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Abstract 

ERROR ANALYSIS OF OPTICAL MATCHED FILTER 

Chla-hsiung Lin 

The degradation of performance of optical matched 

filters due to translation and rotation is examined. 

Included is a similar discussion due to variation in 

signal sizes. A rectangular signal is employed in carrying 

out the analysis. As a result of which the estimation of 

the allowed position errors in distinguishing signals of 

different sizes can be made. 
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I. Introduction 

The Fourier transform relation that exists in an optical 

system has made optical filtering possible. In optical 

systems, this filtering can be synthesized either in the 

frequency domain or in the spatial domain. The following 

development uses frequency plane processing: the filter, a 

complex transmittance function, is introduced into the fre¬ 

quency domain and. operates directly on the signal frequency 

spectrum. 

The filter which maximizes the ratio of peak detected 

slgnal-to-noise in the detection of a signal of known form 

in additive, stationary noise is called a matched filter. 

However, this ratio will be greatly reduced if the filter 

is not placed precisely on the optical axis. In this paper, 

we treat the following cases: (1) translation and rotation 

of filter in the frequency plane, (2) rotation of the signal 

in the input plane, (3) variation of signal scale. To mea¬ 

sure the reduction of the output light intensity, we define 

a 11 reduction index R. When R is so large that the output 

is below the threshold level, the system fails to detect the 

signal. In section III, we give the error analysis. The 

analysis allows one to find the translation and rotation 

permitted in the system for given R. 

Since the position errors considered are all very small, 

a Taylor series expansion may be used. The rectangular 

aperture has been used as an example to demonstrate the 

results. 
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II. Background 

2-1. Matched Filtering 

The matched filter is an optimum linear filter for 

detecting the presence of a deterministic signal in additive, 

stationary noise. It is used when it is necessary to deter¬ 

mine whether an input signal contains signals of known form. 

The filter increases the ratio of the peak signal power to 

mean square noise by concentrating all of the signal energy 

into a relatively short duration or into a small region 

while allowing the noise to remain distributed over the 

original observation time or over the original region. 

Consider the following processing system ( Pig.2-1 ) 

n(x,y) is homogeneous isotropic random process with 
power density spetrum N(p,q),and 

s(x,y) is the signal of known form 

Fig.2-1 

We wish to determine the optimum filter under this situation. 

The signal part of the output is 

r (x,y) =—^-J7s(p,q) H(p,q) e
i^px+qy^ dp dq 

W ii 
(2-1) 

and 

M.S.N.(Mean square noise) 
~~2 ff N(p.q) |H(p,q)| 2 m2 U dp dq 

(2-2) 
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Then the ratio of the peak signal power to mean square noise 

is 

s (x,y)| 
2 h^r-j] 3(P.<l) H(p.q) e1(Px^y> dp dq; 

M*S N* “2“// |H(p.q)| 2 dp dq 

< 1 N^p>q-^ dpdq3f]||H(p,q)|2N(p,q)dpdq] 

^ jj |H(p,q)| 2 N(p,q) dp dq 
-CO 

GO 

-~w-\\ N(p’q) dp dq t2_3) 

The equality will hold.i.e. the peak signal to noise ratio 

is a maximum, when 

H(p,q) = K ■ 
N(p,q) 

(2-4) 

And the signal power to M.S.N. ratio is 

K 

47T 
ff dp dq . K f].8(p,q.) S(p,q) dp dq )) Nlr>.a) IITT* JJ N(p,q) 

(2-5) 
Prom Eq.2-4 we see that under the given constraints the 

optimum filter is proportional to the complex conjugate of 

the signal spectrum divided by the noise spectrum density. 

As the special case when N(p,q) is uniform, then 

H(p.q) = K« §(p,q) 

The output of the system is 

r(p,q) = -Mjs(p,q> --S(-P'-q-1 ei(px+W>dp dq 
4Tr -» N(p,q) 

or 

(2-6) 

(2-7) 
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= __1 ff K» S(p,q) S(p,q) ei(pX+qy)dp dq (2-7a) 
47T2 !J 

when the noise power spectral density is uniform. 

