I
 

Poisson's Ratio for concrete, dimensionless 

—, = dimensionless abscissa 
c 
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X. 

£ 

= — , dimensionless 
c 
X 

—a* , dimensionless C 
^ s c * 

°i 
= maximum principal stress at a point, psi 

<3"lcr 
= critical value of CT according to maximum tensile 

stress theory of cleavage fracture, psi 

^2 
= minimum principal stress at a point, psi 

= normal component of stress parallel to x-axis 

°y 
= transverse normal stress, psi 

r = shearing stress at point at root of tensile crack, 

on planes parallel and perpendicular to beam axis, 

psi 

T 
xy 

= shear stress component in the x-y plane, perpendicu 

lar to x-axis and parallel to y-axis 

1.4 Sign Convention 

The following sign convention is adopted and will be used in the 

method of analysis presented in Chapter 2: 

Normal stresses and strains and normal forces are positive when 

tensile and negative when compressive. 

Shearing stresses and strains are positive when producing a 

clockwise rotation and negative when producing a counterclockwise 

rotation. 

Moments are positive when they produce tension in the bottom 

fiber of the beam and compression in the top fiber. 

Co-ordinates x, y,<^, and7^are taken as positive or negative 

according to the positive direction of the axes indicated in Fig. 10(a). 
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The quantities a and g are always positive. 

Angles 0 and^are positive when counterclockwise and negative 

when clockwise. 
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2. METHOD OF ANALYSIS 

2.1 Assumptions 

The following assumptions were adopted in the method of analysis 

(1) Concrete is homogeneous and isotropic. 

(2) Concrete under uniaxial or biaxial stress carries tensile 

stress and strain up to some limiting value of stress or strain be¬ 

yond which it fails in cleavage. 

(3) The concrete in a beam is capable of withstanding compres¬ 

sive stress and strain until the longitudinal strain at the compres¬ 

sion face reaches a limiting value which is defined as the limiting 

useful compressive strain. 

(4) The stress-strain diagram for the concrete is known or may 

be assumed and all fibers in the uncracked part of a section follow 

the same stress-strain diagram. 

(5) The stress-strain diagram for the reinforcing steel is 

known or may be assumed. 

(6) In an uncracked region of a concrete beam, the longitudi¬ 

nal strains on a transverse cross-section are distributed linearly 

with depth; similarly on a transverse cross-section through the root 

of a tensile crack the longitudinal strains in the concrete between 

the compression face and the root of the crack are distributed 

linearly with depth. 

(7) The strain compatibility factors for the tensile and com¬ 

pressive reinforcement are known or may be assumed. 
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(8) The force in the reinforcing steel acts at the centroid 

of the steel area and is equal to the product of the steel area and 

the stress at the centroid. 

(9) The relative magnitude of shearing stress and normal 

stress at the root of a tensile crack may be assumed. 

(10) The transverse normal stress at the root of a tensile 

crack may be determined by a solution utilizing the theory of 

elasticity. 

(11) Concrete transmits no shearing force across a tensile 

crack. 

(12) The amount of shearing force transferred across a tensile 

crack by the longitudinal reinforcement is known or may be assumed. 

Of the above assumptions, assumptions 1, 2, 3, 4 and 5 concern 

mechanical properties of the materials; assumptions 6 and 7 concern 

distribution of internal strains; and assumptions 8, 9, 10, 11 and 12 

concern internal stresses and forces. 

When these assumptions are compared with those in Study I', 

they differ essentially in only one matter. In this study (Study II) 

the influence of local stresses is considered, while in Study I the 

effect of local stresses was neglected. 

* The term "Study I" is used throughout the thesis to refer to Refer¬ 
ence 9. The work of this thesis is referred to as MStudy IIM. 
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Assumptions 2, 3 and 4 describe the behavior of the concrete in 
tension and compression. Concerning cleavage fracture, calculations 

will be presented baaed on both the maximum tensile stress and the 

maximum tensile strain theories of failure. The stress-strain diagram 

assumed for the concrete in both tension and compression is illus¬ 

trated in Fig. 2, The specific values controlling this stress-strain 

diagram are as follows: 

f 
p 

= 0.85 f' 
c 

€ 
P 

= (0.22 r - 400) X lo"6 

6u 
= -0.004 

^lcr 
= f 

r 

where f 
P 
= compressive strain of the concrete at the 

end of the elastic stage 

€ 
u 
= ultimate compressive strain in the concrete 

°"lcr 
- critical value of tensile stress according 

to maximum tensile stress theory of cleavage 

fracture 

f' 
c 
= compressive strength of concrete as deter¬ 

mined by the standard cylinder test 

f 
r 

= modulus of rupture of concrete as determined 

by a standard flexural test on an unreinforced 

specimen 

P 
= compressive strain of the concrete at the end 

of the elastic state 
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With the controlling values of the stress-strain diagram men¬ 

tioned above, the modulus of elasticity of the concrete is deter¬ 

mined from the following relation 

0.85 f' x 10'6 

r, = C  
c (0.22 £' - 400) 

This value is used for tension as well as compression. A value of 

0.18 has been used for Poisson*s ratio for concrete in the calcula¬ 

tions . 

The assumed stress-strain diagram for steel is illustrated in 

Fig. 1. The same stress-strain relationship is adopted for both 

tension and compression where 

= 30 x 10^ psi 

is taken from experimental data for any 

particular case, 

f 
= JL 

E 
c 

= modulus of elasticity of the steel 

= stress in the steel at yield point 

= strain in the steel at yield point 

Assumption 7 refers to strain compatibility factors. The strain 

compatibility factor is defined as the ratio of the longitudinal 

strain in the steel to the nominal longitudinal strain in the concrete 

at the level of the steel. In this study it is assumed that the 

strain compatibility factors for both the tensile and compressive 

and 

reinforcement are unity. 
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The calculation of a relative magnitude of shearing stress and 

normal stress at the root of a tensile crack will be discussed later 

in this chapter. The assumptions on which this calculation is based 

are the same as those of Study I, except for the inclusion here of 

the transverse normal stress. 

The elasticity solution for local stresses referred to in 

assumption 10 is for an uncracked beam. This solution will be used 

in the calculations of this thesis as the best available estimate of 

the transverse normal stress, even though it is recognized that a 

tensile crack must change the state of stress as it propagates into 

the beam depth. 

Assumption 12 deals with the amount of shear transmitted across 

a crack by the longitudinal reinforcement. The shearing force carried 

by the reinforcement will hereafter be called ndowel force". Two 

different assumptions of dowel force will be studied, as follows: 

first, 

where 

3 
V =0, and second, V = V g 
xs xs x 

= shearing force for the beam section at a dis¬ 

tance x from the plane of contraflexure 

V = that part of V carried by the tensile rein- 
xs r x 

forcement 

g = = ratio of crack depth to overall beam 
h 
depth 
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2.2 State of Stress and Strain in a Reinforced Concrete 

Beam Without Web Reinforcement 

In any portion of a beam in which there are no local stresses 

due to application of loads and reactions, the equations and method 

of Study I can be used. Similar equations are developed below for 

the case in which the loads and reactions contribute a significant 

amount of transverse normal stress to the state of stress at points 

inside a beam. 

(a) Region of Pure Moment 

Consider the point F in Fig. 4 (a). Point F is a point at the 

top of a crack in a region of pure moment. The shearing stresses in 

a zone of pure moment are zero, and hence at the point F the flexu¬ 

ral stress f and the transverse normal stress CT will be the princi- 
t y 

pal stresses as indicated in Figs. 4(b) and (c). As F is a point 

at the root of the crack, f^ must be equal to the critical tensile 

stress 0^c , according to the maximum tensile stress theory of 

failure. Also, the angle 0 between the longitudinal flexural stress 

and the principal stressO^, must be zero; and the following equations 

hold true: 

f 
t (i) 

9 0 (2) 

where f 
t 

longitudinal stress at the root of the crack 

maximum principal stress 
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°icr ' critical value of(j^, according to maximum 

tensile stress theory of cleavage fracture 

0 = angle which the direction of makes with 

beam axis. 

