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INTRODUCTION 

Distillation column calculations have been made 

for many years, and a large number of methods have 

been proposed to solve various forms of these 

problems. Generally speaking, problems involving 

binary mixtures have been considered more extensively 

than those Involving multi-component mixtures, 

primarily because of the complexity of the calcula¬ 

tions when more than two components are Involved. 

The advent of automatic sequenced computers with the 

ability to perform simple arithmetic operations 

rapidly has Inspired an increasing number of attempts 

to solve these multi-component problems accurately. 

Rather than contribute another method to the 

already abundant literature concerning the solution 

of such problems, this paper is Intended to analyze 

certain methods of solution which have been proposed. 

There appear in the literature a large number 

of methods advocated for the solution of multi- 

component problems, particularly methods Involving 

the use of digital computers. It is difficult to 

a) 
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evaluate any one of these methods, either with 

regard to the accuracy with which it predicts 

experimental data, or with respect to some other 

method of solution. 

If one wishes to solve some actual problem by 

using one of the methods which may be found in the 

literature, certain difficulties are encountered. 

For a particular problem it is possible that 

several methods may be applicable. Then one must 

decide which method is the most suitable, l.e., the 

method which will produce the most accurate results 

in the least time. In this respect the literature 

is often inadequate. Generally speaking, a report 

of some new procedure includes data, time require¬ 

ments primarily, for solving a specific problem on 

a particular machine. Unless the same problem is 

solved by each of the several methods on a similar 

machine, it is hard to compare the time requirements 

reported. It is also unfortunately true that a 

method which leads to rapid solution on one type 

of machine may be unsuitable for another. 

If an identical situation is not to be found 

in the literature, then a new method or a modifi¬ 

cation of some old method must be found to solve 
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the problem. Since binary mixtures have been 

studied extensively, attempts have quite often 

been made to extend methods which were formulated 

for binary calculations to mixtures involving 

several components. It may be difficult to extend 

these calculations, and when the extension is 

possible, certain problems may arise which were not 

present in the original binary calculations. 

As an example of a problem which arises from 

the extension of a plate-to-plate binary calculation, 

consider the question of incomplete distribution of 

a component throughout the tower. During a binary 

calculation, both components are present on each 

tray. However, with three or more components it 

is possible that a component may be present in only 

part of the tower, say the lower part. Thus, the 

upper trays have none of this third component or 

an amount so small that it is beyond the range of 

the machine storage. 

Y/hen a plate-to-plate calculation from the top 

is begun, there is no appreciable quantity of this 

third component. At some point in the calculations, 

generally where the concentration of this component 

corresponds to the lowest decimal place retained in 
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the calculations, an assumed mole fraction must be 

introduced. This procedure introduces an error at 

least as large as the mole fraction itself. It 

will be seen later that iterative calculations are 

not satisfactory when an error such as this is 

introduced. 

Difficulties In the form of restrictions on 

the number and type of feed and withdrawal streams 

may prevent the extension of a known method for 

multi-component mixtures to more complicated 

situations. These restrictions were made to 

facilitate the solution; thus, the method of solution 

cannot be used unless the restriction is maintained. 

It is apparent that there are two general 

problems that prevent effective use of the litera¬ 

ture to solve distillation problems. One is the 

lack of general information on a specific method. 

It is clear that data such as an estimate of the 

number of arithmetic operations involved, the 

storage requirements, and the rate of convergence, 

are needed to determine the suitability of a 

particular method for a specific machine. Allowing 

the method of solution to limit the nature of the 

problem is the other difficulty. While it is clear 
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that this limitation will always exist to some 

extent, every effort should be made to minimize the 

effect. 

While there has been much study directed 

toward the formulation of distillation problems, 

and many methods of solution have been proposed, 

little analysis has been devoted to the methods of 

solution. In the period when hand calculation or 

desk caleulaters were principally used, the magni¬ 

tude of the arithmetic calculations necessary was 

such as to preclude exact solution, and relatively 

large errors were tolerated in plate-to-plate 

calculations because of the time and labor Involved. 

However, with electronic computers which are able 

to perform these same calculations much more 

rapidly, more exact calculations are now possible, 

and more precise results are expected. 

Much of the work now being done with computers 

appears to involve utilizing the greater speed and 

accuracy of these computers to perform the same 

calculations that were developed for manual methods. 

It is not surprising that certain problems have 

been found to arise with the use of computers which 

were not apparent when manual calculations were 
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made. Since solution "by iteration is commonly used, 

most of these problems can be reduced to questions 

of convergence, i.e., how is convergence to be 

forced, and what criterion is to be used as a test. 

Commonly, the criterion for convergence has 

been that of a tolerated small difference, either 

in successive solutions for the entire column or 

in one solution approached from different directions. 

Convergence is generally forced by the use, in some 

manner, of the magnitude of this difference. 

While in some chemical engineering applications, 

a convergence argument appears to be academic, it 

is well known that in certain cases, most methods 

will fail to converge, or, at best, converge so 

slowly as to preclude obtaining accurate results in 

a reasonable period of time. Thus, it is clear that 

convergence is an actual problem. It is also 

found that identical problems, solved by different 

methods, will, on occasion, produce obviously 

different results. This may indicate that some 

methods which appear to converge, actually do not. 