2-2. Analysis of Optical Systems 

The existance of the Fourier transform relation between 

the light amplitude distribution at the front and back focal 

planes of a lens in a coherent optical system allows one to 

perform optical filtering by arranging a sequence of lenses 

which forms a succession of Fourier transform planes. This 

kind of optical systam behaves analogous to an electrical 

filter. But it is superior to the latter because it has 

two degrees of freedom which can handle two dimensional 

operation without resort to scanning as required by an elec¬ 

trical filter. 

Consider the optical system shown in Fig.2-2 

n ?2 
L2 

A 

V 
q) 

f(x,y) is the amplitude of the transmitted light from 
the transparency in P^, and 

F(p,q) is complex amplitude distribution in Pg. 

Fig.2-2 
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It has been shown by Rhodes that f(xty) and F(p,q) form a 

Fourier transform pair to within a phase factor 

where p is a function of distance d. This factor does not 

affect the light distribution of Fourier relation. When d=f, 

— 0, the exact Fourier transform will exist between f(x,y) 

and F (p, q), i. e. 

F(p,q) =jj f(x,y) e“i^px+qy^ dx dy (2-8) 
-Cb 

where p and q represent spatial frequency variables having 

the dimension of rad/ unit length. The latter are related 

to the coordinates £,7 by the equarions 

p q = q (2-9) 

where 

A is the wave length of the illumination, and Ak = 2TT 

f is the focal length of the lens. 

By this relation, a set of lenses can be properly 

arranged to process in the frequency plane. Fig.2-3 shows 

an optical system for this purpose. The input signal is the 

transparency described by f(x,y) in P^ At P2 we have a 

spatial display of the Fourier transform of f(x,y). Lens 

1>2 takes a second Fourier transform, thus restoring the 

original signal at P^. 

If we put a transparency whose amplitude transmission 

is H(p,q) at P2, the light distribution immediately after 

it is F(p,q)H(p,q). Then the observed output at P^ will be 



0(x,y) = 1 
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, ff F(p,q) H(p,q) e
i^px+qy^ dp dq (2-10) 

4TT -J 

frequency output 
plane plane 
H(p,q) 0(x,y) 

f(x,y) is the input transparency, 
H(p,q) is the filter function 

Fig.2-3 

The transparency H(p,q) modifies the spatial frequency 

content of the signal f(x,y), and thus is directly analogous 

to an electrical filter. When the matched filter is used 

the output becomes 

0(x.y) ei(px+qy) dp dq 
W2 ii N(p,q) 

(2-11) 

2-3* Realization of the Matched Filter 

To realize the function F(p,q) = , we usually 
- N(p,q) 

realize — -4  and S(p,q) separately. The realization of 
N(p,q) 

the latter is difficult, because a physical recorder (film) 

or detector measures only the light intensity. One way to 

make the filter retain the phase information as well as 

amplitude is to make use of a reference light beam in addi¬ 

tion to the signal in producing the filter. Fig.2-4 shows 
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a system for this purpose. 

Pig.2-4 The optical system used to realize the 
matched filter. In this system, a second light 
beam is used as reference. The film at P£ will 
record both amplitude and phase information. 

In this system we put P^ and P£ at the front and back 

focal planes in order to having an exact Fourier transform 

relation between two light distributions. Two mirrors used 

give a reference light vrhich will modify the light distri¬ 

bution at Pg. Suppose the reference light R(p,q) has cons¬ 

tant magnitude and linear variation in phase,i.e. 

H(p,q) = Rce
ic*P (2-12) 

where 

Ot= -JL2L = 27T Sin—(2-13) 
L A 

When we record the information at ?2 on film the light 

intensity distribution is 
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H(p,q) = |s(p,q) + R(p,q)| 2 

= |SJ
2
+|R0|

2
+ 2ROSO0OS( <£> - o(p) (2-14) 

where 

S(p,q) = s0
ei<^P’q^ (2-15) 

Eq.2-14 shows that the nonnegative H(p,q), which contains 

all the Information (. amplitude and phase ) has been realized. 