A similar analysis can be made for the maximum tensile strain 

theory of failure. For this case 

and 

= 6 
lcr 

6 = 0 

(3) 

(4) 

where longitudinal strain at the root of the crack 

maximum principal strain 

critical value of 6^ according to the maximum 

tensile strain theory of cleavage fracture. 

(b) Region of Combined Moment and Shear 

In Fig. 5(a), point B is a point at the root of a tensile crack 

in a region of combined moment and shear. As such a crack propagates 

upward, it will also bend toward the direction of increasing moment, 

which is assumed to be toward the right in the figure. Fig 5 (b) 

represents one possible state of stress which is consistent with a 

crack propagation upward and to the right. The stresses f and T 

are shown positive and Q~ is shown negative. The principal stresses 

and the Mohr's circle of stress are illustrated by Fig. 5(c) and (d). 

It is observed that for bearing stresses applied on the top or bottom 
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surface of the beam-, the resultingO”^ stresses will always be negative 

except along the top or bottom edges of the beam, where they are zero, 

unless directly under the load or reactions. 

By the maximum tensile stress theory of failure, the maximum 

tensile stress at the root of the crack is equal toO~^ . Since 

point B is at the root of the crack = (7^ . As makes an angle 

0 with the horizontal, O^, the minimum principal stress, will make an 

angle equal to 0 with the vertical. As the concrete cleavage will 

occur along a direction perpendicular to the maximum principal stress, 

the orientation of will be the same as the direction of the crack 

at B. 

Referring to Fig. 6, the magnitude of f changes from the larg¬ 

est value of the tensile stress (positive) at the lower fiber of the 

beam to the largest magnitude of compressive stress (negative) at the 

topmost fiber of the beam. As this happens 0 increases from zero, 

Fig. 6(a)(i,ii), to -90°, Fig. 6(b)(xviii-xxi). This in turn will 

mean that the crack path will gradually change in slope from being 

vertical at the lowest fiber of the beam until it is horizontal at 

the topmost fiber. For the crack to move to the right, the value of 

T at the root of the crack must always be positive, except at the top 

and bottom fibers, where it must be zero. The combinations of stress 

which are consistent with this progress of the crack are summarized 

in Table 1 and illustrated in Figs. 6(a,b) along with the correspond¬ 

ing Mohr's circles of stress. 
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TABLE 1 

POSSIBLE COMBINATIONS OF FLEXURAL, SHEARING AND 
TRANSVERSE NORMAL STRESSES AT ROOT OF CRACK 

IF  THEN  See 

CTy ft T °"l 0 
Figure 

* 0 0 = 0 = ft 
= 0 6a(i,ii) 

0 
 0  

= 0 

C
O
 

C
O
 O>0 > -45° 6a(iii - xi) 

CTv < f t ^ 0 0 V
 ii A
 

0 
0 = 0" 0 = o = -45° 6b (xii-xiv) 

y 0 i 
0 

0 <T 0 = 0 -45°<0<-9O‘ 6b (xv - xvii) 
y 0 

0 CTv = 0 II £
 

0 =-90° 6b(xviii-xxi) 
= 0 CTy = 0 = 0 

The relationships among f^, CT >T and 0 are as follows: 

If the angle 2y^is measured counterclockwise on the Mohr*s 

circle from to f^, then for all cases of stress 

hence 

0 

tan 2/3 
tan (-20) 

0 

2 T 

2 T 

1 . -1 2 T 
- 0 t an _ 2 f^ ■cr„ 

(5) 

(6) 

(7) 

(8) 

from the Mohr's circle of stress. 

cr, i <*t 
+ <p V<£H5l>2+t2 (9) 

Equation 9 can also be expressed as 

0\ = j [(ft +cr ) + (ft-CT)Sec(-20)] (10) 
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For the strain criterion the following expressions are derived: 

6 
1 r (ai 

61 = 2E [(l-jL0(ft +<T)+(H^(ft-CE)SeC(-2e)] c y y 
(ID 

In the above relation 

jj.= Poissons ratio for concrete. 

For a state of stress illustrated by Figs. 6(b)(xii-xiv) where 

0 = -45° the following expressions hold true: 

£t- 

°i ' <Ty+T- 
Ct*T 

(12) 

(13) 

By the strain criterion, the maximum principal strain for this 

case is as follows: 

« i ■ Sr (cri 'ft<32) 
c 

€ i = [(l-fi)ft + (1HpT] (14) 
c 

2.3 The Differential Equation of the Crack Path 

Since a crack propagates in a direction perpendicular to that 

direction of the maximum principal stress*, the direction of the 

*As the directions of the principal stresses and strains at a 
point are the same, the discussion is carried out only in terms of 
the principal stresses. 



of the crack path is a function of the parameters upon which the 

maximum principal stress depends. These parameters are * and T. 

Figs. 10(a), (b) and (c) show the development of a crack and 

the corresponding Mohr*s circle of stress at the root of the crack. 

At the root of the crack, 0"^ makes an angle 0 with the beam axis 

(Fig. 10(b)) and the crack path makes an angle 0 with the vertical. 

If y= f(x) is the equation of the crack path, then 

tane - ^ (15) 

From Figs. 10(b) and (c), with the positive directions of the angles 

8 andy^taken as clockwise, it is evident that 

0 
-15 

(5) 

also 

tan 2y§ = 
2 T (6) 
£
t -°v 

Since tan 2^ = tan (-20) = 
2 tan 0 

- tan 20 =     (16) 
tan 0 -1 

then, from relations 16, 5 and 6 
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Equation 17 can also be written in the following form: 

§2. 
dx T 

«£>■ 

f„ -G" 
t y 

(18) 

Solving equation 18 as a quadratic for the following relation is 

obtained: 

= . 
dx 2T )+/( ft ’cri-)2 +i 

2T (19) 

^ x and Tj = ^ are the dimensionless forms of the two 

rectangular coordinates then 

dy _ d 
dx d1 

f* " CT, 
- ( 2~ '-Jv 2 T 

£‘ -%2« (20) 

For a crack that propagates upwards and to the right must always 

be zero or negative, hence 

dV 
IT 

cr 2 
*) +i (21) 

Equation 21 represents the slope of the crack path. From equation 21 

-(- 

cr 
2 T *>- JC ^ +1 

or 

(22) 

Equation 22 is the differential equation of the crack path. 
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2.4 Determination of Stresses at Root of Crack 

This section deals with the determination of the transverse 

normal stress, the flexural stress, and the shearing stress at the 

root of the crack. 

(a) Transverse Normal Stress 

A method for the computation of transverse normal stresses de¬ 

noted by the symbol CT^ (Fig. 10(b)) will be mentioned in this section. 

In usual computations by the "strength of materials" approach, the 

(y stresses are not computed. Reference at this stage is made to 

Saint-Venant's principle which states that if the forces acting on 

a small portion of the surface of an elastic body are replaced by 

another statically equivalent system of forces acting on the portion 

of the surface, this redistribution of loading produces substantial 

changes in the stresses locally but has a negligible effect on the 

stresses at distances which are large in comparison with the linear 

dimensions of the surface on which the forces are changed. In this 

study, as the results will indicate in the chapters that follow, the 

local stress effects are indeed negligible at considerable distances 

from the area of load application. However, at distances closer to 

the load, Saint Venant's principle cannot be invoked, and hence the 

following method is resorted to. To estimate the magnitude of (J“ , 

the theory of elasticity approach is utilized in the absence of any 

simpler method of solution. 

CTy is computed by a method worked out by F. Bleich (10); a 

mention of which is also given by Timoshenko (11). 
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If there are no body forces acting on a body which is in a state 

of plane-stress or strain, then the solution of the problem is re¬ 

duced to the integration of the differential equation 

94^ 

0x 4 
+2 

94<j> 94<ft _ 

0x29y2 0 y4 
(23) 

taking account of boundary conditions, where (p is a function called 

the stress function whose relation to the stresses is as follows: 

cr 
X 

cr,. 

