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ABSTRACT 

The Potential Plow of an Axisymmetric Jet Impinging Normally 
against a Plat Plate 

Ben Duh 

A mathematical treatment of an ideal axisymmetric fluid 

jet flowing out of a tube and impinging normally against a 

flat plate was made in this study. 

The problem of an axisymmetric impinging jet was solved 

11 1^ 
by Schach using the integral equation method of Trefftz . 

However Schach assumed implicitly that the velocity ratio 

0<—|Uoo/Vbo| was equal to 1, where Voo and Uoo are the velocities 

of the incident stream and deflected stream,, respectively, 

at infinity from the origin. This assumption considerably 

simplifies the problem since it requires that the magnitude 

of the velocity along the tube wall and the magnitude of the 

velocity along the free streamline be equal to the magnitude 

of Voo. The validity of this assumption has not been inves¬ 

tigated prior to the present study for the axisymmetric geo¬ 

metry. In the two-dimensional problem, it has been shown by 

2 
conformal mapping thato<Is a function of the ratio h/R, 

where h is the distance of the tube exit from the plate and 

R is the tube radius. d approaches 1 when the tube exit is 

infinitely far from the plate and becomes infinite as the 

tube exit approaches the plate. 

In this work, the effects of d on the velocity distri¬ 

bution were taken into consideration. The value of c* was 



determined according to the ratio h/R. A simple procedure 

was developed to check the assumed value of 0( and to justify 

the validity of the assumed shape of the free streamline. 

A reasonable form of the velocity distribution along the 

tube wall was also proposed to astisfy the boundary condi¬ 

tions of the velocity at the tube exit and at infinity. 

The flow field of an axisymmetric jet of an ideal fluid 

impinging normally against a flat plate with h/R = 0.7072 

was solved as an example to apply the method developed in 

this work. The results show that the value of CX is equal 

to 1 and that the free streamline can be suitably represen¬ 

ted by the hyperbola rz = constant for r > 3» with R = 1 and 

h = 0.7072,, where r and z are radial and axial coordinates 

respectively. 
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I. INTRODUCTION 

The problem of potential flow of an axisymmetric fluid 

jet impinging normally against a flat plate was treated ma¬ 

thematically in this study. The three important aspects of 

this investigation are the potential flow, the free stream¬ 

line,, and the axisymmetric flow. 

The equation of motion and the equation of continuity 

describe rigorously the fluid motion in most isothermal 

fluid dynamical problems. If the flow is incompressible 

and the fluid viscosity is constant the equation of motion 

is simplified to the Navier-Stokes equation. Even with such 

simplification, it is still quite difficult to solve the 

non-linear Navier-Stokes equation. 

A good approximation of the flow field can frequently 

be obtained by solving the equations of "potential flow", 

that is, with the assumptions that the fluid has constant 

density (div v = 0) and that the flow is irrotational 

(curl v = 0). These assumptions are usually good except in 

the neighborhood of solid surface near which viscous effects 

are of great importance. 

These two assumptions together with suitable boundary 

conditions are sufficient to determine the flow field. Thus 

instead of attempting to solve the Navier-Stokes equation, 

the simple equations of potential flow can be solved. Of 

course by solving the potential flow equations, one loses a 

proper description of the flow near solid surface or other 



2 

areas of large viscous effects,. 

With the assumptions of potential flow, the equation of 

motion reduces to Euler's equation which can be easily inte¬ 

grated to obtain Bernoulli's equation, Bernoulli's equation 

is useful to determine the pressure distribution after the 

flow field is determined by the equations of potential flow. 

According to Milne“Thomson's definition^, a free stream- 

line is the streamline which separates fluid in motion from 

fluid at rest. Therefore, the geometry of the free stream¬ 

line is initially unknown. Except in some two-dimensional 

cases in which conformal mapping methods can be used, the 

main difficulty in solving free streamline problems is to 

determine the position or the shape of the free streamline. 

To do this, additional conditions according to the free 

streamline pi'operties ar& needed. Usually, the position of 

the free streamline is mathematically determined by using 

the following conditions, neglecting external forces; 

1. Along the free streamline the pressure is constant; 

thus the free streamline is a line of constant pressure. 

2. Along the free streamline the velocity is constants 

thus the free streamline is a line of constant velocity. 

These two conditions imply each other according to 

Bernoulli's equation. 

The mathematical theory of two-dimensional motion of 

an ideal fluid has been extensively developed by using the 

theory complex variables. It is difficult to develop a 

mathematical theory of three-dimensional flow of a jet in 
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general, because there is no such powerful method similar to 

the theory of complex variables in the two-dimensional case. 

Little progress has been made for the three-dimensional pro¬ 

blem. The restriction of axisymmetry removes some of the 

mathematical difficulties of the three-dimensional problem 

by reducing three coordinate variables to two coordinate 

variables. However, in the the theory of axisymmetric flow 

conformal mapping cannot be used because the stream function 

i|/ and the potential function ^ do not satisfy the necessary 

condition, the Cauchy-Riemann equations. 

While general treatment of the axisymmetric jet is not 

available at the present time, the general treatment of 

similar problems in the two-dimensional case may serve as 
9 

good reference for the axisymmetric jet. In Milne-Thomson 

and other textbooks in fluid dynamics one can find solutions 

for an impinging jet with the plate normal or at an angle to 

the direction of the flow in the two-dimensional case. T. 

Strand‘d and Davies and Aylward^ have derived expressions 

for the flow field in a two-dimensional jet of ideal fluid 

impinging normally upon a flat plate situated at various 

distances from a parallel sided jet orifice by using confor¬ 

mal mapping. Strand considered o( , the ratio of velocities 

of deflected and incident streams at infinite distances 

from the origin, to be equal to 1. Davis and Aylward have 

shown that for the two-dimensional case o(Is a function of 

the ratio of the jet orifice width and the distance of the 

jet exit from the plate. cX approaches 1 when the jet exit 



is infinitely far from the plate, and becomes infinite as the 

jet exit approaches the plate. 

Obviously the flow pattern in the axisymmetric jet im- 

pinging normally against a flat plate can be determined by 

using some of the standard numerical methods of solving the 

Laplace equation for the potential^ in cylindrical coordina¬ 

tes, 

if + £$_ + j_ af. = o 
ar2 3Z2 r ar 

where z and r are the axial and the radial coordinates res¬ 

pectively. 

However, the great difficulty in determining a proper 

shape of the free streamline by this method reduces its 

practical value. At first, the shape of the free streamline 

is assumed. The relative value of the potential is then 

known along the assumed free streamline. Since on other 

sections of the boundary, the condition is that ■ is con- 
d n 

stant, the problem has mixed boundary conditions. The vali¬ 

dity of' the assumed free streamline should be justified by 

checking the continuity of the flow through every cross 

section, parallel to the plate and bounded by the free 

streamline and the axis of symmetry, at various distances 

from the plate. To do this, the flow velocity at every 

point in the fluid region of interest has to be evaluated 

by solving the Laplace’s equation with the boundary condi¬ 

tions . This appears to be an extremely tedious and time- 
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consuming procedure. 

Previous works involving approximate calculations of 

the flow pattern of the axisymmetric impinging jet have been 

made by Reich'*'® using expansions, by Schach^ using the inte¬ 

gral equation method of Trefftz^, and by Leclerc® using an 

electrolytic tank. 

Among the mathematical treatments of the axisymmetric 

Impinging jet, perhaps that by Schach, on which this work 

was considerably based, is the most instructive and accurate. 

However Schach's work suffers from the following defects* 

1. The effects of o( = |Uoo/Voo| upon the velocity distri¬ 

bution and the position of the free streamline were not dis¬ 

cussed, where Uoo and Voo are the deflected and the incident 

velocities respectively at Infinity. Schach arbitrarily took 

0( = 1. This is, in general, an improper assumption, since 

the magnitude of Uoo is not necessarily equal to that of Voo, 

as shown for the two-dimensional case discussed above. When 

C< is not equal to 1, the velocity distribution along the 

tube wall has to be taken into consideration. 

2. Schach assumed that the velocity profile was flat at 

the tube exit. He therefore chose the system boundary at 

the tube exit. This may introduce serious errors when h/R 

is small, where h is the distance of the tube exit from the 

plate, and R is the tube radius, because there is no reason 

initially to expect the velocity profile to be flat at the 

tube exit. For a more accurate representation the upper 

boundary of the fluid region should be taken at a sufficient 
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distance from the plate where the velocity is approximately 

equal to loo* 

In short, Schach's work is best applicable in the case 

where h/R is sufficiently large. 

In view of the shortcomings of Schach's work, a more 

general treatment of the axisymmetric impinging jet is needed. 

This is the motivation of this study. 

In this study CX was taken as a variable, a function of 

h/R. A simple method was derived to check the validity of 

the assumed value of CX and the assumed shape of the free 

streamline. A reasonable form was also assumed for the ve¬ 

locity or potential distribution along the tube wall to sa¬ 

tisfy its boundary conditions at z = oo and at z = h. 

The final form of the integral equation is similar to 

that of Trefftz which Schach used in his work. However, a 

different approach was taken to obtain the integral equation. 

The integral equation was derived through the use of Green's 

theorem. The procedure is much clearer than Trefftz's deri¬ 

vation, since the mathematical steps logically follow from 

Green's theorem as applied to axisymmetric surfaces while 

Trefftz obtained the integral equation by superimposing a 

source-ring-flow which may be confusing in interpreting it 

with the physical situation. 

The axially symmetric impinging jet was solved for the 

case of h/R = 0.70/2. Expressions were given for the free 

streamline. Data and graphs were established for the flow 

velocity and for the velocity potential for the entire fluid 



region of interest. 
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II. STATEMENT OP THE PROBLEM 

The physical features of the problem are depicted in 

Figure-1. A fluid jet flowing out of a long tube impinges 

against a rigid flat plate normal to the direction of the 

flow. The velocity is small enough (Mach NO.<^CD such that 

the fluid density can be considered to be constant. 

For large enough Reynolds number, viscous effects will 

be small in the central region of the jet. The flow then 

can be reasonably represented as an ideal axisymmetric 

potential flow. It is further assumed that the gravity head 

is small compared to the velocity head. 