When this and the film on which   -- is realized are put 
N(p,q) 

together, then the combined transparency is exactly the 

matched filter function. 

We will examine the result when this filter is put at 

P2 of the system in Fig.2-4. The combined transparency is 

H(p_,_q) = 1RO1
2
'H
S
O12 + R(u,q) S(p,q) R(p,c) S(p,q) 

N(p,q7 N(p,q) N(p,q) THpTql 

= lRol2 * 1 Sol2 , RoS(p,q) e-lc<p + Ro S(p,q) jocp 
N(p,q) N(p,q) N(p,"q) 

(2-16) 

The output at P^ is 

0(x,y) = 
-Vi! F(p,q)-ffij.lj. dp dq 4Jr U N(p,q) p uq- 

F(p,q) lR°L-tJ£.°l„ eKpx+qy) dp dq 
4TT2 U N(p,q) QP q 

+ 
4TT2 l fj F(p.q) “00 

M*PliLel(p(x-«)+qy) 
N<P,q) 

dp dq 

+ 1 
47T2 

■Jjp( p.q) 
R0S(p,q) 

N(p,q) 

ei[p(x+c<)+qy}dp d4 

(2-1?) 
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The first image, which occurs at x = 0, y = 0, is a 

distortion term, and the second one at x = +c<, y = 0 is 

the convolution of the input signal and the filter, while 

the third term, located at x = -crt, y = 0 is the cross¬ 

correlation of the signal and the filter. When the input 

signal F(p,q) is the one we want to detect,i.e. F(p,q) = 

S(p,q), the third term will be exactly the one we have 

defined in Eq.2-7. When the value of c* is large enough, the 

three terms in Eq.2-17will not overlap. We can easily sepa¬ 

rate them and examine them individually. To satisfy this 

condition, o( should be larger than -2—w, vrhere w is the 

width of the input signal. In the system we use, 0< is de¬ 

termined solely by the inclination of the mirrors; therefore, 

it can always be made to satisfy the condition stated above. 

We shall assume this is always true in the following develop¬ 

ment, the consideration of the third term will be genex-al 

enough. Therefore, one can with a physically realiable 

optical system perform matched filtering. 
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III. Error Analysis of Matched Filter 

In this section we will examine the effects of errors 

of the optical matched filter due to incorrect position on 

the performance in a real system. In general, the errors 

will be caused by translation, rotation,or scaling of either 

the signal or the filter. A reduction index is defined which 

measures the decrease of output light Intensity. 

3-1. Slgnal_5M£tLiiig._and_ Error Consideration of Matched 

Filter due to Translation 

A signal s(x,y) centered on the axis ( Fig,3-la ) is 

placed at P^ of the system shown in Fig.2-3» At P2 the 

signal spectrum will be 

(3-D 

When the signal is shifted to ( a, b ), we have 

S*(p,q) = jj s(x-a,y-b) e"5-(Px+<ly) dx dy 

= SCp.q) e"*(
aP+^tl) (3-2) 

y y 

(a) (b) 

Fig.3-1 
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Comparing Eq.3-1 and Eq.3-2, we see that S'(p,q) is 

simply multiplication of S(p,q) by With a 

filter at Pg the output at P^ will be 

O'(x,y) = -Vf] s(p.Qt) e-l(aP+b4) H(p,q) el<P*+W> 
-CD 

dp dq 

= 0(x-a,y-b) (3-3) 

where 

0(x,y) S(p,q) H(p,q) ei(px+qy) dp dq (3-4) 

This shows that the output will have the same magnitude, 

but will be located at the point (a,b) of P^. It will not 

present any difficulty for signal detection. The situation 

will change drastically when the filter is shifted, because 

the whole light distribution has been changed. 

