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ABSTRACT 

THE USE OF HORIZONTAL BUBBLE COLUMNS 
IN GAS-LIQUID CHROMATOGRAPHY 

David D. Claypool 

When a single long gas bubble flows with the surrounding 

liquid through a small capillary tube, its velocity exceeds 

the average velocity of the liquid. The phenomenon is due to 

the thin film of stagnant liquid surrounding the bubble. A 

succession of these bubbles closely spaced, greatly reduces 

the average liquid velocity even further by making the stag¬ 

nant film an even greater fraction of the total liquid volume. 

With relatively long bubbles, very closely spaced together, a 

great deal of relative separation is possible between the gas 

and liquid phases at high velocity and therefore, such a system 

is worthy of consideration as a chromatographic device. 

The power of resolution attainable by a particular 

chromatographic system is a ratio of the separation distance 

between two components, or in this case, the gas and liquid 

phases, to the half width of the dispersed liquid peak. It 

is used as a final criteria in evaluating the column perform¬ 

ance as bubble velocity, liquid fillet length, and bubble 

length vary. Behavior of the liquid film thickness, the rela¬ 

tive separation, and the liquid phase dispersion coefficient 



were compared with hydrodynamic and dispersion theories in 

evaluating the behavior of the resolution. Liquid film thick¬ 

ness increased nearly according to theory at low velocities, 

but approached limiting values at high velocities. This upper 

limit of film thickness increased with decreasing fillet length. 

Increased bubble length appeared to decrease the film thickness 

only slightly. The net result was a large increase in rela¬ 

tive separation with increased bubble length to fillet length, 

but a limited increase as bubble velocity approached high 

values. The overall dispersion coefficient increased with 

nearly the velocity squared, but decreased somewhat with in¬ 

creasing fillet length. The resulting power of resolution 

appeared to have maxima when plotted against velocity. The 

value of these maxima increased with an increase in bubble 

length to fillet length. Further investigations of this 

system were well justified. 
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I. INTRODUCTION 

Gas-liquid chromatography requires, among other things, 

that there exist a difference in velocity between the gas 

and liquid phases. With such a criterion, numerous gas- 

liquid systems are worthy of consideration for use as chro¬ 

matographic devices. The most common of such systems con¬ 

sists of a gas phase flowing continuously over a discontin¬ 

uous fixed liquid phase adsorbed onto a solid support. 

Common acceptance of such devices for analytical and non- 

analytical purposes does not preclude the investigation of 

other systems with suitable characteristics. The purpose 

of this work is to show the suitability of a particular type 

of bubble column as a chromatographic system. Bubble columns, 

in general, contain a succession of long gas bubbles, sepa¬ 

rated and surrounded by a continuous liquid phase. The 

bubble phase has a longitudinal velocity greater than that 

of the liquid phase, thereby making gas-liquid separations 

possible. 

2 
Bretherton described the motion of single long bubbles 

in capillary tubes for two cases. He first considered a 

vertical tube, filled with liquid and sealed at the bottom, 

in which a long single bubble was allowed to rise slowly 

through the liquid. The liquid near the bubble surface was 
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divided into three regions of consideration — a meniscus 

region near the center of the tube, AB; a falling film of 

liquid wetting the tube wall and surrounding the middle of 

the bubble, CD; and a transition region, BC (see Figure 1). 

PVG 
By assuming that —<^1, he showed that only surface ten¬ 

sion forces and gravity affected the bubble profile in the 

region AB. Only in the transition region near the wall, 

where the lubrication approximation applied, did viscous 

stresses appreciably modify the static profile. 

r2 
For "I g_r 0.842 the profile of the front meniscus 

is such that the tangential plane is vertical at some point 

on it,and the bubble will not rise. Bretherton showed that 
2 

the rise velocity for values of -between 0.842 and 

1.04 is governed by gravitational forces, and by viscous 

forces in the transition region according to the relation¬ 

ship 2/9 

pgr 
<Y 

0.842 = 1.25 CT + 2.24 

1/3 

(1) 

Since the film is under the influence of gravity, it flows 

down the tube wall as a falling film. Falling film theory 

can be used to evaluate the thickness of the film, i.e., 

V 
f 3/X 

(2) 

From continuity 
V, 

V 
2b 
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assuming that the liquid flows down a plane wall. With the 

In order to use this bubble column as a chromatographic 

device, it is important that equilibrium between the gas and 

liquid phase be closely approached. Assuming that each 

bubble is well mixed, a reasonable assumption for moderately 

long bubbles, a pulse of tracer in the liquid phase must spend 

sufficient time in the falling film before it can be con¬ 

sidered in equilibrium with the gas phase. The amount of time 

required depends upon the laminar thickness, b, and the liquid 

phase diffusion coefficient for the tracer. This time can be 

controlled by the length of bubble and the relative velocity 

between gas and liquid. Equilibrium conditions for such a 

7 
system have been calculated by Owen using results obtained 

by Pigford.3 

Owen successfully demonstrated the utility of such a 

column for measuring the infinite dilution K-value of ethane 

in n-decane. He used the continuity equation and the equi¬ 

librium relationship, K(=y/x), to describe the characteristic 

velocity of a radioactive perturbation of ethane, introduced 

into a steady state system of helium bubbles rising slowly 

approximation — ■ > 0.842 

Pjjr- - 0.842 = 1.10 (b/r)2/3 + 1.85 (b/r) (3) 
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upward through the liquid decane. In this system the liquid 

was essentially non-volatile, and consequently had zero 

characteristic velocity since there was no liquid feed. How¬ 

ever, the laminar flow of liquid around the bubbles intro¬ 

duced a significant amount of dispersion in the liquid phase. 

Owen also found other sources of dispersion, particularly in 

his detection device, all of which made measurement of the 

characteristic velocity of the perturbation difficult and 

somewhat inaccurate. The radioactive ethane, as it passed 

with the helium stream through an ionization chamber, gave 

a dispersed, unsymmetrical peak, making it necessary to use 

the peak centroid for the characteristic velocity measure¬ 

ment rather than a conveniently located peak maximum. 

Generally speaking, it is desirable to operate a chromato¬ 

graphic system such that the longitudinal dispersion is mini¬ 

mized, and separation of the various components is maximized. 

The optimal situation would be a set of conditions whereby 

the ratio of separation to dispersion is as large as possible. 

This ratio, to be defined quantitatively later, will be used 

as a primary criterion in this work. 

