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ABSTRACT

The methods of analysing rigid frames in present use
are knovm to have many undesirable characteristics which
are either directly or indirectly the result of limiting
stress and strain to values below the proportional limit.
In this investigation an analysis method is described
and used that overcomes the weaknesses of the orthodox
methods.

The simple plastic theory is stated, explained,

and used in the analysis of six rigid frames.

The result¬

ing failure loads are compared with the allowable loads of
an orthodox method.
Although much theoretical and experimental confirma¬
tion is required before the simple plastic theory is fully
accepted, indications are that it is a very good method of
approximating the failure load for rigid'frames.
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INTRODUCTION

Structural analysis as we think of it today was initiated
by Coulomb in 1776 with the publishing of his famous paper.^

In

spite of the important work that preceeded and followed him, Coulomb's
paper is still thought by most to be one of the great original documents
produced by an engineer that deals with structural analysis for the sake
of the structure.

From this beginning structural analysis has advanced

at a steady pace until the present decade.

The analyst is faced with

the realisation that he has gone as far as possible without exceeding
the limits of Hooke's famous law of

1678 which states that deformations

are proportional to the loads.
Once the loads are such that Hooke's law is not valid, the
structure must be designed or analysed by new means.

In this paper

the simple plastic theory will be explained and various frames will
be analysed using this theory as a basis.

The results will be compared

with the results of analyses by a method in which the stresses and
strains are at all times proportional.

i

1.

"Essai sur une application des regies de Maximis et
Minimis
queiques Problemes de Statique, relatifs
a 1'Architecture", by Charles Coulomb,

&

Memoires de Mathematique et de Physique, Presentes a
l'Acad6mie Royale des Sciences, par divers Savans, et
les dans ses Assemblies, Vol. for 1773. pp. 3U3-332.
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ACCEPTED METHODS

General considerations.

The methods employed in determinate

design involved the equations of equilibrium which in their simplest
form state:

(l)

the sum of the components of forces in any direction

must be zero and (2) the sun of the moments of the forces with respect
to any axis must be aero.

In the design of continuous structures the

equilibrium equations must be satisfied and in addition, continuity
must be preserved.

Methods which are presently being used for

indeterminate design are concerned primarily with compatibility of
strain.
To some extent all structural materials possess the property
of elasticity.

The term elasticity is used here to mean that when

load is plotted versus deformtion, a straight line results.

Actually

this is true only for materials that are isotropic aid homogeneous.
Mild steel is neither, but it is assumed to be in order to insure
compatibility of strain.
When a material is elastic, certain relations between the
components of stress and strain exist.

Hooke’s la?; is a statement

of this relation, and for the present it should suffice to state
where

<£

is the unit elongation,

stress, and E

cT~

is the accompanying unit

is a constant of the material called the modulus

of elasticity in tension.

The relation is better stated

where X denotes a particular direction.

5^,
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The relation between stress and strain is often shown
graphically by means of a stress-strain curve.

The ordinates of the

curve are the unit stresses and the abscissae are the corresponding
unit elongations.

Fig. 1 is such a curve for a structural grade steel.

The dotted curve indicates the actual stress which takes into account
the reduction in area.

The proportional limit, yield point, and

ultimate strength are indicated by points (A), (B), and (0) respectively.
Structural Action.

The type of structural action depends on

the material and shape of the'structure.

Generally the primary action

is such that the stress in another part.

This is normal structural

action and is present in aLl statically determinate structures*

There

does exist another group of structures - in which a member must be
designed with due consideration of the effect it will have on other
members.

The term ’’hybrid” is applied to these structures because of

the presence of normal and participation action. Many types of
structures at one time or another will have hybrid action, and this
action may or may not be foreseen.

a

The different structural actions can be shown by examining
a two-legged bent as shown in Elg. 2 (A).

The members are assumed

to be rectangular and homogeneous, and the bent carries a vertical
load.

Leaving the girder section constant, vary the depth of the

column and observe the column flexural stresses.
2.- "The Relation of Analysis to Structural Design,” by Hardy Cross,
Transactions of the American Society of Civil Engineers, Vol. 101,
1936, Paper 19^1.

TP A n*i i -K*

/•>

T

it.

L_ J ^
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(A)
DEPTH

Bending Stress-Depth of Column Curve
Figure 2
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When the column is very narrow the girder acts much like a
simple beam, and stress varies almost directly -with depth.

This stage

is the post and lintel stage and represents a statically determinate
structure.
If at the other extreme the column is veiy rigid and carries
a moment that is nearly equal to the fixed end moment of the girder,
the flexural stress varies nearly inversely as the square of the column
depth.

This condition is termed normal structural action and the column

can be proportioned for a definite moment.
Between these extreme stages of structural action is the hybrid
action.

The structure cannot be readily designed by one of the usual

procedures of choosing members, then analysing and from the first
analysis choosing more satisfactory members and so forth.

A change in

a member size may cause an increase, a decrease, or no change at dl in
the flexural stress.

The curves in Big. 2 (B) should help to illustrate

what has just been stated.
Hybrid action is difficult to identify in many structures.
The first indications are usually an erratic or sluggish response to
one of.the design methods described above.
Met’tods of Analysis.

Since structural analysis came into

existence with the presentation of Coulomb’s paper in 1776,^
advanced steadily.

it has

The analyst now has many methods to choose from.

Some of these have been grouped and are referred to as the ’’classical
methods" because of their long use. This group usually includes:the theorem

7
of three moments (Clapeyron, 1857), by which continuous
beams are analysed rapidly, the theory of reciprocal de¬
flections (Harwell, 1864), and the theory of least work
3
(Castigliano, 1879).
There are other methods which have a
rightful place in this group, but they are of lesser impor¬
tance,

In addition to these classical methods there are

many, more modern methods5 of these two will be discussed
because of their direct application to rigid frames.