T 
xy 

(23a) 

(23b) 

(23c) 

If a stress function satisfying equation 23 is known, then by 

satisfying the boundary conditions >CTX, (yy and Txy 
can be determined. 

In this study only CT is determined by this method. (V and T are J J y x xy 

determined by a simpler approach. 

Two different loading conditions are studied: a uniformly 

distributed case and a "concentrated'1 symmetrically loaded case. 

(See Figs. 8(a) and 9(a).) The "concentrated" loads and reactions 

are in reality not concentrated because when the beams to be studied 

were actually tested in the laboratory at. the University of Illinois, 

the loads and reactions were applied in bearing over a small distance 

on the top and bottom surfaces of the beam through stiff steel blocks. 

For a case where there is a uniformly distributed load across the 
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beam (Fig. 8a) the stress function can be assumed in the form of a 

polynomial and after satisfying the requisite boundary conditions, 

the solution for rr is as follows: 
y 

3 q_ (\ 3 2,2 3. 
"43 (3 y " c y + 3 C > 

c 
(24) 

where 

q = load intensity over the beam 

The other stress components are given by the following relations: 

CTx 
3 q f ,2 2 3v , 3 q /I 2v 

"43 y - 3 y > + 4 c (_2 ‘ 5>y 

c c 

T 
xy 

3 q_ , 2 2v , 
-43 <c - y >x 

These values of CT and T do not concern us, however, as a 
x xy 

strength of materials approach will be used to determine the longi¬ 

tudinal normal stress and the shearing stress at the root of the 

crack. Hence it is here assumed that equilibrium of the differential 

element is maintained by substituting for CT^ and T values of ffc 

and T, respectively, which will be determined as described later on. 

The reactions for both the "concentrated11 and the uniformly 

distributed loads are treated in the same way. The method of super¬ 

position is applied by which the reactions for these two forms of 

loading are described by subtracting the state represented by Fig.8(d) 

or Fig. 9(e) from the state represented by Fig. 8(c) or Fig. 9(d). 

To solve for cases represented by Figs. 8(c) and 9(d) equation 

24 is utilized with the exception that the load intensity is q1 in¬ 

stead of q. 
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A different stress function is assumed, to solve for the portion 

of load illustrated by Fig. 8(d) and 9(e). The load intensity q* for 

this case can be represented by a Fourier series symmetrical about 

the center line of the beam or 

oo 

. _ . \ _ vSJTk' 
q = B0 + / B cos—   

*——r n I 
m=l 

The portion Bc in the above relation denotes a uniformly distributed 

component which can be solved by utilizing relation 24. The cosine 

component is solved by now assuming that the stress function in 

equation 23 is a trignometrie function. After satisfying the neces¬ 

sary boundary conditions CT is given by the following relation 
oo ^ 

(fi£Blllh!fi.+ cosh^inh^ - ^eosh^Cosh^- 

Sinh 
2tfl77c 2m77c 

1 
m=l 

,mTfc( «Wf- + Sinh^Cosh®- - S^BinhS^Sinh!^ 

Sinh^lp + 
]Cos 

iSTk1 
(25) 

where m = an integer 

1 = the distance from the center line of 

the beam to the extreme edge of the stiff 

reaction bearing plate. 

The quantity x1 is the distance measured along the axis of the beam 

from the center line. 
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The Fourier coefficients are 

= ISl 
1 

and 

* 2q* c. rn/Tr 
B = —^ Sin —— 
n m 1 

where r is the spread of the load (Fig. 8(d) and Fig. 9(e).) 

A similar analysis is made to obtain the magnitude of(7y f°r 

the two superimposed loads which simulate the effects of the "concen¬ 

trated” loads. These two loads are represented by Fig. 9(b) and (c). 

Again the Fourier series is symmetrical about the center line of the 

beam where 

q' = A0 + * rt77x 
A. cos —=  
m 1 

m=l 

= £al 
1 and 

2q1 . m77t 
= Sm —— 

m m 
and 2a! 

m 
Sin 

and 

nf7s 
1 ml 

for the two cases represented by Fig. 9(b) and (c) respectively CT 

is given by the following relation 

r22- (^Cosh^. + slnh^)Cosh!^2. . !®. stnh^Sinh®
1 

cr =)A [- -  
y / m 

m-1 

„. , 2m77c , 2m77c 
Sinh~ 1  — 

(^Slnh^ + Cosh^Sinh!®- - ^Cosh^Cosh^ 

Sinh 
2ri77c 2m77c 

1 

]Cos* 
mTTx1 

(26) 
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The uniformly distributed portion Ae of the Fourier series is solved 

by equation 24 in a manner already described. 

The magnitude of (T obtained from relations 25 and 26 has a 

rather slow rate of convergence at the upper and lower faces of the 

beam, while the rate of convergence is much faster near the axis of 

the beam. 

As the boundary conditions have been satisfied in deriving 

equations 25 and 26, the correct answers along the upper and lower 

face of the beam are known. Summations were made by means of a com¬ 

puter program and it was observed that along the upper and lower face 

of the beam, for a value of m slightly greater than 50, the error 

from the correct answer was greater than the error at the value of 

m= 50. At increasing values of m, there was, after a peak error of 

about 12%, a slow downswing, until the error was small at m = 100. 

It was decided after observing different y-m relationships that for 

this case a fixed value of m = 50 will give reasonable results; the 

percentage of error in CTis approximately 5%. 

(b) Flexural Stress 

Referring to the stress-strain diagrams of Fig. 1 and Fig. 2 

for the steel and the concrete, there are two cases for which the 

flexural stresses are evaluated: the elastic condition ^md elasto- 

plastic condition.. 

(1) Elastic Condition 

The following four simultaneous equations are utilized to com¬ 

pute the flexural stresses. These equations were worked out in 

Study I. 
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f + 
c 

f + 2j>3 f +2E£ o (27) 

(S- |)fc + (S - “)ft 

(a- S)f + Sf, 
C t 

(S' -Sf c 

a 
GLn f 

s 

S_f + A Gin s d'n 
f' 
s 

-2M 

bah2 

0 

(28) 

(29) 

0 (30) 

where 

a 
ah 
h 

ratio of uncracked beam depth to overall 

beam depth 

f 
c 

longitudinal stress in concrete at compressive 

face of beam 

f 
t 

f 
s 

f' 
s 

p 

p' 

A 
s 

A1 
s 

d 

d* 

b 

h 

longitudinal stress in concrete at root of crack 

stress in longitudinal tensile reinforcement 

stress in longitudinal compressive reinforce¬ 

ment 

Ag_ 
bd 

Ai 
bd 

percentage of tensile reinforcement 

percentage of compressive reinforcement 

cross-sectional area of tensile reinforcement 

cross-sectional area of compressive reinforcement 

distance from compressive face of beam to centroid 

of tensile reinforcement 

distance from compressive face of beam to centroid 

of compressive reinforcement 

width of the beam 

overall depth of the beam 
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8 
a' 

a 

n 

Es 

—   = strain compatibility factor for tensile 
^cs 
steel and concrete at level of compressive steel 

^ s 
—   = strain compatibility factor for tensile 
*cs 
steel and concrete at level of tensile steel 

E 
 _s_ 
E 
c 

modulus of elasticity of the steel 

modulus of elasticity of the concrete 

If the load on the beams is known, the moment M can be computed. 

If M is known and also the beam properties and the depth of the 

crack, then by the solution of equations 27, 28, 29 and 30, the 

longitudinal stresses, f^, f^, fg and f^ can be computed, or, if 

f is known, M can be computed along with f , f and f1. 
t css 

(2) Elasto-Plastic Condition 

From Study I, the following equations are obtained for an 

elasto-plastic condition: 

+ 2^,) 
 - — (31) 
-f' 

s 

:he concrete at compressive 

cf 

f2 + f (f + ^-f 
 p_ t t a s 

2f + ^ 
pas a 

where 

cf 
E € for £ < £ 
c c c p 

longitudinal strain in 

face of beam 

1 



Equation 31 describes the condition for the elasto-plastic case. 