.9 
Rarnbin considered only liquid phase dispersion in a 

vertical column similar to the one used by Owen. His results 

were sufficient to demonstrate the importance of Taylor 
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dispersion resulting from a laminar velocity profile in the 

liquid film surrounding the bubble. He found that shorter 

length bubbles gave significantly reduced dispersion coef¬ 

ficients. The technique he used was to pass helium bubbles 

89 
through a narrow fillet of Sr Cl^ tracer solution positioned 

midway up the length of a column of KCl solution. He then 

measured radioactive concentration versus column length after 

passing a certain number of bubbles of given length through 

the column. The resulting curves were Gaussian in shape and 

symmetrical with respect to position but nevertheless quite 

dispersed for long bubbles. 

The author spent considerable effort in an attempt to 

extend the use of such a vertical bubble column in order to 

measure vapor-liquid equilibrium K-values in a binary system 

of relatively close boiling components. For several reasons, 

n-pentane (B.P. 36°C) and n-heptane (B.P. 98°C) were chosen. 

The system was operated at 75°C and atmospheric pressure. At 

equilibrium, the concentration of heptane in the gas phase 

was very significant. In order to prevent stripping of the 

heavier component, it was necessary to continuously feed 

both components into the column as an equilibrium mixture of 

liquid and vapor at 75°G. The column was designed on the 

basis of a continual flow of gas and liquid through it. 
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Deans showed that in such a system the K-value for 

each component depended only upon the characteristic velocity 

of each component, the velocity of a vapor bubble, the veloc¬ 

ity of the liquid phase through the column, and the composi¬ 

tion of the total feed mixture. All velocities could have 

been measured with radioactive isotopes injected simulta;- 

neously, and measured as they eventually issued from the top 

of the column in the liquid or gas phases. Such a moving 

system offered great simplicity from the standpoint of taking 

chromatographic data. Operating such a column in the two 

phase region of a temperature-composition diagram proved to 

be very difficult, however. Because the vapor was in equi¬ 

librium with the liquid at atmospheric pressure, the use of 

a pressurized gas phase to form bubbles was not possible as 

it was in the case of Owen and Rambin. Several devices were 

designed to form uniformly short bubbles at nearly constant 

pressure, and were tested. Each met with little success. 

Because of the difficulties involved in forming uniform 

bubbles, and since tube radius would have to be changed for 

every change in and -^p, i.e., every new liquid composition 

or temperature, attention was turned to the investigation of 

the second bubble system described by Bretherton. In this 

case a long single gas bubble moved with a flowing liquid in 
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a horizontal tube (see Figure 2a). was significantly 

less than 0.842, such that gravity had little influence on 

the system. The liquid near the bubble interface was divided 

into the same three regions described previously for the ver- 

the motion of the fluid in the transition region where the 

lubrication approximation applies. With the assumptions that 

the gas phase viscosity is negligible and that gravitation¬ 

al effects are unimportant, the liquid film wetting the tube 

wall and surrounding the center of the long bubble is uniform 

in thickness and is at rest. This was first shown by Fairbrother 

5 
and Stubbs in 1935. As shown in the theory section of this 

thesis, Bretherton found that 

where b is the stagnant liquid film thickness. The presence 

of this stagnant film tends to reduce the volume averaged 

velocity of the liquid phase, and thus provides the necessary 

difference between the gas phase and liquid phase velocities. 

Use of such a single bubble system, for which Bretherton's 

analysis applies, is rather inadequate for a chromatographic 

separation, since the relative velocity difference is im¬ 

tical tube. As before, if <§Cl, viscous forces control 

b/r = .643 (4) 

practically small<, However, if Bretherton' s predictions held 
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FIGURE 2a - CROSS SECTION OF A BUBBLE IN 
A HORIZONTAL TUBE 

FIGURE 2b-SEQUENCE OF BUBBLES AND FILLETS 

IN A HORIZONTAL TUBE 
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true for each bubble in a succession of closely spaced bubbles, 

it seemed possible that many equilibrium stages could be ob¬ 

tained in a finite length of column (see Figure 2b). Ele¬ 

mentary analysis showed that spacing the bubbles closer to¬ 

gether, and consequently reducing the liquid fraction that 

moves with the bubble velocity,would produce much greater 

velocity differences between the gas and liquid phases. 

Since Bretherton's prediction of stagnant film thickness 

might not hold exactly in such a system of bubbles and 

fillets, part of this work was designed to test the behavior 

of b as bubble velocity, fillet length, and bubble length 

were varied. 

Mention has already been made of the desire to minimize 

dispersion in order to achieve a high power of resolution in 

the chromatographic column. Gas phase dispersion should be 

no problem since the bubbles are short in comparison to the 

overall column length and can be considered to be well 

mixed. Liquid phase dispersion was anticipated as a result 

of fluid motion and lateral diffusion within the liquid phase. 

According to several general dispersion models to be dis¬ 

cussed later, a pulse of radioactive tracer, introduced into 

one liquid fillet at the beginning of the column, should 

spread itself over a number of successive fillets in a 
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Gaussian distribution after a sufficient length of travel 

down the tube. With knowledge of the resulting dispersion 

coefficients, combined with the behavior of b and the re¬ 

sulting liquid-gas separation, conditions for achieving good 

resolution could be established. 

Preliminary analysis showed behavior in the horizontal 

column would not be strongly dependent upon tube radius, in 

contrast with the vertical column. The possible importance 

of tube radius is discussed in a later section. Also, there 

was little reason to believe that bubble length affected the 

hydrodynamic behavior of the system. As long as the bubbles 

were at least two diameters long, erratic bubble length would 

have little effect on the overall column resolution. These 

were some of the primary factors that deemed such a horizontal 

column worthy of further investigation. 



12 

II. DESCRIPTION OF EXPERIMENTAL APPARATUS 

A schematic diagram of the experimental system is shown 

in Figure 3. Oil-free helium gas was used as the gas phase 

and as a pressuring gas for the liquid feed. A two-stage 

regulator on the cylinder controlled the helium pressure at 

45 psig. A Kendall air pressure regulator held a constant 

feed pressure of about 10 psig. This pressure was measured 

with a mercury manometer. Helium flow to the column was con¬ 

trolled with a Nupro Series S fine metering needle valve with 

micrometer head, and entered the column through the upper arm 

of the bubbler. 

Ethylene glycol was chosen as a desirable liquid phase 

for the study, primarily because of its relatively high 

ratio, which allows for an amount of gas-liquid separation 

several times that of most other common liquids. The liquid 

was fed from a cylindrical brass container which was main¬ 

tained at the gas feed pressure. It passed through a Nupro, 

2 micron, in-line filter; through a Nupro double pattern 

series M metering valve; and into the bottom arm of the 

bubbler. A mercury manometer, whose positive leg was always 

filled with ethylene glycol, was placed in parallel with the 

liquid line downstream of the metering valve. This manometer 
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was occasionally used for measuring the total pressure drop 

across the column. 

