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ABSTRACT 

In this investigation, the coding problem for a binary symmetric 

channel (BSC) has been studied in detail, in order to provide a clear 

exposition of the work done by Wozencraft and Reiffen on sequential 

decoding. A new exposition of the random coding technique and a precise 

formulation in terms of set concepts of a mathematical model for the proba¬ 

bility of the decoding error are presented. A suitable threshold 1^ for 

the threshold block decoding has also been devived. The sequential 

decoding scheme proposed by Wozencraft has been examined carefully and 

certain modifications have been made. The new analysis enables us to 

obtain a tighter bound on the average number of computations per message 

digit for any transmission rate Rfc which is less than a certain critical 

value. Finally, several random variables encountered in random coding 

have been rigorously studied, and a proof of their independence has been 

worked out. 
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PREFACE 

The work of Wozencraft in developing the concept of sequential 

decoding represents an important breakthrough in the attempts to make 

practical applications of information theory to communication systems. 

This work has been reported most fully and satisfactorily in a mono¬ 

graph by Wozencraft and Reiffen, SEQUENTIAL DECODING, in which the major 

ideas are developed in considerable detail for the Binary Symmetric 

Channel. This is an excellent monograph in many ways, but it suffers 

some defects in its exposition. The formulation of probability state¬ 

ments and arguments is not always precise and unambiguous. Random 

variables and events are not always defined in a manner to make it easy 

to follow the logic of the arguments, even when the appeal to intuition 

is strong. 

The aim of this thesis is to provide a new exposition of the material 

presented in the monograph by Wozencraft and Reiffen. To this end, the 

mathematics are..reformulated in more precise terms; certain questions 

of independence, etc. are examined with care; some of the proofs and 

derivations are recast in a manner intended to make them clearer and 

cometimes easier to follow. Some results have been improved upon. 

In order to present the new material in a connected and meaningful 

exposition, the thesis is presented essentially as a revised version of 

the original monograph. At many points, both content and language follow 

quite closely the work of Wozencraft and Reiffen. At other points, the 

treatment involves substantial contribution by the author.of this thesis. 

Since these contributions may not be readily apparent to the reader who 

is not thoroughly familiar with the original monograph, the following 
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list is presented to serve as a guide in this matter. 

(1) A study of certain random variables which are encountered in 

"random coding" and a proof of their independence for a binary symmetric 

channel. 

(2) A new exposition of the random coding;technique, and a precise 

formulation in terms of set concepts of a mathematical model for the 

probability of error. 

(3) A derivation of a suitable threshold for threshold block 

decoding. 

(4) An exposition of convolutional codes in terms of group codes. 

The process of forming a convolutional code is expressed in a concise 

analytical form. Also the properties of the convolutional code are 

examined in detail. 

(5) A modification on the analysis of single-criterion decoding 

which enables us to obtain a well-defined coefficient for the exponential 

factor. 

(6) A modified approximation method is used in the analysis of 

multiple-criteria decoding. This enables us to obtain a tighter bound 

on the average number of computations for transmission rate Rt in the 

range of greatest interest. 

(7) A precise formulation of a mathematical model for the probability 

of error of sequential decoding. 
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CHAPTER I. TRANSMISSION OF INFORMATION 

1-1. Introduction. 

Since the fundamental work of C. E. Shannon on mathematical theory 

of information in 1948, great progress has been made in the field of 

transmission of information. In the course of its development, infor¬ 

mation theory has been divided into two branches. The first one is con¬ 

cerned with the general properties of various channels and with showing 

their capability for transmission of information. The second branch is 

concerned with combating the random noise which disturbs the channel 

during the transmission of information in order to attain reliable 

communication; this branch is called coding theory. At the present stage, 

the first branch is further developed than the latter one. 

In respect to the coding of a noisy channel, two tasks have to be 

accomplished. The first one is the transformation of a raw message into 

a suitable signal to be transmitted over the noisy channel. This is called 

the encoding operation, which is equivalent to the construction of a code. 

The second task is concerned with the reproduction of the original signal 

upon receiving the disturbed signal at the channel output. This is called 

the decoding operation. We are concerned with the construction of a good 

code and an optimum decoding algorithm in order to obtain reliable com¬ 

munication. In this report the coding problem for the binary symmetric 

channel is discussed in detail. 
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1-2. The Binary Symmetric Channel 

In the following discussion, we are concerned with the encoding and 

decoding of messages for transmission through a binary symmetric channel, 

which is the simplest uniform, constant channel [3]. A binary symmetric 

channel (abbreviated BSC) is defined by the transition probability diagram 

of Fig. 1-1. The channel accepts binary symbols, for example {0,1} , at 

its input, and produces binary symbols at its output. Each input symbol 

has a probability PQ < of being received incorrectly, and a probability 

= 1~PQ of being received correctly. The transition probability is con¬ 

stant and independent of the value of the symbol being transmitted -- i.e., 

the channel has no memory --; the channel is as likely to change a "1" 

into an "0" as to change an "0" into a "1". 

The communication system we are concerned with may be symbolically 

represented as shown in Fig. 1-2. The message source generates a sequence 

m of binary symbols "0" and "1". We will call this sequence m the 

information sequence or message. The encoder transforms this information 

sequence m into a longer sequence u suitable for transmission through 

the BSC. The channel then disturbs the input sequence, and delivers the 

noisy version v to the decoder. The task of the decoder -- knowing the 

channel transition probability PQ, the noisy received sequence v, and 

the encoding rules for transforming m into u -- is to reproduce the 

information sequence or message m. The noise is a random sequence of 

binary symbols, synchronous with the input sequence. 

Given such a binary symmetric channel, the coding problem is to 

determine an encoding scheme whereby any information sequence m is 

encoded into a sequence u such that the decoder can uniquely and 
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with arbitrarily high probability reproduce m in spite of the channel 

disturbances. Therefore, we are interested in not only the encoding 

problem but also the decoding problem. 

There is at least one easy and obvious way to solve these problems: 

for each digit in m , repeat the appropriate symbol 2j + 1 times. 

Thus the information sequence 

in = 01101 ... (1-1) 

would correspond, when j = 2 , to the transmitted sequence 

u = 0000011111111110000011111. . . (1-2) 
) J J J > 

We decode v by majority rule. If j + 1 or more digits in each block 

of 2j + 1 are I's, the decoder prints a 1, and conversely. For 

p0 < , it is clear that, as j-*», the probability of error P(e) -* 0. 

So also, unfortunately, does the number of digits available for sale to 

customers at the decoder output. 

Translated in terms of the binary symmetric channel, the classical 

technique for reducing the probability of error in digital communica¬ 

tion is first to reduce the transition probability p^ (i.e., to build 

a better channel). At whatever point further improvements become un¬ 

economic or technologically impossible, repetition is undertaken until 

the final probability of error is reduced beneath a tolerable design 

limit. 

The difficulty with this classical approach is that as the tolerable 

probability of error goes to zero, either the channel becomes exorbitantly 

expensive, or the revenue from its use exorbitantly low. That such should 

be the price of perfection is in full agreement with what one expects. 



1-2-3 

Shannon, in his original work on information theory, has proved two 

very general theorems for the noisy channel that stand in startling con¬ 

tradiction to this expectation: 

(1) For a given channel, the transmitted message can be 

reproduced at the receiver with an arbitrarily small pro¬ 

bability of error, provided the rate of information 

transmission is less than the channel capacity C. 

(2) Conversely, the error probability cannot be made 

arbitrarily small when Rt is equal to or greater than C. 

The channel capacity C is a characteristic of the channel and has 

the same value for all encoder-decoder pairs. For a binary symmetric 

channel with transition probability PQ , the channel capacity C is 

given by 

0=1” H(Pq) (1-3) 

where 

H(Pq) ■ -pQ log pQ - qQ log qQ (1-4) 

The function H(•) is known as the entropy function. 

It is convenient to measure information rate per transmitted digit, 

rather than per unit time. When all possible input sequences m are 

equally likely, the rate of information transmission is defined as the 

ratio. 

_ number of digits in m ,, 
c "" number of digits in u ' ' 

Thus we see the information rate is a characteristic of the encoder- 

decoder pair and has the same value for all channels. 

From Shannon's theorems, we see that it is not necessary (as would 

appear to be the case from the majority-rule example of Eqs. 1-1 and 1-2) 
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continually to reduce Rfc and/or p^ in order to reduce the probability 

of error. 

Once we satisfy the condition 

Rfc < C (1-6) 

we can by proper coding achieve this result with Rfc held constant. 

When Eq. 1-6 is not satisfied, on the other hand, reliable communication 

is not possible. It seems reasonable, therefore, to measure the informa¬ 

tion efficiency, or channel utilization, in terms of the ratio Rfc/C. 



2-1-1 

CHAPTER II. BLOCK CODING 

2-1. Block Encoding 

In the following discussion, we shall assume that the message to be 

transmitted consists of a sequence of binary digits which will be referred 

to as information digits. Then the function of the encoder is to transform 

these information digits into a signal suitable for transmission over the 

noisy binary symmetric channel. This operation or transformation is called 

the encoding operation. In this section, we will consider a particularly 

interesting encoding scheme which is known as "block encoding". 

Block encoding may be described in two steps. 

Step I. The sequence of information digits to be transmitted is 

first segmented into messages consisting of v = nRfc successive binary 

digits. Then there are 2V possible distinct messages. We shall in¬ 

dicate with m^, n^, m^, •.., n^v these possible messages. 

Let BV indicate the message vector space {iru: 1 < i < 2V} ; then 

each can be represented as a vector in the space BV 

- _ , 1 2 3 vN 
TH^. — 9 9 ••• 9 ) 

where m^ is the jth component of ith message vector and m^ € Bj = {0,1} 

for all j. Bj is called a binary space. Therefore, BV is a product 

space of Bj 

BV = Bj X B2 X ... X Bv 

It is convenient to define a random variable M(•) such that for each 

particular §, M(§) = ^ € BV. 
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Step II. Each message nu is assigned to a particular sequence Uj 

of length n digits u. = (u* u^ ... u^), with u^. € B^. indicate 

the space {u^: 1 < i < 2n} and is called the channel input space. We 

define a random variable U(•) such that U(§) = u^ for each particular §. 

We shall refer to u. as a codeword (or transmitted sequence). There 

are N(B^) = 2n possible distinct sequences of length n digits, but 

only 2V distinct messages. Therefore, we have to pick 2° sequences 

of n digits out of total 2n possible sequence as our codewords. This 

V 
set of 2 codewords will be called a block code S. The choice of the 

code will govern the probability of decoding error. The code which gives 

the minimum probability of error is called an optimum code. In view of 

the above encoding operation, we may also consider a particular assignment 

of UK to Uj as equivalent' to a mapping, which maps the message space 

v n 
B into channel input space B^. Each particular mapping will give us 

a block code S consisting of N(S) = 2V codewords. There are 2^ 

possible mappings including those which assign the same codeword to more 

than one message. 
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2-2. The Decoding Process 

Let be the channel output (or the received sequence) 

where Bg indicate the channel output space {v^,: 1 < £ < 2n} which 

consists of. 2n possible channel output sequences v^,. We shall define 

a random variable V(-) such that V(§) = v£ € B^ for each particular §. 

Since the binary symmetric channel (BSC) may introduce transmission 

errors, in general the channel output will differ in some of its digits . 

from the channel input. Thus, the function of the decoder is to identify 

the message transmitted from the channel output and the statistical 

properties of the channel. Various criteria may be employed in this 

identification process. 

In order to discuss the decoding procedure, we shall introduce some 

probability functions. 

(a) Let p^(•) be the probability mass function associated with 

the random variable M( • ). 

P(M(§) = mi) = PM(mi) 

(b) be the probability mass function associated with random 

variable U( •) • 

P(U(§) = u.) = Pu(u.) 

(c) Py(*) be the probability mass function associated with random 

variable V(*)- 

P(V(5) = vk) = pv(vk) 

(d) p (•,•) be the joint probability mass function associated 

with U(-) and V(•). 

P(U(§) = u., V(§) = vk) = Pw(u., \) 
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(e) Py|.y(«|*) be the conditional probability mass function associated 

with U(•) and V(•). 

P[V(S) = vk | U(§) = u.] = Pv|u(vk I u.) 

In the following analysis, we will assume that the BSC is constant. 

Then by definition of a constant channel [2] 

MAIV = 7, (2_1) 
1 J=1 

f*r 

where p(vj|uj) = .l 

V^c 

for vr* 0 u-? = 1 
k 1 

for vi © u j = 0 

(2-2) 

The notation © indicates addition modulo-2, which obeys the rules 

0 0 0 = 0 100 = 1 

001=1 101=0 

The conditional probabilities are the probabilities for output symbols 

when input symbols are given. It is desired to have the conditional 

probabilities of input when the output is given. The desired inversion 

may be carried out by utilizing Bayes' theorem. 

