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ABSTRACT 

Surface failures have been frequently observed in materials 

under conditions of cyclic rolling contact. The fatigue results 

from cumulative plastic deformation in a specific direction. 

Using the approximate theory established by Merwin and 

Johnson for a simplified model, an effort has been made to give 

certain predictions for the life to failure. Various quantities 

were taken into consideration as possible criteria for failure. 

The theoretical results were compared with experimental 

data. However, an insufficient number of experiments were performed 

to draw reliable conclusions from these data. The theoretical values 

did not give good agreement with an experimental law established by 

Palmgren. 

It was felt that for proper interpretation of the experimen¬ 

tal data, several quantities, as for example the contact width, need 

to be measured, which at this stage of the project was impossible. 
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I. INTRODUCTION 

1.1 Surface fatigue, general remarks: 

Surface fatigue, as it is understood here, is a phenomenon 

frequently observed in cases where a material is subjected to cyclic 

loading in a specific direction. In the literature, surface fatigue 

is often referred to as brittling or pitting. The number of cycles, 

before failure of the surface occurs, depends on the severity of 

stressing and the properties of the materials. It is not unusual for 

pitting to become first evident after hundreds of millions of load¬ 

ing cycles and, in this regard, it is different from the more common 

type of fatigue where a specimen that has resisted ten millions of 

repetitions will not fail under additional cycles, if the load level 

remains the same. 

We deal with this type of cyclic loading not only in ball 

and roller bearings but also in gearteeth and moreover in railroad 

tracks where the tracks are usually traveled in one direction or 

where, in general, the trains pass unloaded in one direction and 

heavily loaded in the opposite direction. 

The phenomenon of surface fatigue has been associated with 

a plastic deformation due to the cyclic loading and being cumulative 

in a certain direction. Indeed, for the harder bearing steels, met- 

allographic changes and softening of the material due to plastic 

straining below the surface have frequently been observed. The com¬ 

plicated movements of bearing elements are often simplified in 
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experimental apparatus. Many experiments have been carried out, 

while many others are in progress, taking into account special 

features ad lubrication, temperatures, friction, special proper- 

1* 
ties of the materials, and so forth. Under conditions of pure 

rolling, failure usually initiates below the surface; in a com¬ 

bined motion of rolling and sliding, the cracks are more likely 

to begin at the surface. 

The directed surface displacements, occuring even for 

pure normal loading, were originally attributed to an asymmetric 

contact pressure distribution due to the lubricant. Experiments 

performed without lubricant, however, showed the same asymmetric 

2 
deformation even though pitting did not occur. Moreover, it has 

been shown^ that in cases of lubrication, unless we deal with 

very high velocities, the deviation from the symmetric pressure 

distribution is small. 

The question arises if pitting starts after a given 

4 
amount of relative surface displacement has taken place. Hamilton 

showed in his experiments that the surface displacements do not 

attenuate with the number of cycles, but that they increase with 

a constant amount per loadcycle until failure occurs. 

*a chronological list of references has been given in the biblio¬ 
graphy following the appendices 
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1.2 Theoretical approach to the problem: 

A theoretical solution for a simplified model has been 

5 6 
given by Merwin and Johnson. They studied the case where a 

rigid cylinder rolls over an elastic - perfectly plastic semi-in¬ 

finite solid. Loads resulting in elastic stresses and strains 

exclusively, as well as loading conditions such tliat the material 

started yielding locally,were considered. 

Merwin and Johnson pointed out theoretically that a 

cumulative forward displacement of the surface layer is to be 

expected from the nature of the stress-strain cycle even under 

conditions of pure rolling with symmetric pressure distribution. 

The solution given by Merwin and Johnson is, even for the simpli¬ 

fied case, only an approximate solution. The assumptions upon 

which their theory is based, and its implications will be named 

and discussed in chapter II. The results obtained, however, were 

in reasonable agreement with the experimental work done by Hamilton. 

1.3 Object and scope: 

The purpose of this study was to investigate if the theory, 

as presented by Merwin and Johnson, could be used to establish cer¬ 

tain predictions for the life to failure of two identical steel 

disks rolling and pressed together with a force sufficiently large 

to cause yielding in the contact region. 

The relations for elastic and plastic deformation given by 

Merwin and Johnson were solved numerically. As the theoretical 

results for surface displacements and plastic work per loadcycle 



were to be extrapolated to cases where the material only after 

millions of passages of the load fails, high accuracy was required. 

The computations are carried out for several load factors.The theo¬ 

retical data are collected and presented in different ways following 

suggestions of other investigators of this problem. 

Experiments were necessary and a test program was started. 

The experimental rig and its performance are described later in this 

study. As not sufficient experimental data were obtained to establish 

the relations, it is only outlined how this could be done. 

Figure 1 shows the notation for the stresses and the posi¬ 

tive directions of the coordinate axes as they are used in the theo¬ 

retical analysis. 
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FIGURE 1 

NOTATION AND SIGN CONVENTION FOR RIGID CYLINDER 
ROLLING OVER SEMI-INFINITE SOLID 



II. THEORETICAL ANALYSIS 

II.1 The model, idealizations and assumptions: 

It has been noted in the introduction that Merwin and Johnson 

have established a theoretical solution for the problem where a rigid 

cylinder rolls over a semi-infinite solid. As the cylinder is considered 

to be infinite in length, the problem reduces to a plane strain problem. 

The material of the semi-infinite solid is assumed to be elastic - 

perfectly plastic, which implies that there is no work-hardening effect 

and the material is isotropic. It seems reasonable to compare this model 

with two rolling cylinders pressed together. The contact width will be 

small when compared with the diameter of the cylinder; the shape of the 

displacement function, in the vicinity of the contact zone, is the same 

for both cases. 

The theory for an elastic stress field is well established. 

An exact solution for the stress distribution under loads so high that 

the material locally starts yielding seems at the moment impossible. 

In order to find an approximate solution Merwin and Johnson assumed that 

the strains under plastic deformation remained identical with the elastic 

strain field. To account for this, we may say that for loads not highly 

in excess of the yieldlimit, the plastic zone will be small and completely 

enclosed by elastically-deformed material. Also, in the case of a rigid 

cylinder the strain field is the result of prescribed boundary displace¬ 

ments; the displacements are the same for a given contact width 

whether or not the material yields# For the case of two identical 

cylinders there will be a flat interface in both cases# 
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the elastic stress and strain equations: 

The solution of the elastic contact problem started with 

7 
the determination of the contact pressure distribution by Hertz. 

This type of pressure distribution is, in general, referred to as 

the Hertzian pressure distribution. Merwin and Johnson presented 

their solution by using the two complex potentials^ (z) and x(z), 
g 

where z=x+iy,introduced by Kolosov, who showed in his doctoral 

thesis -that for every two-dimensional problem in elasticity the 

stresses and displacements can be represented by these two complex 

quantities. The complex potentials are chosen such that, when the 

normal stresses respectively in horizontal and vertical direction 

are integrated, they correspond to a single concentrated compressive 

force per unit thickness. Obviously, this represents the Boussinesq 

solution. The displacements under this load can be found also. 

Assuming that the stress and strain field for the semi-infinite 

solid in contact with a rigid cylinder is a result of the surface 

displacements v(x) = A + Bx2 and using the vertical displacement 

from the Boussinesq solution as an influence coefficient, the com¬ 

plete stress and strain field can be found. 

For the general case of two cylinders pressed together 

6 8 
the ninYimum Hertzian contact pressure p0 is represented by: * 

P. 
2P (Hi + $2)- 

TT 21^2^r’P2^ 

where P i = ( 1-v-^) /G^ and (3 2= ( I-V2) /C»2» 

P = total compressive force / unit thickness 

G^'2 = the shearmoduli of the materials 1 and 2 

Rlt2 = the radii of the cylinders 

v-j^2 = Poisson’s constants 

(2-1) 
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The semi-contact width a is given by: 

2P R3.R2 ($1+3 2) 
a = (2-2) 

TT (R-^ + I^) 

The relation between p„ and a is obviously 

Po = 2P /TT a (2-3) 

For a simple representation of the elastic stress and dis¬ 

placement equations Merwin and Johnson made use of the following 

9 
parameters, introduced by Radzimovsky: 

U = \J( 1 - X2- Y2) + \/( 1 - X2- Y2)2 + kW/\f£ 

V = \J-( 1 - X2- Y2) + \j ( 1 - X2- Y2)2 + b Y2 /\/i 

where X = x/a and Y = y/a are dimensionless coordinates. The 

equations for the elastic stresses reduce then to: 

v\/i+v2' 
a x = - ~ f U . \/l+V2- 2Y + Y 

TT A L 

aY = “ I? f U • ^ 1+V2- Y 
U2+V2 

v Vi+v2 
U2+V2 

a z = - 2V££ [ U.\/l+V2- Y] 
TT a L 

Txy = + 2P X Y U / ( U2+V2)\/l+V2 

(2-5) 

na 

T =T = 0 for plane strain conditions, 
xz yz 

Introduce for convenience the mean normal stress and strain and the 

deviations: 

s = (ax-K7y+o-z) /3 , 

sx =ax- s 

e = (ex+ey+ez) /3 

e„ = e x - e , etc. 

while (2-6) 

Txy " Txy and yxy “Jxy 
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■In the elastic range the stresses are related with the strains 

through Hooke's law: 

sx = 2 G ex 

s = 2 G e 

4- 2 0.1 <2-?> 

T Xy = Gy Xy 

For an elastic stress field, the stresses and strains can be com¬ 

puted at each point independently from stress calculations at other 

points. Increasing the load will finally result in local yielding 

of the material. The Von Mises yield criterion'*'0 is one of the most 

suitable to describe material behavior. The Von Mises criterion 

states that the second invariant of the stresstensor, , can not 

exceed some limiting value. In the case of plane strain, the 

Von Mises yield condition reduces to: 

= ( By+s^+s^) /2 +tf„ £ k x y z xy (2-8) 

where k = yield stress in simple shear. The point where yielding 

first will occur lies on the axis of symmetry for y = 0.705 a. 

The maximum Hertzian pressure when yielding initiates is p0 = 3.10 k. 

The pressure is the elastic limit. 

II.3 Plastic relations: 

For loads above the yield limit, the stresses are no 

longer governed by the equations given in II.2, even though, for 

the plastically deformed region, a strain field identical with the 

elastic strain field is assumed. Hooke's stress-strain law is no 

longer valid and the stresses are bound not to exceed Von Mises 
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yield criterion. Instead of Hooke's law, the incremental relations 

presented by Prandtl-Reuss will be used. These relations are based 

upon Von Mises yield criterion, on the assumption of no permanent 

change in volume, on deformations within the limits of the small 

strain-deformation theory, and on the earlier assumptions that we 

deal with a elastic - perfectly plastic, isotropic material. The 

Prandtl-Reuss equations have the following form:^ 

ix = 2 G t lx- <* /2k2) .x] 
Sy = 2 G [ Sy (® /2k2) By) 

°BZ = 2 G { lz- (* /2k2) Bz] <2"9 

T - G {y - (ft /k2) T } 
xy 1 r xy v ' xyJ 

where 

= 6x«x+ syey+ Bz®z+TxyYxy 
(2-10) 

for plane strain. The relations apply as long as Jg = kc and W>0. 

In the elastic range, < an<^ ^or unloading from a state of 

stress at the yield limit, J2 = k2 and W<o» the equations are to 

be replaced by Hooke's law expressed in stress and strain rates: 

sx = 2 G ex , and so forth. (2-11) 

The dot over the quantities in the Prandtl-Reuss equations 

denotes the variation with respect to time. However, in the rolling 

problem dealt with, d/dt can be replaced by d/dx • dx/dt where 

dx/dt is the velocity of the surface layer. By substituting this in the 

equations, dx/dt can be eliminated and from here on the dot will 

denote variation with respect to x. It should be noted that the 
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Prandtl-Reuss equations can only be Integrated In the x-direction 

In this problem* Therefore, y is a constant for any particular 

integration* 

load from infinity, the elastic equations initially can be used to 

determine the stresses* If the load is high enough, we will reach 

the point where the material starts yielding* From then on we have 

to use the Prandtl-Reuss incremental relations. It is not possible 

to calculate the stresses at points in the plastic region separa¬ 

tely* Instead, we have to propagate the solution from the elastic- 

plastic boundary inwards* The stresses on the elastic-plastic bound 

ary are known* 

The strain rates, being governed by the elastic equations, 

can be computed throughout the whole region* Merwin and Johnson 

expressed the stress deviations in combinations of (ox-cry) and cr 

using the fact that in this case e = 0 and therefore a s v (cr +cr- 
m Z * J 

Differentiating these relations with respect to x and using Hooke's 

law gives for the strain rates, if vB 0.3 

II.4 The cycling problem* residual stresses: 

As the material of the semi-infinite solid approaches the 

ix = !S(-Di*D2/9 > 
h - | > 

*« * | ~(-SV2/9 ) 

(2-12) 

if 
Vl+y2 (p2.y2) 

(U2+y2) 

(2-13) 

I [p3( 1+V2)2 - 3 X2YV] 

VI+V
2 (u2+v2)3 

and 
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When integrating the Prandtl-Reuss equations in the x 

direction, and for a constant y value, a point will be reached 

where ft ^ 0, i.e. the end of the plastic region. In order to 

avoid a discontinuity in the stress distribution, the propagation 

is continued instead of returning to the elastic equations. When 

the integration reaches infinity, a state of residual stresses 

will be left. 