The

methods referred to are the method of "moment distribution"
and the "column analogy".
The met hod,..of moment distribution was introduced by
Hardy Cross in a paper in the May, 1930 Proceedings of the
American Society of Civil Engineers, and is today one of
the most powerful tools for the solution of indeterminant
4

structures.

The method of moment distribution is actually quite
simple.

The beams are loaded or in some other way distorted

while the joints are restrained from rotating; one joint is
then relaxed and the unbalanced moment at that joint is dis¬
tributed and the resulting moments are carried over to the
nearest joints; then another joint is relaxed while all the
others are fixed; this is continued until the moments at all
the joints are balanced.

In practice the method is this:

(a) consider all joints fixed against rotation and compute
3. - "One Hundred Fifty Years Advance in Structural Analysis"
by Hestergaard, Trans. ASCB, Vol, 94, 1930, Paper 1727
pp. £27-235.
4. - "Analysis of Continuous Frames by Distributing Fixed-End
Moments", by Hardy Cross, Trans. ASCE, Vol. 96, 1932.
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the fixed end moments$ (b) distribute the unbalanced moments
among the connecting members according to their "stiffness”5
(c) multiply the distributed moment by its "carry-over" fac¬
tor and apply to the other end of the member$ (d) distribute
the "carried over" moments5 (e) repeat the above steps until
the carry-over is negligible* (f) sum up all the moments at
each end of each member to find final moment*
"Stiffness" refers to the moment at one end of a
beam necessary to cause a unit rotation at that end when
the other end is fixed*
"Carry-over factor" refers to the ratio of the moment
at the fixed end of a member to the moment tint causes the
rotation of the rotation end*

This factor is | for members

•with constant cross-section*
The method of moment distribution is best suited for
frames in -which the joints have no translation*

The beam in

Fig. 3 is an example of a structure which has no joint trans¬
lation*

In tiie case of many bents and frames the joints will

have translation which may be in the form of side-sway*

A

correction when side-sway is present is applied to the ordi¬
nary solution.
Correction for side-sway may be made in such a way
as to also apply to transversely loaded bents*
tion is made in the following way*

The correc¬

Consider that the bent

has no side-sway and analyse it as a series of continuous
beams*

The sum of the horizontal forces for the structure

will not now equal zero unless by accidentj; the unbalanced

9

Moment Distribution Solution
Figure 3
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force will be the force required to prevent side-^sway*
Assume the top of the bent is moved sidewise while the
joints are not allowed to rotate) Choose any fixed-end
moments in the legs so that all legs have equal deflection*
low distribute these moments and find the total shear in
the legs*

The correction moments are then the moments -just

computed times a constant equal to the ratio of the force
required to cause side-sway to the sum of the shears in the
last computation*
There is another method of analysis which when used
results in the most rapid solution for many frames.

This

■K

method was also introduced by Hardy Gross
the column analogy*

and is called

The analogy is actually a mathematical

identity between the equations for fiber stress in a short
eccentrically loaded column and those for the moments in an
indeterminant structure caused by continuity*

The column

analogy has the advantage of changing the routine of analysis
from a method that is not often used by most designers to one
that is well known to most*

This column analogy should be

considered as a tool and the more mechanical and systematic
its use, the more rapid the results,
Since this investigation is primarily concerned with
rigid frames, the column analogy will be developed along
those lines.

Fig. 4 shows a frame in which the end (B) is

5.- "The Column Analogy”, by Hardy Cross, Bui. 215, Eng,
Exp, Sta., Univ, 111,, 1330
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t

Figure 4

*

released. The frame is then cut at (A) and the section AB is rotated
in reference to AO, a small angle

0 .

It follows that when

s rotation,
fas horizontal displacement, and
= vertical displacement.
If tre say that (B) is to be restrained from moving by some force F,
then this force must set up moments through the frame and produce
displacements at (B) equal and opposite to those produced by
If at any point (C) the force causes a moment

.

then this moment

produces a flexural rotation in a veiy short length of the bean at
(0) equal to

ds/EI.

In turn, this will produce at (B)

rotation = Mi jr£
horizontal displacement = Mi
vertical displacement = Mi dSx

y

IS
In order that (B) remain fixed
(1)

j

Mi

ds

Since

<fi

ds

/ei(k)= -^x

(2) J

<s)

/Ej - -

J Mi

Is a linear function of x and y, the above equations

will permit determination of the values of

and F*

Upon examination It Is noted that equations of this
type are not new to the design engineer*

Consider a short

length of column with the same shape as the front elevation
of the bent 3, but the width is now )4x 4. The I is the I for
each member *
point

The column is then loaded with a load F at

(A)*

The general expression for stress in such a column
may be written

( = V . [M.-jg1 M„]* ^ [My -g* M»Jy
A
4
x*r
This comes from a combination of f P/A and f MC/I and is
derived from

JfdA. = - p

(2 v=o)

j 4 JAK - - M*

(2 Mit'-o)

J" f d KY - M y

C2> My *oj

These equations are true only so long as f is a linear func¬
tion of x and y*

Since M| is also a linear function of x and

y9 it is possible to rewrite and
J M{

JS

J Ml

ds

/EI

4x

«■ - 4
Ks

-0*

J Mi =

13

10 K
ft
LOADED BEAM

10 *

1
aJ«*

2d
TO*

0

X

.^

50 2
FINAL
14*1
MOMENTS

ANALOGOUS COLUMN

A a 10.0 4 1.25 t* 11.25
x S3 1P»Q^5 41.25X15 & 68.75 a
ii
11.25 °*-u-

Ijy a 204*75
P o 100.0(10) a 500
2

Myy a 500000(2.78)al93909000

Column Analogy Solution
Figure 5
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When the rotations are caused by loads on the structure

f - Mg

ds/EI*

Mg is the static moment at any section caused

by the load acting on the structure which has been cut or
in some way made statically determinant.