I- X . Pv|l/Vklup Vui^ Pu|v(uilV - ' Pv (vk)  (2-3a) 

If the probability distribution of the channel input sequences is 

available to the decoder, the decoder can compute the conditional 

probability given by Eq. 2-3a for each input sequence u^ € S and 

the particular channel output sequence, and identify the transmitted 

sequence as the one for which this a posteriori probability is largest. 

Then the probability, of committing an error in the identification of the 

transmitted sequence is given by 
fc 

P( e|vk) - 1 - H,|V (utFk) (2-3b) 
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where Pu|v^UiJVlP '*‘s t*ie -*-ar8est a posteriori message probability for a 

particular v^ received. It is clear from Eq. 2-3b that this decoding 

procedure minimizes the probability of error. 

If, instead, the probability distribution is not available to the 

decoder, a reasonable decoding procedure consists of identifying the 

transmitted sequence as the one for which the conditional probability 

p^|y(v^ju^) is largest for particular v^ received. This procedure is 

called maximum likelihood decoding, because it selects the input sequence 

(or codeword) in S most likely to yield the v^ actually received. 

By the definition of mutual information between v and u. 

__ D pv|u^|u) 
J(v:u) = log,. (2-4) 

It is interesting to note that maximum likelihood decoding is 

equivalent to maximum mutual information decoding, i.e., to a decoding 

method which selects the message that maximize the mutual information. 

An error is committed when the decoder identifies a sequence u^ 

as the transmitted sequence according to the above decoding algorithm, 

when u^ is in fact not the transmitted sequence. An ambiguity exists 

when there are two or more codewords such that the conditional proba¬ 

bilities Pv|u^vklu^ share the same largest value. 

Channel Noise. Let u^ be the transmitted sequence and V(§) = v 

be the received sequence. Then the perturbing channel noise on a BgC can 

also be represented by a binary sequence e^ 

- , 1 2 n. 
e. — \e,, e,, ..., e, ) 

and v = u^ © e^ which is equivalent to e^ = u^ © v. For e^ = 1 this 

means the jth digit of u^ is transmitted incorrectly. Since there are 
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2n possible v, there are 2n possible noise sequences e^. Let 

le^: 1 < i < 2 J indicate the noise signal space. Then it is convenient 

to define a random variable E(*) such that E(§) = e^ for each particular 

§. Because of the manner in which e^ is defined, we have for each §, 

V(§) = U(§) © E(§) . 

As an example, suppose u^ = 1011010111 and v = 1001011111 . Then the 

sum is formed by adding each component modulo-2, as follows: 

^■10.11010111 

© v =1001011111 

ei = 0010001000 

The sequence for e^ shows that the 3rd and 7th digits are transmitted 

incorrectly. 

A Practical Decoding Procedure. Upon reception of V(§) = v, the 

decoder 

(1) Adds v modulo-2 to each codeword u^ € S (code), thereby 

generating 2V test noise sequences {e^: 1 < i < 2V}. Let E^(•) be 

a random variable and E^(§) = e^ for each particular §. Then 

E^(?) = V(§) © u^. The vector u^ is called a test signal, and 

= E^(§) is called the test noise sequence corresponding to u^. 

We may also define a random variable D^(•) such that 

d^ = D^(§) = [E^(§)| is the weight of the test noise sequence. By 

the weight of a sequence we mean the number of "l's" in that sequence. 

(2) Calculate the weight d^ of each test noise sequence. 

(3) Identify, as the transmitted codeword, the particular u^ for 

which D^(§) is a minimum; then from the codebook S locate the 

corresponding message m^. 
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The above decoding procedure is actually maximum likelihood decoding. 

This can be shown as follows: 

P[V(§). = v ( U(§) = Ut] = p | (v^) = TT p(vj |uj) 
1 j=l 

where p(v** | u^) 

for v-^ © u^ = 0 

for v** © u? = 1 
l 

n-d. 

Then pv|u(vlUi^ = P^ei^ = ^ qQ 
1 where d± = |e± |. 

For pQ < ^ < qQ, Eq. 2-5 shows the conditional probability p^|^(v |u^) 

decreases monotonically with increasing of d^. Therefore, the largest 

PyjjjCVjJu^) corresponds to the minimum d^. 

Threshold Block Decoding. The maximum likelihood decoding requires 

the computation of 2V conditional probabilities Pv|j/Vklui^ ^°r a 

particular received sequence v^> or the determination of 2V weights 

d^ computed from possible test noise sequences. When v is large, 

the procedure will lead to practical difficulties and the decoding 

equipment will be extremely complicated. However, if we do not insist 

on minimizing.the probability of error, and if we are willing to tolerate 

some small error, then we can simplify the decoding procedure. Thus it 

may be sufficient to search for a codeword u^ with p^ ^(VjJu^) 

larger than some appropriate threshold p^, or equivalently, to search 

for a codeword u. such that c9(u.: v. ) > I_. Let us now consider 

a reasonable choice of a threshold 1^. Suppose for a given received 

v there exists a signal u^ which is a posterori most probable and 

such that 
2V 

Pu|v^UJV^ - ^ Pu|v^UxlV^ 
Ui 

(2-6) 
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,rv 
We show that in this pT(u„) = 2' for all £. Also 

__ V"!5 

pu|v(ui|v) • pv|u(Ti“i) 

Substituting (2-7) into (2-6), we have 

Pv(v) 2V _ 
pv|u(vK) > p^^) ^ pu|v(uxlv) 

zH 

s / ^iv^F) b£> 
It P»(V 

X=1 Pplp(vl 

ZH 

uP) 

Pv|u^V!Ui^ - pv|u(vK> 
Ztl 

Thus (2-6) implies (2-8). From (2-8) we have 

,v 

2pv|o<Pl“i> > £ MU^FX) 

Since 
- 4 

pv^ = * pv|u(^l’;i£) PU(V J#“JL 

we have 

p(v)=2_V S 
v £ 

^ 

pv|u^vluP 

so that 

^ PV|U(^^£} = 2V pV^ 

Substituting (2-10) into (2-9), we have 

,v v 2pv|u(^lui) * 2 

(2-7) 

(2-8) 

(2-9) 

(2-10) 
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log. 

pvlu(vK) 
Pv(v)_ 

pvlu(vlui) 

PV(V) 

>'2- = 2
V_1 

-2 

> v - 1, where v = nR. 

Thus 

c9(u:v) > nRt - 1. (2-11) 

On the other hand 

.Ku^: v) < <90^) = nRt (2-12) 

The equality of Eq. (2-12) holds for p(u^|v) = 1; i.e., when v 

uniquely specifies u.^. By comparing (2-11) and (2-12), we obtain 

nRt - 1 < cJ(usv) < nRt (2-13) 

Therefore, it seems reasonable to take 

IT = nRfc - 1 (2-14) 

as the appropriate threshold. Thus the channel output can be safely 

decoded into a particular codeword, if the mutual information that it 

provides about the codeword exceeds 1^, bits. An error occurs when¬ 

ever Eq. (2-11) is satisfied for any codeword other than the correct 

one and whenever it is not satisfied for the correct codeword. 
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2-3. Probability of Error 

As we pointed out in Sec. 2-1, the choice of a code will govern the 

probability of decoding error for a given channel. Therefore, we desire 

to choose a code which will minimize the probability of error; such a 

code is referred to as an optimum code. Unfortunately, there is no 

general way to show us how to construct an optimum code except in a very 

few special cases. The search for optimum codes for BSC has so far: met 

with very limited success [3]. 

If any specific code is used for communication purposes, we would 

desire to analyze the probability of decoding error. An exact evaluation 

would be tedious or even impossible. However, it is possible, in the 

limit as n with channel and transmission rate fixed, to under¬ 

bound the smallest possible probability of error that can be obtained. 

In view of the analysis in Sec. 2-2, any. particular decoding scheme 

may be regarded as a rule for partitioning the channel output space 

= {v^: 1 < i < 2n} into 2V disjoint subsets, or decoding regions; 

each subset is associated with a codeword which belongs to code S. 

We will indicate with {w^: 1 < k < 2V] a partition of B^; w^ is 

the subset corresponding to the codeword u^. If the received sequence 

V(§) = v belongs to the subset w^, the decoder identifies u^ as 

the codeword transmitted. An error is committed whenever the received 

sequence does not belong to the subset corresponding to the codeword 

actually transmitted. 
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A lower bound on the probability of error. Suppose a code S0pt were 

constructed in such a manner that each subset w^ (or decoding region) 

consists of one codeword u^ plus all v differing from u^ in r or 

fewer places, and nothing else. On account of the monotonic decrease of 

P(E(§) = e) = pQ
dqo

n d with increase of d = D(§), this would clearly be 

an optimum code and would yield minimum probability of error P(e). Any 

other realizable code must yield a P(e) that is at least as great as that 

for S . . 
opt. 

Our next step is to formulate the mathematical model for the prob¬ 

ability of decoding error. Let 

V(§) = v be the received sequence and 

U(g) = u be the sequence transmitted 

E(§) = V(§) © U(§) be the error sequence 

d -D(§) » |E(§)| is the weight of the error sequence. An error 

occurs for an optimum code iffi D(£) > r. 

If we let eQpt be the event of an error when the code is optimum, 

then eopt = £§: D(g) > r}, so that 

P(eopt) = P(£5s D(§: D(g) > r}) 

since P(Ek(§) =1) = pQ and P(Ek(§) = 0) = qQ 

'S °"i Po'1 C'1 
opt' 

i=r+l 

(2-15) 

(2-16) 

In order to evaluate Eq. 2-16, we must first determine r. Each disjoint 
:r 

subset w, would contain N = S C. sequences, and there are 2 
k r i=0 i 

sequences to be partitioned. Thus we have 

,n 
— where v = nlT 

r 
2 
i=0 
s c?< 2 

2V 
(2-17) 



2-3-3 

From Eq. 2-17, we can solve for the Hamming bound on r [3]. In order 

to solve Eq. 2-17, it is convenient to introduce two new parameters, 

p and pfc defined by 

r = np 

Rt = 1 - H(P|.) 

Equation 2-17 can be extended on the left to 

or 

C 
n 

np 

np 

< 2 
i=0 

Cl < 2nH(pt) 

(2-18) 

(2-19) 

Cn < S c" < 2n^1-Rt^ 
r i=0 i_ 

(2-20) 

Because of the Stirling approximation, we may assert 

,n 

^np —1/8 n p q 

,nH(p) 
for q = 1 - p /= 0 or 1 

Substituting:2-21 into 2-20, we have 

1
 2nH(p) 2nH(pt) 

/s/8 n p q — 

Taking logarithms on both sides of Eq. 2-22, we have 

(2-21) 

(2-22) 

H(P) - ^ log 8 n p q < H(pt) (2-23) 

Since 

pq < for 0 < p < 1, Eq. 2-23 becomes 

H(p) "k l082 
2n£H<pt> (2-24) 

Since lim ^ log2 2n = 0, H(p) approaches H(p ) asymptotically. 
n-*co n 

Therefore, p must approach pfc asymptotically. Thus we have 

r < npt (2-25) 
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We refer to npfc as the maximum error correcting capacity 

optimum code SQpt [3] . 

11 • . 
P(e ) - E c” p Lq n'1 

“P1' i=r+X 1 0 ° 

n r+1 n-r-1 
> Cr+1 *• 

^ po (n-r) „n r n-r 
> —  ,i C p q q r + 1 r o no o 

>T‘ P[f§: D(§: D(§) = r}1 

In Appendix A, Eq. A-34 shows 

N 
P[C§: D(§) = r}]■= P[D = np] 

> 1 2"n[To(p) ‘ H(p)] 

A/8 n p q p ^ 0 or. 1 

Where r = np 

TQ(P) =-p log2 PQ - q log2 qQ 

= H(p ) + (p - p ) log2 ^ 
*o 

Setting r = npfc and n-r = n(l-pt) = nqfc in accordance with 

we have the asymtotic result for large n that 

Ms 
q0Pt V8 nptqt 

2-n tT0(Pt) - H(Pt)) £or nr*» 

Since p(®0pt ) evaluated on the optimum code SQpt , any 

realizable code would yield a probability of error at least as 

P(e . ). So we have v opt. 

P(e) > 2-n [T0(pt) - H(pt)] 
qo

p
t V8 nptqt 

of the 

(2-26) 

(2-27) 

(A-22a) 

Eq. 2-25, 

(2-28) 

other 

large as 

(2-29) 



2-3-5 

Upper Bound on Probability of Error. The following derivation of an 

upper bound on the probability of error is based on a very interesting and 

powerful technique known as "random coding", which was first used by Shannon. 

An understanding of this random coding is very helpful in the study of the 

theory of information. 

The random coding procedure may be described as follows. For each 

message m of length V = n Rt digits, a channel input sequence u is 

constructed by selecting its n digits independently at random with equal 

probability. Thus the probability that code word u is assigned to the 

message m to be transmitted is 2 n. The random encoding and decoding 

procedure may be interpreted as follows. 

A. Random Encoding: 

(1) Select randomly U(§) =-u. as the codeword to be transmitted 

from the channel input space . 