The question arises if this is a possible state of stress. 

As we deal with a plane strain problem the following stresses and 

strains have to be zeroi = T yZr= eZr = yyZr = y XZr = 0. 

Since the residual stresses can not be functions of x, a traction 

free surface after passage of the load eliminates the possibility 

of residual stresses cr^ and T Xyr»As infinite displacements are not 

possible,e-x - O.The only possible residual stresses, therefore are 

a and cr 
xr zr 

the only possible residual strains 

e yr 
and * 7 xyr 

The stress cycle, however, gives residual stresses c , cr , cr 
xr •>r zr 

and TXyr even for x approaching infinity, which does not satisfy 

the equilibrium requirements of a plane surface free from surface 

tractions. It is likely that the solution is incorrect as the 

stresses throughout the plastic region are calculated for a speci¬ 

fic y value and independent from the stresses at other levels. 

Merwin and Johnson found that it was possible to correct for this 

by permitting the strains to relax elastically at the end of the 

loading cycle until a = T = 0 using the fact that ^sO and that 
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*„• axI - v ffyr / 1 1_v) 

symmetry requires an e x=0. The final residual stresses are given by: 

(2- 

" «„=% - v0>r / < 
These quantities are added to the elastic stresses in a repeated 

stress cycle and cycling is continued until there is no further 

change in o-^ and crz^. This means that e^per pass equals zero. 

The value °f 7 Xyr /P
a88» associated with T^, however, will not 

approach to zero, but reach a constant value and contribute to a 

surface displacement each load cycle. The total surface displa¬ 

cement per pass can be found by integrating yxy over the depth of 

plastic deformation. 

Herwin and Johnson also proved that for loads which do 

not exceed the elastic limit by a large amount, the residual 

stress system builds up in such a way that the load will be 

accommodated fully elastically and no plastic deformation will 

take place. The load value up to which this occurs is called the 

shake-down limit and corresponds to a maximum Hertzian pressure 

of p0 s 4.00 k. 

Before starting the numerical solution of the equations, 

the significance of W, given in (2-10), should be pointed out. 

• 
W is composed of the terms representing the rate at which work 

is done in connection with the change of shapeHowever, during 

plastic deformation the recoverable elastic energy of distortion 

e 
will remain constant and thus W will correspond to the rate of 

0 

plastic work performed in cases where yielding occurs. W dx, 

14) 



integrated over the regions of plastic deformation represents the 

total amount of work performed along a specific y level after one 

passage of the load. 
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III. NUMERICAL SOLUTION 

III.l Introductory remarks: 

The equations governing the stresses in both the elastic 

as well as in the plastic region are given in chapter II. In this 

chapter it will be shown how these equations are evaluated in the 

region under the load. The results presented by Merwin and Johnson 

were computed using a coarse starting procedure and for only a few 

cycles of loading. Even though a computer was used for the numeri¬ 

cal integration of the Prandtl-Reuss equations, most of the inter¬ 

mediate computations were done by hand. For this study, a more 

accurate program has been set up. A load value and geometric param¬ 

eters of the region to be investigated are the only basic input 

quantities required for the calculations of a complete stress field 

up till a steady state is reached. The solution of the stresses in 

the plastic zone depends entirely on the values at the boundaries 

between elastic and plastic regions. The more accurately the bound¬ 

ary points are found, the closer the Von Mises yield condition will 

be approached. It was felt, therefore, that it was worthwhile to 

establish these points with high accuracy even though it would slow 

down the speed of processing. As the recycling after a load passage 

was done automatically, repeated cycles per y level could be run 

quite easily. This more precise analysis showed discrepancies with 

some of the results obtained by Merwin and Johnson. 

The computations were carried out for several load factors. 
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The load factor used is a dimensionless parameter which is the 

ratio of the fictitious maximum Hertzian pressure, pOJ correspond¬ 

ing to a contact width and the yield limit in simple shear, k, for 

a material. A higher value of p0/ k, or a lower value of k/p0, 

corresponds, therefore, to a more severe plastic deformation. In 

paragraph II.4, it is mentioned that the system shakes down to an 

elastic system for load factors p„/k ^ 4.00. They are, for this 

study, of no interest as no continuous plastic deformation will 

take place. 

All quantities have been entered into the computations 

in dimensionless form. The coordinates are made non-dimensional 

in terms of the semi-contact width a ; this gives X = x/a and 

Y = y/a. If we compare the second invariant of the stress devi¬ 

ation in the Von Mises yield criterion with k/p0 instead of with 

k, then the stress values have to be divided by p„ also. Using 

equation (2-3) in (2-5) and dividing both sides by pc gives dimen¬ 

sionless stress quantities, expressed in Radzimovsky' s parameters 

and the coordinates X and Y. The strain rates given in (2-12) are 

divided by p„ and multiplied by G, the shear modulus. It is then 

clear that also in the Prandtl-Reuss equations, (2-9) all quanti¬ 

ties are dimensionless. 

As it is not possible to integrate the Prandtl-Reuss 

equations in the y direction, the solid is divided in a variable 

number of y levels along which the integration in x direction is 

performed. In none of the cases investigated, plastic deformation 
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occured below Y = y/a = 2.50 in the steady state. It is impractical 

and for this study uninteresting to compute the stresses along a 

specific y level for x values ranging from minus infinity to plus 

infinity. Therefore, we limit our stress field to x values such 

that the region of plastic deformation falls entirely inside these 

limits and does this preferably from the first cycle on. Although 

not necessary for all load factors considered, the stresses are 

evaluated between X = x/a = -4.00 and X = +4.00. As the computations 

are started at the lower X value, the residual stresses have to be 

evaluated at the higher X limit instead of at infinity. This is 

allowable, as the stresses relax to both sides elastically in the 

same proportion and the values of the residuals will be the same, 

here and at infinity. The values of the stresses and additional 

quantities are printed every 0.2 and at the elastic-plastic bound¬ 

ary points. 

The behaviour for most levels is similar. It might happen, 

close to the surface and at deep levels that the load is accomodated 

fully elastic during the first loading cycle. There will be no 

residual stresses and, obviously, one cycle is sufficient. On other 

levels, the residual stress system will build up in such a fashion 

that the load is accomodated elastically only after several passages 

of the load. Under conditions of more severe plastic straining there 

will remain a plastic section, though it may fall apart in two re¬ 

gions on either side of the axis of symmetry. 

The computations were performed using an IBM 7040 computer. 
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However, special features available when using the Fortran IV 

language were not used as it was desired that the program could 

be checked with a minimum of changes on an IBM 1620 computer. The 

IBM 7040 computer required 9 seconds to do the calculations for 

one cycle on an average Y level. For the same computations the 

IBM 1620 needed roughly 30 minutes. 

The processing along a typical Y level is described in 

the next article. A copy of the actual program is added as 

appendix A. The block diagram in figure 2 illustrates the proc¬ 

essing along any Y level. 

III.2 The procedure along a typical Y level: 

In this section will be outlined how the calculations 

along a Y level have been carried out. A block diagram showing 

this process is presented in figure 2. Primary input quantities 

are the load factor k/pc and the initial Y level. Additional in¬ 

formation consists of limit numbers, added to discontinue inter¬ 

polation processes which are too slow in convergence, a final Y 

level, and a stepsize in order to direct the computer to the 

following level until the end value for Y has been reached. 

The stresses are first calculated at the lowest X value 

on the basis of the elastic equations. These equations are in a 

subroutine called "-Stress”. Subroutine Stress will call for sub¬ 

routine "Help" in which Radzimovsky's parameters and combinations 

from them are computed. After adding the residual normal stresses 

in the X and Z directions (zero, for the first cycle) to the cal- 
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culated stresses, the term RJ ='/jg/Po will be evaluated through 

subroutine Stress. In the main program RJ is then compared with 

the load factor k/p0. RJ<k/p0 shows that the point under consider¬ 

ation has elastic stress conditions. The values for the stresses 

and some other quantities are printed, X incremented by 0.2 and 

the elastic stress computations repeated. This procedure is con¬ 

tinued until RJ a k/p0• 

For an RJ^k/p„, the yield limit has been reached or 

exceeded and the material will start to deform plastically. 

RJ>k/pe, at a point, means that this point lies in the plastic 

region and a intermediate value for X, at which RJ = k/p0, has 

to be established. The values of RJ and X where RJ>k/p0 are 

stored. A new RJ is computed for an X value backwards and both 

of these values are also stored. Linear interpolation gives an 

X value with an RJ, in general, k/p0. Choosing one of the 

previously stored sets of values, another linear interpolation 

is performed, and so forth, until RJ = k/pc. Several safety fea¬ 

tures against instability and a too slow.converging of the process 

have been brought into the program. The accuracy for obtaining 

RJ = k/p0 at the boundary point is within .000001 of the correct 

value. From the boundary on, we have to integrate the Prandtl-Reuss 

equations in order to determine the stress values as is explained 

in chapter II.4. 

The integration is performed using an improved version of 

the Runga-Kutta fourth order method. The variation and improvement 
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11 12 
is due to Gill. ’ The Runge-Kutta method is designed to approx¬ 

imate the Taylor series without evaluating derivatives higher than 

the first one. However, to obtain agreement with the Taylor series 

h / 
up to the terms of order h (h denotes the increment in the inde¬ 

pendent variable from one point to the next point considered) four 

evaluations of the first derivative are required. Though this makes 

the method slow, an advantage is that the method is "self starting", 

i.e. to obtain the functional values at a point the functional val¬ 

ues at the previous point are sufficient. Another advantage is that 

the increment can be changed easily. Gill changed Kutta’s procedure 

by imposing an additional requirement to reduce the number of stor¬ 

age registers. By introducing new quantities he brought the equa¬ 

tions in a simpler form. Moreover he enlarged the accuracy by correc¬ 

ting in each step for round-off errors in the previous step. His 

scheme is followed in constructing the subroutine "Runge". A clear 

12 
explanation, illustrated by a block diagram can be found in. 

Using the computed stress values at the boundary as initial 

conditions, the Prandtl-Reuss relations can now be integrated. A 

stepsize equal to 0.05 will require four integrations before the 

next mesh point is reached. The smaller step will result in higher 

accuracy. However, the boundary point lies, in general, in between 

two points spaced at 0.2. A special increment is used up to the next 

multiple of 0.2. The Runge subroutine evaluates, next to the stresses, 

O 

also the quantities W, related with W from the theory, and RJ after 

each integration using the temporary stress and strain values. The 
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values for the strain rates are obtained via the subroutine 

•'Strain" in which the calculations are performed for the dimen¬ 

sionless form of equations (2-12). It is necessary to store the 

quantities obtained via the Runge subroutine* After each integra¬ 

tion, W is checked to see if it is still larger than zero. If 

this is true, the integration is continued, and the increment in 

plastic work added to the prior sum. For a W smaller than zero, 

the stored values for the last point where W was larger than ze¬ 

ro are used for a new interpolation to establish the point having 

a W = 0. This point determines the boundary leaving the plastically 

deformed zone and entering the elastic region. A different, though 

also linear, interpolation technique is used. After finding the 

first intermediate X value, the W at that point is evaluated. The 

next interpolation will be between the two points having W's with 

opposite sign, and so forth. This process is continued until the 

deviation for W from zero is equal to or less than .000001. The 

interpolation process is extremely slow as after each interpolation 

the equations are evaluated for a new increment via the Runge sub¬ 

routine. If W is set equal to zero in the Prandtl-Reuss equations, 

these equations can be used in the elastic region. This means that 

the equations (2-11) are integrated. When RJ is again greater than 

or equal to k/p0, W will again be positive and a new plastic region 

has been entered. The interpolation technique used for entering 

this second plastic region is the same as the one used when leaving 

the first plastic region. The accuracy imposed is here only .0001. 
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From here on, the appropriate steps will be done automatically as 

both leaving and entering procedures of plastic regions during the 

propagation have been encountered. 