For the elastic case the following equation is utilized: 

33 

f 
c 

f _ 2PS f _ 2p'§ f, 
t a s as 

(32) 

Similarly for the elasto-plastic and elastic cases respectively, the 

moments are denoted by the following two equations: 

M, ,^4^ (S- • 4, («p - fc£> ♦ (S- f»*c£ 
cf t cf t r 

+ <8- 
s <s-S'>£;> (33) 

M - - tf- «S- f)£c+ <8- H >ft + (S-S')f;i <34> 

The following two equations relating strains hold true for both the 

elastic and elasto-plastic conditions. 

- (1-•£-)<*€ 
a cat 

(35) 

§» n • 8 ' 
s ( 8 c a 8 

(35a) 

where = longitudinal strain in concrete at root of the tensile 

crack. 



34 

A complete method has been outlined in Study I for making tests 

to examine whether the flexural stress in either the concrete or the 

steel has gone into the plastic range. A solution can then be made 

for the stresses on the cross-section. The details of this proced¬ 

ure are given in Study I. 

(c) Shearing Stress 

The relation given below is taken from Study I and is utilized 

for the computation of shearing stresses. Reference may be made to 

Figs. 7 and 15 to show the distribution of shearing stress on the 

cracked section that gives rise to this equation. It should be 

pointed out, however, that the only point at which the shearing 

stress is computed is at the root of the crack. 

6V 
T = 

xc 

bh 

- Vi. 
1 1 

(361 

where Vxc = the shearing force carried by the concrete above the 

top of the crack in the free body diagram of Fig. 7 

7?. = *1 

y, 
— = ratio of the distance from mid-depth to root of 

the crack (Fig. 15) and half the depth of the beam. 

2.5 Determination of Crack Path 

If T, f^ and CT^ at^,a certa^n P°*-nt **n t*ie beam are evaluated 3 

then from equation 22 ■ can be computed. In article 2.4 the 

me 

■V 
thods for evaluating “T , ffc and CT have been discussed. In this 
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article a numerical method for solving equation 22 along the crack 

path will be outlined. This is the same method as was used in Study 

I. The following steps are followed to integrate the differential 

equation numerically: 

(1) Assume the origin of the crack on the tensile face of the 

beam. If the co-ordinates of this point are ^0 and Tj0 then 

and g = 0 

(2) The co-ordinate is changed by a constant increment ISTj • 

If the depth of the beam is divided in N equal spaces thenA^= - 

in general terms 

(3) Assume a trial value of 

Assume initially that 

or in more general terms 

i-1 

(4) Calculate the horizontal increment or 

in general 

2 

<
N

||S
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(5) Calculate ^ 

- t + <A£ >x 

or 

t -Ci+ <A
^>I 

t 
(6) Compute new trial value for ^ l 

At this step ^ and 7^, or in more general terms and Tj are 

known. These are the latest co-ordinates. Knowing these, by resort¬ 

ing to the steps of article 2.4, f^, and^Tare computed. From 

this, by using equation 22 a new value of is obtained. Let 

this be (d4-)i • 

(7) Compare this calculated vale of ^ )^, with the trial 

value assumed in step 3. If the two values compare favorably then 

proceed to increment i + 1 and repeat steps 2-7. If not then take 
>- 

the calculated vale of (T
-
^—) • as a new trial, value and iterate dV 1 d£ 

through steps 2-7 until the two values of (-~^-) compare favorably. 

(8) Continue this process for successive increments of 

until either the crack comes out of the top of the beam or reaches a 

zone of pure-moment, when the computation for the determination of 

the crack path is stopped. 

2.6 Determination of the Load vs. Crack Depth Relationship 

The steps to determine quantitatively the relationship between 

load and crack depth are enumerated below. The method described 
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utilizes the crack path determination outlined in Section 2.5 and is 

the same as that adopted in Study I. 

(1) Assume the origin of the crack. 

(2) Assume gh. As the crack path has been predetermined, 

corresponding to this gh, the angle 0 is known. 

(3) The critical value of longitudinal stress at root of 

crack is obtained for the stress criterion of failure by 

the following relation. 

From equation 10 

(f ) ^t' CTlcr 

2(Tlcr -CTy (1- Sec(-29) ) 

1 + Sec (-20) 

For the strain criterion, from equation 11 

6 lcr " ~ a+fI 2)Sec(-2e)} CT 

(1-jLL) + (1 +jLO Sec (-20) 

(37) 

<ft>€ 

2E 

lcr 
(38) 

(4) In this step the total superimposed load required to 

produce the critical value of longitudinal stress at the 

root of the crack is obtained. This is the amount of load 

required to sustain the crack at the assumed depth, gh. 

2 
To obtain the total superimposed load V the value 

of.M (y“^cr should be known. 

1. The subscript CTicr or € ^cr denote that the flexural stresses 
corresponding to this condition. 

2. In this step and all subsequent steps the notation of the 
maximum principal stress criterion is used. Calculations for the 
strain criterion are completely analagous. 
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By substituting the value of f corresponding toO~^cr the four 

simultaneous equations 27, 28, 29 and 30, the value of f , f , f* 
css 

and M are obtained. If the magnitudes of f^, fg, f^ are within the 

elastic range, then from M, the load corresponding to this moment 

can be computed. This load will be the critical load (P) Q-^cr corres¬ 

ponding to the crack depth gh in step (2). 

If any of the values of f , f or f1 exceeds the elastic range, 
c s s 

then an elasto-plastic approach is adopted. This approach is essen¬ 

tially a method of successive approximations. Initially it is as¬ 

sumed that 

6 
c 

f 
c 

E 
(39) 

c 

Equations 35, 35(a), 32 and 39 are used in conjunction to find two 

successive values of6c which do not differ by an amount greater than 

2 x 10 7. if the value of SO obtained lies in the elastic range 

then the moment is computed from equation 34 and if it is in the 

plastic range then it is computed from equation 33. From this moment 

the corresponding critical load is obtained. 

Steps 2-4 can be repeated as many times as desired to find addi¬ 

tional corresponding values of crack depth and load. 

2.7 Stability of Tensile Cracks and Prediction of Beam Failure 

In a zone of combined shear and bending moment in a concrete 

beam two primary types of failure may occur, that is, a shear-compres¬ 

sion failure and a diagonal tension failure. 

*N0TE: All quantities like f 

to cr. 
lcr * 

f and f^ in this section correspond 
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On a load vs. crack depth curve, a shear-compression failure is 

indicated by Curve A, Fig. 30, which is the load vs. crack depth rela¬ 

tionship for one of the uniformly loaded beams investigated in this 

study. This failure is signified by the crack propagating stably into 

the beam with increasing load until the concrete in the zone of flexu¬ 

ral compression above the top of the crack fails in compression. By 

assumption 3 of article 2.1, the compression failure occurs at a 

limiting value of strain at the compressive face. 

The diagonal tension failure is indicated by the case B in Fig. 

30. For this case, following the first cracking of the beam, the 

crack depth increases stably with increasing load until at a certain 

crack depth a peak value of the load is attained. Beyond this point 

the crack progresses through the beam with decreasing magnitudes of 

the applied load. The above stages in the progress of the crack are 

observed from the load crack-depth relationship. 

There is a change in the load vs. crack-depth relationship 

with increasing distances of the crack origin from the plane of 

contraflexure. 

Close to the plane of contraflexure, indicated by curve C, Fig. 

29, the shearing stresses are predominent over the flexural stresses. 

As has been deduced in the study by Krahl, the load vs. crack depth 

relationship for this case indicates that the maximum load capacity 

of this crack occurs at initiation of the crack, after which the 

crack penetrates the beam depth with decreasing magnitudes of load. 