The causes of such behavior are not well 

understood. There may be two distinct phenomena* 

one, a failure to converge, and the other an ill- 
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defined oscillation or drift. It can be shown that 

this tolerated small difference test is not suffi¬ 

cient to indicate convergence by analogy to a 

problem in the study of infinite series. Consider 

the series (l/n), where the n‘s are positive integers. 

The difference between successive sequences of 

partial sums can be made less than any fixed number, 

but the series does not converge. This indicates 

that either a better test should be used t‘o insure 

convergence 'when sn iterative mode of solution is 

used to solve distillation problems or additional 

analysis is required to show this test is sufficient* 

When trouble of this kind occurs, either an 

obvious failure to converge or the discovery of 

absurd answers, it is common practice to try some 
1 i 

other method to get a more reasonable solution* 

The dangers in this pragmatic approach are well 

known from experiences in solving differential equa¬ 

tions numerically. In addition, there is a great 

deal of labor involved in preparing a new method 

for a machine* From the standpoint of accuracy and 

convenience, it would be more satisfactory if one 

were able to predict in advance whether a given 

method would solve a particular problem. 
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In summary, while the literature is expanding 

by the inclusion of various methods which claim one 

or more advantages over preceding methods, there is 

some confusion as to the usefulness of these methods 

in situations other than those for which they were 

designed. In particular, methods which are found 

to be quite good for one situation are not invariably 

useful under different conditions. There may also 

be some doubt as to the validity of the results of 

any of these methods. 

Now, it is possible to formulate many problems 

of interest in terms of simultaneous linear algebraic 

equations. The solution of such equations Is one 

of the more important problems in the field of 

numerical analysis, and much effort has been 

expended toward understanding such problems. In 

particular, the stability of the system against 

error propagation and the criterion for convergence 

have been studied for several forms of solution. 

It is reasonable to expect that attempts to solve 

distillation problems by some of these procedures 

will be made as an awareness of the utility of a 

digits,! computer increases. Indiscriminate use of 

some of these more powerful methods may produce 
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erroneous results. Thus, it is necessary that these 

methods be examined carefully before they are used. 

This paper will briefly consider a quite 

general problem- formulation which is applicable to 

a large number of situations. A portion of the 

paper will be devoted to discussing the possibility 

of. the solution of the problem, the applicability 

of various methods of solution, and the reason for 

failure of certain methods. In connection with the 

last, a simple test will- be developed to determine 

a priori whether a solution may be effected by a 

particular method* A few remarks will also be 

made about a possible multiplicity of solutions. 



THE EQUATIONS 

A survey of the field of distillation problems 

indicates that there are two broad classifications, 

these being steady state and unsteady state problems. 

The class of problems which are to be considered 

here is restricted to those which can be posed in 

terms of an equilibrium stage concept. Thus, 

transient or time dependent problems will not be 

considered, nor will problems involving varying 

amounts of hold-up on the separate trays. On the 

other hand, for any problem which can be posed in 

terms of a steady state heat and material balance, 

such as a multi-feed problem, it is possible to 

discover a system of algebraic equations which 

describe the distillation column. Problems of this 

nature are amiable to solution in a straightforward 

maimer, at least conceptually. 

From the standpoint of the equilibrium stage 

concept, it is apparent that a heat and material 

balance around any plate will completely describe 

that plate if it includes all the Internal and 

(10) 
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external streams which have that plate as an ex¬ 

tremity, If Ej ^ denotes the internal stream from 

tb 
the plate above the j—= plate, denotes the 

internal stream from below, and K, represents the 
3 “ 

4* V* 
vapor-liquid equilibrium established on the j-== 

plate, then a linear combination of E 
J-l* ' J+l 

, and 

K, will represent the external stream that may leave 
3 

the tower from the j— plate. To put this another 

way, the changes which occur on a plate can be 

expressed in terms of the streams entering or 

leaving the plates above or below this plate. 

Symbolically, 

A. „x, -Ax -A. ,x, -V. 
yi yi 3 3 J+I 3*1 J 

where x^ may represent either heat or material, and 

A. is some coefficient which depends on the region 
x 

th 
of the tower in which the j—= plate occurs. 

If the tower be divided into regions by streams 

in which heat or material leaves the tower, so that 

E-t-l streams generate H regions, then in the above 

equation, at a boundary, W must be some number 
«J 

that represents the quantity added; otherwise, \i “0. 
J 

It may be shown that if the tower be so divided, 

then the terms of the coefficients may change from 

region to region, but the equations will remain linear. 
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It is obvious that equations in this form are 

quite general. By suitably dividing the tower into 

regions terminated by input or output of material 

or heat, quite complicated problems may be described 

by equations which are simple in form, though the 

coefficients may become complex. / 

From consideration of a material balance, it 

is clear that a system of equations of the form 

Ax-y may be developed for each' component of the 

system. The form of the coefficients in A may 

change from region to region, but the matrix will 

remain tri-diagonal. The vector, y, will have non¬ 

null entries only at the boundaries of the regions, 

A similar equation can be derived from a heat balance 

inasmuch as heat may be treated as merely another 

component. 

Amundsen (1) has shown, by a slight reduction 

of generality, how these equations may be simplified. 