Z 

0 r 

FIG. I-AN AXISYMMETRIC FLUID JET 
IMPINGING ON A FLAT PLATE 



9 

It is desired to determine the free jet boundary ( or 

the shape of the free streamline) and to obtain the velocity 

distribution in the fluid region of interest. 
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III. THEORY OP AXISYMMETRIC POTENTIAL PLOW 

A. Stream Function and Potential Function of Axisymmetric 
Flow 

"Potential Flow"^ implies that the fluid is ideal (con¬ 

stant density and zero viscosity) and that the flow is irro- 

tational (curl v =■ 0). With the conditions specified in the 

statement of the problem,, the flow to be investigated is 

evidently a potential flow. "Axisymmetry" requires that the 

derivatives with respect to © vanish. This enables one to 

represent the flow by harmonic functions in any r, z plane, 

where r and z are radial and axial coordinates respectively. 

For constant density and frictionless fluid in steady 

motion, the equations of continuity and motion are 

(continuity) div v = 0 (1) 

(motion) Pviv2 - p[v X (VXv)J = -VP* (2) 

in which P* = P - pft*where P, p, and ft" are fluid 

pressure, fluid density, and gravitational potential 

respectively. 

For axisymmetric irrotational flow the statement that 

Vx v = 0 in cylindrical coordinates becomes 

d z “ dr (3) 

vr = velocity component in r direction 

vz = velocity component in z direction 
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and the equation of continuity becomes 

+ — *2_<rv_) - 0 (4) 
a z r or 

L 

If the density of the fluid is small or the gravity 

head is small compared to the velocity head, the gravita¬ 

tional effects can be neglected. On the additional restric¬ 

tion that Vxv = 0, the equation of motion becomes 

V [-f Pv2 + P] = o 
Ca * 

If the gradient of a scalar is zero in the flow region, 

the scalar is constant. Therefore 

1 
2 

+ P constant 

or 
•vrp(Vr + + P = constant 

(5) 

This result is a simple form of BernoulliJs equation. 

These three equations (3,^,5) are to be used to deter¬ 

mine vr, vz, and P as functions of r and z. 

Very often, it is easier to work in terms of a stream 

function‘d and a velocity potential rather than in terms 

of the velocity components v and v . 
1 u 

The stream function ^ is defined in such a way that the 

equation of continuity is automatically satisfied^ (see 

Appendix I - A). 
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V = _L^±. r r d z 
v
z = 

_1_ 
r 

d± 
dr 

(6) 

Since the flow is irrotational (VXv = 0), a potential func¬ 

tion can be defined such that the gradient of the potential 

is equal to the velocity, ie= v. This follows from the 

vector identity VxV'jj'3 = 0. In cylindrical coordinates 

= 
d r 

ML 
d z 

(7) 

By comparing Equation (6) with Equation (7) the stream 

function ^ is related to the potential function by 

_5±--r-d£ 34 r 8f 
dr d z dz dr 

With the potential function defined as = v, the 

equation of continuity div v = 0 is equivalent to the 

Laplace's equation = 0 or 

dr2 
J_-§>£ = o (9) 

The irrotational equation (3) can also be expressed in 

term of the stream function 

a24 
3r2 dz2 3 r 

= 0 (10) 

However the stream function xj; and the potential function ^ 

do not satisfy the Cauchy-Riemann equations; therefore con¬ 

formal mapping can not apply to the axisymmetric potential 
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flow problem. 

Equation (8) can be written more compactly (Appendix I- 

B) as 

rj5£ _ 
dn dt 

(11) 

where t is the direction of integration along some path and 

n, the normal direction. 

From Equation (11) one obtains for the stream func¬ 

tion 

f2 -ii 
rz 

r(t) 

J 

df(t) 

d n 

B. Transformation of The Potential Function through the 
Use of Greenes Theorem 

If A and B are harmonic functions in a closed region R 

with surface S 8 „ then by Greenes Theorem 

since A and B are harmonic functions which satisfy Laplace 8s 

equation. 

For axisymmetric case the above equation can be rewri¬ 

tten as 

B^-l 9n J r(t)d9dt 0 (13a) 
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where r is the radial distance from the axis of symmetry, G 

is the angle about the axis, and t is a point on the surface 

lying in the rz plane (Figure-2). 

Let q(s,t) be the distance of a point t on the path of 

integration from a singular point s. Then l/q(s,t) is har¬ 

monic except at the singular point s (or q=0)^. The region 

is chosen such that ^ is harmonic everywhere. Let A = l/q( 

s,t) and B =cp° Excluding the singular point s Equation(13a) 

becomes 

where £ represents the outer surface of the region and CT, 

the small spheric surface surrounding the singular point s 

and removing s from the region. 

For axisymmetric case n is normal to 0 direction and 

= 0. Thus <P, and —— can be removed from ins ide 
d9 I 0n <3n 
the © integral. 

£ 

CT 

0 
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where t denotes a point on the outer integration path and< „ 

a point on the small circle which excludes the singular point 

s. 

Defining V(s,t) = 
fZJT 

d© 

J 
q(s,t) 

the above equation can be rewritten as 

r 

j r(t)v4jfX. - r(t)<p^Lj dt 

b j [r(<)V ■af. 

dn 
d< = 0 

(14) 

(15) 

C. Simplification of VCs.t) 

The quantity V(s,t) in Equation (15) is equivalent to 

the potential of a source-ring-flow at the point t as dis- 

cussed by Trefftz^. But it was not necessary in this deve- 

lopment to use the concept of a source-ring. In Figure - 2 

the distance from the singular point s to a point t on the 

axisymmetric surface is given as 

q2(s,t) = r2 + r2 + (zg - zt)
2 - 2rgrtcos9 

where © is the angle about the axis of the axisymmetric sur¬ 

face. Thus Equation (14) can be rewritten as 

V(s„t) = 
r Zn d© 

/ri+r|+(zs-zt)
2-2r r cosQ 

(16) 
0 



16 

Let qj.* (rg - rt)
2+ (zs - zt)

2 

and q2 - (r + r )2 + (z - z )2 (see Figure-2) 
& S U S u 

One finds, on forming half the sum and half the difference 

of these quantities, that 

2 Q.i+(l2 Q.1 “ 0.2 0 q = —L—e.   ^cosQ 
H 2 2 

= q2sin20/2 + q2cos29/2 

If this expression is substituted for the radicand in Equa¬ 

tion (16) and a new variable of integration is introduced by 

the substition 9 = TT - 2^3 , the result is 

FIG.2 - REPRESENTATION OF INTEGRATION 
PATH FOR THE POTENTIAL V 
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V(sft) = - 

2 q? - 
x. = 

r2u 
2_ 
q2j0 

d § 
J1-X2sin 

^srt 

¥ 

E(x)' 

~ E(x) *2 

rin 
J o JT X

2S in2|3 

(17) 

where E(x) is the complete elliptic integral of the first 

kind. This is the final form for V(s,t) to be used in sol- 

ving the problem. (Trefftz used a different form^) 

Since l/q(s5t) satisfies Laplace’s equation, on inte¬ 

grating Laplace’s equation with respect to 0 from 0 = 0 to 

0 = 2 7F one obtains 

c>2V + a2V + 1 dV = 
dr2 $z2 r 

Analogous to Equation (11) and (12) a stream function 

S(s,t) can be defined in connection with the potential 

function V(s„t)s 

r0V = d£ 
8n dt 

32 Si 
r 2 

r (t) 
d n(t) 

(18) 

(19) 

where the integral is a line integral. 

In numerical calculation, it is convenient to express 

dS(s„t) in terms of drt and dz^. From Equation (19) 

dS(s,t) = r(t)|L dt = r(t) dzt - -|X- drt] (20) 
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After substitutions for 
d*t azt 

and -iL— derived from Equation 

(17)» Equation (20) becomes 

(21) 

where 1 ri17 

P(x) = Q sin ^3 is the complete elliptic in= 

tegral of the second kind. 

The integrand of Equation (19) is well behaved except 

near the singularity which will be discussed later. 

The streamlines of the source located at the point s 

(lines of constant value of S) were constructed through the 

use of Equation (19) and Equation (21) (see Flgure-3)* 

z 
Hff 
6 

6 

FIG. 3-STREAMLINES OF THE SOURCE 
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D» The Integral Equations for the Fluid Region 

It has been shown that 

= o (15) 

The second integral in the above equation takes different 

values in the following three cases s 

a, For a Point in the Interior of the Fluid Region 

If the singular point s is not on the boundary, consi= 

der the following integral in which < is a point on a small 

cicle, with a radius £ » which surrounds s and removes s from 

the region (Figure ~ 4) 

A 

Hi '       

r 
FIG. 4 - REPRESENTATION OF INTEGRATION 

PATH 
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r(c)^X- d-c r(c) dQ = -J ~-r(-<r)^ dG (22) 

where the equalies ^V/^n = - 3 V/0£ and d c = £ d9 have been 

p Q 
used. In this situation, X is very close to one . There¬ 

fore 

E(x) # In 

J~1 xf 

From Figure-4, one sees that 

rt = rs + £ cosG and = zg + £. sinQ 

Since - (rs + rt )2 + (zg - zt)
Z 

and >~2 = 4rsrt 
„2 

one finds on combining these equations, simplifying, and 

2 
neglecting terms of higher order than 6 , 

2 
x 1 

4r Z s 

E(x) 

3V 
36 

= In = - ln£ + In (8r_) 
6 s 

= _iEixL 2_+2_E(^..d?2 
d6 q2 

■ 2^r+ z? (ln(8rs> -lne)(2€ 

_ 1 j cos0 In 6 
= cr—r + 1 1

 A —~ 

4rgcos0) 

(neglecting higher orders) 
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r = 4. i + me 
s 6 rs 

=? — „ since limbing =0< 
6 6“*0 

r(<)™~ d-c . f2 

J 0 

oV 
3n r(6)£ d© 

2TT 
d9 2 TT (23) 

For 6 sufficiently small ^(c) = ^(s)? therefore 

jP ko^flr]^ - 2iTf(s> 
If V(<) exists sufficiently near to s and if its maximum 

value on~c is V(6), then sinceis continuous in the region 

of interest,, 

<f Vr-^- d< < v(e) £ r if. ]x dn T< dn 
d-c 

V(£) >^Tdtp (24) 

By substituting equation (23) and (24) into Equation (15) 

f (s) - - IF fjr(t) v IF " *<*>§=-] dt 

-A-O ^(t) dS(s,t) - (j)^v(3ft) dt|> (t) 

(25) 

since 
.it 
dn 

J 

dib and r 

J t 

■i 

Sv_ 
3n 

dS 
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bo For a Point on the Boundary 

If the singularity is at a boundary point which is 

not a corner point, then c in Equation (15) is a point on a 

small half circle which indents the singularity, and the 

second integral in Equation (15) should be Integrated from 

0 to 7T. Thus 

Co For a Point on a Corner with Exterior Angle 

By a similar reasoning, if the singularity is on a 

comer point with an exterior angle 

J 

f t 
(27) 
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IV. CALCULATION OP VELOCITY FIELD OP AN AXISYMMETRIC JET 
NORMALLY IMPINGING AGAINST A PLAT PLAT - SOLUTION BY USING 
INTEGRAL EQUATIONS 

The jet as described in the statement of the problem 

can be solved by the theory of axisymmetric potential flow. 