For a crack originating at a relatively larger distance from the 
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plane of contraflexure, indicated by curve B of Fig. 30, the load vs. 

crack depth relationship indicates a more stable state of crack propa 

gation up to the crack depth corresponding to peak load. If the 

origin of the crack is at still greater distances from the plane of 

contraflexure, but not beyond the zone of combined shear and bending 

moment, the failure may be a shear-compression failure. 

Owing to these variations in the load vs. crack depth relation¬ 

ships for different crack paths, different peak loads may be obtained 

for different assumptions of the crack origin, for the same beam the 

minimum peak value of load will hence be the critical load which the 

beam can sustain for the assumed crack path. 
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3. PRESENTATION AND INTERPRETATION OF RESULTS 

3.1 Scope of Computations 

The behavior of five different beams is studied analytically in 

this thesis. These beams are designated as beams 4 through 8. These 

beams were chosen originally in Study I, and represent a variety of 

loading conditions and a range of variation of the important variables. 

The beams are illustrated in Fig. 11, 12 and 13. Table 3 and 4 give 

a comprehensive description of the material properties and informa¬ 

tion on failure. 

In Study I many different crack paths were studied. In this 

study only those crack paths from Study I are re-analyzed where there 

is reason to suspect that the local stresses might bring about a sig¬ 

nificant change in the analysis. 

In Table 2, which follows, a tabulation is made of the combina¬ 

tions of assumptions by which the above beams have been studied in 

this thesis. Table 2 also shows what data from Study I can be used 

for direct comparison. 

Beam 4 through 8 were originally tested at the University of 

Illinois by Bower and Viest (12), by Bernaert and Siess (13), and by 

Feldman and Siess (14) . In the calculations of Study I the loads and 

reactions were assumed concentrated at a point for the beams support¬ 

ing concentrated loads, while for the beams supporting uniformly dis¬ 

tributed loads, it was assumed that only the reactions were concen- 
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TABLE 2 

BEAM 

NO. 

V 

CRACK 

ORIGIN 

Cm.) 

SOLUTIONS AVAILABLE 

STUDY I 
(No Local Stresses) 

STUDY II 
(With Local Stresses) 

STRESS 

CRITERION 

STRAIN 

CRITERION 

STRESS 

CRITERION 

STRA 

CRITE 

IN 

RION 

Dowel 
Forces Forces 

Dowel 
Forces 

With- 
Dowel 
Forces 

Dowel 
Foroes 

BiSSi 
Forces 

Dowel 
Farces 

DSII 
Forces 

4 8.7 Yes No Yes No Yes Yes Yes Yes 

5 21.0 Yes No Yes No Yes Yes Yes Yes 

6 21.0 Yes No Yes No Yes Yes Yes Yes 

7 12.5 Yes Yes Yes Yes Yes Yes Yes Yes 

8 9.25 Yes No Yes No Yes Yes Yes Yes 

8 18.5 Yes No Yes No Yes Yes Yes Yes 

trated at a point. In this study the loads and reactions are distri¬ 

buted over the bearing area that was actually used when the beams were 

tested, and all calculations are based on the exact moments and shears. 

3.2 Beam 4 

This beam is numbered as beam L2 in reference 14 and an illus¬ 

tration of this beam is shown in Fig. 11. The yield point of the 

reinforcing steel was 44 ksi, the value of f^ was 3,050 psi and that 

of f^ was 350 psi. The beam was reinforced in tension only with 

Ag = 2.00 sq. in. It was symmetrically loaded with two loads each 

at a distance of 20 in. from the reactions. The fatal crack in the 
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test originated at 8.7 in. from the reaction and is also the case as¬ 

sumed in this study. The loads and reactions were applied through 

stiff blocks 6 in. in length. 

(1) Crack Path 

The crack paths are plotted out in Fig. 16. The crack paths for 

both Studies I and II when dowel forces are not considered follow 

approximately the same path up to the mid-depth of the beam. As the 

load is distributed over a small length in this study, the crack path 

tends to lift above the crack path due to Study I until a depth close 

to the load. At this stage, the crack path tends to flatten out, and 

finally crosses and ends slightly towards the right of the crack path 

due to Study I. 

When dowel forces are considered, the crack path for Study II 

follows roughly the same path as that followed for the case when 

dowel forces were not considered, up to the mid-depth of the beam. 

This crack flattens near the vicinity of the applied load and its 

development is not computed beyond the zone of combined moment and 

shear. 

(2) Load vs. Crack Depth Relationships 

The load vs. crack depth relationships (Fig. 17 and 18) are 

plotted for both the stress criterion with and without dowel action 

and also for the strain criterion with and without dowel action. 

Stress Criterion: 

Referring to Fig. 17, up to the mid-depth of the beam for a case 

where dowel action is not considered, the plot for Study II is approxi¬ 

mately the same as the plot for Study I. For a condition of g = 0.5 
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to g = 0.8, the plot for Study II has slightly greater values of the 

load than for Study I. The difference between the two plots is much 

more pronounced from g = 0,8 to g = 1,0; this is so because of the 

importance of the local stresses near the load. The mode of failure 

for this particular crack for both Study I and II, however, remains 

the same, i.e., the failure is a diagonal tension failure with the 

maximum load occuring at the instant the crack initiated. 

For a case where dowel forces are considered (Fig. 18) the mode 

of failure is now changed to a shear-compression failure. For g=0.25 

to g=0.7 the crack is relatively stable. From g=0.7 onwards there is 

a sharp increase in load without any appreciable increase in the crack 

depth until a dimensionless load value of 1.746 is reached, beyond 

which there is no elasto-plastic solution. 

Strain Criterion: 

For a case where no dowel action is considered, the plot for 

the strain criterion (Fig. 18) for both Study I and Study II behaves 

in a manner analagous to that described for the stress criterion. 

The difference in the two criteria is that the stress criterion repre¬ 

sents a relatively more stable mode of failure than the strain criter¬ 

ion. For example, at a value of g = 0.65, the load that the beam 

withstands according to the stress criteria is greater by a value 

equal to 0,1164P 6lcr, than that obtained by the strain criterion 
bhE £ - 

c lcr 

of failure. 

The relative difference between the values obtained for Study I 

and Study II was also greater for the stress criterion than for the 

strain criterion. 



45 

When dowel forces are considered, the mode of failure of the 

beam is the same as for the stress criterion. The relative change 

between the stress and strain criteria observed when dowel forces 

were not considered is also evident for this case. The crack is less 

stable by the strain criterion and beyond a value of g = 0.9 and a 

dimensionless load value of 1.149 no elasto-plastic solution exists. 

3.3 Beam 5_ 

Beam 5 (Fig. 12) is different from beam 4 in that it is restrained 

at the reactions by means of an extra load acting on an extended over¬ 

hanging portion. Also the stiff blocks through which the "concent, 

trated" loads and reactions are applied are all 4 in. in length. This 

results in a somewhat greater concentration of bearing stresses than 

for beam 4. Another significant variation in this beam is that it is 

reinforced both in tension and compression. The crack origin studied 

here is x = 21 in. Details of this beam are enumerated in Table 3. 
s 

(1) Crack Path 

The crack when no dowel forces are considered (Fig. 19) for 

Study II closely follows Study I. The difference between the two 

paths is much less for this beam than it was for beam 4. 

When dowel forces are considered, up to the mid-depth of the beam, 

the crack path follows the same direction as for the case when dowel 

forces were not considered. As this crack approaches the vicinity of 

the load, it flattens out and computations for its development are 

finally stopped when it reaches a zone of pure moment. 