If there are c material components of the system, 

and P plates in the tower, then P* c equations may 

be written from consideration of a material balance 

for each component on each plate. For each component, 

the P equations form a Jacobi-type, or tri-diagonal, 

matrix. If it be considered that the sum of the mole 
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fractions on any plat© must be unity, then P-1 

equations may be written from consideration of a 

heat balance around each plate, the matrix being such 

that only two terms are contributed from each 

equation. However, the augmenting column vector, 

in general, does not contain any aero elements. In 

order to write this system of equations, it is 

necessary that the condition, composition, and 

amount of each external stream be known. The 

solution of these equations yields the mole fraction 

of every component on, the vapor rate off, and, 

implicitly, the temperature and pressure on, each 

tray. These intensive variables, temperature and 

pressure, appear as parameters in the equations* 

Prom the above equations, it is clear that the 

problem of distillation calculations can be resolved 

into two separate parts: the calculation of the 

plate temperature and pressure, and the determination 

of the equilibrium liquid-vapor composition. 

It is, of course, possible to combine these 

equations in other forms which may possess certain 

advantages, primarily a simple mode of solution. 

However, the equations in tri-diagonal form are basic 

in the sense that they are derived by only considering 
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a heat and material balance. Any of the other forms 

may be derived from these equations by a suitable 

combination end rearrangement of terms. 



TEE SOLUTION 

If the coefficients of each set of equations 

are consistent with one another, and no matrix of 

coefficients is singular, it can he shown, since 

the augmenting row vector is non-null, that each 

system possesses a unique solution* In particular, 

if it is possible to specify the temperature and 

pressure on each tray, the composition will be 

uniquely determined* 

The problem can be resolved into two separate 

parts, one of which is to determine the proper ■ 

temperature and pressure and the other to solve the 

systems of equations formed through consideration 

of a mass and neat oalance* 3ince at is most probable 

that the determination of the proper temperature 

and pressure cannot be done without some iterative- 

type calculation, it is necessary that some measure 

to insure convergence be Included. ' 

It is possible to solve this second problem 

in a straightforward manner by employing a method 

suggested by Amundsen. Consider the restriction 

that the liquid on a plate must be in equilibrium 

(15) 
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with the vapor which leaves the plate. Thus, suppose 

Q=£ K,X. = Ijr, i X 1 i w 

For fixed values of x^ on each plate and fixed 

column pressure, this can be written for each 

plate as 

Q(T ) =Q(Io) ' (T ) (1 -S )(gl-ToU. 
x o oxo 2 

where T. is some neighboring temperature, Q,(T ) is 
1 0 

some known temperature, and T^ is some unknown 

intermediate temperature. It is clear that this is 

a unique, exact expansion if K is a single-valued, 

continuously differentiable function of T. 

If it is assumed that neglecting Q"(T,) will 
cJ 

cause little error, this e:<pansion may be approxi¬ 

mated by 

(T0) 

Suppose Tj. is the correct plate temperature 

for the j—i plate. Then the sum of the mole 
t fa 

fractions in the vapor off the plate is one; 

equivalently, 

Q(T± )=1. 
■*•0 

Thus, 

1=Q(T0)+QS(I'oJd’i^o) 

or 

T.--T + x o 
1-Q(T0) 



1? 

How, tv/o rather restrictive assumptions have 

been made concerning the representation of the 

liquid-vapor equilibrium constant as a function of 

the temperature. In order to determine whether 

such a representation can be made, it is necessarv 

to consider the physical characteristics of these 

K values. For most substances encountered in 

n 
distilla.tion calculations the K values monotonieally 

increase as the temperature increases. Thus, it 

is clear that K is a single valued function of T 

for most substances. 

Since a continuously differentiable function 

of f is desired, it is natural to consider a 

polynomial approximation. It is also desirable 

that the second temperature derivative of the 

approximation be such that an exact knowledge of its 

value as a function of T is not necessary. 

The simplest .such polynomial is a quadratic 

function of T,• The second derivative is a constant, 

and an exact temperature correction could be made* 

Unfortunately, there are two roots to the resulting 

equation. It is much easier to use the second 

1, A substance with a small molecular diameter, such 
as hydrogen, when adsorbed in a heavy oil, may exhibit 
a decrease in the K value as the temperature increases. 
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derivative as an error bound rather than to consider 

the problem of determining which root to select. 

There is another problem in using a quadratic 
■ C 

approximation. In practice a quadratic approximation 

Is not satisfactory. It probably does represent 

the equilibrium data as accurately as it is known, 

but for a wide temperature range the approximation 

may produce negative K values at the extremes of the 

Interval, This leads to computational difficulties 

that are not easily overcome. 

It might be thought that a number of such 

quadratic approximations could be fitted over the 

interval. This would represent the data accurately, 

but would never produce negative K values, A 

piecewise approximation such as this would not be 

suitable unless the first and second derivatives of 

each segment were matched at the ends. In general, 

this Is not feasible. 

Experimentally, it has been found that a cubic 

is the polynomial of lowest degree that is suitable, 

both for accuracy and for producing positive K values. 