Throughout the whole procedure each new X value is compared 

with the limit value X = 4.00. When X reaches this limit, the program 

will call for the subroutine "Kesid" in which the modified equations 

(2-1*0 are housed. The computed values for the residual stresses are 

printed next to the computed value for the residual shear strain 

increment,y Xy, and the summation of the W's, representing the amount 

of plastic work performed during this cycle. The values of the resid¬ 

ual stresses are compared with those from the previous cycle (with 

zero at the end of the first cycle). If the change in the residuals 

is small enough,.0001, the cycling is discontinued. If not, the 

program returns to the starting X value and another cycle is run 

using the new values of the residual stresses. As it is possible 

that the convergence to a steady state goes extremely slowly, the 

number of cycles per Y level is limited to ten cycles. In most cases 

less than ten cycles were sufficient to attain the steady state. If 

there are additional Y levels either for the same or for another load 

factor, the calculations will be continued. Otherwise the computer 

will stop. 

IIIo3 Computer results: 

According to the scheme outlined before, the computations 

have been carried out for the following load factors: 

p0/k = 5.560, 5.265, 5.000, 4.765, 4.550, 4.350 and 4.260 



- 23 - 

A sample run showing the calculations for the load value 

p0/k = 5.00 along the Y level y/a = .500 is added as appendix B. 

Nine cycles were sufficient to build up a residual stress system 

such that the change per cycle was smaller than the given value 

for accuracy and, therefore, the steady state was attained. The 

values for the stresses, crx, o-y, a z and T Xy, are plotted respec¬ 

tively in the figures 3 >4,5 and 6. These figures show the final 

values and also the values for the first two cycles; they give a 

good insight into the way the steady state is approached. Note 

that the values for TXy are hardly influenced by the cycling 

process. 

For three load values, respectively pc/k = 5*560, 5»000 

and 4.260, the regions where RJ equals the limit value k/p0 are 

shown in the figures 7*8 and 9, A dotted line marks the equiva¬ 

lent region for the first loading cycle to show the change in 

shape due to the cycling process. 

For all load factors, the values for the residual shear 

strain increment and the plastic work performed on the different 

Y levels are collected and plotted in the figures 10 and 11. It 

should be noted that the depth is indicated in terms of the semi¬ 

contact width, a, which is, of course, a function of the load 

factor. Therefore, the relative positions of the curves are dif¬ 

ferent than they would be if the vertical scale was related to 

some fixed dimension. 

The summation of the residual shear strain over the 
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thickness of the deformed layer will equal the total surface dis¬ 

placement per loading cycle. This is a constant value in the steady 

state cycling process. The surface displacement,8 , is plotted in 

dimensionless form versus the load factor, for the various cases 

considered, in figure 12. Figure 13 shows the variation of the total 

amount of work per load cycle with the change in load factor. 
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READ LOADFACTOR k/p 
READ Y-LEVEL 

I 
SET RESIDUALS = 0| 
FOR FIRST CYCLE 

ss means special 
stepsize 

NOTE: subr RUNGE setej 
W=0 if such is 
required 

*1START AT X VALUE 
IN ELASTIC REGIO 3 

"CALCULATE STRESSES ONT 
THE BASIS OF ELASTIC 
EQTNS, ADD RESIDUAL 
STRESSES, COMPUTE RJ 

I 
<IF RJ-k/Po> INTERPOLATE 

TO RJ = k/p. 

PRINT & 
INCREASE X 
WITH 0.2 IT 

Hx < LIMI!f I 

mm 

yes no 

ss Jr" 
il^ROPAGATE SOLUTION BY 
INTEGRATING PR.-REUSS 
EQTNS USING R-K-G 
PROCEDURE. STEP=0.05 

I 
IF IN PLASTIC 

REGION 

INTERPOLATE 
TO W = 0 

i 

HF IN ELASTICI 

.-BffflQK  

yes 
lx* LIMITf 

no 
FEIHFETERY 
FOUR STEPS 

I 

ss 

COMPUTE 

-StADD TO 

WORK 

INCR IN 
PLASTIC 

yes 

PRINT EVERY 
FOUR STEPS 

-lx < LIMIT I 
|no 

■/TF~Rjlk/n~V» INTERPOLATE 
>IF RJ^k/P°X-*TTO RJ = k/p. 

ss 

CALCULATE RESIDUAL   / SUBR 
STRESSES  I ~ VRESID 

I 
CYCLE FULLY 
ELASTIC, GO 
TO NEXT Y- 
LEVEL OR STOFI 

PRINT RESIDUAL STRESSES 
PLASTIC WORK THIS CYCLE 
COMPUTE & PRINT SHEAR 
STRAIN INCREMENT 

IF CHANGE IN RESIDUALS< SET VALUE 
DR IF LIMIT NUMBER OF CYCLES IS 

no REACHED yes 

GO TO NEXT Y- 
LEVEL OR STOP 

FIGURE 2 
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FIGURE 10 

RESIDUAL SHEAR STRAIN INCREMENT FOR THE VARIOUS 
LOAD FACTORS 
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—-tvk 
FIGURE 12 

SURFACE DISPLACEMENT PER CYCLE IN THE STEADY STATE VERSUS 
LOAD FACTOR 
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FIGURE 13 

PLASTIC WORK PER PASS IN THE STEADY STATE VERSUS LOAD FACTOR 



IV. EXPERIMENTAL PART 

IV.1 The testing machine: 

The testing machine used was designed to test two identical 

metal disks simultaneously. The disks have a diameter of 3 inches 

and a width of 7/8 inch. The disks are pressed on to shafts and these 

are, mounted in combined needle-ball bearings, attached to the frame. 

Each shaft is connected with a counter to measure revolutions. The 

rig is constructed such that there is easy access to the disks at 

all times. 

Part of the frame, holding one shaft, can rotate and is 

connected with a lever. By putting weights on the free end of the 

lever arm, the disks are pressed together. The ratio between the load 

at the free end of the lever and the total force on the disks is 1:14. 

A spring is added in between the weight and the lever to avoid impact 

forces on the disks. However, a constant uniform pressure on the 

disks can still not be expected. The load can be taken off by means 

of a screw arrangement. This is essential in the beginning of the 

fatigue process during periods in which the rotating is interrupted. 

The unstrained and not work-hardened material is then not able to 

carry the static load without deformation and a flat interface will 

make further testing useless. 

There is no arrangement for continuous lubricating of the 

disk surfaces. This was done intermittently. 



Only one shaft is connected with a motor unit with speed 

control. All tests were performed with the same speed. The possi¬ 

bility of varying the speed was only used for starting and stopping 

the rig in order to avoid slip when the load was taken gradually off 

the disks. The fact that only one of the shafts is driven will intro¬ 

duce small tangential forces on the disk surfaces. They tend to re¬ 

tard the flow in the driver disk and increase the flow in the driven 

disk. Pitting of the surface will therefore, in general, first occur 

in the driven disk. From the point of eliminating tangential forces, 

it seems advisable to drive both shafts. In the case of two disks of 

equal diameter, points on one disk will meet after each revolution 

L 
the same points on the other disk. Experiments performed by Hamilton 

showed that in that case the surfaces of the disks started to corru¬ 

gate and to such an extent that it could over-shadow the phenomenon 

of surface flow. 

The testing machine is a simple, compact, easily movable 

unit and being constructed after an English prototype, reasonable 

performance was expected. Figure 14 gives a photograph showing the 

complete unit. The assembly of disks, shafts and so forth is shown 

in figure 15. 

IV.2 Test performances: 

After the testing rig was constructed, a preliminary set 

of disks was tested. As specified before, the disks were 3 inches 

in diameter and 7/8 inch wide. All tested disks were cut from the 

same steel bar. The steel was a low carbon steel, cold finish, C 1018. 
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A stress-strain diagram for this steel is added as appendix C. It 

is based on simple tension tests performed on three standardised 

specimens, having a .505 inch diameter in the reduced section. The 

steel showed no clear yield point. 

For this first set of disks, the load on the lever was 

250 pounds, resulting in forces on the disks corresponding with a 

fictitious maximum Hertzian pressure p0 = I67OOO psi. This load was 

considered to be high enough to cause continuous yielding in the 

material. The disks had to be removed before failure of the sur¬ 

face occurred, as the needle bearings were not able to carry the 

load. In order to reduce the load on the bearings while still 

obtaining stresses in the disks above the shakedown limit, the 

width of the disks was reduced to 5/8 inch. Several sets of disks 

were tested since then with loads from 170 pounds on the lever and 

higher. 

In addition to continued trouble with the bearings, there 

were other circumstances that led to prematurely interrupting the 

tests. In the disks a pin was inserted in the radial direction. 

The intention was to section the disks after failure; the inserted 

pin would 6how the relative movement of the elastic outer layer. 

However, one disk started pitting at the spot where this pin was 

inserted so severely that the rig started jolting and the disks 

had to be removed. 

Additional complications appeared in the form of heavy 

wear on the shafts and the related spacers and nuts. They are now 



replaced by case-hardened specimens, with hardnesses up till 

64 Rockwell C scale. The extra wear on both bearings and shafts 

is partly due to aberrations in the construction of the testing 

rig. Spacers larger than designed and wrong tolerances introduced 

extra bending moments and forces. Moreover the influence from the 

variable forces, originating from movements of the lever arm and 

from the vee-belt connecting the motor with the shaft, seems to be 

larger than expected. It is advisable to bring first some changes 

in the rig before restarting the experiments. Direct transmission 

between motor and shaft will reduce the impact forces due to the 

vee-belt. Before starting a test the bearings were packed with 

high-velocity grease. It might be helpful to add a lubricating 

system to supply the bearings during the test continuously with oil. 

Only two experiments were performed with success. The data 

are given below: 

load 
in 

on lever 
pounds 

rpm number of 
revolutions 

number of 
pits 

190 500 7 206 000 2 

230 500 1 970 000 4 

Criterion for discontinuing the process was heavily bumping of the 

testing machine due to the pitting. It should be noted that all pits 

in the second test showed up on the driver disk. Figure 16 shows the 

first failed disk. 

IV.3 Discrepancies between tests and theory: 

Before comparing any results from the theoretical calcula¬ 

tions with testing results, it should be realised that the theory 
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is based on idealizations that can not be obtained in experimental 

work. The theory is based on a model having plane strain conditions 

resulting in forward flow exclusively. In the experiments, however, 

for disks having only a 5/8 inch width, there is in addition to 

forward flow, also sideward flow of the surface material. This can 

be clearly seen on the photograph, figure 16. As the edges of the 

disks are not restrained from movement, there will be no uniform 

pressure across the surface. 

It is difficult to derive from the load on the lever the 

load factor p0/k used in the theory. The yield value in simple 

shear, k, for a material will be influenced by work hardening 

through the plastic straining and can not be determined from a 

simple tension test on unstrained material. The value p0 can not 

be found by using Hertz's expression as his derivation was based 

on elastic conditions. The higher the load the more the maximum 

pressure will deviate from the Hertzian pressure. An extra compli¬ 

cation gives the unknown variation in p0 across the width. It would 

be very helpful to have a technique to measure the contact width 

during plastic rolling conditions as p0 can be derived from a, 

knowing the total load value. In the theory a symmetric pressure 

distribution is assumed. In reality, there will be a small devia¬ 

tion from this pressure distribution due to hydrodynamic effects 

and the necessity to have non-symmetric distribution if energy is 

being dissipated. 

Finally, before any comparison is allowable, sufficient 

experimental data should be obtained. 
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FIGURE 14 

ROLLING CONTACT FATIGUE TESTING MACHINE 
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FIGURE 15 

TESTING MACHINE - DETAIL, SHOWING 
THE TEST SPECIMENS IN POSITION 
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FIGURE 16 

TESTED DISK SHOWING SURFACE 
FAILURE 
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V. INTERPRETATION OF THEORETICAL AND 

EXPERIMENTAL RESULTS 

One may ask how the results from the numerical calculations 

can serve the purpose of establishing certain predictions for the fall 

ure of disks in rolling contact. As is mentioned before, the residual 

shear strain, Yxy« is responsible for the plastic deformation in the 

forward direction. The outer surface layer moves relatively with re¬ 

spect to the elastic innerbody over a band of plastically deformed 

material. The theoretical values for the quantities related with this 

deformation, i.e. surface displacement and work performed, are shown 

as a function of the load factor in the figures 12 and 13. 

Johnson and Jefferis1^ suggested employing an empirical law, 

14 
established by Palmgren and supported by others, for roller bearings 

Palmgren's law states that the number of cycles to failure, Nf, is 

proportional to a simple power function of the load: 

Nf ~~ (poA)
6 (5-D 

where peA represents the load factor as defined before and s is a 

constant, approximately -6. On a logarithmic plot of p0A versus Nf, 

this gives a slope of -1/6. If the two experimental points found, 

(see IV.2), were plotted against life to failure and again on a loga¬ 

rithm^ plot, the slope would be-1:6.7 if the load values where used. 

As the fictitious maximum Hertzian pressure, p0, is proportional 

with P, the slope for plotted values of p0A will be-l:13»4. However 

it is dangerous to base a curve on only two experimental points. 

Four possibilities of failure, which come to mind, are related 
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to the average shear strain, the maximum value of the shear strain, 

the range of plastic shear strain and the average plastic work. 