The bubbling device was a cross made of heavy wall 

pyrex glass tubing, 2 mm I.D. x 7 mm O.D., as shown in Figure 

4. As the two phases entered through the upper and lower arms, 

they joined in cocurrent flow down one sidearm which was 

maintained at various angles of declination. About % cm 

along this arm the two phases met a slight constriction in 

the tube. This slight reduction in cross sectional area 

caused the liquid phase periodically to fill the tube cross 

section with a consistent small volume of ethylene glycol. 

This resulted in a steady flow of uniform gas bubbles sepa¬ 

rated by liquid fillets of uniform thickness. The ratio of 

bubble volume to fillet volume depended upon the ratio of 

gas to liquid flow rates, while the bubble velocity depended 

upon the sum of both flow rates. 

For a fixed total flow rate, the bubble frequency could 

be increased over a certain range by increasing the downward 

slope of the sidearm. This range and the angle of declina¬ 

tion needed for a given fillet or bubble length were dependent 

partly on the magnitude of the total flow rate itself. The 

constriction diameter was also of great significance in deter¬ 

mining bubble frequency. For this reason several bubblers of 
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varying constriction sizes were made. No attempt was made to 

construct these in prescribed sizes or to correlate the 

various factors involved in forming bubbles and fillets of 

various sizes. This phase of the experimentation remained 

somewhat of an art. 

Opposite the constricted sidearm was a shorter arm at 

the end of which was a Swagelock fitting containing a silicone 

rubber septum. This was used as the entry for a one microliter 

Hamilton syringe with which about 0.2 microliter of a high 

89 
concentration Sr solution was injected as a pulse into 

a small number of liquid fillets. This sharp peak served to 

tag the liquid phase. In order to insure that the entire 

liquid injection was introduced into the fewest possible 

number of liquid fillets, the needle tip was located in or 

nearly in the mouth of the constriction in the opposite side- 

arm. The position of this needle gave additional variability 

in the determination of bubble frequency, as it greatly 

affected the cross sectional area of the constriction and 

the liquid flow characteristics. 

The flowing stream of bubbles and fillets passed from 

the glass tubing into the main column, a 10.54 meter length 

of high pressure polypenco nylon tubing with a volumetrieally 

measured radius of 0.09577 cm. Care was taken to make the 
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glass to tubing transition as smooth as possible in order to 

prevent the collapse of thin liquid fillets. Because the 

10.54 meter column was difficult to locate in a straight run, 

it was coiled in a diameter of about 10 cm. This was suffi¬ 

ciently large in comparison to the 0.19 cm inside diameter 

of the tube so that the tube could be considered essentially 

straight. The tube was measured and marked at one meter in¬ 

tervals. The 1, 2, 5, and 10 meter marks were not located in 

the coil, but were located on long side loops or on straight 

runs so that the two geiger tubes could be moved to these 

locations conveniently during a run. 

89 
Despite fairly thick tube walls (0.063 cm), Sr beta 

emission (1.46 MEV) was of sufficient strength to penetrate 

and give adequate readings with a thin window Geiger-Muller 

tube. The entire window was exposed to the section of column 

running along a diameter of the circular window. The distance 

from the tube wall to the window face was less than \ cm. 

Effective diameter of the geiger tube window was 2.8 cm. 

In order to prevent background noise when a pulse was passing 

through a nearby section of column, the cylindrical glass wall 

of the geiger tube was shielded with two layers of rolled 1/16 

inch lead sheet. The preamplifier base of each tube was con¬ 

nected to a Nuclear Chicago Model 1620 or 1621 count rate meter. 
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The output of these meters went to a selector switch for input 

into a single pen, variable speed strip chart recorder, manu¬ 

factured by Texas Instruments Corproration. 
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III. EXPERIMENTAL PROCEDURE 

The experimental variables to be controlled were: 1) 

bubble velocity, 2) liquid fillet volume, and 3) bubble length. 

The variables to be measured as a result of setting the pre¬ 

vious three were: 1) liquid phase velocity, and 2) the overall 

liquid phase dispersion coefficient. 

Measurement of the latter was dependent upon the ability 

89 to introduce a sharp, strong pulse of Sr Cl^/ and to measure 

the relative concentration of successive liquid fillets as 

they flowed with constant velocity past the geiger tube lo- 

8 9 cated downstream. The Sr used was a full strength 

solution sent by the Oak Ridge National Laboratories. Accord¬ 

ing to the manufacturer's specifications, the 1 N HCl solu- 

89 
tion of Sr CI2 had an initial specific activity of about 

9 mc/ml. A total sample of 0.33 ml or 3.0 me was received. 

All runs were made within 40 days of the shipping date. The 

89 
half life of Sr is 50.5 days. A Hamilton, 7001N. 1.00 

microliter syringe with removable needle was used for injec¬ 

tion. After the syringe was flushed with ethylene glycol 

several times, 0.2 microliter of ethylene glycol was drawn 

89 into the syringe. Then 0.2 microliter of Sr Cl^ was drawn, 

and finally another 0.2 microliter of ethylene glycol. The 

89 ethylene glycol on either side of the Sr serve<^ as a 

liquid seal which prevented diffusion and leakage of radio- 
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active material back into the plunger-barrel clearance, or 

into the liquid stream through the needle outlet. As a rule 

the needle tip itself greatly affected the behavior of bubble 

formation in the restriction. Therefore, it had to be in 

place long before steady state could be attained in the column. 

During these long waiting periods, despite the ethylene glycol 

89 
surrounding the Sr Cl^ in the needle, a significant amount 

of radioactive material was observed to leak slowly into the 

liquid stream. Occasionally withdrawing 0.02 microliter of 

ethylene glycol from the liquid stream helped to minimize 

this loss. 