Obviously, the problem may be attacked by some of the stan- 

dard numerical methods of solving the Laplace’s equation 

(9) together with other restrictions. However, as pointed 

out in the introduction, this method is too time-consuming 

to be practically useful. Therefore a different approach 

was adopted in this work. The problem was solved by using 

a Green’s theorem, Equation (13), as developed in the theory 

section. Equation (13) leads to integral equations (25=27) 

which together with necessary boundary conditions form a 

soluble problem. 

A. Model of the Fluid Region 

Figure-5 shows the fluid region of the jet. The origin 

of the coordinate system is situated at the intersection, 

0, of the jet axis with the flat plate. The plate coincides 

with the r-axis so that the center of the jet falls on the 

z-axis. In order to apply Equations (25), (26), and (2?), 

the fluid region boundaries were taken to be the two axes, 

the jet wall, the free streamline, and the lines DE and AB, 

each of which was drawn parallel to one of the axes. It was 

assumed that the velocity was normal to the lines DE and AB 
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at these points. Rigorously, this condition occurs only if 

OE and OA are infinitely long. The lines OE and OA were 

taken long enough so that the error introduced by this 

assumption was negligible. Therefore at DE, v = vz = 

and at AB, v - vr = where Voc and Uoo are the velocities 

of the incident and deflected streams respectively at infi“ 

nite distances from the origin. 

The important points of the fluid region were chosen 

to have the coordinates as presented in Table i. The z 

TABLE 1 

THE COODDINATES OF THE IMPORTANT POINTS OF TEE FLUID REGION 

0 A B C D E 
r 0 12 12 1 1 0 
z 0 0 0.04167 0.7072 2k 2k 

FIG.5-REPRESENTATION OF FLUID REGION 
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coordinate of B, z_,, was determined by the continuity Equa- 
-D 

tion (28). 

For the convenience of calculations, Voo was taken as 

-i without loss of generality. The velocity ratio was de¬ 

fined asO( = | Uso/Voo] . Therefore the magnitude of Uoo was 

equal to o(° 

B, The Assumptions 

The difficulty in applying the integral equation (26) 

to the problem of the axisymmetrie fluid jet impinging nor¬ 

mally against a flat plate is that the free streamline, 

along which the integration has to be carried out,and the 

value of the velocity ratio o( and the potential distribu¬ 

tion along the jet wall which: are needed for the boundary 

conditions, are unknown. Therefore, the value of (X t the 

shape of the free streamline, and the potential distritution 

along the jst wall have to be properly assumed in the first 

step. Their validities can be checked in the calculation 

of the integral equations, 

a. The Assumption of the Value of the Velocity Ratio C*( 

In general, the velocity ratio o( = |tWVoo| is not cons¬ 

tant. It is a function of the ratio of the distantance of 

the tube exit from the plate, h, to the tube radius, R, or 

h/R. As shown in the Results and Discussions section, oC 

approaches 1 when h/R = oo t and becomes infinite when the 
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tube exit approaches the plate. 

Since the data of CX are not available for the axisym- 

metric ease, the data of cX in the two-dimensional case given 

2 by Davies and Aylward can be used as a reference. 

b. Assumed Shape of the Free Streamline 

i) At point C, the direction of the free streamline is 

known. The tangent at this point is parallel to the z axis. 

ii) At point B, according to the equation of continuity 

and in keeping with the assumption in the model of the fluid 

region 

7TR
2
|VOO| = 2 • *A. Zg-Uoo 

ZB = • 1^1= * 
(28) 

Thus if r^ and o( are specified the coordinates of B can be 

determined. From Equation (28) it can also be assumed that 

the free streamline approaches the hyperbola, r°z =constant, 

as the radius becomes large. 

c. Proposed Form for the Potential Distribution along 
the Jet Wall 

Since the pressure along the free streamline is cons¬ 

tant, by applying Bernoulli’s equation, Equation (5), along 

the free streamline CB, the velocity at C is vc = -U©o = -CX, 

and at z = oo , vz ~ Voo ” -1. Since by this method it is 
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necessary that the potential along the jet wall, CD, he spe¬ 

cified, two equations were used as a reasonable approxima¬ 

tion to the potential along the jet wall, with the potential 

at B,cp defined as zero. These equations also satisfy the 

requirement imposed by the gas velocity at C and at D. 

<p(t) = (h - z) + (o( - 1) exp [b(h-z)] j 

(29) 
<p(t) - (h - z) ~ |exp jb(h-z)] - ij 

where b is a parameter to be determined optimally as discus¬ 

sed in paragraph b, page 33. The first equation is asympto¬ 

tic to = h - z for large z„ The second equation is asymp¬ 

totic to = h - z = Afor large z, where A is a constant. 

The second equation should be a better approximation to the 

correct potential distribution on CD. 

C. Boundary Conditions 

Besides the conditions which are implied by the assump¬ 

tion of axially symmetric potential flow, the following 

conditions apply at the boundary of the fluid region (Figure 

5) * 

a. Along the z axis (EO), the r-axis, the free streamline 

(BC), and the jet wall (CD) 

if = 0 

since there are no velocity components normal to these 
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boundaries, 

bo Along AB the flow is parallel to the r-axis, and with 

the velocity UQO = 0( „ 

df 
dn 

= cX 

Co Along the free streamline BC the velocity is a cons¬ 

tant,, Uoo ; therefore 

af. 
dt 

C* 

where the minus sign is used because the integration path 

(t) is in reverse flow direction. 

At the points A and B one has for the potential, 

<f(A) « cp(B) 

- C< the potential at a point Prom the relation 
dt 

on the free streamline is given as 

<P(t) = <f(B) - 0<L(Bt: (30) 

since the potential at C is zero. In Equation (30) L(Bt) 

is the length of the curve between point B and t. Thus 

f^B) = OU.(BC) 

d. Along the jet wall CD the potential is given by one 

of the Equation (29) and the velocity is 

1. v as - (bz °bh ~ i)(cX- l)exp [b(h“z)l - 1 
at oz L 

or 2. v - —E- ~ ~ ( o( - l)exp fb(h-z)) - 1 
d2 L J 
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e. Along DE, the flow is parallel to the z-axis and with 

the velocity 'V00~ -15 therefore 

D„ The Simplified Eqnation for the Boundary 

According to Equation (26) the potential at a boundary 

point which is not also a comer point is given as 

The integration is carried out around the fluid region ex¬ 

cluding the singular point s« No contribution is obtained 

from the first integral along the z-axis since the z-axis 

corresponds to a line of constant S (Figure-3)» or dS(s„t)= 

0 along the z-axis (Equation 31)° Therefore the first in¬ 

tegral can be written as 

3£ = .1 
dn 

(26) 

fE c
p(t)dS(spt) cp(t)dS(s,t) 

0 

and the second integral 

gives a contribution only along AB and DE because every¬ 

where else ^cP/c)n - 0. Therefore after substituting for 



r(t). and. dt„ 
on 

30 

O V(s„t)r(t)d-<J; (t) = (XrA 

B 

V(s„t)dz(t) - 

X D r(t)V(s5t)dr(t) E 

The integral equation (26) then is 

r E B 

7T ^(s) = <p(t)dS(s,t) - OCrA V(s,t)dz(t) 

v7o 

r(t)V(s,t)dr(t) (31) 

^E 

E. Evaluation of the Integral Equation for Boundary Points 

The integral equation (31) is to he used to determine 

the validity of the assumed free streamline. The Pro~ 

cedure is as follows % 

a. Locating the Singular Point on the r~axls ■— 
Calculating Potential on the Flat Plate 

If the singular point s is located on the r-axis. 

since the r~axis now corresponds to a streamline of the 

f>(t)dS(s,t) = 0 
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source ( dS(s„t) = 0, along the r-axis„ see Figure-3 or 

Equation 21), Thus the potential ^(t) which at this stage 

is not known alon£ the r-axis drops out. 