If H(p,q) is translated by c<and in x and y directions 

respectively, the the output is 

0(x,y) = = *~2”|} s(P*l) H(p+t*,q+0) e
1^px+qy^dp dq 

= —Z2”"jj j| s(x,*y') e”1 (P^^y*) dx’ dy’ 
^' -CO -00 

H(p+o(lq+j0) e1 ( Px+qy) dp dq 

CO _ 
CO 

= |J s(x*,y‘) dx’ dy1 —L— jj H(p+c*,q+/9) • 

-co 47T 

eiCp(x-x«)+q(y-y»)3 dpdq 

(3-5) 

Let p + c* = P* q + /3 = q* 
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0»(x,y) =Jj S(x*,y») ax* dy* — 
-CO * -CO 

j! 

eiC(p
,-^)(x~x,) + (q,-*je)(y-y

,))dpi dqi 

= jj s(x* ,y1) h(x-x' ,y-y*)(x—x* )+(y-y ^^xidy» 
-CO . 

(3-6) 

Eq.3-6 provides a possible way to analyze the error due 

to the translation c< and (5. When cA and p are small the ex¬ 

pression can be expanded by Taylor series. 

e-i[oc(xrx')+/?(y-y'))_ ! . lCo<(x.x.)+^(y.y.)] 

 i-ftffx-x'H^y-y'))^ ••• (3-7) 
2 

and 
CD 

0'(x,y) = jj sfx’.y') hfx-x’.y-y’) dx1 dy’ 
-CD 

CO 

- i [|[<X(x-x,)+/5(y-y,)l s(x',y•)h(x-x»,y-y*)dx*dy* 
-CD 

- -1 J|[o((x-x1 )+^(y-y * )]2s(x* ,y1 )h(x-x’ ,y-y • )dx’dy1 

^ -CO 

-   (3-8) 

Since the first term in this equation is 0(x,y), the 

remaining terms can be considered as the errors. We have 

mentioned that the physical detector can record the intensity 

only, the observed error,therefore,will be e =|o(x,y)|^- 10* (x,y)|2. 

To measure the filter performance, we define the reduction 

index, R, by 

= |o(x»y)l2 -10*(x,y)|2 

10(x,y)| 2 

R (3-9) 
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R gives the amount of light intensity reduced when the error 

is introduced. 

To illustrate the method stated above, we consider a 

rectangular signal of known size (Fig.3-2) 

y 

-a 

-b 

Fig.3-2. Rectangular signal 

For this signal, the reduction index can be found exactly 

by using Eq.3-6. To make the calculation simpler, we assume 

the noise background is white. Thus the matched filter is 

r— , 
H(p,q) =KS(p,q) (3-10) 

where 

S(p.q) = C JJe-i(PX
+<iy> dx ay 

-oo 

= C- 2a-Sln_ap_ . , Sin bp 2b 

ap bq 

C D -3lq~ap. 
ap 

Sin bq 

bq 
(3-11) 

D is the area of the signal. (Here K*is assume to be unity) 

When this signal and the filter are placed on the optical 

axis, the desired output is 

0(x,y) ~2~jJ S(p,q) e
i(px+qy) dp dq 
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=    [ f ( CD )2*  Sinjbg._el(px+qy)dpdq 

4JT2 'J (ap)2 (bq)2 

= C2(2a-x) (2b-y) (3-12) 

and the intensity is 

|o(x,y)| 2 = C^(2a-x)2(2b-y)2 

= (2a-x)2(2b-y)2 (3-13) 

when C = 1 

When the filter is translated, the output amplitude will 

be 

0*(x,y) = jj s(x,fy
l) sfx-x’.y-y*) )+/3(y-y ’ ))dxidy j 

= e-i^x+^y^/x_aiy_bei'+0y'^ dx'dy' 

_ -i(o(x+py) 1_ iotx’ 
ic< 

a 
s1^* 

x-a ^ P y-b 

= e-.i-^-(c<x+0y) _2_ sin_^_(2a-x) -2_^ln^.(2b-y) 

(3-14) 

and 

Sin 2 o( (2a-x) (3-15) 

Choosing the observation point at x =0, y = 0. For 

convenience we consider x-direction only 

lo»(0)| 2 = Sin2a*= -4a2sln2ac< (3-l.6) 
* (ao()2 

But 

|o(0)| 2 = 4a2 
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• lo«(0)l2 = Sln2ao< 

|0(0)|2 (ao()2 
(3-17) 

The plot of this function is shorn in Pig.3-3* The 

error due to translation can be estimated from the diagram. 