(2) Load vs. Crack Depth Relationships 

Stress Criterion: 

The load vs. crack depth relationship, (Fig. 20) for a case 
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where dowel forces are not accounted for, follows an interesting mode 

of behavior. Up to a value of g = 0.6, Studies I and II give very 

similar results. Beyond g = 0.6, as the local stresses are more pro¬ 

nounced, the plot for Study II lies slightly above the plot for Study 

I. From a value of g = 0.9 onwards there is a sharp increase in the 

load. Beyond g = 0.975 no computations are carried out. From the 

increase in the load capacity indicated for this crack which has 

xg = 21 in., assuming that the rate of increase remains the same be¬ 

yond g = 0.975, a shear-compression failure might be indicated. An 

extrapolated load at which failure of the beam may occur might be 

beyond a dimensionless load value of 1.535. If this were the case 

then xg = 21 in. does not give the critical location of the crack. 

In Study I an analysis has been made for a crack having xg = 12 in. 

This crack was located at some distance from the load, hence it would 

not be influenced significantly by considering local stresses. The 

failure of the beam for this crack origin was a diagonal tension 

failure, and as the maximum dimensionless load capacity for this 

crack, which is equal to 1.535, would now be the lowest for all the 

crack paths investigated; this would be the critical crack bringing 

about failure. When a comparison is made with experimental results, 

the critical crack originated at xg = 12 in., the mode of failure was 

a diagonal tension failure and the dimensionless load at failure was 

1.376. 

When dowel forces are considered the load-crack depth relation¬ 

ship being investigated follows the same general pattern. As the one 

for beam 4. Up to a value of g = 0.325 the plots follow the same path 

as the one when dowel forces were not considered. Beyond this point 
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there is a sharp divergence between the two plots. 

No plot was available from Study I for a case where dowel forces 

are considered and hence no comparison is made. 

Strain Criterion: 

The plot for the strain criterion (Fig. 21) follows the same 

general behavior as for the stress criterion. The difference between 

the two cases lies in the fact that the crack for the strain criterion 

is more unstable than that for the stress criterion. This means that 

the load required to drive the crack to a certain depth is less for 

the strain criterion than for the stress criterion. As no data be¬ 

yond g = 0.975 is obtained, it is difficult to say as to whether the 

plot for the strain criterion might behave similar to the stress cri¬ 

terion beyond g = 0.975. 

3.4 Beam 6_ 

This beam is illustrated in Fig. 12 and was taken from Reference 

12 in which it is termed Beam I A-8. All properties of this beam are 

very similar to those for beam 5, as may be seen from Fig. 12 and 

Table . Beam 6 has an f = 44.5 ksi and f1 = 3500 psi and an f = y c r r 

503 psi. The crack origin studied here is xg = 21 in. 

(1) Crack Path 

The crack paths (Fig. 22) for Studies I and II when no dowel 

forces are considered follow approximately the same direction. Even 

close to the point of load application there is very little differ¬ 

ence between the crack path due to Study I and Study II. 

When dowel forces are considered, the crack path flattens out 

and as for beam 5 is stopped when it reaches a zone of pure moment. 
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(2) Load vs. Crack Depth Relationship 

Stress Criterion: 

The load vs. crack depth relationship for a case where no dowel 

action is considered (Fig. 23) follows the same path for both Studies 

I and II up to the mid-depth of the beam, i.e., up to g = 0.5. Beyond 

g = 0.5 the plot for Study II lies slightly above the plot for Study I 

It would be expected that as the applied load is distributed over a 

smaller length (4 in.) than it is for beam 4 (6 in.), the difference 

between the plots for Studies I and II in a region close to the load 

(for g=0.6 to g = 1.0) would be even more pronounced than that for 

beam 4. This is true for crack depths of the order of g = 0.6 to 0.9, 

but from g = 0.9 to 1.0, the difference between Studies I and II is 

greater in beam 4 than in beam 6. The crack in beam 6 regains sta¬ 

bility from a crack depth of g = 0.25 onwards up to g = 0.65 after 

which there is instability until total failure occurs. The fail¬ 

ures for both Study I and Study II are diagonal tension failures. 

When a comparison of beam 6 is made with beam 5, even though the ori¬ 

gin of the crack is at the same distance from the plane of contraflex- 

ure and beam properties are very similar, the modes of failure are 

different for the two. In beam 6 it is a diagonal tension failure 

and in beam 5 a shear compression failure. This illustrates how sensi 

tive the mode of failure can be to slight variations in fundamental 

properties, under some circumstances. 

The plot when dowel forces are considered follows the same 

general trend as is evident from beams 4 and 5- Up to a value of 

approximately g = 0.35 the plot is the same as the one when dowel 

forces were not considered. Beyond this point there is a significant 
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divergence between the two plots, until beyond a value of g = 0,8, 

when the plot is almost vertical. 

Strain Criterion: 

The plot for this criterion of failure, for a case where no dowel 

action is accounted for, follows essentially the same behavior as for 

the stress criterion. The only difference between the two cases is 

that the failure due to the strain criterion represents a relatively 

more unstable state than for the stress criterion. The failure indi¬ 

cated for this crack for this case was also a diagonal tension failure. 

When dowel forces are considered, the plot is almost the same 

as the one for the stress criterion, the difference being that, as 

is usual, the strain plot indicates lower loads for the same crack 

depth. 

3.5 Beam 7_ 

Beam 7 has been chosen from Reference 13 in which it is termed 

beam D2. This beam is illustrated in Fig. 13. The beam is reinforced 

in tension only with the area of steel equal to 2 sq. in. The steel 

was intermediate grade having a yield point equal to 44.5 ksi, the 

compressive strength of the concrete is 5590 psi and the modulus of 

rupture of the concrete is 520 psi. The beam has a uniformly distri¬ 

buted load and is supported at each end on steel blocks 6 in. in 

length. The crack path investigated has its origin at a distance of 

12.5 in. from the support. 

(1) Crack Path 

As has already been the case, the crack paths for both Study I 

and Study II follow approximately the same path up to the mid-depth 
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of the beam. 

Beyond the mid-depth when dowel forces are not considered, the 

crack path for Study II is slightly above that for Study I (Fig. 25). 

The reason for this deviation is that the uniformly distributed load 

above the crack path gives rise to local stresses which in turn cause 

a decrease in the magnitude of 0, thus raising this crack path. 

When dowel forces are considered the crack path flattens out. 

In fact, the crack path becomes nearly parallel to the beam axis 

when its location is close to the compressive face of this uniformly 

loaded beam. The development of the crack is stopped at the mid-span 

of the beam. 

(2) Load vs. Crack Depth Relationship 

The load vs. crack depth relationship for the stress criterion 

is illustrated in Fig. 26 and for the strain criterion in Fig. 27. 

Stress Criterion: 

For Study II the plot for the stress criterion (Fig. 26) when 

no dowel forces are considered, follows the same general path as that 

obtained for Study I. The plot for Study II lies slightly above that 

for Study I. As the cracking load for this beam occurs at a value of 

CTlcr 
  equal to 1.004, Study II gives slightly better results re- 

U lcr 
garding the failure of the beam than that obtained by Study I. 

Another characteristic of the plot is that up to a value of approxi¬ 

mately g = 0.3 the curves for both the studies are the same, beyond 

which they deviate. This is unlike the state for beams 4, 5 and 6, 

where up to a value of g = 0.5 the two curves were almost coinciding. 
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The reason for this slight variation is that all points on a crack in 

a uniformly loaded beam lie ’'beneath11 the load, and hence tend to be 

influenced by local stresses, while in a beam with "concentrated" 

loads, only a small portion of a curved crack can lie beneath the 

bearing area, and hence a greater portion its length is unaffected 

by local stresses. The crack for Study II is slightly more stable 

than the crack for Study I and the failure indicated for this crack 

is a diagonal tension failure. 

For a case where the dowel forces are considered, the plots for 

both Studies I and II are illustrated also in Fig, 26. The failure 

of the beam for this case consists in a shear-compression failure. 

The plot for Study II lies above that for Study I, the difference be¬ 

tween them gradually increasing. In other words, the crack becomes 

more and more stable for Study II than for Study I, with increasing 

crack depths. At a value of g = 0.8 there is no elasto-plastic 

solution for the load. The load at this point is 15.37o greater for 

Study II when compared with Study I. This load is well above the 

measured ultimate load of the beam. 