The load a.plied

to the analogous column is actually the area under the
M /BI diagram,
s
To illustrate the method, consider the beam in Fig. 5.
From the figure we see that P= 500,000, Mxx=1,390,000,
then M = 500.000 . 1.390.000 (6.11) - 100,000
a
1.1*25 204.75
M = 44,400 + 41,500 - 100,000 »
M. - 44,400
D

and

tt-

* 1.390.000
204.75

-14,100 in. lbs*

(3.89) = 17,900 in. lbs.

= 44,400 - 94,600 = -50,200 in. lbs.

Later in this investigation the method of column analogy will
be used to analyse rigid frames which will clearly show its
advantages•
When the above described methods of analysis are used
as a part of a design routine, a structure should result that
will withstand much greater moments than the design moments.
These methods consider a structure useless simply because
the proportional limit has been reached, so in order that
the proportional limit, which is about 33,000 psi. for struc¬
tural steel, will not be exceeded an allowable stress of
20,000 psi. is usually used,

This is usually not the worst

of it for an additional "factor of safety" is applied that
may cause the allowable to be as low as 10,000 psi.

It can

be seen by examining the stress-strain curve for structural steel
that if failures means, an it should, the collapse load, then these
methods are ridiculously conservative.

The collapse load will be

accompanied by large rotations of the jointi or joints.
Tiiers are other undesirable characteristics of these
elastic methods.

They are very sensitive to many unknovm elements

such as settlement or rotation of abutments and supports, initial
Imperfections, and unknown rigidity at joints.

Any one of these,

especially settlement, may cause actual moments that are three or
four times as great as the analysis indicates.

It is possible for

a designer with some knowledge of soil mechanics to estimate whetiier
a settlement will be very great or very small aa d thereby design a
structure whose members will not be greatly overstrossed because of
settlements.
It is apparent after examining the design methods in
present use that better methods are to be hoped for.

The short¬

comings of present methods are not traceable to one or several
particular design procedures, but are instead inherent because of
the widespread belief that all stresses must remain within the
elastic range.

Any method that is developed to overcon© these

defects must have stresses in localised areas that exceed the pro¬
portional limit,

When this is done the high stresses due to the

unknown factors will be relieved by these yielded areas.
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THE SIMPLE PLASTIC THEORY

General considerations,

The plastic methods which

have been developed to overcome the defects in the elastic
design methods consider the ductile properties of metals
when loaded beyond their elastic range.

Any such methods

which deal directly with the actual failure of the struc¬
ture will require less guesswork on the part of the design¬
ers and will therefore result in a saving of time and money.
Any methods that involve stresses above the yield
stress must consider the conditions that govern
(a) the commencement of yield
(b) the stress-strain relationships in the plastic
range, and
(c) the continuity of stress and strain at the boun¬
dary between the elastic and plastic zones.
Of the many theories relating the commencement of
yield that have been suggested, two are most often used.
The yield conditions of Tresca (or Guest) state that yield
commences when the maximum shear stress attains a certain
value* the Mise*s condition is for a definite strain energy
due to distortion*®

The two differ slightly in their re¬

quirements, but it is impossible to determine by means of
experiments which is most accurate.

The Misers condition is

most often used because of the simpler mathematics involved.

6.-

Theory of Elasticity , by S. Timoshenko, Me Grew Hill,
1954, Chapter 2.
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According to the Mise*s condition the strain energy
due to distortion mist have a constant value at yield*

In

the case of plane stress, it lias "been determined that
<r^

-

oi <57j

+ <5-^24 3

3 Gf

where <r*., <r^ = normal

stresses on planes perpendicular to x and y
Y = shearing stress
CL = constant equal to the pure shear stress re¬

quired to produce yield*
When the condition of yield is combined with the following
conditions of equilibrium
3<r

«

7

-SX. =o
^

and

- o

then in plane stress

problems the values of the stresses cr*.
determined without reference to strain.

and

can be

This does not indi¬

cate a strain compatibility at a boundary between elastic
and plastic zones is possible because such a compatibility
has been shown to be impossible*

This indicates that the

whole theory of plasticity as it now exists is only approxi¬
mate .
Fig. 6 shows a typical bending moment-curvature re¬
lation upon which is based the simple plastic theory*

The

solid line represents the behavior of the member (subjected
to pure moment) that has been continuously bent in either
the positive or negative direction.

7.-

The dashed lines indicate

Mathematical Theory of Elasticity
Medraw Hill, New York, 1346, p. 41*

L. S* Sokolnikoff,
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the behavior when bending is reversed.

BENDING MOMENT

When the member is bent from an unstrained state the diagram
will be linear up to some point a.
this range obey Hookets law.
the yield moment
become plastic.

All stresses and strains within

When bending continues above point a,

is exceeded and the most highly strained fibres
At this time the curvature is increasing more

rapidly than the momentj eventually the entire cross-section has
yielded and the curvature will continue to increase while the moment
remains nearly constant.

This value of the moment is referred to as

the "Fully plastic moment" or Mp.

The fully plastic moment due to

negative bending will be considered to have the same numerical value
as the positive Mp.

For those special cases where this is not true,

slight modifications to the theory are necessaiy.

19

In Big. 7 a cantilevered beam is used to shew the stress
distribution for several points on the bending moment-curvature
curve.

Let the beam be rectangular in cross-section and loaded as

shovm.

Fig. 7 (A1) corresponds to point a in Fig. 6.

The moment

required to cause the outer fibers to be at their yield stress would
be My*

Note that the stress has the triangular distribution so

common in elastic analysis.

Figure 7
B* represents the stress distribution for a moment M where My*c M <
This corresponds to point B on the moment-curvature curve.