The potential from B to C, using Equation (30)„ can be 

expressed as 

f^Ct) = «p(B) - CXL(Bt) 

Along the jet wall CD the potential is given as 

^^(t) = (h - z)|l + ( o< - l)exp[b(h-z)]| 

or ^ (t) - (h - z) + ^ - -1 ^exp [b (h-z)] - 1 j- 

Therefore the first integral in Equation (30) simplli- 

fies to 

r E 

rB 

JA 

rD 
+ 

Jc 

r E 
^ (t)dS(s#t) cp(t)dS(s„t) 

f(B)dS(s,t) 

ro 
[f (B) - OCL(Bt)] dS (s , t) 

J 

CD I CD 
(t)dS(s„t) + 1 (D)dS(s,t) 

B 

•E 

D 

According to Figure-3» the value of the stream func¬ 

tion at point A is S (s, A) = 7T and at point E, S(s,E) = 2 7J 

r E 

so dS(sst) = 7T „ and the equation for the potential 

J 
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along the r-axis 

TTf^t) = TT^B) - o( I L(Bt)dS(s,t) + / [Cf>^D(‘t) 

B 
•E 

cf(B)]dS(s,t) + [f^D(D) - dS(s,t) 

'B r D 

CXTA I V(s„t)dz(t) + j r(t)V(s,t)dr(t) (32) 

A E 

After substuting for V(S(,t) and dSCspt), each integral in 

the right hand side of Equation (32) can be written as 

CKI L(Bt)dS(s,t) = 

B 

0< / L(bt)~ E(x)-F(X)[l + 1 4o u 

2rMrs“rt) 
) dz4 

ZB 

0<(zs»zt) 

J 

rrc 
MM.) ££t F (>v) dr4 

r 
q2 If rB X 

r tf°D(t) - f(B)]ds(S»t) = r [f^) - f(B)]~ 
^ C J zn 

2 

r r 2rr(r -rrL 
{E(x).p(X)[l + C 2

S dz+ 

r 
E 

[f(D) - <f(B)][ dS(sjt) = (zs-zt) [f^D(D) - L(BC)J 

J D 

r. E 2r. 

r„ % 

i P(x)drt 
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'B 

o(rA j V(s,t)dz(t) = 

A 

"B 
2ECM d- °<rA I “T^ u*t 

ZA 2 

■D 
r(t)V(s„t) = r(t)^i^L dr. (32a) 

E •E 

b appears in the above equation in ^ (t) as an unknown 

parameter which must be determined optimally (see next 

paragraph) before calculating the potential at various 

points along the r~axis. After b is determined the various 

integrals in Equation (32a) can be evaluated. As a result 

the potential ^^(t) along the r~axis can be represented as 

the sum of <p(B) and a numerical value which will be 

called K^(t) can be obtained so that 

= f(B) + K^t) 

b. Determining the Parameter b in the Potential Equation 
along the Jet Wall 

Since the potential at point A, ^(A),, is known to be 

equal to ^(B),, one can make use of this to evaluate the 

parameter in Equation (32). Point A is a corner point(with 

an exterior angle - -^2r) on the r-axis, according to Equa~ 

tion (2?) and Equation (32) 
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-7T<p(B) = 0< 

ro 
m 

L(Bt)dS(s,t) 

J B 

[f^D(t) - <f(B)]dS(s,t) 

J 
r E 

f(B)] j dS(s,t) (34) 

/ H 
+ CKr^ I V(s,t)dz(t) + / r(t)V(s,t)dr(t) 

J k J E 

b should take a value which satisfies Equation (34). An 

iteration procedure is required to evaluate b from Equation 

(34). 

c. Checking the Validity of the Potential Distribution 
along the r-axis and the Assumed Value of o( 

In order to avoid going too far with an ill assumed 

shape of the free streamline, it is wise to check the vali- 

dity of the potential distribution along the r-axis at this 

step. An assumed free streamline which does not give proper 

potential distribution along the r-axis is not adequate and 

should therefore be rejected. A simple method for this 

purpose was derived as follows % 

By integrating the z-component of the momentum equation 

over the entire region, one obtains 

2 2 
(free + PE)7TR = 2 7TrP1(r)dr (35) 



35 

where R is the tube radius, Pg is the fluid pressure at 

surface ED, and Pj_(r) is the pressure distribution along 

the flat plate which is a function of r. Strictly, the 

integration should be carried out through the entire dimen¬ 

sion of the flat plate, ie, from 0 tooo , However, as will 

be seen later (Equation 38), the portion of the plate out¬ 

side the circle of radius OA makes no contribution to the 

integral if the velocity at A is assumed to be equal to Ueo t 

therefore the integration is terminated at A. 

If Bernoulli's equation is applied to point D and point 

B (see Figure-5)• 

2 P tt2 P 
Voo , E _ U .  o 
2 f> 2 p 

where PQ is the pressure outside the fluid region. PQ may 

be taken as zero without loss of generality. Then the above 

equation becomes 

E “ 
_ PVi 

2 
CO 

( oc (36) 

Applying Bernoulli's equation to streamlines EO and OA 

P,(0) PE vL . P (0) P-i (r) u2(r) 

? = f + 2 1 ~rm ~r+ 2 

From these two equations one obtains 

P1(r) fv* [i u2(r) 
+ P E (37) 

where u(r) is the velocity distribution along the r-axis. 
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After substitution of Equation (36) and Equation (37) in 

Equation (35) and simplification, one gets 

C< -Jl/(I ~ 1) 

The velocity along the r~axls can be easily calculated from 

the potential along the r-axis by the relation 

u(r) = afl(r) 

dr 
To summarize, the value of the velocity ratio, <X= 

|Uao/Voo|, is assumed beforehand. The free streamline is also 

assumed. The velocity distribution along the r-axis, u(r), 

is then calculated from the potential(r)which was calcu¬ 

lated from Equation (32). Equation (38) is used to check 

the assumed value of o(« If "the assumed OC is not correct 

then a revised free streamline and a new value of CK 

have to be assumed. 

d. Locating the Singular Point on the Free Streamline— 
Calculating Potential along the Free Streamline and 
Checking the Validity of the Assumed Free Streamline 

After having the potential along the r-axis, ^(r), 

which satisfies Equation (38), the singular point s is then 

placed on the free streamline. The equation for the poten¬ 

tial along the free streamline Is 
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rE 

77^2(s) = tP1(t)dS(s,t) - Of rA 

Jo 
rD 

V(s,t)r(t)dr(t) 

B 

V(s»t)dz(t) + 

A 

(39) 

-7 

When t coincides with the singular point s, the inte- 

grand of the first integral becomes infinites for this 

reason (see paragraph F, Results and Discussion section) 

Equation (39) is rewritten as 

7Tf2
(s) - 

rE 

[f^t)-cp1(s)jdS(sst) »o(rA 

0 

B 

V(s„t)dz(t) 

E 

■it 

r + ( V(sft)r(t)dr(t) + 

E 

rE 

^ (s) aS (s, t) 

0 

(40) 

where <p^(s) = ^(B) - CXL(Bs) 

The value of the stream function at the point 0 accor¬ 

ding to Figure-3 is given by S(s,0) = Op whereas at point E, 

S(s„E) = 27T« From this and also taking into consideration 

the boundary crossing in connection with the point s one 

obtains 

f tP1(s)dS(s!1t) = Tff^Cs) 

0 
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The integral equation can be written as 

7r[f2(s)- f^s)] = f <p1(s)]as(s,t) - 

J 0 

-B 

0<rA j V(s„t}dz(t) + / V(s,t)r(t)dr(t) (41) 

J E 
Substituting the expressions for <p^(t) and (s) Equation 

(4l) becomes 

7T[f2(S) - fits)] 

A -B 

[^(t) + o<L(Bs)] dS(s,t) - 0<L(Bs) j dS(s.t) 

0 A 

C 

0<[L(Bt) - L(Bs)] dS(s,t) - I [f^D(t) + f(B) - 

B ^ C 

rE 

C<L(Bs)]dS(sPt) + [ff(D) - <p(B) + 0(L(Bs) I dS(sft) 

.B 

o( rA/ V(s„t)dz(t) + j V(s,t)r(t)dr(t) (42) 

A E 

The individual integrals can be evaluated with the help of 

Equation (32a). The condition that the assumed free stream¬ 

line is the correct one can be expressed for the singular 

point s = t as 
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fz(s) = f^t) 

Practically if the value obtained, from the right hand side 

of Equation (4-2) for every point on the free streamline is 

less than the maximum tolerable error,, the assumed free 

streamline is regarded as a suitable one*, 

F. Evaluation of the Velocity Distribution in the Fluid 
Region 

With the correct assumed free streamline one can pro¬ 

ceed to evaluate the potential at every grid point in the 

fluid region. According to Equation (25) and with the help 

of Equation (32a) the potential at a point in the interior 

of the fluid region or on the z-axis is 

27T]9(S) 

J 

r 
c^1(t)dS(s#t) + (B) 

0 J 

B r C 

dS (s p t) + / [y>(B) 

A B 

E 

dS (s „ t) 

D 

B /-D 

0(r. I V(s,t)dz(t) + / r (t)V(s, t)dr(t) (43) 

rD CD CD f 
o<L(Bt)]dS(s,t) + f1 (t) + f xCD) 

Jc D 

E 

The velocity components at a point in the fluid region can 

be evaluated from the following relations 

v r 
if 
3 r 

= i£ 
<^2 



40 

G. Evaluation of the Pressure Distribution along the Plate 
and the Normal Force on the Plate 

The velocity distribution along the plate u(r) = 

is obtained by differentiating the potential along 

the plate <j^(r) with respect to r. The pressure distribu- 

tion along the plate can then be determined by using Bernou¬ 

lli's equation 

Px(r) 
u2(r) 

TT2 U oc 
] 

The normal force on the plate for the assumed boundary 

of the fluid region is 

fA 
P = 2Jr j rP1(r)dr 

J 0 



V. RESULTS AND DISCUSSION 

A. The Value of 0< 

When the distance of the tube exit from the plate is 

infinite, the flow at the tube exit is not retarded and the 

velocity profile at the tube exit is flat. Thus the veloci¬ 

ty along the tube wall is constant and o( = 1. When the dis¬ 

tance of the tube exit from the plate is finite, the flow at 

the tube exit is more or less retarded and the magnitude of 

the axial velocity near the axis is small than |V©o|. In or¬ 

der to maintain continuity of flow, the magnitude of the 

velocity along the wall at the tube exit must be greater 

than |Voojand o< is therefore greater than 1. When the tube 

exit approaches the plate,C><becomes infinite. This can be 

shown as follows s 

Consider the flow rate through the cross section of the 

tube at infinity and the flow rate through the clearance 

between the tube wall and the plate. For steady motion these 

two rates must be equal. Thus 

J 

5dz 

Rl Yoo | 
2 

fb 
v_»(z)dz 

J 0 

where vr,* (z) is the radial velocity at r 

(44) 