0(0) 2 is the light intensity when both signal and 
filter are on the optical axis, 

0*(0) ^ is the light intensity when the filter is 
translated in the frequency plane, and 

0<is the translation having the unit rad/unit length. 

Fig.3-3 

The reduction index vs. ao<is shown in Fig.3-^« We wish 

to compare' this result with that obtained by approximation. 

It is a good approximation if we pick up the lowest two terms 

in Eq.3-8 when o( is small. In comparison, one dimensional 

case is used. It is easy to extend it to two dimensions. 
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In the case we considered, we have 

oo | ra 
0(0) = J s(x') h(x-x') dx'|x_0 =1 dx' = 2a 

-a> ~S- 
CO 

I1(0) = fctix-x') s(x') h(x-x') dx' 
X J I X—0 

--/* 
x* dx' 

oo ^ 0 

I2(0) = y o<(x-x')
Z s(x') h(x-x') dx 

-CO 
X=0 

= /a <A'2 

^ -a 
X1 dx1 

f-*2a3 

(3-18) 

(3-19) 

Thus 

R = 1°(°)|2 ~ |o * (0)| 2 

1 2 2 # 
= — c< a (3~20) 

3 

The plot , of Eq.3-20 is shown in Fig^-^* In both cases R 

depends on o( as well as on a, half width of the signal. The 

diagram shows that when c<a is small the approach outlined 

above ( curve b ) yields very good approximation as compared 

with the exact solution ( curve a ), but the deviation 

increases very fast after o(a = 1. A numerical example will 

be given to show the validity of this approximation. Given 

the following data: a = 1 mm. f = 1000 mm. and R = 0.1, the 

translation obtained by exact solution is 0.56X10 mm., and 

_2 
will be 0.51X10 mm. when the other is used. From the above 

calculation we conclude that the approximate approach will 
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Pig.3~^* Reduction index, R, vs. translation of the 
filter, c<.(rad/unit length) 
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work satisfactorily when R is small. 

In Fig.3-^. o<is the translation of the filter having 

the dimension rad/unit length. In Fig.3-5, we have changed 

it into £ which is in the unit of length. The curves in this 

figure are plotted with Rvs.§ with signal size a as a para= 

meter. In the same figure, the curves of R vs. a with g as 
a parameter are also given. From the curves, we see that 

for a given reduction index, a larger shifting of filter is 

permitted when the signal size is small, and visa versa. 

3-2. Rotation of the Signal and the Filter 

Rotation causes trouble when the signal is 6-dependent, 

where 0 is the polar angle of the signal in plane P^. The 

error due to rotation depends to a great extent on the shape 

of the signal under consideration. In this section we will 

discuss the possible way of analysis. 

First, consider the case when the signal is rotated in 

P^. The signal spectrum S(w,<$>) at Pg for correct position is 

S(w,<J>) =J J s(r,0) e“
irwCos(0“<*>)rdr d6 (3-21) 

0 0 

where 

x = r Cos9 y = r Sin0 
(3-22) 

p = w Cos<{> q = w Sin(}> 

while S * (w,cf>) is the signal spectrum when the signal is 

rotated by an angle \J/ in P^ 

S * (w,(j)) 

=jf s(r,0+4') e”^rwC'os^“^ rdr d0 
o o 

f-Y' 

s(r.e') e-
irw0osl-e'-M>+'M rdr d0 
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R 

Fig.3-5 Reduction index, R, vs. translation of filter, 
(unit length) using a, half width of the signal, as 

a parameter. 
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= S(w,<Jtf"Vjr) (3-23) 

Hence, the rotation of input signal simply rotates the 

light distribution on the frequency plane. We, therefore, 

conclude that rotation of the signal have the same effect 

as that obtained by rotating the filter in the frequency 

plane. Because of their similar effect, it is enough to 

consider the case when the filter is rotated. 