The

bending moment continues to increase until finally at point G on the
curve, it reaches the limiting value of lip.
in Big. 7 (C).

This condition is shovm

The distribution is now rectangular, and the stress

has a constant value of <7y .
From the shape of the stress distribution diagram, it is
possible to calculate the value of Mp«
sions shovm in Fig. 8 (A).

The stress shovm in Fig. 7 (C*) then

causes a force shovm in the expression
will act at a distance d/h.

Let the beam have the dimen¬

P = (Ty ^

f

and this force

20

For a symmetrical section there Hill be a couple acting as shown in
Fig. 8(B), and the expression for Mp then becomes Mp =

•

Substituting the values for p and x the expression becomes Mp = 6}
where

<sy

,

i|2

is the yield stress and

is twice the moment of the

cross-sectional area on one side of the neutral surface with respect
to the transverse axis in the neutral surface*
The fully plastic moment is assumed to be constant for a
given material and cross-section, and to be unaffected by the previous
straining history of tie member.

This is by far the most important

assumption in the plastic theory.

There is anoth r less important

assumption that the elastic moment range does not change.

The latter

assumption is certainly not true, for it has long been known that the
elastic range is affected by such factors as cold-working ad aging.
This assumption, though not entirely correct, is used as a convenience
in the mathematical theory.

SI
Combined axial and flexural stresses.

Thus far the

plastic theory has been applied to members subjected to flex¬
ural stress only.

In reality there is usually an additional

force which may be either a transverse shear or an axial
force, and it is important to know whether the bending
moment-curvature diagram for pure bending should be modified for these cases*

0

Consider a member with a bending moment M about a
principal axis and an axial compressive force P.

In order

to draw the stress distribution diagram, it is convenient
to let the unit stress due to the axial load be P and the
bending stress on an extreme fiber be

f*

Fig* 9(l*-b) represents resultant stresses that are
in the elastic range*

These stresses are the resultant of

the uniform compressive stress (I-c) and the flexural
stresses (I-d),

(l-b) is a true picture of the stress just

so long as a value
representative*

f+p < -fyp for when

Up>(yp

Fig. 9(ll-b) is

As both p and f increase f-p £

fyp is repre¬

sented by (Ill-b) and the final stress distribution is shown
in (IV-6).
The moment that causes the distribution shown in
Fig. 9(lvr-b) is seen in the following expression MP= for
*y

From this expression it has been found that for an axial
stress of less than one quarter of the yield stress, the re¬
duction of M due to the axial load will never amount to
P
more than about 10$ and may therefore be disregarded in
8.- "A Review of Recent Investigations into the Behavior of
Steel Frames in the Plastic Range”, by J. F. Baker, Journ.
of the Institution of Civil Engineers, Ho. 3, 1948-49
Paper No. bYOy, ppr-188-^40,

22

Combined Axial and Flexural Stress
Figure 9

most cases.
Combined shear and flexural stresses.

The case of

combined shear and bending is not as easily dealt with as the
case ■just discussed.

Until recently very little consideration

had been given the problem because of the difficulties encoun¬
tered in deducing satisfactory stress distribution after yield
The most thorough investigation of the interaction of shear
and bending within the plastic theory has recently been com<Y

pleted.

In the course of this investigation, certain mathe¬

matical expressions were introduced*

The first of these ex¬

pressions can be used to determine the stress distribution
for various conditions while still later expressions deter¬
mine the reduction of carrying capacity due to shear.
The results of these expressions can be seen in Figs*
10, 11, and 12*

Fig. 10 represents the plastic zone.

Fig. 11

shows the distribution of stress for various stages of in¬
creasing load.

The results that are most Interesting so far

as this investigation is concerned are shown in Fig* 12.

The

percentage reduction iry carrying capacity has been plotted
against the span to depth ratio.

This has been done for a

rectangular section and for an I section.

By examining the

curves it is noted that when the 1/d ratio exceeds four, the
reduction is small, and for smaller values of l/d failure of
the web in shear occurs before the flanges have become fully
plastic due to bending*

9*-

,f

It has been found that in the case

The Plastic Theory of Bending of Steel Beams, with Par¬
ticular Reference to the Effect of Shear Forces1’, By
M. R. Horne, British Welding Research Assoc* Report
July, 1349*
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THE EFFECT OF SHEAR STRESSES ON THE

PLASTIC ZONES
(See following figure for distribution)

Figure 10
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of an X section* whore the greatest effect is felt, that when
the web and flange thicknesses are one-tenth the width and
depth of the square section, the theoretical collapse moment
differs by less than one percent from the plastic moment due
to pure bending provided the i/d ratio is four or more*
10
The test results of Baker and Roderick
tend to
support the conclusions arrived at through theoretical in¬
vestigations*

Xn order not to distract from the primary pur¬

pose of the present investigation, the effects of shear and
axial loads will be neglected above yield.
Application to beams.

If a simple beam is loaded with

an increasing uniform load the maximum load that causes trie
, 8
most highly stressed fiber to be ready to yield is 8I-L./1,
This may be considered the collapse load for any design
criteria that requires Hookeis law always be satisfied.

If,

however, the load is increased, the rate of change of de¬
flection will also increase until finally the load 8M /I
P
is reached, At this load, the center portion of the beam is
completely plastic and the deflection will continue to in¬
crease under the same load.
The ratio of loads or HpAy is not actually a time in¬
dication of the advantages of the plastic design*

The great¬

est advantage is found in the design of redundant structures*
This can easily be shown by examining a fixed-end beam loaded
with a uniform load,

Without exceeding the yield stress at

any point, the bending moment at the end will be twice that

10*- ”Investigation into the Behavior of Welded Rigid Frame
Structures” by J, F. Baker and J, ¥* Roderick, Trans, of
The Inst* of Welding, Vol. 1, Ho* 4, Oct., 1938*
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at the center; the maximum load is then

= ISMy/l.

ing moment diagram for this condition is

hown in Fig, 13(b).