Strain Criterion: 

The plot for the load vs. crack depth relationships both with 

and without dowel forces are illustrated in Fig. 27. 

For a case where dowel forces are not considered, there is very 

little difference between the plots for Study I and Study II. The 

relative difference is much less than that obtainable from the stress 

criterion. The mode of failure for Study I and Study II is the same, 

i. e., a diagonal tension failure. The maximum load is well below 
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both the cracking load and the ultimate load for the beam, when it 

was tested. 

For the case where the dowel forces are taken into account, the 

mode of failure for both Study I and Study II remains unchanged, and 

a failure in diagonal tension is indicated. The difference in the 

magnitude of loads sustained for Studies I and II is pronounced, par¬ 

ticularly so around the region of crack depth where the maximum load 

that the beam can sustain is signified. The maximum dimensionless 

load, though much greater than for the case where dowel forces were 

not considered, is still less than both the measured cracking load 

and the measured ultimate load for the beam. 

3.6 Beam 8 

Beam 8 is also a uniformly loaded beam and has been chosen from 

Reference 13 wherein it is tagged as beam No. D13. Reinforcement with 

a higher yield point is used in this beam which is reinforced in ten¬ 

sion only. The yield point of the steel is 67.3 ksi, the compressive 

strength of the concrete is 2,780 psi and its modulus of rupture is 

446 psi. On comparing beams 7 and 8, beam 8 has much less tensile 

steel than beam 7, but the steel in beam 8 has a higher yield point. 

The concrete in beam 8 has a much lower compressive strength and 

modulus of rupture than that in beam 7. The spans and concrete 

dimensions were the same. When these beams were actually tested by 

Bernaert and Siess(13)> beam 7 was found to have a much higher 

cracking load (37.6 kips) and ultimate load (49.6 kips) than beam 8 

(22.8 kips and 24.5 kips respectively). 
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(1) Crack Path 

The crack paths as determined are plotted out in Fig. 28. Two 

different crack paths are investigated. One of them has its origin 

at a distance of 9.25 in. from the support while the other has its 

origin at a distance of 18.5 in..from the support. There is no dif¬ 

ference in the manner the cracks progress when a comparison is made 

with beam 7. Both crack paths, when no dowel forces are considered in 

beam 8,for Study I and Study II follow roughly the same course up to 

the mid-depth of the beam beyond which the crack path for Study II 

lies slightly above the crack path for Study I. 

When dowel forces are considered, as has been observed till yet, 

the crack paths tend to flatten out near the vicinity of the applied 

load. The crack path for Study II for this case, when xg=9.25 in. 

terminated 4.21 in. to the right of the corresponding case without 

dowel forces in Study .1, For xg= 18.5 in. the crack path is similar 

as the one in beam 7. It is almost parallel to the compressive face 

of the beam and is terminated when it reaches the mid-span of the 

beam. 

(2) Load vs. Crack Depth Relationship 

Stress Criterion: 

The load vs. crack depth relationship for this criterion is 

illustrated in Fig. 29 when the crack origin is taken at a distance 

of 9.25 in. from the support and in Fig. 30, when the crack origin is 

taken at a distance of 18.5 in. from the support 

For a case when x = 9.25 in. and no dowel force is considered, 

the plots for Study I and Study II lie close to one another (Fig. 28). 
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Up to a value of g = 0.4 these curves on the plot appear almost conin- 

cident. Beyond g = 0.4 there is some deviation up to a value of g = 

0.9 after which the two plots are again almost coincident. It is to 

be noted that, for both Study I and Study II, the peak load which this 

crack.will support is the load at the initiation of the crack, after 

which a sudden diagonal tension failure is indicated. As the effect 

of local stresses at the origin of the crack is zero, no difference 

between Study I and Study II is evident at that point. 

For a case where dowel forces are considered the plot for this 

crack path (Fig. 29) signifies a much more stable state of crack pro¬ 

pagation. The plot which is obtained for only Study II consists of 

a shear-compression failure. There is no data available for this 

case for Study I, hence no comparison is made. 

When the crack origin is at a distance of 18.5 in. from the plane 

of contraflexure (Fig. 30), which also happens to be the origin of 

the fatal crack when the beam was tested, a slightly different pic¬ 

ture is obtained. 

For a case where no dowel forces are considered, the develop¬ 

ment of the crack is more stable and the difference between the plot 

for Study I and the plot for Study II is also more significant, par¬ 

ticularly so around the region of peak load. The indication is that 

this crack would fail in diagonal tension. 

When dowel forces are considered, the mode of failure of the 

beam changes to a shear-compression failure, the steel yields and the 

p 
concrete fails at a magnitude of Q~lcr 

bh CT, 
lcr 

of 1.291. 
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Strain Criterion: 

Referring to Fig 31 and Fig. 32 for the cases where the origin 

of the crack is at a distance of 9.25 in. and 18.5 in. from the sup¬ 

port, the difference between Study I and Study II is even less than 

for the stress criterion. The mode of failure and the progress of 

the crack is the same. The only difference between the stress and 

strain criteria for these crack paths is that the crack for the 

strain criterion is somewhat less stable. 

When dowel forces are considered, there is a significant change 

in the load vs. crack depth relationships. When the crack origin is 

at a distance of 9.25 in. (Fig. 31) from the support, the failure con¬ 

sists of a diagonal tension failure. The plot indicates that the 

crack is unstable up to a value of g = 0.3 after which stability is 

regained until it reaches a peak value of € ler = 0.7045 at a 
bhE 6 , 

ler 
value of g = 0.85, after which there is a steep drop in the load 

capacity. The load so obtained predicting the failure of the beam is 

7.7% less than the actual value of load at which the beam failed. 

For the case where the origin of crack is now at 18.5 in. (Fig.32),’ 

and dowel forces are considered, the failure of the crack indicates 

a shear-compression failure, where the peak load, beyond which there 

is no elasto-plastic solution, occurs at a magnitude well above the 

actual load at which the beam failed. 

3.7 Predictions of Beam Failure 

By the term "prediction of beam failure", it is meant as to what 

state of failure is indicated for the respective crack paths analyzed, 

when comparisons are made with the test results, and also with the re¬ 

sults obtained from Study I. 
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There is no improvement in the prediction of failure for beam 4 

in Study II when a comparison is made with Study I. When a compari¬ 

son is made with the experimental results, the predicted peak load 

is 64% less. The peak load obtained from both Study I and Study II 

in dimensionless form is 0.736 while that obtained from experimental 

results is 2.071. The mode of failure for both Study I and Study II 

is a diagonal tension failure while when the beam was tested, a shear 

compression failure was obtained. 

Beam 5 shows the most significant change when a comparison is 

made with both Study I and with the test results. Study I predicted 

that the beam would fail in diagonal tension, for a stress criterion 

with no dowel force, at a dimensionless load value of 1.033 when x = 

21 in. Study II for this crack might indicate that the beam would 

fail in shear-compression at a higher load. This leads one to assume 

that the mode of failure might not be signified by this crack path , 

but the crack path in Study I in which x = 12 in. The peak load in- s 

dicated for this crack path is 12% greater than that for test results 

instead of being 25% lower when xg= 21 in. in Study I. 

In beam 6 for x = 21 in. and when the stress criterion of fail- 
s 

ure with no dowel force is assumed, Study I gives a peak load pre¬ 

diction which is 29%> lower than the experimentally obtained value 

while Study II gives a prediction which is 26% lower. This means 

that for these set of assumptions, Study II gives an improvement of 

3% over Study I. When a strain criterion of failure with no dowel 

force is assumed, the improvement of Study II over Study I is 1%>. 
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In beam 7, for x = 12.5 in., for the stress criterion of failure 
s 

with no dowel forces, the result obtained from Study I is 38% lower 

than the experimental results. In Study II the result is 37% lower. 