(2) At the same time, we select the remaining 2V - 1 codewords 

k n 
from B^ with replacement. Therefore, the distinct sequences 

■JV   
in u{u^} form a codeword list S^, and the message is encoded 

for transmission according to S^. Also, this list must be sent to 

k 
the decoder for decoding the transmitted message. Let S (•) be a 

k k 
random variable such that S (§) = for each choice of §. 

B. Decoding Procedure: 

The decoder knows which codeword list the encoder used for 

encoding. Suppose V(§) = v is the received sequence: 

(1) For each u. € S, U{u.} the decoder determines E.(£) =-V(§) © u. 
1 R J 1 1 

(u^ is called test signal ) and 
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D^(§) = |Ei(§)| the weight of test noise sequence. 

(2) Determine u with minimum D.(§); then use this as the 
j° _ 

decoded estimate of u.. 
J 

The r'eason for using random coding is that the n digits of the channel 

input sequence are statistically independent and equally probable. Further¬ 

more, the corresponding n digits of channel output sequence are similarly 

statistically independent and equiprobable. With these properties, we 

can show that the probability that the input sequence u and output sequence 

v agree in any digit is (see Appendix B). 

Suppose v = V(§) is the received sequence; for any i put 

E^S) 2 V(§)+ut 

In random decoding of any message, consider only those i such that 

U tuji* Then the coordinate random variables of the received 

signal random variable V(§) = {v^(§), V^(§) ..., Vn(§)} form an indepen¬ 

dent class. Also the coordinate random variables of each test error random 

1 n 
variable Ei(§) = {Ei(§), ..., EiC§)} form an independent class with 

P(EJ = 1) - P(EJ - 0) - (B-ll) 

In order to derive the upper bound on the probability of error, it 

is convenient to define the following;events and index sets. Assume 

v = V(§) is the received sequence and D(§) = |e^| = r is the weight of 

the noise sequence (i.e., the received sequence differs from the trans¬ 

mitted sequence by r digits). Let 

(!) Ir = (j: |ej| = r} then N(Ir) = c” 

(2) = {£: iij. € , distinct £} 

1 < N(Jk) < 2
V - 1 (2-31) 
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(3) {§: U(§) =u.} 

(4) {§: D(g) = r} 

then P({§: D(§) = r}) = c“ p* q*'r 1 br (2-32) 

(5) {§: E(§) =e } 

2n _ n 

U £§: E(§) = e.} = U U {§: E(§) = e.} (2-33) 
j=l J r=0 j6lr J 

and {§: D(§) = r] = U {§: E(§) i= e.} (2-34) 

jeir 
J 

We also consider the events 

(6) {§: S*(§) = S*} 

(7) {§: D£(§) < r} 

Because of the nature of random coding, we have 

P({§: D,(§) < r}) * 2 c" 2'n (2-35) 
t=0 

This is due to the fact that in random coding the probability that input 

sequence u and received sequence v agree in any digit is (see 

Appendix B). 

(8) S*(§) = (a set of 2V - 1 n-tuples) 

(9) U(*)> E(*)> and S(*) are independent random variables 

(see Appendix B). 

(10) Ek(.)}< ,, is an independent class (see Appendix B). 
J 1 j 1C 

— — 4c 
If an error occurs, then for some u., some e., some S, , we must have 

i* j k* 

< |e^ | for some £€J^, but £ £ j. 

If we let e be the event of an error, we may use the notation of 

sets to write 

eCUUU [U(§) = Z,][E(§) = e ][S*(§) = S*(§) = S*] U [D < |e |] 
kij 1 J K JE€J. x J 

^jk 
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This may be written in a more useful form by using relations (2-33) and 

(2-34) and the fact that U [U(§) = u.] is the certain event. Thus 
n ^ ■ 

e cu U [D(§) = r][S (§) = S. ] U [B_ < r] (2-37) 
k r=0 K £&J x 

Because of the independence of U(•), D(•), S (•), and D(*)> as established 

in Appendix B, we may write 

2n2V 

£ n ^ ^ 
P(e) < S S P(D = r) P(s'(§) = S*)P( U [D„ < r] ) (2-38) 

k=l r=0 K JE€J. 

We may establish bounds Q independent of k for P(U [D„ < r]) as 
r £=J, X " 

shown below. 

From the development above, it follows 

P(s) < jo P(D - r)Qr . £ br Qr <2-3»J 

r 

P( U [D < r])< N(J ) s c” 2'n S Q (2-40) 
Z=J, X R t=0 C r 

since 1 <N(J^) < 2V - 1 < 2V. Use of Chernoff^ bound, developed as 

Eq. (A-24), shows that 

E cn 2~n < 
t=0 t 

(A-24) 

where r = np, p < -x. Since the bound on P( U [D„ < r]) will never 
£6J. X 

*tjk 

be greater than 1, we must have 

,v 
Q = 2V S 2_n — 1 , so that 

t=0 
r „ ,n 
2 C“ < — 

t=0 t 2V 
where v = nR^ (2-41) 
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Eq. (2-41) is exactly Eq. (2-17). Now r < rt = npfc, where pt is 

defined by Rfc = 1-H(pt) and r is the largest value of r such that 

Qr < 1. Therefore, we have 

(< 2 2 L vr/J = 2 L vtt' r/J for p < p,_ or r < r — — t •— t 

Qr < 

l=i 

where 

for p > Pt or r > rfc 

r = np. 

(2-42) 

Then Eq. (2-39) can be written as 
r. 
't 

r = 0 

n V1 

P(e) < Z br Qr + Z br Qr < Z br Qr + 2 br (2-43) 
r=rt+l r=0 r=r. 

We break Eq. (2-43) into three parts and make the substitutions 

r = np , and r = np^. 
o t rt 

Then 

npo 
npt-l n 

P(e) < Z b Qr + Z b Q + ■ S b 
rxr r 

r=0 r=np +1 
0 

r=npt 
(2-44) 

Consider the first summation: 

nP, nP, nP, 

2^ br Qr 
= 2 P(D = r) Qr ^ 

Qnp P(D = r) 

r=0 r = 0 o r=0 

*o 

-n[H(pt) - H(Pq)] (2-45) 

We have made use of the fact that is a monotonically increasing 

function of r, for r < r . 

Now consider the second summation: 

npt-l 

Z 

npt-l npfc-l 

b Q = 2 P(D = r) Q < Z P(D > np) Q 
r=npQ+l r=npQ+l r=npQ+l 
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Use of Chernoff's bound, developed as Eq. (A-22), shows that 

P(D > np) = 2 c£ p£ q£-t < 2_n[To(p) " (A-22) 
t=np 

where p > p 0 

so that 
npt-l npfc-l 

2 b Q < 2 2"n[To(p) ' H(p^] Q, 
r=npQ+l 

r r r=npQ+l 

npt-l 

< 2 2-n[To(p) - H(p) 2-n[H(pt) - H(p)] 

r=npQ+l 

npt“l 

S s 2-n[T0(p) + 
H<pt) - 2H(P)1 (2.46j 

r=npQ+l 

Finally, the third summation may be treated as follows: 

2 br = 2 P(D =r) = P(D> np ) < 2_n[To(pt) ' H(pt)] (2-47) 
r=npt r=npt 

Substituting (2-45), (2-46), and (2-47) into (2-44), we obtain 

npt-l 

P(e) < 2"n[H(pt) " H(p)] + 2 2
_n[H(pt) + To(p) ' 2H(p)] 

r=npo+l 

so that 
nPt 

P(«) < S 2-"tHCPe) + 
r=np 

(2-48) 

We can find the dominant term in last summation of Eq. (2-48) by 

differentiating H(pfc) + TQ - 2H(p) with respect to p and equating 

the derivative to zero; we have 

log ^ . a log £ = o (2-49) 
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Let the solution of Eq. 

transmission rate R , 
c 

(2-49) be called 

then 

Pc, and the corresponding 

(2-50) 

R
c - 

1 ” H(PC) (2-51) 

Case A. Pc > Pt or Rt > Rc, Fig. (1) shows that the last 

term in the summation of Eq. (2-48) is the largest, and since 

npt " npQ = n(pt - pQ) < | , we have 

P(e)<-| 2"n[To(pt^ " H(pt^ for pt < pc or Rc £ Rfc (2-52) 

Case B. pc < Pt or Rfi > Rfc. The maximum term in the summation 

of Eq. (2-48) will not exceed 2"n^pt^ + Vpc^ " 2H^PC^ * Thus 

P(e) < f 2-n[H(pt) + To(pc) - 2H(PC)] (2-53) 

for pc < pt or Rt < Rc 

Eq. (2-52), Eq. (2-53) give us the upper bounds on probability of 

decoding error. Both [T (p )-H(p )] for p < p , and 

[H(pt) + To(pc) - 2H(pc)] for pt > pc are positive, therefore 

P(e) decreases exponentially with increasing n. 



R(Pt) 

Fig. 2-1. 
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2-4. Discussion 

In this chapter, we have discussed the encoding of messages for trans¬ 

mission through a binary symmetric channel, the simplest channel for which 

the input is never uniquely specified by the channel output. The prob¬ 

ability of error that can be achieved for this channel is estimated by 

establishing upper and lower bounds. For any fixed transmission rate 

smaller than the channel capacity, both of these bounds were found to 

decrease exponentially with increasing n. For rates grater than a 

critical rate R , depending on the noise probability p , the 
c o 

magnitudes of the exponential coefficients by which n is multiplied in 

the two bounds turned out to be equal, so that two bounds provide a 

rather accurate estimate of the probability of error that can be achieved. 

However, the magnitudes of the exponential coefficients in the two 

bounds are different for transmission rates smaller than R . The 
c 

upper bound, in particular, permits us to conclude that the probability 

of error can be made as small as desired for any fixed transmission rate 

smaller than the channel capacity. 

As we point out, there is no specific way of constructing good 

binary codes, because no procedure is known that will guarantee a 

probability of error smaller than the upper bound P(e) given by 

Eq. (2-52) or (2-53) for all values of n, and Rfc < C. Fortunately, 

it can be shown by an argument due to Shannon that almost all codes 

are good. We have 

P(e) = S P(e|s.) P(S,) 
i 11 

(2-54) 



2-4-2 

Where is a particular code book. Let = {i: P(e|s^) > a P(e)} 

where a is a positive constant. Since 

P(e) > E P(e|s.) P(S.) 
i€J 1 1 

a 

> a P(e) Z P(S ) 

i€J a 

We obtain 

Z P(S ) < ± 
i€J 1 

a 

or 

PtPCefSi) > a P(e)] < i 

(2-55) 

(2-56) 

(2-57) 

Equation (2-57) states that the probability of any randomly selected 

code which yields a probability of error P(e|s^) greater than or equal 

to a P(e) is less than or equal to —. Thus it shows that at least 

n2V 3 
90% of the 2 possible block codes of given rate Rt must yield a 

probability of error less than 10 times the upper bound on probability 

of error given by Eq. (2-52) or Eq. (2-53). If confronted with a practical 

problem, one would be tempted to pick a code at random and try it 

experimentally. 
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CHAPTER III. CONVOLUTION ENCODING 

3-1. Introduction 

As we have indicated in Chapter 2, the encoding operation is regarded 

as a mapping which maps the message space M of v dimensions into the 

ft2V 

channel input space B” of n dimensions. There are 2 possible 

mappings. Among these, a certain subset of mappings with the following 

properties are of important, and are called linear mappings or linear 

transformations. Let 0 be such a mapping 

0:M -* B” 

Both M and B£ are vector space over {0,1}. 

(1) 0(m^ ©m^) = 0(m^) © 0(mj) for any m^ and itij in H where 

0(mi) ■ ^ 6 BJ 

(2) 0(amj,) « a 0 (m^) for any 

e M and a 6 {0,1} 

The image of 0, indicated 0(M), is the set of all those vectors in 

that are images under 0 of the message vectors in M. In Chapter 2, this 

is called a code S. Since 0 has the above properties, S ■ 0(M) iff 

a subspace of B^ [4]. This subspace S = 0(M) is an abelian group under 

the modulo 2 addition, and we name this subspace of B^ a group code. If 

no two different message vectors of M are sent by 0 into the same 

element of BJ , 0 is called a monomorphism, and N(S), the number of 

codewords in code S is equal.to N(M), the number of total message vectors 

in M This is the kind of code that we are searching for. 

The formation of a group code may be stated as follows. Let [M] be 

a message matrix with 2V rows; each row represents a message vector m 

of v binary digits, and let [G] be the generator matrix which consists 
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of v linearly independent rows of n binary digits. Then a group code 

S is formed by the operation 

S = [U] = [M][G] [3-1] 

or 

= m[G] 

= 0 TIU g2 ® .. . ® nu gv [3-2] 

where vu and m^ are row vectors of n and v dimensions respectively. 

The matrix multiplication is performed in modulo -2 arithmetic. The rows 

of the matrix [G] are called basis elements of the group code S. 

v * 
Evidently S is the row space of [G] and consists of 2 possible 

linear combinations of g^'s. 