However, a cubic, when differentiated twice, has a 

temperature dependent term which prevents an exact 

temperature correction. 
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In general, it is possible to get an upper 

bound for this term after the assumption has been 

made that it is negligible. Thus, the corrected 

temperature can be represented as 

-.1.7-rp £<T> 4X7 
J.Q w-J-jL 

where 1>I is a constant, 

In summary, if K can be expressed in terms of 

some easily differentiable fmiction of T, and the 

mixture is ideal, this method provides an accurate 

estimate of the equilibrium temperature for the 

plate with the given composition. The truncation 

error is readily bounded since it is merely the 

remainder term in the Taylor expansion, Thus, a 

temperature estimation can be made for each plate, 

and an upper bound to the error in such an estimate 

can be determined* 

If it were necessary to include the effect of 

pressure variation within the tower, a series 

expansion of a function of two variables could be 

made and a similar expression derived. However, 

it would be necessary to have an accurate repre¬ 

sentation of the equilibrium constant an a function 

of temperature and pressure* 

The remaining problem is that of solving the 

system of equations, for if it were possible to 
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solve them exactly, a new Q-£tmction could be formed 

for each plate, and a new temperature could be 

found with a much smaller error due to the nature 

of the remainder term. It is clear that convergence 

■would be rapid, although there might still be a 

stability question, 

Possibly there are other methods of correction 

more suitable to other formulations of the equations* 

However, Amundsen’s method has the advantage of achiev¬ 

ing rapid convergence on the correct temperature* 

The principal problem remains, however, that 

of solving the system of equations. Since simul¬ 

taneous linear equations have been solved for many 

years, a large number of methods have been advocated 

for their solution* Indeed, the principal distinction 

of many methods of solving distillation problems, 

• aside from the arrangement of the equations, is 

that of the mode of solving the system-. 

It is quite clear that a rapid method of 

solution is required, which Is accurate, stable 

against round-off errors, and which will Indicate in 

a. clear fashion whether the matrix, is singular, i.e, 

whether there may be more than one solution. 



ANALYSIS OF fI'H£ PROBLEM 

It has been shown that the problem of dis¬ 

tillation column calculations can be reduced to 

one basic question, that of solving a system of 

simultaneous linear equations. Certain problems 

are inherent in the solution of such a system, 

and it is possible to consider them from a quite 

general standpoint(2). 

Consider the system of equations 

Ax«y. 

Since the known quantities a^ and y ^ are not 

exact, at best it is only possible to attempt 

to solve the system 

BX=Y. 

Due to truncation errors, approximations, and 

other;factors inherent in the machine and the 

method of solution, it is found that the system 

which is actually solved is 

BX-Y-Z. 

It is clear that the quantity of interest will 

be the error in approximating the actual solu- 

(21) 
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tion by the calculated one* This error may be 

written in terms of a general norm, N(x-X). 

Let 

B»A+(B~A)• 

Then, the actual relation for the system is 

AXl(B~A)X=Y+Z, 

The exact relation remains 

Ax=y, 

Changing signs in the first equation and adding 

the two expressions, it is found that 

A (x-X) = (y-Y) H- (B-A) X-Z. 

If one may assume that the exact finite sys¬ 

tem has a solution, then a non-zero, bounded, in¬ 

verse of A must exist? it is possible to write 

x-X=A’"1|y-Y) + (B-A) X-z] . 
Since the norms are sub-additive, it is clear 

that this can be written as 

H(x-X)£N(A"1) (y-Y) +H(B-A)H(X) +H(Z)J. 

H(y-Y) and H(B-A) can be known in advance. The 

first term corresponds to the difference between 

the actual feed composition and the composition 

which the machine Btores. Likewise, ST (B-A) is 

the difference between the stored matrix ele¬ 

ments and the actual value of the coefficients. 
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N(X) and H (Z) can be determined after the solu¬ 

tion is effected. Thus, H(x-X) can be determin¬ 

ed after it is possible to make an estimate of 

HU”1). 

From the appearance of the above relation, 

it is obvious that is an important fac¬ 

tor in the determination of the possible error 

in the solution, and this term is the most sen¬ 

sitive to the mode of solution. It is unfortu¬ 

nate that an accurate estimate for this term is, 

in general, difficult to obtain. However, any 

serious attempt to evaluate a method of solving 

equations would certainly include some estima¬ 

tion of this factor. 

There are, generally speaking, three rather 

distinct methods of solving linear systems of si¬ 

multaneous algebraic equations. The most obvious 

approach is that of direct solution by elimina¬ 

tion. This approach has not been used to any ex¬ 

tent in distillation column calculations, probably 

because of the large amount of arithmetic invol¬ 

ved, A slightly more sophisticated approach, and 

one which has been extensively used, is that of 

iteration. Finally, there are advanced methods, 

such as gradient procedures, which are seldom used. 
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Only the first two methods wll be consid¬ 

ered in this paper. Particular attention will 

be directed toward questions of convergence and 

stability. Of course, the main question is to 

find a bound for SKA”1). 

In this section, the question of solving 

linear systems has been considered, and several 

methods of solution have been suggested. A gen¬ 

eral relation has been formulated for the analy¬ 

sis of the error in the solution. 



ITJ2RATIV& SOLUTICilS 

Some difficulty arises in attempting to de¬ 

scribe iterative solutions of linear equations 

because of the multiplicity of methods by which 

they are performed. From a general point of view, 

they can be classified into two groups, depending 

upon whether all the coefficients are calculated 

from data available before the iteration begins 

or whether the values of the coefficients are to 

be found from data obtained during the cycle* 

This second process, which corresponds to 

methods which are often used in manual calcula¬ 

tions, is essentially non-linear. Though it 

would be interesting to determine the conditions 

under which convergence is assured, for these 

methods nothing in general can be said. The 

fact that many of these methods do produce con¬ 

sistent results is indicative that such proce¬ 

dures do converge. However, the non-linear na¬ 

ture of such methods prevents simple analysis. 