R. According 
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to the Intrisic equation of steady motion neglecting the 

gravitational effect 

ap _ „ fv2 

^n R* 

where R* is the radius of curvature of any streamline and n 

is the normal to the streamline., n is positive toward the 

center of curvature. Applying this equation to the stream¬ 

lines through the surface r - Rr the R#'s are positive (may 

be equal to infinity) since the streamlines must be concave 

upward for the fluid to leave the tube. ^Z-is therefore 
dn 

negative and the pressure decreases toward the center of 

curvature „ This implies that P>PQ at r = R„ where PQ is 

the pressure outside the free streamline. It is assumed 

that at r =00 the velocity profile is flat and equal to Uoo « 

Prom Bernoulli's equation (5)s> vr' <_ Uoo since the pressure at 

r = R is greater than P . Therefore 
o 

r 

JQ 

h 

vr'dz < U©o h 

Substituting this into equation (44) one obtains 

o< = Vboi >_R_ 

UoJ- 2h 
(45) 

for h = 0 or when the tube exit approaches the plate o(=oo0 

In order to calculate the value of o(, a trial value of 

Q<! was assumed. The potential along the r-axis ^^(r) was 

then calculated for the assumed value of oC and the assumed 

free streamline from equation (32). The assumed value of oC 



is correct if the following condition is satisfied 

oC = 

1 = 2 

rA 
TT 

r*(l 

0 

rs = r/R? u(r) 

u(r)2/uio) dr8 

o>~r 

(38) 

As discussed above, oC should be a function of h/R. For 

h/R = o.7072„ oC is equal to 2.5 in the two-dimensional 

2 
case 5 therefore oC - 2.5 was taken as a first trial for the 

axisymmetric case with the assumed potential along the jet 

wall corresponding to the first equation of Equation (29). 

After several iterations the most suitable value of oC for 

h/R = 0.7072 turned to be i„ that is, Uoo = |Voo|i, and the 

velocity along the tube wall was constant and equal to Vca, 

This satisfies equation (45) since oC = l>-~- “ ± * 

To satisfy this condition, the parameter in Equation (29) 

should be equal to zero. This indicates that the ratio h/R 

for which oCis approximately equal to 1 in the axisymmetric 

case is much smaller than in the two-dimensional case. 

The value of oCwas also checked with the potential 

along the jet wall corresponding to the second equation of 

Equation (29). The results were Inconclusive as indicated 

by the fifth trial of Table 2. The error in the calculated' 

valve of oC was due to error in the assumed free streamline. 

Several of the assumed values and calculated values of 

OC are listed in Table 2 (and in Appendix II-A for assumed 



value of QC — 1). 

TABLE 2 

ASSUMED AND CALCULATED VALUES OF CX. 

Trial No. Assumed Values ofOC Calculated Values of oC 

1 2.50 2.136 

2 2.23 1.862 

3 1.60 1.210 

4 1.00 1.005 

5 1.4 1.2 to 1.6 

In the 4th trial, the velocity along the r-axis u(r) 

approaches Uco (equal to 1 in this case) at r = 6. For 

r>6 the magnitude of u(r) oscillates around i although u(r) 

should approach 1 asymptotically. The oscillations merely 

indicate the magnitude of the error in the calculation. 

The value of OCcalculated by integrating from r = 0 to 12 

was 1.055* Since u(r) approaches Uooasymptotically, the 

integral between r = 6 and r = 12 should be positive thus 

decreasing QC° Therefore OCas calculated by equation (38) 

should be less than 1.005 rather than 1.055. This shows 

that the results are consistent with the assumed value ofO(. 

The value of OCwas also checked by calculating the ve¬ 

locity at r = R, z = h from the potential data. Figure-11 

shows the potential distribution curve for r = 1. The poten¬ 

tial distribution curves for r = 0.8 and for r = 0.9 were 

also drawn in for reference. It is noted that the potential 
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distribution curve for r = 1 from the raw potential data 

has an inflection point near z = h. This most certainly is 

an error due to the improper shape of the assumed free 

streamline near the tube exit which will be discussed in 

next paragraph. The dotted curve was drawn from the smoo- 

thed potential data for r = 1. The velocity at r = R, z= h 

calculated from the raw potential data was - 1.34 while that 

calculated from the smoothed potential data was approximate- 

ly - 1. Therefore the value of OC was still taken to be 

equal to 1. 

B. The Shape of the Free Streamline 

The calculation of the shape of the free streamline 

was a trial and error procedure. A free streamline shape 

was first assumed, then the error in the velocity potential 

on the free streamline was calculated by equation (42). It 

was decided to insert the assumed free streamline in the 

computer as an analytical function, f(z„r) =0, in order to 

simplify the evaluation of the integral equation. The ana¬ 

lytical function had to be flexible enough so that it could 

be made to fit the correct free streamline shape with a 

small error. The function also had to be satisfy the follo¬ 

wing conditionss 

1) At point C 

i) r = 1, z = 0.7072 

ii) dr/dz =0, ie, the tangent of the free stream- 
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line is parallel to the z-axis. 

2) At point B 

i) r = 12, 

and R = 

ii: 

= -4- = 0.041667, for (*=1, 2r 0\ 24 

c/r? dz/dr “C/r , ie, the free streamline 
>2 

approaches the hyperbola, where c = 

for (X-1 and R = 1. 

R 
ZCL 0.5 

Since it is difficult to find a single equation which satis¬ 

fies the above conditions, two equations were proposed to re- 

present the assumed free streamline 

1) For l<.r<r*, where r* was finally chosen as 3» 

r = 1 + a2(z - 0.7072)2 + a3(z - 0.7072)3 

k 
+ a^(z - 0.7072) + 

2) For r*^r<12 

234 
z = c/r + c (r - 12) + c.(r - 12) + c. (r - 12) 
23 ^ 

where agt a^, a^, Cg, c^, and are constants, requiring that 

these two curves meet at a point with the same slope (conti¬ 

nuity of the free streamline and its first derivative). 

The condition that the assumed free streamline is the 

correct one is - cp = 0. 

The calculated values of o(and the maximum deviations 

(^2 ~ f>-1^ Siven by the four assumed free streamlines are 
listed in Table 3° The expressions for the four assumed 

free streamlines and the deviations ( p2 - <j?^) at various 

points along the assumed free streamlines are presented in 

Appendix II-A. 
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TABLE 3 

THE CALCULATED VALUES OF CX AND THE MAXIMUM 
POTENTIAL DEVIATIONS FOR THE ASSUMED FREE STREAMLINES 

Assumed Free 
Streamline No 

1 

Calculated Maximum Potential 
Values of Deviations (^2“ ^) 

0.905 0.113 

2 1.158 =0.061 

3 1.022 

4 1.005 

(Assumed Value of oC = 1.00) 

0.079 

0.0295 

The 4th choice of the free streamline is represented by 

the following equations? 

z = 0.5/r for 3<.r< 12 

r = 1 - 0.4(z - 0.7072) + 10.6477(z - 0.7072)2 

+ 54.4559(z - 0.7072)3 + 85.197MZ - 0.7072)^ 

for 3->r >1 

These equations gave a maximum deviation ( ^ - y?^), o1' 

less than 0.03* This free streamline shape gave least over¬ 

all deviation of all the assumed free streamline shapes 

(about 10 trials) and therefore was accepted as a suitable 

one. The deviations in the region 3^==-r:^12 -of the chosen 

free streamline are very small ( 5L 0.01). This 

indicates that the free streamline approaches the hyperbola, 

r*z = constant, at r = 3 for the case with h = 0.7072 and 

R = 1. 

It should be noted that the tangent of the chosen free 
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streamline at the tube exit is not parallel to the z~axis—— 

dr/dz at z = 0.7072 is =0.4 in stead of 0. Also the shape 

of the chosen free streamline near the tube exit does not 

look smooth enough. Nevertheless, this chosen free stream¬ 

line gave the best results among the four trial of the free 

streamlines. 

C. The Potential 

The chosen free streamline was used to calculate the 

potential ^ at various points in the fluid region. The 

calculated values of the potential are presented in Appendix 

II-B. 

The potential distributions are plotted as follows 

1) Figure=6 Potential Distribution with Radius as Para¬ 
meter 

2) Figure-7 Potential Distribution with Axial Coordina¬ 
te z as Parameter 

3) Figure-8 Equal Potential Lines 

Figure-6 and Figure-7 show that for large r and for large z 

the potential distributions along constant z and along con¬ 

stant r become approximately straight lines. For the poten¬ 

tial in the tube at large z and along the plate at large r, 

the relations, - constant and — - constant (both 
dr dz 

constants are equal to 1 in this case) are good practically. 

This result is shown in Figure-8 since for large r or 

large z the potential profile becomes flat. 
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FIG. 6-POTENTIAL DISTRIBUTION WITH 

RADIUS AS PARAMETER 
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FIG.7-POTENTIAL DISTRIBUTION WITH AXIAL 

COORDINATE Z AS PARAMETER 
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FIG.8-EQUAL POTENTIAL LINES 
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D. The Velocity 

The axial velocity v and the radial velocity v were 
JT 

calculated from the potential data listed in Appendix II-B 

by the following relations? 

df vr and v„ = At r ar 

In order to obtain the velocity distributions some of 

the potential data were smoothed. 

Figure“9a and Figure“9b show the axial velocity distri¬ 

bution as a function of z with r as a parameter and Figure- 

10 shows the radial velocity distribution as a function of r 

with z as a parameter. These figures show, of course, that 

vr and v2 are zero at the origin; thus the origin is a stag¬ 

nation point. For small z and small r, vr and vz can be 

represented by the relations, 

v - vr = a r c z 

where a and c are constants. In this case, a = 0„5 and c= 

1 = 2a (good for vr for z = 0 to 0.2 up to r = 0.2, and for 

vz for r = 0 to 0.2 up tO z = 0.2). These relations indica¬ 

te that near the origin, the classical stagnation point so¬ 

lution is satisfied as expected. 

The magnitude of vr and vz approach 1 at r = 6 and z = 

6 respectively. Of course, these are the direct results of 

the flat potential profiles at these point. 