A complete exposition of the algebraic structure of group codes is 

given by Peterson [3]. 
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3-2. Convolutional Encoding 

We now turn our attention to a special linear mapping of message 

vector space M to the channel input space B^ which will generate a 

very special group code S. This group code will be called a convolutional 

code and is of practical importance. Because of the particular structure 

of this code, it lends itself to a decoding scheme with which we are 

particularly concerned in the following chapter. 

For purposes of simplicity, we assume that the transmission rate 

Rt =(i.e., each information digit is encoded into n^ digits). We 

select a generator sequence g^ of nfc binary digits which is divisible 

by n° 

\ = (g\ g2, g3, ... g *) (3-3) 

k — 
where g is the kth digit and let g^_^ be g^ translated to the 

right by ng digits. We define the infinite row vectors as follows 

r^: ith infinite row vector 

yk-(i-l)nQ 1 < k-(i-l) n- < n 

otherwise 

(3-4) 

where r^ is the kth digit of ith row. Thus we form a matrix [G]^ 

with infinite dimensions as shown in Fig. 3-1. 

Each row is linearly independent from the others and is called a 

basis. We use this matrix [G]^ as a generator matrix; the row space 

of [G] will form an infinite group code. We have 

u = m [G]ro 

1 — 2 — 
= m r^ © m rg © 

(3-5) 

• • • 



2* 8, 

[G]m = 
r2 

0 0 0 

0 0 0 0 0 0 

  0 0 0 

0 0 0 0 0 0 

000000000 

Fig. 3-1 
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In continuous communication, the information sequence m is infinitely 

long; then the encoder output or the transmitted sequence u will also be 

infinite. The infinite group code generated by [G]ro has an infinite tree 

structure, with nodes spaced n^ digits apart and two branches stemming 

from each node, as shown in Fig. 3-2. 

The encoding operation selects one particular path in the tree for 

each information sequence. The procedure is one in which the transmitter 

traces a particular path through the tree under the instructions given 

by the information digits. Each information digit gives instruction as 

1c •“ 
follows. Let m be the kth digit of the information sequence m. For 

Ic 
m = 0, the encoder selects the upper branch stemming from the kth node; 

for m = 1 the encoder selects the lower branch. The sequence of selections 

at consecutive nodes determines the path uniquely. 

Example: 

m = 1 1 0 0 1 ... 

Then u = 111 100 010 010 010 ... 

as shown in Fig. 3-2. 

Because of the tree structure of the convolutional code, the decoding 

operation may be considered as the process of determining from the received 

sequence v which path in the tree was traced by the encoder. At each node, 

the decoder makes a decision as to which branch was traced by the encoder 

(i.e., at each node the decoder determines the instruction given by the 

corresponding information digit to the encoder). Thus, this leads to a 

decoding scheme by which the decoder tries to decode the information 

sequence digit by digit. This decoding scheme is the well-known sequential 



0 0 0 

Fig. 3-2 
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decoding scheme which was introduced by Wozencraft [1]. 

If we indicate the rows of [G]^ with r^, r^, 

Eq. 4-5 can be written as 

then 

1 - 2 - 

u = m r^ (3 m ^ (3-6) 

where. 
(i-1) nr 

r± = 000 -000 .. . 

Eq. 3-6 indicates that the ith information digit m^ determines whether 

or not r^ is to be included in the formation of the transmitted sequence. 

Since g^ is nfc digits long, it is clear that each information digit m* 

only affects the transmitted sequence u over a span nfc digits, which we 

will call the constraint length. Therefore, in decoding, we will restrict 

the decoder to examine no more than nt digits of., v. The decoding scheme 

with which we are concerned is one in which we decode information digits 

in turn. As we start to decode the first information digit m\ the 

decoder examines the first nfc digits of v. Corresponding to this long 

received sequence of length nt, there is a finite code which is 

the truncated set of the infinite tree code S and has a finite tree 
00 

structure. This truncated code set is defined as the set of all sequences 

of length n which are the first n digits in S as shown in Fig. 3-2. 

Therefore, we restrict ourselves in decoding m^ to the consideration of 

rather than S^. From Fig. 3-2 we see that is generated by [G]^ 

enclosed by the dotted lines in Fig. 3-3, and 

u = m* rj^ © m^ rj, © © m^^ (3-7) 

where v = nt
R
t 

anc* is the ith row of [G], and is n digit long. 

In the example of Fig. 3-3, g^ = 111 011 001 Oil 001, nfc = 15, n^ = 3, 

and Thus V = 5. 



V = 5 

v=5 

r5 

111 Oil 

000 fill 

0 0 0 

0 0 0 

0 0 0 

/ 
[GJ 

0 0 0 

0 0 0 

0 0 0 

! o o o 
N / 
[G ] 

nfc = 15 

0 0 1 

Oil 

111 

0 0 0 

0 0 0 

0 0 0 

Oil 

0 0 1 

Oil 

111 

0 0 0 

0 0 0 

0 0 1 

Oil 

0 0 1 

Oil 

111 

0 0 0 

J 

0 0 1 

Oil 

0 0 1 

Oil 

111 

0 0 1 

Oil 

0 0 1 

Oil 

Fig. 3-3, 

used to decode 1st information digit 

^  nt    

o " ' "t 

used to decode 2nd information digit 

Fig. 3-4. 
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In order to decode the second information digit m the decoder 

examines the next n^ digits of v as shown in Fig. 3-4. The generator 

2 
matrix to be considered for decoding the second information digit m is 

[G]2- Since the g^s are translates of each other, [G]^ = [G^ and 

both generate the same code S^. The first information digit m^ affects 

the transmitted sequence over the first nfc digits, so that the appro- 

2 
priate set of truncated sequences for decoding m is not itself, but 

the S2 defined by adding to each element of the overlapping tail of 

gp if m1 = 1. Let ^ = 111 Oil 001 Oil 001 then g = Oil 001 Oil 001 

(tail sequence of g^). S2 is shown in Fig. 3-2 enclosed by dotted lines. 

3 
Similarly, for decoding m is the set defined by adding to each 

element of the overlapping tails of g^ and/or g2> if m^ = 1 

2 12 
and/or m =1. If, for example, m =1 and m = 1, then 

glt = 001 011 001 and g2t = Oil 001 Oil 001. 

By the same procedure, the decoder can construct appropriate sets of 

sequences for decoding each information digit. And the decoder, in con¬ 

struction the set of admissible sequences for decoding m*, must remember 

the previous n
tRt - 1 = v - 1 decisions, but no more. 

Instead of constructing appropriate truncated sets for decoding 

successive information digits, there is an alternate procedure which is 

much easier to implement and which enables the decoder to decode successive 

information digits by using only the first truncated set S^. The process 

can be described as follows: 

(1) If the first information digit m^ is decoded as m^- = 1, 

the decoder adds (modulo -2) to the next n^ digits of the 

received sequence v the overlapping tail sequence g.^ of 
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defined as before. The decoder compares this modified 

received sequence with the first truncated set and then 

decodes the second information digit. 

(2) If the first information digit m* is decoded as "Q", then 

the second n^ digits of the received sequence v is not 

to be modified. 

(3) For decoding the third information digit, the third nfc digits 

of the received sequence v is modified by adding the overlapping 

— — I o 
tail sequences of g.^ and/or g2 if m = 1 and/or m * 1. 

Then the decoder compares the result sequence with the first 

truncated set and decodes the third information digit. 

(4) The modification of the jth n^. digits of the received 

sequence v for decoding the jth information digit depends 

only upon the previous v-1 decisions, but no more. 

Under either of the above decoding processes, once an error is made, 

the error has a tendency to propagate indefinitely. The propagation of 

error will stop if and only if the decoder decodes the next v-1 infor¬ 

mation digits correctly. But the probability of this is quite small. 

Therefore, an effective way must be provided to detect and stop the 

error propagation. 



(k-l)th order kth order node 

n6de • 
i i 

(k-2)th 

order node 
i 

I 
I 

!. v1 
n' -nn+l 

1 1 

10 

/ 
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Fig 3-5. 
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3-3. Characteristics of Convolutional Codes. 

The convolutional code has a number of characteristics which are of 

particular importance in decoding. 

(1) The total number of possible sequences in S(n) at length n 

ITIR, 
is not exactly equal 2 t. There are two cases 

nl 
(a) n = n- where -— = k, an integer. In this case, the no 

n^th digit is immediately before kth node. Since each 

node has two branches stemming from it, the number 

N[S(n^)] of possible sequences in S(n^) will be 
, n1 /n. 

NtSC^)] = 2=2 ■ U = 2nl t (3-8) 

(b) — not an integer. Then N[S(n)] = A 2nRt where A > 1. 
n0 
This can be shown as follows. 

nl _1 
(i) For n = n- - 1,   is not an integer; From no 

Fig. 3-5'it may be seen that the total number of 

possible sequences at length n = n^ - 1 is still 

2nlRt. Thus 

N[S(n)] = 2nlRt - 2(
n+1)Rt = 2

Rt 2nRt (3-9) 

and 
A = 2Kt > 1 (3-10) 

nl ' 2 
(ii) If n = n. - 2,   is not an integer. 

1 n
0 

We still have 

N[S(n)] = 2nRt = 2(n+2^Rt = 22Rt 2nRt (3-11) 

so that A = 22Rt > 1 (3-12) 
nl - nQ + 

1 

(iii) For n = n. - nrt + 1,   is not an 
10 n0 

integer. In this case 

N[S(n)] - 2nlRt = 2^n + n0 " 1^Rt 

_ 2^n0_1^Rt 2nRt (3-13) 



3-3-2 

so that A = 2^n0_1)Rt (3-14) 

Therefore, we may conclude that for — not an integer 
n° 

N[S(n)] = A 2nRt (3-15) 

where A < 2^n0 Rt (3-16) 

The exact number of sequences in S(n) at length n can be found as 

follows. Let — - I (integer) 4- F (fraction). For F = 0, N[S(n)] = 2nRt. 
n0 

For F * 0, N[S(n)] = 2 (I+1)noRt. 

This situation is quite different from that for a block code. For a 

block code with constraint length nt, the number of possible sequences 

in S is always 2ntRt regardless of n. 

(2) Given enough time, a relatively small digital computer can 

generate the entire truncated set S^. This is true for any check digit 

code. Only a simple program and the nfc digits of the generator sequence 

need be stored in the computer memory. 

(3) The complete code set S forms a group, regardless of how long 

the sequences concerned may be. This fact is very important. One consequence 

is the following. 

Assume U(§) = UQ is the actual transmitted sequence and V(§) = v 

is the received sequence; then v = UQ © e^, where eQ is the actual 

noise sequence. Now we form the set of all 2V test noise sequence 

e^ = v © u^, where u^ € S. Then e^ = UQ © e^ © U^ = eQ © (UQ © u^). 

Since S is a group code, UQ © u^ must also be a member of S. 

Accordingly, the set of test noise sequences e^, the corresponding set 

of weights d^ = |e^| , and hence the probability of decoding error are 

completely independent of which particular sequence u in S we take to 

be transmitted sequence UQ. This symmetry property of group codes remove 
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the necessity for our previous restriction that all information sequences 

m be equally probable. 

(4) Another important consequence of the group character may be seen 

by considering e,. = v ® u± = eQ ® uQ ® u± = eQ + (uQ + gt) + (7^ + gt), 

where gfc is the any known tail sequence. It is clear the set of 

and the corresponding set of d^ are invariant, even though the truncated 

sets S^, S2, Sg ... are not indentical. Thus the error probability for 

decoding each information digit is invariant. 

ii 
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3-4. Canonic Form 

It is known that good block group codes can be written in a canonic 

or parity check form [2], whereby information digits are transmitted 

without alteration. This is also true for the convolutional code, provided 

where = 0 or 1. Suppose n^ =3, so that = 1/3. Then 

g = 1 Cj^O C3C4p C5C6^ C7C8 ' The canonic form g leads to a 

particularly simple encoding mechanism. Consider a shift register with 

v = nt
R
t stages, as shown in Fig. 3-6. To the shift register are connected 

nQ modulo -2 adders. The connections from the shift register to the adders 

are obtained from g as follows. Divide g into successive blocks of 

UQ digit each. Connect the first digit in each block to the first 

adder, the second digit in each block to the second adder, and so forth. 

A "1" in g is taken to mean that the connection is made; a "0", 

that it is not. Since only a single connection is made to the first 

adder, it can be replaced by a direct lead. 

In order to encode, we shift the information sequence m into the 

shift register. After each digit of shift, we transmit successively the 

n^ outputs of the adders. The encoding operation is shown in Fig. 3-6. 