Although in the theoretical problem, an infinite number of load 

passages is possible and will result in infinite surface displace¬ 

ments, in a real material the surface movement can not continue 

indefinitely. After reaching some limit the material will fail; 

cracks will occur in the plastically deformed region, and flakes 

of material will come off. The following discussion is based on 

the assumption that this limit value is a fixed quantity and inde¬ 

pendent of the load factor. 

Taking the average shear strain as criterion and using 

the assumption that the limit on the material is fixed, failure 

might be expressed as: 

Nf o 6/h = constant (5-2) 

where 6 represents the total surface displacement per load cycle 

and h is the thickness of the plastically deformed layer in the 

steady state and can be obtained from figure 10 or 11; 6/h repre¬ 

sents the average shear strain per cycle. Life is, therefore, 

proportional to h/S. The logarithms of the values for h/6 are 

plotted versus p0/k in figure 17* 

In a similar fashion, the life would be proportional to 

Wmax* An argument for taking the maximum shear strain as failure 

criterion is that the limit on the material will be reached first 

on the level where •ymax occurs. This level is in all cases roughly 

0.5 a below the surface, where a is a function of p0/k. Figure 18 
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shows a logarithmic plot for p„/k versus l/fatax* 

The idea of relating life with the plastic strain range, 

15 
originates from work done by Coffin . Coffin performed tests on 

longitudinal test specimens subjecting them to cyclic plastic 

straining of the push-pull type. He found that failure resulting 

from this type of straining could be represented by: 

A e = constant (5-3) 

where Aep represents the plastic strain range; the constant is 

related to the fracture ductility in a simple tension test. Coffin 

found agreement with his experiments for cases with up to 10^ cycles 

of straining. In order to adapt Coffin's law to the form in which 

6/h and yttax are expressed (5-3) becomes: 

2 
Nf • ( Tpr^ = constant (5-4) 

where ypr represents the range of the plastic shear strain. Life 

2 
will, therefore, be proportional to l/(yPr) • Since the actual 

straining is a complex cycle it i6 felt thatypr should be computed 

on the basis of the octahedral shear strain. At any level, the maxi¬ 

mum octahedral strain is on the center line and monotonically de¬ 

creases to each side. Therefore to obtain the maximum range in the 

plastic octahedral strain, it is necessary to compute the difference 

in the strain at the plastic point closest to the center line and at 

the elastic - plastic boundary farthest from the center line at each 

level, though both points have to belong to the same plastic region, 

and to determine at which level the maximum range occurs. 
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Figure 19 shows p„/k as function of l/(Tpr) on logarithmic scale* 

Finally, life to failure is set inversely proportional to 

the average amount of work performed per cycle. Figure 20 shows the 

logarithmic plot of p„/k versus average work. 

Comparing the figures 17,18,19 and 20 shows the same tendency. 

In none of the cases, is there a linear relation as should be expected 

from Palmgrenfs law where s could be an arbitrary coefficient. In all 

figures, both the slope of -1/6, from Palmgren, as well as the slope 

of -1/13.4, based on the two experimental points, are shown for refer¬ 

ence. It has to be noted that the two lines are not positioned but 

are there only for easy comparison of the slopes. So far, it can be 

said that points having a higher load factor give a slope closer to 

Palmgren’s value, for lower load factors there is better agreement 

with the slope established with the rolling disk experiments. On all 

plots, the curves approach the load factor p0/k = 4.00 asymptotically. 

On the shakedown limit there will be no steady state plastic defor¬ 

mation and all quantities considered will have infinite values for 

that c.ase 
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VI, CONCLUSIONS 

In this study, the problem of failure for materials in 

rolling contact has been investigated both theoretically and ex¬ 

perimentally. Using the theory from Merwin and Johnson, suffi¬ 

cient numerical data were obtained to show how different quanti¬ 

ties, which might be critical in relation with failure, change 

under variation of the load. 

The use of Palmgen's experimental law for roller bearings 

does not give good agreement with the theoretical results. 

The experimental work was set up such that it could be 

related with the theoretical model. Not sufficient data were obtained 

to establish any predictions from these. It is most important to run 

more experiments. Where possible, unknown quantities influencing the 

process should be eliminated. A way should be found to determine the 

yield value for a material such that it will be compatable to use it 

for plastically deformed material. Finally, it is very important to 

determine the contact width under rolling conditions. As both theory 

and experiments show the same tendency, the investigation should be 

continued. 
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APPENDIX A 

COMPUTER PROGRAM 



Ft BERWEC ROLCYL 
ISN SUURCt STATCMHNT 

FORTRAN SOURCe LIST MAIN 

C ELASTIC-PLASTIC ROLLING CYLINDER 
1 DIMENSION A(A),B(A),C(A),AY(5),BY(5),A0(5),AK(5),DE(5) 
2 COMMON A,B,C,AY,AQ,AK,DE,X,Y,UtV,UU,VV,RV,U2V2,KJ,W,SW, YIELD, XX, 

1YY,ZZ,XY,XXR,7ZR,GR,RH,S,LJ,LM,YINT 

6 171 FORMAT!IX,IS,15) 
7 172 READ (5,173) Y,YI ELD,YEND,YI NT 

10 173 FORMAT!IX,AF7.A) 
II IF!YIELD-.10)19,19,l7A 
12 17A N=1 
13 XXR=0. 
1A Z ZR = 0. 
15 100 WRITE (6,81) 
16 81 FORMA I ( IHi,A5HELASTIC-PLASTIC 1 
17 WRITE (6,82) N,Y,YIELD 
20 82 FORMAT (IX,3HN =I2,AX,3HY = F6.3 
21 WRITE (6,83) XXR,Z ZR 
22 83 FORMAT! 1X,17HRE SI DUAL STRESSES, 
23 W = 0.0 
2 A SW = 0.0 
25 GR = 0.0 
26 L I =0 
27 L J = 0 
30 LK = 0 
31 LM = 0 
32 M = 0 
33 DO 13 1=1,5 
3A 13 ACM I ) =0. 
36 X = -A•0 
37 WRITE (6,8A) 
AO 8A FORMAT (IX,1HX,10X,2HXX,8X,2HYY 

19X,?HSW) 
Al 1 CALL STRES 
A2 IF(RJ-YIELD)2,8,3 
A3 2 WRITE (6,85) X,XX,YY,ZZ,XY,RJ»W 
AA 85 FORMAT(iX,F7.A,7FiO.A) 
A5 IF(X-A.)25,26,26 
A6 25 X = X+0.2 
A7 GO TO 1 
50 26 WRITE (6,83) XXR,Z ZR 
51 WRITE (6,87) GR 
52 WRITE (6,88) SW 
53 GO TO 17 
5A 3 XEVEN = X 
55 RJ1 = RJ 
56 XI = X 
57 32 X2 = Xi-0.10 
60 X = X2 
61 K = 0 
62 A CALL STRES 
63 K = K+1 
6 A IF(K-KK)A5,AA,AA 
65 AA SPEC = (Xi-X2)*(RJ1—YIELD)/(RJ1- 
66 RH = SPEC/A. 
67 GO TO 9 

STRESSES * ) 
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FEBtRWEE ROLCYL FORTRAN SOURCE LIST MAIN 
ISN SOURCE STATEMENT 

70 45 RJ2 = RJ 
71 X2 = X 
72 IF(ABS(RJ2-YI ELD)-0.000001)7,7,5 
73 5 IF(RJ2-RJ1 ) 31,30,31 
74 30 XI = X2 
75 RJ1 = RJ 2 
76 GO TO 32 
77 31 X = (Xi*(RJ2-YIELD)+X2*(YIELD-RJl))/(RJ?-RJl) 

100 IF{X1+X2-2.*X)6,4,4 
101 6 XI = X2 
102 RJl = RJ 2 
103 GO TO 4 
104 7 IF(XEVEN-X)444,8,445 
105 444 X1 = X EVEN-O.10 
106 GO TO 32 
107 445 RH = {XEVEN-X)/4. 
110 GO TO 9 
111 8 RH = 0*05 
112 9 CALL DSTRN 
113 W = AY(2)*DE(2)+AY(3)*DE(3H-AY(4)*0E(4)+AY(5)*DE(5)*; 
114 23 WRITE (6,85) X,XX,YY,ZZ,XY,RJ,W,SW 
115 DO 21 INDEX = 1,4 
116 RHS = RH 
117 XB1 = X 
120 WB 1 = W 
121 RJB1=R J 
122 DO 50 1=2,5 
123 50 BY(I)=AY(I) 
125 51 CALL RUNGE 
126 IF(M-MM)151,151,152 
127 151 IF(ABS(W)-.00000i)74,74,52 
130 52 IF(W)57,74,53 
131 53 IF(LJ)54,54,63 
132 54 I F(L I ) 56,56,55 
133 55 VAL 3 = W 
134 GO TO 71 
135 56 SW=SW+RH*(W+WBl)/2. 
136 GO TO 21 
137 57 IF(LM)59,59,58 
140 58 L J = 0 
141 LK = 0 
142 LM=0 
143 GO TO 62 
144 59 IF(LK)60,60,19 
145 60 IF(LJ)62,62,61 
146 61 W=0 . 
147 GO TO 21 
150 62 L I = 1 
151 VAL1=WB1 
152 VAL2=W 
153 GO TO 69 
154 63 IF(L M)64,64,56 
155 64 IF(ABS(RJ-YIELD)-.0001)75,75,65 
156 65 IF(RJ-YIELD)66,75,68 
157 66 IF(LK)67,67,70 
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ROLCYL FORTRAN SOURCE LIST MAIN 
ISN SOURCE STATEMENT 

160 67 W=0. 
161 GO TO 21 
162 68 LK = 1 
163 VAL1=(RJB1-YIELD) 
164 VAL2=(RJ-YIELD) 
165 69 XB2= X 
166 RH=(XBl-XB2)/(VAL2/VAL1-1.) 
167 GO TO 7? 
170 70 VAL3=(RJ-YIFLD) 
171 71 RHN=(X-XB2)/(VAL2/VAL3-1.) 
172 RH=RH+RHN 
173 72 X=XB1 
174 M = M +1 
175 IF(LJ)78,78,77 
176 77 WB1=0* 
177 78 W=WB 1 
200 DO 79 1=2,5 
201 79 AY(I)=BY( I ) 
203 GO TO 51 
204 152 IF(LJ)76,76,75 
205 74 IF(LJ)76,76,64 
206 75 LM= 1 
207 76 L J = 1 
210 M = 0 
211 WRITE (6,85) X,XX,YY,ZZ,XY,RJ,W,SW 
212 RH=RHS-RH 
213 CALL RUNGE 
214 IF(W)333,334,334 
215 333 W = 0. 
216 334 RH=RHS 
217 21 CONTINUE 
221 IF(X-4.)20,14,14 
222 20 RH=0•05 
223 GO TO 23 
224 14 XXRT = XXR 
225 ZZRT = ZZR 
226 CALL RESID 
227 WRITE (6,83) XXR,ZZR 
230 WRITE (6,87) GR 
231 87 FORMAT(IX,33HRESIDUAL SHEAR STRAIN INCREMENT =F11.8) 
232 WRITE (6,88) SW 
233 88 FORMAT ( IX, 3 3H PLASTIC WORK THIS PASS =F11*8) 
234 IF(K-KK)47,46,46 
235 46 WRITE (6,201) K,X1,X2,RJ1,RJ2 
236 201 FORMAT(1H1,29HC0ARSE INTERPOLATION USED F0R/iX,3HK =14,IX 

14HX1 =F7.4,IX,4HX2 =F7.4,IX,5HRJ1 = F11.8,1X *5HRJ2 =F11,8) 
237 47 IF(ABS(XXRT-XXR)^ABS(ZZRT-ZZR)-0.0002) 17,17,15 
240 15 IF(N-IO)16,17,17 
241 16 N = N+l 
242 GO TO 100 
243 17 IF(Y-YEND+0.0001)18,172,172 
244 18 Y=Y + YIN T 
245 GO TO 174 
246 19 STOP 
247 END 
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ROLCYL FORTRAN SUURCE LIST STRES 
ISN SOURCE STATEMENT 

C CALCULATION OF ELASTIC STRESSES 
1 SUBROUTINE STRES 
2 DIMENSION A(4),B(4),CI A)«AY(5).AQ(51,AK(5),DEI 5> 
3 COMMON A,B,C,AY,AQ,AK,DE,X,Y,U,V,UU,VV,RV,U2V?,RJ,W,SW,YIELD,XX, 

IYY,ZZ,XY,XXR,ZZR,GR,RH,S 
4 CALL HELP 
5 XX =-(U»RV-2.*Y*Y*V»RV/U2V2)+XXR 
6 YY = -IU«RV-Y*V*RV/U2V2) 
7 ZZ = -0.6»(U*RV-Y)+ZZR 