The dotted curves in Figure-9a and Figure-10 represent 

the velocity distributions obtained from the smoothed poten¬ 

tial data. The inaccuracies were due to the improper shape 
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 » Z 

FIG. 9a-AXIAL VELOCITY DISTRIBUTION WITH 

RADIUS AS PARAMETER 
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FIG. 9b-AXIAL VELOCITY DISTRIBUTION 

WITH RADIUS AS PARAMETER 
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FIG. 10- RADIAL VELOCITY DISTRIBUTION WITH 
AXIAL COORDINATE Z AS PARAMETER 
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FIG. II-POTENTIAL DISTRIBUTION 

FOR r = I. 
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of the assumed free streamline near the tube exit and 

perhaps also due to the insufficiently accurate calculations 

of the integral equations which will be discussed in para¬ 

graph F , page 58o 

In Figure-9"b, all of the vz curves were obtained from 

the smoothed potential data. Since the potential data, for 

constant r in the region r>2.have little variation, it was 

not possible to obtain accurate vz curves from the potential 

data. Therefore the slope of the free streamline was used 

in additional to the smoothed potential data to plot the vz 

curves in this region. 

E. The Fluid Region 

The fluid region (see Figure-5) was chosen such that at 

DE vz = Voo and at AB vr = Uoo . The longer the lengths OA 

and OE the more accurate the results. But OA and OE can not 

be too long since the calculating time will increase consi¬ 

derably while the results may not be improved significantly. 

Usually, a trial fluid region is chosen Initially. If the 

results meet the conditions at DE and at AB the chosen fluid 

region is adequate? othwise the lengths of OE and OA have 

to be increased. 

The results obtained from the chosen fluid region as 

specified in Table 1, page 24, (with OA = 12, OE = 24) sati¬ 

sfy the required conditions at DE and at AB. A revised 

fluid region with OA -• 21 and OE = 30, and with the same 
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assumed free streamline was further used to calculate the 

potential along the r-axis and along the assumed free stream- 

line. The results did not change significantly (Maximum 

value of potential change = 0.00015). This indicates that 

the original chosen fluid region is adequate. Actually, the 

chosen fluid region gave v„ = Voo = -1 at z = 6 and v„ = U<*> 

= (X at r = 6. The fluid region could have been adequately 

represented by taking Ok - 6 and OE = 6. 

F. Discussion of the Integral Equations 

It was noted in the previous discussion of the integral 

equation (see page 3?) that the integrand of the first inte¬ 

gral in Equation (39) becomes infinite when point t coinci¬ 

des with point s (see equation 21). 

This occurs when the potential is evaluated for the points 

on the free streamline and the tube wall. This difficulty 

of calculating ^^(s) directly. Thus equation (39) was 

E 

(39) 

can be bypassed by calculating 

rewritten as 
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7T[f2(s) - fx(s)] [^(t) - f 1(s)] dS(s.t) 

JO 

r -B 
rAV(s„t)

dz(t) + V(s,t)r(t)dr(t) (4l) 

J A JE 

When the point t coincides with the singular point s, the 

integrand of the first integral in Equation (4l) becomes 

Nevertheless,, the integral Equations have peak values near 

the singular point s (the magnitudes increase abruptly near 

the vicinity of s). While the integrands are well behaved 

(have no peak value) when t is far from s. In order to 

obtain accurate results without an unnecessarily long compu¬ 

tational time, a numerical integration method should be used 

in which the integration intervals are redivided until they 

are as small as necessary. For this reason the Romberg 

£ 
Integration method-^ was employed in this calculation. The 

maximum absolute error and the maximum relative error in the 

Integrations were 0,000806^ and 0.000185 respectively. As 

a result of the peaking of the integrands, the integrations 

required the major part of the computational time. 

zero and a finite value of 
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VI. SUMMARY 

The flow field of an axisymmetric jet of ideal fluid 

flowing out of a long tube and impinging normally against a 

flat plate situated at any distance from the tube exit may 

be practically solved by using the Integral equations, 

7T^(s) 

for ordinary boundary points 

V(s,t)d<p(t) 

27T<^(s) = (b f(t)dS(s,t) - <b V(s,t)d^(t) 

for interior points 

The integration is carried out over the entire boundary but 

excluding the singular point s. 

The shape of the free streanline and velocity field are 

closely related by the value of (X = |Uo°/Voo|» which is a func¬ 

tion of h/Ro 

The difficulty in applying the integral equations to 

the problem of the axisymmetric impinging jet is that the 

value of 0( and. the shape of the free streamline are initially 

unknowno At first the value of 0( and the free streamline 

shape have to be assumed according to the ratio h/R, The 

potential ^^(t) along the free streamline can be obtained 

by using the condition = - oC . The potential ^^(s) 
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along the r-axis can then be calculated, from the integral 

equation for the ordinary boundary points, by placing the 

singulal point s on the r-axis. 

The value of QL can then be calculated from the follo¬ 

wing conditions 

OC - V i/d - 1) 

I = 2 aft(r) 

r 
/u£>)dr», r" = r/R 

This condition results from integrating the momentum equa¬ 

tion over the fluid region. 

The value of CX for h/R = 0.7072 was shown to be equal 

to 1, while the value of o( in the two-dimensional problem 

for the same h/R value is 2.5* 

The free streamline represented by the equations 

z = 0„5/r for 3 — ^ — 12 

r = 1 - 0.4(z - 0,7072) + 10o6477(z - 0.7072)2 

3 4, 
+ 5^.4-559(Z - 0.7072) + 85.1974'(Z - 0.7072) 

for 3>r>l 

was shown to be the suitable one. This gave a maximum 

deviation of the potential on the free streamline 

of less than 0.03. 

The velocity field was calculated by numerical method 

from the potential field and presented graphically. The 

velocity field satisfies the classical stagnation point near 

the origin. The velocity profile becomes flat at z = 6 and 
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at r = 6 for the case with h = 0.7072 and R = 1. 

The error in the free streamline as indicated by the 

potential difference (^f) was reflected primarily in 

the velocity field in the region near the point r = R, z - 

h. It was possible to minimize the error in the velocity 

field by smoothing the data. 
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APPENDIX I-A 

THE EXISTENCE OP THE STREAM 
FUNCTION IN AXIALLY SYMMETRIC PLOW 

If the stream function Is defined as 

v 
r 

1 ^ v _-l c)f 
r az ’ z r 

the equation of continuity is automatically satisfied. How¬ 

ever it has to be shown that there exists such a stream 

function . 

Since V-v = 0, a vector identity B) = 0 

allows B to be defined as 

V* B = - v (A-l) 

where B is a vector quantity. By expanding Equation (A-l) 

in cylindrical coordinates, requiring that the derivatives 

with respect to © vanish and substituting for irrotationali- 

ty (Equation 3)• 

aBe - 
c)z 

+ 1 d_ 

r 3r (rB0) j vr i - j (A-2) 

where B0 = B component in 0 direction 

i - unit vector in r direction 

j = unit vector in z direction 

Comparing the left hand side with the right hand side in 

Equation (A-2) one obtains 

v. 1_ 
r 

^(rB^) 

a z 
v 

V & 
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By introducing the stream function ^ 

tion becomes 

rBg the above equa= 

Thus 

v = _L _l± 
r ^ z ‘ 

is defined< 

vz = * $r 
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APPENDIX I-B 

DERIVATION OF THE COMPACT FORM OF THE RELATION BETWEEN 
THE STREAM FUNCTION AND THE POTENTIAL FUNCTION 

In Figure A-l, t and n are the tangent and the normal, 

respectively, to the curve in rz plane at point P„ As an 

identity 

= V^.n 
3n I 

- cos (r,n) + cos (z,n) 
dr a 2 

= 2f. cos (-ZL - e) + cos (TT - ©) 
dr 2 <}z 

r—sin© - cos0 
on dr dz 

2 

FIG. A-1 - TANGENT AND NORMAL 

TO A CURVE 
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Substituting from Equation (8) this becomes 

2L = 3± sin 9 • +i± cos e 
3n 3 z 3r 

+ 3+ 3r 3*^ 
3z 3t 3r 3t 3-t 

3? . 3 4 
3t 

• also represents the length along 

point, 
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APPENDIX II-A 

DATA FOR THE ASSUMED FREE STREAMLINES AND THE 
POTENTIAL DEVIATIONS WITH THE ASSUMED VALUE OF oC= 1 

1) Assumed Free Streamline 1 

Equation for the Assumed Free Streamlines 

0.4870 

7^673113 

Calculated Value of oC = 0.90573 

Potential Deviation 
r z 

fz-fl 
12.0000 0.04167 =0.00062 
11.3750 0.04402 =0.00043 
10.7500 0.04666 =0.00057 
10.1250 0.04963 =0.00241 
9.50000 0.05300 =0,00043 
8.87500 0.05687 =0.00099 
8.25000 0.06135 =0.00269 
7.62500 0.06659 =0.00146 
7.00000 0.07281 =0.00232 
6.37500 0.08032 =0.00296 
5.75000 0.08955 =0.00297’ 
5.12500 0.10118 =0.00292 
4.50000 0.11627 =0.00226 
3.87500 0,13666 =0.00063 
3.25000 0,16573 0.00364 
2.62500 0.21050 0.01497 
2.00000 0.28841 0.04471 
1.85944 0.31459 0.05577 
1.74054 0.34077 0.06662 
1.63859 0.36694 0.07687 
1.55022 0.39311 0.08626 
1.47288 0.41929 0.09444 
1.40464 0.44546 0,10136 
1.34396 0.47164 0.10676 
1.28967 0.49781 0.11042 
1.24080 0.52398 0.11287 
1.19658 0.56016 0.11326 
1.15638 0.57633 0.11170 
1.11967 0.60250 0.10826 
1.08601 0.62868 0.10301 
1,05505 0.65485 0.09455 
1.02647 0.68103 0.08237 
1.00000 0.70720 0.05936 