A possible way to find the error due to rotation is to 

make use of a Taylor series expansion. This can be made on. 

the basis of the assumption that \jr is small. The output at 

is 

O'(r.e) 1 

4TT2 

oo 27T 

•J J S(wf$) 
o o 

H(w,ct>+\}r) eirwCos(0-\{r)W(jw 

(3-24) 

by Taylor series expansion 

H(w,cJ>+-v|/) = H(w,cj>) + vl/+ JL 3H(w.4>+^)| ^ 
a$ L\ 2 act)2 I Y 
  t=0 Y Y=o 
T 

= H(w,<j>) + 3- 52H(w,d>) -.1,2 
a4> Y 2 3^2 Y 

+  

Hence 

O'(r,0) = O(r,0) + —i—2 + 

(3-25) 

(3-26) 

co 27T 

O(r,0) = s(w»4>) H(w,<j>) eirwGos^”<^wdw dcj> 

0 o 

CO 27T 

’ ig-J j S(W,<j>) eirv(OoS(9-4>) wdw dcf 
4TP O p 

where 
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(3-2?) 

Now we wish to show that I^,!^,***, are imaginary and 

12,14.***t are real at the observation point, r = 0, when the 

filter is matched to the signal. Under this situation 

H(w,4>) = S(w,<j>) 

when N(w,4>) is uniform. Furthermore, K’ is assumed to be 

unity. Then 

But S(w,<>) is the light distribution of input signal in the 

frequency plane, it should be the same when it is rotated 

by 27T. Thus 

Hence, 1^ is a pure imaginary function of coordinates. By 

the same way, I2 can be proved to be a real function. Denote 

the integration by 1^ = i I-^Q, ^2= l20»’*** We have 

2TT co 

= S4 wdw , (3-28) 

II + Ii = 0 (3-29) 

O‘(O,0) = 0(0,0) + ilf/I 10 +Vj/2I20 + • • • (3-30) 



OO 
— CsC. — 

and 

|o(O,0)|2 = |o(0,©) | 2 - 2v|/I10 lm[0(0,e)] 

“^^lO + 2I20 Re[0(0,9)j} 

or = |O(O,0)|2 -^[iio + 20(0,9) I20-] 

when 0(0,0) is real. 

The reduction index is 

or 

R = 24A- 
I10 lm[0(0,0)] ^ g I1

2 + 2I20 Re[0(0,9)] 

0(0,0)|r 0(0,0)|2 

iio - 2 i20 o(o,e) 
O(O,0)| 2 

(3-3D 

(3-32) 

(3-33) 

Eq.3-33 and Eq.3-32 provides a possible way to estimate the 

reduction index. We also learn that R is greater when 0(0,0) 

is complex. 

The fact that rotation problem depends to a great extent 

on the signal shape can be explained quilitatively by consi¬ 

dering the following signals: ,,l,t, "5", and '0"‘ The first- 

kind of signal does not have any degree of rotational symmetry. 

The error caused by rotation will be large even though \{/ is 

small. The second kind of signal is not sensitive to the 

orientation, since this signal is partly rotationally symmetric, 

i.e. the lower part of the signal "o". The third one gives 

no problem because of completely rotationally symmetric. 

Quantitative analysis could be done by using Eq.3-2? and 

Eq.3-33 in principle, but one is usually forced to give up 

the calculation even though the signal form is simple because 
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of mathematical complexity. 

3-3• Variation of Signal Size 

The light intensity at the observation point on the 

output plane should be maximum when the input signal has 

the same scale as that of the filter. It should decrease 

when the signal is either enlarged or shrunk since the filter 

is not optimized to this kind of signal. We will evalute the 

reduction index due to this kind of error. 