10 XY = X#Y*U/CRV»U2V2J 
ii S = ( XX+YY+ZZ)/3* 
12 AYC 2) * xx-s 
13 AY( 3) a YY-S 
14 AY C 4) = zz-s 
15 AYC 5) = XY 
16 RJ = SQRTlCAYC2J**2+AYC3J**?+AYC4?**2)/2.+AYC5>**2) 
n RETURN 
20 END 
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l 
2 
3 

4 
5 
6 
7 

10 
11 
12 
13 
14 
15 
16 
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ROLCYL FORTRAN SOURCE LIST HELP 
SOURCE STATEMENT 

C CALCULATION OF USEFUL PARAMETERS 
SUBROUTINE HELP 
DIMENSION A(4),BI4»,Cf4J,AY(5)fAQ(51,AK(5)»DE(5I 
COMMON AfBfCiAY»AQfAK»DE»XfY,U1VfUUfV¥»RV,U2¥2,RJfW,SW»YIELD,XX, 

1YY,£Z,XYfXXR,Z2R,GR,RH,S 
AA=1.-X*X-Y*Y 
BB * SQRTIAA*AA*4.*Y«Y) 
UU=(BB+AA)/?• 
VV=(BB-AAI/2. 
U = SQRTIUU) 
Y = SORT(YY J 
RV = SORT(1•+VV) 
U2V2=UU+VV 
S= 12.6*« Y-U*RVI/3»*M XXR+2ZR)/3.} 
RETURN 
END 
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ROLCYL FORTRAN SOURCE LIST DSTRN 
tSN SOURCE STATEMENT 

C CALCULATION OF STRAIN RATES 
1 SUBROUTINE DSTRN 
2 DIMENSION A 14I *B141»C141,AYt§)»AQC51,AKC5I,DE C hI 
3 COMMON A,B,C»AY,A0,AK»DEfX,Y,UfV,UU,VV,RV,U2V2»RJ,W»SWtYIELU,XX, 

IYY,ZZ,XY,XXR,ZIR,GR,RH,S 
A CALL HELP 
5 Dl-X*Y*V*«S/U2Y2**2* (RV’i-VY/RV+i • *RV* ( UU-VVI /U2Y2I 
6 D2=0 «6*X*Y7(V*RV*U2V2) 
7 D3 = YMU*UU*l i.+VV)**2-3.*X*X*Y»VI/CRV*U2V2**3) 
10 VLUG = 1 • 79* 
11 DEC II =-2.*U2*YLUG 
12 DEC2I =-Dl+Q2*VLUG 
13 DEC 3) = DI*D2*VLUG 
14 DE14 I =~2.*D2*VLUG 
15 DEC 51=03/2. 
16 RETURN 
17 END 
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ROLCYL FORTRAN SUURCE LIST RUNGE 
ISN SOURCE STATEMENT 

C RUNGE-KUTTA-GILL SOLUTION 
1 SUBROUTINE RUNGE 
2 DIMENSION AU ) ,B U) tCI 4) , AY< 5) ,OY( 5 ) , AO< 5 ), AK ( 5 ) ,DE ( 5 > 
3 COMMON A,B,C,AY,AQ,AK,DE,X,Y,U,V,UU,VV,RV,U2V2,RJ,W,SW,YIELD,XX, 

1YY,ZZ,XY,XXR,ZZR,GR,RH,S,LJ,LM 
4 A(1)=0.5 
5 A(2)=l.-SQRT(0.5) 
6 A(3)=1.+SQRT(0.5) 
7 A(4)=i•/6• 

10 B(1)=2. 
11 B ( 2 ) = 1 • 
12 B ( 3 ) = l • 
13 B(4)=2• 
14 C(1 ) =0•5 
15 C(2)=A(2) 
16 C(3)=A(3) 
17 C(4)=0•5 
20 AY(1) =X 
21 DO 8 J= 1,4 
22 AK(1) = 1 • 
23 IF ( W ) 2,2,3 
24 2 W=0 • 
25 GO TO 5 
26 3 IF(LM)4,4,5 
27 4 IF(LJ)5f5f2 
30 5 DO 6 1=2,5 
31 6 AK(I)=2•*DE(I)-W*AY(I)/YIELD**2 
33 DO 7 1=1,5 
34 AY(I)=AY(I)+ RH*(A(J)•(AK(I)-B(J)*AQ(I))) 
35 7 AQ(I)=AO(I)+3.0*(A(J)*(AK(I)-B(J)*AQ(I)))-C(J)*AK( I ) 
37 X = AY( l) 
40 CALL DSTRN 
41 8 W = AY(2)*DE(2)+AY(3)*DE(3)+AY(4)*DE(4)+AY(5)*DE(5)*2 
43 RJ = SQRT((AY(2)**2+AY(3)**2+AY(4)**2)/2«+AY(5)**2) 
44 XX = AY(2)+S 
45 YY = AY(3)+S 
46 LI = AY(4)+$ 
47 XY = AY(5) 
50 RETURN 
51 END 
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ROLCYL FORTRAN SOURCE LIST RESIP 
ISN SOURCE STATEMENT 

C CALCULATE RESIDUALS 
1 SUBROUTINE RESID 
2 DIMENSION A 141 »BI4J fC(4)f AY(5J » AG(S» . AK ( 5 ) «DEC ) 
3 COMMON AtB*CtAYfAQ»AK»DEtX»YfUfVtUUrVV,RV»U2V?»RJfW9Sw»YIELD»KX, 

IYY»ZZ»XY,XXR,Z7RfGRtRH»$ 
4 XXT = XX 
5 YYT = YY 

6 Ilf = ZZ 
7 XYT = XY 
10 CALL STRES 
11 XXR = XXT-XX+XXR-O* 3*(YYT-YY)/0.7 
12 ZZR = ZZT-ZZ+ZZR—O* 3*(YYT-YY)/O.7 
13 XYT = XYT-XY 
14 GR a -XYT 
15 RETURN 
16 END 
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APPENDIX B 

SAMPLE HUN 
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BLASTIC- PLASTIC ROLLING CYLINDER STRESSES * 
N = 1 Y = 0.600 YIELD =0.2000 
RE SI DUAL STRESSES XXR = 0. ZZR = 0. 
X XX YY ZZ XY RJ W sw 
-4.0000 -0.0317 -0.0006 -0.0097 -0.0042 0.0165 0. 0. 
-3.8000 -0.0351 -0.0007 -0.0107 -0.0049 0.0184 0. 0. 
-3.6000 -0.0392 -0.0009 -0.0120 -0.0058 0.0206 0. 0. 
-3.4000 -0.0440 -0.0011 -0.0135 -0.0069 0.0231 0. 0. 
-3.2000 -0.0498 -0.0014 -0.0154 -0.0084 0.0263 0. 0. 
-3.0000 -0.0567 -0.0019 -0.0176 -0.0103 0.0301 0. 0. 
-2.8000 -0.0653 -0.0026 -0.0204 -0.0128 0.0347 0. 0. 
-2.6000 -0.0758 -0.0037 -0.0238 -0.0163 0.0406 0. 0. 
-2.4000 -0.0891 -0.0053 -0.0283 -0.0212 0.0482 0. 0. 
-2.2000 -0.1060 -0.0080 -0.0342 -0.0283 0.0581 0. 0. 
-2.0000 -0.1279 -0.0126 -0.0421 -0.0388 0.0713 0, 0. 
-L.8000 -0.1563 -0.0212 -0.0533 -0.0551 0.0895 0. 0. 
-1.6000 -0.1928 -0.0384 -0.0693 -0.0810 0.1151 0. 0. 
-1.4000 -0.2362 -0.0751 -0.0934 -0.1223 0.1508 0. 0. 
-1.2000 -0.2771 -0.1547 -0.1295 -0.1811 0.1975 0. 0. 
-1.1902 -0.2787 -0.1602 -0.1317 -0.1842 0.2000 0.0506 0. 
-1.0000 -0.2835 -0.3023 -0.1948 -0.191b 0.2000 0.0474 0.0095 
-0.8000 -0.2888 -0.4793 -0.2691 -0.1629 0.2000 0.0385 0.0181 
-0.6000 -0.3115 -0.6257 -0.3389 -0.0985 0.2000 0.0341 0.0252 
-0.4000 -0.3487 -0.7138 -0.3959 -0.0240 0.2000 0.0336 0.0320 
-0.2000 -0.3865 -0.7464 -0.4367 0.0447 0.2000 0.0346 0.0388 
0.0000 -0.4151 -0.7320 -0.4598 0.1029 0.2000 0.0366 0.0459 
0.2000 -0.4303 -0.6750 -0.4643 0.1497 0.2000 0.0408 0.0536 
0.4000 -0.4322 -0.5771 -0.4491 0.1836 0.2000 0.0467 0.0624 
0.6000 -0.4237 -0.4392 -0.4132 0.1996 0.2000 0.0526 0.0723 
0.8000 -0.4087 -0.2705 -0.3580 0.1874 0.2000 0.0525 0.0830 
1.0000 -0.3851 -0.1020 -0.2935 0.1383 0.2000 0.0381 0.0923 
1.2000 -0.3451 0.0210 -0.2372 0.0679 0.2000 0.0177 0.0979 
1.4000 -0.2955 0.0890 -0.1981 0.0069 0.2000 0.0053 0.1000 
1.6000 -0.2502 0.1230 -0.1733 -0.0343 0.2000 0.0004 0.1005 
1.6310 -0.2440 0.1265 -0.1703 -0.0391 0.2000 0.0000 0.1005 
1.8000 -0.2137 0.1401 -0.1571 -0.0602 0.1994 0. 0.1005 
2.0000 -0.1853 0.1487 -0.1460 -0.0765 0.1979 0. 0.1005 
2.2000 -0.1634 0.1533 -0.1381 -0.0870 0.1964 0. 0.1005 
2.4000 -0.1465 0.1D60 -0.1322 -0.0941 0.1949 0. 0.1005 
2.6000 -0.1332 0.1576 -0.1277 -0.0989 0.1936 0. 0.1005 
2.8000 -0.1227 0.1587 -0.1242 -0.1024 0.1924 0. 0.1005 
3.0000 -0.1141 0. 1594 -0.1215 -0.1050 0.1914 0. 0.1005 
3.2000 -0.1072 0.1598 -0.1193 -0.1069 0.1906 0. 0.1005 
3.4000 -0.1014 0.1602 -0.1174 -0.1084 0.1898 0. 0.1005 
3.6000 -0.0966 0.1604 -0.1159 -0.1095 0.1892 0. 0.1005 
3.8000 -0.0926 0.1606 -0.1146 -0.1104 0.1886 0. 0.1005 
4.0000 -0.0891 0.1607 -0.1136 -0.1111 0,1881 0. 0.1005 

RESIDUAL STRESSES XXR =-0.12653231 ZZR =-0.17300953 
KtSI DUAL SHEAR STRAIN INCREMENT = 0.11527856 
PLASTIC WORK THIS PASS = 0.10050636 
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ELASTIC-PLASTIC WILLING CYL INDFR , STKFSSFS » 
N = 2 
RESIDUAL 