For purpose of easy discussion, we have restricted consideration 

to the case where R. = —. The same arguments hold true for the case 
vo n° 

Rfc =“ , where < no (i*e*> vo information digits are encoded into 

n^ transmitted digits). In order to generate the corresponding convolutional 

code, VQ generator sequences of nfc digits are needed. Let us indicate 

that the first generator digit g* = 1, and g is of the form 

nQ digits n, 
0 



g =1 1 1 Oil 0 01 Oil 001 

g = 1 =* a connection to corresponding adder 

g^ = 0 =* no connection to corresponding adder 

Information 
digits -«*■ 

bl = 

b2 = 

b3 = 

b4 = 

°i 
11 

i 
11 

i i 

i i 

i 0 

1 1 

b 
5 L_°J 1 1 

U = bl b2 b3 b4 b5 

= 111 Oil 110 111 Oil 

Fig. 3-6. 
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the generator sequences with f^, g^, h^, ... and let f^_^, ®i+l* 

hi+l’ • * • be §i» 8j[ translated to the right by nQ digits; 

then we form an infinite generator matrix [G]^ is shown in Fig. 3-7. 

r.. and s.. are infinite row vectors, described as follows 

1 < k - (i - 1) nQ < nt 

otherwise 

1 < k - (i - 1) nQ < nfc 

otherwise 

v 
The convolutional code tree generated by [G]^ will have 2 0 

branches stemming from each node. The relation u = m [G] still holds. 

The tree generated by [G]^ of Fig. 3-7 is shown in Fig. 3-8; this is 

the truncated set of S which is used to decode the first two information 
00 

digits. The appropriate set of truncated sequences for decoding the next 

two information digits can be formed by the technique used in section 1. 

The encoding operation is shown schematically in Fig. 3-9. 

fk-(i-l)nQ 

k 11 =1 

k 
si 

fk-(i-l)nQ 

0 



vo = 2 

f x - 1 0 1 110 

ffl 0 1 

|0 0 0 
k 

111 

gi=100 101 Oil 

[61] 

iio iiil 
i 
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I 
10 00 101 110 
I 
|0 00 100 101 
I 
|0 00 000 101 
I 

0 0 0 1 0 0 

0 0 0 

0 0 0 

111 

Oil 

110 

10 1 

10 0 

0 0 0 

0 0 0 

111 000 

110 111 000 

101 Oil 000 

Fig. 3-7 
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CHAPTER IV. SEQUENTIAL DECODING 

4-1. The Decoding Concept. 

For any specific code S, the general maximum likelihood decoding 

procedure involves 2 t sequence comparisons. As we show in Chap. II, 

in order to drive the probability of decoding error to zero, n must be 

quite large. If the rate of transmission R^. is reasonable large, then 

2n^t will be a tremendously large number. As a result, the decoding 

equipment must be very complicated and the maximum likelihood decoding 

procedure becomes impractical. 

In our search for good decoding techniques, however, we need not limit 

ourselves to a consideration of ideal maximum likelihood decoding procedures 

only. Depending upon the characteristics of the code, other decoding 

criteria may exist that are sufficiently near to optimum, from the point 

of view of error probability, and at same time feasible, from the point 

of view implementation. In particular, the convolutional encoding technique 

discussed in the preceeding chapter results in a code with a tree-like 

structure that is especially amenable to a modified decoding strategy. 

nR 
It is evident that almost all numbers of a set of 2 t messages 

picked at random will differ from a received message v to a considerable 

degree. There may be a subset of messages within S that agree in many 

positions with v , but the size of this subset will be small. Even 

though it may be difficult to select the single most probable sequence in 

S , given v, it should be very simple to eliminate most of the possible 

u^ from detailed consideration. Concentration not upon selecting the most 
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probable u^, but rather upon discarding from contention all improbable 

u^, is the key concept in the decoding strategy that we now discuss. 

The word "improbable" must, of course, be precisely defined. 



4-2. Probability Criterion and Discard Functions 

For purpose of the following discussion, we introduce some random 

processes as follows: 

U(*,n), V(#,n), and D(*,n) are such that for any particular '§, we have 

U(§,n) = u(n), the transmitted sequence at length n 

V(?,n) = v(n), the received sequence at length n 

E(§,n) = e(n), the channel noise sequence at length n 

D(§,n) = d(n), the weight of channel noise sequence at length n. 

Where E(§,n) = U(£,n) © V(§,n) 

and D(§,n) = |E(§,n)| 

In the previous section, we introduced the phrase "improbable 

sequence." We will define it rather arbitrarily at first; the term 

"improbable sequence" means "any sequence in S(n) which differs from the 

received sequence V(§,n) = v(n) at length n in k(n) or more digits", 

where k(n) is called a discard function. 

Let us define 

E^ = {§: D(§,n) > k(n)} = the event that k(n) or more transmission 

errors occur for a transmitted sequence at length n. 

Then it is convenient to define k(n) such that 
N .V 

P(En) = P({5: D(§,n) > k(n)}) = P[d(n) > k(n)] < 2 
K (4-1) 

where K is an arbitrary positive constant which we will call the probability 

criterion. 

Solving Eq. 4-1 precisely for the largest possible function k(n) 

involves the solution of 
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where is the channel transition probability. Solving 4-2 would be 

tedious and impractical. However, a graphical solution for k(n) can 

easily be obtained by using the Chernoff bound, Eq. A-22. This approximate 

determination of k(n) is entirely adequate for our purpose. 

P[D(n) > np] < 2"n[Vp) " for p > pQ.. (A-22) 

We set 

^ = T0(p)-H(p) (4-3) 

and determine thereby a value p which we indicate with p^. Then we 

set k(n) = np^. From Fig. 4-1, we see that pn may be obtained 

geometrically by sliding a vertical line segment of length K/n between 

TQ(P) and H(p), until it just fits. The corresponding abscissa is p^. 

The smallest possible value for P[D(n) > k(n)] is p^, as may 

be seen from Eq. 4-2. For any given K, there is a minimum value of n, 

say UQ, such that 

p"°+1 < 2-K < pjo (4-5) 

or equivalently, 

~ " 108 P° < k 
Thus we define 

(4-6) 

( n n < n0 

k(n) = I (4-7) 

^npn < n 
n > n0 

With k(n) specified as in Eq. 4-7, our next step is to discard 

all messages in the set S(n) that differ from the received sequence 

v(n) in k(n) or more digits out of n. This is done for all n < nfc. 

Finally, we are interested in finding the probability that any test 



Fig. 4-2. 
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sequence u^(n) is retained at length n -- i.e., is not to be discarded 

at length n. It is again convenient to use the random coding analysis. 

We assume that each binary digit in the entire tree code is picked from 

B = {0,l}, independently at random, with P(0) = P(l) =-|. We thus 

define as before 

V(§,n) = v(n), the received sequence at length n 

u^(n) is the test sequence 

Ej_(§,n) «= V(§,n) © u^n), the test noise sequence 

^(S.n) ■ |E1(§,n)| 

E£(S) * vk(§) © u£ 

The superscript k indicates ,the kth digit in the sequence. 

In appendix B, we have shown that 

P[E£ = 1] = P[E£ = 0] = *| (B-ll) 

Let us define TT^ to be the event that any test sequence is retained 

at length n. Then nn = {§: D^(§,n) < k(n)}. By the Chernoff bound (A-24), 

P(rrn) = P[Di(n) < k(n)] < P[Dt(n) < npj 

< 2-»[l-H(pn)l f0r Pn < 9 (4-8) 

There is some minimum value of n which we call nt, such that p > • 
1 n — 

for n < n^. Since H( ) = 1, we see from Fig. 4-1 that 

. .iff. ... < ^ (i) - 1 < 
nx + 1 ^ x0 K2} 5 

(4-9) 

If we define a function 

0 

- 

U - H(pn) 

we have 

P(TIn) < 

n < n^ 

(4-10) 

n > n^ 

(4-11) 

I
O

|H
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A plot Rjr(n) with K as parameter is shown in Fig. 4-2. It is interesting 

to note that for finite K, lim R^(n) = C, where C is the channel 
n-*co 

capacity. Also it is clear from Fig. 4-1 that lim Pn = PQ and 
n-*oo 

lim £ =0. 
n-»°° n 

As we mentioned in the chapter on sequential decoding, the receiver 

decodes the information sequence digit by digit. Let us consider the case 

that the decoder intends to make a decision of first information digit tir". 

This digit divides the entire tree code S into two subset; is the 

subset of all u corresponding to m*" = 0, and S* is the subset of all 

u corresponding m* =1. The task of the first digit decoder is to decide 

whether the actual transmitted sequence u should be in or when 

the received sequence is known. If the decoder decides that the transmitted 

sequence u is in S^, it decodes the first information digit as "0", 

otherwise as "1". 

It is convenient to define the subset or S*- which contains the 

transmitted sequence as the correct subset, and all sequences u in it 

will be referred as the correct sequences. The subset which does not 

contain the transmitted sequence will be referred as the incorrect subset 

and all sequences in it as incorrect sequences. 

In Chap. 3, we have shown that the total number of allowable se¬ 

quences in S(n) is 

(3-15) 

where A < 2^n0 " 1)Rt (3-16) 

N[S(n)] = A2nRt 

The number of sequences in either or S*- will be 

N[S°(n)] =N[S1(n)] = | 2nRt (4-12) 
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For a random tree code, there are A2n^t possible incorrect 

sequences at any length n, and for each of these the probability of 

retention is bounded by 2 Assuming no previous discarding, there¬ 

fore, the average number M^(n) of incorrect sequences retained at length 

n is 

M^n) < \ A2nRt P(TTn) 

<\ 2n[Rt ' Vn)] (4-13) 

Since lim R^(n) “ C and C > Rt, it is clear from Fig, 4-2 that for 
n-*“ 

some n > n^, the exponent in Eq. 4-13 is negative. Thus we may hope to 

extend the constraint length nfc indefinitely beyond n^, for a fixed 

probability criterion K, without increasing the number of incorrect 

messages with which we have to cope. 
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4-3. Single Criterion Decoding 

Let us assume that the transmitted sequence is UQ and that UQ 

belongs to subset of our random tree code. Therefore, is the 

correct subset, and is the incorrect subset. We can correctly decode the 

first information digit m^ by using the discard function k(n) to eliminate 

from consideration the entire incorrect subset S^. Consider a decoding 

computer that starts at n = 1 and attempts to trace every sequence u(n) 

in S(n). As it proceeds, it compares u(n) with the received sequence 

V(§,n) = v(n), and counts the number d(n) of l's in, V(§,n) © u(n). If 

d(n) < k(n), the computer follows u from n to n + 1. If d(n) > k(n), 

the computer discards u(n) and considers the next sequence in S(n) which 

has not yet been discarded at length n. The procedure stops and m^ is 

decoded as soon as either or is discarded in toto. 

We consider now the problem of bounding the average number of 

computations that such a decoding computer makes in processing the in¬ 

correct subset (by assumption, S^). Assume that the computer is at nth 

digit. By definition, to "make one computation" is to move the computer from 

the nth digit to the (n + l)th digit and compare d(n + 1) against 

k(n + 1). 

d(n+l) - d(n) + [u11*1 © vn+1] «, = ,>0 k(n+l) 

Let N^(n+1) be the average number of computations - at length n+1 necessary 

to check all sequences in S^(n) which have been accepted out to length n. 

Since Mj,(n) is the average number of retained sequences in S^(n) at 

length n 

NR(n+l) = AC^^Cn) NR(1) = 1 (4-14) 

where A(n) = 1 or 2 depending on whether or not the sequence u(n) being 
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tested is immediately before a node at length n. If Nv is the average 
K 

number of computations required to process S , 

_ nt 
NK = S NK(n) 

n=l 

Substituting 4-14 into 4-15 we obtain 

nt 
N„ < A 2 2n^Rt " 

n=l 

(4-15) 

K 
(4-16) 

where we have overbounded A(n) by 2. 

From Fig. 4-3 it is clear that in the summation of Eq. 4-16 there 

is a maximum term, since Rfc - R^(n) < 0 for n > n^, and 

2nCRt " Rj^(n)l Win monotonically decrease for n > n^ Let be 

the value of n which maximize 2n^Rt . Then we have 

nmax<nK 

The p value associated with n 

(4-17) 

K 
n 

max 

- T0(pmax) - H<W> 

is indicated with p , where rmax’ 

(4-3) 

For 

max 

n < n.., we have 
max K 

Vn ) < R„ 
max • t 

Vn ) = 1 - H(p ) 
max rmax 

Rt - 1 - H(pt) 

Therefore 

1 - <1 - H<»t> 

«pt> < H<pmax> 

Rt ^ Rmax 

From Fig. 4-4, it is clear that 

H'(p.) > H'(p ) \rt/ - 
vrmax 

(4-18) 

(4-19) 

(4-20) 

(4-21) 

(4-22) 

(4-23) 

(4-24) 



\(n) 

Fig. 4-3. 