Bubble velocity, V , was measured by timing a bubble 

while it travelled a measured distance of from 20 to 54 cm 

in length. Due to a significant pressure drop (0.5 to 0.4 

psi) over the column length in all runs, the bubble velocity 

continuously increased while bubble frequency remained con¬ 

stant. Velocity measurements were made at the positions 10 

to 50 cm, 480 to 500 cm, and 1000 to 1054 cm. An average of 

the three velocities was used for final calculations. A com¬ 

parison was made with the velocity of the fillet, into which 

89 
the Sr had originally been injected, whenever it still con¬ 

tained enough strontium to be distinguishable at the ten meter 

position. Several comparisons at high velocities, where pres¬ 

sure drop and velocity increase were the greatest, gave ex¬ 

cellent agreement. 
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Knowledge of the cross sectional area of the tube was 

necessary to measure the longitudinal thickness of the liquid 

fillet. The tube volume was determined by the difference in 

weights between the empty 10.54 cm column and the same column 

filled with ethylene glycol at room temperature. Weighings 

were made to within + 0.2 milligrams or about 0.01%. This 

2 
gave an average cross sectional area of 0.02880 cm , and a 

tube radius of 0.09577 cm. The volume of liquid contained in 

the moving portion of the fillet was measured by weighing a 

timed collection of liquid flowing out the end of the tube, 

and by knowing the bubble frequency. Frequency was measured 

with a strobe light at high frequencies, and with a stopwatch 

at low frequencies. Agreement between the two methods was 

good, within _+ 1% at midrange. Frequency was also used along 

with V to measure the average bubble length, L. 

The only other measurements needed were the dispersion 

coefficient, obtained from the shape of the pulse at ten 

meters (or any other sufficiently long distance), and the 

time at which the peak maximum passed the counter. Very soon 

after depressing the injection plunger of the syringe, the 

tracer peak was seen at 0.07 meters to be a very sharp spike 

with a slight amount of tailing. With a knowledge of the 

bubble (and spike) velocity, the continuous time chart could 
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later be referenced to t1 =0, using this initial pulse, since 

it was not possible to locate the geiger tube at the beginning 

of the column. Immediately after the pen had returned to the 

recording baseline for the first detector, the signal from 

the other detector, already positioned at one meter, was fed 

to the recorder through the selector switch. After a short 

period of time, the pulse passed by with considerable tailing 

evident. Meanwhile, the first counter was moved to the two 

meter position. In such a leapfrog manner, 0.07, 1.00, 2.00, 

5.00, and 10.00 meter positions were monitored and recorded as 

the same peak passed by each location. All during the same 

run, the recorder chart ran continuously at the same chart, 

speed, thus allowing measurement of the average velocity of 

the peak up to any position. 

Recorder chart speeds were set at 0.5 inches per minute 

for low velocity runs, and at 2 to 4 inches per minute for 

high velocity runs. As a rule, this gave around four feet 

of chart paper for each run, thus allowing sufficient accuracy 

in measurement of the time involved, as well as giving a wide 

peak for more accurate curve measurements. Recorder response 

was kept high, while the sensitivity of the count rate meter 

was predetermined by anticipation of the peak height for the 

pulse at each position. Count rate meter response time was 
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always set at a reading of 2 seconds. This setting served to 

reduce statistical and system fluctuations evident at faster 

response settings, and yet nearly eliminated the peak distor¬ 

tion resulting from too slow a response time. 
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IV. THEORY 

A. Hydrodynamic Theory 

2 
F. P. Bretherton described the motion of a single long 

bubble flowing with the surrounding liquid in a horizontal 

capillary tube (see Figure 2a). As mentioned before, the 

various regions around the gas-liquid interface consisted of 

an end meniscus, a stagnant film around the middle of the 

bubble, and a transition region between the two. The re- 

p 
2
 /^

V
G 

strictions of 1Q-—1 and —<5C 1 were placed on the 

analysis. At the ends of the bubble near the center of the 

tube, the change in static mean curvature of the interface 

predominate in determining the mean curvature and b, the 

static film thickness. By assuming b/r«l, Bretherton applied 

the "lubrication approximation" near the tube wall. Longitu¬ 

dinal derivatives of axial velocity and pressure gradients in 

due to motion is 0 and, therefore, negligible. In 

the transition region the viscous stresses are 0 iscous stresses are 0 —■z=— and 

the transition region were neglected. Furthermore, the 
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interface was assumed to be nearly parallel with the wall. 

He evaluated the normal stress condition at the liquid-gas 

interface, and solved the continuity equation and the Navier- 

Stokes equation approximately for small Reynolds number. By 

equating the mean curvature in the transition region to the 

2/r mean curvature of the front meniscus, he showed that 

b/r = 0.643 
3 H- VG 1 2/3 

(4) 

The volumetric flow rate of liquid ahead and behind the 

bubble must be equal to the volume flow rate of gas in the 

bubble. Because of the presence of the stagnant liquid film 

around the bubble, the cross sectional area of the bubble is 

less than that of the tube. Consequently, the linear velocity 

of the bubble must be greater than the average velocity of 

the liquid, which flows inside the tube of radius r, by an 

amount (VQ)(W). V is the bubble velocity and W is a geometric 

factor 

W = 1 - (1 - b/r)2 (5) 

When b/r « 1, 

W = 2 b/r =1.29 
3 ^VG 

cr 

2/3 

(6) 

Bretherton tested his theory with experimental work in- 

— 7 — 2 volving values of from 3 x 10 to 10 , using several 

different liquids. The experimental technique involved flow¬ 

ing a single fillet down a measured length of tube, and 



26 

measuring the decrease in fillet length as it wet the walls 

of the tube with a film of thickness b. His experimental 

data gave higher values of W than those predicted by theory 

for 
J&G 
O’ 

-7 
between 3 x 10 and 3 x 10 

-4 
Over this range, 

H^G _ -4 
the agreement improved as —became larger. From 3 x 10 

~3 -3 
to 5 x 10 agreement was quite good„ Above 5 x 10 there 

was an indication that his data might actually lie slightly 

below the theoretical curve. This conclusion was not clear 

because of the difficulty involved in accurately reading the 

log-log plot on which he presented his data. 

Bretherton's theory can be extended to a sequence of 

bubbles in a tube, all a fixed distance apart (Figure 2b). 

The volume of liquid between the bubbles can be considered 

as divided into a stagnant film of thickness b, which is 

continuous with the bubble film, and a plug of liquid having 

the same cross sectional area and velocity as a bubble. If 

the distance between bubbles is large the liquid would prob¬ 

ably exist in fully developed laminar flow across the entire 

area of the tube, but with an average velocity the same as 

for the two region case 

0T 
V 
L 

V. 
0^+0 G 
L w 

(7) 
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where 0T 

0. w 

volume of liquid plug 

volume of stagnant film around bubble and 

liquid plug 

The upper limit for the volume fraction as 0->«> must be 

(r-2b)/r, corresponding to Bretherton's case for a single 

bubble. For purposes of simplification and calculations, the 

front and rear menisci may be considered to have an infinite 

radius of curvature, in which case (see Figure 5) 

0T 

0. w 

where 
L = L

B 
+ L

L 

(L.) rr (r-b)2 

(L) (7T) (r2-(r-b)2) 

(8) 

(9) 

From these relationships, changing fillet length or bubble 

length should do little more than to change the ratio of 

volume fractions, all other things remaining constant. The 

effect of bubble velocity on the volume ratio can be pre¬ 

dicted if Bretherton's prediction of film thickness holds 

for the conditions to be considered. It is expected that 

under conditions of close spacing between bubbles, presence 

of the rear meniscus of the preceding bubble and fluid motion 

around its end may effect the predicted behavior of the front 

meniscus and its determination of b. 