Let s(Mx,My) be the input signal. The light distribu¬ 

tion at P2 is 

S(p,q) =//s(Mx,My) g"5-(Px+<iy) 
“CO 

= s( (3-3*0 
ivp M M 

and the output at P^ is 

0M(x,y) -V /? -V S(-E_ _S_) ei(Px+0-y) 

4TP _jJ M2 M M 
H(p,q) dp dq (3-35) 

The ratio of the intensity for M / i to K = 1 is (measured 

at x = 0, y = 0) 

0(x,y)l2 

0M(x,y)| 2 x=0 
y=0 

-j—g- IJ S(p,q) H(ptq) dp dq | 2 

fllh s( -a“)H(p>q) dp dql 
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The reduction index defined by Eq.3-9 is 

R > 
m2 (3-37) 

This function is shown in Pig.3-5 for M > 1. R is 0.1 at 

M = 1.054, and will be increased to 0.5 at M = 1.4. From 

diagram we can predict the error for M greater than one. 

When M is smaller than one we have to use another approach 

to prove the reduction of light intensity at observation 

point. 

R 

Fig*3-6. Reduction index vs. signal 
scale for the case M > 1. 
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To analyze this problem, we divide the input transparency 

into squares of same size. When the squares are small enough, 

the transmission of light will be approximately constant over 

the whole square. For convenience, we consider one dimensional 

case. Denoting the transmission by Tm, we have the signal of 

the following approximation. ( Fig.3-7 ) 

Choosing the observation point at x = 0, by the previous 

result of the rectangular signal, we know that the output is 

o(o) =f T/A (3-36) 
t=-n 

and 

0 * (0) = T_n [ A ~ (2n-frl) j + * ♦« + T_2[A- j 
2 2 

+ T0
2
MA+ TX

2
[A - + . ♦ °+Tn2[A -(2n+l)A(lr.M).j 

+T0T1^l=JlI+ T1T22A.(.1~h) +•••+ TnTn-1(2n-l)Alldil 
2 2. 2 

+TnT • • +T T . , , (2n-l)4Ltr^il 
0 -1 g -n -(n~l) 2 

=/l„Tl t1"'21 Ssn(1)+1)} 88n(X)«
1'">X 

i*0 (21 Sgn(i)-'l) 
2 
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+ T03VM (3-39) 

By using Eq.3-38 and Eq.3-39» we can estimate the reduction 

index for those cases whose transmission is a known function. 

As a simple example, we consider the case that the transmission 

is unity in the region -a < x < a and is zero elsewhere. In 

this case n = 0, A = 2a. The output is 

0 *(0) = 2aM 

-g*I0.>.... = M 
0(0) 

where 

0(0) = 2a 

< 3—40) 

(3-4D 

Hence 

R = 1 - M2 (3-42) 

The variation of R with respect to M is parabolic as shown 

in Fig.3-8. From the figure we see that the rate of reduc¬ 

tion of light intensity is larger for smaller variation of 

signal. 

3-4. Summary 

To close the discussion of the output reduction due to 

the errors, we wish to use a special signal to illustrate 

the results in previous sections. The problem is to deter¬ 

mine the magnitude of translation permitted by signal detec- 

tior^o distinguish among same kind of signals with different 

sizes. The results is presented graphically showing the 

shifting of the filter with changes of the scale of input 

signal, using the rotation as a parameter. 
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Fig*3-8. Reduction index vs. signal 
scale for M < 1 

We assume that the input signals of rectangular s’nape 

with sizes 1MX2M mm. where M is the scaling factor. The 

filter is designed to match the signal which dimension is 

1X2 mm. We also assume the value of f and A are 1000 mm. 

and 6328 A respectively. The result is shown in Fig.3-9* 

From the diagram we can easily estimate the translation 

allowed to distinguish between signal of different sizes. 

For example, if we have two signals with sizes M = 1 and 

—2 
M = 1.1, the permitted translation is 6.7X10 mm. when 

A 

\|^= 0, and^-.TXlO*" mm. when \j/= 1°. 
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This kind of analysis can be extended to an arbitrary 

signal provided the transmission of the signal is given. 

Fig.3-9 A plot of ^ vs. M using ^ as a parameter. From 
this figure we can estimate the allowed translational 
error in distinguishing signals of different sizes. 
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