The bend-

When the load becomes greater than this value,, the beam begins to yield near the ends.

The moment at the ends soon be¬

comes equal to the fully plastic moment M ,

If the load con-

Jr

tinues to increase, the end moments remain M
moment approaches that value*
M

P

and the center

When the center moment becomes

the beam is unable to support additional load.

The moment

diagram at failure is shown in Fig. 13(d), and the load will
have the value

bT = 161^/1.

The collapse load is then great¬

er than the maximum load allowed in the elastic analysis by
a factor of 18/12
Plastic sons.

Throughout this paper the zone that

has yielded has been shown as a solid area as is shown in
Fig. 13(d); these continuous zones do not actually exist.
Recent tests on mild steel beams indicate that initial yielding takes place in localized wedge-shaped regions*

11

It is

evident from these results that mild steel beams which have
been stressed above the yield point contain both elastic and
plastic regions in even the most highly stressed regions*
The strain distribution is not linear for every section as
the results of tests using long strain guages would indicate*
Although linear strain distribution has been assumed in the
development of many of the theoretical relations, good agree¬
ment has been obtained with the experimental results*

This

11.- ’’The Effect of Ilon-TJniform Distribution of Stress on the
Yield Strength of Steel**, by 0. Sidebottom and D, Morkovin,
Univ. _of HI.. Bulletin ho. 578, pp. 47-64.
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so
is especially true
upper yield point*

vhen

the material does not exhibit an

When no upper yield is present, the

stress distribution at every section is nearly equal and
the wedges indicating the yielded regions must either be
close together or shallow in depth*

SI
RIGID FRAME DESIGN BY SHE SIMPLE PLASTIC THEORY

Basic concepts«

The tiro most important Concepts of

the plastic theory that are of interest to the designers of
frames may he very easily explained by referring to the bend¬
ing moment-curvature diagram*

The concept of the existence of

a limiting moment or the fully plastic moment, Mp, has already
been discussed.
when K

P

From the curve in Fig* 6 it is noted that

is reached the curvature may increase greatly with a

negligible increase in the moment.

When Mp is reached it is

as if a Kfcingen exists with a constant moment applied at this
“plastic hinge”*
Types of failures.

Most analyses are concerned with

the failure referred to as “plastic collapse”*

In order to

explain this failure the bent in Fig* 14 will be used*

The

connections are all rigid enough to develop the plastic mo¬
ments and the loading is as shorn*

The points that will be

of interest to us are those points where abrupt changes in
shear force occur*

These points will be called “joints”*

There will be ten joints in the bent in Fig. 14 numbered as
shown*
One very important assumption in this solution is that
the forces which comprise the total load increase steadily
from zero, while the ratio of one to another remains constant.
In this discussion, let H =F =Q; the load increases until the
most Mglily stressed cross-section is Completely plastic and
the moment at that point, joint 4, is Mp.

When the hinge
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develops at joint ii any increase in the load causes the beam to the
left of joint h to rotate with respect to the joint. As the load
continues to increase, hinges will occur at first one joint aad then
at another.

The formation of each plastic hinge reduces the order

of redundancy by one.

The frame soon becomes statiscally determinate

because of the hinges. The load cai then be increased enough to
cause one more hinge to form, and with the formation of this hinge
the structure becomes ah unstable mechanism.

The value of load

that causes the frame to become such a mechanism is the load that
causes failure by plastic collapse.

This load is reached -when the

number of hinges formed is the number of redundant moments plus one.
Under actual conditions the loads on a structure very seldom
increase from aero at a constant ratio to each other, but the concept
of plastic collapse can still be used if the loads are applied slowly,
as is often the case.
If the frame in Fig. lU is composed of members which are
assumed to have bending moment-curvature relations like those shown
in Tig. 6, the load which is sought is the highest load that satisfies
equilibrium between the external loads and the internal reactions and
the bending moment-curvature relation assumed.
With the frame and loads in Fig. lU it can be written
HL = PL = QL =JuMp.

The sign convention chosen is that positive

moment causes tension in the flange adjacent to the dotted lines.
For these conditions tie equations of equilibrium may be written as follows
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I

M2 - 2Mj + M4+/JiMp =

0

M* - 2Mr ■+• M^+>xMp= 0
M4 + Mj - Me = 0
-*■

U&-

(1)

(2)
(3)

M^+Ml0- 2MMp= 0

(h)

The plastic conditions to be satisfied are usually represented by
a set of inequalities,
-HP ^ I!* £ HP
where Mj, = M, ,

U2

:

(5)
M,0 .

These plastic conditions are

only for concentrated loads where the maximum moments must occur at
the joints.

P

Q

The critical value of load parameter

JJLC

is by definition

the critical collapse load divided by the plastic moment and multiplied
by the typical length L.
through

(U)

This value of jxc must satisfy equations (l)

and the inequality

(5).

The obvious place to start a solution of this sort is
with the equilibrium equations.

If a hinge is placed at each

joint mentioned in the equations and a fully plastic moment

of the sign necessary to result in the maximum value of
placed at the hinges? a value of yu is found*

y

Thus:

yuMp = ~M2+2M3 ~H+s 4Mp J yx5 4
^ M P * -M6 + 2M 7 -Mg
.

414 p 5 yu< 4

2yuMp =-M+M^ -Mg-* 1-1^ -Ml0^ 6Mpj y<^3

If one of the first two equations had resulted in a criti¬
cal value of JJL the failure would have been local and called
a ’'local collapse”.