(25) 
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A rather complete understanding of process¬ 

es of the first type is possible. It is conven¬ 

ient to break this group into two segments, one 

being processes In which the entire component vec¬ 

tor is assumed and the other being those in which 

only one extreme element is assumed. 

The second process corresponds to what are 

called plate-torplate calculations. As an aid 

to analysing such a process, it might be well to 

consider a general expression for one section of 

the column, say the enriching section. This can 

be written as 

The value of is found from the known values 

of the three coefficients and the two preceding 

component Values. The top plate does not have 

the firBt term; thus, It requires only a guess 

for the value of the overhead mole-fraction and 

all the other values can' be calculated. 

. There are two problems involved in this sort 

of process. In the first place, there will gen¬ 

erally be some initial error, and for some com¬ 

ponents it may be quite large. In fact, the 
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error may be larger than the actual value. This 

error will be propagated down the column and will 

effect all the other component values. It is 

fairly easy to trace this effect. 

If it may be assumed that the sign of the error 

remains constant, it may be demonstrated that the 

error increase is no worse than linear* However, 

if some of the values for the components are going 

to be altered, such as setting negative values sero, 

it is hot possible to determine that the sign of 

the error may not change, In this case, the error 

increases approximately as an, where n is the plate 

number and a is some constant -which is greater, than 

one. In either event, for some components the . error 

at the final plate may be so large as to overwhelm 

the actual value. 

The second problem arises from attempting to 

use these final calculated values to make a new 

initial guess, in a procedure where an initial 

guess is propagated all the way through the column, 

it is generally possible only to attempt a correction 

directionally, i.e., if a bottoms product composition 

can be calculated independently from an overall 

material balance, it is possible to change the initial 
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composition so as to more closely approximate the 

required answer on a subsequent calculation. However, 

when only a portion of those values are known, it 

becomes difficult to estimate all the required 

changes in the initial values. If the error becomes 

relatively large, it may be that the direction of 

change is in error. 

Mesh calculations avoid part of this trouble 

by calculating from both ends of the column, and 

basing the correction on a comparison of the values 

on a plate calculated from both directions. This 

process may reduce the error growth so that most of 

the values are meaningful. However, some Ingenuity 

is required to select a method for calculating the 

new estimations. If the errors retain a constant 

sign, it is possible to discover a correction 

procedure which allows error cancellation. As has 

been suggested before, tills sign consistancy does 

not necessarily always occur. 

In summary, calculations of a plate-to-Tilate 

nature allow the propagation of initial error. The 

degree to which this propagation effects subsequent 

approximations depends on the adroitness with which 

the new estimations are made. For simple columns, 
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it is always possible to start the calculation so 

that the initial composition is fairly large and 

the relative error small. For side-stream columns, 

this may not be possible. Experimentally, it 

has been found that mesh calculations are more 

reliable than straight through calculations where 

both methods can be used. 

The other form of constant coefficient cal¬ 

culations requires the estimation of the entire 

composition vector* These values are put into the 

matrix and new values are calculated. These new 

values are again put back into the matrix and more 

values are calculated. It is nossible to demonstrate 

a sufficient condition for the convergence of this 

process; moreover, this condition is also sufficient 

for even more elaborate processes involving a 

sequence of approximate matrices*. Since several of 

these methods are suitable for machine computation 

and one has already been suggested in the literature, 

it is valuable to consider an analysis of the error 

in the procedure in some detail. 

The inverse of a matrix, when multiplied by 

the matrix, should yield the Identity matrix. Any 

error in the approximation will produce remainder 
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elements. Some form of this remainder matrix is 

used in iteration procedures to produce a better 

approximation. The size of the remainder elements 

is a measure of the accuracy of the approximation. 

Suppose C is an approximation to the inverse 

of A, I is the identity matrix, and B is a remainder 

matrix. An approximation to the iterative mode of 

solution can be written as 

CA=3>R, 

which can be written as 

A~~=C-RA-^. 

Using the sub-additive norm property, this can 

be written as 

H (A-1) -H ( C) +N (R) IT (A*"11). 

If H(R) is not too large, then 

[l-h (R)3 M (A*1) -H (0), 

or 

A1 > i;? T} 'l-N(R) 

Since some methods of making distillation calcu¬ 

lations which involve successive approximations 

to the matrix A“^ have been proposed, this relation 

is rather important. 

For some equations, it is possible to find an 

even better relation. Sup>pose the matrix A is such 
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that the principal diagonal term of a row dominates 

the remaining terms of that row, end this relation 

is true for all rowB. That is, 

n 
ali I ZT ai i 

I j=l 
j=i 

with a less than one. Let AsD-s-B, where 

dij=^ijaij 

and b1;3=(l-5ij)aij, 

and assume there is an inverse such that C=D~d. 