Y = 0.500 
STRESSES 

YIELD =0.2000 
XXR =-0.12653231 ZZR =-0.17300953 

X XX YY ZZ XY RJ W 
-4.0000 -0.1582 -0.0006 -0.1827 -0.0042 0.0989 0. 
-3.8000 -0.161 / -0.0007 -0.1838 -0.0049 0.1001 0. 
-3.6000 -0.165/ -0.0009 -0.1850 -0.0058 0.1014 0. 
-3.4000 -0.1 / Oe> -0.0011 -0.1866 -0.0069 0.1030 0. 
-3.2000 -0.1763 -0.0014 -0.1884 -0.0084 0.1050 0. 
-3.0000 -0. 1833 -0.0019 -0.1906 -0.0103 0.1074 0. 
-2.8000 -0.1918 -0.0026 -0.1934 -0.0128 0.1104 0. 
-2.6000 -0.2023 -0.0037 -0.1969 -0.0163 0.1143 0. 
-2.4000 -0.2156 -0.0053 -0.2013 -0.0212 0.1194 0. 
-2.2000 -0.2325 -0.0080 -0.2072 -0.0283 0.1262 0. 
-2.0000 -0•2544 -0.0126 -0.2152 -0.0388 0.1354 0. 
-1.8000 -0.2829 -0.0212 -0.2263 -0.0551 0.1483 0. 
-1.6000 -0.3193 -0.0384 -0.2424 -0.0810 0.1663 0. 
-1.4000 -0.3627 -0.0751 -0.2664 -0.1223 0.1908 0. 
-1.3354 -0.3770 -0.0946 -0.2765 -0.1397 0.2000 0.0293 
-1.2000 -0.3917 -0.1686 -0.3005 -0.1656 0.2000 0.0300 
-1.0000 -0.4015 -0.3280 -0.3507 -0.1964 0.2000 0.0229 
-0.8000 -0.4030 -0.5219 -0.4118 -0.1887 0.2000 0.0144 
-0.6000 -0.4153 -0.6904 -0.4699 -0.1371 0.2000 0.0138 
-0.4000 -0.4411 -0.7999 -0.5169 -0.0651 0.2000 0.0176 
-0.2000 -0.4703 -0.8492 -0.5497 0.0082 0.2000 0.0220 
0.0000 -0.4938 -0.8456 -0.5670 0.0745 0.2000 0.0266 
0.2000 -0.5073 -0.7944 -0.5676 0.1307 0.2000 0.0322 
0.4000 -0.5101 -0.6977 -0.5500 0.1739 0.2000 0.0391 
0.6000 -0.5049 -0.5576 -0.5131 0.1980 0.2000 0.0458 
0.8000 -0.4947 -0.3841 -0.4579 0.1919 0.2000 0.0462 
1.0000 -0.4762 -0.2100 -0.3940 0.1464 0.2000 0.0329 
1.2000 -0.4401 -0.0821 -0.3385 0.0772 0.2000 0.0141 
1.4000 -0.3931 -0.0109 -0.3002 0.0164 0.2000 0.0030 
1.5204 -0.3658 0.0136 -0.2843 -0.0106 0.2000 0.0000 
1.6000 -0.3491 0.0249 -0.2759 -0.0249 0.1997 0. 
1.8000 -0.3126 0.0421 -0.2598 -0.0508 0.1980 0. 
2.0000 -0.2842 0.0507 -0.2487 -0.0671 0. 1958 0. 
2.2000 -0.2623 0.0553 -0.2407 -0.0776 0.1937 0. 
2.4000 -0.2454 0.0580 -0.2348 -0.0847 0. 1919 0. 
2.6000 -0.2321 0.0596 -0.2304 -0.0896 0.1903 0. 
2.8000 -0.2216 0.0607 -0.2269 -0.0931 0.1690 0. 
3.0000 -0.2130 0.0614 -0.2241 -0.0956 0.1879 0. 
3.2000 -0.2061 0.0618 -0.2219 -0.0975 0.1869 0. 
3.4000 -0.2003 0.0622 -0.2201 -0.0990 0.1861 0. 
3.6000 -0.1955 0.0624 -0.2185 -0.1001 0.1854 0. 
3.8000 -0.1915 0.0626 -0.2173 -0.1010 0.1847 0. 
4.0000 -0.1880 0.0627 -0.2162 -0.1018 0.1842 0. 

RESIDUAL STRESSES XXR =-0.18342966 ZZR =-0.23363896 
RESIDUAL 
PLASTIC 

SHEAR STRAIN INCREMENT = 0.10590274 
WORK THIS PASS = 0.07313507 

Sw 
0. 
0. 
0. 
0. 
0. 
0. 
0, 
0. 
0. 
0, 
0. 
0. 
0. 
0. 
0. 
0 • 0 0 A 1 
0*0095 
0.0131 
0.0158 
0.0189 
0.0229 
0.0277 
0.0336 
0.0407 
0.0493 
0.0586 
0.0668 
0.0714 
0.0730 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
0.0731 
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tLASTIC-PLASTIC HULLING CYLINDER , STRESSES • 
N = 3 Y = 0.500 YIELD =0.2000 
RE SI DUAL STRESSES XXR =-0.18342966 ZZK =-0.23563896 
X XX YY ZZ XY RJ W sw 
-4.0000 -0.2151 -0.0006 -0.2433 -0.0042 0.1328 0. 0. 
-.3.8000 -0.2186 -0.0007 -0.2444 -0.0049 0.1340 0. 0. 
-3.6000 -0.2226 -0.0009 -0.2457 -0.0058 0.1353 0. 0. 
-3.4000 -0.2276 -0.0011 -0.2472 -0.0069 0.1369 0. 0. 
-3.2000 -0.2332 -0.0014 -0.2490 -0.0084 0. 1388 0. 0. 
-3.0000 -0.2402 -0.0019 -0.2512 -0.0103 0.1412 0. 0. 
-2.8000 -0.2487 -0.0026 -0.2540 -0.0128 0.1442 0. 0. 
-2.6000 -0.2592 -o•003 r -0.2575 -0.0163 0. 1480 0. 0. 
-2.4000 -0.2725 -0.0053 -0.2620 -0.0212 0.1528 0. 0. 
-2.2000 -0.2894 -0.0080 -0.2678 -0.0283 0.1592 0. 0. 
-2.0000 -0.3113 -0.0126 -0.2758 -0.0388 0.1677 0. 0. 
-1.8000 -0.3398 -0.0212 -0.2869 -0.0551 0.1794 0. 0. 
-1.6000 -0.3762 -0.0384 -0.3030 -0.0810 0.1953 0. 0. 
-1.5509 -0.3864 -0.0449 -0.3080 -0.0895 0.2000 0.0197 0. 
-1.4000 -0.4084 -0.0908 -0.3225 -0.1141 0.2000 0.0232 0.0033 
-1.2000 -0.4343 -0.1900 -0.3540 -0.1565 0.2000 0.0240 0.0081 
-1.0000 -0.4461 -0.3487 -0.4029 -0.1939 0.2000 0.0160 0.0122 
-0.6000 -0.4473 -0.5443 -0.4625 -0.1931 0.2000 0.0076 0.0144 
-0.6000 -0.4569 -0.7173 -0.5189 -0.1466 0.2000 0.0077 0.0159 
-0.4000 -0.4791 -0.8327 -0.5637 -0.0769 0.2000 0.0125 0.0179 
-0.2000 -0.5051 -0.8873 -0.5943 -0.0034 0.2000 0.0178 0.0209 

0.0000 -0.5264 -0.6878 -0.6098 0.0648 0.2000 0.0232 0.0250 
0.2000 -0.5387 -0.8391 -0.6090 0.1237 0.2000 0.0292 0.0302 
0.4000 -0.5415 -0.7435 -0.5905 0.1700 0.2000 0.0364 0.0368 
0.6000 -0.5371 -0.6031 -0.5530 0.1970 0.2000 0.0433 0.0448 
0.8000 -0.5284 -0.4281 -0.4977 0.1933 0.2000 0.0439 0.0537 
1.0000 -0.5117 -0.2521 -0.4340 0.1492 0.2000 0.0310 0.0614 
1.2000 -0.4771 -0.1225 -0.3787 0.0806 0.2000 0.0127 0.0657 
1.4000 -0.4310 -0.0501 -0.3406 0.0200 0.2000 0.0021 0.0670 
1.4834 -0.4120 -0.0318 -0.3292 0.0006 0.1999 0.0000 0.0671 
1.6000 -0.3672 -0.0139 -0.3164 -0.0213 0.1994 0. 0.0671 
1.8000 -0.3508 0.0033 -0.3004 -0.0472 0.1972 0. 0.0671 
2.0000 -0.3223 0.0119 -0.2892 -0.0635 0.1948 0. 0.0671 
2.2000 -0.3004 0.0165 -0.2813 -0.0740 0.1925 0. 0.0671 
2.4000 -0.2835 0.0192 -0.2754 -0.0811 0.1906 0. 0.0671 
2.6000 -0.2702 0.0208 -0.2709 -0.0860 0.1889 0. 0.0671 
2.8000 -0.2597 0.0218 -0.2675 -0.0894 0.1875 0. 0.0671 
3.0000 -0.2512 0.0225 -0.2647 -0.0920 0.1864 0. 0.0671 
3.2000 -0.2442 0.0230 -0.2625 -0.0939 0.1854 0. 0.0671 
3.4000 -0.2385 0.0233 -0.2606 -0.0954 0.1845 0. 0.0671 
3.6000 -0.2336 0.0236 -0.2591 -0.0965 0.1838 0. 0.0671 
3.8000 -0.2296 0.0238 -0.2578 -0.0974 0.1831 0. 0.0671 
4.0000 -0.2261 0.0239 -0.2568 -0.0981 0.1826 0. 0.0671 

RESIDUAL STRESSES XXR =-0.20A91A96 ZZR =-0.25757789 
RESIDUAL SHEAR STRAIN INCREMENT = 0.10228709 
PLASTIC WORK THIS PASS = 0.06709877 
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ELASTIC-PLASTIC HULLING CYLINDER , STRESSES • 
N = 4 
Rb SI DUAL 

Y = 0.600 
STRESSES 

YIELD =0.2000 
XXR =-0.20491496 ZZR =-0.25757789 

X XX YY ZZ XY RJ W SW 
-4,0000 -0.2366 -0.0006 -0.2672 -0.0042 0.1460 0. 0. 
-3.8000 -0.2401 -0.0007 -0.2683 -0.0049 0.1471 0. 0. 
-3.6000 -0.2441 -0.0009 -0.2696 -0.0058 0.1485 0. 0. 
-3.4000 -0.2489 -0.0011 -0.2711 -0.0069 0.1501 0. 0. 
-3.2000 -0.2547 -0.0014 -0.2729 -0.0084 0.1520 0. 0. 
-3.0000 -0.2617 -0.0019 -0.2752 -0.0103 0.1544 0. 0. 
-2.8000 -0.2702 -0.0026 -0.2779 -0.0128 0.1573 0. 0. 
-2.6000 -0.2807 -0.0037 -0.2814 -0.0163 0.1610 0. 0. 
-2.4000 -0.2940 -0.0053 -0.2859 -0.0212 0. 1658 0. 0. 
-2.2000 -0.3109, -0.0080 -0.2918 -0.0283 0.1720 0. 0. 
-2.0000 -0.3328 -0.0126 -0.2997 -0.0388 0.1803 0. 0. 
-1.8000 -0.3612 -0.0212 -0.3108 -0.0551 0.1916 0. 0. 
-1.6828 -0.3816 -0.0297 -0.3195 -0.0688 0.2000 0.0156 0. 
-1.6000 -0.3929 -0.0456 -0.3244 -0.0/85 0.2000 0.0176 0.0014 
-1.4000 -0.4227 -0.1022 -0.3423 -0.1104 0.2000 0.0221 0.0054 
-1.2000 -0.4495 -0.2008 -0.3735 -0.1541 0.2000 0.0225 0.0099 
-1.0000 -0.4619 -0.3591 -0.4221 -0.1932 0.2000 0.0143 0.0137 
-0.8000 -0.4631 -0.5550 -0.4815 -0.1940 0.2000 0.0058 0.0156 
-0.6000 -0.4721 -0.7290 -0.5375 -0.1489 0.2000 0.0062 0.0167 
-0.4000 -0.4934 -0.8458 -0.5817 -0.0799 0.2000 0.0112 0.0184 
-0.2000 -0.5185 -0.9018 -0.6118 -0.0064 0.2000 0.0167 0.0212 
0.0000 -0.5392 -0.9034 -0.6268 0.0622 0.2000 0.0222 0.0251 
0.2000 -0.5512 -0.8555 -0.6255 0.1218 0.2000 0.0284 0.0301 
0.4000 -0.5540 -0.7602 -0.6066 0.1689 0.2000 0.0357 0.0365 
0.6000 -0.5499 -0.6197 -0.5689 0.1967 0.2000 0.0426 0.0444 
0.8000 -0.5417 -0.4445 -0.5134 0.1936 0.2000 0.0433 0.0532 
1.0000 -0.5255 -0.2680 -0.4497 0.1499 0.2000 0.0305 0.0607 
1.2000 -0.4914 -0. 1379 -0.3945 0.0816 0.2000 0.0124 0.0650 
1.4000 -0.4455 -0.0652 -0.3565 0.0210 0.2000 0.0019 0.0663 
1.4747 -0.4285 -0.0485 -0.3462 0.0034 0.2000 0.0000 0.0663 
1.6000 -0.4018 -0.0289 -0.3323 -0.0203 0.1993 0. 0.0663 
1.8000 -0.365<t -0.0117 -0.3162 -0.0463 0.1971 0. 0.0663 
2.0000 -0.3369 -0.0031 -0.3051 -0.0626 0.1946 0. 0.0663 
2.2000 -0.3151 0.0015 -0.2971 -0.0731 0.1923 0. 0.0663 
2.4000 -0.2981 0.0042 -0.2913 -0.0801 0.1903 0. 0.0663 
2.6000 -0.2849 0.0058 -0.2868 -0.0850 0.1886 0. 0.0663 
2.8000 -0.2743 0.0069 -0.2833 -0.0885 0.1872 0. 0.0663 
3.0000 -0.2658 0.0076 -0.2805 -0.0910 0.1860 0. 0.0663 
3.2000 -0.2588 0.0080 -0.2783 -0.0930 0.1850 0. 0.0663 
3.4000 -0.2531 0.0084 -0.2765 -0.0944 0.1842 0. 0.0663 
3.6000 -0.2483 0.0086 -0.2750 -0.0956 0.1834 0. 0.0663 
3.8000 -0.2442 0.0086 -0.2737 -0.0965 0.1828 0. 0.0663 
4.0000 

RESIDUAL 
-0.2407 

STRESSES 
0.0089 -0.2726 -0.0972 

XXR =-0.21311301 
0.1822 0. 