A factor of importance in chromatography is the relative 

separation between the gas and liquid phases. The relative 
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separation, s, may be defined as 

s 
V. 
G 

V_ 

V, 
(10) 

By combining Equations (7), (8), (9), and (10), it can 

be shown that 

0. 

s = 
w 

0-r 

2 , .,2 r - (r-b) 

(r-b)2 
1 + 

L 
(ID 

If b/r<£ 1, 

s = 2b/r 

Although L„ and L„ are hypothetical quantities because of 
.D JL; 

their idealized origin, their ratio is the same as the gas to 

liquid volume ratio of the column feed. 

B. Dispersion Theory 

In considering a model that describes the motion and 

longitudinal dispersion in the liquid phase, numerous diffi¬ 

culties arise in such a complex hydrodynamic system. The 

choice of a generalized dispersion model serves to lump 

several dispersive factors into one overall dispersion coef¬ 

ficient. Such effects include molecular diffusion in the 

axial direction, and Taylor effects resulting from velocity 

gradients coupled with lateral diffusions. Three possible 

models will be discussed: 1) single phase liquid flow, 2) a 
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two phase liquid system with equilibrium between a moving and 

a fixed phase, and 3) a two phase system with an interfacial 

mass transfer resistance between the flowing and fixed phases., 

One might also consider the system as a series of tanks, with 

a well stirred section and a stagnant section in each tank. 

For present purposes, however, the above dispersion models 

are more easily applied to the physical system. Such a dis¬ 

cussion of these three models will assume that the dispersion 

effects from each are additive. This is a valid conclusion 

when a dispersed peak has traveled a sufficient length of 

time to become a Gaussian distribution. 

First consider the case where liquid exists as a single 

phase flowing continuously down a straight tube with an 

average velocity V . By choosing a coordinate system which 
Li 

moves with the gas phase, this would be the actual case in 

the absence of liquid fillets. The liquid film along the 

wall is seen to move with the velocity V . Since there is 
G 

no transfer of material between the gas and liquid, the 

presence of the gas phase has no effect on the liquid phase 

dispersion. The continuity equation in one dimension, for 

a pulse of radioactive material introduced into the liquid 

phase as a delta function at z' = 0 and t = 0+, is 
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3 t' 
= ^ 

a2c 

E 

with the boundary conditions 

1) c (+ ©© , t') = 0 

2) I ;dz1 = Q 

= V 
G 3 z 

(12) 

(13) 

c is the cross sectional average of concentration- By sub 

stitution of the dimensionless groups 

D = ^ Q = Q'/l 

Equation (8) becomes 

3 c 

E/Vq1 9 = t'VG/l Y = z'/l (14) 

39 
= D 

3
2
C 

3 Y
2 

+ 
3Y 

(15) 

Now let 

Z = Y 

T = 9 

9 

(16) 

Again substituting, Equation (15) is reduced to the case of 

no convection, 

3 

3T 
= D 

a2c 

3 z2 
(17) 

with boundary conditions 

1) C(+CX5 , T) = 0 

r+~ J cdZ = Q for T > 0 
+ 

2) (18) 
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Using the Churchi11-Hellums Procedure, a similar solu¬ 

tion is sought in the new variables 

7J = Z/V4DT 

0 = cZ/Q (19) 

Inserting these into Equation (19) and multiplying the result 

, 3 
by Z 

2 0" + (2 7^ 3 - 2 7^ ) 0° + d0 = 0 

With the boundary condition 

the solution is 

0 (i/ffT ) (rj) ( (20) 

or, converting to the original variables 

c = (Q/V 4DT) (exp(-Z2/4DT) (21) 

c = (Q'/^^t') exp (-(z* - VGf)2/4^f) (22) 

This equation for c is of the same form as Gauss' error function 

G(z) = 1/^27TO-1 exp (-(z!-z^)2/2 O'2) (23) 

For such a curve, the half width at % the peak maximum is 

1.186 (X , or in the present case, 1.186 V 2 tfr t1. 
E 

Even though 
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we have considered the one-dimensional case where c is the 

average concentration across the film cross section, A' in- 
E 

eludes molecular diffusion as well as any Taylor dispersion. 

These velocity gradients are slight, arising from small shear 

stresses at the gas-liquid interface. The velocity of the 

pulse in this case is simply V . 
G 

Next, consider the case where liquid fillets are intro¬ 

duced into the system (see Figure 6). Such liquid fillets, 

moving with the gas phase and the coordinate system, may be 

considered as a stationary phase. The liquid film, as before, 

moves with the average velocity, V. Molecular diffusion in 
G 

the axial direction is negligible. There is no mass transfer 

resistance across the interface or laterally within the 

stationary phase. A perturbation or small pulse of radio¬ 

active material distributes itself between the two phases 

according to the equilibrium relationship 

kCI = w (24) 

where 

CI = mo^es tracer in moving phase/moles moving phase 

w = moles tracer in fixed phase/moles moving phase 

k = moles tracer in fixed phase/moles tracer in moving 
phase 

= moles fillet/moles film 
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The rate of transfer out of the fixed phase into the moving 

phase is 
I w 

at1 = - k 
31' 

(25) 

The continuity equation for the dispersive moving phase then 

becomes 

(1 + k) b t' 
+ V  1 

G dz' E 

a2c. 

2>z1 
(26) 

Dividing by (1 + k) , one sees that the velocity of the per¬ 

turbation is reduced from V to V /(1+k). This amounts to 
G G 

nothing more than volume averaging the velocities of the two 

phases. aA' is also reduced by the fraction l/(l+k) since 

the tracer spends proportionately less time in the dispersive 

moving. The dispersive factors in the moving phase remain 

the same as for the previous case. 