Fig. 4-4. 
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Consider the exponent of the summation in Eq. 4-16 

nCRt ■ ^(n)] = n[H(pn) - H(pfc)] (4-25) 

Treat n as a continuous variable, differentiate 4-25 with respect to 

n, and set it equal to zero. We find the values n and p corres- 
max max 

ponding to 
dp 

dT + H<p„>- H<pt> - 0 

From equations 

(4-26) 

f = I0(P„) - H(pn) (4-3) 

and 

I0(pn) - "pn 108 p0 - 108 80 * + <pn’p0> log ^ 

we obtain 

(A-22) 

-h I? = H'<P0> ' H'<pn> 
n *n 

(4-27) 

Combining 4-26 and 4-27,. we have 

K [H(Pn) - H(pt)][H'(p0) - H'(pn)] 

n "" H'(pn) 
(4-28) 

The parameters n and p could be obtained by solving 4-28 and 
max max 

4-3 simultaneously, but this would be tedious because of the transcen¬ 

dental nature of H(p) function. But a bound on the maximum 

nmax'Et ' Vnmax>> " nmax'«pmax> ' «pt>' 

can be obtained easily from Eq. 4-28. Using the parameters n
max and 

p , we may rearrange Eq. 4-28 to obtain 
max 

H'(p ) 

W^max) " H(pt>l = K 2122  
H’(p0) - H'(pmM) 

(4-29) 

n [H(p ) - H(pJ] = rrrr   
max “max tt/J H^p^) 

u - 1 
H'(p ) Ntmax 

(4-30) 
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We have shown that p > p. and H'(p. ) > H'(p ). If we replace 
max . t rt max 

H'(p ) by H'(p ) in Eq. 4-30, we obtain 
luclX L 

K 
W"1'-!1 ' < HTP^T 

Let a = T77 
H’(P0) 

H'(pt) 

(4-31) 

(4-32) 

- 1 

Since Pt > PQ an<^ H'(PQ) > H'(pt), it is clear that a > 0. Now 

H'(P0) = log2 — H'(pt) = log2 (4-33) 

Substituting Eq. 4-33 into Eq. 4-32, we obtain 

cx 

qt 
u*2Tt 

log ¥t 
2 p

oqt 

(4-34) 

It is evident that a is constant and independent of K and nfc. 

Eq. 4-31 may be written n^Wp^) - H(pt)] < K a (4-35) 

Since the summation Eq. 4-16 is over all n < nfc , we have 

NK < A nt 2aK (4-36) 

where A < 2<‘n0-1^Rt < 2. Therefore, 

\ < nfc 2aK+1 (4-37) 

The fact that is bounded by a number that grows only linearly with 

(given K) might tempt us to employ a decoding procedure using a single 

criterion K. That doing so is not completely satisfactory can be seen as 

follows. We have defined the discard criterion k(n) in such a way that 

the probability of discarding the correct sequence UQ at any. length n is 

P[D(n) £ k(n)] < 2'K 
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For the single criterion decoding procedure, the probability of error is sub¬ 

stantially the probability that the correct subset, as well as the incorrect 

subset, is discarded. 

In Chapter 2, it has been shown that the attainable probability of error 

decreases exponentially with code length nt; we desire not only to curtail 

the computational problem in decoding, but also to preserve this exponential 

error behavior. But if we make our probability criterion K proportional 

to n , then the bound on Nv grows exponentially with n . This growth 

can be avoided by using an ascending sequence of probability criteria 

K^, K^, Kg ..., and a corresponding sequence of discard functions k^(n), 

kj(n), k^(n) ... . 
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4-4. Multiple Criteria Decoding 

We consider a multi-criteria decoding computer that searches through 

the tree code S, in accordance with the following rules. 

(1) - The computer begins with the smallest criterion K^, and starts 

out to generate sequentially the entire set S. As the computer proceeds, 

it discards any sequence of length n that differs from the received 

sequence of length n in k^(n) or more places. 

(2) As soon as the computer discovers any sequence in S that is 

retained through length nfc, it prints out the corresponding first 

Information digit. 

(3) If the complete set S is discarded, the computer adopts the next 

larger criterion K^, and its corresponding discard function kgCn). 

(4) The computer continues this procedure until some sequence in S 

is retained through length nt. It then prints the corresponding first 

information digit. 

When these rules are adopted, the computer never uses a criterion 

Kj unless the entire set S is discarded (including the correct subset 

S^) for Kj_^. The probability that the transmitted sequence UQ or 

is discarded depends on the channel noise E(§,n). Accordingly, by 

averaging over all channel noise sequences, we can bound the average number 

of computations required to eliminate the incorrect subset S^. 

Roughly speaking, only when the channel noise is severe will we 

require a large criterion before accepting some sequence in S. Most 

frequently, we will be able tti accept a sequence in S® (UQ in par¬ 

ticular) with small criterion. 
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Assume UQ is the transmitted sequence and UQ € S . We define the 

following events. 

CL = {§: K = K.} = the event that criterion K. is used. 

W- = the event that uA will be discarded when K. . criterion 0 0 j-1 

is used. 

WQ = the event that will be discarded when Kj ^ criterion 

is used. 

But 

QQ = the event that entire S will be discarded when ^ 

criterion is used. 

Then we have the following relation 

n0 c wo Cwo 

n. 

w0 c U [D0<
n) > k._i<n>] 

n=l J 

Where DQ(§,n) = |EQ(§,n)| and 

E0(S,n) - V(§,n) © uQ 

nt 
Thus P(w0) < 2 P[D0(n) > k ,(n)] 

n=l J 

< \ 2"Kj-l 

From Eq. 4-38, it follows that 

P(00) < nt2
Kj-l 

(4-38) 

(4-39) 

(4-40) 

(4-41) 

(4-42) 

Since the criterion Kj is used only when entire S fails to be satisfied 

for criterion we finally obtain 

K, 
P(Cj) = P(nQ) < nfc2 j-1 (4-43) 



It is convenient to let 

Kj = KL + (j-1) AK 

K
J-I =Kj - “ 

Then we may write 

1 

(4-44) 

(4-45) 

for j =1 

P(Cj)< (4-46) 

fQr j>]L 

Let N,, be the average number of computations required to process 

i J 
S when criterion is used. Then N, the average number of com¬ 

putations required to process s\ is given by 

N = S P(C.) N 

j j Kj 

(4-47) 

We now proceed to bound N. First we shall obtain a bound to Nv, 

the average number of computations required to process the incorrect subset 

for a fixed criterion K. We have already shown that 

n,. 

N < S 2n[Rt 
n=l 

where 

^(n)] 

n < n. 

(4-16) 

V”> " 

1 - H(pn) n > n 

The quantity n^ has been defined by 

i .. K—, < T (A) 
n, +1 s 0 V 1 £ — 

nl 

Thus we may rewrite Eq. 4-16 as 
n v1 nR. t nR 

(4-10) 

(4-9) 
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Because pn is a transcendental function of n, we cannot 

evaluate the righthand side of Eq. 4-48 exactly. But we can overbound 

by overestimating 2 ^^n^ . This can be done by constructing 

a tangent to the H(p) curve at p - pc* The equation of this tangent is 

Tc(p) - -p log Pc - q log qc 

Let pj be the value of p such that 

TC(P2) - 1 

and define n2 to be that integer such that 

'V< k 
Then, as may be seen from Fig. 4-4, we must have 

1 - T (p ) 
cNiir 

1 “ H(pn) £ 

n > n. 

n < n2 

After some manipulation, it can be shown that 

?2.1+J-ogjSfi 
1 iog — 

*c 

Substituting Eq. 4-53 into 4-51 and using the relation that 

*0 q- 
log 

we then obtain 

K 

P0 
= 2 log 

< R 
K 

(4-49) 

(4-50) 

(4-51) 

(4-52) 

(4-53) 

n„ + 1 — comp — n- 
(4-54) 

where 

comp = TQ(P2) - 1 = 1 - log = T0(pc) - 2 H(pc) + 1 

9. 

(4-55) 



Fig. 4-4. 
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Substituting for 1 - H(pn) in Eq. 4-48, the smaller quantity on the right 

hand side of Eq. 4-52, we obtain 

_ n2 nR nt 
NK < Ax 2 2 + Ax 2 

n=l n=n2_l 

^t ntT (P ) - 1] 2 L2n c . n .. (4-56) 

Since ^c(Pn) increases monotonically with p^, we can see from 

Eq. 4-56 that we can overestimate 2n^c^n^ ^ by overestimating 

Pn by a quantity p^ which varies with n in a simple fashion. 

We have defined p as the solution of rn 

- = T_(p ) - H(p ) 
n 0 rn rn' 

Now we define p^ by means of the following expressions 

K 
n 

W -
1 

Tn(p') - T (p') 
0vtn c *n 

n < n2 

n > n. 

(4-57 a) 

(4-57 b) 

It is obvious from Fig. 4-4 that p^ > p^. Solving 4-57 b, we obtain 

31 = 
n 

K , - H0 
— + log — 
n 6 qc 

% 
log — 

n > n. (4-58) 

Using Eq. 4-58 and carrying out considerable algebraic manipulation, 

we can show that 

T (p' ) - 1 = — - R 
cNrn' n comp 

Substituting Eq. 4-59 into Eq. 4-56, we obtain 

(4-59) 

2 nRt K fc 

Nv < A. 2 2' + A.,2* 2 
K 1 n=l 1 n=n+l 

0-n[R - R. 1 
2 1 comp tJ (4-60) 



4-4-6 

The inequality in Eq. 4-56 is preserved, since > p^ implies 

T (pf) - 1 > T (p ) - 1. 
c n — c n 

Now we consider the first summation of the righthand side of 

Eq. 4-60. _ 
n„ _ 

E 2nRt < 2 2 t E 2-nRt = — 
n=l n=0 1 - 2"Rt 

(4-61) 

From Eq. 4-54, it may be seen that 

^ K  
n2 - R 

comp 

Substituting Eq. 4-62 into Eq. 4-61, we obtain 

z2 < £ 
n=l 1 - 2-Rt 

(4-62) 

(4-63) 

R. 
where B = 

comp 
(4-64) 

Similarly, for R < R , we have 
t comp 
n co 

v
t „-n[R - R. ] ^ 0-(n0 + 1)R (1 - B) E 2"n|^Rcomp " Rt^ 

E 2 L comp tJ < 2 ' 2 7 compv 7 n 
r 

n=n2+l 
n=0 

0- (n9 + 1) R (1 - B) 
2 2 7 comp 
, 0-R (1 - B) 1- 2 comp 

(4-65) 

From Eq. 4-54, it is apparent that 

K 
n2 + l> R 

comp 
(4-66) 

Substituting Eq. 4-66 into 4-65, we obtain 
n 
' _-n[R 2-«1'B> 

E 2 1 comp tJ <   

n=n2+l 1-2 comp 
r. rr for R„ < R R (1-B) t comp 

(4-67) 
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Substituting Eq. 4-63 and .4-67 into 4-60, we obtain the desired 

bound on N. 
K 

KB 

V* A2 2 

where A2 = A^ [ 

for R < R 
t comp 

- 0-R , 0-R (1 - B) 1-2 t 1-2 comp' ' 
] 

(4-68) 

(4-69) 

Next we will bound N. Substituting Eqs. 4-46 and 4-68 into 

Eq. 4-47, we obtain 

,AK 
4- < 2BK1 + n 2 Z 2Kj(B - 
A2 - 8 j>2 

(4-70) 

We substitute Eq. 4-44 into 4-70, noting that B < 1 for R,. < R 
t comp 

A bound is placed on the summation by the sum of a geometric series. As 

a result, we may write 

-2- < 2BK1 + n 2(B • 1)K1 2BAK 

A2 “ ■' t* L 1 _ 2(B - 1)AK 
(4-71) 

We desire to select and AK to minimize the bound on N. 

Differentiating with respect to these variables, and setting .the 

resulting equations equal to zero, we finally have 

AK = B 
1 - B 

= log nt + AK 

Substitution of Eq. 4-72 and 4-73 into Eq. 4-71 then yields the 

result 

(4-72) 

(4-73) 

K S £3 B^8’1* nB B < 1 • (4-74) 

By a small modification, a tighter bound on N can be obtained 

for Rfc < R ifc. The procedure of the derivation is almost the same 



4-4-8 

as that for 4-74. First we rewrite Eq. 4-48 as 

\<A1 2 2 
t + Ax Z 2ntH(pn) " H(pt)] 

n=l n=n^ 
(4-75) 

where H(pfc) = 1 - Rfc. Then we construct a tangent to the H(P) curve at 

p = p (instead of at p = p ), as in Fig. 4-5. The equation of this tan- 
L> C 

gent is 

Tt(p) = -p log pfc - q log qt 

Let us define p^ as the root of 

Tt^p3^ = 1 

Solving 4-77, we obtain 

1 + log qfc 

(4-76) 

(4-77) 

(4-78) 

Comparing 4-53 and 4-78, we find that = P3 when Rfc = Rc or 

p = p . Next we define n_ such that 
L C J 

K < 
n3 + 1 - w -1 < ^ (4-79) 

Let = '*'0^p3^ - 1 (4-80) 

Then n^ < - 
K 
R 
s 

(4-81 a) 

and 
n3 + 1 IV

 

(4-81 b) 
s 

From Fig. 4-5, we see that 

(< 1 - H(pt) n < n3 (4-82 a) 

H(pn) - H(pfc) 

,<(pn - pt) log — »>n. (4-82 b) 

where log— is the slope of Tfc(p). Substituting Eq. 4-82 into 4-75j 



T0(P) 

Fig.,4-5. 
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we obtain 

n„ 
nR. 

n. 