ZZR =-0.26700596 
0.0663 

RESIDUAL SHEAR STRAIN INCREMENT = 0.10133607 
PLASTIC WORK THIS PASS = 0.06632644 
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tLAST IC-PLASTIC ROLLING CYLINDER , STRESSES * 
N = 5 
RESIDUAL 

Y = 0.500 
STRESSES 

YIELD =0.2000 
XXK =-0.21311301 ZZR = -0•26 Z00596 

X XX YY ZZ XY RJ W 
-4.0000 -0.2448 -0.0006 -0.2767 -0.0042 0.1511 0. 
-3.8000 -0.2483 -0.0007 -0.2778 -0.0049 0.1522 0. 
-3.6000 -0.2523 -0.0009 -0.2790 -0.0058 0.1536 0. 
-3.4000 -0.2571 -O.OOll -0.2805 -0.0069 0.1552 0. 
-3.2000 -0.2629 -0.0014 -0.2824 -0.0084 0.1571 0. 
-3.0000 -0.2699 -0.0019 -0.2846 -0.0103 0.1595 0. 
-2.8000 -0.2784 -0.0026 -0.2874 -0.0128 0.1624 0. 
-2.6000 -0.2889 -0.0037 -0.2908 -0.0163 0.1661 0. 
-2.4000 -0.3022 -0.0053 -0.2953 -0.0212 0.1708 0. 
-2.2000 -0.3191 -0.0080 -0.3012 -0.0283 0.1770 0. 
-2.0000 -0.3410 -0.0126 -0.3092 -0.0388 0.1852 0. 
-1.8000 -0.369<t -0.0212 -0.3203 -0.0551 0.1963 0. 
-1.7458 -0.3785 -0.0247 -0.3240 -0.0609 0.2000 0.0140 
-1.6000 -0.3981 -0.0506 -0.3320 -0.0771 0.2000 0.0173 
-1.4000 -0.4281 -0.1069 -0.3498 -0.1093 0.2000 0.0217 
-1.2000 -0.4552 -0.2053 -0.3809 -0.1534 0.2000 0.0220 
-1.0000 -0.4678 -0.3635 -0.4295 -0.1929 0.2000 0.0138 
-0.8000 -0.4690 -0.5595 -0.4887 -0.1943 0.2000 0.0053 
-0.6000 -0.4779 -0.7337 -0.5446 -0.1496 0.2000 0.0057 
-0.4000 -0.4988 -0.8509 -0.5887 -0.0808 0.2000 0.0108 
-0.2000 -0.5237 -0.9075 -0.6186 -0.0074 0.2000 0.0164 
0.0000 -0.5443 -0.9094 -0.6334 0.0614 0.2000 0.0220 
0.2000 -0.5562 -0.8617 -0.6319 0. 1212 0.2000 0.0281 
0.4000 -0.5590 -0.7665 -0.6130 0.1685 0.2000 0.0354 
0.6000 -0.5550 -0.6261 -0.5751 0.1966 0.2000 0.0424 
0.8000 -0.5470 -0.4507 -0.5196 0.1937 0.2000 0.0431 
1.0000 -0.5309 -0.2740 -0.4558 0.1502 0.2000 0.0303 
1.2000 -0.4969 -0.1439 -0.4006 0.0819 0.2000 0.0123 
1.4000 -0.4511 -0.0711 -0.3626 0.0213 0.2000 0.0018 
1.4721 -0.4347 -0.0548 -0.3527 0.0043 0.2000 0.0000 
1.6000 -0.4075 -0.0347 -0.3384 -0.0200 0.1993 0. 
1.8000 -0.3710 -0.0175 -0.3224 -0.0460 0.1970 0. 
2.0000 -0.3426 -0.0089 -0.3112 -0.0623 0.1945 0. 
2.2000 -0.3207 -0.0043 -0.3033 -0.0728 0.1922 0. 
2.4000 -0.3038 -0.0016 -0.2974 -0.0798 0.190? 0. 
2.6000 -0.2905 0.0000 -0.2929 -0.0847 0.1885 0. 
2.8000 -0.2800 0.0011 -0.2895 -0.0882 0.1871 0. 
3.0000 -0.2714 0.0018 -0.2867 -0.0907 0.1860 0. 
3.2000 -0.2645 0.0022 -0.2845 -0.0927 0.1850 0. 
3.4000 -0.2587 0.0026 -0.2826 -0.0941 0.1841 0. 
3.6000 -0.2539 0.0028 -0.2811 -0.0953 0.1834 0. 
3.8000 -0.2498 0.0030 -0.2798 -0.0962 0.1827 0. 
4.0000 -0.2464 0.0031 -0.2788 -0.0969 0.1822 0. 

RESIDUAL STRESSES XXR =-0.21627603 ZZR =-0.27067472 
RESIDUAL 
PLASTIC 

SHEAR STRAIN INCREMENT = 0.10103532 
WORK THIS PASS = 0.06627699 

SW 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0.0023 
0.0062 
0.0107 
0.0144 
0.0162 
0.0171 
0.0188 
0.0216 
0.0253 
0.0303 
0.0367 
0.0445 
0.0532 
0.0607 
0.0650 
0.0662 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
0.0663 
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ELASTIC-PLASTIC ROLLING CYLINDER , SIRESSES * 
N = (> Y = l).rH)0 YIELD -0.2000 
RLSIUUAL STRESSES XXR =-0.2162^603 LI K = -().? 706 7472 
X XX YY 11 XY RJ W Sw 

-4.0000 -0.2480 -0.0006 -0.2803 -0.0042 0.1531 0. 0. 
-3.800U -0.2S14 -0.0007 -0.2814 -0.0049 0.1542 0. 0. 
— 3 •6000 -0.2bbb -0.0009 -0.2827 -0.0058 0.1556 0. 0. 
-3.4000 -0.260 5 -0.001i -0.2842 -0.0069 0.1572 0. 0. 
- 5.2000 -0.2661 -0.0014 -0.2860 -0.0U84 0.1591 0. 0. 
-3.0000 -0.2730 -0.0019 -0.2883 -0.0103 0.1614 0. 0. 
-2•8000 -0.281!* -0.0026 -0.2910 -0.0128 0.1643 0. 0. 
-2.6000 -0.2921 -0.0037 -0.2945 -0.0163 0.1680 0. 0. 
-2.4000 -0.3054 -0.0053 -0.2990 -0.0212 0.1727 0. 0. 
-2.2000 -0.3223 -0.0080 -0.3049 -0.0283 0.1789 0. 0. 
-2.0000 -0.3442 -0.0126 -0.3128 -0.0388 0.1871 0. 0. 
-1.8000 -0.3726 -0.0212 -0.3239 -0.0551 0.1982 0. 0. 
-1.772b -0.3771 -0.0229 -0.3258 -0.0579 0.2000 . 0.0134 0. 
-1.6000 -0.4001 -0.0525 -0.3349 -0.0766 0.2000 0.0172 0.0026 
-L•4000 -0.4302 -0.1088 -0.3527 -0.1089 0.2000 0.0216 0.0065 
-1.2000 -0.4574 -0.2070 -0.3838 -0.1531 0.2000 0.0218 0.0110 
-1.0000 -0.4701 -0.3652 -0*4323 -0.1928 0.2000 0.0136 0.0146 
-0.8000 -0.4m -0.5612 -0.4915 -0.1944 0.2000 0.0051 0.0164 
-0.6000 -0.4801 -0.7356 -0.5473 -0.1498 0.2000 0.0055 0.0173 
-0.4000 -0.5009 -0.8530 -0.5914 -0.0811 0.2000 0.0106 0.0189 
-0.2000 -0.5257 -0.9096 -0.6213 -0.0077 0.2000 0.0163 0.0216 
0.0000 -0.5462 -0.9117 -0.6359 0.0811 0.2J00 0.0219 0.0254 
0.2000 -0.5582 -0.8640 -0.6344 0.1210 0.2000 0.0281 0.0104 
0.4000 -0.5610 -0.7689 -0.6154 0.1684 0.2000 0.0354 0.0367 
0.6000 -0.5570 -0.6285 -0.5775 0.1966 0.2000 0.0423 0.0445 
0.8000 -0.5490 -0.4531 -0.5220 0.1938 0.2000 0.0430 0.0532 
1.0000 -0.5330 -0.2764 -0.4582 0.1503 0.2000 0.0303 0.0608 
1.2000 -0.4991 -0.146? -0.4030 0.0820 0.2000 0.0122 0.0650 
1.4000 -0.4533 -0.0733 -0.3650 0.0214 0.2000 0.0018 0.0662 
1.4712 -0.4371 -0.0572 -0.3552 0.0046 0.2000 0.0000 0.0663 
1.6000 -0.4097 -0.0370 -0.3408 -0.0199 0.1993 0. 0.0663 
1.8000 -0.3732 -0.0198 -0.3247 -0.0459 0.1970 0. 0.0663 
2.0000 -0.3448 -0.0112 -0.3136 -0.0622 0.1945 0. 0.0663 
2.2000 -0.3229 -0.0065 -0.3057 -0.0727 0.1922 0. 0.0&63 
2.4000 -0.3060 -0.0039 -0.2998 -0.0797 0.1902 0. 0.0663 
2.6000 -0.2927 -0.0022 -0.2953 -0.0846 0.1885 0. 0.0663 
2.8000 -0.2821 -0.0012 -0.2918 -0.0881 0.1871 0. 0.0663 
3.0000 -0.2736 -0.0005 -0.2891 -0.0906 0.1859 0. 0.0663 
3.2000 -0.266 7 -0.0000 -0.2869 -0.0925 0.1849 0. 0.0663 
3.4000 -0.2609 0.0003 -0.2850 -0.0940 0.1841 0. 0.0663 
3.6000 -0.2561 0.0006 -0.2835 -0.0952 0.1833 0. 0.0663 
3.8000 -0.2520 0.0007 -0.2822 -0.0961 0.1827 0. 0 • 0o6 3 
4.0000 -0.2486 0.0009 -0.2812 -0.0968 0.1821 0. 0.0663 

RESIDUAL STRESSES XXR =-0.21750171 2ZR =-0.27209536 
RESIDUAL SHEAR STRAIN INCREMENT = 0.10092925 
PLASTIC WORK THIS PASS = 0.06629474 
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tILAST IC-PLAST IC BILLING CYLINDER , STRESSES » 
N - 7 Y - O.bOO YIELD =0.2000 
RLSI DUAL STRESSES XXR =-0.21750171 ZZK =-0.27209536 
X XX YY ZZ XY RJ W sw 
-4.0000 -0.2492 -0.0006 -0.2818 -0.0042 0.1539 0. 0. 
- 1.6000 -0.2626 -0.0007 -0.2828 -0.0049 0. 1550 0. 0. 
-3.6000 -0.2667 -0.0009 -0.2841 -0.0058 0.1563 0. 0. 
-3.4000 -0.2616 -0.0011 -0.2856 -0.0069 0.1579 0. 0. 
-3.2000 -0.267 1 -0.0014 -0.2875 -0.0084 0.1598 0. 0. 
-3.0000 -0.2742 -0.0019 -0.2897 -0.0103 0.1622 0. 0. 
-2.8000 -0.2828 -0.0026 -0.2925 -0.0128 0.1651 0. 0. 
-2.6000 -0.2933 -0.0037 -0.2959 -0.0163 0.1688 0. 0. 
-2.4000 -0.306t> -0.0053 -0.3004 -0.0212 0.1735 0. 0. 
-2.2000 -0.3236 -0.0080 -0.3063 -0.0283 0.1797 0. 0. 
-2.0000 -0.3464 -0.0126 -0.3142 -0.0388 0.1878 0. 0. 
-i.8000 -0.3738 -0.0212 -0.3254 -0.0551 0.1989 0. 0. 
-1.7832 -0.3766 -0.0222 -0.3265 -0.0568 0.2000 0.0132 0. 
-1.6000 -0.4008 -0.0533 -0.3360 -0.0764 0.2000 0.0172 0.0028 
-1.4000 -0.4310 -0.1095 -0.3538 -0.1088 0.2000 0.0215 0.0067 
-1.2000 -0.4682 -0.2077 -0.3849 -0.1530 0.2000 0.0218 O.Olll 
-1.0000 -0.4710 -0.3659 -0.4334 -0.1928 0.2000 0.0135 0.0147 
-0.8000 -0.4722 -0•5b 19 -0.4926 -0.1944 0.2000 0.0051 0.0165 
-0.6000 -0.4809 -0.7363 -0.5484 -0.1499 0.2000 0.0055 0.0174 
-0.4000 -0.5018 -0.8538 -0.5924 -0.0812 0.2000 0.0106 0.0190 
-0.2000 -0.5265 -0.9105 -0.6223 -0.0078 0.2000 0.0162 0.0217 
0.0000 -0.6470 -0.9126 -0.6369 0.0610 0.2000 0.0218 0.0255 
0.2000 -0.5689 -0.8650 -0.6354 0.1210 0.2000 0.0280 0.0305 
0.4000 -0.5617 -0•7b99 -0.6164 0.1684 0.2000 0.0353 0.0368 
0.6000 -0.5578 -0.6294 -0.5785 0.1966 0.2000 0.0423 0.0446 
0.8000 -0.5498 -0.4540 -0.5229 0.1938 0.2000 0.0430 0.0533 
1.0000 -0.5339 -0.2773 -0.4591 0.1503 0.2000 0.0302 0.0608 