The assumption of the forementioned equilibrium relation¬ 

ships is a poor one in real systems. For any two phase liquid 

system as described in the foregoing case, there would be 

added Taylor effects to consider as a result of velocity 

gradients and lateral diffusion within both phases. The 

presence of other dispersive factors within the fillets, as 

well as the influence of the fillets on increasing Taylor 

dispersion in both phases can be treated separately from the 

second model. Because of the additive property of these 
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various factors, we may anticipate adding an additional term 

to (1/k+l)<?$''„ to obtain an overall dispersion coefficient, 
E 

O&Q* Contributions from the second model may be neglected 

in treating this case. C , as before, is the average cross 
I 

sectional concentration of the moving film. C is the 

average concentration of tracer in the fillet phase at the 

same point along the tube. 

A film coefficient, M, is defined by 

"k 

M(Cj - c ) = moles tracer into moving phase/moles 
moving phase—time 

(27) 

* 

where equilibrium moles tracer 
moving phase—time 

in moving phase/moles 

(28) 

At equilibrium, 

w = kC^, (29) 

Neglecting other sources of longitudinal dispersion in the 

moving phase, 

3 t 

3 cT I , * V 
—— = m C - C ) 3 z i i (30) 

and for the stationary fillet phase 

3 w/ 3 t = m (Cx - C]; ) (31) 

Here again, the unprimed variables are dimensionless, where 

z = z1/I and m = Ml/V 
G 

Q = Q'/l t = t'VG/l (32) 
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B.C. cI(o,t) = S(°+)Q 

I.C. C (z,0) = C * (z, 0) = 0 0 < z < ©o 
I I 

By combining Equations (29) , (30) and (31) 

<>c dc 3c * 
.   II . -U — . 

d t b z 3 t 
0 

(33) 

(34) 

Using Laplace Transforms, the equations are transformed with 

initial conditions to give 

s'g + dg/dz + ks 1 g = 0 (35) 

g = mg/(ks' + m) (36) 

where 9 =^{Cl} and H
 

O
 

ii 

i 

(37) 

Combining Equations (35) and (36), and solving for g with 

the boundary condition that g(0) = Q, 

dg/dz + (s' + (ks'Tm) » 9 = 0 <38) 

“ins 
0
 z 

g = Q exp ( —s'z) exp ( (s, + m/ky ) (39) 

i By using an asymptotic representation of the Bessel Function 

3 
obtained m the inverse transform, Deans showed that for 

large values of z 

CT = v2 h 
(4Tz) 2 

m 

exp - 
(t-(l+k)z)' 

k
2 

4 ( —— ) z v m ' 

(40) 
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or 

ci = 
Q' 

(4TT 

kV.2 , exp 

M 
t')*5 

(41) 

It is evident that even though the two phases are not in 

equilibrium, the average velocity of the pulse is dependent 

only upon k, i.e., on the average velocity of the two phases. 

The dispersion coefficient resulting from lateral diffusion 

is directly proportional to 1/M, the lumped resistance to 

mass transfer, and on (kV_.) . Note the similarity of this 
G 

form with that for Taylor dispersion in a tube, which is 

(RV2 

T no AS • 1//-TT, is a mass transfer resistance, and k is iyz«cr M 
M 

equivalent to R since it represents a distance if V and the 

film thickness are constant. 

From the combined results of the last two models it can 

be seen that 

where 

and 

C =  ^  
T (4^t,)Ss 

exp (- 
4 <^y t' 

O 

& ( (k+1) * 

vG/(l+k) 

°^E + 

‘kVG>2 

M 

(42) 

(43) 
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V. DISCUSSION OF RESULTS 

Table I gives a tabulation of the various measurements 

taken and computed for eleven runs. The runs were primarily- 

designed to test the effects of bubble velocity and bubble 

spacing on the film thickness, b; on the overall dispersion 

coefficient, c^'0' on the relative separation; and on chromato 

graphic resolution., Only one run was made to test the effect 

of bubble length, since theory gave little reason to antici¬ 

pate its importance on b and ^5^. Runs 1 through 11, plagued 

with poor experimental technique, were not tabulated. 

In the manner described in previous sections, radio¬ 

active concentration versus time recordings were made at 

several positions along the column. Figure 7 is a repro¬ 

duction made from the actual recorder trace for run 17R. It 

was interesting to observe the entire sample slowly transfer 

from the moving slug of liquid into which it was originally 

injected, into the stagnant film, and back into successive 

slugs of moving liquid. This is illustrated by the various 

distributions at each position. 

Of particular interest was the ten meter position where 

the radioactive material remaining in the original slug was 

either undetectable or else showed itself as a very weak 

spike, depending on the volume 0 . When visible, this spike 
Li 



Run 

12R 

14 

14R 

16 

17R 

18R 

19 

20 

21 

22 

23 

39 

TABLE I 

SUMMARY OF DATA AND COMPUTED VALUES 

VG 
(cm/sec) 

VL 
(cm/sec) ( 2/° \ (cm /sec) s (cc x ! 

2.38 1.43 4.00 .66 2.47 

1.16 .82 1.12 .41 2.28 

1.16 .79 1.18 .46 2.22 

1.16 1.02 .80 .14 11.09 

1.16 .93 .85 .25 4.99 

2.26 1.74 3.13 .30 5.20 

.36 .33 .13 .13 6.26 

.35 .33 .08 .07 9.21 

.36 .31 .13 .16 2.40 

2.14 1.80 2.76 .19 9.24 

1.11 .76 .90 .47 5.95 
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TABLE I (Continued) 

Run 

b (obs) 

(cm x 10^) 

b (calc) 

(cm x 103) 

L
L 

(cm) 
L /L 

B' L -n 

12R 4.45 5.81 .097 5.42 

c 

8.84 

14 2.82 3.66 .086 5.51 7.82 

14R 2.92 3.66 .083 5.70 8.28 

16 2.87 3.66 .416 1.18 3.48 

17R 3.20 3.66 .187 2.54 5.85 

18R 3.85 5.73 .204 2.38 4.71 

19 1.59 1.68 .225 1.96 3.48 

20 1.43 1.67 .331 1.26 3.01 

21 1.22 5.53 .361 1.28 3.41 

23 2.98 3.56 .223 6.03 9.68 
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was used to check the average bubble velocity obtained by the 

technique previously mentioned, since it traveled with the 

gas phase at the velocity V . It was also shown that the ten 

meter position afforded ample time and distance for the bulk 

of material to distribute itself in the anticipated Gaussian 

distribution. Only when the moving peak has become dispersed 

enough to allow ample contact time with the fixed phase, will 

the peak become Gaussian. For shorter times the peak moves 

by a fixed longitudinal position too quickly to allow all 

points of the fixed phase furthest from the moving phase to 

be reached through molecular diffusion. The time required 

for the peak to pass a given point, i.e., the peak width, was 

shown in the preceeding section to be proportional to the 

square root of the time at which the peak is monitored. 