The fact that tine yu value for failure

of the entire frame is less than those required for local
Collapse indicate that failure will result in the collapse
of the whole structure*
It is necessary to check the plastic inequalities to
see that all values of M satisfy them*

In equation (l) when

= Hp and yA.=-:3

-2M + 1V4M* = 0
It can he seen that unless
not correct and yu-

¥

^M

p

or

-Mp

equation (1) is

5*

After these obvious first steps have been taken there
are several methods of determiningyW-c *

The method to be

Used in this investigation is that of trial and error.

This

method is most often used on the less complicated frames be¬
cause of the time saved.

As frames become more complicated*

the method of trial and error becomes more time consuming*
and the ^method of inequalities” is generally used. *'y

The

latter method is concerned with yield inequalities rather

IS- ”The Calculation of Collapse Loads for Framed Structures”
by B. G. heal and P* S. Symon&s* Journal of The Institu¬
tion of Civil Engineers. No. 1* November *T9bO,
pp. 21-40*
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than with the equilibrium equations.

The method involves a

systematic reduction process which may be completed in a
routine manner by the unskilled user but is greatly speeded
up by the operator skilled in its use.
The results of placing y-- 3 and Hi = Mp

In equation (1)

indicate that a hinge does not occur at joint (s) but may at
joints (3) and (4),
by M3 and

'

Then, if M zin equation (4) is replaced

the result is

M , -2M3 +M4

+ 3^Mp = 0

The solution of this equation .results in the inequality,

SyuMp 5 QMp j ^

2-2/3.

For this to be true the moments must have the following
values:
M, , M4 > M8, MW

= -Hp

H, M , M,

=

and

MP

¥hen the values of the remaining moments were deter¬
mined from the remaining equations of equilibrium they were
found to be,
1/oMp

0

and

M, = 5/6Hp
Therefore, the critical load parameter is

-

2-2/3,

It lias been known since the earliest investigations
that failure may result at loads that are below the critical
loads for plastic collapse.

Let each load of a set be applied

independently of the other loads and let these loads be
applied as many times as desired*

It is possible under

these conditions for the structure to contain some sections
in which plastic flow will continue indefinitely if the

upper and lower limits of the load are gi'eat enough and if
the loadings are repeated a sufficient number of times*

If

the upper and lower limits are not large enough, the structure
would after an initial plastic flow "shake-down" to a state
of residual stresses and permanent strains so that further
application of loads would not cause plastic action#

This

problem is often referred to as the "shake-down problem*'*
Methods have been developed for determining the upper
and lower limits of the loads that repeatedly applied will
not cause failure, but instead will "shake-down*1 to a state
of residual stresses and strains#

These methods will not be

discussed# but may be found in a report by Symonds,
Distributed loads*

!3

The discussion thus far has been

centered around the use of concentrated loads and no mention
has been made of distributed loads*

In most structures, at

least some of the important loads will be distributed loads
and some method must be used to analyse these structures*
When distributed loads are present, the bending moment dia¬
gram is no longer linear between joints, and the hinges which
form at points of maximum stress will not necessarily occur
at the joints.

The location of the hinges can be determined

and the value of the critical load parameter calculated by
exact methods if such accuracies are deemed necessary*

If

the load P in the frame earlier analysed is now distributed
over the beam of length 2L and the previous load ratios

13.- "A Review of Methods for the Plastic Analysis of Rigid
Frames of Ductile Metal" by P, S, Symonds, Graduate
Division of Applied Mathematics, Brown University,
pp. 49-55,
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again assumed tlie exact solution gives the following results:
/*c * 2*96
Mz - 0*31 Up ,

Uc « O* aM
13

The exact solution-

M7 = 0*98 Mp *

entails considerable work and tine,

and as a result is very seldom used*

Even the crudest approxi-

nationj that of placing an equivalent concentrated load at the
mid-pointy results in an error in the example frame, of only
11/5*

¥hen the load was concentrated at the center of the

span the value JJLC

=

2*67

was obtained*

If the load is divided

into more than one concentrated load> still better results are
obtained*

When half the load was applied at the third points

a value JUL*. ■=• 2*86

resulted* and when the load was broken into

three parts and these loads placed at the quarter points* the
answer was in error by 2$, or

= 2*91*

It should be noted

that the critical loads obtained by these approximations are
all lower than the exact results* therefore* a conservative
design results from their use*

In the course of this investi¬

gation several of the approximations were used and the answers
compared*
Load factors*

Although this investigation is primarily

concerned with the determination of failure loads it would not
be complete without some mention of load factors*

The load

factor is a multiplier applied to the working loads to obtain
a maximum load*

The structure is then so designed that fail¬

ure will not occur until this maximum load is reached or ex¬
ceeded*

Load factor is also thought of as a factor which

when divided into the failure loads will result in the working
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loads*

In the early designs it Is quite possible that the

factor will be chosen so that the working loads will corres-*
pond to those used in elastic designs, and then as more re¬
search is completed, the factor will be varied to agree with
the findings.
When a design is made using a load factor as 5ust
discussed, the designer will have for the first time a true
relation between the working loads and the failure loads*
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FRAMES AHALYSED FOR PLASTIC COLLAPSE

In this investigation six frames were analysed.

The

frames were proportioned so that the stresses resulting from
the elastic analysis conformed to present specifications.
Each frame was analysed first by the column analogy method
previously discussed, and then hy the trial and error method,
also previously discussed*

The results are shown in the form

of moment diagrams *
Frame data*

There were three types of frames analysed:

(1) frames with a constant cross-section throughout
(2) frames with haunched members, and
(3) frames with haunched members and fillets placed at
the knees and crown.
All three types were first analysed with the columns fixed
at the base, and next with the columns pinned at the base*
The overall dimensions of the frames remained con¬
stant for all frames, as did the loads*

The dimensions and

loads are shown in Fig* 15,
Analysis*

The frames with members of constant cross-

section were first analysed*

The frame first investigated

had the column fixed and may he seen in Fig* 16(A) .