Then, 

CA=D_1 (D*B) =I«D“1B=I+R 

where ^i^a-ij/aii ^or ±rh 

and rj_-j_ rO, 

It is clear that 
n 

N (R)=max2_ aii/aii » 
3=1 

which is less than q. Thus, 

Since 

1^(0) =max l/nii=l/min aij., 

3!^(A~d)£l/( l~q)min aii. 
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Thu a, 

minj a^’j' 

With the same hypothesis of principal doml*- 

nance, It is possible to demonstrate the existence 

of a solution, l.e*, the existence of A**3-. If 

K
=
D'~~AJ it is sufficient to demonstrate that IH~ 

e:dLsts, 

Let where Since 

it is possible to write a formal, but 

perhaps meaningless, expression for H"’3', iliis 

series is 

H“1s(l-.H) “^l-frR*?2** • * * 

In order for this expression to have meaning* it 

is necessary to show that each partial sum is 

bounded, and that each sequence of partial sums 

converges. The property of completeness will then 

be invoiced to find 

In order to show each partial sum Is bounded, 

consider 

Cu»l4B*A **««#, 
It follows that 

(1~R) <%«{!«•?*) (1*8*, , 
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or 

#+1«l-(l-R)Cr 

Thus, 

(R1'1*1) [l- (1-R) OjJ] < q fc1*1 * 

for every n. Since q is less than one, 

(1-R) Gy 

approaches one for every n. 

To show that each sequence of partial sums 

converges, the Cauchy criterion may be used. It 

is clear that 

I'IrP 
C7T t5-C-.«X R ■* 
hfP i'i T-f~v N+l 

Thus, 

Kco ( a-~~ * 
N*P 

N+l 

and C forms a Cauchy sequence under . 

It is also clear that 

,M+ 
'ij 

r-|rth+P -K 
max 2_ 04 4 -0 

approaches 0 as H approaches infinity, 

1 H+P a 1 
!c±3 ~cijI 

Thus, 

approaches 0 as N approaches infinity. There must 

exist an element c?, such that c?. approaches cT., 
xj xj ~~ XJ 

Therefore, 2T Rn exists. Since H“1=XRn, H*"1 exists. 
n~o o 



34 

Mow, 

H=I-R=I+D“1B=D“1A. 

This implies that 

A=DH, 

becaxise D and H are both invertible, and the pro¬ 

duct of two invertible transformations is itself 

invertible. 

With little additional trouble, the problem 

of stability against round-off error can be con¬ 

sidered. It can be shown that the restriction of 

principal dominance is sufficient to insure the 

necessary stability. 

If a constant vapor rate is found through¬ 

out the column, it may be readily seen that this 

criterion is violated if is greater than 

It is not easy to make this same statement if the 

vapor rate varies, but it appears that the state¬ 

ment remains true. 

It was previously mentioned that a solution 

which appears to be in this classification has been 

suggested. Rose(3) claims to have discovered an 

entirely new method for making distillation calcu¬ 

lations. It appears that his relaxation method in¬ 

volves a vector iteration solution. If this is the 



35 

case, it is not surprising that he finds convergence 

takes an unduly long period of time, since the 

equations with which he works violate the conditions 

sufficient for convergence* It may he that his 

extrapolation technique masks some, of this error, 

hut this is not obvious* 

In any event, his statement that in every case 

the relaxation method proceeds directly and positively 

to the correct product compositions for the conditions 

chosen appears to he optimistic* 

In summary, methods which involved an initial 

estimation of the composition vector may-produce 

accurate results* However, rather restrictive 

assumptions are necessary to prove that the iteration 

does converge. 

Iteration methods generally produce fairly 

accurate results, because of outside restrictions 

which either allow the calculation of the 

coefficients as the Iteration proceeds or allow the 

correction of the results of a single cycle. Such 

methods are not susceptible to simple analysis 

because of their non-linear character* 

Ihe problem of round-off error is also 

significant, not so much in the Initial effect as 
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in the propagating action a matrix of this type has 

on such errors. In a moderate sized computer, it 

is generally possible to store numbers In such a 

manner as to exceed the accuracy of the experimental 

data. However, most iterative procedures are not 

stable against round-off errors, and even a small 

round-off error may grow rapidly to swamp the actual 

computed values. 

Moreover, It is not possible to determine 

readily whether or not the matrix is singular. 

In summary, iterative procedures suffer two 

general defects. They do not signal in a positive 

manner if a matrix becomes singular, and they allow 

the growth of errors. 



GAUSSIAN ELIMINATION 

Systems of equations in the tri-diagonal, or 

Jacobi form occur in the numerical solution of 

partial differential equations, e.g*, in the 

solution of the transport equation by a backwards 

difference relation* The question of stability 

against error growth is of great importance in 

tMs field, and much work lias been directed toward 

understanding the effect of the method of solution 

on the stability of the system* 

A particularly simple analysis can be performed 

on a tri-diagonal system when the equations are 

solved by Gaussian elimination* It can be demon¬ 

strated that the error in the solution of the system 

is no worse than a bounded multiple of the error 

introduced at each arithmetic step. 

Consider the general form of the tri-diagonal 

systems 

bixl *cix2 *di» 1*0, 

Vl-l^Vi *clxi+l=di* 1-1-N-l, 

aIxi-l+bixi ~dis 

■ • 

II 

(37) 
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One method of elimination is to normalize 

the first equation in order to make the coef¬ 

ficient of the first term one, This equation 

is used to eliminate the first term from the 

nest equation, Then the second eqtiation is nor¬ 

malized and the process repeated until the last 

equation in the system has the form 

where is the sum of products of known con¬ 

stants. This value of may he used to find 

and, continuing hack, all the Xj. can he 

evaluated. 

It is convenient to summarize this proce¬ 

dure hy the introduction of certain symbols, 

let D, ^ ~ -Si~-/Bi-1» 1 = 1* • * *»N» 

B0 ~ 

and B^ = ^i“ai%-i» ^ = 1»***»H. 