Once a suitable peak was obtained, points were conveniently 

chosen at fairly regular intervals along the curve, as well 

as at the peak maximum. The peak point was used to determine 

a value of V and Q' in Equation (39). The use of any other 
Li 

point on the curve was sufficient to determine a value for 

<*9^. Even with relatively strong tracer concentrations, a 

significant amount of random fluctuation was present. At 

high concentrations this was due primarily to irregularities 

in the fluid motion, while at lower concentrations, statistical 
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fluctuations were of additional significance. Therefore, it 

was necessary to smooth each curve with a small amount of 

visual interpolation. In most cases points on the leading 

portion of the curve gave values of that agreed fairly 

well with those obtained from points on the upper half of 

the back side of the curve, when the position of the peak 

maximum was properly located. Tailing effects gave larger 

values of near the end of the peak.. For comparative 

purposes, c^'0 
was based on an average of points over a size¬ 

able time interval that gave reasonable agreement. In all 

cases, tailing was not excessive, and over 80% of the actual 

peak area was contained under a peak with a Q'obtained from 

the peak maximum, and an average taken from points pre¬ 

viously mentioned. An example of the calculations involved 

is found in the Appendix. For more precise values of 0^'o> 

each run would have to have been repeated a number of times, 

and a statistical fit applied in each case. 

Figure 8 is a plot of versus L , the length of a 
o L 

fillet, at three different velocities. Since V was not al- 
G 

ways constant for each run associated with a constant para¬ 

metric value, the points were corrected to the same velocity 

from Figure 9. The use of such a technique is mentioned on 

each plot, and will not be mentioned again in the discussion. 
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The magnitude of scatter is consistent with an anticipated 

error due to the varying behavior of as calculated for 

any run. There does appear to be a definite trend of decreas¬ 

ing with increasing L , for each parametric value of 
O L 

velocity, even though it is of the same order of magnitude as 

the scatter. 

According to theory, 

1 

(k+1) 
+ 

(kV2 

M 
(43) 

where k is defined as the ratio of fillet volume to film 

volume = 0 /0 . is primarily a combination of Taylor 

dispersion in the moving film, and molecular diffusion, 

in the axial direction. The first term of Equation (43) 

might increase or decrease with L , depending on the change 

in compared to the decrease in 1/(1+k). The second term, 
E 

2 
however, would be expected to increase as k , but would be 

modified by any change in M. Comparing the results of runs 

14 and 16, there was a 28.5% decrease in oty' as L went from 
o L 

0.086 to 0.416 cm. Associated with this change was an in¬ 

crease in k from 2,46 to 7,14. If the second term were domi¬ 

nant, the change in k would predict an 840% increase in c^'0> 

while the first term would predict a 57% decrease based on 

the change in k. The observed change was between the two. 
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V , the bubble velocity, had a marked effect on increas- 

ing as shown in Figure 9. Because the dependence of 

on L was much less than on V , any change of the slope with 
Li G 

L was not clearly shown. The average dependence on V was 
li G 

to about the 1.9 power, while Taylor effects should have in- 

2 
creased as V . Any simultaneous increase in M would have 

G 

tended to diminish the overall increase slightly. 

The method used for measuring b in this work differed 

considerably from the method employed by Bretherton. With 

the value of V obtained from measuring the peak velocity, 

and the measured value of V , the relative separation between 
G 

the two phases was defined earlier and measured as 

S = (VG - VL)/VL 

From Equation (11) 

0 = s 0 
w 

(10) 

Thus, 0^ was determined by simply measuring s and 0experi¬ 

mentally. Corresponding values of b were obtained by using 

Equation (9) and an experimental value of L. 

Figure 10 shows the dependence of s on L /L at three 
B L 

parametric values of velocity. The theoretical lines were 

obtained by using Equation (11) 
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s 
r2-(.r-b)2>| ( 

(r-b)2 > V 
1 + = A (1 + (ID 

For a given velocity, the curve should be a straight line 

with slope and ordinate intercept, A, if b is considered a 

function only of velocity. For L -^o° , when b/r« 1, the 

ordinate intercept is equivalent to the case which Bretherton 

described for a single bubble in a long tube. At low veloci¬ 

ties, all values of L/L gave values of s that agreed quite 

well with the theoretical values. High velocities resulted 

in a considerable decrease in s from theoretical values for 

all L_/L . From the results of runs 23 and 24, there appeared 

to be no difference in s, whether the same value of L /L was 
B L 

obtained from long bubbles and long fillets, or shorter bubbles 

and shorter fillets. 

Figure 11 is a cross plot of the same data, but with V 
G 

varying instead of L /L . The theoretical curves were ob- 
B L 

tained by replotting the theoretical curves of Figure 10. As 

shown before, s agreed quite well with theory at low velocities. 

At high velocities s was considerably below the theoretical 

values. As velocity increased s appeared to be approaching 

a limiting value, the magnitude of which depended upon the 

value of L /L . This phenomenon will be discussed later, 

when the resulting limiting values of b are considered. 
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Variation of film thickness, b, with is shown in 

Figure 12. Parametric values of L were used rather than 
L 

L /L since the difference in L for all runs except run 23 

was accounted for in the equation for b. The effect of a 

large change in L (run 23) will be discussed later. Theory, 

as previously shown, would predict straight lines with slopes 

/XVG 
of 2/3 on a log-log plot. At lower velocities, where —j^=— 

was less than 0.005, the experimental curves also seemed to 

indicate approximately a 2/3 power dependence, even though 

they fell slightly below the theoretical curves. The mid¬ 

range values of L gave best agreement of b with theory at low 

velocities. Low values of L gave best agreement at velocities 
Li 

above 1.5 cm/sec. For each value of L , b seemed to approach 
3J 

a limiting value at high velocities, the highest values occurr¬ 

ing for the lowest values of L . 
L 

The approach of a limiting value of b( and s), as V in- 
G 

creases is consistent with the qualitative observations of 

Taylor, Bretherton' s experimentation did not cover suffi- 

,avG ciently large values of —■ in order to demonstrate this 

phenomena. This limiting value is not accounted for by the 

theoretical relationship for b, nor is the existence of a 

minimum thickness associated with the static situation. 

Application of these results may now be used to improve 
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the power of resolution, 7^ , of such a system when applied to 

gas-liquid chromatography. Using the measured value of /¥ , 

where L1 is a fixed distance along the tube. 