The

analogous column was found to have the following properties:
A (rel.) - 112*2

J

= 22*87

baoe -Vo C

= 14,020

lyy = 53,574

%

o
t\j

60

*

WIND LOAD

4oo

SOO^t

BAY LENGTH—
WIND LOAD —
LIVE LOAD —
DEAD LOAD —

20*
20#/sq.ft.(horizontal)
25jf/sq.ft, (vertical)
10///sq.ft. (normal)

Frame Dimensions and Loads
Figure 15
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Static Moments
Figure 16
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Tbs moment diagram seen in Fig. 16(B) 'was obtained by cutting
the right support and applying the -wind loads alone.

The

load on the column was then the area of the Mg/EI diagram*
and had the value

P =6033.

The moments resulting from the

application of load were:
= “57,310, and

= -168,240.

From these values the following may be written:
Mj.- — 5o,8 -4. Ooy —o.l4x*
With the coordinates of each joint known, the moments were
calculated and are shown by the moment diagram in Fig. 16(C).
Fig. 16(B) is the Ma diagram used in the determination of
the column load due to live and dead loads.

The moments on

the frame caused by the live and dead loads are those in
the diagram in Fig. 16(D).
The frame moments critical in the elastic analysis are
shown in Fig. 17(A), and result from the combination of the
wind, live and dead load moments.

The section used for this

frame has the following properties:
I = 1169.5 in.4,

S =116,9 in,3, and C = 10 in.

The maximum fiber stress is then:
f = 19,300 psi.
Two plastic analyses were made of this frame.

The

first analysis used the approximation that the uniform loads
were concentrated as a single load at the mid-point of the
member.

For this approximation the following equilibrium

equations were written when the loads were as shown in Fig, 18(A):
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(1) K% -2U^lls +yn (80 ) = 0
(2) Ms -2M4 + MS ^ (546) = 0
(3) Ms- -2Mfr*Mr+yt(402jl = 0
(4) M^K^-M^SSs)’ = 0
The value of Mp was determined from the basic equation
II -6"y 2 p,

For the section used Z? = 115*1 in.3, and from

the stress-strain curve in Fig. 1 <51, = 33,000 psi,, then,
Mp - 33,000 (115*1)

or

Mp = 415K'
The equilibrium equations were then investigated to see if
local collapse occurred, and equation (S) gave a value of
jj. -3.04*

When this was substituted into the ^remaining equa¬

tions, the plastic inequalities were not satisfied.
The method of trial and error was then used to deter¬
mine the critical mode of failure.

For this first analysis

several trials were necessary before the correct combination
of joints was found*

The critical load parameter resulted

when hinges were placed at joints 1, 4, 7, and 8.
joints correspond with those in Fig. 18(A).
placed by

These

¥hen Mg was re¬

in equation (4) the following equation resulted:
.5MS -*67M4 -.833M8-t M7 = -536^ ,

The solution of this equation yields the following results:
^=2.32,

M, s M7 = -Mp ,

M

4

« M8 = Mp .

¥hen these values were substituted in the remaining equili¬
brium

equation it was found that:
M** -362

K

,

Kt » -285^ ,

Ms = -75*

, and

221* 5*'

.

Fig. 17(B) is the resulting moment diagram for this analysis.
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Approximate Loads
Figure 18
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A third analysis was made of this frame approximating
the uniform loads by two equal concentrated loads applied at
the third points of the members.

This loading, shown in

Fig. 18(B), results in the following equilibrium equations:
(1) M, -M,, -M3 + M4 + ^(53.3)

= 0

(2) M4 -MS -M4 4 M, t yA(364.0) -- 0
(3) M7 -M, -M,

+

M(o+ yui (268,0) = 0

(4) M, -H+ M(tf-M„* yU(369*0')-0
By examining the last analysis it was possible to determine
the critical joints vith very few trials*

The joints which

were found to be critical were 1, 6, 10, and 11*
tion of these joints are indicated in Fig. 18(B).

The loca¬
Equation

(4) was then rewritten to involve only these joint moments.
*414, -. 6Mg -.8M(i-tHle= -467^

.

This equation, when solved, resulted in a critical load para¬
meter ofyU =2*49 and the moments shown in the diagram of
Fig. 17(G).
A similar frame was next analysed with the column
bases pinned.

This frame, shown in Fig. 19(A) was first

analysed by column analogy* and the results of the analysis
are seen in Fig. 19(B).

The maximum moment of 337,000 lb. ft.

results in a stress of 23,000 psi.
The plastic analysis was quite simple because of the
reduced number of possible modes of collapse.

The equili¬

brium equations were also -written in such a manner as to elimi¬
nate many trials.

The equations for the frame loaded as

shown in Fig. 18(B) are:
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202^

Final Moments on Frame of Constant
Sections Pinned at Base
Figure 19
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(1)

«4*

(g)

M4 =

369/*
,6M& -77*7/i

(3)

«75M s —116 • Q JLK

(-)

,6Mg + Ol ,1 yU
2

(5)

M4

(6)

*M 4 =

.75M q+ 104,4/t
M7 +

m.7 jx

.By inspection it is seen that the lowest value of
jx

results from the combination of equations (l) and

and the placing of hinges at joints 6 and 10.
jx

that resulted was yu =1.93*

(2),

The value of

The values of the various

moments may be taken from the diagram in Fig. 19(G)*
The results of the analysis of the remaining four
frames may be seen in Figs, 20, 21, 22, and 23,

Fig* 20

indicates the results of the two analyses of a frame of
haunched members and the column bases fixed*

Fig, 21 is

the results of the two analyses on a similar frame with the
column bases pinned.