Let C0 = d0/B0, 

and 0j_ r: (d^-a^ C-^ /B^, i = 1,•• •, N. 

Then it can he seen that 

” %* 

and z i r JJ-1, 

Dou„glas(4) has shown that the error in the 

solution of a tri-diagonal system hy this Gaussian 

elimination product method is not greater than a 
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constant multiple of the error that may be intro¬ 

duced at each arithmetic step of this calcvilatlon. 

An examination of the simplified notation in¬ 

dicates that the number of arithmetic operations 

that must be performed depends linearly upon the 

number of equations. For each equation, three ad¬ 

ditions and three multiplications are required, , 

and either two or three divisions, depending upon 

whether -is stored after the first use or the 

number is calculated again. 

It should be noted that the number of opera¬ 

tions involved in inverting a matrix usually var¬ 

ies with the square or cube of the number of equa¬ 

tions; thus, the Gaussian elimination procedure is 

quite rapid compared to some other method. 

There are many other methods for solving a 

system of equations by matrix inversion. However, 

the elimination procedure has the advantage that 

it is quite rapid. In addition, the analysis of 

the stability of the method is quite simple in 

that It can be performed in terms of ordinary al¬ 

gebra, rather than more advanced concepts. 

It will also signal in a definite manner 

if the machine finds that it can not solve the 

system of linear equations, since the 
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Bj_ term represents the eigenvalues of the system. 

These terms could be examined to determine whether 

the system could be solvred, or the procedure could 

be run undisturbed and the machine would signal if 

it attempted to divide by a which was zero. 

It is clear that this elimination procedure 

represents an improvement over the iteration meth¬ 

ods., In the first place, due to the normalization 

process, it is stable against round-off errors. 

With a fixed word-length computer it is not pos¬ 

sible to decrease this error beyond a certain min¬ 

imum, but, if this error does not increase too rap¬ 

idly, this is not the largest error in the solution. 

Due to the simple representation of the eigenvalues, 

the machine will signal in a positive manner if the 

equations can not be solved uniquely. Finally, 

there is no restrictive assumption on the rela¬ 

tive size of the coefficients, and solution ap¬ 

pears to be possible for all problems that can be 

posed in terms of an equilibrium stage concept. 



SUMMARY MD ■ CONCLUSIONS 

It seems appropriate at this stage to sum¬ 

marize and consider the results of the previous 

sections; A general system of equations which 

describe the distillation column has been con¬ 

sidered* The problem of solving such a system 

has been decomposed into two sub-problems, one 

being the determination of the plate temperature 

and pressure and the other the determination of 

the liquid-vapor equilibrium concentration on 

each platen 

A powerful method of determining the equi¬ 

librium plate temperature when the pressure is 

fixed was developed; This method is of great 

generality in that it will produce a plate tem¬ 

perature v/henever the equilibrium constant can 

be expressed in an infinitely differentiable 

form; This method also conveniently displays 

the truncation error caused by the approximation. 

The question of solving the system of equa¬ 

tions arising from the material and heat bal- 

(41) 
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ance was then discussed when the temperature pro¬ 

file of the tower was given implicitly* 

The iterative method of solution was then 

considered at length* The error growth in plate- 

to-plate calculations was then discussed, and it 

was found that the value of any such procedure 

depends in large part upon the manner in which 

the new initial estimations are made. As the 

tower becomes more complex, it becomes more dif¬ 

ficult to select successive initial values in a 

manner which will produce rapid convergence. In 

any event, the most useful procedures correct the 

coefficients as the calculation proceeds* These 

methods are extensions of similar manual calcu¬ 

lations, and, ’while it is difficult to analyse 

such procedures, it is likely that most of them 

do converge. 

As for iterative calculations that are par¬ 

ticularly well suited to machine computation, it 

was seen that the coefficients of the matrices 

violate the conditions necessary to produce con¬ 

vergence* It appears that these methods, which 

are useful in other fields, are not applicable 

to distillation column calculations* Thus, state¬ 

ments in the literature which claim to produce a 
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calculation, change the temperature estimation in 

some manner, and start the procedure anew. Obvious¬ 

ly this method suffers from two defects? it is not 

easy to decide what new temperature estimation 

should be made, and there is no guarantee that any 

cycle could ever be completed.. 

Prom the standpoint of computational simpli¬ 

city, it would be easy to leave these values as they 

are and proceed with the calculations. Unfortunate¬ 

ly, such a scheme diverges rapidly. In addition, 

In many methods the present of even one negative 

value induces negative values for that component 

on the remaining plates in that tower. 

Setting these values positive involves little 

additional labor| however, this leads to divergent 

results. Setting the negative values to zero is 

fairly easy. However, in some procedures tills will 

cause all the remaining values for this component 

to be zero. 

Since it is apparent that no one answer is 

possible which will solve every problem, it is 

necessary to consider the reason for these neg¬ 

ative values. Suppose the plate temperature es¬ 

timation which is made for a plate is too high. 
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The procedure will reduce the amount of the light 

component on the plate to produce a higher boiling 

mixttire. It may be that the procedure will need to 

remove more of the light component than is there. 

If this is the case, it will note that it has taken 

more of this component than it.thought was there, 

i*e,, it will record a negative composition for 

that component* 

If a procedure is used such that a negative 

composition on one plate will produce negative 

compositions on succeeding plates, one might 

discontinue the calculations whenever a negative 

composition was found, lower the temperature on that 

plate by some amount, and begin the iteration 

anew* Alternatively, one might formulate the 

problem in such a manner that negative compositions 

could be incorporated. 