1.2000 -0.4999 -0.1471 -0.4039 0.0820 0.2000 0.0122 0.0650 
1.4000 -0.4542 -0.0742 -0.3659 0.0214 0.2000 0.0018 0.0663 
1.4709 -0.4381 -0.0582 -0.3561 0.0047 0.2000 0.0000 0.0663 
1.6000 -0.4105 -0.0378 -0.3418 -0.0199 0.1993 0. 0.0663 
1.8000 -0.3741 -0.0207 -0.3257 -0.0458 0.1970 0. 0.0663 
2.0000 -0.3456 -0.0121 -0.3146 -0.0621 0.1945 0. 0.0663 
2.2000 -0.3238 -0.0074 -0.3066 -0.0726 0.1922 0. 0.0663 
2.4000 -0.3068 -0.0047 -0.3007 -0.0797 0.1902 0. 0•0b6 3 
2.6000 -0.2935 -0.0031 -0.2962 -0.0846 0.1885 0. 0.0663 
2.8000 -0.2830 -0.0021 -0.2928 -0.0880 0.1871 0. 0.0663 
3.0000 -0.2745 -0.0014 -0.2900 -0.0906 0.1859 0. 0.0663 
3.2000 -0.2676 -0.0009 -0.2878 -0.0925 0.1849 0. 0.0663 
3.4000 -0.2618 -0.0006 -0.2859 -0.0940 0.1841 0. 0.0663 
3.6000 -0.2570 -0.0003 -0.2844 -0.0951 0.1833 0. 0.0663 
3.8000 -0.2529 -0.0001 -0.2832 -0.0960 0.1827 0. 0.0663 
4.0000 -0.2494 -0.0000 -0.2821 -0.0967 0.1821 0. 0.0663 

RESIOUAL STRESSES XXR =-0.21797689 ZZR =-0.27264472 
RESIDUAL SHEAR STRAIN INCREMENT = 0.10089036 
PLASTIC WORK THIS PASS = 0.06630824 
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tLASTIC-PLASTIC FOILING CYLINDER , STRESSES » 
IM = H Y = O.bOO YIELD =0.2000 
RESIDUAL STRCSSES XXR =-0.21797689 ZZR =-0.2726AA72 
X XX YY ZZ XY RJ W sw 
-4.0000 -0.2497 -0.0006 -0.2823 -0.0042 0.1542 0. 0. 
-3.8000 -0.2631 -0.0007 -0.2834 -0.0049 0.1553 0. 0. 
-3.6000 -0.2672 -0.0009 -0.2847 -0.0058 0.1566 0. 0. 
-3.4000 -0.2620 -O.OOll -0.2862 -0.0069 0.1682 0. 0. 
-3.2000 -0.267b -0.0014 -0.2880 -0.0084 0.1601 0. 0. 
-*.0000 -0.2747 -0.0019 -0.2902 -0.0103 0.1625 0. 0. 
-2.8000 -0.2832 -0.0026 -0.2930 -0.0128 0.1654 0. 0. 
-2.6000 -0.2938 -0.0037 -0.2966 -0.0163 0.1691 0. 0. 
-2.4000 -0.3071 -0.0053 -0.3010 -0.0212 0.1738 0. 0. 
-2.2000 -0.3240 -0.0080 -0.3068 -0.0283 0.1799 0. 0. 
-2.0000 -0.3459 -0.0126 -0.3148 -0.0388 0.1881 0. 0. 
-L.8U00 -0.3743 -0.0212 -0.3259 -0.0551 0.1992 0. 0. 
-i.7874 -0.3764 -0.0220 -0.326 r -0.0664 0.2000 0.0131 0. 
-1.600U -0.4011 -0.0536 -0.3364 -0.0764 0.2000 0.0172 0.0028 
-1.4000 -0.4313 -0.1098 -0.3542 -0.1087 0.2000 0.0215 0.0067 
-i.2000 -0.4586 -0.2080 -0.3853 -0.1530 0.2000 0.0217 0.0111 
-1.0000 -0.4713 -0.3662 -0.4338 -0.1928 0.2000 0.0135 0.0148 
-0.8000 -0.4725 -0.5622 -0.4930 -0.1944 0.2000 0.0051 0.0165 
-0.6000 -0.4813 -0.7366 -0.5488 -0.1500 0.2000 0.0055 0.0175 
-0.4000 -0.5021 -0.8541 -0.5928 -0.0813 0.2000 0.0106 0.0190 
-0.2000 -0.5268 -0.9103 -0.6227 -0.0078 0.2000 0.0162 0.0217 
0.0000 -0.5473 -0.9129 -0.6373 0.0609 0.2000 0.0218 0.0255 
0.2000 -0.5592 -0.8663 -0.6358 0.1209 0.2000 0.0280 0.0305 
0.4000 -0.5620 -0.7702 -0.6167 0.1684 0.2000 0.0353 0.0363 
0.6000 -0.6681 -0.6298 -0.5788 0.1966 0.2000 0.0423 0.0446 
0.8000 -0.5501 -0.4544 -0.5232 0.1938 0.2000 0.0430 0.0533 
1.0000 -0.5342 -0.2776 -0.4594 0.1503 0.2000 0.0302 0.0608 
1.2000 -0.5002 -0.1474 -0.4042 0.0820 0.2000 0.0122 0.0650 
1.4000 -0.4545 -0.0745 -0.3663 0.0215 0.2000 0.0018 0.0663 
1.4708 -0.43Q4 -0.0585 -0.3565 0.0047 0.2000 0.0000 0.0663 
1.6000 -0.4108 -0.0382 -0.3421 -0.0198 0.1993 0. 0.0663 
1.8000 -0.3744 -0.0210 -0.3260 -0.0458 0.1970 0. 0.0663 
2.0000 -0.3460 -0.0124 -0.3149 -0.0621 0.1945 0. 0.0663 
2.2000 -0.3241 -0.0078 -0.3070 -0.0726 0.1921 0. 0.0663 
2.4000 -0.3071 -0.0051 -0.3011 -0.0797 0.1902 0. 0.0663 
2.6000 -0.2939 -0.0034 -0.2966 -0.0845 0.1885 0. 0.0663 
2.8000 -0.2833 -0.0024 -0.2931 -0.0880 0.1871 0. 0.0663 
3.0000 -0•2748 -0.0017 -0.2904 -0.0906 0.1859 0. 0.0663 
3.2000 -0.2679 -0.0012 -0.2881 -0.0925 0.1849 0. 0.0663 
3.4000 -0.2621 -0.0009 -0.2863 -0.0940 0.1840 0. 0.0663 
3.6000 -0.2573 -0.0007 -0.2848 -0.0951 0. 1833 0. 0.0663 
3.8000 -0.2532 -0.0005 -0.2835 -0.0960 0.1827 0. 0.0663 
4.0000 -0.2497 -0.0003 -0.2824 -0.0967 0.1821 0. 0.0663 

RESIDUAL STRESSES XXR =-0.21816101 ZZR =-0.27285715 
RESIDUAL SHEAR STRAIN INCREMENT = 0.1008753A 
PLASTIC WORK THIS PASS = 0.06631395 
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tLASTIC-PLASTIC ROLLING CYLINDER , STRESSES * 
N = R Y - 0.500 YIELD =0.2000 
RESIDUAL STRESSES XXR =-0.2IRl6l01 ZZK =-0.272HS7l5 
X XX YY ll XY RJ W sw 
-4.0000 -0.2498 -0.0006 -0.2825 -0.0042 0.1543 0. 0. 
-3.8000 -0.2533 -0.0007 -0.2836 -0.0049 0.1554 0. 0. 
-3.6000 -0.2574 -0.0009 -0.2849 -0.0058 0.1567 0. 0. 
-3.4000 -0.2622 -O.OOli -0.2864 -0.0069 0.1583 0. 0. 
-3.2000 -0.2679 -0.0014 -0.2882 -0.0084 0.1603 0. 0. 
-3.0000 -0.2749 -0.0019 -0.2905 -0.0103 0.1626 0. 0. 
-2.8000 -0.2834 -0.0026 -0.2932 -0.0128 0.1655 0. 0. 
-2.6000 -0.2940 -0.0037 -0.2967 -0.0163 0.1692 0. 0. 
-2.4000 -0.3072 -0.0053 -0.3012 -0.0212 0.1739 0. 0. 
-2.2000 -0.3242 -0.0080 -0.3071 -0.0283 0.1801 0. 0. 
-2.0000 -0.3461 -0.0126 -0.3150 -0.0388 0.1882 0. 0. 
-1.8000 -0.3745 -0.0212 -0.3261 -0.0561 0.1993 0. 0. 
-1.7891 -0.3763 -0.0219 -0.3268 -0.0562 0.2000 0.0130 0. 
-1.6000 -0.4012 -0.0537 -0.3366 -0.0763 0.2000 0.0172 0.0028 
-1.4000 -0.4314 -0. 1099 -0.3544 -0.1087 0.2000 0.0215 0.0067 
-1.2000 -0.4587 -0.2081 -0.3855 -0.1530 0.2000 0.0217 0.0112 
-1.0000 -0.4714 -0.3663 -0.4339 -0.1928 0.2000 0.0135 0.0148 
-0.8000 -0.4727 -0.5623 -0.4932 -0.1944 0.2000 0.0050 0.0165 
-0.6000 -0.4814 -0.7367 -0.5490 -0.1500 0.2000 0.0055 0.0175 
-0.4000 -0.5022 -0.8542 -0.5930 -0.0813 0.2000 0.0106 0.0190 
-0.2000 -0.5270 -0.9109 -0.6228 -0.00/9 0.2000 0.0162 0.0217 
0.0000 -0.5474 -0.9130 -0.6374 0.0609 0.2000 0.0218 0.0255 
0.2000 -0.5593 -0.8655 -0.6359 0.1209 0.2000 0.0280 0.0305 
0.4000 -0.5621 -0.7704 -0.6169 0.1684 0.2000 0.0353 0.0368 
0.6000 -0.5582 -0.6299 -0.5790 0.1966 0.2000 0.0423 0.0446 
0.8000 -0.5502 -0.4545 -0.5234 0.1938 0.2000 0.0430 0.0533 
1.0000 -0.5343 -0.2778 -0.4596 0.1503 0.2000 0.0302 0.0608 
1.2000 -0.5003 -0.1476 -0.4044 0.0820 0.2000 0.0122 0.0650 
1.4000 -0.454b -0.0747 -0.3664 0.0215 0.2000 0.0018 0.0663 
1.4707 -0.4385 -0.0587 -0.3566 0.0048 0.2000 0.0000 0.0663 
1.6000 -0.4110 -0.0383 -0.3423 -0.0198 0.1993 0. 0.0663 
1.8000 -0.3745 -0.0211 -0.3262 -0.0458 0.1970 0. 0.0663 
2.0000 -0.3461 -0.0125 -0.3151 -0.0621 0.1945 0. 0.0663 
2.2000 -0.3242 -0.0079 -0.3071 -0.0726 0.1921 0. 0.0663 
2.4000 -0.3073 -0.0052 -0.3012 -0.0797 0.1902 0. 0.0663 
2.6000 -0.2940 -0.0036 -0.2967 -0.0645 0.1885 0. 0.0663 
2.8000 -0.2835 -0.0025 -0.2933 -0.0880 0.1871 0. 0.0663 
3.0000 -0.2749 -0.0018 -0.2905 -0.0906 0.1859 0. 0.0663 
3.2000 -0.2680 -0.0014 -0.2883 -0.0925 0.1849 0. 0.0663 
3.4000 -0.2622 -0.0010 -0.2864 -0.0940 0.1840 0. 0.0663 
3.6000 -0.2574 -0.0008 -0.2849 -0.0951 0.1833 0. 0.0663 
3.8000 -0.2533 -0.0006 -0.2837 -0.0960 0.1827 0. 0.0663 
4.0000 -0.2499 -0.0005 -0.2826 -0.0967 0. 1821 0. 0.0663 

RESIDUAL STRESSES XXR =-0.21823232 llR =-0.27293931 
RESIDUAL SHEAR STRAIN INCREMENT = 0.10086958 
PLASTIC WORK THIS PASS = 0.06631630 
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APPENDIX C 

STRESS-STRAIN DIAGRAM 
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