< A. 2 2^+4, 2 2n^pn " pt'^ log p„ 
K “ 1 n=l 1 n=n3+l 

C 
(4-83) 

Next we can overestimate by overestimating by a quantity 
n 

p^ which varies with n in a simple fashion, as we did before. We 

define p" as follows rn 

K 
n 

,VPn> - 

^0<pn> - VPn> 

n < n3 

n > n, 

(4-84 a) 

(4-84 b) 

It is obvious from Fig. 4-5 that p” > p^. Solving Eq. 4-84 b, we obtain 

3" = 
n 

£ + log^ 
n qt 

log 

n > n, 
tH0 

p0qt 

Then, after some algebraic manipulation, we can show that 

K 

n pt " 
n + [H(pt> ‘ T0(pt)] 

log 
ptq0 
P0qt 

(4-85) 

(4-86) 

Substituting Eq. 4-86 into 4-83, we obtain 

N < A- 2 2 + A“
K 2 2"na[T0(pt^ " H<pt^ 

n=l n=n3+l 

where 

(4-87) 

log — 
a = t > 0 

lO] 
Ptq0 

qtp0 

(4-88) 



( 
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If we let 

P = a[T0(pt) - H(pt)] 

Eq. 4-87 becomes 

3 nR,- v nt p 
N < A. 2 2 C + A- 2aK S 2"np 

1 n=l 
L
 n=n +1 

(4-89) 

(4-90) 

Since a > 0, and TQ(pfc) - H(pt) > 0, we must have P > 0. 

Consider the first summation on the right-hand side of Eq. 4-90. 

n3 nR n,R « -nR. ,n3Rt 
2 2 c < 2 0 c 2 2 = -  
n=l n=0 1 - 2_Rt 

(4-91) 

K From Eq. 4-81 a, it is apparent that n_ < —r— , so that 
J R 

s 
nR «KT| 

2 C <4 
1 - 2-Rt 

where T\ =\ 
R 
s 

(4-92) 

(4-93) 

Now consider the second summation on the right-hand side of Eq. 4-90. 

2aK s
t 2-pn < 2aK 2~(n3 * 1)P 

n=n^+l 1-2 -P 
(4-94) 

We have shown that 

. , . K 
n3 + 1 - R 

s 
Therefore, 

t Q 0K(a - R ) 2aK ^ 2~np ^ 2 s_ 

n=ng+l 1-2 

(4-81 b) 

(4-95) 

By considerable algebraic manipulation, we can show that 

s s 
(4-96) 
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Substituting 4-96 into 4-95, we finally obtain 

„ nt D 0KT) 
2aK S 2-n^ < —- 

n=n^+l 1-2 P 
(4-97) 

Substitution of 4-92 and 4-97 into Eq. 4-90 yields the result 

\ < A£ 2K^ 

where A- » A- [ —^ ] 
2 1 l-2"Rt 1-2"° 

(4-98) 

(4-99) 

Substituting 4-46 and 4-98 into 4-47, we obtain the following result 

I- = 2^1 E 2*^ " (4-100) 

J>2 

If R < R or T) < 1, we can bound the summation by the sum of a 
t s 

geometric series, to give 

■21«Kl + nt2<
1‘-1>Kl 

1 _ 201-DAK 
(4-101) 

As we did before, we can select and AK to minimize N. In the same 

way we obtain 

AK 
T| - 1 

Kx = log nfc + AK 

Substitution of Eq. 4-102 and 4-103 into 4-101 yields the 

result 

N < 

JL 
A'T^"1 

,n T1 < 1 or R < R 
u S 

(4-102) 

(4-103) 

(4-104) 
- 1 - T1 t 

. Comparing Eqs. 4-74 and 4-104, we find that they are of exactly the 

same form except for the parameters T) and B. Fig. 4-6 is a plot 

R - Tn(p,) - 1 versus R,. together with a plot of R 
s 0vr3' t’ ° v comp 

versus Rt 



Fig. 4-6. 

Rcomp ‘ T0<Po> ’ 2H<Pc> + 1 

- W - “(Pc’ + Rc 

therefore R > R 
comp c 

(2) at R. ® R. , R„ « R. , then 1] =» 1 
u L S L 

(3) R < R, < R < C 
c L comp 
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for comparison. It shows 

(1) R > R 
s comp 

for V< ^c 
(2) R = R 

s comp 
for &

 
r
t
 II
 &
 

o
 

(3) R < R 
s comp 

for Rt>Rc 

If we plot curves 7) and B against R^., it will show that 

(1) *T) < B for Rt < Rc 

(2) T] = B for R
t =
R

C 

(3) T| > B for Rt > Rc 

Therefore 

(1) for Rfc < Rc, we have T) < B, so that Eq. 4-104 gives us‘ a 

tighter bound on N than Eq. 4-74. 

(2) for R. = R , then T) = B, and P = R (1-B), so that 4-74 
c c comp 

and 4-104 will yield the same bound on N. 

(3) for Rc < Rt < 
R
comp> B < T], so that Eq. 4-74 yields a tighter 

bound on N. 

Finally we obtain the following results 

N < S'JI/OI-D j 
1-T| 11 nt 

^ * 21 RB/(B-D B 
N ^ l^B B nt 

If we define 

R 
s 

R* = 
s 

R 
comp 

for 

for 

R. < R < R 
t c comp 

R < R. < R 
c t comp 

for R < R 
t c 

for Rt > R t c 

(4-105) 

(4-106) 

(4-107) 
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then y can t>e defined as follows 

Rt 
F " 71 for 
S 

Y ; 

= Rt 
R " B f°r 
comp 

Rt > Rc 

(4-108) 

Figs. 4 -7 and 4-8 are plots of R* and yv versus R . 
t 

We finally 

obtain 

R. < R 
t comp (4-109) 

where 

A2 

A2 

A2 

R. < R < R 
t c comp 

R < R. < R 
c t comp 

(4-110) 



R 
cnt R corap C 

R, ) 

Fig. 4-7 

R * vs R. with pft = 0.1 s t 0 



Fig. 4-8, 

V va Rfc with pQ 0.1 



Fig. 4-9. 

R and R vs pA with R. =0.2 
comp s r0 t 
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4-5. Probability of Error 

In this section, we will show that the multiple criteria decoding not 

only curtails the average number of computations on the incorrect subset S* 

but also achieves a small probability of error. 

The first information digit corresponding to the transmitted sequence 

UQ is decoded when first we discover in our search procedure a sequence 

in S which satisfies 

d(n) < kj(n) for 1 < n < nt (4-111) 

An error occurs iff! this sequence u is in the incorrect subset S^-. 

Since Eq. 4-111 holds for all n, it holds for n = nfc 

B±C§,n) < kj (nt) i € I (4-112) 

where I = {i: u^ € S^} is an index set. Let e be the event of 

making an error; then we have 

ecu {§:K=K } U {§: D.(•?,n ) < k.(n.)} (4-113) 
j J. i€l J C 

Let C. = {§:K=K.} the event that criterion K. 
J J J 

and = {§: Di(§,nfc) < k^(nt)} 

We then have 

is used 

(4-114) 

P(e) < 2 P(C.) P( U A..) 
j J i€I 1J 

Let Q = P( U A .) = P( U {D.(n.) < k.(n.)}). 
J . i€l 1J i€l 1 C J t 

Then Q. < P( U {D (n.) < k (n )}) < 2 P(D.(n. ) < k,(n. )) 
J i€l ■ 1 c J C ,i€l 2 

< N(I) P(Di(nt) < k^)) 

Where N.(i) = N(S1) =A 2ntRt 

Let k.(nfc) 
= n

tPj 

(4-115) 

(4-116) 

(4-117) 

(4-118) 
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For random construction of the tree code, we have 

P[Di(nt) < ntpj] < 2"
nt[1 ' H(pj)] 

As before, we iet R = 1 - H(p ); then 
u t 

Qj < i| 2ntRt 2”nt*’1 " H^pj^ 

< | 2'V
H<pt> “ H<pj>] for Pj<pt 

(4-119) 

(4-120) 

For Pj > Pt> the appropriate upper bound on is 1. Therefore, we 

have 

A 2ntRt 2-nt[H(pc) - H(Pj)] ^ 

Pj>Pt 

In the preceding section we have shown that 

P(Cj) = P({? 
t 1 

:K»K,})<J 

>nt2^2-Kj 

j ■ 1 

j > 1 

Therefore, 

P(e)<S P(Cj) Qj 

We define J by the requirement that 

pj,Spt< pt+i ’c _ Jc 

Then Eq. 4-121 can be written as 

A 2-nt[H(pt) - H(Pj)] j < J, 

j > j. 

(4-121) 

(4-46) 

(4-122) 

(4-123) 

(4-124) 

Substitute Eqs. 4-46 and 4-124 into Eq. 4-122, to obtain 

p(e) < Z p(C.) Q, + Z p(C ) 

j=l J J j>j„ ■ J 

(4-125) 
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Now 

j>j 

E P(C.) - E n 2^2_Kj 

. J >*c 

= S nfc 2^ a-V^-
1^ 

Mc 

= E n, 2-Kl 2“<J-2>AK 

>JC 

= n 2"K1 E 2“
(j_2)AK 

j>jc 

<n 2-Kl »'<J»Ml)* 
- t 2 1 1 _ 2-4K N 

/ 2'KJ 

l-2-M 

Since 2AK > 2 for AK = '^B-1^ ' we mu8t ^ave * 

1-2’* 2^-1 

(4-126) 

2“ <2® 

Therefore, E P(c.) < n„ 2* 2-Kj 

3>ic 3 " ' 

Substituting 4-46, 4-124, and 4-127 into Eq. 4-125, we obtain 

j 

(4-127) 

AK 0-K. 
P(e) < E n, 2* 2-Kj k 2~VH<pt> " H<PJ>1 + nt 2 2 X 

" j=l 

Since Kj = n^T^) - H(Pj)] 

P(e) <4 nt 
2‘^ 2<i 2"nt[H(pt^ +T0(pj) ' 2H<pj^ 

+ n, 2^ 2-Wpj > - H<pj >1 
t Jc Jc 

Aleo, since A S 2< V1)Rt * 2- nto! 

P<e) < n 2“ EC 2-nttH'Rt> + T0<"j> - 2HOj» 

j=l 

+ n 24K 2-nt'T0(Pj > - H<Pj 
t Jc J< 

)1 (4-128) 
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We are concerned with the asymptotic behavior of Eq. 4-128 for large 

nfc. Since AK is independent of nfc, AK/nt -» 0 as nfc -♦■<». Thus, from 

Eq. 4-123, p. -* pfc as n -*•<». Applying this result to Eq. 4-128, we 
Jc 

obtain 

P(e) < 2n 2AK E 2-V
H<*t> + W ' 2H(Pj)] 

•J-l 

(4-129) 

so that 

P(e) 

2nt2 
AK - 

c 
S 

J-l 
2-nt[H(pt) + T0(Pj) - 2H(Pj) (4-130) 

The probability of error for block decoding is bounded by 

P(«) < Y* 2-nt[«Pt> + T0(pr> ' 
r-Vo 

where p = — 
r n^ 

The summation of Eq. 2-46 certainly is larger than the summation of 

Eq. 4-130. This is true because the index r of Eq. 2-46 steps through 

all Integers between nfcp0 and ntpfc. Whereas the range of index j in 

Eq. 4-130 can only include a subset of these integers. 