The dependence of 7^ on is shown in Figure 14. Over 

the range of V investigated, the two larger values of L 
G L 

appeared to have maxima whose values increased with decreas¬ 

ing L . The curve corresponding to the lowest value of L 
L L 

also seemed to approach a maxima, slightly beyond the upper 

limit of V in this investigation. These maxima were a re- 
G 

suit of increasing <& with V and a limiting value of s(and 

b) for high velocities). Figure 15 shows 7^ increasing 

rapidly as L becomes quite small. The only lower limit of 

L is determined by the minimum 0 required for fillet stability. 
LJ L 

As L .became quite large, each curve seemed to be approaching 

a value of corresponding to Bretherton’s predictions for a 

single bubble. The effect of close bubble spacing on resolu¬ 

tion was clearly advantageous. 

o 

and the previous definition of resolution 

(48) 

(49) 
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From the results of run 23, there appeared to be no 

effect of bubble length on ofy'. The value of b for run 23 
o 

fell below the corresponding curve for bubbles of shorter 

length. Considering the reproducibility of Run 14 and 14R, 

this 5-10% decrease in b appeared to be significant. Such 

behavior warrants further investigation, particularly at 

different velocities. Because this decrease in b was small 

in comparison to the severalfold increase in 0 , the value of 
w 

7^ was still greatly increased with longer bubble length. 

Thus far, no mention has been made of tube radius, as 

the scope of this work did not involve experimental investi¬ 

gation of its importance. From theory, decreasing the tube 

radius should serve to increase k by reducing 0 significantly 
L 

more than 0 . This should lead to a decrease in ofr' , as 
w o 

well as an increase in the amount of separation. As before, 

the predominance of separation distance at low velocities 

might tend to allow for an increase in 7^ • while near the 

maximum, the importance of the increase in may become 

more evident. 

Run 14R was made to establish the reproducibility of 

a given run. As can be seen by the foregoing plots, agree¬ 

ment was quite good„ In order for meaningful conclusions to 

be drawn with regard to further reliability of the data, 
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repeated runs at each condition of velocity, fillet length, 

and bubble length would need to be made, since experimental 

error usually tends to change under varying conditions. It 

is felt by the author that the data obtained was meaningful, 

and clearly illustrated the general behavior of the system. 
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VI. CONCLUSIONS AND RECOMMENDATIONS 

From the foregoing results, it can be seen that such a 

horizontal bubble column holds great promise as a practical 

and efficient chromatographic device. Close spacing of the 

bubbles greatly increased the relative separation attainable 

for the single bubble case. The measured stagnant film thick¬ 

ness was slightly below that predicted by Bretherton1s theory, 

at the low range of bubble velocities. At higher velocities, 

the film thickness seemed to approach a limiting value, and 

this value increased with decreasing fillet length. Since the 

liquid phase dispersion coefficient continued to increase as 

2 
nearly V , there was a maximum value of chromatographic reso- 

G 

lution attainable for each fillet length and bubble length. 

Increased fillet length caused a relatively small decrease in 

dispersion coefficient. Added bubble length appeared to in¬ 

fluence the film thickness only slightly, thereby allowing 

the increase in relative separation and resolution that might 

have been anticipated from elementary analysis. 
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Overall, the results were rather consistant with the 

qualitative and/or quantitative behavior predicted by various 

hydrodynamic and dispersion models. Furthermore, the departures 

from and agreement with these theories gave a firmer basis for 

further investigations in this area. 

Ideally, such a chromatographic system would be operated 

with a very large gas to liquid ratio, in order to limit the 

amount of liquid flowing through the tube with the velocity 

V • However, there is a limitation on the minimum volume of 

liquid needed between bubbles to prevent coalescence. The 

alternative to increase bubble length also has certain limi¬ 

tations. The assumption of complete mixing in the gas phase 

holds true only for moderately long bubbles. Very long bubbles 

would cause a certain amount of gas phase dispersion. The 

limitations of bubble length in regard to gas phase dispersion, 

as well as the effect of very long bubbles on liquid phase 

behavior should be investigated further. 

Once the upper limits of chromatographic resolution have 

been established, such a system might be used to measure equi¬ 

librium K-values of close boiling components, similar to in¬ 

vestigations attempted by the author with the vertical column. 

Care must be taken in choosing materials with proper wetting 
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properties, pressure limitations, etc. 

Eventually, such a bubble column might be extended to 

systems of two immiscible liquids. In such cases however, 

the relative separation would be expected to be less. The 

large increase in bubble viscosity would give rise to greater 

shear stresses in the film surrounding the bubble. 
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Appendix A 

Sample Calculation of from Chromatograph 

for Run 17R 

From Equation (42) 

C = 
T 

MTTA' f V O 

exp 
(2’ -<VL fc,)) 

4 

The peak for Run 17R was .455 at 1080 sec. for a distance 

traveled of 1000 cm. 

VL 
1000 cm 
1045 sec 

= .926 cm/sec 

Also, at t = 1080 sec. 

C = 
T 

Q' 

A/4 7T JY (1080) 
v o 

Q1 = 42„92 4^ 

exp (0) = .455 

Using another point, .335 at 1045 sec. 

0' 
C = .335 ~ exp 

J12.56 A (1045) » O 

(1000 - 967.57) 
4 &'o (1045) 

Q* = 38.38 exp (.2516/^) = 52.92^^ 

Jn = 
52.92 
38.38 

.2516 

An 
= .3213 

.78 
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In a similar manner 

.225 at 1030 sec. 

.310 at 1120 sec. 

A' = o 
.72 

“ 

S
t 1 

00 • 

- 
.109 

• 85+ = 1* 

In this case, since the tail point gave reasonably 

similar results, it was included in the approximate average 
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FIGURE 8 - OVERALL DISPERSION COEFFICIENT 
AS A FUNCTION OF LIQUID FILLET 

LENGTH 
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FIGURE 9 -OVERALL DISPERSION COEFFICIENT 
AS A FUNCTION OF VELOCITY 
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FIGURE II-RELATIVE SEPARATION AS A FUNCTION 
OF BUBBLE VELOCITY 



FIGURE 12- FILM THICKNESS AS A FUNCTION 
OF BUBBLE VELOCITY 



FIGURE 13- FILM THICKNESS AS A FUNCTION 

OF LIQUID FILLET LENGTH 



FIGURE 14- RESOLUTION AS A FUNCTION 

OF BUBBLE VELOCITY 



FIGURE 15 - RESOLUTION AS A FUNCTION 
OF LIQUID FILLET LENGTH 
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