2) Assumed. Free Streamline 2 

Equations for the Assumed Free Streamlines 

z = 0.5/r for 12 >r >2 

r s 1 + 0i81901(z - 0.7072)2 + 18.96814(Z - 0.7072) 

for 2 > r > 1 

Calculated Value of o( - 1.15765 

Potential Deviation 
r z f 2 - f 1 

12.00000 0.041667 -0.000065 
11.37500 0.043956 0.000482 
10.75000 0.046512 0.000512 
10.12500 0.049383 -0.001223 
9.500000 0.052632 0.001026 
8.875000 0.056338 0.000637 
8.250000 0.060606 -0.001001 
7.625000 0.065574 0.000603 
7.000000 0.071429 -0.000047 
6.357000 0.078431 -0.000566 
5.750000 0.086957 -0.000242 
5.125000 0.097561 0.000002 
4.500000 0.111111 0.000621 
3.875000 0.129032 0.001385 
3.250000 0.153846 0.004630 
2.625000 0.190476 0.011319 
2.000000 0.250000 0.027067 
1.790697 0.278575 0.036292 
1.616902 0.307150 0.044705 
1.474215 0.335725 0.050957 
1.358538 0.364300 0.053052 
1.266076 0.392875 0.054480 
1.193340 0.421450 0.044840 
1.137142 0.450025 0.034020 
1.094600 0.478600 0.020424 
1.063133 0.507175 0.005260 
1.040465 0.535750 -0.010162 
1.024623 0.564325 -0.024381 
l.oi3937 0.592900 -0.036736 
1.007043 0.621475 -0.046756 
1.002877 0.650050 -0.054675 
1.000681 0.678625 -0.060594 
1.000000 0.707200 -0.064600 



3) Assumed Free Streamline 3 

Equations for the Assumed Free Streamlines 
3 4 

z = 0.5/r - 0.00039(r - 1Z)J - 0.0000031(r - 12) 

for 12 >r > 2 

r = i + 0.94674(z - 0.7072)2 + 19.82636(z - 0.7072) 

for 2 > r > 1 

Calculated Value of Q( = 1.02165 

r 

12.0000 
11o3750 
10,7500 
10.1250 
9.50000 
8.87500 
8.25000 
7.62500 
7.00000 
6.37500 
5.75000 
5.12500 
4.50000 
3.87500 
3.25000 
2.62500 
2.00000 
1.79254 
1.62028 
1.47854 
I.36334 
1.27097 
1.19804 
1.14143 
1.09832 
1.06621 
1.04287 
1.02638 
1.01511 
1.00772 
1.00318 
1.00076 
1.00000 

z 

0.04167 
0.04396 
0,04658 
0.04960 
0.05312 
0.05723 
0.06204 
O.O6769 
0.07434 
0.08324 
0.09171 
0ol0325 
0.11768 
0.13635 
0.16169 
0.19852 
0.25783 
0.28592 
0.31400 
0.34209 
0.37017 
0.39826 
0.42634 
0.45443 
0.48251 
0.51060 
0.53869 
0.56677 
0.59486 
0.62294 
0.65103 
0.67911 
0.70720 

ft.-ft 

-0.00067 
-0.00054 
-0.00086 
-0.00292 
-0.00119 
-0.00188 
-0.00341 
-0.00195 
-0.00202 
-0.00138 
0.00038 
0.00276 
0.00599 
0.01092 
0.01778 
0.02947 
0.05130 
0.06117 
0.07014 
0.07681 
0.07966 
0.07866 
0.08186 
0.06138 
0.04804 
0.03299 
0.01748 
0.00296 

-0.00987 
-0.02048 
-0.02908 
-0,03569 
-0.4033 



4) Assumed Free Streamline 4 

Equations for the Assumed Free Streamlines 

z = 0.5/r for 12 >r >3 

r =l-0.4(z - 0„7072) + 10.64774(z - 0.7072)2 

+ 5404559(z - 0o7072)J -f 85.1974(z - 0.7072) 

for 3 —** 2:1 

Calculated Value of Q(= 1.00552 

r z ?2 - ?i 

12,0000 0.04167 =0.00057 
11.4375 0.04372 =0.00116 
10.8750 0.04578 =0.00029 
10.3125 0.04848 0.00101 
9.75000 o.05128 =0.00033 
9.18750 0.05442 0.00096 
8.62500 0.05797 =0.00008 
8.06250 0.06202 0.00095 
7.50000 0.06667 0.00035 
6.93750 0.07207 0.00084 
6.37500 0.07843 0.00101 
5.81250 0.08602 0.00136 
5.25000 0.09524 0.00180 
4.68750 0.10667 0.00273 
4.12500 0.12121 0.00335 
3.56250 0.14035 0.00606 
3.00000 0.16667 0.01048 
2.46884 0.20045 0.01795 
2.07287 0.23423 0.02526 
1.78608 0.26802 0.02952 
1.58510 0.30180 0.02947 
1.44925 0.33558 0.02390 
1.36048 0.36938 0.01394 
1.30343 0.40314 0.00343 
1.26539 0.43693 =0.00344 
1,23633 0.47072 =0.00465 
1.20886 0.50450 =0.00091 
1.17828 0.53828 0.00584 
1.14252 0.57207 0.01267 
1.10221 o.60586 0.01710 
1.06061 0.63963 0.01461 
1.02368 0.67342 0.00194 
1.00000 0.70720 =0.02392 
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APPENDIX II-B 

DATA FOR THE POTENTIAL 

1) Potential Distribution 

r 

12.0000 
11.4375 
IO08750 
10 o 3125 
9.75000 

9.18750 
8,62500 
8,06250 
7o50000 
6,93750 

6.37500 
5.81250 
5.25000 
4.68750 
4.12500 

3.56250 
3.00000 
2.46884 
2,07287 
1.78608 

1.58510 
1.44924 
1.36048 
1.30343 
1.26539 

1.23633 
1,20886 
1.17828 
1.14252 
1.10221 

1.06061 
1.02368 
1.00000 

along the Free Streamline 

f 

0.04167 11.1802 
0.04372 10.5932 
0.04598 10.0555 
0.04848 9^92917 
0.05128 9.49429 

0.05442 8,36925 
0.05797 7.80578 
0.06202 7.24420 
0.06667 6.68108 
0.07207 6.11903 

0.07834 5.55868 
0.08602 4.92942 
0.09524 4.43234 
0.10667 3.87065 
0.12121 3.30858 

0.14035 2.74846 
0.16667 2.18976 
0.20045 1.66500 
0.23423 1.27490 
0.26802 0.99036 

0.30180 0.78687 
0.33558 0.64087 
0.36937 0.53585 
0.40315 0.45893 
0.43693 0.40112 

0.47072 0.35534 
0.50450 0.31555 
0.53828 0.27671 
0.57207 0.23435 
0.60585 0.18618 

0.63963 0.13011 
0,67417 0.06734 
0.70720 0.00000 



2) Potential Distribution with r as a Prarmeter 

r = 0.0 

z 9 z f 
0.0 0.07595 4.6875 “3.85861 
0.2 0.05554 4.8750 “4.14588 
0.4 ■=0.00474 5.0625 “4.33318 
0.6 -0.10106 5.2500 “4.52050 
0.8 “0.22775 5.4375 “4.70755 

1.0 “0.37802 5.6250 “4.85522 
1.2 “0.54498 5.8125 “5.08252 
1.4 “0.72313 6.0000 “5.26999 
1.6 “0.90853 6.3750 “5.64482 
1.8 “1.09856 6.7500 “6.01968 

2.0 “1.20161 7.1250 “6.39507 
2.2 “1.48663 7.5000 -6.76948 
2.4 “1.68300 7.8750 “7.14441 
2.6 “1.88028 8.2500 “7.51914 
2.8 “2.07821 8.6250 “7.89429 

3.0 “2.27662 9.0000 “8.26924 
3.2 “2.47537 9.3750 “8.64421 
3.4 “2.67437 9.7500 “9.01718 
3.6 “2.87357 10.125 “9.39415 
3.8 “3.07291 10.500 “9.76912 

4.0 “3.27228 10.875 “10.1441 
4.2 “3.47193 11.250 “10.5191 
4.4 “3.67156 11.625 “10.9156 
4.5 “3.77138 12.000 “11.2690 
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2) Potential Distribution with r as a Parameter (Continued) 

r = 0.4 r = 0.6 r = 0.8 r - 1.0 

z f f   —-f  

0.0 0.11760 0.17135 0.24944 0.35397 
0,2 0.09592 0.14830 0.22491 0.32800 
0.4 0.03211 0.08002 0.15106 0.24965 
0 o 6 -0.07019 -0.03050 0.02865 0.11792 
0.8 -0.20439 “0.17539 -0.13602 -0.11921 

1.0 -0.36182 -0.34285 v -0.31958 -0.33517 
1.2 -0.53440 -0.52243 -0.50852 -0.52401 
1.4 -0.71638 -0.70891 -0.70019 -0.70711 
1.6 -0.90422 -0.89941 -0.89387 -0.90277 
1.8 -1.09579 -1.09265 -1.08895 -I.IO7I3 

2.0 -1.28978 -1.28763 -1.28520 -1.28943 
2.2 -1.48541 -1.48397 -1.48319 -1.49669 
2.4 -1.68215 =1.68113 -1.67988 -1.67571 
2.6 -1.87942 -1.87900 -1.87800 -1.87330 
2.8 -2.07780 -2.07726 -2.07654 -2.10371 

3.0 -2.27633 -2.27586 -2.27540 -2.26664 
3.2 -2.47517 -2.47485 -2.47443 -2.48451 
3.4 -2.67421 -2.67388 -2.67378 -2.68620 
3.6 -2.87341 -2.87334 -2.87306 -2.86168 
3.8 -3.07284 -3.07258 “3.07253 -3.09550 

4.0 =3.27233 -3.27220 -3.27208 -3.25772 
4.2 -3.47190 -3.47179 -3.27170 -3.47983 
4.4 -3.67154 -3.67144 -3.67139 -3.68788 
4.6 -3.87123 =3.87177 -3.87171 -3.84959 
4.8 -4.07098 -4.07095 -4.07088 -4.07266 

5.0 -4.27076 -4.27086 -4.27068 -4.24514 
5.2 -4.47057 -4.47050 -4.47051 -4.47420 
5.4 -4.67041 -4.67036 -4.67035 -4.69648 
5.6 -4.87026 -4.87005 -4.87022 -4.84720 
5.8 -5.07014 -5.07023 -5.07010 -5.09696 