If a method of solving the equations is used 

such that one negative composition does not 

necessarily induce succeeding negative values, such 

as an elimination technique, a calculation which 

uncovers negative compositions can be completed, 

each negative composition being set equal to aero. 

This has the effect of reducing the magnitude of 
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the temperature correction based on the current 

component values, but does not change the direction 

of the change. 

Summarizing, negative compositions, though 

physically meaningful as indicative of a temperature 

error, cause difficulties in most procedures, 

either because of some formulative restriction 

such as the sum of the mole fractions must be one, 

or because the method of solution generates successive 

negative values after any one value becomes negative. 

If the trouble is due to the method of solution, 

one must either reformulate the problem or make 

partial solutions to the problem, Negative values 

can be handled with elimination techniques, though 

such values reduce the rate of.temperature convergence. 

A problem which is more theoretical than 

practical concerns the uniqueness of the solution. 

It is not expected that a distillation column, 

operating in the field and making a certain sepa¬ 

ration, should, for one reason or another, suddenly 

make a different separation. Yet there have been 

several arguments advanced which seek to demonstrate 

the existence of more than one solution to 

distillation problems. 
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At the onset, it is necessary to realize that 

systems of equations which are non-linear can he 

written to describe the distillation column. Indeed, 

the systems of equations which were used in this 

paper could be combined to form non-linear equations; 

terms of the form would appear. Since 

systems of non-linear equations are not so well 

understood as are systems of linear equations, it 

is not surprising that some doubt and confusion 

©2cists concerning their solution. 

It appears that part of the trouble comes from 

the realization that equations of degree two or 

greater may have more than one root* 

In general, the knowledge of methods con¬ 

cerning the solution of non-linear systems is not 

as extensive as for linear systems; there appears 

to be no useful direct method of solving such 

systems. A common approach is to linearize the 

system in some way and solve the linear problem. 

This Is the method that was used in this paper, 

A fairly rigorous argument can be given to. 

demonstrate the uniqueness of the solution of the 

non-linear problem obtained from the linearization. 

The argument is based on the fact that an analytic 
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function has a ’unique power series expansion id.thin 

a certain region. 

It was noted that the polynomial approximation 

made for each K-value was a monotopically.increasing, 

continuous function of temperature and was infinitely 

differentiable. It follows that a sum of such 

functions is itself analytic, i.e., Q, (T) is 

analytic. Thus, about a particular point, T^} 

there is one and only one series expansion; 

This may he seen in another way. For a given 

temperature there is a unique K-value representation 

for each component. The component mole fractions, 

none negative, may be regarded as weighting fractions 

in the formation of the sum Q, It may be shown that 

a unique Q(T) can be formed in this-manner,. 

The linear approach to the problem generates 

a sequence of functions, say (Q ), This sequence 

of functions converges, and since there is only one 

function to which it can converge, the sequence 

of functions converges to Q,0(T). Thus, the 

temperature can be uniquely determined. Since the 

composition matrices are non-singular, a unique 

set of compositions may be obtained for this temper¬ 

ature, Therefore, a unique solution exists for 

the problem. 
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It might be well to conclude by considering 

some possible improvements* It would be convenient 

if there were a method of describing the column 

with the same generality as the heat and material 

balance, but with much less complexity. This 

would lead to a shorter formulation time and permit 

the use of the elimination technique. Ho improve¬ 

ment over the elimination procedure may be expected 

as long as the equations which describe the system 

are Jacobi in form; the normalized Gaussian 

elimination procedure for solution is superior to 

any vector iterative or gradient technique. 

One should examine most carefully any method 

which is suggested for distillation column calcula¬ 

tions, Modifications of manual methods generally 

fail in a spectacular fashion if they do not solve 

the problem. However, the recognition of error 

growth in some numerical methods may be rather 

difficult. If possible, the mathematical basis 

for the method of solution should be discovered. 

It should be remembered that there are many 

powerful methods of solving linear equations, but 

not all of these methods are applicable to distil¬ 

lation calculations. Since most of these methods 
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have been developed by mathematicians, it is almost 

always possible to determine when each of these 

methods may be used. 

It is likely that some gradient techniques 

may be suitable to distillation calculations. 

Apparently these methods are somewhat slower than 

an elimination procedure. In analyzing such a 

procedure, it is necessary to distinguish between 

the demonstration of convergence and the demonstration 

of the ability to proceed from one step to another. 

Both are important, but one does not follow from 

the other. 

With regard to the equations, there are two 

obvious improvements to be made. The first is a 

better estimation of the equilibrium constants. 

Possibly some generalized method for computing 

these values for thermodynamic data could be 

incorporated into the method of computation. 

The other improvement is that of making an 

estimate of the plate efficiency. It is clear 

that an approximation such as the Murphree plate 

efficiency could be introduced into the eqeiations 

considered here quite easily. However, the 

solution of such a system cannot be made in a 
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simple manner as the equations become non-linear* 

In particular, Gaussian elimination could not be 

used* 

In summary, an accurate, but less complex 

general description of the system would be an 

improvement. As long as methods which lead to 

tri-diagonal forms are used, normalized Gaussian 

elimination is superior to any other form of 

solution. However, the introduction of non-linear 

elements Into the system is not permitted with 

this method of solution. 
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