The improvement owing to local stresses is hence 1%. When the strain 

criterion with dowel force is assumed the results of Study I are 35% 

low while those of Study II are 32% low. This will mean that there 

is an improvement of 3% in the results. When no dowel forces for the 

same mode of failure are assumed, both Study I and Study II give re¬ 

sults which are 47% lower than the actual load value; hence no im¬ 

provement is evident. 

In beam 8, the stress criterion with no dowel force, for Study I 

gives results which are 267> lower than the experimental results. The 

same result is obtained for Study II hence there is no improvement in 

the overall load capacity prediction. For the strain criterion with 

no dowel force, the results from Study I are 32% lower while for Study 

II, they are 31% lower than the experimental results. 
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4. CONCLUSIONS 

4.1 Conclusions 

In order to determine the degree that the local stresses influ¬ 

ence beam behavior, certain quantitative comparisons have been made 

of the results of analytical studies both with and without considera¬ 

tion of local stresses. Specific conclusions from these comparisons 

may be classified into two groups: effect of local stresses on the 

crack path, and effect of local stresses on the load vs. crack depth 

relationship. It should be pointed out that in all cases considered 

here, the local stresses were created by the application of loads 

and reactions through bearing on the top and bottom surfaces of the 

beam. 

(a) Effect of Local Stresses on the Crack Path 

(1) For all the different types of beams studied, the 

crack path does not undergo any significant change from the tensile 

face of the beam up to approximately the mid-depth of the beam. The 

reason for this behavior is that local stresses are not significant 

enough to bring about any appreciable change in the crack path at 

distances greater than half the depth of the beam from the point of 

load application. 

(2) For those beams analyzed which had both tensile and 

compressive reinforcement, the change brought about in the crack path 

owing to the influence of local stresses is smaller than in the other 

beams analyzed, which had only tensile reinforcement. 
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(3) In the beams having a uniformly distributed load, the 

crack paths for Study II always lie above the corresponding crack 

paths for Study I. 

(4) From approximately half the depth of the beam up to 

the compressive face of the beam, the difference between crack paths 

for Study I and Study II is more significant for the uniformly loaded 

beams than for the beams supporting concentrated loads. The reason 

for this seems to be that a greater portion of the crack length is 

affected by local stresses in a uniformly loaded beam than in a beam 

with concentrated loads, since all points on a crack are beneath the 

bearing area in a uniformly loaded beam, while only a small portion 

of a curved crack can be beneath the bearing area of a concentrated 

load. 

(b) Effect of Local Stresses on the Load Vs. Crack Depth . 

Relationship 

(1) For a case where the beam is loaded with concentrated 

loads, the load vs. crack depth relationship does not indicate any 

significant change for cracking up to the mid-depth of the beam. 

(2) In the load vs. crack depth relationship, the greatest 

difference in load between Studies I and II for the concentrated load 

case occurred at that crack depth which put the crack in the immedi¬ 

ate vicinity of the load application. 

(3) For the uniformly loaded beams, the greatest differ¬ 

ence in load between Studies I and II occurred at that crack depth 

which corresponded to the peak load of the curve. 

(4) The mode of crack propagation, as signified by the 

load vs. crack depth relationship, is somewhat more stable when local 
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stresses are considered than when they are not. 

(5) In all cases for loads and reactions applied as they 

were in these particular beams, consideration of local stresses either 

increased the predicted value of the failing load or left it unchanged. 

(6) For the particular combination of assumptions used in 

this study and when dowel forces are not considered, the consideration 

of local stresses improves the predictions of beam failure when com¬ 

pared with test results. 

(7) In all the 5 beams studied, for the cases in which 

direct comparisons between Study I and Study II could be made, a 

consideration of local stresses changes the prediction of beam fail¬ 

ure significantly in only one case. This change is in beam 5 wherein 

a different critical crack location is indicated from that of Study I, 

and also a much larger load capacity. Predicted mode of failure is 

the same. In all the other beams, the location of the critical crack 

remained unchanged. 

(8) The numerical computations indicate that dowel forces 

in the tensile reinforcement exert a greater influence on beam fail¬ 

ure than do the local stresses. 

4.2 Summary 

In all the beams analyzed, the load stresses tend to stabilize 

the development of the crack over the case when local stresses are 

not considered. 

In most cases a consideration of the local stresses does not 

significantly change the predicted load carrying capacity of the beams. 
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This is particularly so for beams supporting concentrated loads where 

the change brought about due to the local stresses is only in a region 

close to the applied load. In the uniformly loaded beams there is a 

slight increase in the predicted load capacity. 

The exception to this rule is beam 5 for which a consideration 

of local stresses led to predictions of increased load capacity and 

a different location of critical crack, both predictions being in 

better agreement with test results than were those of Study I. 
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FIG. 1 STRESS-STRAIN RELATIONSHIP FOR REINFORCING STEEL 

f 

qfcr 

TENSION 

7i 
1 ' / 

' ' / 
1 1 / 

lcr 

l i / 
I 

f 
P 

COMPRESSION 
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FIG. 10 STATE OF STRESS AT ROOT OF CRACK IN REGION 

OF COMBINED SHEAR, AND BENDING MOMENT 
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DISTRIBUTION OF 
SHEARING STRESS 

FIG. 14 

DISTRIBUTION OF SHEARING STRESS ON THE 

CROSS-SECTION OF AN ELASTIC, HOMOGENEOUS, 

UNCRACKED' RECTANGULAR BEAM " 

CROSS-SECTION 
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DISTRIBUTION: OF SHEARING STRESS 

FIG* is: • 

POSSIBLE DISTRIBUTION..OF SHEARING STRESS ON THE 
UNCRACKED AREA OF A REINFORCED CONCRETE BEAM 
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CRACK PATHS, BEAM 4 
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FIG. 18 LOAD VS. CRACK DEPTH RELATIONSHIPS 

BEAM 4, STRAIN CRITERION 

x = 8.7 in. 
s 



80 



81 



82 



83 



84 



€
 l
c
r
 

85 

PM 

FIG. 24 LOAD VS. CRACK DEPTH RELATIONSHIPS 

BEAM 6, STRAIN CRITERION 

x = 
s 

21 in. 



86 

c: 

Study II ^ Study II JT\ “““I 

1 

55" 

x =12.5" 
, sf x 

STRESS CRITERION 

( 

55" 

STRAIN CRITERION 

FIG. 25 

CRACK PATHS, BEAM 7 



87 

■  x= 

X r = 12.5" 
sf 

=r* 

110" 

FIG. 26 

LOAD VS. CRACK DEPTH RELATIONSHIPS 
BEAM 7 ̂ STRE^ CRITERION 

sf 1 



88 

110" 

1 6" i 
■■ J i i t L - 1 

CTN 
. 

1
2
"

 ti
 

XJ xsf-12.5" = r 
rn — - 

LOAD VS. CRACK DEPTH RELATIONSHIPS 

BEAM 7, STRAIN CRITERION 

x = 12.5 in. 
sf 



89 

Study II 
with dowel force 
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CRACK PATHS, BEAM 8 
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APPENDIX A 

Description of Computer Program 

Basically the computer program formulated by Krahl in Study I 

was utilized in this analysis. 

The same flow diagram (Fig. 33) as is used in Study I is followed, 

The changes that have been made in this program are that when the cr 

crack path coordinates are calculated, the local stresses are deter¬ 

mined and included. Calculations in the determination of the load 

vs. crack depth relationship were also carried out with the inclusion 

of these local stresses. 

The program for the determination of (J^. was originally formu¬ 

lated and tested for different cases on the IBM 1620 computer. The 

time that this computer took in determining this value at one point 

was 7 minutes. 

The main program was written in Fortran II and was run on an 

IBM 709 computer at Texas A 6c M University. The analysis of one 

crack path took from 23 to 36 minutes excluding compiling time which 

was roughly 9 minutes. 