6.0 -5.27003 -5.26983 -5.27008 -5.26381 



2) Potential Distribution with r as a Parameter (Continued) 

r = 1.0 (Continued) 

f z 

0.50 0.35775 
0*55 0.15634 
0.60 0.11791 
0,65 0.07432 
0.70 0.02144 

0.75 =-0.06017 
0.80 -0.11921 
0.85 =■0.17467 
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2) Potential Distribution with r as a Parameter (Continued) 

r = 0.2 r = 0.9 

E f f 
0.0 0.08623 0.29828 
0.2 0.06538 0.27290 
0.4 0.00435 0.19669 
0.6 -0.09345 0.06798 
0.8 -0.22194 -0.11377 

1.0 “0.37391 -0.30787 
1.2 -0.54227 -0.50188 
1.4 -0.72140 -O.69636 
1.6 -0.90742 -0.89169 
1.8 -1.09786 -1.08752 

2.0 -1.29115 -1.28484 
2.2 -1.48633 -1.48213 
2.4 -1.68280 -1.67922 
2.6 -1.88015 -1.87546 
2.8 -2.07812 -2.07298 

3.0 -2.27656 -2.27299 
3.2 -2.47534 -2.47437 
3.4 -2.67434 -2.67676 
3.6 -2.87356 -2.87478 
3.8 -3.07291 -3.07458 

4.0 -3.27216 -3.27401 
4.2 -3.47194 
4.4 “3.67157 
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2) Potential Distribution with r as a Parameter (Continued) 

z 
r y1-1 

z 

0.000 0.41661 0.000 0.48636 
0.057 0.41458 0.050 0.48515 
0.114 0.40833 0.100 0.47990 
0.171 0.39740 0.150 0.47169 
0.228 0.38242 0.200 0.46032 
0.285 0.36291 0.250 0.44536 
0.342 0.33890 0.300 0.42667 
0.399 0.31044 0.350 0.40411 
0.456 0.27789 0.400 0.37752 
0.513 0.24164 0.450 0.34703 
0.570 0.20228 0.500 0.31357 

Z 

r y-3 Z 
r 

0.00000 0.56275 0.00 0.64513 
0.02857 0.56390 0.05 0.64423 
0.05714 0.56075 0.10 0.63962 
0.08571 0.55826 0.15 0.63269 
0.11429 0.55387 0.20 0.62292 
0.14286 0.55024 0.25 0.61036 
0.17143 0.54467 0.30 0.59447 
0.20000 0.53804 o.35 0.56647 

z r leL5 Z 

vO
 0
 

0.00000 
0.05250 

0.73240 
0.73141 0.00000 0.82333 

0.10500 0.72711 0.0424-3 0.82324 
0.15750 0.72057 0.08486 0.82035 
0.21000 0.7H24 0.12729 0.81663 
0.26250 0.69939 0.16971 0.81145 
0.31500 0.67977 0.21214 0.80483 

0.25457 0.79682 



2) Potential Distribution with r as a Parameter (Continued) 

2 

r = 1.8 

f 2 

r = 2.0 

f 

0.00000 1.01195 0.00000 1.20517 
0.03757 1.01468 0.03958 1.20458 
0.07514 1.01020 0.07917 1.20337 
0.11271 1.00786 0.11875 1.20125 
0.15029 1.00471 0.15833 1.19844 
0.18786 1.00067 0.19792 1.19472 
0.22543 
0.26300 

0.99581 
0.90914 

0.23750 1.19011 

z 

0.00000 
0.02371 
0.04743 
0.07114 
0.09486 
0.11857 
0.14229 

r = 3.0 

f 

2.18926 
2.16619 
2.18996 
2.18882 
2.18788 
2.18749 
2.14726 

z 

0.00000 
0.01757 
0.03514 
0.05271 
0.07029 
0.08786 
0.10543 
0.12300 

r = 4.0 

f 

3o18423 
3.22495 
3.18594 
3.18299 
3.18314 
3.18490 
3.22892 
3.15726 
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3) Potential Distribution with z as a Parameter 

z = OoO 

r r 

0.0 0.07595 4.6875 3.87049 
0.2 0.08623 4.8750 4.05774 
0.4 0.11760 5.0625 4.24503 
0.6 0.17135 5.2500 4.43233 
0.8 0.24944 5.4375 4.61968 

1.0 0.35397 5.6250 4.80703 
1.2 0.48636 5.8125 4.99442 
1.4 0.64513 6.0000 5.18180 
1.6 0.82333 6.3750 5.55664 
1.8 1.01195 6.7500 5.93150 

2.0 1.20517 7.1250 6.30655 
2.2 1.40047 7.5000 6.68084 
2.4 1.59677 7.8750 7.05659 
2.6 1.79377 8.2500 7.43154 
2.8 1.99126 8.6250 7.80531 

3.0 2.I8925 9.0000 8.18163 
3.2 2.38749 9.3750 8.55658 
3.4 2.58645 9.7500 8.93006 
3.6 2.78551 10.1250 9.30655 
3.8 2.98480 10.5000 9.68150 

4.0 3.18423 10.8750 10.05528 
4.2 3.38374 11.2500 10.43125 
4.4 3.58435 11.6250 10.80608 
4.5 3.68403 12.0000 11.18105 



3) Potential Distribution with z as a Parameter(Continued) 

z = 0.25 z = 0.5 z = 0.75 N II h*
 

0 O
 

•v* 
JU f f f f 

OoO 0.07573 0.07476 0.07333 0.07090 
0 o 2 0.08621 0.08495 0.08328 0.08104 
0.4 0.10468 0.11624 0.11472 0.11221 
0 o 6 0.16919 0.16969 0.16807 0.16564 
0« 8 0.24470 0.24752 0.24640 0.24326 

1.0 0.35541 0.35229 0.35029 0.34747 
1.2 0.49275 0.48519 0.48278 0.47990 
1.4 0.64151 0.64423 0.64218 0063962 
1.6 6.81934 0.82288 0.82117 0.81919 
1.8 1.02673 1.01193 1.01020 1.00871 

2 o 0 1.20975 1.20408 1.20351 1.20246 
2.2 1.37312 1.39763 1.39876 1.39798 
2.4 1.57976 1.59397 I.59474 1.59421 
2.6 1.82216 1.79392 i.79250 1.79167 
2.8 1.99880 1.99227 1.99018 1.98944 

3.0 2.17031 2.18999 2.18864 2.18769 
3.2 2.39778 2.38917 2.38726 2.38670 
3.^ 2.62697 2.58696 2.58550 2.58493 
3.6 2.75546 2.78210 2.78427 2.78078 
3.8 2.92731 2.98016 2.98325 2.97822 

4.0 3.19909 3.18303 3.18324 3.20000 
4.2 3.43368 3.38618 3.38502 3.36975 
4.4 3.56562 3.58624 3.58566 3.52684 
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3) Potential Distribution with z as a Parameter (Continued) 

z = 1.25 z = 0o7072 

£_ _£ r 

0.0 0.06793 

r 

0.0000 -0.16562 
0.2 0.07809 0.0625 “0.16498 
0.4 0.10911 0.1250 -0.16302 
0.6 o.16232 0.1875 -0.16051 
0.8 0.23975 0.2500 -0.15515 

1.0 0.34372 0.3125 -0.14923 
1.2 0.47626 0.3750 -0.14197 
1.4 O.6365I 0.4375 -0.13336 
1.6 0.82121 0.5000 -0.12340 
1.8 1.00693 0.5625 -0.11204 

2.0 1.20086 0.6250 -0.09927 
2.2 1.39667 0.6875 -0.08545 
2.4 1.59310 0.7500 -o.06936 
2.6 1.79054 0.8125 -0.05213 
2.8 1.98834 0.8750 -0.03326 

3.0 2.18745 0.9375 -0.01206 
3*2 2.38907 1.0000 -0.00000 
3.2 2.60011 
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3) Potential Distribution with z as a Parameter (Continued) 

z II o
 

o
 ro
 

Z 2= 0.3 

r f r t  

0,0 0.05554 0.00000 0.03015 
0 o 2 0*06538 0.17378 0*03739 
0*4 0*09592 0*34756 0*05947 
0*6 0*14830 0*52133 0*09713 
0*8 0*22401 0*69511 0*15193 

loO 0*32800 0.86889 0.22577 
1*2 0*46032 1*04267 0*32071 
1.4 0*62292 1*21644 0*43899 
1*6 0*80687 1*39022 0 * 58544 
1*8 0*99921 1*56400 0*74847 

2.0 1*19450 
2*2 10 39254 
2.4 1*59150 

z = 0.4 Z = 0 
0

 
r ? r f 

0.0 -0*00474 0.00000 -0*04914 
0*2 0.00435 0*13333 —0 * 04496 
0.4 0*03211 0.26667 -0O03369 
0*6 0*08002 0 * 40000 -0.01458 
0*8 0.15106 0*53333 0*01273 

1*0 0.24965 0.66667 0*04912 
1.2 0*37752 0*80000 0*09589 

0*93333 0*15545 
i* 06667 0*22972 
1*20000 0.31357 



3) Potential Distribution with z as a parameter (Cotinued) 

z = 0,6 z = 0.8 z = 0.9 z = 1.0 

r f f . f f 

OoO =0,10106 =0.22775 =0.30038 =0.37802 
0.1 =0.09916 =0.22633 =0.29914 =0.37700 
Oo 2 -OoO9345 =0.22194 =0.29541 “0.37391 
0,3 =0.08379 =0.21462 =0.28930 =0.36875 
0.4 =0,07019 =0.20439 =0,28075 =0.36182 

0.5 =0.05248 =0.19130 =0.26995 =0.35308 
0,6 =0.03050 =0.17539 =0.25707 =0.34285 
0,7 =0,00360 =0.15681 =0.24245 =0.33146 
0,8 0,02865 =0.13602 -0.22655 =0.31959 
0,9 0,06798 =0.11377 =0,21124 =0.30787 

1,0 0,11792 =0,11921 =0.20134 =0.33517 
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