If we use the previous results given in Eq. 2-50 and 2-51, and sub¬ 

stitute for AK the minimizing value given in Eq. 4-102. We have for the 

first digit in a random tree code 

2n 2 

p<«) S 2'nt[Io(pt) - H(pt>! 
(4-131) 

R > R. > R ... 
comp t — cnt 

for 
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and p(e) < 2-
nttH^t> + W - 2R(Pc>l 

for Rfc < Rc (4-132) 

D p 
where R = 1 - H(p ) and — = 

c • c' q 

The exponential behavior of probability of error for sequential decoding 

is essentially the same as for the block decoding. 
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APPENDIX A. Bounds on Sums of Random Variables 

1. Chernoff Bounds 

Assume {z^(*)}^_^ is a sequence of independent random variables, each 

of which has the same distribution. Let their sum be 

D(S) - 2 Z.<§) 
n i=l 1 

(A-l) 

The moment generating function of Z^(*)> denoted by M^(t), is defined for 

every real number t by 

M i(t) S E[e
tZi] = J etZ^dFz (Z) 

-oo i 
(A-2) 

where F (z) is the distribution function of Z.('). It is clear that all 
Zi 

M^(t) are the same, since all Z^z) have the same distribution. Let the 

common moment generating function be M(t). The moment generating function 

of £>n(§) is given by 

tD 
E[e n] = Mn(t) (A-3) 

In order to evaluate the probability that Dn(§) Is greater than or equal 

to some value k, we define an event 

Ak = C§
: Dn(§) > kj 

For t > 0 

tD«(5) tk 
> e IA (§) 

Ak = etDn(§) ^ etk} 

Since 
n 

where I. (§) = ^ € Ak 

k ° S € A£ 

it follows that 

E[e n] > E[etkIA (§)] = e
tkP(Ak) 

k 

(A-4) 

(A-5) 

(A-6) 

(A-7) 

(A-8) 

From Eq. A-8 we obtain 
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P(Ak) < e'
tkMn(t) 

P(Ak) = P[Dn> k] < e-tkMn(t) 

Now, put u(t) 2 loge M(t) 

and note that u(0) = 0. We thus have 

P(Dn > k) < e"tk + nU^ 

(A-9) 

(A-10) 

(A-ll) 

In order to obtain the best possible bound, we maximize with respect to the 

parameter t. Setting the derivative of the exponent equal to zero, we get 

[-tk + nu(t)] = -k + nu'(t) = 0, which yields k= nu'(t) (A-12) 

A maximum, if it exists, must be a root of u'(t) = —. Finally we have 

P(Dn > nu' (t))< e 
-n[t u'(t) - u(t)] 

t > 0 (A-13) 

By a similar argument we can obtain 

F(DnS n u'(t)) S e‘
n[t u'(t) ‘ u(t)1 t < 0 (A-14) 

Equations A-13 and A-14 are called Chernoff bounds and are valid 

for any finite, discrete random variable. 
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Sums of Binomials 

Suppose each Z^(*) is a binary random variable with two possible 

values "0" or "1". And P(Z^ =1) = PQ and P(Z^ = 0) = 1 - pig = q^ 

Then, from Eqs. A-2 and A-10 

M(t) = pQ et + qQ 

and 

u(t) = loge (pQ e + qQ) 

u'(t) = P0et 

q0 + P0efc 

If we let k = np = n u’(t) then p - 

or pqQ + PPge* = pge1 

p0e 

% + p0e t £ P0 
f or c > 0 

P0(l-P)e ■ pq0 

t pq0 e = prtq where q = 1-p 

t = logg 
pq0 

6 p0q0 

u(t) - log2 (qQ + — ) 

Substituting Eq. A-18 into A-15, we get 

V 
q 

Substituting A-19 into A-13, we obtain 

q0
p pqo, 

P(Dn > np) < e’n^P loge pQq " loge ^q0 + q ^ for p £ pQ > 0 

Since e^ ^oge s 2^ ^0®2 gq. A-20 becomes 

q0
p pq0 

> np) < 2’ntp log2 ’ log2 <q0 +— >1 

By a little* algebra, the term in brackets may be written 

T0(p) - H(p) = [-p log2 pQ - q log2 qQ] 

-t-p i°g2 p - q i°s2 q] 

(A-15) 

(A-16) 

(A-17) 

(A-18) 

(A-19) 

(A-20) 

(A-21) 
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where 

T0(p) = -P log2 pQ - q log2 qQ (A-22a) 

H(p) = -p log2 p - q log2 q (A-22b) 

Then Eq. A-21 becomes 

P(Dn > np) < 2-”tT0<P> - H<P>1 p > p0 * 0 (A-22) 

By a similar argument, we obtain 

P0>n < np) < 2'
ntH(p0) " H(P) + <p“p0> l0g2 ^ for p * p0 (A"23) 

1 1 
Of particular interest is the case where PQ =-J. Since H(-j) = 1, we have 

P[Dn< np] < 2"n[1 " H(p)] , p <\ (A-24) 
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3. Stirling Bounds 

By using the Chernoff technique, we obtained the upper bound on sums 

n 
of binomial random variables D-(.) = Z Z.(0 where Z.(§) € {0,1}. We 

i=l 1 1 
can also obtain a lower bound by means of the Stirling approximation to the 

factorial 

JKZL C?)n < ni < */Em (^)n e 12n 

Cn_ = Cn n'. 

(A-25) 

(A-26) np nq nq! npl 

Substituting for the factorial at the numerator of A-26 the upper bound given 

by A-25 and for the factorials at the denominator the corresponding lower 

bounds given by the same equation, we obtain 

1 1 
,n B Qn V2nn O^)11 e" ^12np + 12nq^ 

np nq 

V^TTnp (£E)np 72TTnq (~l)ntl 
where q = 1-p 

Following unpublished work by Shannon, we have 

12np + lfei ^ 9 
1 + TST-r < T for p > 1, nq > 3 

and therefore, over this range of the variables 

■<1 + ii). 4 
e *12np T 12nq^ e 9 = o g95 > = 0 (887 

Substituting A-29 into A-27 we obtain 

(A-27) 

(A-28) 

(A-29) 

cn - cn > ■ ■ 
np n« JtoR 

-np -nq 
P q 4 

Making use of the fact a = 2*,0®2 

1 

then 

,n ,n 
C > ”7= 

np nq //8npq 
2n(-p log p - q log q) 

since 

Cn = Cn > £== 2nH^ 
np nq V8npq 

np > 1, nq > 3 

(A-30) 

(A-31) 
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Eq. A-31 is also valid for all cases where p £ 0, q £ 0. Because of the 

symmetry of Eq. A-31 in p and q, there are three remaining cases to 

consider. They are 

(1) np = 1, nq = 1 which implies n = 2, 
i 

P = 2 

(2) np = 1, nq = 2 which implies n = 3, 
1 

P = 3 

(3) np = 2, nq = 2 which implies n = 4, 
1 

P =2 

,n 
For each of these cases we can verify by direct calculation that is 

greater than or equal to the right hand side of Eq. A-31. It follows that 

,n 
2,,h(p) for p ^ 0, 1 (A-32) 

By substituting for the factorials of A-26 the appropriate bounds given 

by A-25, we could also obtain the result 

for p 4s
 0,1 (A-33) 

As we have defined 
n 

D(*)=S Z.(*) where Z.(§) € {0,1} i =1 ... n and 
i=l ■ 1 

P(Zi = 1) = PQ, p(Zi = 0) = 1 - pQ = qQ 

Therefore, 

P({§:Dn(?) = np}) = P(D n 

= cn p 
np r 

= Cn 2 
np 

- Cn 2 
np 

= np) 

np nq 
0 q0 

-n(-p log pQ - q log qQ) 

-nTQ(p) (A-34) 
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Substituting Eq. A-32 into A-34, we obtain the desired lower bound 

I*C{§:I>nC§) = np} = P(Dn = np) > 1 2“n^T0^p^ " H(P)1 for p £ o. 
V8npq 

Substituting Eq. A-33 into A-34, we could obtain the result 

P(D = np) < 1 2"n*-T0^P^ " H^p^ 
n v^rrnpq 

1 (A-35) 

for p £ 0,1 (A-36) 
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APPENDIX B. A Study of the Random Variables for a Binary Symmetric Channel 

Let B^ be the channel input space; i.e., B^ is the set of possible 

sequences consisting of n binary digits. There are N = 2n such sequences, 

which may be numbered u^, ... u^. Consider the random variable U(«)* 

For each choice of the variable § an input sequence is determined. 

U<§) = u = (u1, u2, u3 ... un) € B^ 

uk is the kth component of u. We may also write U(§) = {U*(§),U2(§).. .Un(§)} 

uk = Uk(§) € B = {0,1} 

Similarly let B^ be the channel output space consisting of N = 2n 

possible sequence of n binary digits. Let the random variable V(•) be 

such that V(§) = v = (v\v2, v3 ... v11) 6 B^J for each choice of §. vk is 

the kth component of v. We may also write V(§) = {V^(§), V2(§) ... Vn(§)} 

vk = Vk(g) € B = {0,1} 

Let B^ be the channel noise space consisting of N = 2n possible 

noise sequences of n binary digits. It is convenient to define the random 

variable E( •) such that E(§) = e = (e\ e2 ... e11) = U(§) © V(§). We may 

also write E(§) = {E\§)> E2(§) ... En(§)}, where ek = Ek(§). For the 

binary symmetric channel (BSC), {E (•)* 1 < k < n} is an independent class 

with P({§:Ek(§) =1}) = pQ and P({§:Ek(§) = 0}) = qQ = 1 - pQ . The 

random variables U(>) and E(•) are independent. 

For random coding, U(§) = u^ is constructed by selecting its n digits 

independently at random with equal probability. This is assumed to make 

{Uj(0: 1 < j < n} an independent class with P({§:Uk(§) = 1}) 

» P({§:Uk(§) = 0}) = ~. Also {Uj(.)» Ek(.)s 1 < j < n, 1 < k < n} 

is an independent class. 
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Each time a sequence U(?) = is picked randomly to be transmitted, 

v n 
we also select 2 -1 codewords from with replacement. We call this set 

of 2V-1 codewords S^. The distinct sequences in . The distinct 

sequences in U{u^) forms a codeword list which must be sent to the 

decoder for decoding. 

Let S (•) be a random variable such that S (?) *» for each choice 

of §. We suppose U(*)> E( •), S (•) are independent random variables. Let 

V(?) = U(?) ©E(?) so that (B-l) 

(B-2) Vk(?) »-Uk(g) © Ek(?) 

Let Ak » {?: Uk(§) - 1) 

Bk - {§: Ek(?) » 1} 

Ck = {§: Vk(?) = 1) 

Then Ck « AkBk° + Ak°Bk * ^Ak,Bk^ ^ Boolean function) 

By a known theorem on independence {AkBj: 1 < j < n, 1 < j < n] is an 

independent class. This implies the fact that £ck: 1 < k < n} is also 

an independent class [4]. Write 

UK(§) - I. (?) 
Ak 

Ek(?) = IR (?) 
Bk 

,k 
V «) = IC ,(§) =IAlB,C+A,CB «> kk k k Ek(AkV 

(?) 

(B-3) 

(B-4) 

(B-5) 

£vk(?): 1 < k < n) is an independent class iffi {fk(AkBk): 1 < k < n} or 

{Ck: 1 < k < n} or £ck: 1 < k < n) is an independent class. Since we 

have already shown £ck: 1 < k < n] is an independent class, it follows that 

£vk(§): l<k < n] is an independent class. 

Consider E^(?) 2 v(?) © u^ (B-6) 

where V(?) is the received sequence and u^ € Sk« The sequence u^ is 

called the test signal. The random variable E^(?) is called test noise 
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sequence. Now, E^S) = {E^Cg), E^Cg) ... E^C?)}, where 

E^(§) = Vk(g) ® u.k. Since {vk(g) 1 < k < n} is an independent class 

k k 
and is a constant, it is easy to show that {E^ (g) : 1 < k < n} 

is also an independent class. 

Since Vk(g) = Uk(g) © Ek(g), it follows that 

P(Vk = 1) = P(Uk = 0, Ek = 1) + P(Uk = 1, Ek = 0) 

= P(Uk ■ 0)P(Ek = 1) + P(Uk = l)P(Ek - 0) 

1 , 1 1 
" 2 p0 + 2 q0 " 2 
k X 

By the same argument p(V = 0) = -^ 

Since E^k(g) = Vk(g) © u* 

and Vk(g) = Uk(g) © Ek(§) 

(B-7) 

(B-8) 

(B-6) 

(B-2) 

Substituting B-2 into B-6, we obtain 

E:±
k(g> = Uk(g) © Ek(g) © ut

k (B-9a) 

Let U^CI) = Uk(§) © u^. Then 

E.k(§) = Ek(§) © U^Cg) (B-9b) 

and {gsE^Cg) - lj - {Ek(g) = 1, U^Cg) = 0} U {Ek(g) = 0, U^Cg) = 1} (B-10) 

Therefore, 

PCE^ 1) = P(E
k =1, Ut

k = 0) + P(Ek = 0, 

_ 1 .1 
“ 2 p0 + 2 q0 

1 
“ 2 

1) 

(B-lla) 

By the same argument, we obtain 

PCE^ = 0) = \ (B-llb) 

Equations B-lla and B-llb show the probability that any test signal 

u^ agrees with the received signal V(g) at any digit is This is an 

important fact for random coding. We have used this fact in deriving the 

upper bound on the average probability of decoding error. 
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Next we want to show the independence of random variables 

E^ (•)• From B-9b, we have 

{§: E±
kC§> = 1, Ek(§) = 1} = {§: U^CS) = 0, Ek(§) = 1} 

Then P(E^k = 1, Ek = 1) = \ pQ 
k , k P(Eik = Ek = 1) 1 

P(E, =1 | E = 1) =    r  - 2 P0 = 1 
P(EK =1) PQ 2 

Since P(Et
k = 1) = we have PCE^l |Ek=l) = PCE^l) = 

Ek(•) and 

(B-13) 

(B-14) 

(B-15) 

(B-16) 

By the same argument we can prove that 

P<E±
k-l |Ek-0> = PCE^l) 

PCE^OlE^O) = P(Ei
k=0) = \ 

PCE^OJE^I) = P(Et
k = 0) = 

Therefore, 

E^k( •) and Ek( • ) are independent, and £E^(-)} E
k(-)i 

1 < j < n, 1 < k < n) is an independent class. Consider D^(§) » |E^(5) | , 

the weight of a test noise sequence and D(§) = |E(§)| weight of a 

noise sequence. As functions of independent random variables, D^(*)> 

D( •) are also independent. 
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