Figs, 22 and 23 represent the analyti¬

cal results of two frames,^ both of which were composed of
haunched members with fillets at the knees and crown, but
the first had column bases fixed and the second had the column
bases pinned,

Table I contains the values of

for the

various frames.
TABLE I
Type
Constant
Cross-section
Haunched
Haunched
With Fillets

Base
Fixed
Pinned
Fixed
Pinned
Fixed
Pinned

Load at
Mid-point
2,32

1.155

Loads at
Third Points
2.49
1.99
1.497
1.684
1.22
1.425
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.Figure 20
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Final Moments
Figure 21

51

Final Moments
Figure 22
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Final Moments
Figure 23
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SUMMARY

The methods presently in wide use for structural ana¬
lysis were discussed*

The methods of moment distribution and

column analogy were discussed in much detail because of their ,
application to rigid frames*

The inherent weaknesses of the

elastic analyses such as the great sensitivity of the latter
to many quantities about which little is known by the designer
were mentioned.
The simple plastic theory was developed and explained
by the use of beams.
were:

The two fundamental problems discussed

(l) the problem of "plastic collapse” and (2) the pro¬

blem of "shake-down”*

The problem of plastic collapse in¬

volves the collapse of a structure resulting from a propor¬
tional loading*

Proportional loading refers to loadings in

which the loads remain in constant ratio to each other, and
increase from sero to a maximum value.

The shake-down pro¬

blem involves failure from the repeated application of loads
which are smaller than those required to cause plastic collapse*
Six frames were analysed by the elastic method of
column analogy, and the plastic method of trial and error for
plastic collapse*
mate loadings*

The plastic analyses were based on approxi¬

The design loads on the frame were uniformly

distributed, but for the sake of a simpler solution, the uni¬
form loads were approximated by concentrated loads*

According

to other investigators, the resulting error should be not
greater than 10$.

The critical load parameters that resulted
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from the analyses of the frames are shown on Table I.
The plastic method was found to be quite simple, and
because of its basis should produce important economies over
the orthodox elastic methods.

In spite of the advantages of

the plastic methods, they are not widely used because of the
lack of confidence of designers*

•

This confidence can be de¬

veloped only through the confirmation of the theory by ex¬
pensive laboratory and field test.
The major part of the experimental conformation of
the plastic theory has been obtained from small model studies.
Much of the past experimentation'has been carried out in
England by Baker and Roderick*

In 1338 the results of an

investigation of seven portal frames was published in the
Transactions of the Institute of Welding.

10

The results of

these investigations may be seen in Table II,

TABLE II
Portal No*

Failing Load
(tons')
Observed Calculated

F_
x
3-

1.60

1,54

F

1.64

1.54

F

1.62

1.54

F

2.98

3,08

F

2.79

2.49

F

1.64

1,58

F

1.75

1,65

4
5
6
8
9

10

All frames consisted of small built-up sections re¬
sembling H-sections.

Frame Fg had joints stiffened by

placing angles between the flanges; the angles were welded
to the flanges and web.

Frame

FQ

had the same sections as

in the first four, but in this frame the beam was framed
into the column.

The remaining two frames were composed of

members of reduced dimensions, especially the columns.

The

calculated loads are the results of plastic analysis for
plastic collapse,

While investigations of this type indi¬

cate conclusively that the theory of plastic collapse fur¬
nishes a very good estimate of the collapse load, it will be
essential to investigate the failure of full size frames of
standard sections. Tests such as those of Luxion and
14
Johnsonx are necessary.
As Baker^ and Symonds*^ emphasized, in order to in¬
sure the most rapid development of these methods, it is
necessary that there be not only laboratory research, but
also an examination of the existing methods by designers.
Only by the working together of the research workers and
those concerned with industrial design can the plastic
methods attain their rightful place in design.

14.- ”Plastic Behaviour of Wide Flange Beams” by ¥. ¥* Luxion
and B. G. Johnston, Welding Research Supplement, Vol, 13
1948, p 538,
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DATA FOR STRESS-STRAIN CURVE

NOMINAL

TRUE

Stress
psi.

Strain
in./in.

Stress
psi.

1134
2274
3410
4550
5680
6820
7960
9090
10240
11370
12500
13640
14780
15920
17055
18190
19300
20460
21595
22530
23665
24800
25935
27070
296OO
30700
31900
32500
33000
33000
33000
33000
32900
32900
32800
32900
32900
34150
35300
36400
37500
38700
39800

.000036
.000075
.000108
.000141
.000182
.000220
,000255
.000297
.000330
.000368
0000405
.000440
.000480
.000517
.000555
.000595
.000650
.000667
.000705
.000745
.000782
.000820
.00086
.00090
.00097
.00101
.00107
.00113
.00130
.00152
.00181
.00212
.00230
.00282
.0035
.0055
.0165
.0225
.0262
.0388
.0425
.0500
.0525

33100
33400
34900
36200
37800
39100
40700
41900

Strain
in./in.

.0050
.0148
.0223
.0258
.0330

.0416

■ 0438
.0513
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DATA FOR STRESS-STRAIN CURVE
(Continued)

NOMINAL
Stress
psi.
40900

42100
43200
45500
46100
46700
47200
47400
47800
48200
48300
48500
48700
48500
48300
48300
48000
46800
45100
42800
29600

TRUE
Strain
in./in.
.0600
.0663
.0750
.0887
.104
.121
.134
.144
.154
.186
.206
.219
.231
.250

.269
.275
.280
.292

.300
.300
.340

Stress
psi.
43400
44800
46400
49600
50900
52300
53700
54300
55250
57200
58300
59200
59800
60600
61300
61700
61400
60600
58600
56000
39700

Strain
in./in
.0583
.0640
.0723
.0842
.0989
.1133
.1260
.1343
.1434
.1703
.1871
.1980
.2080

.2230
.2390
.2425
.247
. 256
.262
.268
.293

